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1 Introduction

The importance of the problem of numerical integration of SDEs is ex-
plained by a wide range of their applications related to the construction
of adequate mathematical models of dynamic systems under random dis-
turbances and to the application of SDEs for solving various mathematical
problems, among which we mention signal filtering, stochastic optimal con-
trol, stochastic stability, evaluating the parameters of stochastic systems.

Iterated 1t6 and Stratonovich stochastic integrals can be used to con-
struct high-order strong (mean-square) numerical methods for various types
of systems of SDEs with non-commutative noise. For example, for

e |t5 stochastic differential equations

e |td stochastic differential equations with jumps

e McKean stochastic differential equations

e stochastic differential equations with switchings

e semilinear stochastic partial differential equations with multiplicative
trace class noise
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Let (2, F, P) be a complete probability space, let {F;,t € [0, T]} be
a nondecreasing right-continous family of o-algebras of F, and let W; be a
standard m-dimensional Wiener stochastic process, which is Fi-measurable
for any t € [0, T]. We assume that the components Wg') (i=1,...,m) of
this process are independent. As an example, consider a system of 1t6 SDEs
with non-commutative noise

t m t
X: = Xo + /a(xT,T)dT + Z/Bj(xT,T)dwy), xo =x(0,w), (1)
0 =1
where x; € R”, the nonrandom functions a, B; : R” x [0, T] — R" guaran-
tee the existence and uniqueness up to stochastic equivalence of a strong
solution of (1), xg is Fo-measurable, E|xo|2 < 00, xg and W; — Wy are
independent when t > 0.

e Suppose that a and B; (j = 1,...,m) are several times continuously
differentiable with respect to both arguments.
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One of the effective approaches to the numerical integration of [t6 SDEs
is based on the Taylor—It6 and Taylor—Stratonovich expansions. These ex-
pansions contain iterated 1t6 and Stratonovich stochastic integrals:

T %)
S /1/;k(tk) . /wl(tl)dwgl) . dW), (2)
t t

T tr
SRR — /¢k(tk).../¢1(t1)odw§f)...odwg'k), (3)
t t

where W{) (i = 1,..., m) are independent standard Wiener processes,
b1(r)e k() [6T] = RWY = 7 i =01, ..., m,
de') and o de') denote Itd6 and Stratonovich differentials, respectively.

e A natural question arises: is it possible to construct a numerical scheme
for 1t6 SDE that includes only increments of the Wiener processes but has
a higher order of convergence than the Euler method? It is known that this
is impossible for m > 1 in the general case (" Clark—Cameron paradox”).
This explains the need to use iterated stochastic integrals for constructing
high-order strong numerical methods for 1t6 SDEs.
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2 Expansion of Iterated 1t6 Stochastic Integrals
Let {¢;(x)};2o be an arbitrary CONS in Lo[t, T] and ¢1(7), ..., ¢k(7) €
L[t, T]. Define the following function (factorized Volterra-type kernel) on
the hypercube [t, T]:
K(tr, .. te) = ¥1(t) - k() 1< cy (K> 2), K(t1) = a(t1).
Then (4)

lim HK ~K =0
Py, P00 P1---Pk La([£.TTF)

where K(t1,...,t) € La([t, T]¥),

Kops...px (..., Z Z CJk J1 H¢J/ t), (5)

=0 jx=0

Gt :/¢k(tk)¢jk(tk)-~/¢1(t1)¢j1(t1)dt1...dtk (6)

is the Fourier coefficient corresponding to K(t1, ..., tk).
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Let us consider the unordered set {1,2,..., k} and separate it into two
parts: the first part consists of r unordered pairs (sequence order of these
pairs is also unimportant) and the second one consists of the remaining
k — 2r numbers. So, we have

({{g1. &}, .- {g2r—1,82r} } {1, qu—2r }), (7)
pa;rt 1 part 2

where
{g17g27 ey 82r—1,82r,915- - qk72r} - {1727 ey k}7

braces mean an unordered set, and parentheses mean an ordered set.
Further, we will consider sums of the form

Z : ag1g27“'7g2r—1g2raq1“~qk—2r’

({{e1:82}s-{g2r—1-82r} 1o {a1, - ak—2r })
{81:82,--:82r—1:82r+91 > Ak —2, }={1,2,...,k}

where agig,...gr1g2.q1-ak—2 € R-
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Theorem 1 [Kuzl] (2023). Suppose that {1(7), ..., k(1) € La[t, T]
and {¢;(x)}72g is an arbitrary CONS in L[t, T]. Then

o , [k/2]
UL R D S (H@,") T

a1=0  jx=0

r k—2r
(i)
X Z H 1{,‘g25_1: 'gzs 7é0} {ngs Jé’zs} H qu’ql >

({{e1.82}--{&2r—1.82r}} a1, a2, }) S=1
{81,825 ,82r—1:82r+91 >+ »Ak—2p y={1,2,...,k}

.
) = [ or)aws)

are i.i.d. N(0,1)-r.v.’s for various i orj (ifi #0), i,...,ik=0,1,...,m,
J [zb(k)](T'{'t'"k) is defined by (2), C;, .. j, is the Fourier coefficient (6), [x] is an
integer part of x, 14 is the indicator of A, wl = H &ef 1, Z .

e Remark. The case ¢1(7),...,¢k(7) € C[t, T] and {d)j(x) o isa
CONS in Lp[t, T] such that ¢;(x) € C[t, T] or ¢j(x) is piecewise continuous

on |t, T] Vj € N has been considered in |Kuz3| :2006—2009).
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For the proof of Theorem 1, we use the multiple Wiener stochastic inte-
gral [Ito] (1951)

N—1
J [q)](fl k) def gL g [Dn ](’1 ) — 1im. Z all.../kAng) AWS;"),
N—> N=oo ) =0

where ®(t1, ..., t,) € Lo([t, T]¥) I|m HCD ¢NHL2 (T]) = 0,

N-1

(DN(tl, ey tk) = Z a/1~~~/k1[T117T11+1)(t1) R l[T/k,T/k+1)(tk)7
h ey lk=0

where a; ., € R and such that a;._;, =0 if [, = Iy for some p # q,

1 ifreA
1a(r) = {0 otherwise ’

awd = w8, — w9 [i—0.1,. . m WO =7, {7}" such that

t=7m<...<7y=T, Ay= max (7jyx1—T7 —>0|fN—>oo
0 N , Ay = OS<N1(J+1 J)
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Note the well known estimate for the multiple Wiener stochastic integral

E (4[] ) < G2 1 7y i < 00 8)

e Remark. Theorem 1 can be reformulated as follows

J[w(k)](#’tlk) = L. lpIkIl_woZ Z CJk JIJ [qul . ¢Jk] it...i) ;o (9)

a1=0  jx=0

where [k/2]

Iy .. 38 = Hc,,">+z( 1)

r k—2r
(i
x Z H l{igzs—1: iy, #0}1{jg25_1: ngS} H qu’ql >
=1

({{e1.82},- g2~ 182,11 a1 a2, }) 5=1
{81:82,--:82r—1:82r:91,--»qk—2, }={1,2,... .k}

(10)
e Remark. Another form (based on explicit product of Hermite poly-
nomials) of the expansion from Theorem 1 can be found in [Ryb1] (2021).
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e Remark. In [FoxTaqqu] (1987) an analogue of (10) for nonrandom
X1,...,Xc instead of {};”,...,C}k'k) is constructed using diagrams. This
means that the application of the formula from [FoxTaqqu] (1987), unlike
the formula (10), is difficult when performing algebraic transformations.

