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1 Introduction

The importance of the problem of numerical integration of stochastic dif-
ferential equations is explained by a wide range of their applications related
to the construction of adequate mathematical models of dynamic systems
of various physical nature under random disturbances and to the application
of these equations for solving various mathematical problems, among which
we mention signal filtering in the background of random noise, stochastic
optimal control, stochastic stability, evaluating the parameters of stochastic
systems, etc.

Iterated 1t6 and Stratonovich stochastic integrals can be used to con-
struct high-order strong (mean-square) numerical methods for various types
of systems of stochastic differential equations with non-commutative noise.
For example, for systems of

[td stochastic differential equations,

[t6 stochastic differential equations with jumps,

McKean stochastic differential equations,

stochastic differential equations with switchings,

semilinear stochastic partial differential equations with multiplicative tra-
ce class noise.
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Let (2, F, P) be a complete probability space, let {F;,t € [0, T|} be
a nondecreasing right-continous family of o-algebras of F, and let W; be a
standard m-dimensional Wiener stochastic process, which is F;-measurable
for any t € [0, T]. We assume that the components Wg') (i=1,....,m)
of this process are independent. As an example, consider a system of It
stochastic differential equations (SDEs) with non-commutative noise in the
integral form

t m

t

Xt = Xo + /a(XT,T)dT + Z Bj(XT,T)dWS:j), xo = x(0,w), we.
0 =1y

(1)

Here x; is some n-dimensional stochastic process satisfying the equation
(1). The nonrandom functions a, B; : R” x [0, T] — R" guarantee the
existence and uniqueness up to stochastic equivalence of a strong solution
of the equation (1). Let xo is Fo-measurable and E|x|> < oo (E denotes
a mathematical expectation). We assume that xo and W; — Wy are inde-
pendent when t > 0.
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One of the effective approaches to the numerical integration of 1t6 SDEs
is an approach based on the Taylor—Itd and Taylor-Stratonovich expansions.
The most important feature of such expansions is a presence in them of the
following iterated It6 and Stratonovich stochastic integrals

J[w(k (11 k) /W tk /¢1 t1 dW(’l), de{k), (2)

J* R / Ur(te) . / Yi(t) o dWI o awl® (3)

where 91(7), ..., ¥k(7) are nonrandom functions on [t, T], w!? (i=1,..

*

m) are independent standard Wiener processes, WSO) =T, i1,...,0x = 0,
1, ..., m de') and o de') denote Itd and Stratonovich differentials,
respectively (i =1,..., m).

Effective solution of the problem of mean-square approximation of iter-
ated Stratonovich stochastic integrals (3) composes the subject of the work.
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Remark 1.
wg")_wg"):l (Wup W()p>’ wP_wP — Z/¢ dsg(),

Jj=0

- / 5i()AWE, QWP =3 6y,
=0

? -
where {¢;(x)}7, is an arbitrary CONS in Lo[t, T], p€ N, 7 € [t, T], t > 0,
Cfi) are i.i.d. N(0,1)-r.v.’s for various i or j, i =1,...,m.

Consider the following iterated Riemann—Stieltjes integral

r 7 . . p1 Pk k ]
/wk(tk) : --/wl(tl)dwgl)"l dWEP =N S T
t t

a1=0  jx=0 =1
if p1,...,px = 00, where iy, ..., =0,1,...,m,
T
G = [ U(8)83(00) - [ vr(0)oa (). dte
t t
The case i1 = ... =ik #0, pi=...=px=p can be obtained from [JK-1],

[BK-1],[B-1] under hard-to-verify condition of existence of limiting traces.

Dmitriy F. Kuznetsov Recent results ... 8/70



2 Expansion of lterated It6 Stochastic Integrals of

Arbitrary Multiplicity Based on Generalized Multiple
Fourier Series. Preliminary Results

Suppose that 1(7), ..., ¥k(7) € La[t, T]. Define the following function
(factorized Volterra-type kernel) on the hypercube [t, T]*

¢1(t‘1) .. .wk(tk), for tp <...< ty

K(tl,...,tk): ) (4)

0, otherwise
where ti,...,tx € [t, T] (k > 2), and K(t1) = ¢1(t1) for t; € [t, T].
Let {¢;(x)}?2, be an arbitrary CONS in Lp[t, T].

Then we have
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=0,

P,y Pl—>00Q
Y Lo([t, T]¥)

lim HK - KP1~--Pk

where K(t1,..., 1) € Lyo([t, T]¥),

Kbr...px (t1,- ., Z Z Gt H¢J/ ), (5)

=0 =0

T )
C:ikmh :/wk(tk)ébjk(tk)---/T/Jl(tl)¢jl(t1)dt1...dtk (6)

is the Fourier coefficient.

Let {73} ' o is a partition of [t, T] such that

t=1<...<7y=T,Ay= max A7 = 0if N — oo, AT} = Tj11—7j.
0<j<N—-1
(7)
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Theorem 1 [1, Sect. 1.1] (2006). Let ¢1(7),...,v«(7) € C[t, T] and
{0j(x)}Z0 is @ CONS in Lo[t, T] such that ¢;(x) € C[t, T] or ¢;(x) is
piecewise continuous on [t, T] ¥j € N. Then

o= g, %2 S {1

=0 jx=0

N
T byl )€ G

—Lim Y g (m) AW m(nk)AWﬁi:’) )

where Gk:Hk\Lk, Hk:{(/l,...,/k):/1,...,/k:0, 1,...,/\/—1},
Lk:{(ll,...,lk):ll,...,/k:0,1,...,N—1;Ig#/,(g;ér);g,rzl,...,k},
T

) = [ or)aws)

t
are i.i.d. N(0,1)-r.v.’s for various i or j (i #0), i,...,ik = 0,1,..., m,
Cj,...r is the Fourier coefficient (6), AW — w{) —WTJ (i=0,1,...,m),

o 7'J+1
wo — - [¢(k)](T'1't'"k) is defined by (2), {Tj}jzo is a partition of [t, T]
satisfying the condition (7).
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For the proof of Theorem 1, we used the following multiple stochastic
integral

N—-1
I N def !
J[0]iy ) 4 Lim, 3 O (15,...,7) ||AWTJ;), (8)
=1

o dbedk=0
JqFip; a#p; 4,p=1,....k

where ®(ty, ..., tx) = K(t1,...,tx) (factorized Volterra-type kernel defined
by (4)) and (D(tl, RN tk) = ijl(tl) R ¢jk(tk)v AWS—JI) Wq(—jzrl — WS—J’)

(i=0,1,....,m), ir,...,ix, = 0,1,...,m, {TJ-}J-N:O is a partition of [t, T]
satisfying the condition (7).

