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EXPANSION OF THE STRATONOVICH MULTIPLE
STOCHASTIC INTEGRALS BASED ON THE FOURIER
MULTIPLE SERIES

D. F. Kuznetsov UDC 519.2

An expansion of multiple Stratonovich stochastic integrals of multiplicity k, k € N, into multiple
series of products of Gaussian random variables is obtained. The coefficients of this expansion
are the coefficients of multiple Fourier-series expansion of a function of several variables relative
to a complete orthonormal system in the space La([t,T]). The convergence in mean of order n,
n € N, is established. Some expansions of multiple Stratonovich stochastic integrals with the
help of polynomial and trigonometric systems are considered. Bibliography: 8 titles.

§1. INTRODUCTION
Consider a fundamental probability space (£2, F,P) and a Wiener random process w; € R”
(4)

with independent components w,;”’, ¢+ = 1,... ;m. We consider a nondecreasing family of o-
algebras {Fy, t € [0,T]} of subsets of (€2, F,P) such that, for every ¢t € [0,7], the random
variable w; is F;-measurable.
We introduce the class M3([0,7]) of functions
def 1
& = E(tw): [0,T] xQ2—R

measurable with respect to the pair (¢,w) of variables and F;-measurable for all ¢ € [0,T]. It
is assumed that

/E [(€w)P}dr< oo and B{(E(w)} < oo

for all ¢ € [0,7]. The class M2([0,T]) is endowed with the norm

lellair = ( [ B{i.?) dt)

Consider the process {ng), Tet,T ]} of the form

|

0 =+ [auds [ st W
t t

where a2, b2 € My([t,T]), the inequality E{(bs - b7)4} < Cls — 7|7 holds for all s, 7 € [t,T]

and some C, vy € (0, 00), w§°) = s, and fbsdwgi) is the stochastic It6 integral (i =1,... ,m).
t
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« T .
The symbol [ ngz)dng ) denotes the following sum:
t

1 T T

/ ngz)dng) — /ngl)dng) —+ 51{1:3750} /bSdS a.s. (2)
t t t

Here and in what follows, 14 is the indicator function of a set A. The integral [ ngz)dng ) is
t
called the Stratonovich stochastic integral.

We consider a system of It6 stochastic differential equations (SDE) of the form
dx; = a(x¢,t)dt + A(xy, t)dwy, x0 = x(0,w), (3)

where x; € R™ is a solution of the SDE (3). Assume that nonrandom functions a(x,t) :
R™ x[0,7T] — R™ and A(x,t) : R" x [0,T] — R™*™ guarantee the existence and uniqueness (up
to stochastic equivalence) of a solution of the SDE (3) [8]. Let the random variables xy € R”
and w; — wo be independent for any ¢ € [0, 7.

It follows from results of [1, 2] that, for s > ¢, under certain conditions, a solution of the It6
SDE (3) admits the following unified Taylor-It6 expansions:

_ (i1..-iK) (s — t)j (i1...3k) (r+1)
wmxt Y et R s, @)
(k7j,l17"‘7lk7i17"‘7ik)€AT
(i (s —t) =(iy.i r+1
Xs =Xt + Z C‘gll..‘l:)(xt’t) ]' J((ll..‘l:))s,t + R‘(S:j )a.S., (5)
(kmj,ll:'“alk:il:'“7ik)€AT
k
where A, = {(k},j,ll,... P ST ,ik) 1 <k+j5+ Z Iy <r;ig,... 0, =1,...m; k, 7,
p=1
ly,... Ik, =0,1,...}, jol) is the remainder term written in the integral form (see [1, 2]),
S t2
Tk, = / (t—tr)™ ... / (t —t)rdwi™ . dw™), (6)
t t
and
S t2
G = / (s —te)™ ... / (s — t1)rdw) .. dw(™). (7)
t t

For s > t, this solution also admits (see [3—5]) the following Taylor—It6 expansions:

Xs = X1+ > G e IR+ DU as. (8)
(Al,.‘.,Ak,il,.‘.,ik)EMr
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and the Taylor—Stratonovich expansions:

