The 7th International Conference On Stochastic
Methods (ICSM-7), June 2-9, 2022, Divnomorskoe,
Russia

A new approach to the series expansion of iterated
Stratonovich stochastic integrals of arbitrary
multiplicity with respect to components of the
multidimensional Wiener process

Dmitriy F. Kuznetsov
sde__kuznetsov@inbox.ru

Peter the Great Saint-Petersburg Polytechnic University

Dmitriy F. Kuznetsov A new approach to... 1/65



[1] Kuznetsov D.F. Strong Approximation of lterated It6 and Strato-
novich Stochastic Integrals Based on Generalized Multiple Fourier Series.
Application to Numerical Solution of 1t6 SDEs and Semilinear SPDEs.
arXiv:2003.14184v28 DOI: https://doi.org/10.48550/arXiv.2003.14184
(Sections 2.10-2.15)

Dmitriy F. Kuznetsov A new approach to... 2/65



[I-1] 1t6 K. Multiple Wiener integral. J. Math. Soc. Japan, 3, 1 (1951),
157-169.

[B-1] Budhiraja A. Multiple stochastic integrals and Hilbert space valued
traces with applications to asymptotic statistics and non-linear filtering. Ph.
D. Thesis, The University of North Caroline at Chapel Hill, 1994, VII4+132
Pp.

[JK-1] Johnson G.W., Kallianpur G. Homogeneous chaos, p-forms, scal-
ing and the Feynman integral. Trans. Amer. Math. Soc., 340 (1993),
503-548.

[BK-1] Budhiraja A., Kallianpur G. Two results on multiple Stratonovich
integrals. Statistica Sinica, 7 (1997), 907-922.

[R-1] Rybakov K.A. Orthogonal expansion of multiple 1t6 stochastic in-
tegrals. Differencialnie Uravnenia i Protsesy Upravlenia, 3 (2021), 109-140.

[R-2] Rybakov K.A. Orthogonal expansion of multiple Stratonovich sto-
chastic integrals. Differencialnie Uravnenia i Protsesy Upravlenia, 4 (2021),
81-115.

Dmitriy F. Kuznetsov A new approach to... 3/65



Abstract

The work is devoted to a new approach to the expansion of iterated
Stratonovich stochastic integrals with respect to the components of a mul-
tidimensional Wiener process. This approach is based on multiple Fourier—
Legendre series as well as multiple trigonometric Fourier series. The theo-
rem on the mean-square convergent expansion for the iterated Stratonovich
stochastic integrals of arbitrary multiplicity is formulated and proved un-
der the condition of convergence of trace series. This condition has been
verified for integrals of multiplicities 1 to 5 and complete orthonormal sys-
tems of Legendre polynomials and trigonometric functions in Hilbert space.
The Hu—Meyer formula and multiple Wiener stochastic integral were used
in the proof of the mentioned theorem. The rate of mean-square conver-
gence of the obtained expansions is found. The results of the work can be
applied to the numerical integration of |t6 stochastic differential equations
with non-commutative noise in the framework of the approach based on the
Taylor-Stratonovich expansion.
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1 Introduction

Let (2, F, P) be a complete probability space, let {F, t € [0, T]} be a
nondecreasing right-continous family of o-algebras of F, and let W; be a
standard m-dimensional Wiener stochastic process, which is Fi-measurable
for any t € [0, T]. We assume that the components ng) (i=1,...,m) of
this process are independent. Consider an Itd stochastic differential equation
(SDE) in the integral form

t t
Xt = Xo + /a(XT,T)dT + / B(x;,7)dW,, x0=x(0,w), weQ. (1)
0 0

Here x; is some n-dimensional stochastic process satisfying the equation (1).
The nonrandom functions a : R” x [0, T] — R", B: R" x [0, T] — R™™
guarantee the existence and uniqueness up to stochastic equivalence of a
solution of the equation (1). Let xq is Fo-measurable and E |xo|*> < oo (E
denotes a mathematical expectation). We assume that xo and W; — Wy
are independent when t > 0.

Dmitriy F. Kuznetsov A new approach to... 6 /65



It is well known that 1t6 SDEs are adequate mathematical models of
dynamic systems of various physical nature under the influence of random
disturbances. One of the effective approaches to the numerical integration
of 1td SDEs is an approach based on the Taylor-Ité and Taylor-Stratonovich
expansions. The most important feature of such expansions is a presence in
them of the following iterated 1t and Stratonovich stochastic integrals

T to
i) = / ilti) - / ()Wl awld, o (2)
t t

T to
S = / i(ti) - / () o dW oWl (3)
t t

where ¥1(7), ..., 1¥k(7) are nonrandom functions on [t, T], w? (i=1,...,

m) are independent standard Wiener processes, W.(ro) =T, i,...,0x =0,

1, ..., m dW(Ti) and o dWS") denote It6 and Stratonovich differentials,
respectively (i=1,..., m).

Effective solution of the problem of mean-square approximation of iter-
ated Stratonovich stochastic integrals (3) composes the subject of the work.

Dmitriy F. Kuznetsov A new approach to... 7/65



Remark 1. It is well known that the following representatlon takes place

W - W) = Lim. (w() —wi%), wire—w) / 6(s)ds- ",
Jj=0"%

= / 3i(s) W, d\NS")P—zgqﬁj(T)c} dr.
Z

t
where p € N, 7 € [t, T], t > 0, {¢;(x)} 2, is an arbitrary CONS in Lo([t, T]),

W§°) =s5i=0,1,....,m, C}i) arei.i.d. N(0,1)-r.v.s for various ior j (i # 0).
Consider the foIIowing iterated Riemann—Stieltjes integral

/ Yk(te) / Y1(t) WP aWHP = Z G ﬂH@,”’w

Jrse- k=0

if p — 0o, where 11,.. yik=0,1,...,m, G j has the form

Jk J1 = /zbk ty ¢Jk tk /¢1(t1 ¢Jl t1)dt1 L dty

The case iy = —/k;éO can be obtamed from [JK-1],[BK-1],[B-1] under
additional assumptlons among which is the existence of limiting traces.
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2 Expansion of lterated It6 Stochastic Integrals of Arbitrary
Multiplicity Based on Generalized Multiple Fourier Series

Suppose that ¥1(7),...,Yk(7) € La([t, T]). Define the following func-
tion on the hypercube [t, T]

i(tr) .. r(te), for tp <...<ty

: (4)

K(ti,...,t,) =
0, otherwise
where t1,...,tx € [t, T] (k> 2), and K(t1) = ¢1(t1) for t1 € [¢t, T].
Suppose that {¢;(x)}72, is a complete orthonormal system of functions
in the space Ly([t, T]). It is well known that the generalized multiple Fourier

series of K(t1,...,t) € Lo([t, T]¥) is converging to K(ty,...,t) in the
hypercube [t, T]¥ in the mean-square sense, i.e.