A stochastic integral similar to (8) with respect to the scalar standard
Wiener process (ii = ... = ix # 0) and ®(t1,...,tx) € La([t, T]¥) has
been considered in [I-1] (1951) and is called the multiple Wiener stochastic
integral.
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Let us consider particular cases of Theorem 1 for k =1,...,4

J [lb(l)](#’)t _ lim. ’

p1—00
A1=0

J [1/1(2)](71-17;2) = pll,',lyggloo Z Z Ciajy ( Jll 1212) - 1{f1="2750}1{1'1:f2})’

J1=0/2=0

o . P P AN
TR RS 9 9) S ERNLEEE
21=0j2=0,3=0

~Limiroy 1o 6 — Loy L G — l{fl—fg;m}1{11—13}Cf2'2)>a
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P P4 L
J [lﬂ ](11 da) _ p171 {pl;n_)oo Z ces Z Ciavor (H CJ(/”)_

A=0 =0 1=1
(i) ~(ia) (i2) ~(ia)
izt 1=y G Gy — im0y =i G G —
(i2) (i) (ir) ~(ia)
“Li—izo1 =iy Gy~ Ym0y L=y G Gy —
—1{,'2:,'4;50}1{12:j4}Cj(1'1)C}3'3) — 1{i3:i47$0}1{j3:j4}<j(1,1)<}2’2)+
1= 20y L=y Lis=in0} Ljs=ju) +
HL{i=is01 L=y Lo=iart0} Lp=j)
+1{f1=f4750}1{1'1=j4}1{"2=i37'50}1{1'2=J'3}> )

where 1,4 is the indicator of the set A.
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Let us consider the unordered set {1,2,..., k} and separate it into two
parts: the first part consists of r unordered pairs (sequence order of these
pairs is also unimportant) and the second one consists of the remaining
k — 2r numbers. So, we have

({{g17g2}7 sy {g2rflag2r}}’ {qla sy qk—2r})7 (9)
part 1 part 2

where
{glag2a <o 82r—-1,82r, 41,5 - - qk—2r} = {1a 2a sy k}v

braces mean an unordered set, and parentheses mean an ordered set.
Consider the sum

E Ag182,..,82r—182r,q1 -Gk —2r

({{e1.82}:---{&2r—1-82r 1} {a1s--»qk—2r })
{81:82,:80r—1:82¢+91 Ak —2r }={1,2,...,k}
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Theorem 2 [1, Sect. 1.1] (2009). Let Y1(7),...,v«(7) € C[t, T] and
{0j(x)};20 is @ CONS in Lo[t, T] such that ¢;(x) € C[t, T] or ¢;(x) is
piecewise continuous on [t, T]| Vj € N. Then

- . (/2]
St =, L Z Z Cle-i (H G+ Z

a1=0  jx=0

k—2r
(iq
. Z H {'gzs 1= ey 760} {Jg25 = Jeos } H qu’/ >

({{e1.82},-{g2r—1.82, 3} {1, a2, }) $=1
{81:82:--:82r—1:82r,91 5 Ak —2, y=1{1,2,...,k}

where

.
) = [ oy(r)aws)

are i.i.d. N(0,1)-r.v.’s for various i or j (ifi #0), ir,...,ix =0,1,...,m,
J [N s defined by (2), G,..j,

(0)

integer part of a real number x, Wy’ = T.
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To generalize Theorem 2 for an arbitrary CONS in Lo[t, T] and ¢1(7), ...,
Yi(7) € La[t, T], we use the multiple Wiener stochastic integral [I-1] (1951)

N—1
J [q)](fl k) def g [®n ](’1 ) 1im. Z 311.../kAWg) AWS;”,
N—> N—oo e k=0

where ®(t, ..., t) € Ly([t, T]¥) W“H¢ Pl ge, 7 = ©

N-1

(DN(tl, ey tk) = Z a/1~~-/k1[7'117711+1)(t1) - 1[7'1,(77'/,(+1)(tk)’
el =0

where a; ., € R and such that a;_;, = 0 if [, = I; for some p # q,
1 ifreA
La(r) = {O otherwise ’
AWg) = W%)H W%), i=0,1,...,m, w9 = 7, {U}jN:o is a partition of
[t, T] satisfying the condition (7).
Note the well known estimate for the multiple Wiener stochastic integral
AN 2
E@pmg)gq¢bmWyQ<m (10)
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Theorem 3 (Generalization of Theorem 2) [1, Sect. 1.11]. Suppose
that Y1(7),....vw(7) € Lo[t, T] and {¢;(x)};2 is an arbitrary CONS in
Lo[t, T]. Then

o (k/2]
TN = Lim, 32 G (HCJ(’” =

J1=0 Jk=0

k—2r
(iq
X Z H {Ig2s 17 ,g25¢0} {Jg2s 1 ngs} H qu’l )

({{e1.82},-{g2r—1.82, 1} a1 nap_2,}) $=1
{81:82:--:82r—1:82r,91>- -1k —2, Y=1{1,2,... .k}

(11)

Remark 2. The expression in parentheses is the Hermite polynomial of
degree k of random vector argument. Moreover, (11) has the form

. . . Pl Pk ..
IO = IS D G a0l

a1=0  jx=0

where notations are the same as in Theorem 2.

[R-1] Rybakov, K.A. Orthogonal expansion of multiple 1t6 stochastic

integrals. Differ. Equ. Control Proc., 3 (2021), 109-140.
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Proof. Step 1.

Jo] e = Z/ / (tr,. ., ti)dwi™ . dwl)  w.op. 1,

(t1,--5tk) ¢
(12)
where ®(t1, ..., tx) € La([t, T]¥), permutations (t1, ..., tx) when summing

are performed only in the values dwgf) e dwgk). At the same time the
indices near upper limits of integration in the iterated stochastic integrals
are changed correspondently and if t, swapped with tg in the permutation
(t1,...,tx), then i, swapped with ig in the permutation (i, ..., ik).