X, =i+ > G e DI, + DI as, (9)
(Al,.‘.,Ak,il,.“,ik)EMr

where M, = {(A1,... , Mg, i1,... i) : Ay € {0,1}, 4y =0 for \; =0 and 4y = 1,... ,m for

N=11l=1,... )ksk=1,... 1}, D(TH) and D*(TJrl) are the remainder terms in the integral

form (see [3-5]),

i) (Z ) wiit)
(}\1 ;\Ck)st / / * o tk I (10)

(*)E? )\Z:))st / / dw(w) &1). (11)

The functions C’(z1 Z'“)(xt,t), C’ﬁi::f:)(xt,t), Ggfll_.:;\i)(xt’t), and G:(ll_l.:;\‘zk)(xt,t) in (4), (5),
(8), and (9) are determmed (see [1, 2, 3-5]) by the diffusion and drift operators of the Ito
formula and the processes a(x¢,t) and A(xy,t).

Consider the problem of numerical solution of the It6 SDE arising in a wide class of ap-
plications (see, for example, [5]). This problem is reduced to a joint numerical simulation of
multiple stochastic integrals of the form (6), (7), (10), or (11).

A method of expansion of multiple stochastic integrals of the form (11) based on the Fourier-
series expansion with random coefficients for the process {wt — %wA,t € [0,Al,A > 0} was
proposed in [3]. Following this method, to obtain the needed expansion, one has to substitute

and

the Fourier-series expansions of the processes w,ﬁ”), l=1,...,k, into integral (11) and perform
some transformations. Within the framework of this approach, no convenient expression was
given for the general term of the expansion of a Stratonovich multiple stochastic integral of
arbitrary multiplicity k. In [3, 5, 6], expansions of multiple stochastic integrals of the form (11)
were obtained only for multiplicities 1, 2, and 3. In addition, this method allows us to use only
the trigonometric system for expansion of a multiple stochastic integral. As we show below,
this system is not optimal from the point of view of the mean-square convergence of the series
and of their simplicity.
Consider a multiple Stratonovich integral of the form

/m t). /¢1 t)dw L dw (™ (12)

where ¢;(7) € C’[t >l =1,... k. (Here and below, C[t 77 18 the space of functions continuously
differentiable on [t,T].) In thls paper, a more powerful new method of expansion of this type of
multiple Stratonovich integrals is proposed. This method is based on the representation of the
multiple Stratonovich integral (12) as a multiple stochastic integral and subsequent multiple
orthogonal expansion of the integrand. Various orthonormal systems in the space La([t, 1)
can be used for these purposes. This enables us to obtain a general form of expansion of the
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multiple stochastic integral (12) of multiplicity k£ and to use various complete orthonormal

systems.
Later we show that expansions of multiple stochastic integrals of the form (12) obtained by
the proposed method using the polynomial system of functions

o) =2 (=150 72, (13

where Pj(z) are the Legendre polynomials, converge really faster and have a simpler form than
similar expansions obtained by the same methods with the help of the trigonometric system,
i.e., with respect to functions of the form

1 for 7=0,
27r(s —t) ,
1 — O 1 g —
i(s) = —— V2sin —>~ T ¢ for j=2r—-1;,r=12,..., (14)
2 —t
V2 cos W;(%t) for j=2r.
Indeed, let
T xl2
I = / (t— 1) ... / (t =) rdwy . dwy), (15)
t t

and let I l*l(.lfl;;kt)q be an approximation of I (“ T ) Our method with respect to system (14)

gives us the following expressions:

8‘7(111) /T C(ll)
q
(i), V2 3 1o (i)
0 + T o TCQTl] ’

GG+ Z e - e+

3
[*(zl)q _(T —1)?
1r 9

*(2271 1
Ig2 " = S(T 1)

V(G - 60} | (19

and

* iQil * iQil 2 3 T < 1
E { <[0(§T’t )_IO(ET,t )‘1) }:(7 ( Z r_2> 21 7322 (17)

r=1

T
where CJ@ = [¢i(s)d dw " iy, iy =1,... ,m, and the functions ¢;(s) have the form (14).
¢

The same method with respect to system (13) gives us the following expressions:

L0 = VT =i,

Or,¢
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*(11 (T - t)3/2 i1 1 i1
ron - L0 (g L),

