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PREFACE

The book is a collection of 28 articles (arXiv.org), which are devoted to the problem of strong
(mean-square) approximation of iterated Ito and Stratonovich stochastic integrals in the context of
numerical integration of Ito stochastic differential equations (SDEs) and non-commutative semilinear
stochastic partial differential equations (SPDEs) with nonlinear multiplicative trace class noise. The
presented monograph open a new direction in researching of iterated stochastic integrals and summa-
rizes the author’s research on the mentioned problem carried out in the period 1994–2023 (also see the
monograph: Kuznetsov D.F. Strong Approximation of Iterated Ito and Stratonovich Stochastic Inte-
grals. Application to Numerical Solution of Ito SDEs and Semilinear SPDEs. arXiv:2003.14184v46
[math.PR], 2023, 998 pp.).

For the first time we successfully use the generalized multiple Fourier series converging in the
sense of norm in Hilbert space L2([t, T ]

k) for the expansion and strong approximation of iterated Ito
stochastic integrals of arbitrary multiplicity k, k ∈ N (Chapter 1).

This result has been adapted for iterated Stratonovich stochastic integrals of multiplicities 1 to 6
for the Legendre polynomial system and the system of trigonometric functions (Chapter 2) as well as
for some other types of iterated stochastic integrals (Chapter 1).

Two theorems on expansions of iterated Stratonovich stochastic integrals of multiplicity k (k ∈ N)
based on generalized iterated Fourier series with the pointwise convergence are formulated and proved
(Chapter 2).

The integration order replacement technique for the class of iterated Ito stochastic integrals has
been introduced (Chapter 6). This result is generalized for the class of iterated stochastic integrals
with respect to martingales.

We derived the exact and approximate expressions for the mean-square approximation error of
iterated Ito stochastic integrals of multiplicity k, k ∈ N (Chapter 1). Furthermore, we provided a
significant practical material (Chapter 3) devoted to the expansions and approximations of specific
iterated Ito and Stratonovich stochastic integrals of multiplicities 1 to 6 from the Taylor–Ito and
Taylor–Stratonovich expansions (Chapter 4) using the system of Legendre polynomials and the system
of trigonometric functions.

The methods formulated in this book have been compared with some existing methods of strong
approximation of iterated Ito and Stratonovich stochastic integrals (Chapter 3).

The results of Chapter 1 were applied (Chapter 5) to the approximation of iterated stochastic
integrals with respect to the finite-dimensional approximation WM

t of the infinite-dimensional Q-
Wiener process Wt (for integrals of arbitrary multiplicity k, k ∈ N) and to the approximation
of iterated stochastic integrals with respect to the infinite-dimensional Q-Wiener process Wt (for
integrals of multiplicities 1 to 3).

Chapter 7 is devoted to the implementation of strong numerical methods with convergence orders
0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 (Chapter 4) for Ito SDEs with multidimensional non-commutative
noise based on the unified Taylor–Ito and Taylor–Stratonovich expansions (Chapter 4) and multi-
ple Fourier–Legendre series (Chapter 3). Algorithms for the implementation of these methods are
constructed and a package of programs on the Python programming language is presented. An im-
portant part of this software package, concerning the mean-square approximation of iterated Ito and
Stratonovich stochastic integrals of multiplicities 1 to 6 with respect to components of the multidi-
mensional Wiener process, is based on the method of generalized multiple Fourier series (Chapters
1–3). More precisely, we used the multiple Fourier–Legendre series converging in the sense of norm
in Hilbert space L2([t, T ]

k) (k = 1 . . . , 6) for the mean-square approximation of iterated Ito and
Stratonovich stochastic integrals.
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The importance of the problem of numerical integration of Ito SDEs and semilinear SPDEs is
explained by a wide range of their applications related to the construction of adequate mathemat-
ical models of dynamic systems of various physical nature under random disturbances and to the
application of these equations for solving various mathematical problems, among which we mention
signal filtering in the background of random noise, stochastic optimal control, stochastic stability,
evaluating the parameters of stochastic systems, etc.

It is well known that one of the effective and perspective approaches to the numerical integration
of Ito SDEs and semilinear SPDEs is an approach based on the stochastic analogues of the Taylor
formula for solutions of these equations. This approach uses the finite discretization of temporal
variable and performs numerical modeling of solutions of Ito SDEs and semilinear SPDEs in discrete
moments of time using stochastic analogues of the Taylor formula.

Speaking about Ito SDEs, note that the most important feature of the mentioned stochastic ana-
logues of the Taylor formula for solutions of Ito SDEs is a presence in them of the so-called iterated
Ito and Stratonovich stochastic integrals, which are the functionals of a complex structure with re-
spect to components of the multidimensional Wiener process. These iterated stochastic integrals are
subject for study in this book. The mentioned iterated Ito and Stratonovich stochastic integrals are
defined by the following formulas

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1

. . . dw
(ik)
tk

(Ito integrals),

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1

. . . dw
(ik)
tk

(Stratonovich integrals),

where ψl(τ) (l = 1, . . . , k) are nonrandom functions at the interval [t, T ] (as a rule, in the applications
they are identically equal to 1 or have a binomial form (see Chapter 4)), wτ is a random vector with

an m+ 1 components: w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ, f

(i)
τ (i = 1, . . . ,m) are independent

standard Wiener processes, i1, . . . , ik = 0, 1, . . . ,m.
Apparently, one of the first who began the study of such stochastic integrals (the case k = 2,

m = 2, ψ1(τ), ψ2(τ) ≡ 1, i1 = 1, i2 = 2) was Lévy, who introduced the concept of the so-called Lévy
stochastic area and studied its properties.

The above iterated stochastic integrals are the specific objects of the theory of stochastic processes.
From the one side, nonrandomness of weight functions ψl(τ) (l = 1, . . . , k) is the factor simplifying
their structure. From the other side, nonscalarity of the Wiener process fτ with independent com-

ponents f
(i)
τ (i = 1, . . . ,m) and the fact that the functions ψl(τ) (l = 1, . . . , k) are different for

various l (l = 1, . . . , k) are essential complicating factors of the structure of iterated stochastic in-
tegrals. Taking into account features mentioned above, we suppose that the systems of iterated Ito
and Stratonovich stochastic integrals play the extraordinary and perhaps the key role for solving the
problem of numerical integration of Ito SDEs.

A natural question arises: is it possible to construct a numerical scheme for Ito SDE that includes

only increments of the Wiener processes f
(i)
τ (i = 1, . . . ,m), but has a higher order of convergence

than the Euler method? It is known that this is impossible for m > 1 in the general case. This fact
is called the ”Clark–Cameron paradox” and explains the need to use iterated stochastic integrals for
constructing high-order numerical methods for Ito SDEs.

We want to mention in short that there are two main criteria of numerical methods convergence for
Ito SDEs: a strong or mean-square criterion and a weak criterion where the subject of approximation
is not the solution of Ito SDE, simply stated, but the distribution of Ito SDE solution. Both mentioned
criteria are independent, i.e. in general it is impossible to state that from the execution of strong
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criterion follows the execution of weak criterion and vice versa. Each of two convergence criteria is
oriented on the solution of specific classes of mathematical problems connected with Ito SDEs.

Numerical integration of Ito SDEs based on the strong convergence criterion of approximation is
widely used for the numerical simulation of sample trajectories of solutions to Ito SDEs (which is
required for constructing new mathematical models based on such equations and for the numerical
solution of different mathematical problems connected with Ito SDEs). Among these problems, we
note the following: signal filtering under influence of random noises in various statements (linear
Kalman–Bucy filtering, nonlinear optimal filtering, filtering of continuous time Markov chains with
a finite space of states, etc.), optimal stochastic control (including incomplete data control), testing
of estimation procedures of parameters of stochastic systems, stochastic stability and bifurcations
analysis.

Exact solutions of Ito SDEs and semilinear SPDEs are known in rather rare cases. Therefore, the
need arises to construct numerical procedures for solving these equations.

The problem of effective jointly numerical modeling (with respect to the mean-square convergence
criterion) of iterated Ito or Stratonovich stochastic integrals is very important and difficult from
theoretical and computing point of view.

Seems that iterated stochastic integrals may be approximated by multiple integral sums. However,
this approach implies the partitioning of the interval [t, T ] of integration for iterated stochastic inte-
grals. The length T − t of this interval is already fairly small (because it is a step of integration of
numerical methods for Ito SDEs) and does not need to be partitioned. Computational experiments
show that the application of numerical simulation for iterated stochastic integrals (in which the in-
terval of integration is partitioned) leads to unacceptably high computational cost and accumulation
of computation errors.

The problem of effective decreasing of the mentioned cost (in several times or even in several
orders) is very difficult and requires new complex investigations. The only exception is connected
with a narrow particular case, when i1 = . . . = ik 6= 0 and ψ1(τ), . . . , ψk(τ) ≡ ψ(τ). This case allows
the investigation with using of the Ito formula. In the more general case, when not all numbers
i1, . . . , ik are equal, the mentioned problem turns out to be more complex (it cannot be solved using
the Ito formula and requires more deep and complex investigation). Note that even for the case
i1 = . . . = ik 6= 0, but for different functions ψ1(τ), . . . , ψk(τ) the mentioned difficulties persist
and simple sets of iterated Ito and Stratonovich stochastic integrals, which can be often met in
the applications, cannot be expressed effectively in a finite form (with respect to the mean-square
approximation) using the system of standard Gaussian random variables. The Ito formula is also
useless in this case and as a result we need to use more complex but effective expansions.

Why the problem of the mean-square approximation of iterated stochastic integrals is so complex?
Firstly, the mentioned stochastic integrals (in the case of fixed limits of integration) are the random

variables, whose density functions are unknown in the general case. The exception is connected with
the narrow particular case which is the simplest iterated Ito stochastic integral with multiplicity 2
and ψ1(τ), ψ2(τ) ≡ 1; i1, i2 = 1, . . . ,m. Nevertheless, the knowledge of this density function not gives
a simple way for approximation of iterated Ito stochastic integral of multiplicity 2.

Secondly, we need to approximate not only one stochastic integral, but several iterated stochastic
integrals that are complexly dependent in a probabilistic sense.

Often, the problem of combined mean-square approximation of iterated Ito and Stratonovich sto-
chastic integrals occurs even in cases when the exact solution of Ito SDE is known. It means that even
if you know the solution of Ito SDE exactly, you cannot model it numerically without the combined
numerical modeling of iterated stochastic integrals.

Note that for a number of special types of Ito SDEs the problem of approximation of iterated
stochastic integrals may be simplified but cannot be solved. Equations with additive vector noise,
with non-additive scalar noise, with additive scalar noise, with a small parameter are related to such
types of equations. In these cases, simplifications are connected to the fact that some members from
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stochastic Taylor expansions are equal to zero or we may neglect some members from these expansions
due to the presence of a small parameter.

Furthermore, the problem of combined numerical modeling (with respect to the mean-square con-
vergence criterion) of iterated Ito and Stratonovich stochastic integrals is rather new.

One of the main and unexpected achievements of this book is the successful usage of functional
analysis methods (more concretely, we mean generalized multiple and iterated Fourier series (con-
vergence in L2([t, T ]

k) and pointwise correspondently) through various systems of basis functions) in
this scientific field.

The problem of combined numerical modeling (with respect to the mean-square convergence cri-
terion) of systems of iterated Ito and Stratonovich stochastic integrals was systematically analyzed
in the context of the problem of numerical integration of Ito SDEs in the following monographs:

[I] Milstein G.N. Numerical integration of stochastic differential equations. Kluwer. 1995 (Russian Ed.
1988).

[II] Kloeden P.E., Platen E. Numerical solution of stochastic differential equations. Springer-Verlag.
Berlin. 1992 (2nd Ed. 1995, 3rd Ed. 1999).

[III] Milstein G.N., Tretyakov M. V. Stochastic numerics for mathematical physics. Springer-Verlag.
Berlin. 2004.

[IV] Kuznetsov D.F. Stochastic Differential Equations: Theory and Practice of Numerical Solution.
Polytechnical University Publ. St.-Petersburg. 2007. DOI: http://doi.org/10.18720/SPBPU/2/s17-228

2nd Ed. 2007. DOI: http://doi.org/10.18720/SPBPU/2/s17-229

3rd Ed. 2009. DOI: http://doi.org/10.18720/SPBPU/2/s17-230

4th Ed. 2010. DOI: http://doi.org/10.18720/SPBPU/2/s17-231

5th Ed. 2017. Published online, El. J. Differential Equations and Control Processes, no. 2, 2017, P.
A.1-A.1000. Available at: http://diffjournal.spbu.ru/EN/numbers/2017.2/article.2.1.html

6th Ed. 2018. Published online, El. J. Differential Equations and Control Processes, no. 4, 2018, P.
A.1-A.1073. Available at: http://diffjournal.spbu.ru/EN/numbers/2018.4/article.2.1.html

Note that the initial version of the book [IV] has been published in 2006:

[IV*] Kuznetsov D.F. Numerical Integration of Stochastic Differential Equations. 2. Polytechnical
University Publ. St.-Petersburg, 2006. DOI: http://doi.org/10.18720/SPBPU/2/s17-227

We also mention the monograph:

[V] Kuznetsov D.F. Strong Approximation of Iterated Ito and Stratonovich Stochastic Integrals. Appli-
cation to Numerical Solution of Ito SDEs and Semilinear SPDEs. arXiv:2003.14184v46 [math.PR], 2023,
998 pp.

The books [I] and [III] analyze the problem of the mean-square approximation of iterated stochastic
integrals only for two simplest iterated Ito stochastic integrals of 1st and 2nd multiplicities (k = 1
and 2, ψ1(τ) and ψ2(τ) ≡ 1) for the multidimensional case: i1, i2 = 0, 1, . . . ,m. In addition, the
main idea is based on the expansion of the so-called Brownian bridge process into the trigonometric
Fourier series (version of the so-called Karhunen–Loève expansion). This method is called in [I] and
[III] as the Fourier method.
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In [II] using the Fourier method [I], the attempt was made to obtain the mean-square approximation
of elementary iterated stochastic integrals of multiplicities 1 to 3 (k = 1, . . . , 3, ψ1(τ), . . . , ψ3(τ) ≡ 1)
for the multidimensional case: i1, . . . , i3 = 0, 1, . . . ,m. However, as we can see in the presented book,
the results of the monograph [II], related to the mean-square approximation of iterated stochastic
integrals of 3rd multiplicity, cause a number of critical remarks (see discussion in Sect. 2.8).

The main purpose of this book is to construct and develop newer and more effective methods
(than presented in the books [I]–[III]) of combined mean-square approximation of iterated Ito and
Stratonovich stochastic integrals.

Talking about the history of solving the problem of combined mean-square approximation of iter-
ated stochastic integrals, we note that the idea to find a basis of random variables using which we
may represent iterated stochastic integrals turned out to be useful. This idea was transformed several
times during last decades.

Attempts to approximate the iterated stochastic integrals using various integral sums were made
until 1980s and later, i.e. the interval of integration [t, T ] of the stochastic integral was divided into
n parts and the iterated stochastic integral was represented approximately by the multiple integral
sum, which included the system of independent standard Gaussian random variables whose numerical
modeling is not a problem.

However, as we noted above, it is obvious that the length T − t of integration interval [t, T ] of the
iterated stochastic integrals is a step of integration of numerical methods for Ito SDEs, which is already
a rather small value even without the additional splitting. Numerical experiments demonstrate that
such approach results in drastic increasing of computational costs accompanied by the growth of
multiplicity of the stochastic integrals (beginning from 2nd and 3rd multiplicity) that is necessary
for construction of high-order strong numerical methods for Ito SDEs or in the case of decrease of
integration step of numerical methods, and thereby it is almost useless for practice.

The new step for solution of the problem of combined mean-square approximation of iterated
stochastic integrals was made by Milstein G.N. in his monograph [I] (1988). He proposed to use the
trigonometric Fourier expansion of the Brownian bridge process (version of the so-called Karhunen–
Loève expansion) for expansion of iterated stochastic integrals. Using this method, the expansions of
two simplest iterated Ito stochastic integrals of 1st and 2nd multiplicities into the series of products
of standard Gaussian random variables were obtained and their mean-square convergence was proved
[I].

As we noted above, the attempt to develop this idea together with the Wong–Zakai approximation
was made in the monograph [II] (1992), where the expansions of simplest iterated Stratonovich
stochastic integrals of multiplicities 1 to 3 were obtained. However, due to a number of limitations
and technical difficulties which are typical for the method [I], in [II] and following publications this
problem was not solved more completely. In addition, the author has reasonable doubts about
application of the Wong–Zakai approximation for the iterated stochastic integrals of 3rd multiplicity
in the monograph [II] (see discussion in Sect. 2.8).

It is necessary to note that the computational cost for the method [I] is significantly less than for
the method of multiple integral sums.

Regardless of the method [I] positive features, the number of its limitations are also outlined.
Among them let us mention the following.

1. The absence of explicit formula for calculation of expansion coefficients for iterated stochastic
integrals.

2. The practical impossibility of exact calculation of the mean-square approximation error of it-
erated stochastic integrals with the exception of simplest integrals of 1st and 2nd multiplicity (as
a result, it is necessary to consider redundant terms of expansions and it results to the growth of
computational cost and complication of the numerical methods for Ito SDEs).

3. There is a hard limitation on the system of basis functions — it may be only the trigonometric
functions.
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4. There are some technical problems if we use this method for iterated stochastic integrals whose
multiplicity is greater than 2nd.

Nevertheless, it should be noted that the analyzed method is a concrete step forward in this
scientific field.

The author thinks that the method presented by him in [IV], [V] (for the first time this method
is appeared in the final form in [IV*] (2006)) and in this book (hereafter this method is reffered to
as the method of generalized multiple Fourier series) is a breakthrough in solution of the problem of
combined mean-square approximation of iterated Ito stochastic integrals.

The idea of this method is as follows: the iterated Ito stochastic integral of multiplicity k (k ∈ N)
is represented as the multiple stochastic integral from the certain discontinuous nonrandom function
of k variables defined on the hypercube [t, T ]k, where [t, T ] is the interval of integration of the iterated
Ito stochastic integral. Then, the mentioned nonrandom function of k variables is expanded in the
hypercube [t, T ]k into the generalized multiple Fourier series converging in the mean-square sense
in the space L2([t, T ]

k). After a number of nontrivial transformations we come to the mean-square
converging expansion of the iterated Ito stochastic integral into the multiple series of products of
standard Gaussian random variables. The coefficients of this series are the coefficients of generalized
multiple Fourier series for the mentioned nonrandom function of k variables, which can be calculated
using the explicit formula regardless of the multiplicity k of the iterated Ito stochastic integral.

As a result, we obtain the following new possibilities and advantages in comparison with the Fourier
method [I].

1. There is an explicit formula for calculation of expansion coefficients of iterated Ito stochastic
integral with any fixed multiplicity k. In other words, we can calculate (without any preliminary
and additional work) the expansion coefficient with any fixed number in the expansion of iterated
Ito stochastic integral of the preset fixed multiplicity. At that, we do not need any knowledge
about coefficients with other numbers or about other iterated Ito stochastic integrals included in the
considered set.

2. We have new possibilies for obtainment the exact and approximate expressions for the mean-
square approximation errors of iterated Ito stochastic integrals. These possibilities are realized by
the exact and estimate formulas for the mentioned mean-square approximation errors. As a result,
we would not need to consider redundant terms of expansions that may complicate approximations
of iterated Ito stochastic integrals.

3. Since the used multiple Fourier series is a generalized in the sense that it is built using various
complete orthonormal systems of functions in the space L2([t, T ]

k), we have new possibilities for ap-
proximation — we can use not only the trigonometric functions as in [I] but the Legendre polynomials
as well as the systems of Haar and Rademacher–Walsh functions.

4. As it turned out, it is more convenient to work with Legendre polynomials for approximation
of iterated Ito stochastic integrals. The approximations themselves are simpler than their analogues
based on the system of trigonometric functions. For the systems of Haar and Rademacher–Walsh
functions the expansions of iterated stochastic integrals become too complex and ineffective for prac-
tice [IV].

5. The question about what kind of functions (polynomial or trigonometric) is more convenient in
the context of computational costs for approximation turns out to be nontrivial, since it is necessary
to compare approximations not for one stochastic integral but for several stochastic integrals at the
same time. At that there is a possibility that computational costs for some integrals will be smaller
for the system of Legendre polynomials and for others — for the system of trigonometric functions.
The author proved (see Sect. 3.2 in this book) that the computational costs are significantly less for
the system of Legendre polynomials at least in the case of approximation of the special set of iterated
Ito stochastic integrals, which are necessary for the implementation of strong numerical methods for
Ito SDEs with the order of convergence γ = 1.5. In addition, the author supposes that this effect will
be more impressive when analyzing more complex sets of iterated Ito stochastic integrals (γ = 2.0,
2.5, 3.0, . . .). This supposition is based on the fact that the polynomial system of functions has the
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significant advantage (in comparison with the trigonometric system of functions) in approximation
of iterated Ito stochastic integrals for which not all weight functions are equal to 1.

6. The Milstein approach [I] for approximation of iterated Ito stochastic integrals leads to iterated
applicaton of the operation of limit transition (in contrast with the method of generalized multiple
Fourier series, for which the operation of limit transition is implemented only once) starting at least
from the second or third multiplicity of iterated Ito stochastic integrals (we mean at least double
or triple integration with respect to components of the multidimensional Wiener process). Multiple
series are more preferential for approximation than the iterated ones, since the partial sums of multiple
series converge for any possible case of joint converging to infinity of their upper limits of summation
(let us denote them as p1, . . . , pk). For example, when p1 = . . . = pk = p → ∞. For iterated series,
the condition p1 = . . . = pk = p → ∞ obviously does not guarantee the convergence of this series.
However, in [II] the authors use (without rigorous proof) the condition p1 = p2 = p3 = p→ ∞ within
the frames of the Milstein approach [I] together with the Wong–Zakai approximation (see discussion
in Sect. 2.8).

7. The convergence in the mean of degree 2n (n ∈ N) as well as the convergence with probability
1 of approximations from the method of generalized multiple Fourier series are proved.

8. The method of generalized multiple Fourier series has been applied for some other types of
iterated stochastic integrals (iterated stochastic integrals with respect to martingale Poisson random
measures and iterated stochastic integrals with respect to martingales) as well as for approximation
of iterated stochastic integrals with respect to the infinite-dimensional Q-Wiener process.

9. Another modification of the method of generalized multiple Fourier series is connected with the
application of complete orthonormal with weight r(t1) . . . r(tk) ≥ 0 systems of functions in the space
L2([t, T ]

k).
10. As it turned out, the method of generalized multiple Fourier series can be adapted for iterated

Stratonovich stochastic integrals of multiplicities 1 to 6 (see Chapter 2).
11. The results of Chapters 1 and 2 can be considered from the point of view of the Wong–

Zakai approximation for the case of a multidimensional Wiener process and the Wiener process
approximation based on its series expansion using Legendre polynomials and trigonometric functions
(see discussion in Sect. 2.8). These results overcome a number of difficulties that were noted above
and relate to the Fourier method [I].

Iterated stochastic integrals are a fundamental tool for describing and studying the dynamics of
various types of stochastic equations. In recent years and decades, numerical methods of high orders
of accuracy have been constructed using iterated stochastic integrals not only for Ito SDEs, but
also for SDEs with jumps, SPDEs with multiplicative trace class noise, McKean SDEs, SDEs with
switchings, mean-field SDEs, Ito–Volterra stochastic integral equations, etc.

Dmitriy F. Kuznetsov November, 2023
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Basic Notations

N set of natural numbers

R, R1 set of real numbers

R
n n-dimensional Euclidean space

n! 1 · 2 · . . . · n for n ∈ N (0! = 1)

(2n− 1)!! 1 · 3 · . . . · (2n− 1) for n ∈ N

def
= equal by definition

≡ identically equal to

Cm
n binomial coefficient n!/(m!(n−m)!)

∅ empty set

1A indicator of the set A

x ∈ X x is an element of the set X

X
⋃
Y union of sets X and Y

X × Y Cartesian product of sets X and Y

lim
n→∞

lim sup
n→∞

lim
n→∞

lim inf
n→∞

x≪ y x much less than y

[x] largest integer number not exceeding x

|x| absolute value of the real number x

F : X → Y function F from X into Y

A(ij) ijth element of the matrix A

Ai ith colomn of the matrix A

x(i) ith component of the vector x ∈ R
n

13



O(x) expression being divided by x remains bounded as x→ 0

∑
(i1,...,ik)

sum with respect to all possible permutations (i1, . . . , ik)

M{ξ} expectation of ξ

M{ξ|F} conditional expectation of ξ with respect to F

ξ ∼ N(m,σ2) Gaussian random variable ξ with expectation m and vari-
ance σ2

l.i.m.
n→∞

limit in the mean square sense

B(X) σ-algebra of Borel subsets of X

ft scalar standard Wiener process

ft vector standard Wiener process with independent compo-

nents f
(i)
t , i = 1, . . . ,m

w. p. 1 with probability 1

wt vector with components w
(i)
t , i = 0, 1, . . . ,m and property

w
(i)
t = f

(i)
t for i = 1, . . . ,m and w

(0)
t = t

∂F

∂x(i)
partial derivative of F : Rn → R

∂2F

∂x(i)∂x(j)
2nd order partial derivative of F : Rn → R

T∫

t

. . . dw(i)
τ

Ito stochastic integral

∗∫

t

T

. . . dw(i)
τ

Stratonovich stochastic integral

Wt Q-Wiener process

J [ψ(k)]T,t, I
(i1...ik)
(l1...lk)T,t

iterated Ito stochastic integrals

J∗[ψ(k)]T,t, I
∗(i1...ik)
(l1...lk)T,t

iterated Stratonovich stochastic integrals

J [ψ(k)]p1,...,pk

T,t , I
(i1...ik)p
(l1...lk)T,t

approximations of iterated Ito stochastic integrals

J∗[ψ(k)]pT,t, I
∗(i1...ik)p
(l1...lk)T,t

approximations of iterated Stratonovich stochastic integrals

L2(D) Hilbert space of square integrable functions on D
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‖·‖L2(D) norm in the Hilbert space L2(D)

tr A trace of the operator A

‖·‖H norm in the Hilbert space H

〈u, v〉H scalar product in the Hilbert space H

LHS(U,H) space of Hilbert–Schmidt operators from U to H

‖·‖LHS(U,H) operator norm in the space of Hilbert–Schmidt operators
from U to H

T∫

t

. . . dWτ stochastic integral with respect to the Q-Wiener process

J ′[Φ]
(k)
T,t, J ′[Φ]

(i1...ik)
T,t multiple Wiener stochastic integrals

J [Φ]
(k)
T,t, J [Φ]

(i1...ik)
T,t multiple Stratonovich stochastic integrals

Pn(x) Legendre polynomials

Hn(x), hn(x) Hermite polynomials

Hn(x, y) polynomials related to the Hermite polynomials

(a1, . . . , an) ordered set with elements a1, . . . , an

{a1, . . . , an} unordered set with elements a1, . . . , an

15



Chapter 1.