In [FoxTaqqu] (1987) (Proposition 5.1) an analogue of (10) is con-
structed for the special case j1 = ... = jix. Moreover, the specified analogue
is based on diagrams, i.e. it is presented in implicit form.

As it turned out, a version of (10) was obtained in terms of Wick polyno-
mials and for the case of vector valued random measures in [Major] (2019)
(see Theorem 7.2, p. 69).

However, much earlier the formula (10) is obtained in [Kuz3] (2009) for

the case when {¢;(x)}72y is a CONS in Lp[t, T] such that ¢;(x) € C[t, T]
or ¢j(x) is piecewise continuous on [t, T] Vj € N.
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Let us consider particular cases of Theorem 1 for k =1,...,4

J [lb(l)](#’)t _ lim. ’

p1—00
A1=0

J [1/1(2)](71-17;2) = pll,',lyggloo Z Z Ciajy ( Jll 1212) - 1{f1=f27é0}1{1'1:f2}>’

J1=0/2=0

pL P2
TR RS 9 9) S ERNLEEE
21=0j2=0,3=0

—1{:'1::'27&0}1{11:1'2}4}3'3) - 1{f2:i3¢0}1{12:13}9(1'1) - l{fl—f3¢0}1{jl—jg}ff2'2))7
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P P4 L
J [lﬂ ](11 da) _ p171 {pl;n_)oo Z ces Z Ciavor (H CJ(/”)_

A=0 =0 1=1
(i) ~(ia) (i2) ~(ia)
izt 1=y G Gy — im0y =i G G —
(i2) (i) (ir) ~(ia)
“Li—izo1 =iy Gy~ Ym0y L=y G Gy —
—1{,'2:,'4;50}1{12:j4}Cj(1'1)C}3'3) — 1{i3:i47$0}1{j3:j4}<j(1,1)<}2’2)+
1= 20y L=y Lis=in0} Ljs=ju) +
HL{i=is01 L=y Lo=iart0} Lp=j)
+1{f1=f4750}1{1'1=j4}1{"2=i37'50}1{1'2=J'3}> )

where 1,4 is the indicator of the set A.
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3 Stratonovich Stochastic Integral

Let Mo[t, T] (0 < t < T < o0) be the class of random functions
def

&(r,w) = & 1 [t, T] x Q — R satisfying the following conditions: £(7,w) is

measurable with respect to the pair of variables (7,w), &, is Fr-measurable
for all 7 € [t, T] and

T

E /(ET)2dT < oo, E(&)? <oo forall 7€t T].

t

Let Q[t, T] be the class of Itd processes ng), Telt, T](i=1,...,m):

) =77§i) +/asds—|—/bde£i) w. p. 1,
t t

where (a5)*, (bs)* € Ma[t, T] and lim E|bs — by |* =0 for all 7 € [t, T].
S—T
The mean-square limit

N—1 A

: 1/ i I N\ def [ o (i I

ki F(2 (n?ﬂ%h)w) (W, — W) & [0, r)oaw!d
Jj=0 t
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is called the Stratonovich stochastic integral, where F € C%1(R,[t, T]),
il=,....,m, {U}jN:o is a partition of [t, T] as in Sect. 2.

Note that if F(x,7) = F1(x)F2(7), then the smoothness condition can
be weakened: it suffices to replace the condition with respect to 7 by con-
tinuity with respect to this variable.

It is well-known that
T T T
F(nD, 7)o dW® = [ F(nD, 7)aw® + 11 OF (s 7)brd
(777— 77—) o T (777 77_) T + E {i:/} a(nT’T) raT
t t t

w. p. 1, where 7t € Q[t, T], F € C2(R,[t, T]), F(n",7) € My[t, T],
1, is the indicator of theset Aand i,/ =1,..., m.

he iterated Stratonovich stochastic integral will be denoted as
T t

SR /¢k(tk) . ./1/11(1“1) o dW o aqwi  (11)
t t

where 11 (7), ..., ¢¥x(7) € C[t, T].
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4 Expansion of iterated Stratonovich Stochastic In-
tegrals of Multiplicities 2-6. The Case of Legendre
Polynomials and Trigonometric Functions (Old Re-

sults)

Theorem 2 [Kuz3] (2018, 2022). Suppose that {¢;(x)}2, is a CONS
of Legendre polynomials or trigonometric functions in Ly[t, T| and v1(7),
Yo(7),%3(7) € CHt, T]. Then, for the iterated Stratonovich stochastic
integrals of 2nd and 3rd multiplicities we have

o 4
SR =Lim Y G (k=2,3),  (12)

p

J1yeek=0
2
M { (J*[@D(k i) Z G.. JlC(Il)"'CJ‘(,:k)) } < E (k=2, 3),
J15-Jk=0 P
(13)
where iy, ip, i3 =0,1,...,min (12)and i, lr,i3 = 1,...,min (13), constant

C is independent of p; another notations as in Theorem 1.
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Theorem 3 [Kuz3] (2022). Let {¢;(x)}?2, be a CONS of Legendre
polynomials or trigonometric functions in Ly[t, T] and ¥1(7),...,¥s(7) €
Cl[t, T]. Then, for the iterated Stratonovich stochastic integral of 4th and
5th multiplicities we have

p .
SR =lim 37 GG (k=4.5).  (14)
J1s- k=0
2
" .. ! i ¢
M J [ k)] L) Z Sk 1)"‘<J(kk) = pl—¢ (k =4, 5),
J1s- k=0

(15)
where iy, ...,i5s = 0,1,....m in (14) and i,...,is = 1,...,m in (15),
constant C does not depend on p, € is an arbitrary small positive real
number for the case of Legendre polynomials and ¢ = 0 for the case of
trigonometric functions; another notations as in Theorem 1.
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Theorem 4 [Kuz3] (2022). Suppose that {¢;(x)};2, is a CONS of
Legendre polynomials or trigonometric functions in Ly[t, T|. Then, for the
iterated Stratonovich stochastic integral of 6th multiplicity

i) / / dawWi .. awe) (16)

we have
P
*(I'l...l's) o Z (11) (i@)
JT,t _lp_mo ' . Cja il : 'Cjﬁ ’
J1s---J6=0
where i, ..., ig =0,1,...,m,

T tr T
Cior :/¢j6(t6).../¢j1(t1)dt1...dt6 and g}"):/@(s)dwg")
t t t

are independent standard Gaussian random variables for various i or j (in

the case when i # 0), w9 =7
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5 Expansion of Iterated Stratonovich Stochastic In-
tegrals (New Results)