*(izi1)q _
[OOT t

(11) +(i2) (12) ~(i1) (12) ~(i1)
e +§j¢427{< 2 =l }]
and

2 2 q
*(i211) *(i211) _ (T - t) 1 2 : 1 . )
. { (a8 = 1567 }_ T \a o) R (18)
where C( D= <b dwS , 41, 12 = 1,... ,m, and the functions ¢;(s) have the form (13).
j j

§2. RELATIONS BETWEEN MULTIPLE STRATONOVICH AND ITO INTEGRALS

We introduce the following notation:

¢<’“> / Wi(ts) . / G (t)dwi L dw), (19)

¢<’“> / Wi(ts) . / G (t)dwi) L dw™), (20)

l
k Sly..- 581 def
J <¢( )>Tt - H 1{i3q:i3q+17é0}

q=1
tsl+3 tSl+2
/% tk) - /¢Sl+2 si+2) /%l tsi+1)Us+1(ts,+1)
ts;4+1 tsy+3 tsi42

/%l 1(ts,—1) /¢sl+2 s142) /%1 toi+1)Psy+1(ts;+1)

/ Pl / r(t)dwl) vyt g dwy

Cdwy T dt dwy L dw (21)

ts;42 Wi

where (s;,...,81) € Agi; ¥p(7) € C’[lt’T}, ip=01,....m{p=1,...,k); A = {(st,...,51):
S¢>Sq1+1,¢q=2,...l;8,...,s1=1,... ,k—1}1=1,..., [g}, [x] is the integer part of
the number x; ) = (Y, ..., ¥1).

The following lemma establishes a relationship between the multiple stochastic integrals
T (") g, and T (p*)

Tt
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Lemma 1.

—_—
vl

|
G D S D e

’ )t r=1 (8ryee381)EApr

Proof. The proof is by induction.
For k = 1, the following equality is obvious: .J (@D(l))Tt = J* (W”)Tt a.s. For k = 2,
relation (22) implies the relation

(1), =9 (5, 3 (09, o e

a

To prove equality (23), we consider the process 77& ) — Yo (1) [1(s )dw(“) By the It6 formula,
t
its stochastic differential is

) = / 1 (5)dw S s (7) + o (7Y () dw ). (24)

It follows from (24) that the diffusion coefficient of the process ng ) equals 1y, 20y 1 (T)P2(7).
Further, relation (2) implies (23). Thus, relation (22) is proved for £ = 1,2. Now, by the
induction hypothesis, the following equality holds a.s.:

T

J* <¢(k+1)>ﬂ _ / osr (7)J <¢(k)>m dw(s+1)

’
t

1 Spy... 581 .
1 e (i41)
DD / Ui (T )T’t dw i+, (25)

r=1 (51"7 ~751)€Akr t

Using the It6 formula and relation (2), we establish similarly to (23) that the following
equalities hold a.s.:

: 1 k
(k) (ik41) — (k+1) - (k+1)
/ vena(n)7 (00) i) =g (00) g7 (W)L 20)
«T
[ (90) " dtie
T,t
t
J<¢(k+1)>srw’s1 for s, =k—1,
Tt
- (27)

Spyeer yS1 1 k,Sry...,81
J <¢<k+1>) o <¢<k+1>) for s <k—1.
Tt 2

Tt
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Substituting relations (25) and (27) into (25) and regrouping the terms, we come to the fol-
lowing relations valid a.s.:

—
[SIESd

]
g <¢(k+1)>Tt —J <¢(k+1)>Tt + 2% Z J <¢(k+1)>:;.‘.,51 (28)

) ’ r=1 (8ryees81)EARL1,r

for k£ even and

w|?r\

5
7+ <¢(k’+1)>ﬂ _J <¢(k'+1)>ﬂ + 2% > J <¢(k’+1)>sr,.‘.,s (29)

Tt
’ r=1 (8r)- "Sl)EAk’+1 . ’

for k = k' +1 odd. Relations (28) and (29) prove that the following equality holds a.s.:

i
2
»S1

g+ <¢(k+1)>ﬂ :J< (k+1)> Z ir 3 J<¢(k+1)>:;,, -

’ (8ryeeey81)EARY1,r

§3. AN EXPANSION OF THE STRATONOVICH MULTIPLE STOCHASTIC INTEGRAL

Define the function

k k—1
K(tlv s 7tk) = H¢l(tl) H 1{tl<tl+1}7 k>2, (31)