=0,
La([t, T1%)
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P13 Pk—00

lim HK_ KP1-~P1<




where

KPI -Pk tl?"'? Z chk 11H¢J/ t/

=0 jx=0

k
Qk~-~j1 = / K(tl, ce tk) H (bj,(i‘/)di‘l coodty (5)

(6] =1

is the Fourier coefficient,
1/2
HfHLZ([t,T]“) = / f2(t1,...,tk)dt1...dtk
[t, T
Consider the partition {7‘1-}1-’\’:0 of [t, T] such that

t=10<...<tnv=T, Ay= max A7 = 0ifN—= oo, ATj = Tj11—7].

0<j<N—1
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Theorem 1 [1, Section 1.1.3] (2006). Suppose that every 1)(7) (=1,

.., k) is a continuous nonrandom function on [t, T] and {¢;(x)}?%, is a
CONS of continuous functions in Ly([t, T]). Then
Ki) _ Lim. (l
J[¢( )]Tft Y o= pl}..l,pIkn—moZ Z CJk 1 (H V-
1=0 Jk=0 =1
- INLDQO Z ¢jl (7—/1)AW'(r’,1) s ¢J'/< (T/k)AW’(TI/:)> ) (7)
(/1,...,/k)€Gk

Gk:Hk\Lk, Hk:{(/l,...,/k)i /]_,...,/k:O, 1,...,/\/—1},
Lie={(h, - l) hyeo s k=01, .. N=L; [z # I, (g# ;g r=1,...,k},

Vi =0,1,...,m, J[R)R) s defined by (2), ¢ f¢, B

are i.i.d. N(0,1)-r.v.’s for various i or j (if i # 0), G, j, is the Fourier
- i i N o N
coefficient (5), AW(TJ.) = wi - W(Tj) (i=01,....m), {7} isa

Tj+1

partition of the interval [t, T|, which satisfies the condition (6).
11/65



Let us consider particular cases of Theorem 1 (see (7)) for k=1,...,5

S =L 3 66l ®

A1=0

b1 P2 ] .
JpPER = Lim NN G (Cfl'l)Cff) - 1{i1:i2¢0}1{11=fz})> %)

j1=0j>=0

pP1 P2 Pp3
JW ](111213) p1,/1>'21,‘pr§1—'>oo Z Z Z Cipi | € < (11) 12 C(B)

71=0j>=0j3=0

Lz e 6 — Lipmisoy Ly Y — 1{/'1:;3#0}1{11:13}9(2'2))’
(10)
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4
J[w("r)](_,’_;”"‘) = pl}.'.l,blfl%oo Z Z Cia- <H CJ/”

A1=0 Jja=0 1
B PR C(a)C ) 1.1, C('z)C ) _
{ii=h#0} H{i=jo} ja {ii=ik#0} {j1=j3} ja
iz Lmin V6 — Linmioy Lims GG -
~Liminror Lo GV — 1m0y 1 G+
1 =20y =iy Yis=in0y Lja=ia) +
L= 20y L j=js} L=in£0} L{jp=ja} +

+ 1{i1=i4750}1{j1=j4}1{i2=i37é0}1{fz=13}> ’ (11)
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IO B = }..{,,?WZ ZCJS @ (ch,"

a1=0  js=0
P 1,. . C'i3 C‘(i“)C'IS . 1. . C‘(i2)<'i4 C_("S)_
{h=p#0} H{i=hr}5; Si S {h=A0}{a=i}5n Sip Sjs

i) ~(i3) (i (i2) ~(i3) ~(ia)
1m0y s SV G = Lmioy Ly G GG -

i) ~(ia) (i (i) ~(i3) (i)
_1{i2=i37é0}1{]2=J'3}<J(11)CJ'(44)CJ(55) - 1{i2=i4750}1{1'2=]4}cj11 CJ'33 sts o
_1{i2:i5;£0}l{jzzjs}cjgﬂ)CJ'(3I3)<JE,I4) . 1{i3:i4;£0}1{j3:j4}Cj(1ﬂ)<_,g2)Cj(515)_

i) (i2) ~(ia) (i) ~(i2) ~(73)
_1{i3=i5750}1{j3=15}CJ(11)<j(22)€J'44 - 1{i4=i57é0}1{f4215}<j11 <J'22 CJ'33 +
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105220 =iy Lisminror L= G L =20y L= Limiro) Lo G
+1 (im0t L =) Liemisor L= G+ L =0y L= L im0} L i G
+1 =701 L=y im0y Linmin) G+ L (=0 L= Lm0y L=} G
#1020} Lo Lm0y Ly S+ L =0 Limi) im0y Lo}
10520 L=y isminror Lismio G L =520y L= Limiro) L (i G
+1 =200 L=} im0y =iy G+ L (=0 L i) Lisminro) Ljsmio) G

i (in)
+1 =20y L=t Limisor Liomio} G+ L iomier) L) Lismiso) Ljsmis) G
SIS PURPIISS ORNPRG PPN DPRIPYe O (12)
{i=is#0} t{jo=js} *{=ia#0} *{3=ja}5j; |>
where 1,4 is the indicator of the set A.
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Let us consider the generalization of Theorem 1. In order to do this, let
us consider the unordered set {1,2,..., k} and separate it into two parts:
the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k — 2r
numbers. So, we have

({igl7g2}7 ey {g2r—17 gQr}}7 {q17 ey qk72r})7 (13)
part 1 part 2

where
{g17g27 <y 82r-1,82r 91,5 - - -, qk*2l’} - {1727 ey k}7

braces mean an unordered set, and parentheses mean an ordered set.
Consider the sum

E Ag182;--,82r— 182,91 - Gk—2r

({{e1-82}:--{g2r—1.82r} } a1 ak—2,})
{81:82:--:82r—1:827+91 s+ Ak—2,t=11,2,... .k}
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Theorem 2 [1, Section 1.11] Suppose that Y1 (7), ..., Yi(7) € La([t, T])
and {¢;(x)}22, is an arbitrary complete orthonormal system of functions in
the space Ly([t, T]). Then the following expansion

. _ [k/2]
S = tim 3 ¢ (H 4+ 3y

A=0  jx=0

k=2r
X Z H {igy,_y = 'gzsio}l{ngs 1= et H CJ 3 )

(Her.82}-{e2r— 182, b {ars- v ak—2}) s=1
{81:82+:82r—1:82r:91 -+ »dk—2,}={1,2,...,k}

(14)
that converges in the mean-square sense is valid, where [x] is an integer part

of a real number x; another notations are the same as in Theorem 1.