Method of Expansion and Approximation

of Iterated Ito Stochastic Integrals

Based on Generalized Multiple

Fourier Series
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EXPANSION OF ITERATED ITO STOCHASTIC INTEGRALS OF ARBITRARY

MULTIPLICITY BASED ON GENERALIZED MULTIPLE FOURIER SERIES

CONVERGING IN THE MEAN

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the expansions of iterated Ito stochastic integrals based
on generalized multiple Fourier series converging in the sense of norm in the space L2([t, T ]

k),
k ∈ N. The method of generalized multiple Fourier series for expansion and mean-square
approximation of iterated Ito stochastic integrals of arbitrary multiplicity k (k ∈ N) with
respect to components of the multidimensional Wiener process is proposed and developed.
The obtained expansions contain only one operation of the limit transition in contrast to
its existing analogues. In the article it is also obtained the generalization of the proposed
method for an arbitrary complete orthonormal systems of functions in the space L2([t, T ]

k),
k ∈ N as well as for complete orthonormal with weight r(t1) . . . r(tk) systems of functions

in the space L2([t, T ]
k), k ∈ N. The comparison of the considered method with the well-

known expansions of iterated Ito stochastic integrals based on the Ito formula and Hermite
polynomials is given. The convergence in the mean of degree 2n (n ∈ N) and with probability
1 of the proposed method is proved.
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1. Introduction

The idea of representing of iterated Ito and Stratonovich stochastic integrals in the form of
multiple stochastic integrals from specific discontinuous nonrandom functions of several variables
and following expansion of these functions using multiple Fourier series in order to get effective
mean-square approximations of the mentioned stochastic integrals was proposed and developed in a
lot of publications of the author [1]-[59] (also see related publications [60], [61]). Note that another
approaches to expansions of iterated stochastic integrals can be found in [62]-[76]. Specifically, the
approach [1]-[59] appeared for the first time in [1] (1994), [2] (1996). In these works the mentioned
idea is formulated more likely at the level of guess (without any satisfactory grounding), and as a
result the papers [1], [2] contain rather fuzzy formulations and a number of incorrect conclusions. Note
that in [1], [2] we used the trigonometric multiple Fourier series converging in the sence of norm in
the space L2([t, T ]

k), k = 1, 2, 3. In the final form the approach from [1], [2] has been formulated and
proved for the first time in the monograph [7] (2006) (see Theorem 1 below). It should be noted that
the results of [1], [2] are correct for a sufficiently narrow particular case when the numbers i1, ..., ik
are pairwise different, i1, . . . , ik = 1, . . . ,m (see Sect. 2 for detail).

Usage of Fourier series with respect to the system of Legendre polynomials for approximation of
iterated stochastic integrals took place for the first time in [3] (1997) [4] (1998), [5] (2000) [6] (2001)
(also see [7]-[61]).

The question about what integrals (Ito or Stratonovich) are more suitable for expansions within the
frames of the considered direction of researches has turned out to be rather interesting and difficult.

On the one side, Theorem 1 (see Sect. 2) conclusively demonstrates that the structure of iterated
Ito stochastic integrals is rather convenient for expansions into multiple series with respect to the
system of standard Gaussian random variables regardless of the multiplicity k of iterated Ito stochastic
integrals.
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EXPANSION OF ITERATED ITO STOCHASTIC INTEGRALS 3

On the other side, the results of [3]-[6], [11]-[25], [27]-[33], [35], [37]-[39], [41]-[44], [50]-[55] con-
vincingly testify that there is a doubtless relation between multiplier factor 1/2, which is typical for
Stratonovich stochastic integral and included into the sum, connecting Stratonovich and Ito stochastic
integrals, and the fact that in the point of finite discontinuity of piecewise smooth function f(x) its
Fourier series converges to the value (f(x − 0) + f(x + 0))/2. In addition, as it is demonstrated
in [12]-[25], [27]-[33], [35], [37]-[39], [41]-[44], [50]-[55] the final formulas for expansions of iterated
Stratonovich stochastic integrals (of mutiplicities 1 to 5 in the general case and of multiplicity 6 in
particular case but for the case of a multidimentional Wiener process) are more compact than their
analogues for iterated Ito stochastic integrals.

2. Theorem on Expansion of Iterated Ito Stochastic Integrals of Arbitrary
Multiplicity k (k ∈ N)

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let ft be a standard m-dimensional Wiener stochastic process, which is

Ft-measurable for any t ∈ [0, T ]. We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent.
Let us consider the following iterated Ito stochastic integrals

(1) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where every ψl(τ) (l = 1, . . . , k) is a nonrandom function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m.
Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function on the interval [t, T ]

(the case ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) will be considered in Sect. 15).
Define the following function on the hypercube [t, T ]k

(2) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

=

k∏

l=1

ψl(tl)

k−1∏

l=1

1{tl<tl+1},

where t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ]. Here 1A denotes the indicator of
the set A.

Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) is piecewise continuous in the hypercube [t, T ]k. At this situation it is
well known that the generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]

k) is converging to
K(t1, . . . , tk) in the hypercube [t, T ]k in the mean-square sense, i.e.

(3) lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,
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4 D.F. KUZNETSOV

where

(4) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient and

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of the interval [t, T ] such that

(5) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [7] (2006) [8]-[59]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom

function on the interval [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous func-

tions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(6) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk

)

,

where

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(7) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (4), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval

[t, T ] satisfying the condition (5).

Proof. At first, let us prove preparatory lemmas.

Lemma 1. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function on the

interval [t, T ]. Then
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EXPANSION OF ITERATED ITO STOCHASTIC INTEGRALS 5

(8) J [ψ(k)]T,t = l.i.m.
N→∞

N−1∑

jk=0

. . .

j2−1
∑

j1=0

k∏

l=1

ψl(τjl)∆w
(il)
τjl

w. p. 1,

where ∆w
(i)
τj = w

(i)
τj+1 − w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval [t, T ] satisfying

the condition (5), hereinafter w. p. 1 means "with probability 1".

Proof. It is easy to notice that using the additive property of stochastic integrals, we can write

(9) J [ψ(k)]T,t =

N−1∑

jk=0

. . .

j2−1
∑

j1=0

k∏

l=1

J [ψl]τjl+1,τjl
+ εN w. p. 1,

where

εN =

N−1∑

jk=0

τjk+1∫

τjk

ψk(s)

s∫

τjk

ψk−1(τ)J [ψ
(k−2) ]τ,tdw

(ik−1)
τ dw(ik)

s +

+

k−3∑

r=1

G[ψ
(k)
k−r+1]N

jk−r+1−1
∑

jk−r=0

τjk−r+1
∫

τjk−r

ψk−r(s)

s∫

τjk−r

ψk−r−1(τ)J [ψ
(k−r−2)]τ,tdw

(ik−r−1)
τ dw(ik−r)

s +

+G[ψ
(k)
3 ]N

j3−1
∑

j2=0

J [ψ(2)]τj2+1,τj2
,

G[ψ(k)
m ]N =

N−1∑

jk=0

jk−1
∑

jk−1=0

. . .

jm+1−1
∑

jm=0

k∏

l=m

J [ψl]τjl+1,τjl
,

J [ψl]s,θ =

s∫

θ

ψl(τ)dw
(il)
τ ,

(ψm, ψm+1, . . . , ψk)
def
= ψ(k)

m , (ψ1, . . . , ψk)
def
= ψ

(k)
1 = ψ(k).

Using the standard estimates (22) for moments of stochastic integrals, we obtain w. p. 1

(10) l.i.m.
N→∞

εN = 0.

Comparing (9) and (10), we get

(11) J [ψ(k)]T,t = l.i.m.
N→∞

N−1∑

jk=0

. . .

j2−1
∑

j1=0

k∏

l=1

J [ψl]τjl+1,τjl
w. p. 1.

Let us rewrite J [ψl]τjl+1,τjl
in the form
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6 D.F. KUZNETSOV

J [ψl]τjl+1,τjl
= ψl(τjl)∆w

(il)
τjl

+

τjl+1∫

τjl

(ψl(τ) − ψl(τjl))dw
(il)
τ

and substitute it into (11). Then, due to the moment properties of stochastic integrals and continuity
(which means uniform continuity) of the functions ψl(s) (l = 1, . . . , k) it is easy to see that the prelimit
expression on the right-hand side of (11) is a sum of the prelimit expression on the right-hand side
of (8) and the value which tends to zero in the mean-square sense if N → ∞. Lemma 1 is proved.

Remark 1. It is easy to see that if ∆w
(il)
τjl

in (8) for some l ∈ {1, . . . , k} is replaced with
(

∆w
(il)
τjl

)p

(p = 2, il 6= 0), then the differential dw
(il)
tl

in the integral J [ψ(k)]T,t will be replaced with dtl. If

p = 3, 4, . . . , then the right-hand side of the formula (8) will become zero w. p. 1. If we replace ∆w
(il)
τjl

in (8) for some l ∈ {1, . . . , k} with (∆τjl)
p
(p = 2, 3, . . .), then the right-hand side of the formula (8)

also will be equal to zero w. p. 1.

Let us define the following multiple stochastic integral

(12) l.i.m.
N→∞

N−1∑

j1,...,jk=0

Φ (τj1 , . . . , τjk)

k∏

l=1

∆w
(il)
τjl

def
= J [Φ]

(k)
T,t.

Denote

(13) Dk = {(t1, . . . , tk) : t ≤ t1 < . . . < tk ≤ T }.

We will use the same symbol Dk to denote the open and closed domains corresponding to the
domain Dk defined by (13). However, we always specify what domain we consider (open or closed).

Also we will write Φ(t1, . . . , tk) ∈ C(Dk) if Φ(t1, . . . , tk) is a continuous nonrandom function of k
variables in the closed domain Dk.

Let us consider the iterated Ito stochastic integral

(14) I[Φ]
(k)
T,t

def
=

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk ,

where Φ(t1, . . . , tk) ∈ C(Dk).
Using the arguments which similar to the arguments used for the proof of Lemma 1 it is easy to

demonstrate that if Φ(t1, . . . , tk) ∈ C(Dk), then the following equality is fulfilled

(15) I[Φ]
(k)
T,t = l.i.m.

N→∞

N−1∑

jk=0

. . .

j2−1
∑

j1=0

Φ(τj1 , . . . , τjk)

k∏

l=1

∆w
(il)
τjl

w. p. 1.

In order to explain, let us check the correctness of the equality (15) when k = 3. For definiteness
we will suggest that i1, i2, i3 = 1, . . . ,m. We have

I[Φ]
(3)
T,t

def
=

T∫

t

t3∫

t

t2∫

t

Φ(t1, t2, t3)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 =
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= l.i.m.
N→∞

N−1∑

j3=0

τj3∫

t

t2∫

t

Φ(t1, t2, τj3)dw
(i1)
t1 dw

(i2)
t2 ∆w

(i3)
τj3

=

= l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

τj2+1∫

τj2

t2∫

t

Φ(t1, t2, τj3)dw
(i1)
t1 dw

(i2)
t2 ∆w

(i3)
τj3

=

= l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

τj2+1∫

τj2






τj2∫

t

+

t2∫

τj2




Φ(t1, t2, τj3)dw

(i1)
t1 dw

(i2)
t2 ∆w

(i3)
τj3

=

= l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

τj2+1∫

τj2

τj1+1∫

τj1

Φ(t1, t2, τj3)dw
(i1)
t1 dw

(i2)
t2 ∆w

(i3)
τj3

+

(16) +l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

τj2+1∫

τj2

t2∫

τj2

Φ(t1, t2, τj3)dw
(i1)
t1 dw

(i2)
t2 ∆w

(i3)
τj3

.

Let us demonstrate that the second limit on the right-hand side of (16) equals to zero.
Actually, the second moment of its prelimit expression equals to

N−1∑

j3=0

j3−1
∑

j2=0

τj2+1∫

τj2

t2∫

τj2

Φ2(t1, t2, τj3)dt1dt2∆τj3 ≤M2
N−1∑

j3=0

j3−1
∑

j2=0

1

2
(∆τj2 )

2
∆τj3 → 0

if N → ∞. Here M is a constant, which restricts the module of function Φ(t1, t2, t3) due to its
continuity, ∆τj = τj+1 − τj .

Considering the obtained conclusions, we have

I[Φ]
(3)
T,t

def
=

T∫

t

t3∫

t

t2∫

t

Φ(t1, t2, t3)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 =

= l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

τj2+1∫

τj2

τj1+1∫

τj1

Φ(t1, t2, τj3)dw
(i1)
t1 dw

(i2)
t2 ∆w

(i3)
τj3

=

= l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

τj2+1∫

τj2

τj1+1∫

τj1

(Φ(t1, t2, τj3)− Φ(t1, τj2 , τj3 )) dw
(i1)
t1 dw

(i2)
t2 ∆w

(i3)
τj3

+

+l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

τj2+1∫

τj2

τj1+1∫

τj1

(Φ(t1, τj2 , τj3)− Φ(τj1 , τj2 , τj3)) dw
(i1)
t1 dw

(i2)
t2 ∆w

(i3)
τj3

+
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(17) +l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

Φ(τj1 , τj2 , τj3)∆w
(i1)
τj1

∆w
(i2)
τj2

∆w
(i3)
τj3

.

In order to get the sought result, we just have to demonstrate that the first two limits on the
right-hand side of (17) equal to zero. Let us prove that the first one of them equals to zero (proof for
the second limit is similar).

The second moment of a prelimit expression of the first limit on the right-hand side of (17) equals
to the following expression

(18)

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

τj2+1∫

τj2

τj1+1∫

τj1

(Φ(t1, t2, τj3)− Φ(t1, τj2 , τj3 ))
2
dt1dt2∆τj3 .

Since the function Φ(t1, t2, t3) is continuous in the closed bounded domain D3, then it is uniformly
continuous in this domain. Therefore, if the distance between two points of the domain D3 is less
than δ(ε) (δ(ε) > 0 exists for any ε > 0 and it does not depend on mentioned points), then the
corresponding oscillation of the function Φ(t1, t2, t3) for these two points of the domain D3 is less
than ε.

If we assume that ∆τj < δ(ε) (j = 0, 1, . . . , N − 1), then the distance between points (t1, t2, τj3),
(t1, τj2 , τj3) is obviously less than δ(ε). In this case

|Φ(t1, t2, τj3)− Φ(t1, τj2 , τj3 )| < ε.

Consequently, when ∆τj < δ(ε) (j = 0, 1, . . . , N − 1) the expression (18) is evaluated by the
following value

ε2
N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

∆τj1∆τj2∆τj3 < ε2
(T − t)3

6
.

Therefore, the first limit on the right-hand side of (17) equals to zero. Similarly we can prove
equality to zero of the second limit on the right-hand side of (17).

Consequently, the equality (15) is proved for k = 3. The cases k = 2 and k > 3 are analyzed
absolutely similarly.

It is necessary to note that the proof of correctness of (15) is similar when the nonrandom function
Φ(t1, . . . , tk) is continuous in the open domain Dk and bounded at its boundary.

Let us consider the following multiple stochastic integral

(19) l.i.m.
N→∞

N−1∑

j1,...,jk=0
jq 6=jr ; q 6=r; q,r=1,...,k

Φ (τj1 , . . . , τjk)

k∏

l=1

∆w
(il)
τjl

def
= J ′[Φ]

(k)
T,t.

Then, according to (15) we will get the following

(20) J ′[Φ]
(k)
T,t =

T∫

t

. . .

t2∫

t

∑

(t1,...,tk)

(

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

)

,
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where
∑

(t1,...,tk)

means the sum with respect to all possible permutations (t1, . . . , tk). At the same time permutations
(t1, . . . , tk) when summing are performed in (20) only in the expression, which is enclosed in parenthe-
ses. Moreover, the nonrandom function Φ(t1, . . . , tk) is assumed to be continuous in the corresponding
closed domains of integration. The case when the nonrandom function Φ(t1, . . . , tk) is continuous in
the open domains of integration and bounded at their boundaries is also possible.

It is not difficult to see that (20) can be rewritten in the form

(21) J ′[Φ]
(k)
T,t =

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk ,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk .

At the same time the indexes near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik).

Let us consider the class M2([0, T ]) of functions ξ : [0, T ] × Ω → R, which are measurable in
accordance with the collection of variables (t, ω) and Ft-measurable for all t ∈ [0, T ]. Moreover,
ξ(τ, ω) is independent with increments ft+∆ − ft for t ≥ τ (∆ > 0),

T∫

0

M
{
ξ2(t, ω)

}
dt <∞,

and M{ξ2(t, ω)} <∞ for all t ∈ [0, T ].
It is well known [77] that the Ito stochastic integral exists in the mean-square sence for any

ξ ∈ M2([0, T ]). Further, we will denote ξ(τ, ω) as ξτ .

Lemma 2. Suppose that Φ(t1, . . . , tk) ∈ C(Dk) or Φ(t1, . . . , tk) is a continuous nonrandom

function in the open domain Dk and bounded at its boundary. Then

M

{∣
∣
∣
∣
I[Φ]

(k)
T,t

∣
∣
∣
∣

2}

≤ Ck

T∫

t

. . .

t2∫

t

Φ2(t1, . . . , tk)dt1 . . . dtk, Ck <∞,

where I[Φ]
(k)
T,t is defined by the formula (14).

Proof. Using standard properties and moments estimates of stochastic integrals, we have for
ξτ ∈ M2([t, T ]) [77]

(22) M







∣
∣
∣
∣
∣
∣

T∫

t

ξτdfτ

∣
∣
∣
∣
∣
∣

2






=

T∫

t

M{|ξτ |2}dτ, M







∣
∣
∣
∣
∣
∣

T∫

t

ξτdτ

∣
∣
∣
∣
∣
∣

2






≤ (T − t)

T∫

t

M{|ξτ |2}dτ.

Let us denote
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ξ[Φ]
(l)
tl+1,...,tk,t

=

tl+1∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(il)
tl
,

where l = 1, . . . , k − 1 and

ξ[Φ]
(0)
t1,...,tk,t

def
= Φ(t1, . . . , tk).

In accordance with the induction it is easy to demonstrate that

ξ[Φ]
(l)
tl+1,...,tk,t

∈ M2([t, T ])

with respect to the variable tl+1. Further, using the estimates (22) repeatedly we obtain the statement
of Lemma 2.

It is not difficult to see that in the case i1, . . . , ik = 1, . . . ,m from the proof of Lemma 2 we obtain

(23) M

{∣
∣
∣
∣
I[Φ]

(k)
T,t

∣
∣
∣
∣

2}

=

T∫

t

. . .

t2∫

t

Φ2(t1, . . . , tk)dt1 . . . dtk.

Lemma 3. Suppose that every ϕl(s) (l = 1, . . . , k) is a continuous nonrandom function on the

interval [t, T ]. Then

(24)

k∏

l=1

J [ϕl]T,t = J [Φ]
(k)
T,t w. p. 1,

where

J [ϕl]T,t =

T∫

t

ϕl(s)dw
(il)
s , Φ(t1, . . . , tk) =

k∏

l=1

ϕl(tl)

and the integral J [Φ]
(k)
T,t is defined by the equality (12).

Proof. Let at first il 6= 0, l = 1, . . . , k. Denote

J [ϕl]N
def
=

N−1∑

j=0

ϕl(τj)∆w
(il)
τj .

Since
k∏

l=1

J [ϕl]N −
k∏

l=1

J [ϕl]T,t =

(25) =

k∑

l=1

(
l−1∏

g=1

J [ϕg]T,t

)(

J [ϕl]N − J [ϕl]T,t

)




k∏

g=l+1

J [ϕg]N



 ,
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then because of the Minkowski inequality and the inequality of Cauchy-Bunyakovsky we obtain

(26)



M







∣
∣
∣
∣
∣

k∏

l=1

J [ϕl]N −
k∏

l=1

J [ϕl]T,t

∣
∣
∣
∣
∣

2










1/2

≤ Ck

k∑

l=1

(

M

{∣
∣
∣
∣
J [ϕl]N − J [ϕl]T,t

∣
∣
∣
∣

4
})1/4

,

where Ck is a constant.
Note that

J [ϕl]N − J [ϕl]T,t =
N−1∑

j=0

J [∆ϕl]τj+1,τj , J [∆ϕl]τj+1,τj =

τj+1∫

τj

(ϕl(τj)− ϕl(s)) dw
(il)
s .

Since J [∆ϕl]τj+1,τj are independent for various j, then [78]

M







∣
∣
∣
∣
∣
∣

N−1∑

j=0

J [∆ϕl]τj+1,τj

∣
∣
∣
∣
∣
∣

4






=

N−1∑

j=0

M

{∣
∣
∣
∣
J [∆ϕl]τj+1,τj

∣
∣
∣
∣

4
}

+

(27) +6

N−1∑

j=0

M

{∣
∣
∣
∣
J [∆ϕl]τj+1,τj

∣
∣
∣
∣

2
}

j−1
∑

q=0

M

{∣
∣
∣
∣
J [∆ϕl]τq+1,τq

∣
∣
∣
∣

2
}

.

It is obviously that J [∆ϕl]τj+1,τj are Gaussian random variables. Then we have

M

{∣
∣
∣
∣
J [∆ϕl]τj+1,τj

∣
∣
∣
∣

2
}

=

τj+1∫

τj

(ϕl(τj)− ϕl(s))
2ds,

M

{∣
∣
∣
∣
J [∆ϕl]τj+1,τj

∣
∣
∣
∣

4
}

= 3






τj+1∫

τj

(ϕl(τj)− ϕl(s))
2ds






2

.

Using this relations and continuity (which means uniform continuity) of the functions ϕl(s), we
get

M







∣
∣
∣
∣
∣
∣

N−1∑

j=0

J [∆ϕl]τj+1,τj

∣
∣
∣
∣
∣
∣

4






≤ ε4



3
N−1∑

j=0

(∆τj)
2 + 6

N−1∑

j=0

∆τj

j−1
∑

q=0

∆τq



 <

< 3ε4
(
δ(ε)(T − t) + (T − t)2

)
,

where ∆τj < δ(ε), j = 0, 1, . . . , N − 1 (δ(ε) > 0 exists for any ε > 0 and it does not depend on points
of the interval [t, T ]). Then the right-hand side of the formula (27) tends to zero when N → ∞.

Considering this fact as well as (26), we come to (24).

If w
(il)
tl

= tl for some l ∈ {1, . . . , k}, then the proof of Lemma 3 becomes obviously simpler and it
is performed similarly. Lemma 3 is proved.
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Remark 2. It is easy to see that if ∆w
(il)
τjl

in (24) for some l ∈ {1, . . . , k} is replaced with
(

∆w
(il)
τjl

)p

(p = 2, il 6= 0), then the differential dw
(il)
tl in the integral J [Φ(k)]T,t will be replaced with

dtl. If p = 3, 4, . . . , then the right-hand side of the formula (24) will become zero w. p. 1.

Let us consider the case p = 2 in detail. Let ∆w
(il)
τjl

in (24) for some l ∈ {1, . . . , k} is replaced with
(

∆w
(il)
τjl

)2

(il 6= 0) and

J [ϕl]N
def
=

N−1∑

j=0

ϕl(τj)
(

∆w
(il)
τj

)2

, J [ϕl]T,t
def
=

T∫

t

ϕl(s)ds.

We have

(

M

{∣
∣
∣
∣
J [ϕl]N − J [ϕl]T,t

∣
∣
∣
∣

4
})1/4

=




M







∣
∣
∣
∣
∣
∣

N−1∑

j=0

ϕl(τj)
(

∆w
(il)
τj

)2

−
T∫

t

ϕl(s)ds

∣
∣
∣
∣
∣
∣

4











1/4

=

=




M







∣
∣
∣
∣
∣
∣
∣

N−1∑

j=0




ϕl(τj)

(

∆w
(il)
τj

)2

−
τj+1∫

τj

ϕl(s)ds






∣
∣
∣
∣
∣
∣
∣

4










1/4

≤

(28) ≤




M







∣
∣
∣
∣
∣
∣

N−1∑

j=0

ϕl(τj)

((

∆w
(il)
τj

)2

−∆τj

)
∣
∣
∣
∣
∣
∣

4











1/4

+

∣
∣
∣
∣
∣
∣
∣

N−1∑

j=0

τj+1∫

τj

(ϕl(τj)− ϕl(s)) ds

∣
∣
∣
∣
∣
∣
∣

.

From the relation, which is similar to (27), we obtain

M







∣
∣
∣
∣
∣
∣

N−1∑

j=0

ϕl(τj)

((

∆w
(il)
τj

)2

−∆τj

)
∣
∣
∣
∣
∣
∣

4






=

N−1∑

j=0

(ϕl(τj))
4
M

{((

∆w
(il)
τj

)2

−∆τj

)4
}

+

+6

N−1∑

j=0

(ϕl(τj))
2
M

{((

∆w
(il)
τj

)2

−∆τj

)2
}

j−1
∑

q=0

(ϕl(τq))
2
M

{((

∆w
(il)
τq

)2

−∆τq

)2
}

=

= 60
N−1∑

j=0

(ϕl(τj))
4 (∆τj)

4 + 24
N−1∑

j=0

(ϕl(τj))
2 (∆τj)

2
j−1
∑

q=0

(ϕl(τq))
2 (∆τq)

2 ≤ C (∆N )2 → 0

if N → ∞, where constant C does not depend on N.
The second term on the right-hand side of (28) tends to zero if N → ∞ due to continuity (which

means uniform continuity) of the function ϕl(s) on the interval [t, T ]. Then, taking into account (25),
(26), we come to the affirmation of Remark 2.

Let us prove Theorem 1. According to Lemma 1, we have
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J [ψ(k)]T,t =

= l.i.m.
N→∞

N−1∑

lk=0

. . .

l2−1∑

l1=0

ψ1(τl1 ) . . . ψk(τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

=

= l.i.m.
N→∞

N−1∑

lk=0

. . .

l2−1∑

l1=0

K(τl1 , . . . , τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

=

= l.i.m.
N→∞

N−1∑

lk=0

. . .

N−1∑

l1=0

K(τl1 , . . . , τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

=

= l.i.m.
N→∞

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

K(τl1 , . . . , τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

=

(29) =

T∫

t

. . .

t2∫

t

∑

(t1,...,tk)

(

K(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

)

,

where permutations (t1, . . . , tk) when summing are performed only in the expression, which is enclosed
in parentheses.

It is easy to see that (29) can be rewritten in the form

J [ψ(k)]T,t =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

K(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk ,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk

.
At the same time the indexes near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik).

Since the integration of a bounded function with respect to the set of measure zero for Riemann
or Lebesgue integrals gives zero result, then the following formula is correct for these integrals

∫

[t,T ]k

|G(t1, . . . , tk)|dt1 . . . dtk =

(30) =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

|G(t1, . . . , tk)|dt1 . . . dtk,

where permutations (t1, . . . , tk) when summing are performed only in the values dt1, . . . , dtk. At the
same time the indexes near upper limits of integration are changed correspondently and the function
|G(t1, . . . , tk)| is assumed to be integrable in the hypercube [t, T ]k.

According to Lemmas 1, 3 and (20), (29), we get the following representation w. p. 1
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J [ψ(k)]T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

T∫

t

. . .

t2∫

t

∑

(t1,...,tk)

(

φj1 (t1) . . . φjk (tk)dw
(i1)
t1 . . . dw

(ik)
tk

)

+

+Rp1,...,pk

T,t =

(31) =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1 l.i.m.
N→∞

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

φj1 (τl1) . . . φjk(τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

+

+Rp1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1



l.i.m.
N→∞

N−1∑

l1,...,lk=0

φj1 (τl1) . . . φjk(τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

−

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk



+

+Rp1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1





k∏

l=1

ζ
(il)
jl

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1 )∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk



+

(32) +Rp1,...,pk

T,t ,

where

Rp1,...,pk

T,t =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

k∏

l=1

φjl (tl)



×

(33) ×dw(i1)
t1 . . . dw

(ik)
tk ,
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where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk .

At the same time the indexes near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik).

Let us estimate the remainder Rp1,...,pk

T,t of the series.