=1 =1

on the set [t,T]*. Let {¢;(z) 720 be a complete orthonormal system in the space La([t, T])
consisting of continuously differentiable functions.
Let H([t,T]) C Le([t,T]) be the space of functions f(x) bounded on [t T|, piecewise

smooth on (t,7"), and such that their orthogonal (Fourier-series) expansions Z Cipj(x), C; =
j=0

f f(z)¢;(z)dz, converge at any interior point x € [¢,T] to the values 1 (f(z 4+ 0) + f(z — 0)),

converge umformly to f(z) on any closed interval of continuity, and converge at the points
r=tandx =T.

Remark 1. Here and below, convergence of orthogonal expansions in the space Lo([t,T]) is
understood as convergence in the norm.

Define functions C__, .. j, (tg,... ,tx), ¢ =1,... , k, as follows:
q—1
Ciovoin (g d“/ /Ktl,...,tk)H%(tl)dtl...dtq1, 2<q<k.
=1

The following theorem is the main result of this paper.
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Theorem. Assume that the following conditions are satisfied.

(1) ¥i(7) € Cpyqpp i =1,... . k.

(2) {¢j(z)}52, is a complete orthonormal system of continuously differentiable functions in
the space La([t,T1]).

(3) Gj,_1..ji(tq,- - ,tx) € H([t,T]) with respect to the variablety, ¢q=2,... ,k; K(t1,...,tx)
€ H([t,T]) with respect to the variable t,.

Then the Stratonovich multiple stochastic integral J* (¢(k))T , admits the following multiple
orthogonal expansion: ’

J* <¢<k>> Z Z% 31H<83T,t (32)

Jj1=0 Jr=0

converging in average of any degree n € N.
In the formulas above, if i; are j; different and if i; # 0, then the variables C( Tt =

S dwg”) are the standard Gaussian variables and
Ji
t

T T E
Civiir :/.../K(tl,... te) [ [ 65 (t)dty .. dty. (33)
t t =1

To prove the theorem, we establish some auxiliary assertions.
Let a function B,il(tl, ... ,tx) be defined on the set [t, T]* as follows:

B (b t) = Kb, )

k k—1 k—1 k—1
+ H ¢l(tl) Z Z g(S H {ts;=ts;+1} H 1{tl<tl+1}7 (34)
=1 r=1 Spyeer yS1=1 Ly , =1
Sp>...>81 l#81,...,Sr

where g(s1,...,8) =(@+D!... (¢p, + 1) pe =1,2,... ,[g]; q1,---,qp, are the lengths of all
possible subsequences of the form g, g—1,... ,g—mwithg=1,... ;/k—1,m=0,1,... /k—2,
chosen from the sequence s,,... ,81; 8 > ... > 815 Sp,...,51 =1,... bk —1.

In particular, if £ = 2 or k = 3, then formula (34) implies that

1
E(tr,ta) = H%Dl tr) (1{t1<t2} + 51{751:1:2})

and

3
By (t1,ta,t3) = [ [ vu(t2) (1{t1<t2}1{t2<t3}

=1

1 1 1
+§1{t1:t2}1{t2<t3} + 51{t1<t2}1{t2:t3} + 61{t1:t2}1{t2:t3}>-
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Lemma 2. Under the assumptions of the above theorem, the function B,:f_l(tl, sy tg) s
extendable into the multiple orthogonal (Fourier) series

Bl:ct—l(tlv"' ) Z Z Cix...iu H¢Jl (t) (35)

Jj1=0 Jr=0

at any interior point of the hypercube [t, T]*. Here the coefficients Cj, .. j, have the form (33).
The multiple series (35) converges on the boundary Ty, of the hypercube [t, T|* and converges
uniformly to the function B |(t1,... ,tx) in any closed domain of its continuity.