[R-1] Rybakov, K.A. Orthogonal expansion of multiple It6 stochastic
integrals. Differencialnie Uravnenia i Protsesy Upravlenia, 3 (2021), 109-
140.
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3 Expansions of lterated Stratonovich Stochastc Integrals
of Multiplicities 1 to 4. Some Old Results

Let Mp[t, T] (0 < t < T < o0) be the class of random functions
&(r,w) o & o [t, T] x Q — R, which satisfy the following conditions:
&(7,w) is measurable with respect to the pair of variables (7,w), &; is F -

measurable for all 7 € [t, T], & is independent with increments W¢, o — W
fors>7, A >0, and
T

/E(57)2d7 < oo, E(&)*<oo forall 7€t T].

t

We introduce the class Qu[t, T] of Itd processes ng), TeET],i=
1,..., m of the form

D = p) +/asds+/bde§') w. p. 1, (15)
t t

where (a5)*, (bs)* € Malt, T] and lim E [bs — b|* =0 forall 7 € [t, T].
S—T
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Consider a function F(x,7) : R x [t, T| — R for fixed 7 from the class
Co(—00, 00) consisting of twice continuously differentiable in x functions on
the interval (—oo, 00) such that the first two derivatives are bounded.

The mean-square limit

N—1 r

Y F (i () +n0,) ) (W2, ~ W) [ Fuld, 7)o
Jj=0 t

(16)

is called the Stratonovich stochastic integral with respect to the component

w) (I = 1,...,m) of the multidimentional Wiener process W, where

{Tj}j’\io is a partition of the interval [t, T], which satisfies the condition (6).

Under proper conditions we have

T T T
; ; 1 F
[ A9y = [ F0r) W+ 31y [ S eir)bdr w1
t t t
(17)
where 1, is the indicator of the set A and i,/=1,..., m.
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A possible variant of conditions under which the formula (17) is correct,
for example, consisits of the conditions
1D e Qult, T), A, 7) € Ma[t, T], F(x,7) € Co(—00,00) (for fixed 7),
where i=1,..., m.

As it turned out, approximations of the iterated Stratonovich stochastic
integrals (3) are essentially simpler than the appropriate approximations of
the iterated Itd stochastic integrals (2) based on Theorems 1 and 2.

According to the standard connection (17) between I1t6 and Stratonovich
stochastic integrals, the iterated It6 and Stratonovich stochastic integrals
(2) and (3) of first multiplicity are equal to each other w. p. 1. So, we begin
the consideration from the multiplicity k = 2 (the case k = 1 is given by
(8).

The following three theorems adapt Theorems 1, 2 for the integrals (3)
of multiplicities 2 to 4.
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Theorem 3 [1, Section 2.1.2] (2012, 2018). Suppose that 11(7), 1p2(T)
are continuously differentiable functions at the interval [t, T] and {;(x)}3%,
is a complete orthonormal system of Legendre polynomials or trigonometric

functions in the space Ly([t, T]). Then, the iterated Stratonovich stochastic
integral of second multiplicity

J* [¢(2)](’112) /¢2 tZ)/wl(tl 11) o deZ)

is expanded into the converging in the mean-square sense double series

pL P2
* ('1’2 — Lim. i) (i)
J [1/} ] T p1,p2—00 Z Z CJZ/lCJ'l Cj2 )
71=0j>=0
where i1,i> = 0,1,..., m; another notations are the same as in Theorems

1, 2.

Dmitriy F. Kuznetsov A new approach to... 21/65



Theorem 4 [1, Section 2.2.5] (2013). Suppose that {¢;(x)}72, is a com-
plete orthonormal system of Legendre polynomials or trigonomertic func-
tions in the space Ly([t, T]). Furthermore, let the function (7) is contin-
uously differentiable at the interval [t, T| and the functions 11(7), 13(7) are
twice continuously differentiable at the interval [t, T]. Then, for the iterated

Stratonovich stochastic integral of third multiplicity

T t3 tr
J*[¢(3)](Tif£2i3) :/¢3(t3)/¢2(t2)/1/}1(t1)Odwgl)OdW(Q) dWSB)
t t

the following expansion

RS]

SO < 30 Guaghglr a9

that converges in the mean-square sense is valid, where iy, i, i3 = 0,1,..., m;
another notations are the same as in Theorems 1, 2.
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Theorem 5 [1, Section 2.3] (2013). Suppose that {¢;(x)}?%, is a com-
plete orthonormal system of Legendre polynomials or trigonometric func-
tions in the space Ly([t, T]). Then, for the iterated Stratonovich stochastic
integral of fourth multiplicity

T tr
I3 = //o W o awi)
t t

the following expansion

P
#(i1...ia) _ 1.1i.m. (i) o
J—,—7tll ia) _ lpl—)lglo Z C:j4...j1<jlll c j4l4
jlv""j4:0

that converges in the mean-square sense is correct, where i1, ...,is = 0,1,
..., m; another notations are the same as in Theorems 1, 2.
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4 Expansion of lterated Stratonovich Stochastic Integrals
of Arbitrary Multiplicity k

In this section, we prove the expansion of iterated Stratonovich stochas-

tic integrals (3) of arbitrary multiplicity k (k € N) under the condition of
convergence of trace series.