Let {j(x)}2y be an arbitrary CONS in Lp[t, T], ¢1(7),....¢«(T) €
Ly[t, T]. Denote

def

Ui (+)

Ciioodisr Ji i 12wt

ti12 ti11

def/¢k(tk ¢, (ti) - - /¢/+1 t/+1)<25j,+1(t/+1)/wl(t/)w/ 1) x

t; tr
X /¢/_2(t/_2)¢j,2(t1_2) ... / @bl(tl)qul(tl)dtl ...dti_o @ tiy1.-. dty,
t t

where we suppose that {/,/—1} is one of the pairs {g1, 8}, ..., {g2r—1, 82}
(see (7)).
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Introduce the following notations

/
def
J [t Wbl € Ty, gy

p=1

ts,+3 tsl+2

/wk ti) - / Vs2(ts+2) / Vs (ts+1)Vs+1(ts+1) X

tsl+1 t51+3 tsl +2

X /¢5/—1(t51—1)"' t/ ¢51+2(t51+2) t/ 1/151(t51+1)¢51+1(t51+1)><

tsl +1

[%)
x / sy (tsy—1) - . / () dW WY de L awgn?

ts+2

AW dty o aWTE L awd), (17)
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where (s;,...,51) € Ax s,

AkJ: {(S/,...,Sl)ZS/ >s_1+1,...,5% >s1+1;s,...,51 = 1,...,/(—1},

(18)
I=1,2,...,[k/2], i1,...,ik = 0,1,...,m, [x] is an integer part of a real
number x, 14 is the indicator of the set A.

Let us formulate the statement on connection between iterated [t6 and
Stratonovich stochastic integrals of arbitrary multiplicity k.

Theorem 5 [Kuz3] (1997). Suppose that 11(7), ..., k(1) € C[t, T].
Then, the following relation between iterated Stratonovich and It6 stochastic
integrals is correct

[k/2]
J* k)](’l k) _ J[w(k)] i1...ik) _|_Z Z J[ﬂ} ](11 i) ye-5s1]

r=1 (Sn 51)E€AK,

w. p. 1, where i1,...,ix =0,1,...,m, > is supposed to be equal to zero.
0
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Theorem 6 [Kuz2] (2024). Suppose that {¢;(x)};2, is an arbitrary
CONS in Ly[t, T], ¥1(7), ..., ¥k(7) € La[t, T] and the following condition

P P P

lim E E . g G —

p—oo - : . Sk 1| . . .
Jay»--dag_p,=0 Jey =0 Jg2r—1:0 Jg1=Jep s+ Jen,r—1=Jeo,

2
=0

o ? H 1{g2/:g2/—1+1} Cjk..._jl

=1 ngfgl)m(')---(jgzrjgzr—l)”(')dgl Jgy gy, 4 Jg2,>

(19)
is satisfied for all r = 1,2,...,[k/2] and for all possible permutations of the
set ({{g1, 82}, -, {g2r-1,82r}}, {91, - - -, Qk—2r}), where {g1,82, ..., 82r-1,

&2r, Q1,5 qk—2r} = {1,2,..., k}, braces mean an unordered set, and pa-
rentheses mean an ordered set. Then
T3 =Lim S G H@ ", (20)
where J15eJk=0
[k/2]

J[w k)](u .ik) + Z Z J [w(k ](11 Lk)[srye-s1] def J [¢ k)](11 Ik)

r=1 (5r7 ysl)eAkr
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Theorem 7 (Corollary from Theorem 6) [Kuz2] (2024). Suppose that
1(7), ..., k(7)) € C[t, T|. Furthermore, another conditions of Theorem 6
are fulfilled. Then

J*[w(k)](_[’{t’k) — lpl_glo Z Cjk N H gj ’/)7
Jis- k=0

where k € N, J *[w(k)](Til't”ik) is the Stratonovich stochastic integral of the
form

T tr
J*[,(b(k)](;}’tlk) — /u}k(tk) B -/Q;Z)l(tl) o dwgl) dwgl’(k),
t t
another notations are the same as in Theorem 6.

Proof of Theorem 7. By Theorem 5: J*[¢ ")]('1 ) — T [k ]('1 i)
w. p. 1 for ¥1(7),...,v(7) € C[t, T]. O
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Proof of Theorem 6. Consider the following representation for multiple
Wiener stochastic integral [Kuzl]

[k/2)
VLTI e HCJ,”)+Z( 1)’

k—2r

X Z H {Ig2s 1 lg257é0}1{1g25 1 Jg2s} H J(:I

({{e1.82}-{&2r—1.82r }}:{a1,- k2, }) S=1
{61.82:--:82r—1:82r+91 - Ak —2, }={1,2,-.. .k}

w. p. 1, where {qﬁj(x)}fio is an arbitrary CONS in Lo[t, T], r =1,2,...,[k/2],
II & 1, > wf 0, [x] is an integer part of x, 14 is the indicator of A.
0 0
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Further, we have w. p. 1

H (I, _Jl[¢j1 ¢Jk](ll

[k/2] r
r
- z(_l) Z H l{ig25_1: ig25¢0}><
r=1 ({{e1.82} - {g2r—1.82r} a1, a2, }) S=1

{81:82,-:82r—1:82¢+91»--»qk —2r y={1,2,...,k}
k—2r

I{ngs 1= ey H CJ "

Iterated application of the above equality gives
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k
169 = Sion - ealic™
=1

(k/2]

+ Z Z H l{igzs_lz ig, 70} X

r=1 ({{e1.e2}, - {g2r—1.82-}}.{a1,--a—2,}) S=1
{81,825 :82r—1:82r+91 5> Ak —2p y=11,2,...,k}

. ’q1 gy _ar)
i =g+ [Djay - - - Py,

w. p. 1, where J'[¢), ..., (Iql fak—ar) def 1 for k = 2r.

Multiplying both sides of the above equality by C;

...;1 and summing over
.jl? R 7.jk7 We get
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p .
Z .. JIH (Il = Z CJ'knJlJ/[QSjl"'QSjk]('ll'l,t g

J1seejk=0 Jse- k=0

(k/2]

5S > S G

r=1 ({{e1.e2}, - {&2r—1:82, 3} {a1, 20k —2,})  J15eeafk=0
{glagZ74_.ag2r—1ag2r7ql7“'aqk—2r}:{1727“'7k}

r
’q <l _ ,)
<, = i 200 Wiy, = g3 Wy - B I 7 wope L
s=1
(22)

Passing to the limit Li.m. in (22), we have (see Theorem 1)
p—00
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Lim. E
p—00 i
k=

Gi. J1H (l/ J[d)(k)](ll ’k)+
1=1

0
[k/2]
lim. P X
+> > Lim Z o
r=1 ({{e1.&2}, - {&2r—1.82,}}.{a1, - qk_2,}) -Jk=0

{81:82,-:80r—1:82¢+91 > Ak —2r }={1,2,...,k}

/ (’ql ’qk_zr)
* H l{ig2571: igzsio}l{jgzsflz ngS}J [¢qu ’ ¢qu 2r w. p. 1.
s=1

(23)