According to Lemma 2 and (30), we have

M

{(

Rp1,...,pk

T,t

)2
}

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk =

(34) = Ck

∫

[t,T ]k



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk → 0

if p1, . . . , pk → ∞, where constant Ck depends only on the multiplicity k of the iterated Ito stochastic
integral. Theorem 1 is proved.

Note that (6) can be written as (see (31))

(35) J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t ,

where J ′[φj1 . . . φjk ]
(i1...ik)
T,t is defined by (19).

It is not difficult to see that for the case of pairwise different numbers i1, . . . , ik = 1, . . . ,m from
Theorem 1 we obtain

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

.

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases (see Remark 2) for k = 1, . . . , 7 [7]-[59]

(36) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(37) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(38) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,
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J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(39) +1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−

−1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−

−1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(40) +1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,
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J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−

−1{i3=i6 6=0}1{j3=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−

−1{i5=i6 6=0}1{j5=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−

−1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−

−1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−

−1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−

−1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+
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+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−

−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−

−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−

−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−

−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−

−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−

−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−

−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−

−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−

−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−

−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−

−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−

−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−

−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(41) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,
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J [ψ(7)]T,t = l.i.m.
p1,...,p7→∞

p1∑

j1=0

. . .

p7∑

j7=0

Cj7...j1

(
7∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0,j1=j6}

7∏

l=1
l 6=1,6

ζ
(il)
jl

− 1{i2=i6 6=0,j2=j6}

7∏

l=1
l 6=2,6

ζ
(il)
jl

− 1{i3=i6 6=0,j3=j6}

7∏

l=1
l 6=3,6

ζ
(il)
jl

−

−1{i4=i6 6=0,j4=j6}

7∏

l=1
l 6=4,6

ζ
(il)
jl

− 1{i5=i6 6=0,j5=j6}

7∏

l=1
l 6=5,6

ζ
(il)
jl

− 1{i1=i2 6=0,j1=j2}

7∏

l=1
l 6=1,2

ζ
(il)
jl

−

−1{i1=i3 6=0,j1=j3}

7∏

l=1
l 6=1,3

ζ
(il)
jl

− 1{i1=i4 6=0,j1=j4}

7∏

l=1
l 6=1,4

ζ
(il)
jl

− 1{i1=i5 6=0,j1=j5}

7∏

l=1
l 6=1,5

ζ
(il)
jl

−

−1{i2=i3 6=0,j2=j3}

7∏

l=1
l 6=2,3

ζ
(il)
jl

− 1{i2=i4 6=0,j2=j4}

7∏

l=1
l 6=2,4

ζ
(il)
jl

− 1{i2=i5 6=0,j2=j5}

7∏

l=1
l 6=2,5

ζ
(il)
jl

−

−1{i3=i4 6=0,j3=j4}

7∏

l=1
l 6=3,4

ζ
(il)
jl

− 1{i3=i5 6=0,j3=j5}

7∏

l=1
l 6=3,5

ζ
(il)
jl

− 1{i4=i5 6=0,j4=j5}

7∏

l=1
l 6=4,5

ζ
(il)
jl

−

−1{i7=i1 6=0,j7=j1}

7∏

l=1
l 6=1,7

ζ
(il)
jl

− 1{i7=i2 6=0,j7=j2}

7∏

l=1
l 6=2,7

ζ
(il)
jl

− 1{i7=i3 6=0,j7=j3}

7∏

l=1
l 6=3,7

ζ
(il)
jl

−

−1{i7=i4 6=0,j7=j4}

7∏

l=1
l 6=4,7

ζ
(il)
jl

− 1{i7=i5 6=0,j7=j5}

7∏

l=1
l 6=7,5

ζ
(il)
jl

− 1{i7=i6 6=0,j7=j6}

7∏

l=1
l 6=7,6

ζ
(il)
jl

+

+1{i1=i2 6=0,j1=j2,i3=i4 6=0,j3=j4}

∏

l=5,6,7

ζ
(il)
jl

+ 1{i1=i2 6=0,j1=j2,i3=i5 6=0,j3=j5}

∏

l=4,6,7

ζ
(il)
jl

+

+1{i1=i2 6=0,j1=j2,i4=i5 6=0,j4=j5}

∏

l=3,6,7

ζ
(il)
jl

+ 1{i1=i3 6=0,j1=j3,i2=i4 6=0,j2=j4}

∏

l=5,6,7

ζ
(il)
jl

+

+1{i1=i3 6=0,j1=j3,i2=i5 6=0,j2=j5}

∏

l=4,6,7

ζ
(il)
jl

+ 1{i1=i3 6=0,j1=j3,i4=i5 6=0,j4=j5}

∏

l=2,6,7

ζ
(il)
jl

+

+1{i1=i4 6=0,j1=j4,i2=i3 6=0,j2=j3}

∏

l=5,6,7

ζ
(il)
jl

+ 1{i1=i4 6=0,j1=j4,i2=i5 6=0,j2=j5}

∏

l=3,6,7

ζ
(il)
jl

+

+1{i1=i4 6=0,j1=j4,i3=i5 6=0,j3=j5}

∏

l=2,6,7

ζ
(il)
jl

+ 1{i1=i5 6=0,j1=j5,i2=i3 6=0,j2=j3}

∏

l=4,6,7

ζ
(il)
jl

+

+1{i1=i5 6=0,j1=j5,i2=i4 6=0,j2=j4}

∏

l=3,6,7

ζ
(il)
jl

+ 1{i1=i5 6=0,j1=j5,i3=i4 6=0,j3=j4}

∏

l=2,6,7

ζ
(il)
jl

+

+1{i2=i3 6=0,j2=j3,i4=i5 6=0,j4=j5}

∏

l=1,6,7

ζ
(il)
jl

+ 1{i2=i4 6=0,j2=j4,i3=i5 6=0,j3=j5}

∏

l=1,6,7

ζ
(il)
jl

+

+1{i2=i5 6=0,j2=j5,i3=i4 6=0,j3=j4}

∏

l=1,6,7

ζ
(il)
jl

+ 1{i6=i1 6=0,j6=j1,i3=i4 6=0,j3=j4}

∏

l=2,5,7

ζ
(il)
jl

+

+1{i6=i1 6=0,j6=j1,i3=i5 6=0,j3=j5}

∏

l=2,4,7

ζ
(il)
jl

+ 1{i6=i1 6=0,j6=j1,i2=i5 6=0,j2=j5}

∏

l=3,4,7

ζ
(il)
jl

+
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+1{i6=i1 6=0,j6=j1,i2=i4 6=0,j2=j4}

∏

l=3,5,7

ζ
(il)
jl

+ 1{i6=i1 6=0,j6=j1,i4=i5 6=0,j4=j5}

∏

l=2,3,7

ζ
(il)
jl

+

+1{i6=i1 6=0,j6=j1,i2=i3 6=0,j2=j3}

∏

l=4,5,7

ζ
(il)
jl

+ 1{i6=i2 6=0,j6=j2,i3=i5 6=0,j3=j5}

∏

l=1,4,7

ζ
(il)
jl

+

+1{i6=i2 6=0,j6=j2,i4=i5 6=0,j4=j5}

∏

l=1,3,7

ζ
(il)
jl

+ 1{i6=i2 6=0,j6=j2,i3=i4 6=0,j3=j4}

∏

l=1,5,7

ζ
(il)
jl

+

+1{i6=i2 6=0,j6=j2,i1=i5 6=0,j1=j5}

∏

l=3,4,7

ζ
(il)
jl

+ 1{i6=i2 6=0,j6=j2,i1=i4 6=0,j1=j4}

∏

l=3,5,7

ζ
(il)
jl

+

+1{i6=i2 6=0,j6=j2,i1=i3 6=0,j1=j3}

∏

l=4,5,7

ζ
(il)
jl

+ 1{i6=i3 6=0,j6=j3,i2=i5 6=0,j2=j5}

∏

l=1,4,7

ζ
(il)
jl

+

+1{i6=i3 6=0,j6=j3,i4=i5 6=0,j4=j5}

∏

l=1,2,7

ζ
(il)
jl

+ 1{i6=i3 6=0,j6=j3,i2=i4 6=0,j2=j4}

∏

l=1,5,7

ζ
(il)
jl

+

+1{i6=i3 6=0,j6=j3,i1=i5 6=0,j1=j5}

∏

l=2,4,7

ζ
(il)
jl

+ 1{i6=i3 6=0,j6=j3,i1=i4 6=0,j1=j4}

∏

l=2,5,7

ζ
(il)
jl

+

+1{i6=i3 6=0,j6=j3,i1=i2 6=0,j1=j2}

∏

l=4,5,7

ζ
(il)
jl

+ 1{i6=i4 6=0,j6=j4,i3=i5 6=0,j3=j5}

∏

l=1,2,7

ζ
(il)
jl

+

+1{i6=i4 6=0,j6=j4,i2=i5 6=0,j2=j5}

∏

l=1,3,7

ζ
(il)
jl

+ 1{i6=i4 6=0,j6=j4,i2=i3 6=0,j2=j3}

∏

l=1,5,7

ζ
(il)
jl

+

+1{i6=i4 6=0,j6=j4,i1=i5 6=0,j1=j5}

∏

l=2,3,7

ζ
(il)
jl

+ 1{i6=i4 6=0,j6=j4,i1=i3 6=0,j1=j3}

∏

l=2,5,7

ζ
(il)
jl

+

+1{i6=i4 6=0,j6=j4,i1=i2 6=0,j1=j2}

∏

l=3,5,7

ζ
(il)
jl

+ 1{i6=i5 6=0,j6=j5,i3=i4 6=0,j3=j4}

∏

l=1,2,7

ζ
(il)
jl

+

+1{i6=i5 6=0,j6=j5,i2=i4 6=0,j2=j4}

∏

l=1,3,7

ζ
(il)
jl

+ 1{i6=i5 6=0,j6=j5,i2=i3 6=0,j2=j3}

∏

l=1,4,7

ζ
(il)
jl

+

+1{i6=i5 6=0,j6=j5,i1=i4 6=0,j1=j4}

∏

l=2,3,7

ζ
(il)
jl

+ 1{i6=i5 6=0,j6=j5,i1=i3 6=0,j1=j3}

∏

l=2,4,7

ζ
(il)
jl

+

+1{i6=i5 6=0,j6=j5,i1=i2 6=0,j1=j2}

∏

l=3,4,7

ζ
(il)
jl

+ 1{i7=i1 6=0,j7=j1,i2=i3 6=0,j2=j3}

∏

l=4,5,6

ζ
(il)
jl

+

+1{i7=i1 6=0,j7=j1,i2=i4 6=0,j2=j4}

∏

l=3,5,6

ζ
(il)
jl

+ 1{i7=i1 6=0,j7=j1,i2=i5 6=0,j2=j5}

∏

l=3,4,6

ζ
(il)
jl

+

+1{i7=i1 6=0,j7=j1,i2=i6 6=0,j2=j6}

∏

l=3,4,5

ζ
(il)
jl

+ 1{i7=i1 6=0,j7=j1,i3=i4 6=0,j3=j4}

∏

l=2,5,6

ζ
(il)
jl

+

+1{i7=i1 6=0,j7=j1,i3=i5 6=0,j3=j5}

∏

l=2,4,6

ζ
(il)
jl

+ 1{i7=i1 6=0,j7=j1,i3=i6 6=0,j3=j6}

∏

l=2,4,5

ζ
(il)
jl

+

+1{i7=i1 6=0,j7=j1,i4=i5 6=0,j4=j5}

∏

l=2,3,6

ζ
(il)
jl

+ 1{i7=i1 6=0,j7=j1,i4=i6 6=0,j4=j6}

∏

l=2,3,5

ζ
(il)
jl

+

+1{i1=i2 6=0,j7=j1,i7=i1 6=0,j5=j6}

∏

l=2,3,4

ζ
(il)
jl

+ 1{i7=i2 6=0,j7=j2,i1=i3 6=0,j1=j3}

∏

l=4,5,6

ζ
(il)
jl

+

+1{i7=i2 6=0,j7=j2,i1=i4 6=0,j1=j4}

∏

l=3,5,6

ζ
(il)
jl

+ 1{i7=i2 6=0,j7=j2,i1=i5 6=0,j1=j5}

∏

l=3,4,6

ζ
(il)
jl

+
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+1{i7=i2 6=0,j7=j2,i1=i6 6=0,j1=j6}

∏

l=3,4,5

ζ
(il)
jl

+ 1{i7=i2 6=0,j7=j2,i3=i4 6=0,j3=j4}

∏

l=1,5,6

ζ
(il)
jl

+

+1{i7=i2 6=0,j7=j2,i3=i5 6=0,j3=j5}

∏

l=1,4,6

ζ
(il)
jl

+ 1{i7=i2 6=0,j7=j2,i3=i6 6=0,j3=j6}

∏

l=1,4,5

ζ
(il)
jl

+

+1{i7=i2 6=0,j7=j2,i4=i5 6=0,j4=j5}

∏

l=1,3,6

ζ
(il)
jl

+ 1{i7=i2 6=0,j7=j2,i4=i6 6=0,j4=j6}

∏

l=1,3,5

ζ
(il)
jl

+

+1{i7=i2 6=0,j7=j2,i5=i6 6=0,j5=j6}

∏

l=1,3,4

ζ
(il)
jl

+ 1{i7=i3 6=0,j7=j3,i1=i2 6=0,j1=j2}

∏

l=4,5,6

ζ
(il)
jl

+

+1{i7=i3 6=0,j7=j3,i1=i4 6=0,j1=j4}

∏

l=2,3,5

ζ
(il)
jl

+ 1{i7=i3 6=0,j7=j3,i1=i5 6=0,j1=j5}

∏

l=2,4,6

ζ
(il)
jl

+

+1{i7=i3 6=0,j7=j3,i1=i6 6=0,j1=j6}

∏

l=4,2,5

ζ
(il)
jl

+ 1{i7=i3 6=0,j7=j3,i2=i4 6=0,j2=j4}

∏

l=3,5,6

ζ
(il)
jl

+

+1{i7=i3 6=0,j7=j3,i2=i5 6=0,j2=j5}

∏

l=1,4,6

ζ
(il)
jl

+ 1{i7=i3 6=0,j7=j3,i2=i6 6=0,j2=j6}

∏

l=1,4,5

ζ
(il)
jl

+

+1{i7=i3 6=0,j7=j3,i4=i5 6=0,j4=j5}

∏

l=1,2,6

ζ
(il)
jl

+ 1{i7=i3 6=0,j7=j3,i4=i6 6=0,j4=j6}

∏

l=1,2,5

ζ
(il)
jl

+

+1{i7=i3 6=0,j7=j3,i5=i6 6=0,j5=j6}

∏

l=1,2,4

ζ
(il)
jl

+ 1{i7=i4 6=0,j7=j4,i1=i2 6=0,j1=j2}

∏

l=3,5,6

ζ
(il)
jl

+

+1{i7=i4 6=0,j7=j4,i1=i3 6=0,j1=j3}

∏

l=2,5,6

ζ
(il)
jl

+ 1{i7=i4 6=0,j7=j4,i1=i5 6=0,j1=j5}

∏

l=2,3,6

ζ
(il)
jl

+

+1{i7=i4 6=0,j7=j4,i1=i6 6=0,j1=j6}

∏

l=2,3,5

ζ
(il)
jl

+ 1{i7=i4 6=0,j7=j4,i2=i3 6=0,j2=j3}

∏

l=1,5,6

ζ
(il)
jl

+

+1{i7=i4 6=0,j7=j4,i2=i5 6=0,j2=j5}

∏

l=1,3,6

ζ
(il)
jl

+ 1{i7=i4 6=0,j7=j4,i2=i6 6=0,j2=j6}

∏

l=1,3,5

ζ
(il)
jl

+

+1{i7=i4 6=0,j7=j4,i3=i5 6=0,j3=j5}

∏

l=1,2,6

ζ
(il)
jl

+ 1{i7=i4 6=0,j7=j4,i3=i6 6=0,j3=j6}

∏

l=1,2,5

ζ
(il)
jl

+

+1{i7=i4 6=0,j7=j4,i5=i6 6=0,j5=j6}

∏

l=1,2,3

ζ
(il)
jl

+ 1{i7=i5 6=0,j7=j5,i1=i2 6=0,j1=j2}

∏

l=3,4,6

ζ
(il)
jl

+

+1{i7=i5 6=0,j7=j5,i1=i3 6=0,j1=j3}

∏

l=2,4,6

ζ
(il)
jl

+ 1{i7=i5 6=0,j7=j5,i1=i4 6=0,j1=j4}

∏

l=2,3,6

ζ
(il)
jl

+

+1{i7=i5 6=0,j7=j5,i1=i6 6=0,j1=j6}

∏

l=2,3,4

ζ
(il)
jl

+ 1{i7=i5 6=0,j7=j5,i2=i3 6=0,j2=j3}

∏

l=1,4,6

ζ
(il)
jl

+

+1{i7=i5 6=0,j7=j5,i2=i4 6=0,j2=j4}

∏

l=1,3,6

ζ
(il)
jl

+ 1{i7=i5 6=0,j7=j5,i2=i6 6=0,j2=j6}

∏

l=1,3,5

ζ
(il)
jl

+

+1{i7=i5 6=0,j7=j5,i3=i4 6=0,j3=j4}

∏

l=1,2,6

ζ
(il)
jl

+ 1{i7=i5 6=0,j7=j5,i3=i6 6=0,j3=j6}

∏

l=1,2,4

ζ
(il)
jl

+

+1{i7=i5 6=0,j7=j5,i4=i6 6=0,j4=j6}

∏

l=1,2,3

ζ
(il)
jl

+ 1{i7=i6 6=0,j7=j6,i1=i2 6=0,j1=j2}

∏

l=3,4,5

ζ
(il)
jl

+

+1{i7=i6 6=0,j7=j6,i1=i3 6=0,j1=j3}

∏

l=2,4,5

ζ
(il)
jl

+ 1{i7=i6 6=0,j7=j6,i1=i4 6=0,j1=j4}

∏

l=2,3,5

ζ
(il)
jl

+
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+1{i7=i6 6=0,j7=j6,i1=i5 6=0,j1=j5}

∏

l=2,3,4

ζ
(il)
jl

+ 1{i7=i6 6=0,j7=j6,i2=i3 6=0,j2=j3}

∏

l=1,4,5

ζ
(il)
jl

+

+1{i7=i6 6=0,j7=j6,i2=i4 6=0,j2=j4}

∏

l=1,3,5

ζ
(il)
jl

+ 1{i7=i6 6=0,j7=j6,i2=i5 6=0,j2=j5}

∏

l=1,3,4

ζ
(il)
jl

+

+1{i7=i6 6=0,j7=j6,i3=i5 6=0,j3=j5}

∏

l=1,2,4

ζ
(il)
jl

+ 1{i7=i6 6=0,j7=j6,i4=i5 6=0,j4=j5}

∏

l=1,2,3

ζ
(il)
jl

+

+1{i7=i6 6=0,j7=j6,i3=i4 6=0,j3=j4}

∏

l=1,2,5

ζ
(il)
jl

−

−
(

1{i2=i3 6=0,j2=j3,i4=i5 6=0,j4=j5,i6=i7 6=0,j6=j7}+1{i2=i3 6=0,j2=j3,i4=i6 6=0,j4=j6,i5=i7 6=0,j5=j7}+

+1{i2=i3 6=0,j2=j3,i4=i7 6=0,j4=j7,i5=i6 6=0,j5=j6} + 1{i2=i4 6=0,j2=j4,i3=i5 6=0,j3=j5,i6=i7 6=0,j6=j7}+

+1{i2=i4 6=0,j2=j4,i3=i6 6=0,j3=j6,i5=i7 6=0,j5=j7} + 1{i2=i4 6=0,j2=j4,i3=i7 6=0,j3=j7,i5=i6 6=0,j5=j6}+

+1{i2=i5 6=0,j2=j5,i3=i4 6=0,j3=j4,i6=i7 6=0,j6=j7} + 1{i2=i5 6=0,j2=j5,i3=i6 6=0,j3=j6,i4=i7 6=0,j4=j7}+

+1{i2=i5 6=0,j2=j5,i3=i7 6=0,j3=j7,i4=i6 6=0,j4=j6} + 1{i2=i6 6=0,j2=j6,i3=i4 6=0,j3=j4,i5=i7 6=0,j5=j7}+

+1{i2=i6 6=0,j2=j6,i3=i5 6=0,j3=j5,i4=i7 6=0,j4=j7} + 1{i2=i6 6=0,j2=j6,i3=i7 6=0,j3=j7,i4=i5 6=0,j4=j5}+

+1{i2=i7 6=0,j2=j7,i3=i4 6=0,j3=j4,i5=i6 6=0,j5=j6} + 1{i2=i7 6=0,j2=j7,i3=i5 6=0,j3=j5,i4=i6 6=0,j4=j6}+

+1{i2=i7 6=0,j2=j7,i3=i6 6=0,j3=j6,i4=i5 6=0,j4=j5}

)

ζ
(i1)
j1

−

−
(

1{i1=i3 6=0,j1=j3,i4=i7 6=0,j4=j7,i5=i6 6=0,j5=j6} + 1{i1=i3 6=0,j1=j3,i4=i5 6=0,j4=j5,i6=i7 6=0,j6=j7}+

+1{i1=i3 6=0,j1=j3,i4=i6 6=0,j4=j6,i5=i7 6=0,j5=j7} + 1{i1=i4 6=0,j1=j4,i3=i5 6=0,j3=j5,i6=i7 6=0,j6=j7}+

+1{i1=i4 6=0,j1=j4,i3=i6 6=0,j3=j6,i5=i7 6=0,j5=j7} + 1{i1=i4 6=0,j1=j4,i3=i7 6=0,j3=j7,i5=i6 6=0,j5=j6}+

+1{i1=i5 6=0,j1=j5,i3=i4 6=0,j3=j4,i6=i7 6=0,j6=j7} + 1{i1=i5 6=0,j1=j5,i3=i6 6=0,j3=j6,i4=i7 6=0,j4=j7}+

+1{i1=i5 6=0,j1=j5,i3=i7 6=0,j3=j7,i4=i6 6=0,j4=j6} + 1{i1=i6 6=0,j1=j6,i3=i4 6=0,j3=j4,i5=i7 6=0,j5=j7}+

+1{i6=i1 6=0,j6=j1,i3=i5 6=0,j3=j5,i4=i7 6=0,j4=j7} + 1{i6=i1 6=0,j6=j1,i3=i7 6=0,j3=j7,i4=i5 6=0,j4=j5}+

+1{i1=i7 6=0,j1=j7,i3=i4 6=0,j3=j4,i5=i6 6=0,j5=j6} + 1{i1=i7 6=0,j1=j7,i3=i5 6=0,j3=j5,i4=i6 6=0,j4=j6}+

+1{i1=i7 6=0,j1=j7,i3=i6 6=0,j3=j6,i4=i5 6=0,j4=j5}

)

ζ
(i2)
j2

−

−
(

1{i1=i2 6=0,j1=j2,i4=i5 6=0,j4=j5,i6=i7 6=0,j6=j7} + 1{i1=i2 6=0,j1=j2,i4=i6 6=0,j4=j6,i5=i7 6=0,j5=j7}+

+1{i1=i2 6=0,j1=j2,i4=i7 6=0,j4=j7,i5=i6 6=0,j5=j6} + 1{i1=i4 6=0,j1=j4,i2=i5 6=0,j2=j5,i6=i7 6=0,j6=j7}+

+1{i1=i4 6=0,j1=j4,i2=i6 6=0,j2=j6,i5=i7 6=0,j5=j7} + 1{i1=i4 6=0,j1=j4,i2=i7 6=0,j2=j7,i5=i6 6=0,j5=j6}+

+1{i1=i5 6=0,j1=j5,i2=i4 6=0,j2=j4,i6=i7 6=0,j6=j7} + 1{i1=i5 6=0,j1=j5,i2=i6 6=0,j2=j6,i4=i7 6=0,j4=j7}+

+1{i1=i5 6=0,j1=j5,i2=i7 6=0,j2=j7,i4=i6 6=0,j4=j6} + 1{i6=i1 6=0,j6=j1,i2=i4 6=0,j2=j4,i5=i7 6=0,j5=j7}+
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+1{i6=i1 6=0,j6=j1,i2=i5 6=0,j2=j5,i4=i7 6=0,j4=j7} + 1{i6=i1 6=0,j6=j1,i2=i7 6=0,j2=j7,i4=i5 6=0,j4=j5}+

+1{i1=i7 6=0,j1=j7,i2=i4 6=0,j2=j4,i5=i6 6=0,j5=j6} + 1{i1=i7 6=0,j1=j7,i2=i5 6=0,j2=j5,i4=i6 6=0,j4=j6}+

+1{i1=i7 6=0,j1=j7,i2=i6 6=0,j2=j6,i4=i5 6=0,j4=j5}

)

ζ
(i3)
j3

−

−
(

1{i1=i2 6=0,j1=j2,i3=i5 6=0,j3=j5,i6=i7 6=0,j6=j7}+1{i1=i2 6=0,j1=j2,i3=i6 6=0,j3=j6,i5=i7 6=0,j5=j7}+

+1{i1=i2 6=0,j1=j2,i3=i7 6=0,j3=j7,i5=i6 6=0,j5=j6} + 1{i1=i3 6=0,j1=j3,i2=i5 6=0,j2=j5,i6=i7 6=0,j6=j7}+

+1{i1=i3 6=0,j1=j3,i2=i6 6=0,j2=j6,i5=i7 6=0,j5=j7} + 1{i1=i3 6=0,j1=j3,i2=i7 6=0,j2=j7,i5=i6 6=0,j5=j6}+

+1{i1=i5 6=0,j1=j5,i2=i3 6=0,j2=j3,i6=i7 6=0,j6=j7} + 1{i1=i5 6=0,j1=j5,i2=i6 6=0,j2=j6,i3=i7 6=0,j3=j7}+

+1{i1=i5 6=0,j1=j5,i2=i7 6=0,j2=j7,i3=i6 6=0,j3=j6} + 1{i6=i1 6=0,j6=j1,i2=i3 6=0,j2=j3,i5=i7 6=0,j5=j7}+

+1{i6=i1 6=0,j6=j1,i2=i5 6=0,j2=j5,i3=i7 6=0,j3=j7} + 1{i6=i1 6=0,j6=j1,i2=i7 6=0,j2=j7,i3=i5 6=0,j3=j5}+

+1{i7=i1 6=0,j7=j1,i2=i3 6=0,j2=j3,i5=i6 6=0,j5=j6} + 1{i7=i1 6=0,j7=j1,i2=i5 6=0,j2=j5,i3=i6 6=0,j3=j6}+

+1{i7=i1 6=0,j7=j1,i2=i6 6=0,j2=j6,i3=i5 6=0,j3=j5}

)

ζ
(i4)
j4

−

−
(

1{i1=i2 6=0,j1=j2,i3=i4 6=0,j3=j4,i6=i7 6=0,j6=j7}+1{i1=i2 6=0,j1=j2,i3=i6 6=0,j3=j6,i4=i7 6=0,j4=j7}+

+1{i1=i2 6=0,j1=j2,i3=i7 6=0,j3=j7,i4=i6 6=0,j4=j6} + 1{i1=i3 6=0,j1=j3,i2=i4 6=0,j2=j4,i6=i7 6=0,j6=j7}+

+1{i1=i3 6=0,j1=j3,i2=i6 6=0,j2=j6,i4=i7 6=0,j4=j7} + 1{i1=i3 6=0,j1=j3,i2=i7 6=0,j2=j7,i4=i6 6=0,j4=j6}+