Consider the Fourier coefficient

T [
G = /wk(fk)%(tk)---/wl(tl)@l(tl)dfl---dtk (19)

corresponding to the function (4), where {¢;(x)}7°, is a complete orthonor-
mal system of functions in the space Ly([t, T]). At that we suppose

1

w00) = 7=
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Denote

def
Gt disii—2--it =
Ui~ ()
T ti12 ti1
def
= /¢k(tk)¢jk(tk)---/¢/+1(t/+1)¢j,+1(t/+1)/wl(t/)”t/J/1(t/)><
t t t

ty ta
X /wl_g(t/_g)gf)j,z(t/_g) ... /wl(tl)ﬁbjl(tl)dtl ... dt/_gdt/t/_H Loodte =
t t

A

= Ykedir10ji—2--j1> (20)

i.e. &.J'k~-~jl+10jl—2~-~j1 is again the Fourier coefficient of type (19) but with a
new shorter multi-index ji . .. ji+10ji—2 . . . j1 and new weight functions ¢1(7),

oy Y2(7)y VT =t Ya(T)i(T), ia(7), - - ., Yu(7) (also we suppose
that {/,/— 1} is one of the pairs {g1, 82}, ..., {g2r—1, 82/} (see (13)).
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Denote

def

cap
Jk+-Jq---J1

GF81,82,-+,82r—1,82r

o0 oo

def Z Z i i G

jg2,_1:P+1jg2,_3:P+1 jg3=P+1jg1 =p+1

)

Jg1=Jep > Jear—1 = Jeg2r

=p)
Si C§/<~~~J'q~-~j1

def 1 > >
= 2 1{g2/:g2,_1+1} Z Z

G781,82;--,82r—1,82r Jey 1 =P+1igy, 5=p+1

o0 o0 o0

SO Y Y 6

Jor1=Ptliey 3=Pt1l  Jgg=p+lig=p+l

(jgz/jgy_ 1 )~ () Jg1=lgr - dgor—1=lgo,
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Note that the operation S; (/=1,2,...,r) acts on the value

el

Jieodaon (21)

q781,82,-+,82r—1,82r
as follows: Sy multiplies (21) by 1¢, . 11)/2, removes the summation

o0

>

Jep—1=P+1
and replaces

G

k-1

Jgr =gz Jear—1 =gor
with
G (22)

k...jl

ngijgg/_l )m(')afgl =gy - Jgor_1 e,

Dmitriy F. Kuznetsov A new approach to... 27 /65



Since (22) is again the Fourier coefficient, then the action of superposi-
tion 5;Spm, on (21) is obvious. For example, for r=3

rals) _
5351 C§k~~~jq~'-j1 -
G781:82,--185,86
1 o
= ﬁl{gfs:gs-i-l}l{gz:gl-l-l} E : Cjk~~~J'1 ,
Jgs=p+1 ngjgl )m(')Ugefgs )m(')afgl =Jigy Jigz =Jiea Jes =Jeg
=p) _
52 Jk-dg-- i1 -
GF81,82,--185:86

1 [o.¢] o
:§I{g4:g3+1} Z Z (:.ik-njl

jgl =p+1 jg5 =p+1 (jg4.jg3 )m()dgl :jg2 ,_jg3 :jg4 ajg5 :.jgﬁ
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Theorem 6 [1, Section 2.10] (2022). Assume that the continuously
differentiable functions (1) (I =1,...,k) and the complete orthonormal
system {¢;(x)}72, of continuous functions (¢o(x) = 1//T — t) in the space
Ly([t, T]) are such that the following conditions are satisfied:

1. The equality

t

i/q’l(tl)q’z(tl)dfl = ;/d’z(fz)@(tz)/¢1(t1)¢j(f1)dt1dt2 (23)

t t

holds for all s € (t, T], where the nonrandom functions ®1(7), ®»(7) are
continuously differentiable on [t, T| and the series on the right-hand side of
(23) converges absolutely.
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2. The estimates

s T
v v
/ oj(T)P1(r)dr| < jl/lz(f()w / oj(T)Pa(1)dr| < jl/lz(—f()l’

Z /¢2 T)o(T / ®1(0)9;(0)d0dr S\U;_gs)

J=p+17%

hold for all s € (t, T) and for some «,3 > 0, where ®1(7), ®2(7) are
continuously differentiable nonrandom functions on [t, T], j,p € N, and

T T
/\U%(T)dT < 00, /|\U2(7')| dr < oo.
t t
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3. The condition

P
. =(p)
p||—>ngo Z (5/1 Sh -+ Sy {qk~~-fq-'~jl
Jk=0

J1oeeesdqyid
G781:82>--:82r—1:82r

2
GF81,82,++,82r—1,82r

holds for all possible gi,gs,...,82r1,8r (see (13)) and h, b, ..., Iy such
that h, h,....lge{1,2, ...;r}{, h >h>...>1ly,d=0,1,2,...,r—1,
where r=1,2,...,[k/2] and

def =(p)
T keedgeh

=p)
S5y5 - - Sld {C_Ek...jq...jl }
GF81,82,--,82r—1,82r

for d = 0.
Then, for the iterated Stratonovich stochastic integral of arbitrary mul-
tiplicity k

QF81,82,-+,82r—1,82r
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T to
S ) / et / da(tr) o W o dW (24
t t

the following expansion

* k (I'l.‘.l'k) o 1 X (I/
SO =L G H i (25)
J1ye-k=0
that converges in the mean-square sense is valid, where iy, ..., ix=0,1,...,m,

T [
G = /W(fk)%(tk)---/¢1(t1)¢11(t1)df1---dtk (26)

. . .. . e 0
is the Fourier coefficient, 1.i.m. is a limit in the mean-square sense, W(T ) — T,

T
CJ(’.) _/¢j(7)d\NTI)

are independent N(0, 1) — random variables for various i or j (if i # 0).
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Proof. Step 1. Let us find a representation of the random variable

Z ka Ji HCJ/“)

J1seek=0

that will be convenient for further consideration.
Let us consider the following multiple stochastic integral

N—1 k
e def ;
sl Ehim N o (n,. ) [Jawd, ()
J1seeer=0 =1

JqFip: a#p; 4,p=1,....k

where we assume that ®(ty,...,t) : [t, T]* = R is a continuous nonran-
dom function on [t, T]X. Moreover, AW%) = W(Tgrl —Wg) (i=0,1,...,m),

{Tj}jl\io is a partition of the interval [t, T], which satisfies the condition (6),
i1,...,ik:O,1,...,m

The stochastic integral with respect to the scalar standard Wiener pro-
cess (i1 = ... = ix # 0) and similar to (27) was considered in [I-1] (1951)
and is called the multiple Wiener stochastic integral.