Step 2. From (12) we have

J[I/J k)](’l k) = [K](’l ’k)

p1 Pk
= Z ce Z Qk---j1jl[¢j1 ¢Jk] i) +J! [Rp,.. Pk] ) w. p. 1,

a=0  jix=0

RP1~~Pk(t17---atk) tlv" tk)_z Z CJk J1 H¢J/(tl

A=0 =0
Dmitriy F. Kuznetsov Recent results .. 19/70



Step 3. Applying (12), we have
T tr

IRy p 0 = 37 /.../(K(tl,...,tk)—
(t1,tk) ¢ t
P1 .
_Z Z CJk J1H¢Jl tl)) dw(ll)‘ -dek)~
=0 jx=0

Then

{(J/[RPI Pk] p )2} <
T t> K 2
< Ck Z // t1, Z Z k.. 11H¢j/(t/) dty ... dt

(tlv"'vtk)t t j1=0 Jk=0 =1
2
= Cy||K = KP1-~-Pk —0
La([t, TI¥)

if p1,...,px — 00, where constant C, depends only on k. Thus
20/70



o . P1 Pk
S = Lim, NS G [0 o
=0 jx=0
Step 4. Applying the It6 formula, we obtain
M.oiim 1...1 f...iml...1
L TR T |Gl L PR (Sl TR I MR (el
(13)
w. p. 1, where i1,...,im # 1. The equality (13) follows from (12) and

y
3 /¢Jm tm) - /qsﬂ t1)dwit) . wiim)

(jh a-/m) t
X Z /¢Jn --/‘bj{(ti)dwg)”'wg) =
(Jl7 7Jn

/@,,, tm). /cb,l(rl /cbjn ../téeéj;(ti)x
/

(15-- ,Jm>J17 W)t

xdwgi). dw(l)dwgl) . dwgi’") w. p. 1,

Dmitriy F. Kuznetsov Recent results ... 21/70



where i1, ..., im # 1,

2.

(15---dk)

means the sum with respect to all possible permutations (ji,...,jk). At
the same time if j, swapped with j, in the permutation (ji,...,jk), then i,
swapped with ig in the permutation (i, ..., ik).

Using the equality (13) and Theorem 3.1 from [I-1] (1951), we get w. p. 1
for an arbitrary CONS {g;(x)}Z, in Lo([t, T]):

/ (11 product of Hermite PO/ynOm/a/s (I/ [k/2]
J [(Zsjl . (bjk] H Z(—

of arguments Cj(ll)7 .

r k—2r

(iq,)
X Z H l{ig2571 = gy, 7£0}1{j€2571 = jgzs} H CJq/ql ’
=1

({{e1.82}s-{g2r—1.82r 3} {1, a2, ) S=1
{61.82:--:82r—1:82r,91+-- -, 9k —2, }={1,2,... .k}
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We also note the following usefull estimate [1, Sect. 1.12]
2
E(J[¢(k)](7{1~t~fk) _ J[w(k)](_;lg-fk)le-,Pk) <

P1

Pk
<C / Kz(tl,...,tk)dtl...dtk—Z...ZCﬁmjl ,

[t. Tk =0 jx=0

where i1,...,ix =0,1,..., mand constant C depends only on k and T —¢.
Moreover, C < k! for the following two cases:

Di,.e.ohixg=1,....m and T —1t€(0,+00),
2) ity ik =0,1,....m, Z+...+i2>0 and T -—te(0,1);
here J[w(k)](-,'},;'i") is the iterated 1t6 stochastic integral (2),J[@b(k)]gi{'t"ik)pl""’pk

is the expression on the right-hand side of (11) before passing to the limit

lim. . : :
Py o other notations as in Theorem 3.

Dmitriy F. Kuznetsov Recent results ... 23 /70



3 Stratonovich Stochastic Integral

Let Mo[t, T] (0 < t < T < o0) be the class of random functions
def

&(r,w) = & 1 [t, T] x Q — R satisfying the following conditions: £(7,w) is

measurable with respect to the pair of variables (7,w), &, is Fr-measurable
for all 7 € [t, T] and

T

/E(fT)2dT < oo, E(&)? <oo forall 7€t T].

t

Let Q[t, T] be the class of Itd processes ng), Telt, T](i=1,...,m):

) =77§i) +/asds—|—/bde£i) w. p. 1,
t t

where (a5)*, (bs)* € Ma[t, T] and lim E|bs — by |* =0 for all 7 € [t, T].
S—T
The mean-square limit

N—1 T

' 1/ i def [ ;

a2 F (5 (8 0060 ) (W2~ W) # [ P oo
=0

‘
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is called the Stratonovich stochastic integral, where i,/ =,..., m, {Tj}szo
is a partition of [t, T] satisfying the condition (7), F : R x [t, T] — R and
F ¢ C>(R,[t, T]) (here C>'(R,[t, T]) is the space of functions that are
twice differentiable with respect to x and once with respect to 7. Moreover,
all these derivatives are bounded).
It is well-known that
T T T
. , 1 oF
/F(ng'),T) o dw() :/F(ng'),f)dwg’) +21{,-:,}/8X(m,7)b7d7

t t

w. p. 1, wheren € Q[t, T], Fe C>'(R,[t, T]), F (777)7 T) € Mo[t, T], 14
is the indicator of the set Aand i,/ =1,...,m. For F(x,7) = F1(x)Fa(7),
smoothness with respect to 7 can be replaced by continuity.

The iterated Stratonovich stochastic integral will be denoted as

J* ) / Yi(te) / di(t) o dW o awl (14

where ¥1(7),...,¢¥k(7) € C[t, T].
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4 Expansion of lterated Stratonovich Stochastic Integrals
Let {¢;(x)}?2, be an arbitrary CONS in Ly[t, T] (¢o(x) = 1/V'T —t).

Denote
def

Ui (+)

C}k---jl+1jljljl—2---j1

tiy2 ti41

de{/¢k ti) b (tk) - - /¢I+1 t/+1)</51,+1(t/+1)/%(h)d); 1(t) %

t

X/1/1/—2(t/—2)¢j,Z(t/—z)---/1/11(t1)¢j1(t1)dt1---dt/—zdt/t/+1---dtk =
t t

A

=6

kewdi+10j1—2-- 19

i.e. fjk_,,j,+10j,72._,j1 is again the Fourier coefficient of type (6) but with a new
shorter multi-index ji ...ji+10j—2...j1 and new weight functions 1(7),
o Yi—2(7), VT — t ba(7) (1), Yrga(7), - - ., Yu(T) (also we suppose
that {/,/ — 1} is one of the pairs {g1,82}, ..., {g2r—1, 82} (see (9))).
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Denote
def

Cjk cedirUtifi—2--1

Uin)m

12 ti41

def/lﬁk ti )i (t) - /¢/+1 t111)Pjq (t41) / Ui(t)Yi—1(t1) @, () %

t to
X /¢/_2(t/_2)¢j/_2(t/_2) R /¢1(t1)¢j1(t1)dt1 o dt_odtityyr .. dt =
t t

Jkor i mii—2-J10

i.e. G jiijmiio.i 1S again the Fourier coefficient of type (6) but with
a new shorter multi-index jk ... ji+1/mji—2 - ..j1 and new weight functions
¢1(T), ey 1/)/_2(7'), w/,l(T)/l/J/(T), 1/J/+1(T), ey wk(T) (also we suppose
that {/,/ — 1} is one of the pairs {g1,82}, ..., {g2r—1, 82} (see (9))).
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Theorem 4 [1, Sect.2.10] (2023). Assume that a CONS {¢;(x)}?2, in
Ly([t, T]) (¢o(x) = 1/+/T — t) and continuous functions Y1(7), ..., Yk(T)

are such that
p1 Pq Pk
lim > >

P1;-+sPk—00 : .
n1=0  jg=0 =0

X
QF81,82;-,82r—1,82r

min{pg, ,Pg, } min{pgy,_;:Pgy, }
X Z E : Cjk~~~jl o ' T (15)
Jg =0 Jgar—1=0 Je1=Jgo s+ Jeor 1= Jeor
2