+1{i1=i4 6=0,j1=j4,i2=i3 6=0,j2=j3,i6=i7 6=0,j6=j7} + 1{i1=i4 6=0,j1=j4,i2=i6 6=0,j2=j6,i3=i7 6=0,j3=j7}+

+1{i1=i4 6=0,j1=j4,i2=i7 6=0,j2=j7,i3=i6 6=0,j3=j6} + 1{i6=i1 6=0,j6=j1,i2=i3 6=0,j2=j3,i4=i7 6=0,j4=j7}+

+1{i6=i1 6=0,j6=j1,i2=i4 6=0,j2=j4,i3=i7 6=0,j3=j7} + 1{i6=i1 6=0,j6=j1,i2=i7 6=0,j2=j7,i3=i4 6=0,j3=j4}+

+1{i1=i7 6=0,j1=j7,i2=i3 6=0,j2=j3,i4=i6 6=0,j4=j6} + 1{i1=i7 6=0,j1=j7,i2=i4 6=0,j2=j4,i3=i6 6=0,j3=j6}+

+1{i7=i1 6=0,j7=j1,i2=i6 6=0,j2=j6,i3=i4 6=0,j3=j4}

)

ζ
(i5)
j5

−

−
(

1{i1=i2 6=0,j1=j2,i3=i4 6=0,j3=j4,i5=i7 6=0,j5=j7}+1{i1=i2 6=0,j1=j2,i3=i5 6=0,j3=j5,i4=i7 6=0,j4=j7}+

+1{i1=i2 6=0,j1=j2,i3=i7 6=0,j3=j7,i4=i5 6=0,j4=j5} + 1{i1=i3 6=0,j1=j3,i2=i4 6=0,j2=j4,i5=i7 6=0,j5=j7}+

+1{i1=i3 6=0,j1=j3,i2=i5 6=0,j2=j5,i4=i7 6=0,j4=j7} + 1{i1=i3 6=0,j1=j3,i2=i7 6=0,j2=j7,i4=i5 6=0,j4=j5}+

+1{i1=i4 6=0,j1=j4,i2=i3 6=0,j2=j3,i5=i7 6=0,j5=j7} + 1{i1=i4 6=0,j1=j4,i2=i5 6=0,j2=j5,i3=i7 6=0,j3=j7}+

+1{i1=i4 6=0,j1=j4,i2=i7 6=0,j2=j7,i3=i5 6=0,j3=j5} + 1{i1=i5 6=0,j1=j5,i2=i3 6=0,j2=j3,i4=i7 6=0,j4=j7}+

+1{i1=i5 6=0,j1=j5,i2=i4 6=0,j2=j4,i3=i7 6=0,j3=j7} + 1{i1=i5 6=0,j1=j5,i2=i7 6=0,j2=j7,i3=i4 6=0,j3=j4}+

+1{i7=i1 6=0,j7=j1,i2=i3 6=0,j2=j3,i4=i5 6=0,j4=j5} + 1{i7=i1 6=0,j7=j1,i2=i4 6=0,j2=j4,i3=i5 6=0,j3=j5}+
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+1{i7=i1 6=0,j7=j1,i2=i5 6=0,j2=j5,i3=i4 6=0,j3=j4}

)

ζ
(i6)
j6

−

−
(

1{i1=i2 6=0,j1=j2,i3=i4 6=0,j3=j4,i5=i6 6=0,j5=j6}+1{i1=i2 6=0,j1=j2,i3=i5 6=0,j3=j5,i4=i6 6=0,j4=j6}+

+1{i1=i2 6=0,j1=j2,i3=i6 6=0,j3=j6,i4=i5 6=0,j4=j5} + 1{i1=i3 6=0,j1=j3,i2=i4 6=0,j2=j4,i5=i6 6=0,j5=j6}+

+1{i1=i3 6=0,j1=j3,i2=i5 6=0,j2=j5,i4=i6 6=0,j4=j6} + 1{i1=i3 6=0,j1=j3,i2=i6 6=0,j2=j6,i4=i5 6=0,j4=j5}+

+1{i4=i1 6=0,j4=j1,i2=i3 6=0,j2=j3,i5=i6 6=0,j5=j6} + 1{i4=i1 6=0,j4=j1,i2=i5 6=0,j2=j5,i3=i6 6=0,j3=j6}+

+1{i4=i1 6=0,j4=j1,i2=i6 6=0,j2=j6,i3=i5 6=0,j3=j5} + 1{i5=i1 6=0,j5=j1,i2=i3 6=0,j2=j3,i4=i6 6=0,j4=j6}+

+1{i5=i1 6=0,j5=j1,i2=i4 6=0,j2=j4,i3=i6 6=0,j3=j6} + 1{i5=i1 6=0,j5=j1,i2=i6 6=0,j2=j6,i3=i4 6=0,j3=j4}+

+1{i6=i1 6=0,j6=j1,i2=i3 6=0,j2=j3,i4=i5 6=0,j4=j5} + 1{i6=i1 6=0,j6=j1,i2=i4 6=0,j2=j4,i3=i5 6=0,j3=j5}+

(42) +1{i6=i1 6=0,j6=j1,i2=i5 6=0,j2=j5,i3=i4 6=0,j3=j4}

)

ζ
(i7)
j7

)

,

where 1A is the indicator of the set A.
Consider the generalization of the formulas (36)–(42) for the case of arbitrary multiplicity k of

J [ψ(k)]T,t. In order to do this, let us consider the unordered set {1, 2, . . . , k} and separate it into two
parts: the first part consists of r unordered pairs (sequence order of these pairs is also unimportant)
and the second one consists of the remaining k − 2r numbers. So, we have

(43) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (43) is the partition and consider the sum with respect to all possible partitions

(44)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
,

where ag1g2,...,g2r−1g2r ,q1...qk−2r
∈ R.

Below there are several examples of sums in the form (44)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a12,34 + a13,24 + a23,14,
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∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now, we can formulate Theorem 1 (see (6)) using the alternative form.

Theorem 2 [10] (2009) (also see [11]-[17], [20]-[26], [34], [46]-[51]). Under the conditions of Theorem

1 the following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(45) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where i1, . . . , ik = 0, 1, . . . ,m, [x] is an integer part of

a real number x,
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same as in Theorem 1.

Proof. The equality (45) will be proved by induction in Sect. 18 (see the proof of Theorem 21).

In particular, from (45) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−
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−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )
jq1

)

.

The last equality obviously agrees with (40).

3. Comparison of Theorem 2 With Representations of Iterated Ito Stochastic
Integrals Based on Hermite Polynomials

Note that the correctness of the formulas (36)–(42) can be verified by the fact that if i1 = . . . =
i7 = i = 1, . . . ,m and ψ1(s), . . . , ψ7(s) ≡ ψ(s), then we can derive from (36)–(42) [9] (2007) (also see
[10]-[17], [20]-[26]) the well-known equalities

J [ψ(1)]T,t =
1

1!
δT,t,

J [ψ(2)]T,t =
1

2!

(
δ2T,t −∆T,t

)
,

J [ψ(3)]T,t =
1

3!

(
δ3T,t − 3δT,t∆T,t

)
,

J [ψ(4)]T,t =
1

4!

(
δ4T,t − 6δ2T,t∆T,t + 3∆2

T,t

)
,

J [ψ(5)]T,t =
1

5!

(
δ5T,t − 10δ3T,t∆T,t + 15δT,t∆

2
T,t

)
,

J [ψ(6)]T,t =
1

6!

(
δ6T,t − 15δ4T,t∆T,t + 45δ2T,t∆

2
T,t − 15∆3

T,t

)
,

J [ψ(7)]T,t =
1

7!

(
δ7T,t − 21δ5T,t∆T,t + 105δ3T,t∆

2
T,t − 105δT,t∆

3
T,t

)
,

which fulfilled w. p. 1, where

δT,t =

T∫

t

ψ(s)df (i)s , ∆T,t =

T∫

t

ψ2(s)ds.

The above equalities can be independently obtained using the Ito formula and Hermite polynomials.
When k = 1 everything is evident. Let us consider the cases k = 2, 3. When k = 2 for the case

p1 = p2 = p we obtain

J [ψ(2)]T,t = l.i.m.
p→∞





p
∑

j1,j2=0

Cj2j1ζ
(i)
j1
ζ
(i)
j2

−
p
∑

j1=0

Cj1j1



 =
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= l.i.m.
p→∞





p
∑

j1=0

j1−1
∑

j2=0

(

Cj2j1 + Cj1j2

)

ζ
(i)
j1
ζ
(i)
j2

+

p
∑

j1=0

Cj1j1

((

ζ
(i)
j1

)2

− 1

)


 =

= l.i.m.
p→∞





p
∑

j1=0

j1−1
∑

j2=0

Cj1Cj2ζ
(i)
j1
ζ
(i)
j2

+
1

2

p
∑

j1=0

C2
j1

((

ζ
(i)
j1

)2

− 1

)


 =

= l.i.m.
p→∞





1

2

p
∑

j1,j2=0
j1 6=j2

Cj1Cj2ζ
(i)
j1
ζ
(i)
j2

+
1

2

p
∑

j1=0

C2
j1

((

ζ
(i)
j1

)2

− 1

)




 =

= l.i.m.
p→∞





1

2





p
∑

j1=0

Cj1ζ
(i)
j1





2

− 1

2

p
∑

j1=0

C2
j1




 =

(46) =
1

2!

(
δ2T,t −∆T,t

)
.

Let us explain the last step in (46). For the Ito stochastic integrals the following estimate is valid
[77]

(47) M







∣
∣
∣
∣
∣
∣

T∫

t

ξτdfτ

∣
∣
∣
∣
∣
∣

q




≤ KqM











T∫

t

|ξτ |2dτ





q/2






,

where q > 0 is a fixed number, fτ is a scalar standard Wiener process, ξτ ∈ M2([t, T ]), Kq is a
constant depending only on q,

T∫

t

|ξτ |2dτ <∞ w. p. 1,

M











T∫

t

|ξτ |2dτ





q/2






<∞.

Since

δT,t −
p
∑

j1=0

Cj1ζ
(i)
j1

=

T∫

t

(

ψ(s)−
p
∑

j1=0

Cj1φj1 (s)

)

df (i)s ,

then using the estimate (47) to the right-hand side of this expression and considering that

T∫

t

(

ψ(s)−
p
∑

j1=0

Cj1φj1(s)

)2

ds → 0

if p→ ∞, we obtain
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(48)

T∫

t

ψ(s)df (i)s = q - l.i.m.
p→∞

p
∑

j1=0

Cj1ζ
(i)
j1
, q > 0,

where q - l.i.m.
p→∞

is a limit in the mean of degree q. Hence, if q = 4, then it is easy to conclude that

l.i.m.
p→∞





p
∑

j1=0

Cj1ζ
(i)
j1





2

= δ2T,t.

This equality as well as Parseval’s equality were used in the last transition of the formula (46).
If k = 3 for the case p1 = p2 = p3 = p we have

J [ψ(3)]T,t =

= l.i.m.
p→∞





p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i)
j1
ζ
(i)
j2
ζ
(i)
j3

−
p
∑

j1,j3=0

Cj3j1j1ζ
(i)
j3

−
p
∑

j1,j2=0

Cj2j2j1ζ
(i)
j1

−
p
∑

j1,j2=0

Cj1j2j1ζ
(i)
j2



 =

= l.i.m.
p→∞





p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i)
j1
ζ
(i)
j2
ζ
(i)
j3

−
p
∑

j1,j3=0

(

Cj3j1j1 + Cj1j1j3 + Cj1j3j1

)

ζ
(i)
j3



 =

= l.i.m.
p→∞





p
∑

j1=0

j1−1
∑

j2=0

j2−1
∑

j3=0

(

Cj3j2j1 + Cj3j1j2 + Cj2j1j3 + Cj2j3j1 + Cj1j2j3 + Cj1j3j2

)

ζ
(i)
j1
ζ
(i)
j2
ζ
(i)
j3

+

+

p
∑

j1=0

j1−1
∑

j3=0

(

Cj3j1j3 + Cj1j3j3 + Cj3j3j1

)(

ζ
(i)
j3

)2

ζ
(i)
j1

+

+

p
∑

j1=0

j1−1
∑

j3=0

(

Cj3j1j1 + Cj1j1j3 + Cj1j3j1

)(

ζ
(i)
j1

)2

ζ
(i)
j3

+

+

p
∑

j1=0

Cj1j1j1

(

ζ
(i)
j1

)3

−
p
∑

j1,j3=0

(Cj3j1j1 + Cj1j1j3 + Cj1j3j1) ζ
(i)
j3



 =

= l.i.m.
p→∞





p
∑

j1=0

j1−1
∑

j2=0

j2−1
∑

j3=0

Cj1Cj2Cj3ζ
(i)
j1
ζ
(i)
j2
ζ
(i)
j3

+
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+
1

2

p
∑

j1=0

j1−1
∑

j3=0

C2
j3Cj1

(

ζ
(i)
j3

)2

ζ
(i)
j1

+
1

2

p
∑

j1=0

j1−1
∑

j3=0

C2
j1Cj3

(

ζ
(i)
j1

)2

ζ
(i)
j3

+

+
1

6

p
∑

j1=0

C3
j1

(

ζ
(i)
j1

)3

− 1

2

p
∑

j1,j3=0

C2
j1Cj3ζ

(i)
j3



 =

= l.i.m.
p→∞





1

6

p
∑

j1,j2,j3=0
j1 6=j2,j2 6=j3,j1 6=j3

Cj1Cj2Cj3ζ
(i)
j1
ζ
(i)
j2
ζ
(i)
j3

+

+
1

2

p
∑

j1=0

j1−1
∑

j3=0

C2
j3Cj1

(

ζ
(i)
j3

)2

ζ
(i)
j1

+
1

2

p
∑

j1=0

j1−1
∑

j3=0

C2
j1Cj3

(

ζ
(i)
j1

)2

ζ
(i)
j3

+

+
1

6

p
∑

j1=0

C3
j1

(

ζ
(i)
j1

)3

− 1

2

p
∑

j1,j3=0

C2
j1Cj3ζ

(i)
j3



 =

= l.i.m.
p→∞




1

6

p
∑

j1,j2,j3=0

Cj1Cj2Cj3ζ
(i)
j1
ζ
(i)
j2
ζ
(i)
j3

−

−1

6



3

p
∑

j1=0

j1−1
∑

j3=0

C2
j3Cj1

(

ζ
(i)
j3

)2

ζ
(i)
j1

+ 3

p
∑

j1=0

j1−1
∑

j3=0

C2
j1Cj3

(

ζ
(i)
j1

)2

ζ
(i)
j3

+

p
∑

j1=0

C3
j1

(

ζ
(i)
j1

)3



+

+
1

2

p
∑

j1=0

j1−1
∑

j3=0

C2
j3Cj1

(

ζ
(i)
j3

)2

ζ
(i)
j1

+
1

2

p
∑

j1=0

j1−1
∑

j3=0

C2
j1Cj3

(

ζ
(i)
j1

)2

ζ
(i)
j3

+

+
1

6

p
∑

j1=0

C3
j1

(

ζ
(i)
j1

)3

− 1

2

p
∑

j1,j3=0

C2
j1Cj3ζ

(i)
j3



 =

= l.i.m.
p→∞





1

6





p
∑

j1=0

Cj1ζ
(i)
j1





3

− 1

2

p
∑

j1=0

C2
j1

p
∑

j3=0

Cj3ζ
(i)
j3




 =

(49) =
1

3!

(
δ3T,t − 3δT,t∆T,t

)
.
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The last step in (49) follows from the Parseval equality, Theorem 1 for k = 1, and the equality

l.i.m.
p→∞





p
∑

j1=0

Cj1ζ
(i)
j1





3

= δ3T,t,

which can be obtained easily when q = 8 (see (48)).
In addition, we used the following relations between Fourier coefficients for the considered case

Cj1j2 + Cj2j1 = Cj1Cj2 , 2Cj1j1 = C2
j1 ,

Cj1j2j3 + Cj1j3j2 + Cj2j3j1 + Cj2j1j3 + Cj3j2j1 + Cj3j1j2 = Cj1Cj2Cj3 ,

2 (Cj1j1j3 + Cj1j3j1 + Cj3j1j1) = C2
j1Cj3 ,

6Cj1j1j1 = C3
j1 .

4. On Usage of Discontinuous Complete Orthonormal Systems of Functions in
Theorem 1

Analyzing the proof of Theorem 1, we can ask a natural question: can we weaken the condition of
continuity of the functions φj(x), j = 1, 2, . . .?

We will say that the function f(x) : [t, T ] → R satisfies the condition (⋆) if it is continuous on the

interval [t, T ] except may be for the finite number of points of the finite discontinuity as well as it is

right-continuous on the interval [t, T ].

Furthermore, let us suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the
space L2([t, T ]), each function φj(x) of which for j <∞ satisfies the condition (⋆).

It is easy to see that continuity of the functions φj(x) was used substantially in the proof of
Theorem 1 in two places: Lemma 3 and the formula (15). It is clear that without the loss of generality
the partition {τj}Nj=0 of the interval [t, T ] in Lemma 3 and in the formula (15) can be taken so "dense"

that among the points τj of this partition will be all points of jumps of the functions ϕ1(τ) = φj1(τ),
. . . , ϕk(τ) = φjk (τ) (j1, . . . , jk < ∞) and among the points (τj1 , . . . , τjk) for which 0 ≤ j1 < . . . <
jk ≤ N − 1 there will be all points of jumps of the function Φ(t1, . . . , tk).

Let us demonstrate how to modify the proofs of Lemma 3 and the formula (15) in the case when
{φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]), each function φj(x)

of which for j <∞ satisfies the condition (⋆).
At first, consider Lemma 3. In the proof of this lemma we obtained the following relations

M







∣
∣
∣
∣
∣
∣

N−1∑

j=0

J [∆ϕl]τj+1,τj

∣
∣
∣
∣
∣
∣

4






=

N−1∑

j=0

M

{∣
∣
∣
∣
J [∆ϕl]τj+1,τj

∣
∣
∣
∣

4
}

+

(50) +6

N−1∑

j=0

M

{∣
∣
∣
∣
J [∆ϕl]τj+1,τj

∣
∣
∣
∣

2
}

j−1
∑

q=0

M

{∣
∣
∣
∣
J [∆ϕl]τq+1,τq

∣
∣
∣
∣

2
}

,
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M

{∣
∣J [∆ϕl]τj+1,τj

∣
∣
2
}

=

τj+1∫

τj

(ϕl(τj)− ϕl(s))
2ds,

M

{∣
∣J [∆ϕl]τj+1,τj

∣
∣
4
}

= 3






τj+1∫

τj

(ϕl(τj)− ϕl(s))
2ds






2

.

Suppose that the functions ϕl(s) (l = 1, . . . , k) satisfy the condition (⋆) and the partition {τj}Nj=0

includes all points of jumps of the functions ϕl(s) (l = 1, . . . , k). It means that for the integral

τj+1∫

τj

(ϕl(τj)− ϕl(s))
2ds

the integrand function is continuous at the interval [τj , τj+1], except possibly the point τj+1 of finite
discontinuity.

Let µ ∈ (0,∆τj) be fixed. Then, due to continuity (which means uniform continuity) of the functions
ϕl(s) (l = 1, . . . , k) on the interval [τj , τj+1 − µ] we have

τj+1∫

τj

(ϕl(τj)− ϕl(s))
2ds =

(51) =

τj+1−µ∫

τj

(ϕl(τj)− ϕl(s))
2ds+

τj+1∫

τj+1−µ

(ϕl(τj)− ϕl(s))
2ds < ε2(∆τj − µ) +M2µ.

Obtaining the inequality (51), we proposed that ∆τj < δ(ε) for j = 0, 1, . . . , N−1 (δ(ε) > 0 exists
for any ε > 0 and it does not depend on s),

|ϕl(τj)− ϕl(s)| < ε

if s ∈ [τj , τj+1 − µ] (due to uniform continuity of the functions ϕl(s) (l = 1, . . . , k)),

|ϕl(τj)− ϕl(s)| < M

if s ∈ [τj+1 − µ, τj+1], M is a constant (potential point of discontinuity of the function ϕl(s) is
supposed in the point τj+1).

Performing the passage to the limit in the inequality (51) when µ→ +0, we get

τj+1∫

τj

(ϕl(τj)− ϕl(s))
2ds ≤ ε2∆τj .

Using this estimate for the right-hand side of (50), we obtain
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M







∣
∣
∣
∣
∣
∣

N−1∑

j=0

J [∆ϕl]τj+1,τj

∣
∣
∣
∣
∣
∣

4






≤ ε4



3

N−1∑

j=0

(∆τj)
2 + 6

N−1∑

j=0

∆τj

j−1
∑

q=0

∆τq



 <

(52) < 3ε4
(
δ(ε)(T − t) + (T − t)2

)
.

This implies that

M







∣
∣
∣
∣
∣
∣

N−1∑

j=0

J [∆ϕl]τj+1τj

∣
∣
∣
∣
∣
∣

4






→ 0

if N → ∞. So, Lemma 3 remains valid.
Now, let us present explanations concerning the correctness of the formula (15) when {φj(x)}∞j=0

is a complete orthonormal system of functions in the space L2([t, T ]), each function φj(x) of which
for j <∞ satisfies the condition (⋆).

Let us consider the case k = 3 and the representation (17). We can demonstrate that in the studied
case the first limit on the right-hand side of (17) equals to zero (similarly we demonstrate that the
second limit on the right-hand side of (17) equals to zero; proof of the second limit equality to zero
on the right-hand side of the formula (16) is the same as for the case of continuous functions φj(x),
j = 0, 1, . . .).

The second moment of the prelimit expression of first limit on the right-hand side of (17) looks as
follows

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

τj2+1∫

τj2

τj1+1∫

τj1

(Φ(t1, t2, τj3)− Φ(t1, τj2 , τj3 ))
2
dt1dt2∆τj3 .

Further, for the fixed µ ∈ (0,∆τj2) and ρ ∈ (0,∆τj1) we have

τj2+1∫

τj2

τj1+1∫

τj1

(Φ(t1, t2, τj3)− Φ(t1, τj2 , τj3))
2
dt1dt2 =

=






τj2+1−µ
∫

τj2

+

τj2+1∫

τj2+1−µ











τj1+1−ρ
∫

τj1

+

τj1+1∫

τj1+1−ρ




 (Φ(t1, t2, τj3)− Φ(t1, τj2 , τj3))

2 dt1dt2 =

=






τj2+1−µ
∫

τj2

τj1+1−ρ
∫

τj1

+

τj2+1−µ
∫

τj2

τj1+1∫

τj1+1−ρ

+

τj2+1∫

τj2+1−µ

τj1+1−ρ
∫

τj1

+

τj2+1∫

τj2+1−µ

τj1+1∫

τj1+1−ρ




×

× (Φ(t1, t2, τj3 )− Φ(t1, τj2 , τj3))
2
dt1dt2 <

(53) < ε2 (∆τj2 − µ) (∆τj1 − ρ) +M2ρ (∆τj2 − µ) +M2µ (∆τj1 − ρ) +M2µρ,
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where M is a constant, ∆τj < δ(ε) for j = 0, 1, . . . , N − 1 (δ(ε) > 0 exists for any ε > 0 and it does
not depend on points (t1, t2, τj3), (t1, τj2 , τj3)). We suppose here that the partition {τj}Nj=0 contains

all discontinuity points of the function Φ(t1, t2, t3) as points τj (for every variable). When obtaining
(53), we also supposed that potential discontinuity points of this function (for every variable) are
contained among the points τj1+1, τj2+1, τj3+1.

Let us explain in detail how we obtained the inequality (53). Since the function Φ(t1, t2, t3) is
continuous on the closed bounded set

Q3 =

{

(t1, t2, t3) : t1 ∈ [τj1 , τj1+1 − ρ], t2 ∈ [τj2 , τj2+1 − µ], t3 ∈ [τj3 , τj3+1 − ν]

}

,

where ρ, µ, ν are fixed small positive numbers such that

ν ∈ (0,∆τj3), µ ∈ (0,∆τj2 ), ρ ∈ (0,∆τj1),

then this function is also uniformly continous on this set and bounded on the closed set D3.
Since the distance between the points (t1, t2, τj3), (t1, τj2 , τj3) ∈ Q3 is obviously less than δ(ε)

(∆τj < δ(ε) for j = 0, 1, . . . , N − 1), then

|Φ(t1, t2, τj3)− Φ(t1, τj2 , τj3 )| < ε.

This inequality was used to estimate the first double integral in (53). Estimating the three remaining
double integrals, we used the property of boundedness of the function Φ(t1, t2, t3) in form of inequality

|Φ(t1, t2, τj3)− Φ(t1, τj2 , τj3)| < M.

Performing the passage to the limit in the inequality (53) if µ, ρ→ +0, we obtain the estimate

τj2+1∫

τj2

τj1+1∫

τj1

(Φ(t1, t2, τj3)− Φ(t1, τj2 , τj3))
2
dt1dt2 ≤ ε2∆τj2∆τj1 .

Usage of this estimate provides

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

τj2+1∫

τj2

τj1+1∫

τj1

(Φ(t1, t2, τj3 )− Φ(t1, τj2 , τj3))
2
dt1dt2∆τj3 ≤

≤ ε2
N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

∆τj1∆τj2∆τj3 < ε2
(T − t)3

6
.

The last estimate means that in the considered case the first limit on the right-hand side of (17)
equals to zero (similarly we can demonstrate that the second limit on the right-hand side of (17)
equals to zero).

Consequently, the formula (15) is correct when k = 3 in the considered case. Similarly, we perform
argumentation for the cases k = 2 and k > 3.

Consequently, in Theorem 1 we can use complete orthonormal systems of functions {φj(x)}∞j=0 in

the space L2([t, T ]), each function φj(x) of which for j <∞ satisfies the condition (⋆).
One of the examples of such systems of functions is a complete orthonormal system of Haar

functions in the space L2([t, T ])
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φ0(x) =
1√
T − t

, φnj(x) =
1√
T − t

ϕnj

(
x− t

T − t

)

,

where n = 0, 1, . . . , j = 1, 2, . . . , 2n, and the functions ϕnj(x) have the following form

ϕnj(x) =







2n/2, x ∈ [(j − 1)/2n, (j − 1)/2n + 1/2n+1)

−2n/2, x ∈ [(j − 1)/2n + 1/2n+1, j/2n)

0, otherwise

,

where n = 0, 1, . . . , j = 1, 2, . . . , 2n (we choose the values of Haar functions in the points of
discontinuity in such a way that these functions will be right-continuous).

The other example of similar system of functions is a complete orthonormal system of Rademacher–
Walsh functions in the space L2([t, T ])

φ0(x) =
1√
T − t

,

φm1...mk
(x) =

1√
T − t

ϕm1

(
x− t

T − t

)

. . . ϕmk

(
x− t

T − t

)

,

where 0 < m1 < . . . < mk, m1, . . . ,mk = 1, 2, . . . , k = 1, 2, . . . ,

ϕm(x) = (−1)[2
mx],

x ∈ [0, 1], m = 1, 2, . . . , [y] is an integer part of a real number y.

5. Remark on Usage of Complete Orthonormal Systems of Functions in Theorem 1

Note that actually the functions φj(s) of complete orthonormal system of functions {φj(s)}∞j=0 in
the space L2([t, T ]) depend not only on s, but on t and T.