Dmitriy F. Kuznetsov A new approach to... 33/65



Note that the following well known estimate

111 (k) 2 2
E (J @], ) <G | O3(ty,... t)dh ... dt (28)
[t 7],
is true for the multiple Wiener stochastic integral, where J’[d>](-k;'ik) is de-
fined by (27) and Cy is a constant.

From the proof of Theorem 1 [1, Section 1.1.3] it follows that (7) can
be written as

J[w k)] o - P1,11,Prkn—>ooz Z CJk J1J [¢11 (lsjk](l1 Ik)? (29)

1=0 k=0

where J'[¢), .. ¢Jk]('l /) is the multiple Wiener stochatic integral defined
by (27) and J[¢ k)](T'lt ) s the iterated 1t stochastic integral (2).
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Let us consider the following multiple stochastic integral

N-1 K
i) def ] ; ;
oW Ehim S o (r,. ) [Jaw, (30)
J1se- k=0 I=1
where we assume that ®(t1,...,t) : [t, T]* — R is a continuous nonran-

dom function on [t, T]¥. Another notations are the same as in (27).

The stochastic integral with respect to the scalar standard Wiener pro-
cess (i = ... = ix # 0) and similar to (30) has been considered in the
literature (see, for example, Remark 1.5.7 [B-1]). The integral (30) is some-
times called the multiple Stratonovich stochastic integral. This is due to
the fact that the following rule of the classical integral calculus holds for
this integral

JOIF ™ = Sl Jled?y b1,
where (D(l'l, ceey l’k) = gol(tl) ... gok(tk).
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Theorem 7 [1, Section 1.9] Suppose that ®(t1,...,t) : [t, T]* = R
is a continuous nonrandom function on [t, T|X. Furthermore, let {63}
be a complete orthonormal system of continuous functions in the space
Ly([t, T]). Then the following expansion

o [k/2]
sl -l 3 S, (H i I

=0 =0

k=2r
x Z H ligy, ;= ’g2s7£0}1{1g2s L = et H CJ 3 )

({{e1.82} - {82r—1:82/3 1 {a1 - sak—2r}) S=1
{81:82:--:82r—1:82r91 s> k—2,}=11,2,...,k}

(31)
converging in the mean-square sense is valid, where J' [<I>]('1 ) s the mul-
tiple Wiener stochatic integral defined by (27 ),

Gt = / (t1, ... H% tr)dty ..
[t T

is the Fourier coefficient. Another notations are the same as in Theo-

rems 1,2.
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Introduce the following notations

/
i...0x)[s)y---,S def
J[w(k)](ﬁt Wlsps] o Hl{is,,:is,,mfo} X

p=1

ts/+3 ts 2

/ Vi(tk) - / Vs42(ts+2) / Vs (ts+1)s+1(ts+1) X

ts+1 ts)+3 ts)+2

X /¢s,—1(ts,—1)--- / s +2(ts4+2) / Vs, (tsy+1) Vs 41(ts 1) X

t51+1
X / s,_1(ts,_1) / () dW) dw(’s1 1)dt51+1dVV251:22)..
t
W g awlE?) () 32
. ts—1 s+1 tr2 " te ( )
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where (s;,...,s1) € Ay,

Ak/— {(S/, . ,51) sy >s1+1,.., s > 5141 s,...,8 = 1,...,/(*1},
(33)

I=1,2,...,[k/2], i1,...,ix = 0,1,...,m, [x] is an integer part of a real
number x, 1, is the indicator of the set A.

Let us formulate the statement on connection between iterated It6 and
Stratonovich stochastic integrals (2) and (3) of arbitrary multiplicity k.

Theorem 8 [1, Section 2.4.1] (1997). Suppose that every (1) (I =
1,...,k) is a continuous nonrandom function at the interval [t, T|. Then,
the following relation between iterated Stratonovich and Ité stochastic in-
tegrals (3) and (2) is correct

[k/2]
J*[d}(k)](_ﬁ;-’k) JW)(k '1 k) +Z = Z J[w(k)](7’_:~Alk)[5r,...,51] (34)

r=1 (Srye-sS1)EAK,

w. p. 1, where Y is supposed to be equal to zero.
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Consider Theorem 7 (see (31)) for ®(t1,...,tx) = Kp,..p(t1,.. ., tk)

; ; . Lim.
and without passing to the limit oot o

. A
I Kppopd B = IRy ] = 37 (1)1
r=1

% > [I1, =i 0%

({{e1:82} - {e2r—1-82,} } {15 qk—2,}) S=1
{81:825182r—1:82r:91 »-- Ak —2,} ={1,2,...,k}

><J[K,§11 -82ryq1---Qk—2r (_,’;7;“'"%72,) (35)

(i1--ik)

w. p. 1, where J/[Kpl---pk]T,t
(27), J[Kpl_,_pk](ﬁ;"k) is the multiple Stratonovich stochastic integral (30),

KP1~-~Pk(tl’ B Z Z CJk J1 H (bJ/ t/ (36)

A=0  jx=0
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k—2r

P1
g g1 Gk—2r
K g (tq17 e by zr) Z Z CJk J1 H {ngs_ Jgys }H ¢Jq1 tql

=0 k=0
(37)
By iteratively applying the formula (35), we obtain a representation of
the multiple Stratonovich stochastic integral of multiplicity k as the sum of
some constant value and multiple Wiener stochastic integrals of multiplici-
ties not exceeding k

Horop ) = S 1K)

[k/2] r

+ Z Z H l{igzs_l = ig, #0} X

=1 ({{er-&2},-{&2r—1-82, 3 1 {1, oak—2,}) $=1
{81,805,82r— 1,821,915 Ak_2r}={1,2,...,k}

% J [Kgl -82r,q1---qk—2r (7’_‘711L dag_,) w. p. 1. (38)
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From (38) we have

Z Z C:lk J1 ’1) C(Ik)

=0 Jk=0
(i1---ik)
SIS DI VL TR
1=0 Jk=0
o [k/2) ,
$ Gy > Mt - 0
2=0 ji=0 =1 ({{e1.&2},-{g2r—1-82, 3} {9100k —2r}) $=1

{81:82:--:82r—1:82r+G1 s+ 1 Gk— 2,1 ={1,2,... .k}

(iay iy _,)
X 1{jg25_1:jg25}J’[<;squ b e T wep. L (39)
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The formulas (38), (39) can be considered as new representations of the
Hu-Meyer formula for the case of a multidimensional Wiener process [R-2]
(also see [B-1], [JK-1]) and kernel Ky, p,(t1, ..., t) (see (36)).