=0
(goJg1 ) ()---Uga Jea, 1 )m(')ajgl = J'gz 7---Jg2,_1 = jgg,)

1
Cor H 1{g2/:g2/—1+1} G
=1

forallr:1,2,...,[k/2]. Then
e ]Il e llprkn*>oo Z ZCJk J HCJII)
1=0 Jk=0

where J *[w(k)](Til’t“i“) is defined by (14), other notations as in Theorem 3.
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Proof. Introduce the following notations

I
i def
J W(k)](';l,t Wleral 2 11 Liy=igy a0}

p=1

ts,+3 tsl+2

/wk tk) - - / Vs+2(ts+2) / Vs, (ts+1)Vs+1(ts+1) %

tsl+1 t51+3 tsl +2

X /¢s,_1(t5,_1)... t/ ¢51+2(t51+2) t/ 1/151(t51+1)¢51+1(t51+1)><

t51 +1

/ Vs-1(ts-1) / () dWE LW D awi )

AW Yt dWE L dwi

ts;+2 ty

(16)
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where (s;,...,51) € Ax s,

AkJ: {(S/,...,Sl)ZS/ >s_1+1,...,5% >s1+1;s,...,51 = 1,...,/(—1},

(17)
I=1,2,...,[k/2], i1,...,ik = 0,1,...,m, [x] is an integer part of a real
number x, 14 is the indicator of the set A.

Let us formulate the statement on connection between iterated [t6 and
Stratonovich stochastic integrals of arbitrary multiplicity k.

Theorem 5 [1, Sect. 2.4| (1997). Suppose that ¥1(7), ..., ¥k(T) €
C[t, T]. Then, the following relation between iterated Stratonovich and It6
stochastic integrals is correct

[k/2]
J* k)](’l k) _ J[w(k)] i1...ik) _|_Z Z J[ﬂ} ](11 i) ye-5s1]

r=1 (Sn 51)E€AK,

w. p. 1, where >_ is supposed to be equal to zero.
0
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Consider the following representation for multiple Wiener stochastic in-
tegral [1, Sect. 1.11]

, [k/2]
VLTI e ch,"’+2( 1)

k—2r

x Z H {Ig2s 1 Ig2s7£0}1{‘jg2s 1 Jg2s} H -/(qllql

({{e1.82} - {e2r—1:82- 1} {1 ak o)) S=1
{81:82+--:82r—1:82r+91 5> Ak —2p y=11,2,... , k}

w. p. 1, where {¢J(x)} ~o is an arbitrary CONS in Ly[t, T] and H defy.

Further, we have w. p. 1
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k
[T = gy, .. 030
=1

(k/2]

e > [0, = 207
r=1

({{e1.82} - {e2r—1.82r 1} {a1,-- 02, }) S=1
{&1:82:-:82r—1:82r+915++, G —2r }={1,2,....k}

k—2r

i )
l{fgzs 1= Jape ) H CJ K

Iterated application of the above equality gives
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k
169 = Sion - ealic™
=1

(k/2]

+ Z Z H l{igzs_lz ig, 70} X

r=1 ({{e1.e2}, - {g2r—1.82-}}.{a1,--a—2,}) S=1
{81,825 :82r—1:82r+91 5> Ak —2p y=11,2,...,k}

. ’q1 gy _ar)
i =g+ [Djay - - - Py,

w. p. 1, where J'[¢), ..., (Iql fak—ar) def 1 for k = 2r.

Multiplying both sides of the above equality by C; and summing over

keeod1
.j17 R 7.jk7 We get
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pP1 Pk .
Z e Z G H (I/ Z Z Civ..itd' [0y - - ¢J'k](7"1,t w

=0 =0 =1 A=0  jx=0

(k/2]

Ly > S G

r=1 ({{e1.e2}, - {e2r—1.82 3} {01, -ak—2,)  1=0  jx=0
{glag2a..,ag2r—1ag2r7q1a“'aqk—Zr}:{LQr“’k}

(iqy +igy_,)
x H l{ig25_1: ig25750}1{jg25_1:jg2s}J,[¢jq1 ’ gb-’qk 2r ‘71 . w. p. 1.
=1
(18)

The equality (18) is a version of the Hu-Meyer formula for the kernel

Kpy...pe (1, - . ., t) of the form (5) and the multidimensional Wiener process.
Passing to the limit Lim. in the equality (18), we have (see Theorem

3 and Remark 2)
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’1 im. Z CJk 7 H (i) _ —J [,(p(k)](_,’;l,;"k)_i_

yPk—>00

a1=0  jx=0
[k/2]
+ 2. Jdm, Z ZCM e
r=1 ({{e1.&2}----{62r—1.82:} }:{a1,--qk—2, }) =0 jx=0

{g17g27-..1g2r—11g2raq17"'7qk—2r}:{1a27'“7k}

(’q gy ,)
x H l{ig25—1: ig25750}1{jg2s_1: jg2S}J/[¢jQI : ¢qu 2r 1 e W. p 1

s=1
(19)

For the red color expression on the right-hand side of (19), we have (let
p1 = ... = px = p for simplicity)
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p
lplﬁ%lo ) Z Cle-vis H 1‘{1'5’2571: jg2s}1{’.g2571: igy, #0} %
Jl,...,ijO s=1

/ ’q1 dag_,)
<[ jay -+ B, D

p p
= lpl_glo Z Z Gr

Jiseesdqsesdk =0 Jgy JgzreJgn, 1 =0
7#81,825--:82r—1:82r

X

Jgy = Jgy gy, _1 = Jgy,

,
(’q dgy_ ,)
x Hl{i€25—1: igzﬁéo}'j/[d)qu ’ ¢qu 2r 1 =
s=1
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p p