For the red color expression on the right-hand side of (23), we have
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r
Lim. Z Giewin L Yy, = i} Ly, = iy, 701 %
J1,-Jkc=0 s=1

!/ (ilh'“iqk,z ) o
XJ [d).qu te ¢J'qk,2, T,t U=

p p

= Lim. E E G
p—r00 Jk - ./1

Jayssday_2,=0 | Je1 Jgz s+ ep,—1=0

—_

Joy = Jgy iy, 1 = Uy,

’
(’q gy _ ,)
X Hl{igzs—1: ’Igzﬁéo}'j,[gbj% : ¢qu 2r 1 =
s=1
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P P
1pl—glo Z Z Gl

qu 7~~-a.l'qk,2,:0 .igl ajg3 7~~~:./'g2,,1 =0

Jey = Jgy gy, _1 = o,

“or H 1{g2/:g2/71+1} Giv..r o o ' _ X
=1 (_/g2Jg1 )m(’)"'(ngrngrf;[ )f'\(‘),jgl = Jgyo- ’ngr 1= ng,
r 3 )
/ ’q1 day_2r
X H l{ig2s_1 = ig25 #0}.] [¢jq1 : d)J‘Jk 2r +
s=1
a 1
—le_glo Z or Cjk---jl X

Jag»-+-dag 0, =0 Ugoder ) () Uardiear—1 )m(~),jg1 = Jegy gy, = Jey,

’q <lgy r)
. H {igye_1 = 'g25¢0}H1{gzs—gzs 1+1}J [¢Jq1- ¢qu 2 1 =
s=1
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P P
= lim. E E C.
p—00 o JieeJ1
0 gy ez,

~+ogpr—1 =0 Joy = Jey ey, 1 = Jey,

Jays-dag_o0p =

_E H 1{g2I:g21—1+1} Cjk...Jl

X
/=1 (Uigader )()---Uia gy 1)) gy = gy ey, = ‘Ig2r>

)
(i)
X H l{ig2571: ig25 ¢0}Jl[¢jq1 e ¢jqk_2r Tq’lt dk—2 4
-1
+2r Hl{gzs—ggs oy ) lesl — [y (8) and (19))] =

v i) [
~or H1{g2s:g2571+1}'l[77b(k)](7'17t Wl po 1 (24)
s=1

(the proof of (24) is based on Theorem 1 and is presented below)
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To prove (24) it is enough to prove that

& 1
Lim > 5Gea| .
Jay s+ a0y =0 (UgpJgr ) () Ua dea, —1 ) () gy = gy -y, 1 = Jeo,

. ) (iay -+l _o,) _
< H l{iggs,lz lg, #O}J [gbﬂh T ¢qu72r Tt -
s=1

MO Gl (25)

w.p. 1, where g =g1+1,..., 8, = gor—1+1, 82i-1 def si;i=1,2,...,r,
r=12,...,[k/2], (sr,...,51) € Axr, J[i/J(k)](7'-1't'"k)[s”""51] is defined by

(17) and Ay, is defined by (18); another notations in (25) are the same as
in Theorems 5 and 6.

e Remark. The equality (25) is proved for the case ¢o(x) =1/ T — t
in [Kuz3] (2022). Let us prove (25) for the general case.
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Using the It6 formula, we obtain w. p. 1
ti2 g1

T t—1
/¢k(tk)~-/¢/+1(fl+1)/¢/(t/—1)1/1/—1(t/—1)/¢/—2(t1—2)-~ (26)

S /wl(tl)dwﬁf) AW D W) | gw) =

t—2 ti41
T t tiyo 1
/%bk(tk)---/¢/+1(tl+1)(/¢/(t11)¢/1(t/1)dt/1) X
t t t
ty1 tr
x / Groa(ti-a) . [ wa(t)dWi . awi2 gwlie)  gwi
t t
T tiyo tiy1 t—2
/¢k(tk)---/¢/+1(t/+1)/¢/2(t/2)</1/1/(f/1)¢/1(t11)df/1)><
t t t t
ti—2 tr
dW(il) dw(il—S)dw(il—Z)dw(i/+1) dw(’k) 27
X ¢/_3(t/_3)... ¢1(t1) PR t_3 t o t1 e tk’( )
t t
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where | > 3. Note that the formula (27) will change in an obvious way for
the case t;11 = T. We will also assume that the transformation (27) is not
carried out for / = 2 since the integral

/wZ(tl)wl(tl)dtl

is an internal integral on the left-hand side of (27) for this case.

e Remark. Obviously, under the conditions of Theorem 6, the derivation
of (27) will remain valid if in (27) we replace all differentials of the form

dej) with dt; and we use Fubuni's Theorem instead of the It6 formula.

Let us carry out the transformation (27) for the iterated It6 stochastic
integral J[w(k)](Til't"ik)[s"""sll iteratively for s1,...,s,. After this, apply (9)
(Theorem 1) to each of the obtained iterated Itd stochastic integrals. As a
result, we obtain
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J[w(k)](_Iit.t..ik)[sr,...,sl] = [by (27)] = H l{isq:isq+1;é0}><

g=1
2 i N
1 37 (gl ileroal gyl ile-al)
d=1
= [by Theorem 1] = H 1{isq=isq+17ﬁ0}x
qg=1
¢ —~ [ ¢
xLim. > > C iy oy 20—tz

Jtyeofisy —1afsy 425+ sy —1ofisp+25---Jk=0 d=1

G

J1-dsy — sy +2---Jsp —Lsp+2---Jk

, (Pt oveisy —1isy 42nrisy 1 sy 120k
xJ [¢j1 cee ¢jsl—1¢jsl+2 <o ¢jsr—1¢jsr+2 s ¢jk]T,t R T ) (28)
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2/

where some terms in the sum > can be identically equal to zero due to
d=1

the remark to (27).

e Remark. Taking into account that the integrals ./A[gb(k)]‘;(itl"'ik)[s”“"sll

and the Fourier coefficients C( ) . are formed on the basis
Jsl 1Jsl+2 Jsr—IJSr+2 Jk
of the same kernels (the same applies to the integrals J[z)(K) ]d('1 i)lsrs-wsi]

and the Fourier coefficients C( )
Ji-- J1 1J51+2 Jsr 1Jsr+2 Jk

about the relationship of the transformation (27) based on the 1t6 formula
and on the basis of Fubuni's Theorem, we obtain using Fubini’'s theorem
(applying the inverse transformation from (27) to (26) in which all differ-

entials of the form dej)

), as well as a remark

are replaced with dt;)