For example, the complete orthonormal systems of Legendre polynomials and trigonometric func-
tions in the space L2([t, T ]) have the following form

φj(s, t, T ) =

√

2j + 1

T − t
Pj

((

s− T + t

2

)
2

T − t

)

,

where Pj(s) (j = 0, 1, 2, . . .) is the Legendre polynomial,
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φj(s, t, T ) =
1√
T − t







1, j = 0

√
2sin (2πr(s− t)/(T − t)) , j = 2r − 1

√
2cos (2πr(s− t)/(T − t)) , j = 2r

,

where r = 1, 2, . . .
Note that the specified systems of functions are assumed to be used in the context of implementing

of numerical methods for Ito stochastic differential equations for the sequences of time intervals

[T0, T1], [T1, T2], [T2, T3], . . . ,

and spaces

L2([T0, T1]), L2([T1, T2]), L2([T2, T3]), . . .

We can explain that the dependence of functions φj(s, t, T ) from t and T (hereinafter these
constants will mean fixed moments of time) will not affect the main properties of independence
of the random variables

(54) ζ
(i)
(j)T,t =

T∫

t

φj(s, t, T )dw
(i)
s ,

where i = 1, . . . ,m and j = 0, 1, 2, . . .
Indeed, for fixed t and T due to orthonormality of the mentioned systems of functions we have

(55) M

{

ζ
(i)
(j)T,tζ

(r)
(g)T,t

}

= 1{i=r}1{j=g},

where

ζ
(i)
(j)T,t =

T∫

t

φj(s, t, T )dw
(i)
s , i, r = 1, . . . ,m, j, g = 0, 1, 2, . . .

Note that (55) means the independence of random variables (54) for various i or j.
On the other side, the random variables

ζ
(i)
(j)T1,t1

=

T1∫

t1

φj(s, t1, T1)dw
(i)
s , ζ

(i)
(j)T2,t2

=

T2∫

t2

φj(s, t2, T2)dw
(i)
s

are independent if [t1, T1]∩ [t2, T2] = ∅ (the case T1 = t2 is possible) according to the property of the
Ito stochastic integral.

Therefore, two important characteristics of random variables ζ
(i)
(j)T,t, which are the basic motive of

their usage, are saved.
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6. Convergence in the Mean of Degree 2n (n ∈ N) of Expansion of Iterated Ito
Stochastic Integrals From Theorem 1

This section is written on the base of the following paper [8] (2007) (also see [9]-[17], [20]-[26]).
Constructing the expansions of iterated Ito stochastic integrals from Theorem 1 we saved all

information about these integrals. That is why it is natural to expect that the mentioned expansions
will be convergent not only in the mean-square sense but in the stronger probabilistic senses.

We will obtain the general estimate which proves the convergence in the mean of degree 2n (n ∈ N)
of expansions from Theorem 1.

According to the notations of Theorem 1 (see (33)), we have

(56) Rp1,...,pk

T,t =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Rp1...pk
(t1, . . . , tk)df

(i1)
t1 . . . df

(ik)
tk ,

Rp1...pk
(t1, . . . , tk)

def
= K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl),

where i1, . . . , ik = 1, . . . ,m.
For definiteness we will consider in this section the case i1, . . . , ik = 1, . . . ,m (it is obviously

quite enough for the unified Taylor–Ito expansions [38] (also see [7]-[25]) of solutions of Ito stochastic
differential equations). Another notations from this section are the same as in the formulation and
proof of Theorem 1.

Proving Theorem 1, we obtained that (see (33))

M

{(

Rp1,...,pk

T,t

)2
}

≤ Ck

∫

[t,T ]k

R2
p1...pk

(t1, . . . , tk)dt1 . . . dtk,

where Ck is a constant.
In the next section we will show that

Ck = k!

for the following cases

1. i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞,

2. i1, . . . , ik = 0, 1, . . . ,m, i21 + . . .+ i2k > 0, and 0 < T − t < 1.

Assume that

η
(l−1)
tl,t

def
=

tl∫

t

. . .

t2∫

t

Rp1...pk
(t1, . . . , tk)df

(i1)
t1 . . . df

(il−1)
tl−1

, l = 2, 3, . . . , k + 1,

η
(k)
tk+1,t

def
= η

(k)
T,t ,
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η
(k)
T,t

def
=

T∫

t

. . .

t2∫

t

Rp1...pk
(t1, . . . , tk)df

(i1)
t1 . . . df

(ik)
tk

.

Using the Ito formula it is easy to demonstrate that [77]

M











t∫

t0

ξτdfτ





2n






= n(2n− 1)

t∫

t0

M











s∫

t0

ξudfu





2n−2

ξ2s







ds.

Using the Holder inequality (under the sign of integration on the right-hand side of the last equality)
for p = n/(n− 1), q = n and using the increasing of the value

M











t∫

t0

ξτdfτ





2n






with the growth of t, we get

M











t∫

t0

ξτdfτ





2n






≤ n(2n− 1)




M











t∫

t0

ξτdfτ





2n











(n−1)/n
t∫

t0

(
M
{
ξ2ns
})1/n

ds.

Raising to power n the obtained inequality and dividing it on




M











t∫

t0

ξτdfτ





2n











n−1

,

we get the following estimate

(57) M











t∫

t0

ξτdfτ





2n






≤ (n(2n− 1))n





t∫

t0

(
M
{
ξ2ns
})1/n

ds





n

.

Using the estimate (57), we have

M

{(

η
(k)
T,t

)2n
}

≤ (n(2n− 1))n





T∫

t

(

M

{(

η
(k−1)
tk,t

)2n
})1/n

dtk





n

≤
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≤ (n(2n− 1))n






T∫

t



(n(2n− 1))n





tk∫

t

(

M

{(

η
(k−2)
tk−1,t

)2n
})1/n

dtk−1





n



1/n

dtk






n

=

= (n(2n− 1))2n





T∫

t

tk∫

t

(

M

{(

η
(k−2)
tk−1,t

)2n
})1/n

dtk−1dtk





n

≤ . . .

. . . ≤ (n(2n− 1))n(k−1)





T∫

t

tk∫

t

. . .

t3∫

t

(

M

{(

η
(1)
t2,t

)2n
})1/n

dt3 . . . dtk−1dtk





n

=

= (n(2n− 1))n(k−1)(2n− 1)!!





T∫

t

. . .

t2∫

t

R2
p1...pk

(t1, . . . , tk)dt1 . . . dtk





n

≤

≤ (n(2n− 1))n(k−1)(2n− 1)!!






∫

[t,T ]k

R2
p1...pk

(t1, . . . , tk)dt1 . . . dtk






n

.

The penultimate step was obtained using the formula

M

{(

η
(1)
t2,t

)2n
}

= (2n− 1)!!





t2∫

t

R2
p1...pk

(t1, . . . , tk)dt1





n

,

which follows from the Gaussianity of

η
(1)
t2,t =

t2∫

t

Rp1...pk
(t1, . . . , tk)df

(i1)
t1 .

Similarly, we estimate the each summand on the right-hand side of (56). Then, from (56) using
the Minkowski inequality we finally get

M

{(

Rp1,...,pk

T,t

)2n
}

≤

≤






k!




(n(2n− 1))n(k−1)(2n− 1)!!






∫

[t,T ]k

R2
p1...pk

(t1, . . . , tk)dt1 . . . dtk






n




1/2n






2n

=
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(58) = (k!)2n(n(2n− 1))n(k−1)(2n− 1)!!






∫

[t,T ]k

R2
p1...pk

(t1, . . . , tk)dt1 . . . dtk






n

.

Due to orthonormality of the functions φj(s) (j = 0, 1, 2, . . .) we obtain

∫

[t,T ]k

R2
p1...pk

(t1, . . . , tk)dt1 . . . dtk =

(59) =

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1 .

Let us substitute (59) into (58)

M

{(

Rp1,...,pk

T,t

)2n
}

≤

≤ (k!)2n(n(2n− 1))n(k−1)(2n− 1)!! ×

(60) ×






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1






n

.

The inequality (58) (or (60)) means that the expansions of iterated Ito stochastic integrals, obtained
using Theorem 1, converge in the mean of degree 2n (n ∈ N), as according to the Parseval equality

∫

[t,T ]k

R2
p1...pk

(t1, . . . , tk)dt1 . . . dtk =

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk ...j1 → 0

if p1, . . . , pk → ∞.
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7. Estimate for the Mean-Square Error of Approximation of Iterated Ito
Stochastic Integrals Based on Theorem 1

In this section, we prove the useful estimate for the mean-square error of approximation in Theorem
1.

Theorem 3 [20]-[25], [34]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom

function on the interval [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of functions in the

space L2([t, T ]), each function of which for finite j satisfies the condition (⋆) (see Sect. 4). Then the

estimate

M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2
}

≤

(61) ≤ k!






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1






is valid for the following cases:

1. i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞,

2. i1, . . . , ik = 0, 1, . . . ,m, i21 + . . .+ i2k > 0, and 0 < T − t < 1,

where J [ψ(k)]T,t is the stochastic integral (1), J [ψ(k)]p1,...,pk

T,t is the expression on the right-hand side

of (6) before passing to the limit l.i.m.
p1,...,pk→∞

; another notations are the same as in Theorem 1.

Proof. Prooving Theorem 1, we obtained w. p. 1 the following representation (see (32), (33))

J [ψ(k)]T,t = J [ψ(k)]p1,...,pk

T,t +Rp1,...,pk

T,t ,

where J [ψ(k)]p1,...,pk

T,t is the expression on the right-hand side of (6) before passing to the limit
l.i.m.

p1,...,pk→∞
and

Rp1,...,pk

T,t =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

k∏

l=1

φjl (tl)

)

×

(62) ×dw(i1)
t1 . . . dw

(ik)
tk

,

where
∑

(t1,...,tk)

means the sum with respect to all possible permutations (t1, . . . , tk), which are performed only in

the values dw
(i1)
t1 . . . dw

(ik)
tk . At the same time the indexes near upper limits of integration in the

iterated stochastic integrals are changed correspondently and if tr swapped with tq in the permutation
(t1, . . . , tk), then ir swapped with iq in the permutation (i1, . . . , ik).
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In the case of any fixed k and numbers i1, . . . , ik = 1, . . . ,m the integrals on the right-hand side of
(62) will be dependent in a stochastic sense. Let us estimate the second moment of Rp1,...,pk

T,t . From

(22), (62) and elementary inequality

(63) (a1 + a2 + . . .+ ap)
2 ≤ p

(
a21 + a22 + . . .+ a2p

)
, p ∈ N,

we obtain the following estimate for the case i1, . . . , ik = 1, . . . ,m (0 < T − t <∞)

M

{(

Rp1,...,pk

T,t

)2
}

≤

≤ k!




∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

)2

dt1 . . . dtk



 =

= k!

∫

[t,T ]k

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl (tl)

)2

dt1 . . . dtk =

(64) = k!






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk ...j1




 .

For the case of any fixed k and numbers i1, . . . , ik = 0, 1, . . . ,m (i21 + . . .+ i2k > 0) from (22), (62),
(63) we obtain

M

{(

Rp1,...,pk

T,t

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

k∏

l=1

φjl(tl)

)2

dt1 . . . dtk =

= Ck

∫

[t,T ]k

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

)2

dt1 . . . dtk =

= Ck






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1




 ,

where Ck is a constant.
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It is not difficult to see that the constant Ck depends on k (k is the multiplicity of the iterated Ito
stochastic integral) and T − t (T − t is the length of integration interval of the iterated Ito stochastic
integral). Moreover, Ck has the following form

Ck = k! ·max
{

(T − t)α1 , (T − t)α2 , . . . , (T − t)αk!

}

,

where α1, α2, . . . , αk! = 0, 1, . . . , k − 1.
However, T − t is supposed as an integration step of numerical procedures for Ito stochastic

differential equations, which is a rather small value. For example 0 < T − t < 1. Then Ck ≤ k!
It means, that for the case of any fixed k and i1, . . . , ik = 0, 1, . . . ,m, i21+. . .+i

2
k > 0 (0 < T−t < 1)

we can write (61). Theorem 3 is proved.

8. Expansion of Iterated Ito Stochastic Integrals Based on Generalized Multiple
Fourier Series. The Case of Complete Orthonormal With Weight r(t1) . . . r(tk) ≥ 0

Systems of Functions in the Space L2([t, T ]
k)

In this section, we consider the modification of Theorem 1 for the case of complete orthonormal
with weight r(t1) . . . r(tk) ≥ 0 systems of functions in the space L2([t, T ]

k) (k ∈ N).
Let {Ψj(x)}∞j=0 be a complete orthonormal with weight r(x) ≥ 0 system of functions in the space

L2([t, T ]). It is well known that the Fourier series with respect to the system {Ψj(x)}∞j=0 of function

f(x)
(

f(x)
√

r(x) ∈ L2([t, T ])
)

converges to the function f(x) in the mean-square sense with weight r(x), i.e.

(65) lim
p→∞

T∫

t

(

f(x)−
p
∑

j=0

C̃jΨj(x)

)2

r(x)dx = 0,

where

(66) C̃j =

T∫

t

f(x)Ψj(x)r(x)dx

is the Fourier coefficient.
Obviously, the relation (65) can be obtained if we will expand the function f(x)

√

r(x) ∈ L2([t, T ])
into a usual Fourier series with respect to the complete orthonormal with weight 1 system of functions

{

Ψj(x)
√

r(x)
}∞

j=0

in the space L2([t, T ]). Then

lim
p→∞

T∫

t

(

f(x)
√

r(x) −
p
∑

j=0

C̃jΨj(x)
√

r(x)

)2

dx =
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(67) = lim
p→∞

T∫

t

(

f(x) −
p
∑

j=0

C̃jΨj(x)

)2

r(x)dx = 0,

where C̃j has the form (66).
Let us consider an obvious generalization of this approach to the case of several variables. Let us

expand the function K(t1, . . . , tk) such that

K(t1, . . . , tk)

k∏

l=1

√

r(tl) ∈ L2([t, T ]
k)

using the complete orthonormal system of functions

k∏

l=1

Ψjl(tl)
√

r(tl), jl = 0, 1, 2, . . . , l = 1, . . . , k

in the space L2([t, T ]
k) into the generalized multiple Fourier series.

It is well known that the mentioned generalized multiple Fourier series converges in the mean-
square sense, i.e.

lim
p1,...,pk→∞

∫

[t,T ]k



K(t1, . . . , tk)
k∏

l=1

√

r(tl)−
p1∑

j1=0

. . .

pk∑

jk=0

C̃jk ...j1

k∏

l=1

Ψjl(tl)
√

r(tl)





2

dt1 . . . dtk =

(68)

= lim
p1,...,pk→∞

∫

[t,T ]k



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

k∏

l=1

Ψjl(tl)





2(
k∏

l=1

r(tl)

)

dt1 . . . dtk = 0,

where

C̃jk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k∏

l=1

(

Ψjl(tl)r(tl)

)

dt1 . . . dtk.

Let us consider the following iterated Ito stochastic integrals

(69) J̃ [ψ(k)]T,t =

T∫

t

ψk(tk)
√

r(tk) . . .

t2∫

t

ψ1(t1)
√

r(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where every ψl(τ) (l = 1, . . . , k) is a nonrandom function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m.
So, we obtain the following version of Theorem 1.

Theorem 4 [22]-[25] (also see [21], [36]). Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous

nonrandom function on the interval [t, T ]. Moreover, let {Ψj(x)
√

r(x)}∞j=0 (r(x) ≥ 0) is a complete
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orthonormal system of functions in the space L2([t, T ]), each function Ψj(x)
√

r(x) of which for finite

j satisfies the condition (⋆) (see Sect. 4). Then

J̃ [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

(
k∏

l=1

ζ̃
(il)
jl

−

(70) −l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

Ψj1(τl1)
√

r(τl1 )∆w
(i1)
τl1

. . .Ψjk(τlk)
√

r(τlk )∆w
(ik)
τlk

)

,

where

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1} ,

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k} ,

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ̃
(i)
j =

T∫

t

Ψj(s)
√

r(s)dw(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval [t, T ], which satisfies the

condition (5),

C̃jk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k∏

l=1

(

Ψjl(tl)r(tl)

)

dt1 . . . dtk

is the Fourier coefficient,

K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].

Proof. According to Lemmas 1, 3 and (20), (29), we get the following representation w. p. 1

J̃ [ψ(k)]T,t =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

K(t1, . . . , tk)

k∏

l=1

√

r(tl)dw
(i1)
t1 . . . dw

(ik)
tk =
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=

p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

T∫

t

. . .

t2∫

t

∑

(t1,...,tk)

(
k∏

l=1

(

Ψjl(tl)
√

r(tl)
)

dw
(i1)
t1 . . . dw

(ik)
tk

)

R̃p1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1 l.i.m.
N→∞

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

Ψj1(τl1)
√

r(τl1 )∆w
(i1)
τl1

. . .Ψjk(τlk)
√

(τlk)∆w
(ik)
τlk

+

+R̃p1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1



l.i.m.
N→∞

N−1∑

l1,...,lk=0

Ψj1(τl1)
√

r(τl1 )∆w
(i1)
τl1

. . .Ψjk(τlk)
√

(τlk)∆w
(ik)
τlk

−

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

Ψj1(τl1)
√

r(τl1 )∆w
(i1)
τl1

. . .Ψjk(τlk)
√

(τlk)∆w
(ik)
τlk



+ R̃p1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1×

(71) ×





k∏

l=1

ζ̃
(il)
jl

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

Ψj1(τl1 )
√

r(τl1 )∆w
(i1)
τl1

. . .Ψjk(τlk)
√

(τlk)∆w
(ik)
τlk



+ R̃p1,...,pk

T,t ,

where

R̃p1,...,pk

T,t =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(

K(t1, . . . , tk)

k∏

l=1

√

r(tl)−

(72) −
p1∑

j1=0

. . .

pk∑

jk=0

C̃jk ...j1

k∏

l=1

(

Ψjl(tl)
√

r(tl)
)



 dw
(i1)
t1 . . . dw

(ik)
tk

,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk

.
At the same time the indexes near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik).

Let us evaluate the remainder R̃p1,...,pk

T,t of the series.

According to Lemma 2 and (30), we have
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M

{(

R̃p1,...,pk

T,t

)2
}

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(

K(t1, . . . , tk)

k∏

l=1

√

r(tl) −

−
p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

k∏

l=1

(

Ψjl(tl)
√

r(tl)
)





2

dt1 . . . dtk =

(73) = Ck

∫

[t,T ]k



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

k∏

l=1

Ψjl(tl)





2(
k∏

l=1

r(tl)

)

dt1 . . . dtk → 0

if p1, . . . , pk → ∞, where constant Ck depends only on the multiplicity k of the iterated Ito stochastic
integral (69). Theorem 4 is proved.

Let us formulate the version of Theorem 3.
Theorem 5 [22]-[25], [36]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom

function on [t, T ]. Moreover, let {Ψj(x)
√

r(x)}∞j=0 (r(x) ≥ 0) is a complete orthonormal system of

functions in the space L2([t, T ]), each function Ψj(x)
√

r(x) of which for finite j satisfies the condition

(⋆) (see Sect. 4). Then the estimate

M

{(

J̃ [ψ(k)]T,t − J̃ [ψ(k)]p1,...,pk

T,t

)2
}

≤

(74) ≤ k!






∫

[t,T ]k

K2(t1, . . . , tk)

(
k∏

l=1

r(tl)

)

dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C̃2
jk...j1






is valid for the following cases:

1. i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞,

2. i1, . . . , ik = 0, 1, . . . ,m, i21 + . . .+ i2k > 0, and 0 < T − t < 1,

where J̃ [ψ(k)]T,t is the stochastic integral (69), J̃ [ψ(k)]p1,...,pk

T,t is the expression on the right-hand side

of (70) before passing to the limit l.i.m.
p1,...,pk→∞

; another notations are the same as in Theorem 4.

9. Convergence With Probability 1 of Expansion of Iterated Ito Stochastic
Integrals in Theorem 1 for the Case of Multiplicity k (k ∈ N)

This section is written on the base of Sect. 1.7.2 from [22]-[25] and Sect. 6 from [28]. Remind that
in a lot of author’s publications [7]-[17], [20]-[25] the convergence in Theorem 1 has been considered in
different probabilistic senses. For example, the mean-square convergence [7] (2006) (also see [8]-[17],
[20]-[25]) and convergence in the mean of degree 2n (n ∈ N) [8] (2007) (also see [9]-[17], [20]-[25])
have been proved. On the examples of specific iterated Ito stochastic integrals of mutiplicities 1 and
2 the convergence with probability 1 has been considered in [8] (2007) (also see [9]-[17], [20]-[25]).
However, these examples are narrow particular cases of the iterated Ito stochastic integrals (1).
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In this section, we formulate and prove the theorem [22]-[25], [28] on convergence with probability
1 (w. p. 1) of the expansions of iterated Ito stochastic integrals from Theorem 1.

Let us remind the well-known fact from the mathematical analysis, which is connected to existence
of iterated limits.

Proposition 1. Let
{
xn,m

}∞

n,m=1
be a double sequence and let there exists the limit

lim
n,m→∞

xn,m = a <∞.

Moreover, let there exist the limits

lim
n→∞

xn,m <∞ for any m, lim
m→∞

xn,m <∞ for any n.

Then, there exist the iterated limits

lim
n→∞

lim
m→∞

xn,m, lim
m→∞

lim
n→∞

xn,m

and moreover,

lim
n→∞

lim
m→∞

xn,m = lim
m→∞

lim
n→∞

xn,m = a.

Theorem 6 [22]-[25], [28]. Let ψl(τ) (l = 1, . . . , k) are continuously differentiable nonrandom

functions on the interval [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]). Then

J [ψ(k)]p,...,pT,t → J [ψ(k)]T,t if p→ ∞

w. p. 1, where J [ψ(k)]p,...,pT,t is the expression on the right-hand side of (6) before passing to the limit

l.i.m.
p1,...,pk→∞

for the case p1 = . . . = pk = p, i.e. (see Theorem 1)

J [ψ(k)]p,...,pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk

)

,

where i1, . . . , ik = 1, . . . ,m.

Proof. Let us consider the Parseval equality

(75)

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk = lim
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1 ,
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where

(76) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

=

k∏

l=1

ψl(tl)

k−1∏

l=1

1{tl<tl+1},

where t1, . . . , tk ∈ [t, T ] for k ≥ 2 and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ], 1A denotes the indicator of the
set A,

(77) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient.
Using (76), we obtain

Cjk...j1 =

T∫

t

φjk (tk)ψk(tk) . . .

t2∫

t

φj1(t1)ψ1(t1)dt1 . . . dtk.

Further, we denote

lim
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

def
=

∞∑

j1,...,jk=0

C2
jk...j1

.

If p1 = . . . = pk = p, then we also write

lim
p→∞

p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

def
=

∞∑

j1,...,jk=0

C2
jk...j1

.

From the other hand, for iterated limits we write

lim
p1→∞

. . . lim
pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

def
=

∞∑

j1=0

. . .

∞∑

jk=0

C2
jk...j1

,

lim
p1→∞

lim
p2,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

def
=

∞∑

j1=0

∞∑

j2,...,jk=0

C2
jk ...j1

and so on.
Let us consider the following lemma.

Lemma 4. The following equalities are fulfilled

∞∑

j1,...,jk=0

C2
jk...j1

=

∞∑

j1=0

. . .

∞∑

jk=0

C2
jk ...j1

=

(78) =

∞∑

jk=0

. . .

∞∑

j1=0

C2
jk ...j1

=

∞∑

jq1=0

. . .

∞∑

jqk=0

C2
jk...j1
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for any permutation (q1, . . . , qk) such that {q1, . . . , qk} = {1, . . . , k}.
Proof. Let us consider the value

(79)

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1

for any permutation (ql, . . . , qk), where l = 1, 2, . . . , k, {q1, . . . , qk} = {1, . . . , k}.
Obviously, (79) is the non-decreasing sequence with respect to p. Moreover,

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1 ≤

p
∑

jq1=0

p
∑

jq2=0

. . .

p
∑

jqk=0

C2
jk...j1 ≤

≤
∞∑

j1,...,jk=0

C2
jk...j1

<∞.

Then, the following limit

lim
p→∞

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1

=

∞∑

jql ,...,jqk=0

C2
jk...j1

exists.
Let pl, . . . , pk simultaneously tend to infinity. Then g, r → ∞, where g = min{pl, . . . , pk} and

r = max{pl, . . . , pk}. Moreover,

g
∑

jql=0

. . .

g
∑

jqk=0

C2
jk...j1

≤
pl∑

jql=0

. . .

pk∑

jqk=0

C2
jk...j1

≤
r∑

jql=0

. . .
r∑

jqk=0

C2
jk...j1

.

This means that the existence of the limit

(80) lim
p→∞

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1

implies the existence of the limit

(81) lim
pl,...,pk→∞

pl∑

jql=0

. . .

pk∑

jqk=0

C2
jk...j1

and equality of the limits (80) and (81).
Taking into account the above reasoning, we have

lim
p,q→∞

q
∑

jql=0

p
∑

jql+1
=0

. . .

p
∑

jqk=0

C2
jk...j1 = lim

p→∞

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1 =

(82) = lim
pl,...,pk→∞

pl∑

jql=0

. . .

pk∑

jqk=0

C2
jk...j1

.
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Since the limit
∞∑

j1,...,jk=0

C2
jk...j1

exists (see the Parseval equality (75)), then from Proposition 1 we have

∞∑

jq1=0

∞∑

jq2 ,...,jqk=0

C2
jk...j1

= lim
q→∞

lim
p→∞

q
∑

jq1=0

p
∑

jq2=0

. . .

p
∑

jqk=0

C2
jk...j1

=

(83) = lim
q,p→∞

q
∑

jq1=0

p
∑

jq2=0

. . .

p
∑

jqk=0

C2
jk...j1

=

∞∑

j1,...,jk=0

C2
jk...j1

.

Using (82) and Proposition 1, we obtain

∞∑

jq2=0

∞∑

jq3 ,...,jqk=0

C2
jk...j1 = lim

q→∞
lim
p→∞

q
∑

jq2=0

p
∑

jq3=0

. . .

p
∑

jqk=0

C2
jk...j1 =

(84) = lim
q,p→∞

q
∑

jq2=0

p
∑

jq3=0

. . .

p
∑

jqk=0

C2
jk...j1 =

∞∑

jq2 ,...,jqk=0

C2
jk...j1 .

Combining (84) and (83), we get

∞∑

jq1=0

∞∑

jq2=0

∞∑

jq3 ,...,jqk=0

C2
jk...j1 =

∞∑

j1,...,jk=0

C2
jk ...j1 .

Repeating the above steps, we complete the proof of Lemma 4.
Further, let us show that for s = 1, . . . , k

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 =

(85) =

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1

.

Using the arguments which we used when proving Lemma 4, we have

lim
n→∞

n∑

j1=0

. . .

n∑

js−1=0

p
∑

js=0

n∑

js+1=0

. . .

n∑

jk=0

C2
jk...j1 =

(86) =

p
∑

js=0

∞∑

j1,...,js−1,js+1,...,jk=0

C2
jk...j1

=

p
∑

js=0

∞∑

jq1=0

. . .

∞∑

jqk−1
=0

C2
jk...j1
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for any permutation (q1, . . . , qk−1) such that {q1, . . . , qk−1} = {1, . . . , s − 1, s+ 1, . . . , k}, where p is
a fixed natural number.

Obviously, we have

p
∑

js=0

∞∑

jq1=0

. . .

∞∑

jqk−1
=0

C2
jk...j1 =

∞∑

jq1=0

. . .

p
∑

js=0

. . .

∞∑

jqk−1
=0

C2
jk...j1 = . . . =

(87) =

∞∑

jq1=0

. . .

∞∑

jqk−1
=0

p
∑

js=0

C2
jk...j1 .