= lLim. E E Ci..j
plateees ke J1

J1se-e2dgy- i =0 _Igl,_]g3,-~-,_]g2r_1:0
G781,825-182r—1:82r

—_

gy = Jeyeiley, 1 = Jey,

1
_? H 1{52/:g2/71+1} Cjk---jl o o . _ X
=1 (_/g2Jg1 )m(’)"'(ngrngrf;[ )f'\(‘),jgl = Jgy- ’ngr 17 ng,
- ( )
/ ’q gy _op
X H l{ig2571: gy, 7’50}‘] [¢jq1 : ¢qu o 1 Tt
s=1
P 1
+lpl_glo Z or CJ'k~-~.il X

J1s-eerdgsdi=0 (UeoJer ) (+)--- U Jeor—1 )f\('),jgl = jg2 7--'7J'g2,_1 = jgz,

GFE128D - B2r—1,80r

’<71 dgy_ ,) .
. H ligys_1 = gy, #0}H1{g2s—g25 1+1}J [d)f‘?l' Djay_a, =
s=1
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p

P
Z Z Cjk~-~j1

J1seendgy-- k=0 Jg1 Jgz s+ Jgn,_1 =0
q781:82-+:82r—1-82r

—_

Jey = Jgy ey, _1= o,

1
_EHI{E2/=E2/—1+1} Gt o o ' . ' . X
I=1 UioJer ) ()---Uiga ez, 1) () iy = Jigy v---sdiey, 1 = oo,
: (igq +--iq; r)
X H l{ig2s—1: ig,, 7A0}J’[¢qu . ¢qu . q1 h—ar) |
s=1
tor H Lgpmgn sy J Wbl gy o1, (20)

s=1

(by Theorem 3 and Remark 2; see explanation on the next page)
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We havew. p. lforgo=g1+1, ..., @2r =gor-1+1

P 1
lLim. E' ~Cc .
p—00 or Jk---J1
J1seeeriqseeig=0
q7#81,82,--:82r—1:82r

r . .
!/ 3 i (’ql""qk_gr) _
X H 1{,g2571: ,ng;éO}J [¢Jq1 T b o =
s=1

1 ¢ ¢ :
= > M, - w0

JLo-eosdgoe-dk =0 Jmy dmsgdmy,_q =0 s=1
q781:825--:82r—1:82r

X

(fgzjgl)m(‘)~~~(jg2,jg2,,1)m(‘)ajgl:jg2: anz, 1 ng,

X

Ugoder )dmy -+ Usardeor 1) my, 1 ng = jg2 »~~~’./'g2,_1 = J'g2r

xG,

k..._jl

00 Olq1 ddge_op) .

/
xJ [gbjml gz51.'"3 T ¢jm2r71 d)qu : ¢qu 2r

1 ..
= (by Theorem 3 and Remark 2) = EJ[w(k)](T’l,;"k)lsf""’sﬂ, (21)
R



where the notations are the same as in Theorem 5, gj_1 = s; (i =
1,2,...,r, r=1,2,...,[k/2]).

Using conditions of Theorem 4, the estimate (10) for multiple Wiener
stochastic integral, (19)-(21) and Theorem 5, we obtain

Lim 37 G5 =

A=0  jx=0

/2 -
_ J[”tﬂ k)](ll i) + Z Z J[w(k)](_ll{.t,.lk)[sr,.,.,sl] _

r=1 (5r7-~~751)€Ak,r

= J R

w. p. 1, where J [w(k)](T"ly‘t“"k)[S'""’sll is defined by (16). Theorem 4 is proved.
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Consider a generalization of Theorem 4. Denote

[k/2]
J[w k)](’l ’k)_l_ Z Z J[Q/)(k ](’1 ’k)[sn ,51] defJ [w k)] .. ’k

r=1 (SM 751)€Akr

where 77[)1(7'), ... ,¢k(T), @ZJ/(T)?/}/_l(T) S Lg[t, T] (/ =23,..., k) and other
notations as in Theorem 5.
From the proof of Theorem 4 we get

7 [7/’ k)](ll v - llprkn—mo Z Z CJk JlHCJ“)’

=0 j=0

where {¢;(x)}72 is an arbitrary CONS in Lo[t, T] and ¢1(7), ..., ¥«(7),
i(T)i—1(7) € Lo[t, T] (I =2,3,..., k), other notations as in Theorem 4.
Let &, 7 € [0, T] be some measurable random process such that

/’fT’dT<OO w. p. 1 (tEO)
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The mean-square limit (if it exists) [SU-1]

N—1 Tj+1

-
. 1 . N\ def .
- () _w) &« ()

Lim 3 Ti+1 — 7j /fsds (W, -wi) = /57 oW ()
J=0 7j t

is called the Stratonovich stochastic integral, where i = 0,1,..., m, {U}jN:o
is a partition of [t, T] satisfying the condition (7)

We will denote the iterated Stratonovich integral (22) as follows

T [
S[w ](11 k) /wk(tk) o /wl(tl) ° del) dw(lk)

te
t t
where wl(’r)a s ﬂﬂk(T) € L2[t7 T]7 i17

ik =0,1,...,m WY =
From [BR-1] (2021) it follows that for the case iy = ... = ix # 0 (the
case of a scalar standard Wiener process) we have w. p. 1

ISR = Jrp o)), (23)

Using Malliavin calculus for diffusion processes it is probably possible to
prove (23) for the case i1,...,ix = 0,1,

. e, m.
Dmitriy F. Kuznetsov Recent results ...

42/70



5 Problem of Verification of Condition (15)

Denote
def

C—(p)

Jic-dq--J1

GF81,82,+,82r—1,82r

o0 [ee)

=S o i i Gl

Jerr—1=P+ gy, _3=p+1 Jez=P+1jg =p+1

)

Je1 =Jg2>-Jear—1 = Je2r

def 1 > ad
= El{gz,:gz,,l-i-l} Z Z

q781:82,-,82r—1,82r Jeoy 1 =P+1Jg, s=p+1

SI C_'(P)

Jkoodgeef1

o0 o0

SIED SR S Sir-A

Jeojs1 =P gy _3=PFTL  Jgz=ptljg=p+1

(jgz/ng/,l )f\()dgl :.igz 7~~~ajg2,71 :jgz,
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Theorem 6 [1, Sect. 2.10] (2022-2023). Assume that a CONS {¢;(x)}%2,

(do(x) = 1//T —t) in Ly[t, T] and continuous functions 11(7), . .., Yk(7)
are such that the following condition holds
2
q781,82;--,82r—1,82r

P
) ~(p)
R N CEE R
JLoeeeslgse ik =0
q781,82:+++:82r—1,82r
for all possible g1,g2,...,8—1,8 (see (9)) and h,h,... Iy such that
hob,...;lqge{l,2,...;r}, h >h>...>1y,d=0,1,2,...,r—1, where
r=1,2,...,[k/2] and

SWSh--.Si, {C.(P’

Jke-dg---J1

q781,82;--,82r—1,82r } QF81,82;-,82r—1,82r

for d = 0.
<< Remark 3. The above condition is stronger than the condition (15)
and it gives the way of the verification of (15) >>
Then
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) P
J*[w(k)]({'l,.t. "= Z .. J1 ',(,I )

Jise

where J *[Q/J(k)](Til't“i“) is defined by (14), ir,...,ix=0,1,...,m,

T [5)
Gt = /wk(tk)qﬁjk(fk) - /¢1(t1)¢11(t1)df1 . dty
t t
is the Fourier coefficient, 1.i.m. is a limit in the mean-square sense, W&O) =,

)
() = [ o(r)aws)
t

are i.i.d. N(0,1)-r.v.’s for various i or j (if i # 0).
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Proof.