2f
SN D ] =
J1e-dsy—1)sy+2---Jsp—1)sp+2---Jk J1-edsy—1)sy+2---Jsp—1)sp+2---Jk

d=1

—C

Ji-e 1 (29)

ngjgl)f\( )-- (Jgg,Jgg, 1)“( )ng = Jg2 ----- J &1 Jg2,

Combining (29) and (28), we get (25).
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Using (23) and (24), we obtain

p . .
L 3 G (=

J1ye- k=0
WAy .
— J[w(k)](#tlk) + Z ? Z J[w(k)](?l_l’;.lk)[s,,...,sl] _

r=1 (sryryS1)EAK
— J [

w. p. 1, where J[qp(k)]g’;l't”’-")[s”"”sl] is defined by (17). Theorems 6 and 7
are proved. [
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Theorem 8 [Kuz3] (2024). Suppose that {¢;(x)}?2, is an arbitrary
CONS in Lo[t, T], t1(7),....vw(7) € Lo[t, T] (k = 2,3,4,5). Then, for
the sum j*[w(k)](_,£17-£~’k) (k = 2,3,4,5) of iterated It6 stochastic integrals
defined by (21) we have

J*[w(k)]('ll'l,tlk) — lpliglo Z Cjk i H C—J (ir)
J1yjk=0
where notations are the same as in Theorem 1.
Theorem 9 (Corollary from Theorem 8) [Kuz3] (2024). Suppose
that {¢;(x)}72, is an arbitrary CONS in Lo[t, T], ¢1(7),. ... ¢k(7) € C[t, T]
(k = 2,3,4,5). Then, for the iterated Stratonovich stochastic integral

J*[z,z)(k)](Ti{;‘ik) (k =2,3,4,5) defined by (3) we have
J*[qp(k)](_l'_l’;"k) = lpb Z Cjk J1 H CJ 2
J1ye-jk=0

where notations are the same as in Theorem 1.
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Proof of Theorem 8 is based on verification of the condition (19) for
k =2,3,4,5. At that, cases k = 2,3,4,5 are reduced to verification of 1,
3, 9 and 25 conditions, respectively, for different values of r and different

pairs {g1,82}, ..., {g2r—1,82r}. Let us list these conditions.

Case k=2:

1

t

T

o T t)
V2(t2)0j(t2) [ Ya(7)dj(t)dtrdt, = o [ ha(7)ha(T)dT,
jz_;t/ 2(t2 2 t/ 1 1)dtidtr 2/ 1(7) Y2

Case k=3:

p p
Jim Z ( > G

Jj3=0 \ j1=0

p p
19> ( 3 G

j Jj3=0

A=0
P p
Jim > Cisi
J2=0\ j1=0

Dmitriy F. Kuznetsov New results on expansion ...
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Y Cj3j2j1
j1=j2

1

2 Cj3]2j1

J2=J3

2
(Jljz)f\v(')7j1—jz>

2
sz's)m(-),irf:«x)

2
) o
1=J3

0,

0,
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Case k=4:

P P 1 2
p“j;o E : E : Jajzii T §Cj4j3j1j1 - =0,
J3ja=0 \ j1=0 (uj )~ ()
p 2 P 2
pl'_)n;o E : E : Jajii2j1 =0, p||_>ngo E : E : J1j3j2/1 0,
J2:ja=0 \ j1=0 J2:3=0 \ j1=0
p P 1 2
im > | D Giuiaions — 5 Ciasosoin| =0,
J1Ja=0 \ j2=0 (22) (")
p 2
plmw E : E : Joj3i2f1 =0, plmw E : CJz/1J211 =0,
J13=0 \ j2=0 J1:2=0
o 2
pll_>ngo § : E : Chajsiain — CJ3J3./2/1 N =0,
J12=0 \ j3=0 (aj3)~ ()
p 1 p
pl'_fge CJ3J31111 - Zg3j3j1j1 . - ) pl'_cgo CJU3J311 =0,
Jj1:j3=0 Uz3) () (i)~ () Ji:j3=0
T



Case k=5:
P

lim E
p—00

J3:Ja,j5=0 \j1=0
p

P
lim E E Ciiiii =0
p—oo L . J5J4J1J2J)1
J2:ja,j5=0 \j1=0
P p
lim g E Ciiivieini
p—oo L ' J1J4J3J2J1
J2:43.J4=0 \j1=0
p
lim g
p—00

J1:Ja,js=0 \j2=0

2
=0,

P
lim E
p—0o0 | .
J1:J3:J4a=0 \j2=0
p
lim E

p—>00

J1:J2:J5=0 \j3=0

L C
5 Jsjaj3jiit

)~ ()

p P

lim E
p—00 | .
J2:435=0 \j1=0

p P

lim E
p—o0 | :
J1:435=0 \j2=0

1

2 CJSJ4./ 2J2J1

(22) ()

P

lim E
p—00

J1:42:ja=0 \j3=0

(a3) ()
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P P 2

lim Z Z Clajajsinit — CJ'4J'4J'3J'2J'1 =0,
(i

p—00
J1:J2:j3=0 \ja=0 iaja) ()
2
p||_>moo Z Z Cisjsjsiuii — st Jajajiit N =0,
J5=0 \j1,3=0 11)~ (), (aiz)~(+)
2 2
P Z Z Chpiiir | =0 Jim, Z § Cisipivioin | =0,
A0 M2s=0 J5=0 \j1,2=0
2
Plew Z Z CJ'4J.4.I-3J'1J.1 - Cj4j4j3j1j1 =0,
53=0 \j1,ja=0 D)) Gaja)
2
pII_U;O Z Cj2j4j1j2j1 =9, p||—>n;o 2 : Cf4]4j1j2j1
Ja=0 \j1,j2=0 =0 im0

lim Z Z Cisjjoio =0, lim E E Coiv
p—00 J5J1J2J2J1 ) proo < it

J5=0 \j1.j2=0 53=0 \j1.j2=0
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2 p

p

Iim g Ciiviaioj =0 lim E E Ciivivioi

p—)oo J3J1J3J2J1 ’ p—300 4 J1J4J2J2J)1
J2=0 \j1.j3=0 Ja=0 \j1,j2=0

Iim Covii —0. lim E .....
p—>OO J1J2J3J2J1 ) p—+00 4 J1J3J3J2J1
3=0 \J1 o= 0 J2=0 \j1,j3=0

lim g g Ciiiviri — C -----
p—s00 JaJaj2J2J1 Jajaj2J2J)1
1=0 \j2,ja=0

) -
o mE(E o)

(22) (), (aja ) ()
2
p”_)moo Z Cispoaioin =0,
J1=0 \j2,j3=0
2
p”—>moo Z Z Cj3_i4j3j1j1 =0. (30)

Ja=0 \j1,j3=0
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e Example. Case k=5. Proof of (30) (two pairs). Let ¢1(7),...,¥s(7)
= 1 for simplicity. Using Fubini's Theorem, we get