Proof. We consider the cases k = 2 and k = 3. Introduce the following functions:

K = { U000 12w e

((P3(ta)ha(te)i(ty), t1 < to <ts;
Y3 (t3) 1 (t2)a(ts), ta < t1 < ts;

R 1210 = L iy 1 <<t ot €T
1 (t3)a(ta) 3 (te), ta < to <t
o ()11 (B2)3(t1), to <tz <ti;
3(t3) 2 (t2)yn (t1), t1 < ta <ts;

Ko(ti,ta,t3) = ¢ P3(ta)hr(te)e(ty), ta <ti1 <ts; ti,te,ts3 € [t,T],

0 otherwise;

Yo (ta)hs(ta)i(tr), t1 <tz < to;
Ks(t1,t2,t3) = ¥s(ts)he(t2)y1(tr), t1 <ta <tz  t1,ta,t3 € [t,T].
0 otherwise;

First we prove our lemma for k = 2. Obviously, the Fourier series

t17t2 Z Z Ch]l H(bjl tl

Jj1=072=0

converges uniformly to the function K (t1,%2) on any closed subset belonging to the interior
of the hypercube and disjoint with the set {t; # t2} (the function K (t1,t2) is continuous on
such a set). The sum of the series is finite on the boundary of the square. Thus, it remains to

2

show that S(t1,%1) = 3 [[ ¢i(t1), t1 € (t,T). Consider the following Fourier-series expansion
=1

S’(t1,t2) of the function K'(t;,1t2):

S(tlth Z Z joj1 H¢jz(tl)7 (36)

Jj1=0 j2=0
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where C} ;= [ f} K'(t1,t2) H ¢j,(t1)dt1dts. Tt is clear that S’(t1,t2) converges uniformly to
t,T72

K'(t1,t2) in any closed subdomam of the open square (¢,7)? since the function K’(t1,ts) is

continuous there. Furthermore, changing the order of integration, we obtain the equality
03/2]1 = Cj2j1 + Cj1j2' (37)

Substituting (37) into (36) and putting t; = t2 in (36), we come to the relation S'(t1,t1) =

P1(t1)a(t1) = 25(t1,t1), i.e., S(t1,t1) = %@Dl(tl)wg(tl). This completes the proof for the case

k=2.

Now we consider the case k = 3. Obviously, the Fourier series

S(t1,ta,t3) = Z Z Z Clsjain H¢Jl ()

Jj1=0 j2=0 j3=0

converges uniformly to the function K (t1,t2,t3) on any closed subset belonging to the open
cube (t,T)3 and disjoint from the subsets t; = to,ts = t3,t; = t3 (the function K (t1,ts,t3) is
continuous there). The sum of this Fourier series is finite on the boundary of the cube. Now
we have to show that

S(ty,t1,t1) = H¢l t1), (38)

2
S(ta, ta,t3) = —¢3 t3) H (39)

and X
S(tn,ts,13) = 5o (1) [[ walts). (10)

=2

Consider the Fourier-series expansions S;(t1,t2,t3) of the functions K;(t1,t2,t3), i =1,2,3:

3
Silty,ta,t3) = Z Z Z C§§§2j1H¢jl(tz), (41)
=1

J1=0 j2=0 j3=0

where Cj(?))m1 = . 4} Ki(t1,ta,t3) H ¢j,(t1)dt1dtadts. The series Sq(t1,t2,t3) converges uni-

formly to Kj(t1,t2,t3) on any closed subdomain of (¢,7')% since the function Kj(t1,t2,t3) is
continuous there. The series Sa(t1,t2,t3) and S5(t1,t2,t3) converge uniformly to Ks(t1,t2,t3)
and K3(t1,t2,t3) in any closed subdomain of the set of their continuity.