Step 1. Under the Conditions of Theorem 6, we get

p 0o
E :Cjk~-.i/+1j/_l'/71~~js+1j/jsfl~~~j1 == E : C.jk~~~jl+1j/jlfl~~J's+1jljs—1~-~.i1’

=0 j=p+1

where | —1 > s+ 1.

Step 2. Using Conditions of Theorem 6, we obtain

o
N - E : CJ'k-~~J'I+IJ./././J'172-~~J'l'
G~ () ji=p+1

p
1

E : C:jk~~~.j/+ljl.l.lj/72~~~.l'1 = §Cj'k~~~J'1

Ji=0
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Step 3. Recall the equality (19) forp1 =...=px =p:

Lim 3 g ) ) 00y

p—r00 Sk J15p
J1yejk=0
[k/2]

+ Z Z H l{igzs,lz ig2s #0} X

r=1 ({{er.&2},-{g2r—1.82,}} {10k 2,}) 5=
{81,820, 82r—1:82r+91 -9k —2r }={1,2,...,k}

P r
3 (igq ---iq, r)
X lpgrgc Z Gii.r H l{jg2571: jg2s}J/[¢jq1 : ¢qu o ql . p. 1.

Jiedik=0 s=1
(24)

For the red color expression on the right-hand side of (24), we have

using Step 1 and Step 2
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Lim. Z H [, o laar) _
P—>oo Gl l{fgzs 1= eyt [¢Jq1' ¢qu 2r -
k=0

1 i...ig)[Sr,-..,S
E‘/[w(k)](‘rl,t 3l 1]+

+lpl—>r<l>lo R(p)ghgz, -+82r—1,82r(iqy --+lqy_5,) w.p. 1, (25)

where the notations are the same as in (16) and (17), gj—1 = s; (i =
1,2,...,r, r=1,2,...,[k/2]) and
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_l’_
GFE1,82,,82r—1,82r

. . P
R(p)g17g27--'7g2r—17g2r(’q1---/qk_Qr) _ Z (—l)ré(p)
Tt - Jke-dg--1
J1sesdgy--sdk=0
qG781:825-,82r—1-82r

r—1 cP
+(=1) ZS’I Jkwedqeeet +
h=1 Q781,82;--,82r—1,82r
- (»)
r—2 Z ~(p
1) 5[15[2 qqujl +
=1 q781,82;--,82r—1,82r
h>h
,
1 ~(p)
+-D Y S8, S, Cirmorit X
GF81,82;-+,82r—1,82r

Ryl _1=1
W>bh>...>l_1

/ ’q1 "qkfg)
xJ [¢jL71' ¢qu 2r -
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Using conditions of Theorem 6, (24), (25) and Theorem 5, we obtain

Lim, z GG —
J1se k=0

[k/2] o
- [w(k ](’1 i) + Z Z J [,(]Z)(k)](_,’_];-{’k)[sn-n,sl] _

r=1 (SM asl)eAk,r

= S pWIG

w. p. 1. Theorem 6 is proved.
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6 Expansion of iterated Stratonovich Stochastic Integrals
of Multiplicities 1 — 6 Without Condition (15). The Cases
of Legendre Polynomials and Trigonometric Functions

Theorem 7 [1, Sect. 2.1] (2011). Suppose that {¢;(x)};2, is a CONS
of Legendre polynomials or trigonometric functions in Lp[t, T|. Further-
more, let 11(7),12(7) are continuously differentiable nonrandom functions
on [t, T]. Then

p1 P2
S PNEY = Hm 3T GV,

J1=0j2=0
where i1, ip =0,1,... m.
Proof is based on the equality (according to Theorem 6)

/ () = 3 / ba(r) (7 / Un(s)y(s)dsdr = 3 G

J1=07% 71=0
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Theorem 8 [1, Sect. 2.17] (2023). Suppose that {¢;(x)}?2, is a CONS
of Legendre polynomials or trigonometric functions in Ly[t, T]. Furthermore,

let 11(7),v2(7),¥3(T) are continuously differentiable nonrandom functions
on [t, T]. Then

p1 p2 Pp3

J *[w ](111213 = phl)'gi,gl—.)oo Z Z Z Cj3j2j1 CJ(III)CJSQ)CJ‘EB):

j1=0j2=0 j3=0
where i1, i, i3 =0,1,..., m.

Proof is based on the equalities (according to Theorem 6)

2
P3 o0 P1

o
lim g E Ci.iiiy | =0 lim E E C... 1=0
P1,p2,P3—00 B " p1.p2,p3—00 Jas31 ’

j3=0 \ji=min{p1,p2}+1 J1=0 \jz=min{p2,p3}+1
2
P2 [e%e]
lim E E Ciii |=0.
P1,p2,P3—>00 < i X S
J2=0 \ji=min{p1,p3}+1

Dmitriy F. Kuznetsov Recent results ... 52/70



Theorem 9 [1, Sect. 2.12] (2022). Suppose that {¢;(x)}?2, is a CONS
of Legendre polynomials or trigonometric functions in Ly[t, T]. Furthermore,

let Y1(T), ..., 1a(7) are continuously differentiable nonrandom functions on
[t, T]. Then

. . . p i ’4
SR = 37 GGt gl

Jise-ja=0

where iy, ...,is=0,1,....m
Proof is based on the equalities (according to Theorem 6)

2 2
(o) o0
lim E E Cijajij = lim E E Cirjijvj =0
p—00 ) J4J3J1J1 7 p—00 ) J4J1J2J1 Y
J3.Ja=0 \Jj1=p+1 J2:ja=0 \j1=p+1
2 2
(o) o0
lim E E Ciiii = lim E E Ciiii =0
p—00 ) J1J3J2J1 7 P00 . JaJ2J2J1 ’
J23=0 \j1i=p+1 J1Ja=0 \jo=p+1
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p oo
pILrgO § : CJ'2J'3J'2/'1 =0,
J13=0 \jo=p+1
2
(e e} o0
Jim_ > D Cuipi | =0,
Jo=p+1j1=p+1
2
o0 o0
pl'_>ngo E : E : Cj3j3j1j1 =0,
S=p+la=p+1
2
o
p|'_>moo E : CJ'3J'3J'1J'1 . =0,
(3i3)~ ()

Ji=p+1

Dmitriy F. Kuznetsov Recent results ...