2
Z( > stjusjljl) =

Ja=0 \j1,j3=0

5 /¢( 5 [o /% g /% Sy

J1.3=0"%

X/¢j3 t5)dt5dt4) <

< Z(/ bj(ta) Z /¢J3 t3 /gbﬂ t /gbﬂ t1)dty dtadts x

J13=0

2
X /¢j3(t5)dt5dt4> = [Parseval's equality] =
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;
:/ Z /¢>J3 t3 /gbﬂ th /qbﬂ t dtldtgdt3/¢J3 ts)dts | dty =

t \J13=07%

T 2 2
—t
/ Z/¢13 t3) | 5 /¢n t2)dt | F T dt3/¢13 ts)dts [dt <
t \JS3=0%
T ta t3 2 T 2
a 1< t3 —t
<2 Z 95(t3){ 5 Z Oi(R)dty | — =—— |dts [ 6j,(ts)dts | dtat
t J3:0 t JI:O t ts
T ty 2

[Cauchy-Bunyakovsky's inequality and Parseval's equality]
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ty 2 2

T
p
t3 — t
./1 O t

t 5B=0 \%
T 2
-|-2/ /QZSJB t3 dt3/¢13 t5 dt5 dty <
3 0 t
T 0o ta 1 p t3 2 2
t3 —t
SKI/Z /¢j3(t3) EZ /%(tz)db - 32 dt3 | dts+
t 3=0 \'% A=0 \;
T p ta T 2
t
+2/ Z/¢J3(t3) dt3/gbj3(t5)dt5 dts =
t \B=0%

[Parseval's equality]
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T ty p t3 2
L t3—t
=K 2 Z b (t2)dty | — > dtsdts+
t ot J1=0 \ %}
T/ p @ T 2
t3 —t
+2/ (Z /¢j3(t3) 5 dt3/¢j3(t5)dt5 dts =
t Jj3=0"% 4
1 p t3 2 2
t3 —t
=K / Lits<u) 2 Z /¢jl(t2)dt2 - dtsdits+
[£,T]2 J1=0 \}
A t T 2
P t3 _ ¢
+2/ Z/¢j3(t3)2dt3/¢j3(t5)dt5 dty, -0 as p— oo.
t 13:0 t f

[Parseval’s equality, generalized Parseval's equality and term-by-term

integration of absolutely convergent series]
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6 Calculation of Matrix Traces of Volterra-Type In-
tegral Operators
It is easy to see that the function
Kty s ti) = ¥1(t) - o(t) 1< ety (K> 2) (31)
for even k = 2r (r € N) forms a family of integral operators K : Lo([t, T]") —
Ly([t, T]") of the form

(KF) (tgy, ..., tg) = / K(ty, ..., t)f(tg 0y sty )dtg ... dtg, (32)
[, T]

where {gl,...,gk} = {1,...,/(}, 1/}1(7'),...,1/);((7') S Lz[t, T], t1,...,tx €
[t, T] (k > 2). For example,

(Kf) (t3, ta) = / K(tr, ..., ta)f(t1, 2)dtidt =
(£, T]?

= 1{t3<t4}¢3(t3)¢4(f4)/¢2(t2)/wl(tl)f(tl,tz)dhdtz-
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e Remark. It is well known that the Volterra integral operator (the
simplest operator from the family (32)) is not a trace class operator. On
the other hand, it is known that for trace class operators the equality of
matrix and integral traces holds. It is known that for the Volterra integral
operator (although it is not a trace class operator), the equality of matrix
and integral traces is also true. Thus, one cannot count on the fact that
operators of the more general form (32) are operators of the trace class.
As a result, the proof of the equalities of matrix and integral traces for
Volterra—type integral operators (32) is a problem.

e Remark. Recall the condition (19) from Theorem 6

P

lim g E E C. _
p—oo - Jk---J1 o ) .
Jay s+ +dag_pp=0 Jep,_1=0 Je1=Jer >+ Jear—1=Je2r
2
Cor H 1{g2,:g2,71+1}Cjk..j1 o o ' ' =0.
=1 (UgaJer ) ()---Ua e, — 1)) gy = gy ey, 1 = Jeo,

The red-colored expression is the difference between the prelimit expres-
sion for the matrix trace of the operator (32) and its integral trace.
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Theorem 10. Suppose that {¢;(x)}?2, is an arbitrary CONS in L[t T]
and 1(7),...,¥k(7) € La[t, T]. Then the equality

p

p
[im C,
o E : E : it

Jg1 =0 Jerr—1=0

Je1=Jgo - Jeor—1 g2

1 r
~or H Lig=g 141} Gt
1=1

(jgzjgl )m(-).‘.(ng,ngHI )m(')ng = jg2 7~~ng2,,1 = jgz,

(33)

is satisfied for all possible g1, g>,...,8r—1,8r (see (7)) and for any fixed
Jise-sdgs---sdk (9 # &1,82,---,8r—1, &), Where k > 2r and r =
1,2,...,[k/2].

Furthermore, the series (33) converges absolutly for k = 2r and con-
verges absolutely for any fixed ji,. .., jq, .- ., jk, Wwhereq # g1,82,...,82r—1,
& for k > 2r.
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Proof of Theorem 10. Step 1. The case k = 2 and r = 1. The equality
(33) for the case k =2 and r = 1 looks as follows

T

/T/J2 t2)j(t2 /wl T)¢;(t1)dtidtr = /%(T)T/)z(T)dT, (34)
Jj=0 t

t

where {¢;(x)}Z, is an arbitrary CONS in Lo[t, T] and t1(7),¢2(7) €
L2[t7 T]
The equality (34) is proved in
[Kuz2] (2018) for special CONS in Ly[t, T] and v1(7),v(7) € C[t, T].

e [Ryb3] (2023) for an arbitrary CONS in Ly[t, T| and ¥1(7),¢2(7) €
Lz[t, T]

[Kuz2] (2024) for an arbitrary CONS in Lo[t, T] and ¢1(7),9o(7) €
CHt, T).
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Step 2. The case k = 2r of (33) for

,
H 1{g2/=g2/—1+1} =1
=1

i.e. all pairs are formed by adjacent indices

.
P 1
p';moo. , > ‘ Chriacire—aiar—2iake = 57 / Yor(tor )th2r—1(t2r) X
J2rJ2r—25--J2=0 t

X /¢2r2(t2r2)¢2r3(f2r2)---/¢2(t2)7/11(t2)dt2~--dt2r2dt2r,
t t

where {¢J(x)} o is an arbitrary CONS in La[t, T], ¢1(7), ..., 2.(7) €
Lp[t, T] and r € N.

e [Ryb3] (2023) (the proof of Step 2 on the base of trace class operators).
[Kuz3] (2024) (the proof of Step 2 on the base of Step 1 and induction).
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Step 3. The case k = 2r of (33) and without the condition

,
H 1{g2/:g2,_1+1} =1
=1

This case is considered in [Kuz3] (2024). We will consider an example
on Step 3 in Appendix 1 for this presentation.

Step 4. General case k > 2r of (33). This case is proved in [Kuz3]
(2024). The proof will be given in Appendix 2 for this presentation.