Changing the order of integration, we obtain the equalities

1
CJ('sj)éjl - Cj3j2j1 + Cj3j1j2 + Cj2j1j3 + Cj2j3j1 + Cj1j2j3 + Cj1j3j27 (42)
2
C](3J)2J1 = Cj3j2j1 + Cj3j1j27 (43)
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and -

(:;332]1 = (333j2j1 + (jj2j3j1' 044)
Substituting equalities (42), (43), and (44) into (41) for ¢ = 1,2, 3, respectively, and putting
t1 =ty =ts fori=1,1 =ty fori =2, and to = t3 for i = 3 in (41), we obtain equalities
(38)—(40) after some simple transformations. The proof of Lemma 2 for the case k = 3 is
completed. The general case can be considered similarly. [J

Consider a partition of the interval [¢t,T] of the form
t=m<...<7ny=T

such that
Axy = 05??]3111 |Tj+1 — 75/ =0 as N — oo. (45)

Lemma 3. Under assumptions of the theorem formulated above,

— jo—1 k

DS SIS 3) | (XGNP (1)

Jk=0 7J1=01=1

) = wit) () i =0,1,...

where Awx =W — Wy,
condition (45)

,m, and {T}, };\l];é is a partition of [t, T satisfying

Proof. 1t is easy to see that, under the assumptions of our lemma, the integral sum of the
integral J (¢(k)) +, can be represented as the sum of a prelimit expression of the left-hand side

of (46) and a variable tending in average to zero as N — oo. [

Remark 2. If, for some [ € {1,... ,k}, one replaces Angl) by <Angl)) in expression (46),

then the differential dwgfl) in J (M“)Tt for p = 2 transforms to dt;. If p = 3,4,..., the
right-hand side of (46) vanishes a.s. If, for some [ € {1,... ,k}, one replaces Awgﬁ.ll) by (AT;,)?P,
p=2,3,...,in (46), then the right-hand side of (46) also vanishes a.s.

We define the following stochastic integrals:

N-—1
Lim. D (75,,...,7j, HAW(”)

N—oo il
jl:'“ajk:O
T T
def % i1 k
L / /q> t,... tr)dwi® L dwi) = g, (47)
N-1 N-2 k ot

Lim. Yo=Y 20T [[AWE) = TRl (48)

Jrse =0 J1sejr=1 =1
Let Dy = {(t1,... ,tx) : t < t1 < ... <t < T} and let I'p, be the boundary of Dj. We

write ®(t1,... ,tx) € CY(Dy) if the following conditions are satisfied:
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(AI) the function ®(ty,... ,tx) is continuously differentiable in Dy;
(AII) the function ®(ty,... ,t) is bounded on I'p, .

Similarly to the proof of Lemma 3, one can show that if ®(t1,... ,t;) € C1(Dy), then

é / / (t1,... dw(“) dw(“‘)

— k
- Z s ) [ AW s, )

=1

?

Q.
||

where [@]gﬂc 35 is understood as the It6 multiple integral.
We introduce the following notation:

1jl:jl+1(]Q17"' yJazs JisJazy -+ s Ja—2> s Jqe—1y - - 7]%)

def , . . . . . . . .
= (]qm"' yJa2s Jl+15Jgzr - -+ s Jak—2s J1+15 Jqre—15 - - - 7]9k)7 (50)

where I € N; 1 #q1,--. ,q2,43,- - qk—2,qk—1,--- s Gk € IV;

J2—1

S(k) Z Z Z A1, 5k )3

Je=0  j1=0 (j1,... ,jk)

Jsp+2—1Jsp41—1 Jsi+2—1Jsy+1—1 ja—1

SRNCIC TS SEND D SIS S DR »

Jk=0 Jsyp+1=0Js,.—1=0 Js14+1=0Js;-1=0 J1=0

D S

. . )
a 1j8l7jsl+1 (]17'“ 73k)

=
A

ljsl’jSl-‘rl (j17"‘ 73k)

crer o cH{SWa)y =ct e SP (@)} + et i (ST (a);

0
H1j3l7jsl+1 ]17'-- 7]k) = (jlv'-- 7jk);
=1

T %, e Gt ) = L s - L o (1 - - )5

Ct...c:{SW(a)} =S¥ (a).