Further, we will use the representation (39) for p1 = ... = px=p, i.e.
iy (i)
1 / n...lk

Z Cieot H Z Gt d [¢j1 s ¢jk]T,t
-oJk=0 Jrse- k=0
P [k/2]
+ Z G Z Z H {igy, ;= lg25750}
Jis--jk=0 r=1 ({{e1.&2},---{e2r—1.823 1 {a1, - sqp—2}) =1

{81:80::82r—1:82191 5> Ak—2r} ={1,2,...,k}

(iay -+iag_oy)
% l{jg2571: jg2s}J/[¢j‘71 "'¢jqk—2r T(ji v w. p. 1. (40)
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Step 2. Under the Condition 2 of Theorem 6, we get

o0
E : C..jk"~J.I+1J'Li/71~~~js+1.jljs—1~-~.j1 =0 (41)
Ji=0
or
p o0
> " Cieodiosdiirdersidosois = = D Ciowdivsisiorodoctitesoirs (42)
Ji=0 Ji=p+1

where [—1 > s+ 1.

Step 3. Using Conditions 1 and 2 of Theorem 6, we obtain

p
1
E : CJk~~J/+1J/]/j/—2~--j1 = §Cjk.,.j1
Jji=0

oo
- Z Qk-~~j/+ljddl—2~~~jl : (43)
Ui~ () j=pt+1
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Step 4. Passing to the limit 1;_-}& in (40), we have (see Theorem 1 and

(29))

p
Lim. Cjk..ﬂC(ll) N 'k) J[¢(k)](ll ’k)+

p—00
.jl)"’?ijO
[k/2]

+ > H {is,, = i, #0} X

r=1 ({{e1.&2} - {82r—1:82}}:{a1: - qk—2,}) S=1
{81,825 :82r—1:821191 -+ qk—2,3=1{1,2,...,k}

r .
Lim. o H ) ) . (’q1 day_2r)
X poo Gt 1{./5.’25_1:./5{25}‘] [¢Jq1 : ¢qu o w. p. 1.
j ,...JkZO s=1

(44)
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Using Step 2 and Step 3, we have for r=1,2, ..., [k/2]

Lim, Z H I Yoo
P—)oo CJk J1 1{-/325— = Jgy, } [¢J‘71 ’ ¢qu 2r B
-Jk=0

X

ngjgl )m(~)...(jg2rjg2r_1)m(-)ng = fg2 :~~~Jg2,,1 = jgz,

P 1
_ Lim. E —C. .
p—00 or Jk--J1
JLseesdqyee-sJ=0
G781:82>--:82r—1:82r

,
(’ i r)
. H 1{g2s:g25_1+1}"j,[¢jq1 : ¢qu or ql 2 +
s=1
Lim. R(P)ghgz, - 82r—1,82¢(igy --iqy_5,) . )
+ p—00 w. p. L. (45)
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. p
R(P)gl7g2,~-~7g2r—1,g2r(lq1~-~lqk_2,) _ Z (—l)r_C(p)
Tt - k---Ja

J1seeesdqseeod=0
G781:82>---182r—1:82r

.
—1 P
)" ZS’I CJ(k Ja-Jt

+
GF81,825--182r—1,82r

"

+
h=1 GF81,825+,82r—1,82r
r
r—2 p)
1) Z S Sk qk a1 +
=1 q781,82,-+,82r—1,82r
h>h

+(—1)1 Z 511512 .. S/r_1 C(p)

Jke--Jg---

byl =1

q#ghgz,n-,gzr_hgz,
h>hb>...>1_q

(igq ---ig, r)
X J’[gzqul. s, ql =l (46)
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We haveforgo=g1 +1, ..., @2r=gor-1+1

p
: 1
1pl—glo z or Gt

J1eeerdqs e ri=0
q781:825---:82r—1:82r

,

/ ’<71 daior)

% H l{igzs—lz igzﬁéo}'] [¢Jq1 ) (bqu 2r -
s=1

X

(jgzjgl)f\*(')“-(jggrfgzrq)m('),.l'gl:J'gz, ey, = Jey,

p

1. a :
= Bl > = 70>

J1redqse ik =0 Jmq dmg-eidmy,_q =0 s=1
G#81:825--:82r—1:82r

X

UgpJigy ) dmy -+ Ul a1 )y, 1 ey = Jey v,y = Jeo,

%G

keed1

, (00...0gy wiiy_5)
xJ [¢jm1 ¢jm3 T ¢jm2r—1¢fq1 e .¢j‘7k—27 Tt T=

= (by Theorem 1 and (29)) = J[w oy iler-osil -y po1, (47)
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where the notations are the same as in (32) and (33), gi-1 = s (i =
1,2,...,r, r=1,2,...,[k/2]) the last transition is based on (29), and

def

CJ'k--J/+1j/j/j/—2-~-j1

Ui ~dm

t42 41

def/d}k ti) ;i (ti) - - /¢/+1 ti1)dj, . (te1) /ﬂ)/ t1)bi—1(t) @, (1) X

X /1/)/_2(t/_2)(;5j,2(t/_2) .. /1/)1(t1)¢j1(t1)dt1 .. dt/_zdt/t/_H ... dtk =
t t

Jkee i 1dmii—2--J1o

i.e _Cjk...j/+1jmj/_z...j1 is again the Fourier coefficient of type (19) but with
a new shorter multi-index j...jit1jmjl—2--.j1 and new weight functions

wl(T), ey 1/)/,2(7'), 1/)/,1(7')1#/(7’), ¢/+1(T), ey T/Jk(T) (also W€ suppose
that {/,/— 1} is one of the pairs {g1,82},-..,{g2r-1, 82} (see (13))).
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Using (42)-(47), and Theorem 8, we prove that [1, Section 2.10]

P
1PI_>I£) Z C:I'knJlC(ll) . CJklk)

Jise- k=0

[k/2]
_ J[w(k)](u i) + Z > Z J["b(k)](71%1._»..11()[5".“’51] _

r=1 (sry--rS1)EAL
SN (48)

w. p. 1, where J[i)(® (i-idlsrws1l (g efined by (32). Theorem 6 is proved.
Tt
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[R-2] Rybakov, K.A. Orthogonal expansion of multiple Stratonovich
stochastic integrals. Differencialnie Uravnenia i Protsesy Upravlenia, 4
(2021), 81-115.