Using Theorem 10, consider some sufficient conditions under which The-
orems 6 and 7 are satisfied.
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Suppose that

q

p p
3 A im o Y (YY) G -

Jays-sdag_0,=0 Ngr=0 g, _1=0 Je1=Je s Jgar—1 = Jeor
1 ¢ ’
Cor H 1{g2/:g2/71+1} Gy o o . ' ' ' <0
=1 (Jg21g1 )m(')~-(1g2,.lg2,_1)m('))lgl = Jgyreeeidgy, 1T Jeo,

(35)
for all g1,82,...,82r—1,82r (see (7)) and r =1,2,...,[k/2]. Then by The-
orem 10

q p p
A= lim E lim E E Ci.. —
q—o0 | - p—00 \ . S 1| . . .
Jays+sdag_p,=0 Jer =0  Jgp,_1=0 Je1= g Jgar—1 = Jeor

(UeoJer ) () - U Jeor—1 )”(')ng = jg2 7---Jg2,_1 = jg2,
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Suppose that

2
0o p p
lim Ci..j < oo (36
2 Sm > > (Gea| (36)
Jay s+ Ja_p,=0 Jer =0 Jeoy_1=0 Jg1=Jg - Jenr—1=Jeor

for all g1, 80, ..., 82r-1,82 (see (7)) and r = 1,2,...,[k/2]. Then by MCT

o0

p p
Y (XY G

Jays-dag_n,=0 Ngg =0 Jer—1=0

Je1=Jgp s+ Jear—1 Je2r

1+ 2
S or H l{gzl=g2/—1+1} Gii.r o o _ ' ' . =
=1 Ugrjer )m(‘)"'(fgzrlgzrfl)m(‘)z!gl = Jgy gy, 1= ey,
00 P P
= E lim E E C. _
e Jk---J1
. £ p—o0 \ _ o
Jays-+-Jag_pp=0 Jan =0 Jgp,1=0 Je1 =gz Jear—1 Jear
1+ 2
Y H Yg=gor14+1} G o o S . =0.
I=1 (ngng )m(‘)m(ngrng,_l)m(‘)dgl = Jgy ey, = Jio,
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Theorem 11 [Kuz3] (2024). Suppose that one of the conditions (35)
or (36) is fulfilled, {$;(x)};, is an arbitrary CONS in Lo[t, T], ¢1(7)... .,

V(7)€ Lo[t, T|. Then, for the sum of iterated Ité stochastic integrals

(k/2]

- i1.ic) def i 1 ik )[Sryeess
T Ea®e 37 20 3T SR

. . r=1 (va"'751)€Ak,r
the following expansion

PO =1im Y @ﬂH#
J15e0jk=0
holds. If in addition )1 (T ) S Yk(T) € Ct, T, then for

J* [¢(k ](11 k) /wk tk /wl tl o dwgll) .o de"(k)

the following expansion

S E = Lim, > @ﬂH¢
J15ee-jk=0
holds, where notations are the same as in Theorem 1.
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7 Generalization of Theorem 7 (k = 2) to the Case
Ui(7), ¥o(7) € Loft, T]

Consider another definition of the Stratonovich stochastic integral. Let
&, 7 € [0, T] be some measurable random process such that

i
/]fT]dT<oo w.p.1 (¢>0).
t

The mean-square limit (if it exists)

N—1 1 it T
Lim. S° — [ e.ds (w"f) - w<'ﬁ)) &ef / ow() (37
Moo JZO Tjt1 = Tj /55 R seWs B0
Tj t
is called the Stratonovich stochastic integral, where i = 0,1,..., m, {U}jN:o

is a partition of [t, T] as in Sect. 2.
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We will denote the iterated Stratonovich integral (37) as follows

T t
IS = [ e [ va() o awl o awiD,

t t
where U1 (7), ... k(1) € Lo[t, T], ity ik = 0,1, ..., m, W) =

Theorem 12 [Kuz2] (2024). Suppose that {¢;(x)}32

Zo isan arbitrary
CONS in Lz[t, T] and ¢1(7’),¢2(7’) € Lg[t, T]. Then

pP1 P2

JS[,I/} 2)] ’1’2 _ plFlhIBOO Z Z it (II)C}QQ)
71=0,2=0

where i1, ip = 1,..., m; another notations as in Theorem 1.

Proof. Using step functions technique, it can be shown that w. p. 1
S[¢(2)] 1112) J[¢(2)](1112) (i # i),

i . ~ . .
where J [1)(2 ]( 12) s the iterated It stochastic integral.
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In [BardRov] (2021) using the Malliavin calculus it was shown that
w. p. 1

-
i hi) 1 .
SN = S wPNEY 4 2 / P (r)a(r)dT (i = b).
t
Then, using a generalization of Theorem 6 for the case p1, pp — o0, we

obtain w. p. 1

P11 P2

SN = TN = 303 GGG
71=02=0

where J_[w(z)](Til"f) is the sum of iterated [td stochastic integrals defined by
(21). Theorem 12 is proved. [J

Dmitriy F. Kuznetsov New results on expansion ... 61/74



Appendix 1. Example on Step 3 in the Proof of
Theorem 10

Let us prove that

P
im " Chjvjuisii =

p—>00

J1.J3,ja=0
p T te ts
= lim V6(t6)9js(t6) | Vs(ts)ds(ts) [ walta)d),(ta)x
p—)OOjldéZ’j;zot/ 'j t/ 5\t5)Pjs\ L5 / 4\t4 )P\ t4

ts t3 t
x / s (83)6 (83) / o) (82) / (1) (1) dts deadtsditadtsdits = O,
t t t
(38)

where {¢;(x)}Z, is an arbitrary CONS in Lp[t, T] and ¢1(7), ..., ve(T) €
L2[t> T]
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Step |. Using Step 2 (k = 2) and generalized Parseval’s equality, we
obtain

P T —~T t5 -7
jim, S [uatihsstia) [ vsteote) [oatnten [ valess(a)

—T

X /¢2(t2)¢j1(t2)/wl(tl)gbjl(tl)dtldtzdt3dt4dt5dt6 = (39)
t

t
T

= lim Z/@bﬁ te ¢J3(t(, dtﬁ/lbg(tg, ¢J3 t3)dt3><

p—>00
Jj3=0 t

X |'m Z/%(E Py (ts /¢4(t4)¢14 ta)dtadts x

Ja= 01_-

X |lm @Dz t2)o 1(f2 ¢1 t1)¢; (t1)dtidty =
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T

T T
Z/T/fs(ts)%(%)dts‘;/¢5(f4)¢4(t4)dt4';/’tﬂz(tz)wl(tz)dtz- (40)

t
Rewrite (40) in the form

o0

> /1{t1<t2}1{t4<r5}¢6(t6)¢13(t6)¢5(t5)¢j4(t5)¢4(t4)¢j4(t4)><

jldédh::0“’716

X¢3(t3)¢j3(t3)¢2(t2)¢j1 (tz)wl(tl)(ﬁjl(tl)dtldtzdt3dt4dt5dt6 =

:% / Vo(t6)3(t6) Vs (ta)a(ta)h2(t2) Y1 (t2) dtodtadts. (41)