In the formulas above, s1,...,s, =1,... )k—=1; 8, > ... >s;r=1,... /k—1; >

(Gay s day,)
means the sum over all the permutations (jg,, ... ,Jg.); ¢1,--- @k € {1,... ,k}a¢,, ... gy ) AT€
scalars.
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The following equality is easily proved by induction:

N-1 N-1

G ey =Chy - CH{SW(a)}

a
Je=0 71=0
k—1 k—1
= C SV k>1 Y €1
r=0 sp,... ,851=1 ]
Sp>...>81

k
Put ag, . ) =P (75, ,7j) l]:[ Awgl) Then relations (47) and (51) imply that

k—1
k k S1y.4-38p
o =>" > @)

=0 (sp,... ,81)EALr

where
tsr+3 tsr+2 tsr tsl+3 tsl+2 tsl
tff / [ /s
t H ltsl toy 1 (10 t0)
X [q) (tl, . ,t51,17t51+1,t51+1, . 7tsr717tsr+17tsr+17 . ,tk)
xdwll) . dwldw) av dw
dW(ZST_l)dWEZS:_)ldezsltl)dW(zsr-i_Q) dW(Zk) ,
and
0 def def
H bty in (P tk) S (t1, o t); > =1 k>2
=1 (s0,..-,51)EARO

(51)

(52)

(53)

Remark 3. The terms on the right- hand side of (53) have to be understood as follows. For

any permutation from the collection H 1.,

o tsl+1(

has to replace every pair of differentials with coinciding lower indices of the form dw( )dw

(there exist r such pairs) by the values 1(;—;qydtp.
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Lemma 4. Let ®(ty,..

B {|r)

T to
2n
’ }gan/.../QDQ”(tl,... ytg)dty ...dty, where Cpi <oo, né€ N. (54)
t t

L tk) € Cl(Dk) Then

Proof. Using standard inequalities for stochastic integrals at (£;)" € Ma([to,t]), we obtain the

estimates
t

[ear| -0t mea-1) [B{elar (55)

to
and

¢ 2n ¢
/gTdT < (t— o)™ /E {l&-P} ar. (56)

to to
0 gt (1) g it ©
Let &y u= J - [@(tr, ... tp)dwy . .dwy" for I=1,... ,k—1,and let §~ , =

t t

ti+1,

®(t1,...,tx). It can be shown by induction that <€(l) .,.,tk,t) € My([t,T]). Multiple appli-

cation of inequalities (55) and (56) proves our lemma. O

Using the Minkowski inequality and Lemma 4, we obtain from (52) the following estimates:

(E{(J[@]g?:)%}>%§k2:l 3 (E{(z[@]éif?““’”)%})%, 57)

r=0 (51“7'“ 751)€Ak7"

(E { (1()) )Qn}> .

ts,+3ts,.+2ts, tsi+3 tsi+2ts;

[T ][] s

H 1tsl Sl+1(t17 7tk)

2
x P n(tl,... ,t51,17t51+1,t51+1,... 7tsr717tsr+17tsr+17--- ,tk)

1

thl e dtslfldt51+1dtsl+2 e dtsrfldtsﬂrldtsﬂrg e dtk] s (58)

where permutations during summation in (58) take place only in ®2"(...), C51**" < oo, and

def
Hltslztsl+1(t17'-- 7tk) é (tl,... ,tk)
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Lemma 5. Under the assumptions of our theorem,

JBEARNE) =7 () as (59)

Tt

Proof. Substituting relation (34) into (59) and using Lemma 3 and Remark 2, we get the
equality

—_—
vl

)
TEE (RS = (b)) +3 o S (W) as

Tt
’ r=1 (Sryer-481)EARy ’

Now Lemma 5 is a consequence of Lemma 1. [J
Lemma 6. Let |®(t1,... ,t;)| < oo for (t1,... ,tx) € [t,T]F. Then J[®]}}, =0 a.s.

Proof. First assume that ®(t1,...,tx) = 1. In this case, the integral sum J[1 ]Tt consists of a
finite sum of random variables aé\] ﬁkfp, where

N-—-2 P k—p

In the formula above, o def Li{ry, .oyt ={in,...;ixhsp=0,1,... k=1 k—p=1,... k;
i1,...,1, = 0, 1,... ,m, and the inequality E{( N)Q} < 00 holds. Using the Minkowski

inequality and taking into account the independence of the random variables a and ﬁk _pa

one can show that J[1 ]F’“ = 0 a.s. For an arbitrary bounded function ®(¢4,... , ) defined on
the set [t, 7%, the proof is similar. [
Lemma 7. Let ¢;(s) € C'[t 7t =1,...,k. Then
y T
II | ei(s)dwl® —/ /ngl t)dw!™) . dw(®) as. (60)
=14