2
p oo
ph%n;o § : CJ'3J'3J'2J'1 =0,
J12=0 \jz=p+1
2
o o
pILrgo E : E : CJ'Jle'zJ'l =0,
S=p+1j1=p+1
2
o0
pl'_>moo E : Q3j3jljl . =0,
js=p+1 ()~ ()
2
oo
Jim (> Gigia| =0.
j1:p+]_ (./2/2)“()
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Theorem 10 [1, Sect. 2.13] (2022). Suppose that {$;(x)}?<, is a CONS
of Legendre polynomials or trigonometric functions in Ly[t, T]. Furthermore,

let ¥1(T), ..., vs(7T) are continuously differentiable nonrandom functions on
[t, T]. Then

IO = 1,}:1{; Z G (V). ™),
j150+-J5=0

where iy,...,i5=0,1,...,m
Proof is based on the equalities (according to Theorem 6)

2
p

Jim > S G

Jay Jaz Jaz=0 \Jgy=p+1

=0,

Je1 =g
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P

o0 o
pII—>n;o Z Z Z CJ'5~-J1

Ja1=0 \Jg; :P+1jg3 =p+1

Je1=Jer Jez=Jea

2
p

o0
lim E E Ci. ;
p—00 J5---J1

Ja=0 \Jgz=p+1

ngfg1 )f\v(')afsq =Jgy Jgz =Jgs :82=81+1

where ({g1.82}.{g3.84}.{q1}) and ({g1, 82}, {91, 92. g3}) are partitions of
the set {1,2,...,5} thatis

{g17g27g3ag47 ql} = {g17g27 di, q2, q3} = {172a .- '55};

braces mean an unordered set, and parentheses mean an ordered set.
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Theorem 11 [1, Sect. 2.14] (2023). Suppose that {$;(x)}?2, is a CONS
of Legendre polynomials or trigonometric functions in Ly[t, T]. Then, for the
iterated Stratonovich stochastic integral (1(7),...,ve(7) = 1)

*(11 Jdg) / /O dW(’l). Odw(l6)

the following expansion

o p
JT*(tll""j) = Lim. Z Jo---J1 Jl Cf(ﬁs

’ p—o0 )
J1se--J6=0

is valid, where iy,...,is =0,1,.... m
Proof is based on the equalities (according to Theorem 6)

2

=0,

p

Jim Y S G

Jay Jap daz Jag =0 \Jg =p+1

Jer=Jen
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lim :E:: :g:: (:k~-di

p—00

lim

p—00

p [e's) 00
lim g E g Ci..j =0
p—oo 4 . ' Jo--J1| P ’
Ja Jap =0 Je :p+1Jg3 :p+1 Je1 =Jepr Jez =Jay
2
P [e's)
lim § : E : Cis..ja =0,
p—00 . S _
qu ,qu =0 jgl =p+1 (Jg4Jg3 )m(')ngl =Jgp Jez =gy ,84=g3+1
2
00 00 00
lim g E g Ci. . =0
p—oo | . ) ) Joruy ’
Jg1 =P+1 gz =p+1 jgs=p+1 Je1=JgoJe3 = Jey Jes —Jee
2

Jg1=p+1 jg;=p+1 (jgﬁjg5 )m(~),jg1 =Jg Jgz =Jigs Jgs =Jgg -86—85+1

' :g:: (;@~-J1

Je1 =p+1

Uigadgs ) () UggJigs ) (+) g1 =gy ez =Jiga Jigs =Jee 184=83+1,86=g5+1
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where the expressions

({g1, g2}> {g37 g4}‘/ {g57g6}}) ) ({g1>g2}7 {g37 g4}7 {qla QQ}}) )

({gla g2}7 {qlv a2, q3, q4})
are partitions of the set {1,2,...,6} that is

{81.82,83,84,85,86} = {81, 82,83, 84,91, 2} =

= {g17g27q17 Q2,Q37q4} = {1727 s 56};

braces mean an unordered set, and parentheses mean an ordered set.

All the above equalities (instead of the red color expression) are proved
similarly to the proof of Theorem 10). The red color expression is equivalent
to the following 15 equalities:

e.9] o oo
im > > > Gupiiaia =0, (I
p—oo ' . J3J2J1J3J2J1 ’ ( )
A=p+1j2=p+1j3=p+1
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o0

0 o0
lim g E E Cilisinjsjnj =0 II
e _ . JL3j2/3201 , (D)
A=p+1j2=p+1j3=p+1
o0

o0 [ee]
lim > > > Gupiiai =0, (III
proo . . J3J2J3J1)2J1 ’ ( )
A=p+1p=p+1j3=p+1
o0

im > > > Guisiiii =0, (IV)

a=p+1 jp=p+1j3=p+1

lim Z Z Z CJ'1j2J'2j3]3J'1 =0, (V)

p—00 | . .
Aa=p+1jp=p+1 jz=p+1

o o0 [ee]
lim > > D Gaisipii =0 (VD)

p—00 | . .
J1=p+1 p=p+1 jz3=p+1

lim Z Z Z Cizi3j3.izhj1 =0, (VL)

p—00 ) )
J1=p+1 j2=p+1 jz=p+1

lim > > D Guispis =0, (VII)

p—00

Ji=p+1jp=p+1jz3=p+1
e



0 O o0
lim E E E Ciisiviijnj =0 IX
o ' . J3j3j2j1i21 , (IX)
A=p+1j2=p+1j3=p+1
oo

o0 [o¢]
lim Z Covvvo =0 X
poine E . . E Jj3J3J1J2)2)1 ) ( )
A=p+1jp=p+1j3=p+1
o0

lim Z Z Z Cjziljs.i3jzj1 =0, (XI)

p—0 . .
A=p+1j2=p+1j3=p+1

lim > > D Guiviis =0, (XID)

p—00 | . .
J1=p+1 p=p+1 jz=p+1

o0 [ee] o
lim > > D Gapii =0, (XIII)

p—oo ) ,
J1=p+1 jp=p+1 j3=p+1

lim Z Z Z CJ.3J-1J'3J.2J.2J'1 =0, (XIV)

A=p+1j=p+1j3=p+1

oo oo o0
lim E E Cirisijiin =0. (XV
e E . ' J2j3ja1i21 (XV)
J1=p+1jp=p+1 j3=p+1
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For the proof of the above equalities we use the following interesting
property for the Fourier coefficients