1. An expansion similar to (25) was obtained in [R-2], where the author
used a definition of the Stratonovich stochastic integral, which differs from
(16). The proof from [R-2] is somewhat simpler than the proof proposed in
this work. However, our proof allows us to estimate the rate of convergence
in Theorem 6.

2. We also note that Conditions 1 and 2 of Theorem 6 are satisfied for
complete orthonormal systems of Legendre polynomials and trigonometric
functions in the space Ly([t, T]) [1, Chapters 1, 2] (see (49)—(54) below).

3. Taking into account the modification of Theorem 1 for the case of
integration interval [t,s], s € (t, T] of iterated Itd stochastic integrals (2)
[1, Section 1.8] we can formulate an analogue of Theorem 6 for the case of
integration interval [t,s|, s € (t, T) [1, Section 2.10].
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In [1, Sections 2.1.2, 2.7, 2.9] the following formulas are proved

; / dn(t)va(t)dn =3 Gls). s (8 T) (49)
j=0

ZCJJ §<(1221(s))1/4+1>7 se(t,T), (50)

j=p+1

S 69| < seem (51)

j=p+1

K

where constant C does not depend p,

z(s) =<5— T2+t> Ti_t Cii(s) =/¢2(f2)¢j(f2)/¢1(f1)¢j(t1)dt1dt2,

{6j(x)}32 is a CONS of Legendre polynomials (formulas (49), (50)) or

trigonometric functions (formulas (49), (51)) in the space Lx([t, T]), the

functions 11(7), ¥2(7) are continuously differentiable at the interval [t, T].
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For the case of Legendre polynomials, we have [1]

T

[emetriar| +| [wwomer < <(1_(z

X

1
())?)1/*

+—1>, (52)

[ C 1 1
v/ vinenien < f((l—(Z(X))2)1/4 MEEERE “)’ 9

where j € N, z(x), z(v) € (—=1,1), x, v € (t, T), v < x, ¢(7) is a continuously
differentiable function on [t, T], constant C does not depend on j.
For the case of trigonometric functions, we obtain

X T X
[ o +| [umenidr| +| [ o < f (54)

where j € N, x,v € (t, T), v < x, the function (1) is continuously differ-
entiable at the interval [t, T], constant C does not depend on ;.
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5 Expansion of lterated Stratonovich Stochastic Integrals
of Multiplicities 3 to 5 (Polynomial and Trigonometric

Cases)

Theorem 9 [1, Section 2.11] Suppose that {¢;(x)}Z, is a complete
orthonormal system of Legendre polynomials or trigonometric functions in
the space Ly([t, T]). Furthermore, let 11(7),%2(7),13(7) are continuously
differentiable nonrandom functions on [t, T|. Then, for the iterated Strato-
novich stochastic integral of third multiplicity

A U Pl / a(ts) / ol / dr(tr)odWi odWi odWi (55)
the following expansion

w1, (3)1(123) _ 1.1.m. '1) ('2) (i3)
J [w ]T,t - p—>00 .13./2/1 2 CJ3
J1:J2+j3=0
that converges in the mean-square sense is valid, where i, i, i3 = 0,1,..., m;
another notations are the same as in Theorem 1.
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Proof. As follows from (49)—(54), Conditions 1 and 2 of Theorem 6
are satisfied for complete orthonormal systems of Legendre polynomials and
trigonometric functions in the space L([t, T]). Let us verify Condition 3 of
Theorem 6 for the iterated Stratonovich stochastic integral (55). Thus, we
have to check the following conditions

o
lim E : Cj3]1.i1 =0,

p—+00 4 )
J3=0 \j1i=p+1

p 0o

p“_g;o Z Z CJ'3J'3J1 =0,

1=0 \Jjz=p+1
p

pll>ngo Z Z Cfl.l'zl'l =0.

2=0 \j=p+1
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Theorem 10 [1, Section 2.12] Suppose that {¢;(x)}72, is a complete
orthonormal system of Legendre polynomials or trigonometric functions in
the space Ly([t, T]). Furthermore, let 11(T),..., ¥a(T) are continuously
differentiable nonrandom functions on [t, T|. Then, for the iterated Strato-
novich stochastic integral of fourth multiplicity

T t
SO = /¢4(t4).../w1(t1) o dW{ o dwl®  (56)
t t
the following expansion

S @1 = Lim. Z Gt (V.

Jis-:ja=0

that converges in the mean-square sense is valid, where iy, ..., ig =0,1,... m;
another notations are the same as in Theorem 1.
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Proof. As follows from (49)—(54), Conditions 1 and 2 of Theorem 6
are satisfied for complete orthonormal systems of Legendre polynomials and
trigonometric functions in the space Ly([t, T]). Let us verify Condition 3 of
Theorem 6 for the iterated Stratonovich stochastic integral (56). Thus, we

have to check the following conditions

P
lim E
p—oo &
J3:.ja=0
P
lim E
pHOO. "
J2:43=0

Dmitriy F. Kuznetsov A new approach to...

o0
E : Cj4]3]1j1

A=p+1

[ee}
E : lejzjzil

J1i=p+1

2

0,

0,

lim
p—00

lim
p—00

p

2.

J2,ja=0

p

>

J1.ja=0

o0
E : CJ'4J'1jzi1

Ji=p+1

o0
" Cispaioi

Jo=p+1
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p 00
Jim >0 D Guiir | =0,
J1.3=0 \Jj2=p+1
2
[e.e] o0
im. > D Gonii | =0
Jo=p+1j1=p+1
2
oo oo
pl'_glo E : E : Csjajuin =0,
B=p+1lji=p+1
2
oo
p|'_>ngo § : Clajaiuin . =0,
ji=p+1 Uaiz) ()
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2
p 00
p||_>nc1>o E : E : Chsjsioir =0,
J1:2=0 \Js=p+1
2
oo oo
Aim > D> Gusir | =0,
J2=p+1j=p+1
2
[ee]
pl'_glo E : Cisjsiia . =0,
j3=p+1 ()~ ()
2
[ee]
Jim > Gujspi| =0
ji=p+1 (j2g2) ()
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Theorem 11 [1, Section 2.13] Suppose that {¢;(x)}72, is a complete
orthonormal system of Legendre polynomials or trigonometric functions in
the space Ly([t, T]). Furthermore, let 11(T), ... ,1s(T) are continuously dif-
ferentiable nonrandom functions on [t, T|. Then, for the iterated Stratono-
vich stochastic integral of fifth multiplicity

T to
SO = /ﬂ}s(ts) : --/U}l(tl) odWi) oW (57)
t t
the following expansion

J*[@Z)(S)]Tizlbi—gc{lo' Z C:15 1 ll)' C(IS

Jise-j5=0

that converges in the mean-square sense is valid, where i1,. .. i5=0,1,...,m;
another notations are the same as in Theorem 1.