T .
Proof. First let 4 # 0,1 =1,...,k. Denote JN = Z gpl(Tj)AW%l) and J! = fgol(s)dwg”).
7=0 t
Since

k k k [—1 k
Hva—HJEZ(HJg) - [ 11 2).
=1 =1 g=1

=1 g=l+1

the Minkowski and Cauchy-Bunyakovskii inequalities show that

(lljJ]l\;—lllel) 2§C’“§;<E{(JJZV—JZ)4}>%, Cj < 0. (61)
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N-1 Tg+1 ;
It is clear that J4 — J! = Z ¢t where ¢ = [ (¢i(7g) — ¢i(s)) dw(™. Since the values ¢t
Tg

are independent for dlfferent g, the following equality holds [7]:

E ]i:l<§ :]‘V_lE{(g.)“}+6§_1E{(<§)2}§E{(<§1)2}. (62)

Since the values le- are Gaussian and the functions ¢;(s) are continuously differentiable, the
right-hand side of equality (62) tends to zero as N — oo. This fact and inequality (61) prove
equality (60). If w,ﬁfl) = t; for some [ € {1,... ,k} , the proof of the lemma is similar. O

Lemmas 2 and 57 show that

a <¢(k)) Z Z Cjr...in H/¢J (s)dwi®) + IRy, .. pk]]l’ct a.8., (63)

Jj1=0 Jx=0 I=1%

where the value J [Rpl_,‘pk]gf 35 is defined by (47) and

Rp,..p, (tlv s 7tk) = Z Z Z Z Jk J1 H(bjl tl (64)

=0 jx=0 j1=0  jr=0
If (t1,... ,tx) € [t,T]* \ Tk, then Lemma 2 implies that

lm ... im Ry, p.(t1,... tx) =0. (65)

pP1—00 Pr—00

Remark 4. By Lemma 2, condition (65) holds uniformly on any closed subdomain of conti-
nuity of the function R, . (t1,...,tx), and the limit on the left-hand side of (65) is finite on
the sets I'g.

Lemma 8. Under the assumptions of our theorem,

tim .. tim E{(J[Ry,.p i) } =0, nen. (66)

pP1—00 Pr—00

Proof. Relations (34), (35), and (64) imply that

k—1 —
Rp1-~pk(t17"' ,tk) K t1,... ,t _|-H¢l tl Z Z 1

r=1S8,,...,51= 19(517--- ,Sr)
Sp>...>81
r k—1
X H 1{tsl:tsl+1} H To<tiny — Z Z Cir.ogn H(bjl t). (67)
=1 l#sl:1 s 71=0 Jkx=0
17.‘.7 r
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Equality (67) shows that the function Ry,  ,,(t1,...,tx) satisfies conditions (AI)—(All) in
the domain of integration of the multiple stochastic integral on the right-hand side of (52).
Replacing ®(t1,... ,tx) by Rp,. p.(t1,...,tr) in expressions (57) and (58), passing to the
limit in the integrands in (57) and (58), and taking into account relation (65) and Remark
4, we establish the desired conclusion. Lemma 4 is proved. This completes the proof of the
theorem. U

In conclusion, we show that if the indices i1, ... ,ix € {1,... ,m} are pairwise different, then
the approximation of the integral J* (¢*))_ of the form

q k
4 i
J (@D(k))ﬂ = > G llhre a<o,
’ jlz'“ajk:O =1

satisfies the following relation:
. 2
o (), - ()
Tt Tt

T T q
:/.../KQ(tl,... tdh Lt — Y 2 (68)
t t

jl:'“ ,J=0

By Lemma 2, we have the equality J* (¢(k))T , = J (M’”)T , a.s for pairwise different
nonzero indices i1, ... ,75. Hence,

ef ( (),,) F=2{ (1(),.) }

T T
:/.../K2(t1,... Jti)dty ... dty. (69)
t t

In addition, under the same conditions, the following relations hold:

B (7 (), (),.) |

and

el (7 (p®)’ 1o 5 s (71)
(rEon) - > e,

’ .717'“7.716:0

Now relations (69)—(71) imply formula (68).
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