Using (86), (87), and Lemma 4, we obtain

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk ...j1 =

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk ...j1−

−
∞∑

j1=0

. . .

∞∑

js−1=0

p
∑

js=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk ...j1

=

=
∞∑

js=0

∞∑

js−1=0

. . .
∞∑

j1=0

∞∑

js+1=0

. . .
∞∑

jk=0

C2
jk...j1

−
p
∑

js=0

∞∑

js−1=0

. . .
∞∑

j1=0

∞∑

js+1=0

. . .
∞∑

jk=0

C2
jk ...j1

=

=

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1

.

The equality (85) is proved.
Using the Parseval equality and Lemma 4, we obtain

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

=

=

∞∑

j1,...,jk=0

C2
jk...j1

−
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

=

=

∞∑

j1=0

. . .

∞∑

jk=0

C2
jk...j1 −

p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 =

=

p
∑

j1=0

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1 +

∞∑

j1=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1 −

p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 =
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=

p
∑

j1=0

p
∑

j2=0

∞∑

j3=0

. . .

∞∑

jk=0

C2
jk...j1

+

p
∑

j1=0

∞∑

j2=p+1

∞∑

j3=0

. . .

∞∑

jk=0

+

+

∞∑

j1=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1 −

p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 = . . . =

=

∞∑

j1=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1 +

p
∑

j1=0

∞∑

j2=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1+

+

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

∞∑

j4=0

. . .

∞∑

jk=0

C2
jk...j1

+ . . .+

p
∑

j1=0

. . .

p
∑

jk−1=0

∞∑

jk=p+1

C2
jk ...j1

≤

≤
∞∑

j1=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1 +

∞∑

j1=0

∞∑

j2=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1+

+

∞∑

j1=0

∞∑

j2=0

∞∑

j3=p+1

∞∑

j4=0

. . .

∞∑

jk=0

C2
jk...j1 + . . .+

∞∑

j1=0

. . .

∞∑

jk−1=0

∞∑

jk=p+1

C2
jk ...j1 =

(88) =

k∑

s=1





∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1



 .

Note that deriving (88) we use the following

p
∑

j1=0

. . .

p
∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1

≤

≤
m1∑

j1=0

. . .

ms−1∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1

≤

≤ lim
ms−1→∞

m1∑

j1=0

. . .

ms−1∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .
∞∑

jk=0

C2
jk...j1

=

=

m1∑

j1=0

. . .

ms−2∑

js−2=0

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .
∞∑

jk=0

C2
jk...j1

≤

≤ . . . ≤
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≤
∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 ,

where m1, . . . ,ms−1 > p.
Denote

Cjs...j1(τ) =

τ∫

t

φjs(ts)ψs(ts) . . .

t2∫

t

φj1 (t1)ψ1(t1)dt1 . . . dts,

where s = 1, . . . , k − 1.
Let us remind the Dini Theorem, which we will use further.

Theorem (Dini). Let the functional sequence un(x) be non-decreasing at each point of the interval

[a, b]. In addition, all the functions un(x) of this sequence and the limit function u(x) are continuous

on the interval [a, b]. Then the convergence un(x) to u(x) is uniform on the interval [a, b].

For s < k due to the Parseval equality and Dini Theorem as well as (85) we obtain

∞∑

j1=0

. . .
∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .
∞∑

jk=0

C2
jk...j1

=

(85)
=

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 =

(Parseval Eq.)
=

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−1=0

T∫

t

ψ2
k(tk)

(
Cjk−1...j1(tk)

)2
dtk =

(Dini Th.)
=

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−2=0

T∫

t

ψ2
k(tk)

∞∑

jk−1=0

(
Cjk−1...j1(tk)

)2
dtk =

(Parseval Eq.)
=

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−2=0

T∫

t

ψ2
k(tk)

tk∫

t

ψ2
k−1(tk−1)

(
Cjk−2...j1(tk−1)

)2 ×

×dtk−1dtk ≤

≤ C

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−2=0

T∫

t

(
Cjk−2...j1(τ)

)2
dτ =
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(Dini Th.)
= C

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−3=0

T∫

t

∞∑

jk−2=0

(
Cjk−2...j1(τ)

)2
dτ =

(Parseval Eq.)
= C

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−3=0

T∫

t

τ∫

t

ψ2
k−2(θ)

(
Cjk−3...j1(θ)

)2
dθdτ ≤

≤ K

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−3=0

T∫

t

(
Cjk−3...j1(τ)

)2
dτ ≤

≤ . . . ≤

≤ Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

T∫

t

(Cjs...j1(τ))
2
dτ =

(89)
(Dini Th.)

= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j2=0

T∫

t

∞∑

j1=0

(Cjs...j1(τ))
2
dτ,

where constants C, K depend on T − t and constant Ck depends on k and T − t.
Let us explane more precisely how we obtain (89). For any function g(s) ∈ L2([t, T ]) we have the

following Parseval equality

∞∑

j=0





τ∫

t

φj(s)g(s)ds





2

=
∞∑

j=0





T∫

t

1{s<τ}φj(s)g(s)ds





2

=

(90) =

T∫

t

(
1{s<τ}

)2
g2(s)ds =

τ∫

t

g2(s)ds.

The equality (90) has been applied repeatedly when we obtaining (89).
Using the replacement of integrating order in Riemann integrals, we have

Cjs...j1(τ) =

τ∫

t

φjs(ts)ψs(ts) . . .

t2∫

t

φj1(t1)ψ1(t1)dt1 . . . dts =

=

τ∫

t

φj1(t1)ψ1(t1)

τ∫

t1

φj2(t2)ψ2(t2) . . .

τ∫

ts−1

φjs(ts)ψs(ts)dts . . . dt2dt1
def
=
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def
= C̃js...j1(τ).

For l = 1, . . . , s we will use the following notation

C̃js...jl(τ, θ) =

τ∫

θ

φjl(tl)ψl(tl)

τ∫

tl

φjl+1
(tl+1)ψl+1(tl+1) . . .

τ∫

ts−1

φjs(ts)ψs(ts)dts . . . dtl+1dtl.

Using the Parseval equality and Dini Theorem, from (89) we obtain

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 ≤

≤ Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j2=0

T∫

t

∞∑

j1=0

(Cjs...j1(τ))
2
dτ =

= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j2=0

T∫

t

∞∑

j1=0

(

C̃js...j1(τ)
)2

dτ =

(91)
(Parseval Eq.)

= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .
∞∑

j2=0

T∫

t

τ∫

t

ψ2
1(t1)

(

C̃js...j2(τ, t1)
)2

dt1dτ =

(92)
(Dini Th.)

= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .
∞∑

j3=0

T∫

t

τ∫

t

ψ2
1(t1)

∞∑

j2=0

(

C̃js...j2(τ, t1)
)2

dt1dτ =

(Parseval Eq.)
= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .
∞∑

j3=0

T∫

t

τ∫

t

ψ2
1(t1)

τ∫

t1

ψ2
2(t2)

(

C̃js...j3(τ, t2)
)2

dt2dt1dτ ≤

≤ Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j3=0

T∫

t

τ∫

t

ψ2
1(t1)

τ∫

t

ψ2
2(t2)

(

C̃js...j3(τ, t2)
)2

dt2dt1dτ ≤

≤ C
′

k

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j3=0

T∫

t

τ∫

t

ψ2
2(t2)

(

C̃js...j3(τ, t2)
)2

dt2dτ ≤
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≤ . . . ≤

≤ C
′′

k

∞∑

js=p+1

T∫

t

τ∫

t

ψ2
s−1(ts−1)

(

C̃js(τ, ts−1)
)2

dts−1dτ ≤

(93) ≤ C̃k

∞∑

js=p+1

T∫

t

τ∫

t





τ∫

u

φjs(θ)ψs(θ)dθ





2

dudτ,

where constants C
′

k, C
′′

k , C̃k depend on k and T − t.
Let us explane more precisely how we obtain (93). For any function g(s) ∈ L2([t, T ]) we have the

following Parseval equality

∞∑

j=0





τ∫

θ

φj(s)g(s)ds





2

=

∞∑

j=0





T∫

t

1{θ<s<τ}φj(s)g(s)ds





2

=

(94) =

T∫

t

(
1{θ<s<τ}

)2
g2(s)ds =

τ∫

θ

g2(s)ds.

The equality (94) has been applied repeatedly when we obtaining (93).
Let us explane more precisely the passing from (91) to (92) (the same steps have been used when

we deriving (93)).
We have

T∫

t

τ∫

t

ψ2
1(t1)

∞∑

j2=0

(

C̃js...j2(τ, t1)
)2

dt1dτ −
n∑

j2=0

T∫

t

τ∫

t

ψ2
1(t1)

(

C̃js...j2(τ, t1)
)2

dt1dτ =

=

T∫

t

τ∫

t

ψ2
1(t1)

∞∑

j2=n+1

(

C̃js...j2(τ, t1)
)2

dt1dτ =

(95) = lim
N→∞

N−1∑

j=0

τj∫

t

ψ2
1(t1)

∞∑

j2=n+1

(

C̃js...j2(τj , t1)
)2

dt1∆τj ,

where {τj}Nj=0 is the partition of the interval [t, T ], which satisfies the condition (5).
Since the non-decreasing functional sequence un(τj , t1) and its limit function u(τj , t1) are continuous

on the interval [t, τj ] ⊆ [t, T ] with respect to t1, where

un(τj , t1) =

n∑

j2=0

(

C̃js...j2(τj , t1)
)2

,
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u(τj , t1) =

∞∑

j2=0

(

C̃js...j2(τj , t1)
)2

=

τj∫

t1

ψ2
2(t2)

(

C̃js...j3(τj , t2)
)2

dt2,

then by Dini Theorem we have the uniform convergence of un(τj , t1) to u(τj , t1) at the interval
[t, τj ] ⊆ [t, T ] with respect to t1. As a result, we obtain

(96)
∞∑

j2=n+1

(

C̃js...j2(τj , t1)
)2

< ε, t1 ∈ [t, τj ]

for n > N(ε) (N(ε) exists for any ε > 0 and it does not depend on t1).
From (95) and (96) we obtain

lim
N→∞

N−1∑

j=0

τj∫

t

ψ2
1(t1)

∞∑

j2=n+1

(

C̃js...j2(τj , t1)
)2

dt1∆τj ≤ ε lim
N→∞

N−1∑

j=0

τj∫

t

ψ2
1(t1)dt1∆τj =

(97) = ε

T∫

t

τ∫

t

ψ2
1(t1)dt1dτ.

From (97) we get

lim
n→∞

T∫

t

τ∫

t

ψ2
1(t1)

∞∑

j2=n+1

(

C̃js...j2(τ, t1)
)2

dt1dτ = 0.

This fact completes the proof of passing from (91) to (92).
Let us estimate the integral

(98)

τ∫

u

φjs(θ)ψs(θ)dθ

from (93) for the cases when {φj(s)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]).
Note that the estimates for the integral

(99)

τ∫

t

φj(θ)ψ(θ)dθ, j ≥ p+ 1,

where ψ(θ) is a continuously differentiable function on the interval [t, T ], have been obtained in [35]
(see the formulas (54) (55), (60)) or in [27] (see the formulas (57), (58), (63)). The same estimates
also can be found in early publications [16], [17], [20], [21] and in [22]-[25] (2020, 2021, 2023).

Let us estimate the integral (98) using the approach from [27], [35].
First, consider the case of Legendre polynomials. Then φj(s) looks as follows
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(100) φj(θ) =

√

2j + 1

T − t
Pj

((

θ − T + t

2

)
2

T − t

)

, j ≥ 0,

where Pj(x) (j = 0, 1, 2 . . .) is a complete orthonormal system of Legendre polynomials in the space
L2([−1, 1]).

Further, we have

x∫

v

φj(θ)ψ(θ)dθ =

√
T − t

√
2j + 1

2

z(x)∫

z(v)

Pj(y)ψ(u(y))dy =

=

√
T − t

2
√
2j + 1

(

(Pj+1(z(x))− Pj−1(z(x)))ψ(x) − (Pj+1(z(v))− Pj−1(z(v)))ψ(v)−

(101) −T − t

2

z(x)∫

z(v)

((Pj+1(y)− Pj−1(y))ψ
′(u(y))dy

)

,

where x, v ∈ (t, T ), j ≥ p+ 1, u(y) and z(x) are defined by the following relations

u(y) =
T − t

2
y +

T + t

2
, z(x) =

(

x− T + t

2

)
2

T − t
,

ψ′ is a derivative of the function ψ(θ) with respect to the variable u(y).
Note that in (101) we used the following well-known property of the Legendre polynomials

dPj+1

dx
(x) − dPj−1

dx
(x) = (2j + 1)Pj(x), j = 1, 2, . . .

From (101) and the well-known estimate for the Legendre polynomials

(102) |Pj(y)| <
K√

j + 1(1− y2)1/4
, y ∈ (−1, 1), j ∈ N,

where constant K does not depend on y and j, it follows that

(103)

∣
∣
∣
∣
∣
∣

x∫

v

φj(θ)ψ(θ)dθ

∣
∣
∣
∣
∣
∣

<
C

j

(

1

(1− (z(x))2)1/4
+

1

(1− (z(v))2)1/4
+ C1

)

,

where j ∈ N, z(x), z(v) ∈ (−1, 1), x, v ∈ (t, T ), constants C, C1 do not depend on j.
From (103) we obtain
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(104)





x∫

v

φj(θ)ψ(θ)dθ





2

<
C2

j2

(

1

(1− (z(x))2)1/2
+

1

(1− (z(v))2)1/2
+ C3

)

,

where j ∈ N, constants C2, C3 do not depend on j.
Let us apply (104) for the estimate of the right-hand side of (93). We have

T∫

t

τ∫

t





τ∫

u

φjs(θ)ψs(θ)dθ





2

dudτ ≤

≤ K1

j2s





1∫

−1

dy

(1− y2)
1/2

+

1∫

−1

x∫

−1

dy

(1− y2)
1/2

dx+K2



 ≤

(105) ≤ K3

j2s
,

where js ∈ N, constants K1,K2,K3 are independent of js.
Now consider the trigonometric case. The complete orthonormal system of trigonometric functions

in the space L2([t, T ]) has the following form

(106) φj(θ) =
1√
T − t







1, j = 0

√
2sin (2πr(θ − t)/(T − t)) , j = 2r − 1

√
2cos (2πr(θ − t)/(T − t)) , j = 2r

,

where r = 1, 2, . . .
Using the system of functions (106), we have

x∫

v

φ2r−1(θ)ψ(θ)dθ =

√

2

T − t

x∫

v

sin
2πr(θ − t)

T − t
ψ(θ)dθ =

= −
√

T − t

2

1

πr

(

ψ(x)cos
2πr(x − t)

T − t
− ψ(v)cos

2πr(v − t)

T − t
−

(107) −
x∫

v

cos
2πr(θ − t)

T − t
ψ′(θ)dθ

)

,

x∫

v

φ2r(θ)ψ(θ)dθ =

√

2

T − t

x∫

v

cos
2πr(θ − t)

T − t
ψ(θ)dθ =

=

√

T − t

2

1

πr

(

ψ(x)sin
2πr(x − t)

T − t
− ψ(v)sin

2πr(v − t)

T − t
−
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(108) −
x∫

v

sin
2πr(θ − t)

T − t
ψ′(θ)dθ

)

,

where ψ′(θ) is a derivative of the function ψ(θ) with respect to the variable θ.
Combining (107) and (108), we obtain for the trigonometric case

(109)





x∫

v

φj(θ)ψ(θ)dθ





2

≤ C4

j2
,

where j ∈ N, constant C4 is independent of j.
From (109) we finally have

(110)

T∫

t

τ∫

t





τ∫

u

φjs(θ)ψs(θ)dθ





2

dudτ ≤ K4

j2s
,

where js ∈ N, constant K4 does not depend on js.
Combibing (93), (105) and (110), we obtain

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 ≤

(111) ≤ Lk

∞∑

js=p+1

1

j2s
≤ Lk

p
,

where constant Lk depends on k and T − t.
Obviously, the case s = k can be considered absolutely analogously to the case s < k. Then from

(88) and (111) we obtain

(112)

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

≤ Gk

p
,

where constant Gk depends on k and T − t.
For the further consideration we will use the estimate (60). Using (112) and the estimate (60) for

the case p1 = . . . = pk = p and n = 2, we obtain

M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)4
}

≤

(113) ≤ C2,k






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1






2

≤ H2,k

p2
,
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where

Cn,k = (k!)2n(n(2n− 1))n(k−1)(2n− 1)!!

and H2,k = G2
kC2,k.

Note the well known fact.

Lemma 5. If for the sequence of random variables ξp and for some α > 0 the number series

∞∑

p=1

M {|ξp|α}

converges, then the sequence ξp converges to zero w. p. 1.
Let α and ξp in Lemma 5 be chosen as follows

α = 4, ξp =

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣
.

Then from (113) we obtain

(114)

∞∑

p=1

M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)4
}

≤ H2,k

∞∑

p=1

1

p2
<∞.

Using Lemma 5, from (114) we obtain

J [ψ(k)]p,...,pT,t → J [ψ(k)]T,t if p→ ∞

w. p. 1, where (see Theorem 1)

J [ψ(k)]p,...,pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(115) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk

)

or (see Theorem 2)

J [ψ(k)]p,...,pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(116) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,
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where i1, . . . , ik = 1, . . . ,m in (115) and (116). Theorem 6 is proved.

Remark 3. From Theorem 3 and Lemma 4 we obtain

lim
pq1→∞

lim
pq2→∞

. . . lim
pqk

→∞
M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2
}

≤

≤ k! · lim
pq1→0

. . . lim
pqk

→∞






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1




 =

= k!






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
∞∑

jq1=0

. . .

∞∑

jqk=0

C2
jk...j1




 = 0

for the following cases:

1. i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞,

2. i1, . . . , ik = 0, 1, . . . ,m, i21 + . . .+ i2k > 0, and 0 < T − t < 1.

At that, (q1, . . . , qk) is any permutation such that {q1, . . . , qk} = {1, . . . , k}, J [ψ(k)]T,t is the stochastic

integral (1), J [ψ(k)]p1,...,pk

T,t is the expression on the right-hand side of (6) before passing to the limit

l.i.m.
p1,...,pk→∞

, lim means lim sup; another notations are the same as in Theorem 1.

Remark 4. Taking into account Theorem 3 and the estimate (112), we obtain the following

inequality

(117) M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)2
}

≤ k!Pk(T − t)k

p
,

where i1, . . . , ik = 1, . . . ,m and constant Pk depends only on k.

Remark 5. The estimates (60) and (112) imply the following inequality

M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)2n
}

≤

(118) ≤ (k!)2n(n(2n− 1))n(k−1)(2n− 1)!!
(Pk)

n
(T − t)nk

pn
,

where i1, . . . , ik = 1, . . . ,m, n ∈ N, and constant Pk depends only on k.

Remark 6. Consider the question on the rate of convergence w. p. 1 in Theorem 6. Using the

inequality (118), we obtain

(119)

(

M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)2n
})1/2n

≤ Qn,k√
p
,
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where i1, . . . , ik = 1, . . . ,m, n ∈ N, and

Qn,k = k! (n(2n− 1))(k−1)/2 ((2n− 1)!!)
1/2n

√

Pk (T − t)k/2.

According to the Lyapunov inequality, we have

(120)

(

M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)n
})1/n

≤ Qn,k√
p

for all n ∈ N. Following [79] (Lemma 2.1), we get

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣
=
p1/2−ε

p1/2−ε

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣
≤

(121) ≤ 1

p1/2−ε
sup
p∈N

(

p1/2−ε

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

)

=
ηε

p1/2−ε

w. p. 1, where

ηε = sup
p∈N

(

p1/2−ε

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

)

and ε > 0 is fixed.

For q > 1/ε, q ∈ N we obtain [79] (see (120))

M {|ηε|q} = M

{(

sup
p∈N

(

p1/2−ε

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

))q}

=

= M

{

sup
p∈N

(

p(1/2−ε)q

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

q)}

≤

≤ M

{
∞∑

p=1

p(1/2−ε)q

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

q
}

=

=

∞∑

p=1

p(1/2−ε)q
M

{∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

q}

≤

(122) ≤
∞∑

p=1

p(1/2−ε)q (Qq,k)
q

pq/2
= (Qq,k)

q
∞∑

p=1

1

pεq
<∞.
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From (121) we obtain that for all ε > 0 there exists a random variable ηε such that the inequality

(121) is fulfilled w. p. 1 for all p ∈ N. Moreover, from the Lyapunov inequality and (122), we obtain

M {|ηε|q} <∞ for all q ≥ 1.

10. Conclusions

Thus, we obtain the following useful possibilities and modifications of the method based on
Theorem 1 (in Sect. 15, we will consider the generalization of Theorems 1, 2 to the case of an arbitrary
complete orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ])).

1. There is an explicit formula (see (4)) for calculation of expansion coefficients of the iterated Ito
stochastic integral (1) with any fixed multiplicity k (k ∈ N).

2. We have possibilities for exact calculation of the mean-square error of approximation of the
iterated Ito stochastic integral (1) [34] (also see [20]-[25]).

3. Since the used multiple Fourier series is a generalized in the sense that it is built using various
complete orthonormal systems of functions in the space L2([t, T ]), then we have new possibilities for
approximation — we can use not only trigonometric functions as in [62]-[66] but Legendre polynomials.

4. As it turned out [7]-[55] (also see early publications [3]-[6]) it is more convenient to work with
Legendre polynomials for building of approximations of the iterated Ito stochastic integrals (1).
Approximations based on the Legendre polynomials essentially simpler than their analogues based
on the trigonometric functions [7]-[55] (also see early publications [3]-[6]). Another advantages of the
application of Legendre polynomials in the framework of the mentioned problem are considered in
[22]-[25], [40], [45].

5. The approach to expansion of iterated stochastic integrals based on the Karhunen–Loeve
expansion of the Brownian bridge process [62]-[66], [70], [71], [74], [75] leads to iterated application
of the operation of limit transition (the operation of limit transition is implemented only once in
Theorem 1) starting from the second multiplicity (in the general case) and third multiplicity (for
the case ψ1(s), ψ2(s), ψ3(s) ≡ 1; i1, i2, i3 = 0, 1, . . . ,m) of the iterated Ito stochastic integrals (1).
Multiple series (the operation of limit transition is implemented only once) are more convenient for
approximation than the iterated ones (iterated application of the operation of limit transition), since
the partial sums of multiple series converge for any possible case of convergence to infinity of their
upper limits of summation (let us denote them as p1, . . . , pk). For example, when p1 = . . . = pk =
p → ∞. For iterated series, the condition p1 = . . . = pk = p → ∞ obviously does not guarantee the
convergence of this series. However, in [62] (Sect. 5.8, pp. 202–204), [65] (pp. 438-439), [66] (pp. 82-
84), [71] (pp. 263-264) the authors use (without rigorous proof) the condition p1 = p2 = p3 = p→ ∞
within the frames of the mentioned approach based on the Karhunen–Loeve expansion of the Brownian
bridge process [63] together with the Wong–Zakai approximation [80]-[82] (see discussion in Sect. 11
of this paper for detail).

6. As we mentioned above, constructing the expansions of iterated Ito stochastic integrals from
Theorem 1 we saved all information about these integrals. That is why it is natural to expect that
the mentioned expansions will converge w. p. 1 and in the mean of degree 2n (n ∈ N) (see Sect. 6
and 9 from this article).

7. The modification of Theorem 1 for complete orthonormal with weight r(t1) . . . r(tk) ≥ 0 systems
of functions in the space L2([t, T ]

k) (k ∈ N) (Theorems 4, 18) as well as for some other types of
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iterated stochastic integrals (iterated stochastic integrals with respect to martingale Poisson measures
and iterated stochastic integrals with respect to martingales) were obtained in [21], [22]-[25], [36].

8. The adaptation of Theorem 1 for iterated Stratonovich stochastic integrals of multiplicities 1 to
6 was realized in [12]-[17], [20]-[25], [27]-[30], [32], [33], [35], [37], [39]-[44].

9. Application of Theorem 1 and Theorem 12 (see below) for the mean-square approximation of
iterated stochastic integrals with respect to the infinite-dimensional Q-Wiener process can be found
in the monographs [22]-[25] (Chapter 7) and in [46]-[49].

11. Theorem 1 from Point of View of the Wong–Zakai Approximation

The iterated Ito stochastic integrals and solutions of Ito stochastic differential equations are

complex and important functionals from the independent components f
(i)
s , i = 1, . . . ,m of the

multidimensional Wiener process fs, s ∈ [0, T ]. Let f
(i)p
s , p ∈ N be some approximation of f

(i)
s ,

i = 1, . . . ,m. Suppose that f
(i)p
s converges to f

(i)
s , i = 1, . . . ,m if p → ∞ in some sense and has

differentiable sample trajectories.

A natural question arises: if we replace f
(i)
s by f

(i)p
s , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
s ,

i = 1, . . . ,m of the multidimentional Wiener process fs? The answere to this question is negative in
the general case. However, in the pioneering works of Wong E. and Zakai M. [80], [81], it was shown
that under the special conditions and for some types of approximations of the Wiener process the
answere is affirmative with one peculiarity: the convergence takes place to the iterated Stratonovich
stochastic integrals and solutions of Stratonovich stochastic differential equations and not to iterated
Ito stochastic integrals and solutions of Ito stochastic differential equations. The piecewise linear
approximation as well as the regularization by convolution [80]-[82] relate the mentioned types of
approximations of the Wiener process. The above approximation of stochastic integrals and solutions
of stochastic differential equations is often called the Wong–Zakai approximation.

Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [83], [84]

(123) f
(i)
τ − f

(i)
t =

∞∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,

where τ ∈ [t, T ], t ≥ 0, {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (123) converges for any τ ∈ [t, T ] in the mean-square sense.

Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(124) f
(i)p
τ − f

(i)p
t =

p
∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j .

From (124) we obtain
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(125) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral

(126)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
,

where i1, . . . , ik = 0, 1, . . . ,m, p1, . . . , pk ∈ N,

(127) dw(i)p
τ =







df
(i)p
τ for i = 1, . . . ,m

dτ for i = 0

,

and df
(i)p
τ in defined by the relation (125).

Let us substitute (125) into (126)

(128)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,

where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
s = f

(i)
s for i = 1, . . . ,m and w

(0)
s = s,

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
Consider the following iterated Stratonovich stochastic integral

(129)

∗T∫

t

ψk(tk) . . .

∗t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

where every ψl(τ) (l = 1, . . . , k) is a continuously differentialble nonrandom function on [t, T ], w
(i)
s =

f
(i)
s for i = 1, . . . ,m and w

(0)
s = τ ; i1, . . . , ik = 0, 1, . . . ,m.

To best of our knowledge [80]-[82] the approximations of the Wiener process in the Wong–Zakai
approximation must satisfy fairly strong restrictions [82] (see Definition 7.1, pp. 480–481). Moreover,
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approximations of the Wiener process that are similar to (124) were not considered in [80], [81]
(also see [82], Theorems 7.1, 7.2). Therefore, the proof of analogs of Theorems 7.1 and 7.2 [82]
for approximations of the Wiener process based on its series expansion (123) should be carried
out separately. Thus, the mean-square convergence of the right-hand side of (128) to the iterated
Stratonovich stochastic integral (129) does not follow from the results of the papers [80], [81] (also
see [82], Theorems 7.1, 7.2).