Cisjsiajsioin + Civjpjaiaisis = Cis Cisjajajais — Cisio Cajaoin +
+ C.i4j5J'6 Cj31’2j1 - Q3j415j6 Cjzjl + C:i2j3j4j5j6 Cj1>

where

T t
Csei = /¢6(t6)¢j6(f6)-~/¢1(t1)¢jl(t1)dt1...dt6

Recall that 11(7),...,%e(7) =1 in Theorem 11.
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6 Rate of Convergence in Theorems 7-10

Theorem 12 [1, Sect. 1.7.2] (2020). Let {¢;(x)}?2, be a CONS of Leg-
endre polynomials or trigonometric functions in Ly[t, T, ¥1(7),...,¥k(T)

e CU[t, T]. Then J [P 5 J 1R w. p 1 (p — o0) and

2
o Ao C
E(J A e (R ”") <

where iy,...,ix = 0,1,..., m, constant C depends only on k and T —t,

T t2
J[@/,(k)](ﬁ.t..w):/wk(tk).../zpl(tl)dwﬁf) LAWY,
t t

(k/2]
J [w(k)] .ik)p Z it (H C_,(,Il) + Z (-1)"x

Jise- JkO =1

k—2r
(i)
X Z H {’g25 1 ’gzs7éo} {'ngS 1 'lg2s} H CJq/ql >

({{e1.&2}:--{&2r—1.82}} a1 qk_2,}) S=1
{&1,82:---:82r—1,82r,91 5+ G —2, }={1,2,... .k}
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Theorem 13 [1, Sect. 2.8.1] (2022). Suppose that {¢;(x)}72, isa CONS
of Legendre polynomials or trigonometric functions in Lp[t, T|. Further-
more, let 11(7),102(T) are continuously differentiable nonrandom functions
on [t, T]. Then

2
P
" i i) (i C
E(S WO - 3 GaGG” | <o (e,
J1:2=0
where i1, ip = 1,...,m, constant C is independent of p.

Theorem 14 [1, Sect. 2.15, 2.16] (2022). Suppose that {¢;(x)}2, is
a CONS of Legendre polynomials or trigonometric functions in the space
Lo[t, T]. Furthermore, let 11(7),12(7),v3(7) are continuously differenti-
able nonrandom functions on [t, T]. Then

2
p
. i i) (i2) A(i C
E|J [1,[1(3)](7—17,52 3 _ Z Capoin ngl)cjgj)gjgﬂ < E (p € N),
J1J2.j3=0
where iy, ip, i3 =1,..., m, constant C is independent of p.
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Theorem 15 [1, Sect. 2.15, 2.16] (2022). Let {¢;(x)}?2, be a CONS of
Legendre polynomials or trigonometric functions in Ly[t, T]. Furthermore,

let 11(7), ..., %a(T) be continuously differentiable nonrandom functions on
[t, T]. Then
2
(ir-..ia) & () (i) 9
E J [w( )]TJ: - Z q4J1<J1 . CJ4 S p]__é- (p € N)a
Jis---ja=0
where i1,...,is = 1,...,m, constant C does not depend on p, € >0 is

an arbitrary small positive real number for the case of CONS of Legendre
polynomials in Lp[t, T| (¥1(7),...,%a(7) £ 1) and ¢ = 0 for the case of
CONS of Legendre polynomials in L[t, T] (11(7), ..., %a(7) = 1) or for the
case of CONS of trigonometric functions in Ly[t, T] (¢1(7),...,%a(7) £ 1

or 1(7), ..., ¥a(7) = 1).
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Theorem 16 [1, Sect. 2.15, 2.16] (2022). Assume that {¢;(x)}2, is a
CONS of Legendre polynomials or trigonometric functions in Ly[t, T] and

1(7), ...,s(T) are continuously differentiable nonrandom functions on
[t, T]. Then
2
NUSSENE - ) (o) C
(5)1(i1--15 5
ElJ” [7/} ] Z st J1 : 'st < pl_s (pEN),
Jiyj5=0

where iy, ...,is =1,..., m, constant C is independent of p, € is an arbitrary

small positive real number for the case of CONS of Legendre polynomials
in Lo[t, T] and ¢ = 0 for the case of CONS of trigonometric functions in
L2[t7 T]

Remark 4. In Theorems 15 and 16, ¢ > 0 appears due to the following
estimate for the Legendre polynomials (since we need to eliminate divergent
integrals)

IP(x)] < Al

ViFI(1—x2)ue
Ty

€(-1,1), jeN, K<oo.



7 An lterated Passage to the Limit Removes Condition
(15) on Trace Series

Theorem 17 [1, Sect. 2.4] (1997, 2021). Suppose that y1(7), ..., Yk(T)
are continuously differentiable nonrandom functions at the interval [t, T]

and {¢;(x)};2, is a CONS of Legendre polynomials or trigonometric func-
tions in Lp[t, T]. Then

J* [Q/)(k ](ll k) Z Z C:Ik i J(/II ’ (26)

=0 =0 =1
where notations are the same as in Theorem 1 and (26) means the following

2n

p1 Pk k )
lim Tim ... fim E | @)W ST N G A TP ) =o,
P1—>00 Pr—>00 Pk—00 Ji
=0 jx=0 I=1
where n € N.
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8 New Result Based on Multiple Fourier-Walsh and Fouri-
er-Haar Series

The mean-square limit (if it exists) [SU-1]

N—1  N-1 1
Li.m. _— O(ty,...,t)dt; ... dt
m Zo IZOATll...AT/k / (t,- ti)dty ke

1= k—

N—o0 /
(717 411X X [T, 71, 41]

x AW AW TS (o] ) (27)
1

is called the multiple Stratonovich stochastic integral of ®(ty,...,tx) €
Ly([t, TIF), where AW = W W) (i =0,1,... . m), Arj = 7417},
{Tj}jN:O is a partition of the interval [t, T] satlsfylng the condition (7),
ik =0,1,...,m W9 =+
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Theorem 18 [R-2] (2023). Suppose that {$;(x)}?2, is a CONS of Haar
or Walsh functions in Lp[t, T| and ®(t1,...,t) € L2[t Tk is such that

the multiple Stratonovich stohastic integral J S[CD] L (defined by (27))
exists. Then

S[¢]('1 k) _ 1im. ('/)

p—r00 k J1 J, ’
Jise-jk=0 =1

i
= [ orraws)
"=

are i.i.d. N(0,1)-r.v.’s for various i or j,

Gt = / d(ty, ..., H¢J,(tl dty ... dty

[t, T,

where iy, ...,k =1,...,m

is the Fourier coefficient.
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Thanks for your attention!