(£, TP

Step II. Suppose that 12(7) = ¢, (7),13(T) = ¢, (7),1a(7) = d(7)

are Legendre polynomials of finite degrees. Denote

(t27 t37 2(--4 Z Cl3/2/1¢/]_(t2)¢/2(t3)¢l3(t4)

h,h.k=0
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where {gz_bj(x)};io is a CONS of Legendre polynomials in Ly[t, T] and Cypp,
are Fourier—Legendre coefficients for the function

g(t, t3, ta) = Va(t2)v3(t3)a(ta)Lie,< 1}

where ¢2(T)7 ¢3(T)7 ¢4(T) € L2[t7 T]
From (41) we obtain

Z / i <oy Yt <t5)Sq(to, t3, ta)e(te) s (ts) 1 (1) djs (te) s (t3) X
_jl).j37j4:0[t7-,—]6

X¢j4(t5)¢j4(t4)¢j1(t2)¢j1(tl)dtldt2dt3dt4dt5dt6 =

:% / sq(t2, te, ta)1e(te)1s(ta) 1 (t2) dtadtsdts. (42)

(6, T]?
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e Remark. Note that the equality (42) remains true when sg is a partial
sum of the Fourier—Legendre series of any function from Lo([t, T]3), i.e. the
equality holds on a dense subset in Ly([t, T]3).

e Remark.The right-hand side of (42) defines (as a scalar product
of Sq(t2, te, t4) and 7,/)6(1'6)1/}5(t4)¢1(t2) in LQ([t, T]3)) a linear bounded
(and therefore continuous) functional in Ly([t, T]3) given by the function
e(te)s(ta)1(t2). On the left-hand side of (42) (by virtue of the equality
(42)) there is a linear continuous functional on a dense subset in Ly([t, T]3).
This functional can be uniquely extended to a linear continuous functional
in Lo([t, T]3).

Let us implement the passage to the limit lim in (42)

o g—c0

> [ LacnceLucotlto)is(ts)in(ta)vs(ts)valez)in ()<

J'1J3J4:0[t7-,-]6
X Bj; (t6) D5 (t3)Bja (t5) iy (ta) 0jy (t2) 0jy (t1) dtr dta dtzdtadts dte =

I% / Lit,<t1¥6(t6)13(t6) s (ta)ba(ta)ha(t2) 11 (t2) dtadtadlts.

[t,T]?
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After Step Ill and Step IV (by analogy with Step Il) we obtain

e}

> [ tacnncncnwtslte)s(s)ia(tis(a)ia(e)i(n)x

Juf3:ja=0p Ty

X ¢} (t6)Bjs (t3) B (t5) D1 (ta) 0y (t2) By (1) dtr dta dtsdtadts dte =

1
=2 / 1{t2<t6} 1{t6<t4}1{t4<t6} V6 (te)13(te) s (ta)ha(ta)
—_———
[th]3 :0

><1/J2(t2)1,[11(t2)dt2dt4dt5 =0.

The equality (38) is proved.
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Appendix 2. Proof of Step 4 in the Proof of Theorem

Using Fubini's Theorem, we obtain
T tiy2 tiy1 t tr

/hk(tk).../h,+1(t,+1)/ h/(t/)/h/_l(t,_l).../hl(tl)dtl...

t
... dt/_ldt/dt/+1 Loodte =

T ti42 ti41 ti41

_/hk(tk).../h/+1(t/+1) /h,(t,)dt, /h,l(tll)...

.. ./hl(tl)dtl coodt_gdtipr . dt—

t

10

T ti42 41 t—1 t—1
/hk(tk).../h/+1(t/+1)/h/1(t/1)(/h/(t/)dt/) /h/—z(t/—2)---
t t t t t

to

.. / hl(tl)dtl ... dt/_zdt/_ldtH_l RYe |

t
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where 2 < | < k —1 and hi(7),...,hi(7) € La[t, T]. The case | = k is
considered by analogy with (43). The case / =1 is obvious.
Suppose that k > 2r. Let us carry out the transformation (43) for
G

Keeod1

Je1=Jez > Jear—1=Jeor

iteratively for jg,,...,Jq,_, (k> 2r). As a result, we obtain

Cj =

kee o1

Je1=Jen > Jear 1= Jeor

o C—(d)

kw1 ’

Je1=Jen s Jear—1 =)oy

Jer=Jgp - Jgar—1=Jeor >
(44)

2k—2r
_ d-1 | A(d)
- (=1) (Cjk~--jl

where some terms in the sum

ok—2r
d=1
can be identically equal to zero.
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Applying (44) and Step 3 (k = 2r) in the proof of Theorem 10, we get

p”_[';O Z Z Gieoia

Jepr—1=0

Jer =go - Jgar—1 =Jeor
2k—2r

p p
= T i 3 Y G0

Jer =0 Jgpr—1=0

Jg1=Jgr - gor—1=Jeor

é(d)

Jke--J1

Jer =gy - Jgar—1 =eor

1 r
d—1
(-1) or H 1{g2/:g2/—1+1}x
/=1

ok—2r

d=1
| ¢@ _
Jk-- Jl L. . . . .
Ugader ) () Uiga dgar— 1)) gy = gy -, = i,
~(d)
CJk 1 (45)

(Jgngl)m() (J.gzrfgz,,l)m(‘)ajglz J'gz’ ,ng, 1 Jg2,
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Case A. The condition

r
H 1{g2/=g2/71+1} =1 (46)
=1
is fulfilled for
A(d) ~(d) _ k—2
Coi| Gl S (d=1,2,...,2¢7%), (47)
Je1=Jez o Jear—1 ey Je1=Jez > Jear—1 ey

G

kedi| ) ) (48)
Jg1=Jep -+ Jerr—1 " Je2r

Case B. The quantities (47) are such that the condition (46) is satisfied
for (47). The expression (48) is such that the condition

H 1{g2/:g2/71+1} =0 (49)
=1

is fulfilled for (48).
Case C. The quantities (47) are such that the condition (49) is satisfied
for (47). The expression (48) is such that (49) is fulfilled for (48).
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For Case A, using transformation (43), we obtain

2k 2r

1/( -
d—-1* [ A(d)
Z( 1 r Cjk-njl

(jgzjgl ) (). (Jg2,1g2, 1)“( )x/gl J527 ngr 1 Jg2,

@ _
Jiedrp o . . .
(Uigader ) () Uardga,—1 ) sdigy = gy -, _1 = Jiy,
1
= EC.J'k-ujl o o S ' ’ (50)
Uigader ) () Uardga,—1 ) sdigy = gy -y, 1 = Jey,
For Case B
A(d) —
Cjk J1 -
Uigpdgr )(-)-+-Usa b —1 ) () gy = Jgy -y, = Jeo,
~(d)
CJ'kn-J'1 (51)

(jggjgl )m(‘)---(jgg,jgzrq )m(')d‘gl = fg2 7~~-ajg2,_1 = jgz,
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For Case C

H 1{g2/:g2/_1+1} =0. (52)
I=1

Combining (50), (51), (52) and (45), we complete the proof of Step 4
(k > 2r) in the proof of Theorem 10.
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Thanks for your attention!
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