From the other hand, Theorems 1 from this paper and the theory built in Chapters 1 and 2 of
the monographs [22]-[25] can be considered as the proof of the Wong–Zakai approximation for the
iterated Stratonovich stochastic integrals (129) of multiplicities 1 to 6 based on the iterated Riemann–
Stieltjes integrals (126) and approximation (124) of the Wiener process. At that, the Riemann–
Stieltjes integrals (126) of multiplicities 1 to 6 converge (according to Theorems 2.1–2.9 from [22]-[25])
to the appropriate Stratonovich stochastic integrals (129). Recall that {φj(x)}∞j=0 (see (123), (124))
is a complete orthonormal system of Legendre polynomials or trigonometric functions in the space
L2([t, T ]).

To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(s), ψ2(s) ≡ 1;
i1, i2 = 1, . . . ,m.

The first example relates to the piecewise linear approximation of the multidimensional Wiener
process (these approximations were considered in [80]-[82]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the

multidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i =

1, . . . ,m, i.e.

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,

where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Note that w. p. 1

(130)
db

(i)
∆

dt
(t) =

∆f
(i)
k∆

∆
, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

Using (130) and additive property of Riemann–Stieltjes integrals, we can write w. p. 1

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

db
(i1)
∆

dτ
(τ)dτ

db
(i2)
∆

ds
(s)ds =

=

N−1∑

l=0

(l+1)∆∫

l∆






l−1∑

q=0

(q+1)∆∫

q∆

∆f
(i1)
q∆

∆
dτ +

s∫

l∆

∆f
(i1)
l∆

∆
dτ






∆f
(i2)
l∆

∆
ds =
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=

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆∫

l∆

s∫

l∆

dτds =

(131) =

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .

Using (131) it is not difficult to show that

l.i.m.
N→∞

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T∫

0

ds =

(132) =

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s ,

where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (132) agrees with Theorem 7.1 (see [82], p. 486).
The next example relates to the approximation of the Wiener process based on its series expansion

(123) for t = 0, where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or

trigonometric functions in the space L2([0, T ]).
Consider the following iterated Riemann–Stieltjes integral

(133)

T∫

0

s∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, . . . ,m,

where df
(i)p
τ is defined by the relation (125).

Let us substitute (125) into (133)

(134)

T∫

0

s∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where

Cj2j1 =

T∫

0

φj2(s)

s∫

0

φj1(τ)dτds

is the Fourier coefficient; another notations are the same as in (128).
As we noted above, approximations of the Wiener process that are similar to (124) were not

considered in [80], [81] (also see Theorems 7.1, 7.2 in [82]). Furthermore, the extension of the results
of Theorems 7.1 and 7.2 [82] to the case under consideration is not obvious.
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Nevertheless, in [62] (Sect. 5.8, pp. 202–204), [65] (pp. 438-439), [66] (pp. 82-84), [71] (pp. 263-264)
the authors use (without rigorous proof) the Wong–Zakai approximation [80]-[82] together with the
approximation of the Wiener process based on its series expansion.

On the other hand, we can apply the theory built in Chapters 1 and 2 of the monographs [22]-[25].
More precisely, using Theorems 2.1, 2.2 [22]-[25] we obtain from (134) the desired result

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

(135) =

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s .

From the other hand, by Theorem 1 from this paper (see (37)) for the case k = 2 we obtain from
(134) the following relation

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+ 1{i1=i2}

∞∑

j1=0

Cj1j1 =

(136) =

T∫

0

s∫

0

df (i1)τ df (i2)s + 1{i1=i2}

∞∑

j1=0

Cj1j1 .

Since

∞∑

j1=0

Cj1j1 =
1

2

∞∑

j1=0





T∫

0

φj(τ)dτ





2

=
1

2





T∫

0

φ0(τ)dτ





2

=
1

2

T∫

0

ds,

then from the standard relation between Stratonovich and Ito stochastic integrals and (136) we obtain
(135).

12. Modification of Theorem 1 for the Case of the Integration Interval [t, s]
(s ∈ (t, T ]) of Iterated Ito Stochastic Integrals

Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function on [t, T ]. Define the
following function on the hypercube [t, T ]k

K̄(t1, . . . , tk, s) = 1{tk<s}K(t1, . . . , tk),

where the function K(t1, . . . , tk) is defined by (2), s ∈ (t, T ] (s is fixed), and 1A is the indicator of
the set A. So we have
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K̄(t1, . . . , tk, s) = 1{t1<...<tk<s}ψ1(t1) . . . ψk(tk) =

(137) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk < s

0, otherwise

,

where k ≥ 1, t1, . . . , tk ∈ [t, T ], and s ∈ (t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K̄(t1, . . . , tk, s) defined by (137) is piecewise continuous in the hypercube [t, T ]k.
At this situation it is well known that the generalized multiple Fourier series of K̄(t1, . . . , tk, s)
∈ L2([t, T ]

k) is converging to K̄(t1, . . . , tk, s) in the hypercube [t, T ]k in the mean-square sense, i.e.

(138) lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K̄(t1, . . . , tk, s)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)

k∏

l=1

φjl (tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

Cjk...j1(s) =

∫

[t,T ]k

K̄(t1, . . . , tk, s)

k∏

l=1

φjl(tl)dt1 . . . dtk =

(139) =

s∫

t

ψk(tk)φjk (tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient, and

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Note that

(140) J [ψ(k)]s,t =

s∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk =

=

T∫

t

1{tk<s}ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

w. p. 1,

where s ∈ (t, T ] (s is fixed), i1, . . . , ik = 0, 1, . . . ,m.
Consider the partition {τj}Nj=0 of [t, T ] such that

(141) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .
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Theorem 7 [22], [24], [25]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom

function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]),
each function φj(x) of which for finite j satisfies the condition (⋆) (see Sect. 4). Then

J [ψ(k)]s,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)

(
k∏

l=1

ζ
(il)
jl

−

(142) −l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk (τlk)∆w
(ik)
τlk

)

,

where J [ψ(k)]s,t is the iterated Ito stochastic integral (140), s ∈ (t, T ] (s is fixed),

Gk = Hk\Lk, Hk =
{
(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1

}
,

Lk =
{
(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k

}
,

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

Cjk...j1(s) is the Fourier coefficient (139), ∆w
(i)
τj = w

(i)
τj+1 − w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a

partition of [t, T ], which satisfies the condition (141).

Proof. Let us consider the multiple stochastic integrals (12), (19). We will write J [Φ]
(k)
s,t and

J ′[Φ]
(k)
s,t (s ∈ (t, T ], s is fixed) if the function Φ(t1, . . . , tk) in (12) and (19) is replaced by the function

1{t1,...,tk<s}Φ(t1, . . . , tk).
By analogy with (20), we have

(143) J ′[Φ]
(k)
s,t =

T∫

t

. . .

t2∫

t

1{tk<s}

∑

(t1,...,tk)

(

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

)

w. p. 1,

where J ′[Φ]
(k)
s,t is defined by (19) and

∑

(t1,...,tk)

means the sum with respect to all possible permutations (t1, . . . , tk). At the same time permutations
(t1, . . . , tk) when summing are performed in (143) only in the expression, which is enclosed in parenthe-
ses. Moreover, the nonrandom function Φ(t1, . . . , tk) is assumed to be continuous in the corresponding
closed domains of integration. The case when the nonrandom function Φ(t1, . . . , tk) is continuous in
the open domains of integration and bounded at their boundaries is also possible.

Let us write (143) as
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(144) J ′[Φ]
(k)
s,t =

T∫

t

. . .

t2∫

t

∑

(t1,...,tk)

(

1{tk<s}Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

)

w. p. 1,

where permutations (t1, . . . , tk) when summing are performed in (144) only in the expression

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

.

It is not difficult to notice that (143), (144) can be rewritten in the form (see (21))

(145) J ′[Φ]
(k)
s,t =

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)1{tk<s}dw
(i1)
t1 . . . dw

(ik)
tk w. p. 1,

where permutations (t1, . . . , tk) when summing are performed only in the values

1{tk<s}dw
(i1)
t1 . . . dw

(ik)
tk .

At the same time the indices near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik).

According to Lemma 1, we have

J [ψ(k)]s,t = l.i.m.
N→∞

N−1∑

lk=0

. . .

l2−1∑

l1=0

1{τlk<s}ψ1(τl1) . . . ψk(τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

=

= l.i.m.
N→∞

N−1∑

lk=0

. . .

N−1∑

l1=0

1{τlk<s}K(τl1 , . . . , τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

=

= l.i.m.
N→∞

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

1{τlk<s}K(τl1 , . . . , τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

=

(146) =

T∫

t

. . .

t2∫

t

∑

(t1,...,tk)

(

1{tk<s}K(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

)

w. p. 1,

where K(t1, . . . , tk) is defined by (2) and permutations (t1, . . . , tk) when summing are performed only
in the expression

K(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk .

According to Lemmas 1, 3 and (21), (145), (146), we get the following representation
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J [ψ(k)]s,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)

T∫

t

. . .

t2∫

t

∑

(t1,...,tk)

(

φj1 (t1) . . . φjk(tk)dw
(i1)
t1 . . . dw

(ik)
tk

)

+

+Rp1,...,pk

T,t,s =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1(s)×

× l.i.m.
N→∞

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

φj1 (τl1) . . . φjk(τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

+

+Rp1,...,pk

T,t,s =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)



l.i.m.
N→∞

N−1∑

l1,...,lk=0

φj1(τl1) . . . φjk (τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

−

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk



+

+Rp1,...,pk

T,t,s =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1(s)×

×





k∏

l=1

ζ
(il)
jl

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk



+

+Rp1,...,pk

T,t,s w. p. 1,

where

Rp1,...,pk

T,t,s =
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=
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



1{tk<s}K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)
k∏

l=1

φjl(tl)



×

×dw(i1)
t1 . . . dw

(ik)
tk

=

(147) =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

K(t1, . . . , tk)1{tk<s}dw
(i1)
t1 . . . dw

(ik)
tk

−

(148) −
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)

k∏

l=1

φjl (tl)dw
(i1)
t1 . . . dw

(ik)
tk

w. p. 1, where permutations (t1, . . . , tk) when summing in (147) are performed only in the values

1{tk<s}dw
(i1)
t1 . . . dw

(ik)
tk

. At the same time permutations (t1, . . . , tk) when summing in (148) are

performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk . Moreover, the indices near upper limits of integration

in the iterated stochastic integrals in (147), (148) are changed correspondently and if tr swapped with
tq in the permutation (t1, . . . , tk), then ir swapped with iq in the permutation (i1, . . . , ik).

Let us estimate the remainder Rp1,...,pk

T,t,s of the series.

According to Lemma 2 and (30), we have

M

{(

Rp1,...,pk

T,t,s

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)1{tk<s} −
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)

k∏

l=1

φjl(tl)





2

×

(149) ×dt1 . . . dtk,

where constant Ck depends only on the multiplicity k of the iterated Ito stochastic integral J [ψ(k)]s,t
and permutations (t1, . . . , tk) when summing in (149) are performed only in the values 1{tk<s} and
dt1 . . . dtk. At the same time the indices near upper limits of integration in the iterated integrals in
(149) are changed correspondently.

Since K(t1, . . . , tk) ≡ 0 if the condition t1 < . . . < tk is not fulfilled, then

M

{(

Rp1,...,pk

T,t,s

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)1{tk<s} −
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)

k∏

l=1

φjl(tl)





2

×

(150) ×dt1 . . . dtk,
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where permutations (t1, . . . , tk) when summing in (150) are performed only in the values dt1 . . . dtk.
At the same time the indices near upper limits of integration in the iterated integrals in (150) are
changed correspondently.

Then from (30), (138), and (150) we obtain

M

{(

Rp1,...,pk

T,t,s

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)1{tk<s} −
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)
k∏

l=1

φjl(tl)





2

×

×dt1 . . . dtk =

= Ck

∫

[t,T ]k



K̄(t1, . . . , tk, s)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)

k∏

l=1

φjl(tl)





2

dt1 . . . dtk → 0

if p1, . . . , pk → ∞, where constant Ck depends only on the multiplicity k of the iterated Ito stochastic
integral J [ψ(k)]s,t. Theorem 7 is proved.

Remark 7. Obviously from Theorem 7 for the case s = T we obtain the variant of Theorem 1.

It is not difficult to see that for the case of pairwise different numbers i1, . . . , ik = 1, . . . ,m from
Theorem 7 we obtain

J [ψ(k)]s,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)ζ
(i1)
j1

. . . ζ
(ik)
jk

.

Consider particular cases of Theorem 7 for k = 1, . . . , 5

J [ψ(1)]s,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1 (s)ζ
(i1)
j1

,

J [ψ(2)]s,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1 (s)

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]s,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1(s)

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,
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J [ψ(4)]s,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1(s)

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]s,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1(s)

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−

−1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−

−1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

where 1A is the indicator of the set A, Cjk...j1(s) (k = 1, . . . , 5) has the form (139), s ∈ (t, T ] (s is
fixed).
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Remark 8. Note that by analogy with the proof of estimate (112) we obtain the following inequality

(151)

∫

[t,T ]k

K̄2(t1, . . . , tk, s)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1(s) ≤

Gk(s)

p
,

where K̄(t1, . . . , tk, s) and Cjk...j1(s) are defined by the equalities (137) and (139), respectively; constant

Gk(s) depends on k and s− t (s ∈ (t, T ], s is fixed).

The following obvious modification of Theorem 3 takes place.

Theorem 8 [22], [24], [25]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom

function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]),
each function φj(x) of which for finite j satisfies the condition (⋆) (see Sect. 4). Then the estimate

M

{(

J [ψ(k)]s,t − J [ψ(k)]p1,...,pk

s,t

)2
}

≤

(152) ≤ k!






∫

[t,T ]k

K̄2(t1, . . . , tk, s)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

(s)






is valid for the following cases:

1. i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞,

2. i1, . . . , ik = 0, 1, . . . ,m, i21 + . . .+ i2k > 0, and 0 < T − t < 1,

where J [ψ(k)]s,t is the stochastic integral (140), J [ψ(k)]p1,...,pk

s,t is the expression on the right-hand

side of (142) before passing to the limit l.i.m.
p1,...,pk→∞

, K̄(t1, . . . , tk, s) and Cjk...j1(s) are defined by the

equalities (137) and (139), respectively; s ∈ (t, T ] (s is fixed); another notations are the same as in

Theorem 1.11.

Remark 9. Combining the estimates (151) and (152), we obtain

(153) M

{(

J [ψ(k)]s,t − J [ψ(k)]p,...,ps,t

)2
}

≤ k!Pk(s− t)k

p
,

where i1, . . . , ik = 1, . . . ,m, constant Pk depends only on k; another notations are the same as in

(151) and (152).

Remark 10. The analogue of the estimate (60) for the iterated Ito stochastic integral (140) has

the following form

M

{(

J [ψ(k)]s,t − J [ψ(k)]p1,...,pk

s,t

)2n
}

≤

≤ (k!)2n(n(2n− 1))n(k−1)(2n− 1)!! ×
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(154) ×






∫

[t,T ]k

K̄2(t1, . . . , tk, s)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1(s)






n

,

where J [ψ(k)]p1,...,pk

s,t is the expression on the right-hand side of (142) before passing to the limit

l.i.m.
p1,...,pk→∞

, K̄(t1, . . . , tk, s) and Cjk ...j1(s) are defined by the equalities (137) and (139), respectively;

s ∈ (t, T ] (s is fixed); i1, . . . , ik = 1, . . . ,m.

Remark 11. The estimates (151) and (154) imply the following inequality

M

{(

J [ψ(k)]s,t − J [ψ(k)]p,...,ps,t

)2n
}

≤

≤ (k!)2n(n(2n− 1))n(k−1)(2n− 1)!!
(Pk)

n
(s− t)nk

pn
,

where i1, . . . , ik = 1, . . . ,m, n ∈ N, and constant Pk depends only on k.

13. Expansion of Multiple Wiener Stochastic Integral Based on Generalized
Multiple Fourier Series

Let us consider the multiple stochastic integral (19)

(155) l.i.m.
N→∞

N−1∑

j1,...,jk=0
jq 6=jr ; q 6=r; q,r=1,...,k

Φ (τj1 , . . . , τjk)

k∏

l=1

∆w
(il)
τjl

def
= J ′[Φ]

(k)
T,t,

where for simplicity we assume that Φ(t1, . . . , tk) : [t, T ]k → R is a continuous nonrandom function

on [t, T ]k. Moreover, {τj}Nj=0 is a partition of [t, T ], which satisfies the condition (5).

The stochastic integral with respect to the scalar standard Wiener process (i1 = . . . = ik 6= 0) and
similar to (155) was considered in [85] (1951) and is called the multiple Wiener stochastic integral
[85]. The case Φ(t1, . . . , tk) ∈ L2([t, T ]

k) [85] will be considered in Sect. 15.
Consider the following theorem on expansion of the multiple Wiener stochastic integral (155) based

on generalized multiple Fourier series.

Theorem 9 [22], [24], [25]. Suppose that Φ(t1, . . . , tk) : [t, T ]k → R is a continuous nonrandom

function on [t, T ]k and {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]),

each function φj(x) of which for finite j satisfies the condition (⋆) (see Sect. 4). Then the following

expansions

J ′[Φ]
(k)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(156) −l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk (τlk)∆w
(ik)
τlk

)

,
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J ′[Φ]
(k)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(157) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense are valid, where

Gk = Hk\Lk, Hk =
{
(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1

}
,

Lk =
{
(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k

}
,

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

(158) Cjk ...j1 =

∫

[t,T ]k

Φ(t1, . . . , tk)
k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient, ∆w
(i)
τj = w

(i)
τj+1 − w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of [t, T ],

which satisfies the condition (5); [x] is an integer part of a real number x; another notations are the

same as in Theorem 2.

Proof. Using Lemma 3 and (20), (21), we get the following representation

J ′[Φ]
(k)
T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

T∫

t

. . .

t2∫

t

∑

(t1,...,tk)

(

φj1 (t1) . . . φjk (tk)dw
(i1)
t1 . . . dw

(ik)
tk

)

+

+Rp1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1 l.i.m.
N→∞

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

φj1 (τl1) . . . φjk (τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

+

+Rp1,...,pk

T,t =
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=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1



l.i.m.
N→∞

N−1∑

l1,...,lk=0

φj1 (τl1) . . . φjk(τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

−

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk



+

+Rp1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1×

×





k∏

l=1

ζ
(il)
jl

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk



+

+Rp1,...,pk

T,t w. p. 1,

where

Rp1,...,pk

T,t =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



Φ(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)



×

×dw(i1)
t1 . . . dw

(ik)
tk ,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk

.
At the same time the indices near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik).

Let us estimate the remainder Rp1,...,pk

T,t of the series using Lemma 2 and (30). We have

M

{(

Rp1,...,pk

T,t

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



Φ(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)





2

×

×dt1 . . . dtk =
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= Ck

∫

[t,T ]k



Φ(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk → 0

if p1, . . . , pk → ∞, where constant Ck depends only on the multiplicity k of the multiple Wiener

stochastic integral J ′[Φ]
(k)
T,t. The expansion (156) is proved. Using (156) and Remark 2, we get the

expansion (157) (see Theorem 2). Theorem 9 is proved.
Note that particular cases of the expansion (157) are determined by the equalities (36)–(42), in

which the Fourier coefficient Cjk...j1 (k = 1, . . . , 7) has the form (158).

14. Reformulation of Theorems 1, 2, and 9 Using Hermite Polynomials

In [86] it was noted that Theorem 3.1 ([85], p. 162) can be applied to the case of multiple Wiener
stochastic integral with respect to components of the multidimensional Wiener process. As a result,
Theorems 1, 2, and 9 can be reformulated using Hermite polynomials. Consider this approach using
our notations. Note that we derive the formula (163) (see below) in two different ways. One of them
is not based on Theorem 3.1 [85] (see the proof of Theorem 20 below for details).

We will say that the condition (⋆⋆) is fulfilled for the multi-index (i1 . . . ik) (i1, . . . , ik = 0, 1, . . . ,m)
if m1, . . . ,mk are multiplicities of the elements i1, . . . , ik, respectively, i.e.

{i1, . . . , ik}= {
m1

︷ ︸︸ ︷

i1, . . . , i1,

m2
︷ ︸︸ ︷

i2, . . . , i2, . . . ,

mr
︷ ︸︸ ︷

ir, . . . , ir},

where r = 1, . . . , k, braces mean an unordered set, and parentheses mean an ordered set. At that,

m1+ . . .+mk = k, m1, . . . ,mk = 0, 1, . . . , k, and all elements with nonzero multiplicities are pairwise

different.

In this section, we consider the case i1, . . . , ik = 0, 1, . . . ,m. Let the condition (⋆⋆) is fulfilled for
the multi-index (i1 . . . ik). Then

J ′ [φj1 . . . φjk ]
(i1...ik)
T,t = J ′

[

φjg1 . . . φjgm1
︸ ︷︷ ︸

m1

φjgm1+1
. . . φjgm1+m2

︸ ︷︷ ︸

m2

. . .

(159) . . . φjgm1+m2+...+mk−1+1
. . . φjgm1+m2+...+mk

︸ ︷︷ ︸

mk

](

m1
︷ ︸︸ ︷
i1...i1

m2
︷ ︸︸ ︷
i2...i2 ...

mk
︷ ︸︸ ︷
ik...ik )

T,t

w. p. 1, where J ′ [φj1 . . . φjk ]
(i1...ik)
T,t is defined by (19) (also see (155)), Φ(t1, . . . , tk) = φj1(t1) . . .

φjk(tk), {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]), each

function φj(x) of which for finite j satisfies the condition (⋆) (see Sect. 4), {jg1 , . . . , jgm1+m2+...+mk
} =

{j1, . . . , jk}.
From (159) we have

J ′ [φj1 . . . φjk ]
(i1...ik)
T,t = J ′

[

φjg1 . . . φjgm1

](

m1
︷ ︸︸ ︷
i1...i1 )

T,t
· J ′

[

φjgm1+1
. . . φjgm1+m2

](

m2
︷ ︸︸ ︷
i2...i2 )

T,t
· . . .
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(160) . . . · J ′
[

φjgm1+m2+...+mk−1+1
. . . φjgm1+m2+...+mk

](

mk
︷ ︸︸ ︷
ik...ik )

T,t

w. p. 1, where we suppose that the condition (⋆⋆) is fulfilled for the multi-index (i1 . . . ik) and

(161) J ′
[

φjgm1+m2+...+ml−1+1
. . . φjgm1+m2+...+ml

](

ml
︷︸︸︷
il...il )

T,t

def
= 1 for ml = 0,

braces mean an unordered set, and parentheses mean an ordered set. The detailed proof of the equality
(160) will be given in Sect. 18 (see the proof of Theorem 20).

Let us consider the following multiple Wiener stochastic integral

J ′
[

φjm1+m2+...+ml−1+1 . . . φjm1+m2+...+ml

](

ml
︷︸︸︷
il...il )

T,t
(ml > 0),

where we suppose that

(162)
{

jgm1+m2+...+ml−1+1 , . . . , jgm1+m2+...+ml

}

=

{

jh1,l
, . . . , jh1,l

︸ ︷︷ ︸

n1,l

, jh2,l
, . . . , jh2,l

︸ ︷︷ ︸

n2,l

, . . . , jhdl,l
, . . . , jhdl,l

︸ ︷︷ ︸

ndl,l

}

,

where n1,l + n2,l + . . . + ndl,l = ml; n1,l, n2,l, . . . , ndl,l = 1, . . . ,ml; dl = 1, . . . ,ml; l = 1, . . . , k.
Note that the numbers m1, . . . ,mk, g1, . . . , gk depend on (i1, . . . , ik) and the numbers n1,l, . . . , ndl,l,
h1,l, . . . , hdl,l, dl depend on {j1, . . . , jk}. Moreover, {jg1 , . . . , jgk} = {j1, . . . , jk}.

Using Theorem 3.1 [85], we get w. p. 1

J ′
[

φjgm1+m2+...+ml−1+1
. . . φjgm1+m2+...+ml

](

ml
︷︸︸︷
il...il )

T,t
=

(163) =







Hn1,l

(

ζ
(il)
jh1,l

)

. . . Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0

(ml > 0),

where Hn(x) is the Hermite polynomial of degree n

Hn(x) = (−1)nex
2/2 d

n

dxn

(

e−x2/2
)

or

(164) Hn(x) = n!

[n/2]
∑

m=0

(−1)mxn−2m

m!(n− 2m)!2m
(n ∈ N),

98



EXPANSION OF ITERATED ITO STOCHASTIC INTEGRALS 83

and ζ
(i)
j (i = 0, 1, . . . ,m, j = 0, 1, . . .) is defined by (7).

For example,

H0(x) = 1, H1(x) = x, H2(x) = x2 − 1,

H3(x) = x3 − 3x, H4(x) = x4 − 6x2 + 3,

H5(x) = x5 − 10x3 + 15x.

From (161) and (163) we obtain w. p. 1

J ′
[

φjgm1+m2+...+ml−1+1
. . . φjgm1+m2+...+ml

](

ml
︷︸︸︷
il...il )

T,t
=

(165) = 1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . .Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0

,

where 1A denotes the indicator of the set A.
Using (160) and (165), we get w. p. 1

J ′ [φj1 . . . φjk ]
(i1...ik)
T,t =

(166) =

k∏

l=1






1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . .Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0






,

where notations are the same as in (162) and (163).
The equality (166) allows us to reformulate Theorems 1, 2, and 9 using the Hermite polynomials.

Theorem 10 [22], [24], [25] (reformulation of Theorems 1 and 2). Suppose that the condition

(⋆⋆) is fulfilled for the multi-index (i1 . . . ik) and the condition (162) is also fulfilled. Furthermore, let

every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function on [t, T ] and {φj(x)}∞j=0 is a complete

orthonormal system of functions in the space L2([t, T ]), each function φj(x) of which for finite j
satisfies the condition (⋆) (see Sect. 4). Then the following expansion

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1×

(167) ×
k∏

l=1






1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . . Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0
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converging in the mean-square sense is valid, where J [ψ(k)]
(i1...ik)
T,t is the iterated Itô stochastic integral

(1); n1,l + n2,l + . . . + ndl,l = ml; n1,l, n2,l, . . . , ndl,l = 1, . . . ,ml; dl = 1, . . . ,ml; l = 1, . . . , k;
m1 + . . . + mk = k; the numbers m1, . . . ,mk, g1, . . . , gk depend on (i1, . . . , ik) and the numbers

n1,l, . . . , ndl,l, h1,l, . . . , hdl,l, dl depend on {j1, . . . , jk}; moreover, {jg1 , . . . , jgk} = {j1, . . . , jk}; Hn(x)
is the Hermite polynomial (164); another notations are the same as in Theorem 1.

Theorem 11 [22], [24], [25] (reformulation of Theorems 9). Suppose that the condition (⋆⋆)
is fulfilled for the multi-index (i1 . . . ik) and the condition (162) is also fulfilled. Furthermore, let

Φ(t1, . . . , tk) : [t, T ]k → R is a continuous nonrandom function on [t, T ]k and {φj(x)}∞j=0 is a

complete orthonormal system of functions in the space L2([t, T ]), each function φj(x) of which for

finite j satisfies the condition (⋆) (see Sect. 4). Then the following expansion

J ′[Φ]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1×

×
k∏

l=1






1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . . Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0







converging in the mean-square sense is valid, where we denote the multiple Wiener stochastic integral

(155) as J ′[Φ]
(i1...ik)
T,t ; n1,l + n2,l + . . . + ndl,l = ml; n1,l, n2,l, . . . , ndl,l = 1, . . . ,ml; dl = 1, . . . ,ml;

l = 1, . . . , k; m1 + . . . + mk = k; the numbers m1, . . . ,mk, g1, . . . , gk depend on (i1, . . . , ik)
and the numbers n1,l, . . . , ndl,l, h1,l, . . . , hdl,l, dl depend on {j1, . . . , jk}; moreover, {jg1 , . . . , jgk} =
{j1, . . . , jk}; Hn(x) is the Hermite polynomial (164); another notations are the same as in Theorem

9.