Dmitriy F. Kuznetsov A new approach to... 58 /65



Proof. As follows from (49)—(54), Conditions 1 and 2 of Theorem 6
are satisfied for CONS of Legendre polynomials and trigonometric func-
tions in Ly([t, T]). Let us verify Condition 3 of Theorem 6 for the iterated
Stratonovich stochastic integral (57). Thus, we have to check the following
conditions

2
P e’}
lim g E Ci..; =0
p—oo  L— ) J5---J1 o 3
Jay Jap Jaz=0 \Jgy=p+1 Je1=es
2
P [e’¢) o]
lim g E 5 Ci.. =0
p—00 ) ] J5---J1 . o )
Ja1 =0 \Jg, =p+1jg=p+1 Je1=Jeo Jez =Jea
2
P o]
p—00 § : J5--J1 y

Ja;=0 \Jgz=p+1 (jnggl )~ () Jg1 =Jgo Jez =gy -82=81+1
where ({g1, 82}, {g3, 81}, {q1}) and ({g1,82},{q1,92,q3}) are partitions
of the set {1,2,...,5} that is {g1,82,83, 82,01} = {g1,82,91, 92,93} =
{1,2,...,5}; braces mean an unordered set, and parentheses mean an or-
dered set.
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In [1, Sect. 1.7.2] it is shown that under the conditions of Theorem 1
(polynomial and trigonometric cases) the following estimate
KIP (T — t)k

) (58)

o N2
E(J [ J[w(”]‘r’f;’”") <

holds, where i1,...,ix =1,..., m, constant P, depends only on k,

T

ty
NOGCE :/wk(tk).../wl(tl)dwﬁf) LAWY,
t

t

k [k/2]
I[P Z Gi. 11<ch,")+2( 1)"

Jise k=0 1

k—2r
(ig
x Z H ligy, ;= Ig25760} Ugye_y = Jepg ) H CJq’I >

({{e1.82}---{&2r—1> gzr}} {ar-ak—2r}) s=1
{81.82:---:82r—1:82r91+---:Gk—2,}={1,2,... .k}
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6 Rate of the Mean-Square Convergence for Expansions of
Iterated Stratonovich Stochastic Integrals of Multiplicities
l1tob

In this section, we consider the rate of convergence for approximations
of iterated Stratonovich stochastic integrals.

Theorem 12 [1, Section 2.15] Suppose that {¢;(x)}72, is a complete
orthonormal system of Legendre polynomials or trigonometric functions in

the space Ly([t, T]). Furthermore, let 1)1(7),2(7),13(T) are continuously
differentiable nonrandom functions on [t, T|. Then, for the iterated Strato-

novich stochastic integral of third multiplicity J*[)(3)]3; '1'2'3) defined by (3)
the following estimate

2

C
E|J" [w ’1I213) Z CJ3J1/1 ) (IZ)CJ < ; (P S N)
J12,j3=0
is fulfilled, where i1, i»,i3 = 1,..., m, constant C is independent of p; an-

other notations are the same as in Theorem 1.
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Theorem 13 [1, Section 2.15] Let {¢;(x)}2, be a complete orthonor-
mal system of Legendre polynomials or trigonometric functions in the space
Lo([t, T]). Furthermore, let 1)1(T),...,va(T) be continuously differentiable
nonrandom functions on [t, T|. Then, for the iterated Stratonovich stochas-
tic integral of fourth multiplicity J*[1)]\--") defined by (3) the following
estimate 7

2

E J*[¢(4)]('II%; g - Z CJ4 1 11’1 C(M) <

Jis--ja=0

C
pl—a

(peN)

holds, where iy, ...,ips = 1,..., m, constant C does not depend on p, ¢ is an
arbitrary small positive real number for the case of complete orthonormal
system of Legendre polynomials in the space Ly([t, T]) and € = 0 for the
case of complete orthonormal system of trigonometric functions in the space
Ly([t, T]); another notations are the same as in Theorem 1.
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Theorem 14 [1, Section 2.15] Assume that {¢;(x)}32, is a complete
orthonormal system of Legendre polynomials or trigonometric functions in
the space Ly([t, T]) and ¥1(7),..., ¥s(T) are continuously differentiable
nonrandom functions on [t, T|. Then, for the iterated Stratonovich stochas-
tic integral of fifth multiplicity J *[¢(5)](Til;'i5) defined by (3) the following
estimate 7

2
% C
E|J WO - Z Cis...r C('5 < e (peN)
Ji,--J5=0
is valid, where i1, ...,is =1,...,m, constant C is independent of p, € is an

arbitrary small positive real number for the case of complete orthonormal
system of Legendre polynomials in the space Ly([t, T]) and € = 0 for the
case of complete orthonormal system of trigonometric functions in the space
Ly([t, T]); another notations are the same as in Theorem 1.
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We should also note the following theorem for the case k = 2.

Theorem 15 [1, Sect. 2.8.1] Suppose that {¢;(x)}%, is a complete
orthonormal system of Legendre polynomials or trigonometric functions in
the space Ly([t, T]). Furthermore, let 11(7),12(7) are continuously dif-
ferentiable nonrandom functions on [t, T|. Then, for the iterated Stratono-
vich stochastic integral of second multiplicity J*[)(?)]3; '1'2) defined by (3)
the following estimate

2

e (1O - Y G <

J1.2=0

(p€N)

sl

is fulfilled, where i1,i» = 1,..., m, constant C is independent of p; another
notations are the same as in Theorem 1.

Note that the analogue of Theorem 15 for the case k = 1 follows from
(58) [1, Sect. 1.7.2].
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Thanks for your attention!
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