From (165) we have w. p. 1

(168) J ′[φj1 . . . φj1
︸ ︷︷ ︸

k

]
(

k
︷ ︸︸ ︷
i1...i1 )

T,t =







Hk

(

ζ
(i1)
j1

)

, if i1 6= 0

(

ζ
(0)
j1

)k

, if i1 = 0

(k > 0).

Let us show how the relation (168) can be obtained from Theorem 2. To prove (168) using Theorem
2 we choose i1 = . . . = ik and j1 = . . . = jk (i1 = 0, 1, . . . ,m) in the following formula (this formula
follows from a comparison of (35) and (45) or can be obtained using the recurrence relation (289))

J ′[φj1 . . . φjk ]
(i1...ik)
T,t =

k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(169) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

w. p. 1, where notations are the same as in Theorem 2.
The case i1 = 0 of (168) is obvious. Simple combinatorial reasoning shows that
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∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql
=

(170) =
C2

k · C2
k−2 · . . . · C2

k−(r−1)2

r!

(

ζ
(i1)
j1

)k−2r

,

where i1 = . . . = ik, j1 = . . . = jk (i1 = 1, . . . ,m), and

Cl
k =

k!

l!(k − l)!

is the binomial coefficient.
We have

(171)
C2

k · C2
k−2 · . . . · C2

k−(r−1)2

r!
=

k!

r!(k − 2r)!2r
.

Combining (169), (170), and (171), we get w. p. 1

J ′[φj1 . . . φj1
︸ ︷︷ ︸

k

]
(

k

︷ ︸︸ ︷
i1...i1 )

T,t =
(

ζ
(i1)
j1

)k

+ k!

[k/2]
∑

r=1

(−1)r

r!(k − 2r)!2r

(

ζ
(i1)
j1

)k−2r

=

= k!

[k/2]
∑

r=0

(−1)r

r!(k − 2r)!2r

(

ζ
(i1)
j1

)k−2r

= Hk

(

ζ
(i1)
j1

)

.

The relation (168) is proved using (169).
From (166) and (169) we obtain the following equality for multiple Wiener stochastic integral

J ′[φj1 . . . φjk ]
(i1...ik)
T,t =

k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql
=

(172) =

k∏

l=1






1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . . Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0







w. p. 1, where notations are the same as in Theorem 2 and (162), (163).
Let us make a remark about how it is possible to obtain the formula (163) without using Theorem

3.1 [85]. Consider the set of polynomials Hn(x, y), n = 0, 1, . . . defined by [88]
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(173) Hn(x, y) =

(
dn

dαn
eαx−α2y/2

)
∣
∣
∣
∣
∣
α=0

(H0(x, y)
def
= 1).

It is well known that polynomials Hn(x, y) are connected with the Hermite polynomials (164) by
the formula [88]

(174) Hn(x, y) = yn/2Hn

(
x√
y

)

= n!

[n/2]
∑

i=0

(−1)ixn−2iyi

i!(n− 2i)!2i
.

For example,
H1(x, y) = x,

H2(x, y) = x2 − y,

H3(x, y) = x3 − 3xy,

H4(x, y) = x4 − 6x2y + 3y2,

H5(x, y) = x5 − 10x3y + 15xy2.

From (164) and (174) we get

(175) Hn(x, 1) = Hn(x).

Obviously, without loss of generality, we can write

(176) (j1 . . . jk) =
(
j1 . . . j1
︸ ︷︷ ︸

m1

j2 . . . j2
︸ ︷︷ ︸

m2

. . . jr . . . jr
︸ ︷︷ ︸

mr

)
,

where m1 + . . . +mr = k, m1, . . . ,mr = 1, . . . , k, r = 1, . . . , k, k > 0, and j1, . . . , jr are pairwise
different.

Analyzing the proof of Theorem 1 and using (236), (259) (see the proof of Theorem 20 below), we
can notice that (we suppose that the condition (176) is fulfilled)

J ′[φj1 . . . φjk ]
(i1...i1)
T,t =

= l.i.m.
N→∞

N−1∑

l1,...,lk=0
lq 6=lg; q 6=g; q,g=1,...,k

φj1 (τl1) . . . φjk(τlk)∆w
(i1)
τl1

. . .∆w
(i1)
τlk

=

= l.i.m.
N→∞

N−1∑

l1,...,lm1=0

lq 6=lg ; q 6=g; q,g=1,...,m1

φj1 (τl1) . . . φj1(τlm1
)∆w

(i1)
τl1

. . .∆w
(i1)
τlm1

×

×l.i.m.
N→∞

N−1∑

lm1+1,...,lm1+m2
=0

lq 6=lg; q 6=g; q,g=m1+1,...,m1+m2

φj2(τlm1+1) . . . φj2 (τlm1+m2
)∆w

(i1)
τlm1+1

. . .∆w
(i1)
τlm1+m2

×

. . .
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×l.i.m.
N→∞

N−1∑

lk−mr+1,...,lk=0

lq 6=lg; q 6=g; q,g=k−mr+1,...,k

φjr (τlk−mr+1
) . . . φjr (τlk)∆w

(i1)
τlk−mr+1

. . .∆w
(i1)
τlk

=

= l.i.m.
N→∞





N−1∑

l1=0

φj1(τl1 )∆w
(i1)
τl1

. . .

N−1∑

lm1=0

φj1 (τlm1
)∆w

(i1)
τlm1

−

−
∑

(l1,...,lm1 )∈G′
1,m1

φj1 (τl1)∆w
(i1)
τl1

. . . φj1 (τlm1
)∆w

(i1)
τlm1



×

×l.i.m.
N→∞





N−1∑

lm1+1=0

φj2(τlm1+1)∆w
(i1)
τlm1+1

. . .

N−1∑

lm1+m2=0

φj2 (τlm1+m2
)∆w

(i1)
τlm1+m2

−

−
∑

(lm1+1,...,lm1+m2)∈G′
m1+1,m1+m2

φj2(τlm1+1)∆w
(i1)
τlm1+1

. . . φj2(τlm1+m2
)∆w

(i1)
τlm1+m2



×

. . .

×l.i.m.
N→∞





N−1∑

lk−mr+1=0

φjr (τlk−mr+1
)∆w

(i1)
τlk−mr+1

. . .
N−1∑

lk=0

φjr (τlk)∆w
(i1)
τlk

−

−
∑

(lk−mr+1,...,lk)∈G′
k−mr+1,k

φjr (τlk−mr+1
)∆w

(i1)
τk−mr+1

. . . φjr (τlk)∆w
(i1)
τlk



 ,

where the set G′
m,n is defined according to the same rule as the set Gk in (6). However, the elements

of the set G′
m,n are the numbers lm, . . . , ln (n > m), while the elements of the set Gk are the numbers

l1, . . . , lk.
We have (see the proof of Theorem 1) w. p. 1 (i1 6= 0)

l.i.m.
N→∞





N−1∑

l1=0

φj1 (τl1)∆w
(i1)
τl1

. . .

N−1∑

lm1=0

φj1 (τlm1
)∆w

(i1)
τlm1

−

−
∑

(l1,...,lm1)∈G′
1,m1

φj1(τl1)∆w
(i1)
τl1

. . . φj1(τlm1
)∆w

(i1)
τlm1



 =

= l.i.m.
N→∞





(
N−1∑

l1=0

φj1 (τl1)∆w
(i1)
τl1

)m1

+

[m1/2]∑

r=1

(−1)r×
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×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qm1−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qm1−2r}={1,2,...,m1}

(
N−1∑

l1=0

φ2j1 (τl1)
(

∆w
(i1)
τl1

)2
)r

×

×
(

N−1∑

l1=0

φj1 (τl1)∆w
(i1)
τl1

)m1−2r


 =

= l.i.m.
N→∞





(
N−1∑

l1=0

φj1(τl1)∆w
(i1)
τl1

)m1

+

[m1/2]∑

r=1

(−1)rm1!

r!(m1 − 2r)!2r

(
N−1∑

l1=0

φ2j1 (τl1)
(

∆w
(i1)
τl1

)2
)r

×

×
(

N−1∑

l1=0

φj1 (τl1)∆w
(i1)
τl1

)m1−2r


 =

= l.i.m.
N→∞





[m1/2]∑

r=0

(−1)rm1!

r!(m1 − 2r)!2r

(
N−1∑

l1=0

φ2j1(τl1)
(

∆w
(i1)
τl1

)2
)r (N−1∑

l1=0

φj1 (τl1)∆w
(i1)
τl1

)m1−2r


 =

= l.i.m.
N→∞

Hm1

(
N−1∑

l1=0

φj1 (τl1)∆w
(i1)
τl1

,

N−1∑

l1=0

φ2j1(τl1)
(

∆w
(i1)
τl1

)2
)

,

where notations are the same as in Theorems 1, 2.
Similarly we get w. p. 1

l.i.m.
N→∞





N−1∑

lm1+1=0

φj2 (τlm1+1)∆w
(i1)
τlm1+1

. . .
N−1∑

lm1+m2=0

φj2(τlm1+m2
)∆w

(i1)
τlm1+m2

−

−
∑

(lm1+1,...,lm1+m2)∈G′
m1+1,m1+m2

φj2 (τlm1+1)∆w
(i1)
τlm1+1

. . . φj2 (τlm1+m2
)∆w

(i1)
τlm1+m2



 =

= l.i.m.
N→∞

Hm2

(
N−1∑

l1=0

φj2 (τl1)∆w
(i1)
τl1

,

N−1∑

l1=0

φ2j2(τl1)
(

∆w
(i1)
τl1

)2
)

,

. . .

l.i.m.
N→∞





N−1∑

lk−mr+1=0

φjr (τlk−mr+1
)∆w

(i1)
τlk−mr+1

. . .

N−1∑

lk=0

φjr (τlk)∆w
(i1)
τlk

−
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−
∑

(lk−mr+1,...,lk)∈G′
k−mr+1,k

φjr (τlk−mr+1
)∆w

(i1)
τk−mr+1

. . . φjr (τlk)∆w
(i1)
τlk



 =

= l.i.m.
N→∞

Hmr

(
N−1∑

l1=0

φjr (τl1)∆w
(i1)
τl1

,

N−1∑

l1=0

φ2jr (τl1)
(

∆w
(i1)
τl1

)2
)

.

Then

J ′[φj1 . . . φjk ]
(i1...i1)
T,t =

= l.i.m.
N→∞

Hm1

(
N−1∑

l1=0

φj1 (τl1)∆w
(i1)
τl1

,

N−1∑

l1=0

φ2j1(τl1)
(

∆w
(i1)
τl1

)2
)

×

×l.i.m.
N→∞

Hm2

(
N−1∑

l1=0

φj2(τl1)∆w
(i1)
τl1

,

N−1∑

l1=0

φ2j2 (τl1)
(

∆w
(i1)
τl1

)2
)

× . . .

(177) . . .× l.i.m.
N→∞

Hmr

(
N−1∑

l1=0

φjr (τl1)∆w
(i1)
τl1

,

N−1∑

l1=0

φ2jr (τl1)
(

∆w
(i1)
τl1

)2
)

w. p. 1 for i1 6= 0 and

J ′[φj1 . . . φjk ]
(0...0)
T,t =

= lim
N→∞

(
N−1∑

l1=0

φj1(τl1)∆τl1

)m1

. . .

(
N−1∑

lr=0

φjr (τlr )∆τlr

)mr

=

=





T∫

t

φj1 (s)ds





m1

. . .





T∫

t

φjr (s)ds





mr

=

(178) =
(

ζ
(0)
j1

)m1

. . .
(

ζ
(0)
jr

)mr

for i1 = 0, where we suppose that the condition (176) is fulfilled; also we use in (177) and (178) the
same notations as in the proof of Theorem 1.

Applying (174), (175), Lemma 3, and Remark 2 to the right-hand side of (177), we finally obtain
w. p. 1

J ′[φj1 . . . φjk ]
(i1...i1)
T,t = Hm1





T∫

t

φj1(s)dw
(i1)
s ,

T∫

t

φ2j1(s)ds



×
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×Hm2





T∫

t

φj2 (s)dw
(i1)
s ,

T∫

t

φ2j2(s)ds



 . . . Hmr





T∫

t

φjr (s)dw
(i1)
s ,

T∫

t

φ2jr (s)ds



 =

= Hm1

(

ζ
(i1)
j1

, 1
)

Hm2

(

ζ
(i1)
j2

, 1
)

. . . Hmr

(

ζ
(i1)
jr

, 1
)

=

= Hm1

(

ζ
(i1)
j1

)

Hm2

(

ζ
(i1)
j2

)

. . . Hmr

(

ζ
(i1)
jr

)

for i1 6= 0, where we suppose that the condition (176) is fulfilled. An equality similar to (163) was
proved without using Theorem 3.1 [85].

Consider particular cases of the equality (172) for k = 1, . . . , 4 and i1, . . . , i4 = 1, . . . ,m (see
(36)–(39)). We have w. p. 1

J ′[φj1 ]
(i1)
T,t = ζ

(i1)
j1

= H1

(

ζ
(i1)
j1

)

;

J ′[φj1φj2 ]
(i1i2)
T,t = ζ

(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2} =

(179) =







H2

(

ζ
(i1)
j1

)

H0

(

ζ
(i2)
j2

)

, if i1 = i2, j1 = j2

H1

(

ζ
(i1)
j1

)

H1

(

ζ
(i2)
j2

)

, otherwise

;

J ′[φj1φj2φj3 ]
(i1i1i1)
T,t = ζ

(i1)
j1

ζ
(i1)
j2

ζ
(i1)
j3

− 1{j1=j2}ζ
(i1)
j3

− 1{j2=j3}ζ
(i1)
j1

−

−1{j1=j3}ζ
(i1)
j2

=

(180) =







H3

(

ζ
(i1)
j1

)

H0

(

ζ
(i1)
j2

)

H0

(

ζ
(i1)
j3

)

, if j1 = j2 = j3

H2

(

ζ
(i1)
j1

)

H0

(

ζ
(i1)
j2

)

H1

(

ζ
(i1)
j3

)

, if j1 = j2 6= j3

H1

(

ζ
(i1)
j1

)

H2

(

ζ
(i1)
j2

)

H0

(

ζ
(i1)
j3

)

, if j2 = j3 6= j1

H0

(

ζ
(i1)
j1

)

H1

(

ζ
(i1)
j2

)

H2

(

ζ
(i1)
j3

)

, if j1 = j3 6= j2

H1

(

ζ
(i1)
j1

)

H1

(

ζ
(i1)
j2

)

H1

(

ζ
(i1)
j3

)

, if j1 6= j2, j2 6= j3, j1 6= j3

;
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J ′[φj1φj2φj3 ]
(i1i2i3)
T,t = ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i2)
j3

=

= H1

(

ζ
(i1)
j1

)

H1

(

ζ
(i2)
j2

)

H1

(

ζ
(i3)
j3

)

,

where i1, i2, i3 are pairwise different;

J ′[φj1φj2φj3 ]
(i1i1i3)
T,t = ζ

(i1)
j1

ζ
(i1)
j2

ζ
(i3)
j3

− 1{j1=j2}ζ
(i3)
j3

=

=
(

ζ
(i1)
j1

ζ
(i1)
j2

− 1{j1=j2}

)

ζ
(i3)
j3

= J ′[φj1φj2 ]
(i1i1)
T,t J ′[φj3 ]

(i3)
T,t =

=







H2

(

ζ
(i1)
j1

)

H0

(

ζ
(i1)
j2

)

H1

(

ζ
(i3)
j3

)

, if j1 = j2

H1

(

ζ
(i1)
j1

)

H1

(

ζ
(i1)
j2

)

H1

(

ζ
(i3)
j3

)

, if j1 6= j2

,

where i1 = i2 6= i3;

J ′[φj1φj2φj3 ]
(i1i2i2)
T,t = ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i2)
j3

− 1{j2=j3}ζ
(i1)
j1

=

= ζ
(i1)
j1

(

ζ
(i2)
j2

ζ
(i2)
j3

− 1{j2=j3}

)

= J ′[φj1 ]
(i1)
T,t J

′[φj2φj3 ]
(i2i2)
T,t =

=







H1

(

ζ
(i1)
j1

)

H2

(

ζ
(i2)
j2

)

H0

(

ζ
(i2)
j3

)

, if j2 = j3

H1

(

ζ
(i1)
j1

)

H1

(

ζ
(i2)
j2

)

H1

(

ζ
(i2)
j3

)

, if j1 6= j2

,

where i1 6= i2 = i3;

J ′[φj1φj2φj3 ]
(i1i2i1)
T,t = ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i1)
j3

− 1{j1=j3}ζ
(i2)
j2

=

= ζ
(i2)
j2

(

ζ
(i1)
j1

ζ
(i1)
j3

− 1{j1=j3}

)

= J ′[φj2 ]
(i2)
T,t J

′[φj1φj3 ]
(i1i1)
T,t =

=







H2

(

ζ
(i1)
j1

)

H1

(

ζ
(i2)
j2

)

H0

(

ζ
(i1)
j3

)

, if j1 = j3

H1

(

ζ
(i1)
j1

)

H1

(

ζ
(i2)
j2

)

H1

(

ζ
(i1)
j3

)

, if j1 6= j3

,

where i1 = i3 6= i2;
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J ′[φj1φj2φj3φj4 ]
(i1i1i1i1)
T,t =

4∏

l=1

ζ
(i1)
jl

−

−1{j1=j2}ζ
(i1)
j3

ζ
(i1)
j4

− 1{j1=j3}ζ
(i1)
j2

ζ
(i1)
j4

−

−1{j1=j4}ζ
(i1)
j2

ζ
(i1)
j3

− 1{j2=j3}ζ
(i1)
j1

ζ
(i1)
j4

−

−1{j2=j4}ζ
(i1)
j1

ζ
(i1)
j3

− 1{j3=j4}ζ
(i1)
j1

ζ
(i1)
j2

+

+1{j1=j2}1{j3=j4} + 1{j1=j3}1{j2=j4}+

+1{j1=j4}1{j2=j3} =

=







H4

(

ζ
(i1)
j1

)

H0

(

ζ
(i1)
j2

)

H0

(

ζ
(i1)
j3

)

H0

(

ζ
(i1)
j4

)

, if (I)

H1

(

ζ
(i1)
j1

)

H1

(

ζ
(i1)
j2

)

H1

(

ζ
(i1)
j3

)

H1

(

ζ
(i1)
j4

)

, if (II)

H2

(

ζ
(i1)
j1

)

H0

(

ζ
(i1)
j2

)

H1

(

ζ
(i1)
j3

)

H1

(

ζ
(i1)
j4

)

, if (III)

H0

(

ζ
(i1)
j1

)

H1

(

ζ
(i1)
j2

)

H2

(

ζ
(i1)
j3

)

H1

(

ζ
(i1)
j4

)

, if (IV)

H0

(

ζ
(i1)
j1

)

H1

(

ζ
(i1)
j2

)

H1

(

ζ
(i1)
j3

)

H2

(

ζ
(i1)
j4

)

, if (V)

H1

(

ζ
(i1)
j1

)

H0

(

ζ
(i1)
j2

)

H2

(

ζ
(i1)
j3

)

H1

(

ζ
(i1)
j4

)

, if (VI)

H1

(

ζ
(i1)
j1

)

H0

(

ζ
(i1)
j2

)

H1

(

ζ
(i1)
j3

)

H2

(

ζ
(i1)
j4

)

, if (VII)

H1

(

ζ
(i1)
j1

)

H1

(

ζ
(i1)
j2

)

H0

(

ζ
(i1)
j3

)

H2

(

ζ
(i1)
j4

)

, if (VIII)

H3

(

ζ
(i1)
j1

)

H0

(

ζ
(i1)
j2

)

H0

(

ζ
(i1)
j3

)

H1

(

ζ
(i1)
j4

)

, if (IX)

H1

(

ζ
(i1)
j1

)

H3

(

ζ
(i1)
j2

)

H0

(

ζ
(i1)
j3

)

H0

(

ζ
(i1)
j4

)

, if (X)

H0

(

ζ
(i1)
j1

)

H0

(

ζ
(i1)
j2

)

H1

(

ζ
(i1)
j3

)

H3

(

ζ
(i1)
j4

)

, if (XI)

H0

(

ζ
(i1)
j1

)

H1

(

ζ
(i1)
j2

)

H0

(

ζ
(i1)
j3

)

H3

(

ζ
(i1)
j4

)

, if (XII)

H2

(

ζ
(i1)
j1

)

H0

(

ζ
(i1)
j2

)

H0

(

ζ
(i1)
j3

)

H2

(

ζ
(i1)
j4

)

, if (XIII)

H2

(

ζ
(i1)
j1

)

H2

(

ζ
(i1)
j2

)

H0

(

ζ
(i1)
j3

)

H0

(

ζ
(i1)
j4

)

, if (XIV)

H2

(

ζ
(i1)
j1

)

H0

(

ζ
(i1)
j2

)

H2

(

ζ
(i1)
j3

)

H0

(

ζ
(i1)
j4

)

, if (XV)

,
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where Hn(x) is the Hermite polynomial (164) of degree n and (I)–(XV) are the following conditions

(I). j1 = j2 = j3 = j4,

(II). j1, j2, j3, j4 are pairwise different,

(III). j1 = j2 6= j3, j4; j3 6= j4,

(IV). j1 = j3 6= j2, j4; j2 6= j4,

(V). j1 = j4 6= j2, j3; j2 6= j3,

(VI). j2 = j3 6= j1, j4; j1 6= j4,

(VII). j2 = j4 6= j1, j3; j1 6= j3,

(VIII). j3 = j4 6= j1, j2; j1 6= j2,

(IX). j1 = j2 = j3 6= j4,

(X). j2 = j3 = j4 6= j1,

(XI). j1 = j2 = j4 6= j3,

(XII). j1 = j3 = j4 6= j2,

(XIII). j1 = j2 6= j3 = j4,

(XIV). j1 = j3 6= j2 = j4,

(XV). j1 = j4 6= j2 = j3.

Moreover, from (160) we have w. p. 1

J ′[φj1φj2φj3φj4 ]
(i1i2i3i4)
T,t = H1

(

ζ
(i1)
j1

)

H1

(

ζ
(i2)
j2

)

H1

(

ζ
(i3)
j3

)

H1

(

ζ
(i4)
j4

)

,

where i1, . . . , i4 are pairwise different;

(181) J ′[φj1φj2φj3φj4 ]
(i1i1i3i4)
T,t = J ′[φj1φj2 ]

(i1i1)
T,t H1

(

ζ
(i3)
j3

)

H1

(

ζ
(i4)
j4

)

(i1 = i2 6= i3, i4; i3 6= i4);

(182) J ′[φj1φj2φj3φj4 ]
(i1i2i1i4)
T,t = J ′[φj1φj3 ]

(i1i1)
T,t H1

(

ζ
(i2)
j2

)

H1

(

ζ
(i4)
j4

)

(i1 = i3 6= i2, i4; i2 6= i4);

(183) J ′[φj1φj2φj3φj4 ]
(i1i2i3i1)
T,t = J ′[φj1φj4 ]

(i1i1)
T,t H1

(

ζ
(i2)
j2

)

H1

(

ζ
(i3)
j3

)

(i1 = i4 6= i2, i3; i2 6= i3);

(184) J ′[φj1φj2φj3φj4 ]
(i1i2i2i4)
T,t = J ′[φj2φj3 ]

(i2i2)
T,t H1

(

ζ
(i1)
j1

)

H1

(

ζ
(i4)
j4

)

(i2 = i3 6= i1, i4; i1 6= i4);

(185) J ′[φj1φj2φj3φj4 ]
(i1i2i3i2)
T,t = J ′[φj2φj4 ]

(i2i2)
T,t H1

(

ζ
(i1)
j1

)

H1

(

ζ
(i3)
j3

)

(i2 = i4 6= i1, i3; i1 6= i3);

(186) J ′[φj1φj2φj3φj4 ]
(i1i2i3i3)
T,t = J ′[φj3φj4 ]

(i3i3)
T,t H1

(

ζ
(i1)
j1

)

H1

(

ζ
(i2)
j2

)

(i3 = i4 6= i1, i2; i1 6= i2);

(187) J ′[φj1φj2φj3φj4 ]
(i1i1i1i4)
T,t = J ′[φj1φj2φj3 ]

(i1i1i1)
T,t H1

(

ζ
(i4)
j4

)

(i1 = i2 = i3 6= i4);
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(188) J ′[φj1φj2φj3φj4 ]
(i1i2i2i2)
T,t = J ′[φj2φj3φj4 ]

(i2i2i2)
T,t H1

(

ζ
(i1)
j1

)

(i2 = i3 = i4 6= i1);

(189) J ′[φj1φj2φj3φj4 ]
(i1i1i3i1)
T,t = J ′[φj1φj2φj4 ]

(i1i1i1)
T,t H1

(

ζ
(i3)
j3

)

(i1 = i2 = i4 6= i3);

(190) J ′[φj1φj2φj3φj4 ]
(i1i2i1i1)
T,t = J ′[φj1φj3φj4 ]

(i1i1i1)
T,t H1

(

ζ
(i2)
j2

)

(i1 = i3 = i4 6= i2);

(191) J ′[φj1φj2φj3φj4 ]
(i1i1i3i3)
T,t = J ′[φj1φj2 ]

(i1i1)
T,t J ′[φj3φj4 ]

(i3i3)
T,t (i1 = i2 6= i3 = i4);

(192) J ′[φj1φj2φj3φj4 ]
(i1i2i1i2)
T,t = J ′[φj1φj3 ]

(i1i1)
T,t J ′[φj2φj4 ]

(i2i2)
T,t (i1 = i3 6= i2 = i4);

(193) J ′[φj1φj2φj3φj4 ]
(i1i2i2i1)
T,t = J ′[φj1φj4 ]

(i1i1)
T,t J ′[φj2φj3 ]

(i2i2)
T,t (i1 = i4 6= i2 = i3).

Note that the right-hand sides of (181)–(193) contain multiple Wiener stochastic integrals of
multiplicities 2 and 3. These integrals are considered in detail in (179), (180).

It should be noted that the formulas (45) (Theorem 2) and (167) (Theorem 10) are interesting
from various points of view. The formulas (36)–(41) (these formulas are particular cases of (45) for
k = 1, . . . , 6) are convenient for numerical modeling of iterated Ito stochastic integrals of multiplicities
1 to 6. For example, in [56] and [57], approximations of iterated Ito stochastic integrals of multiplicities
1 to 6 in the Python programming language were successfully implemented using (36)–(41) and
Legendre polynomials.

On the other hand, the equality (167) is interesting by a number of reasons. Firstly, this equality
connects Ito’s results on multiple Wiener stochastic integrals ([85], Theorem 3.1) with the theory of
mean-square approximation of iterated Ito stochastic integrals presented in this paper and in the book
[22]. Secondly, the equality (167) is based on the Hermite polynomials, which have the orthogonality
property on R with a Gaussian weight. This feature opens up new possibilities in the study of iterated
Ito stochastic integrals.

15. A Generalization of Theorems 1, 2, 10, and 11 to the Case of an Arbitrary
Complete Orthonormal System of Functions in the Space L2([t, T ]) and ψ1(τ),

. . . , ψk(τ) ∈ L2([t, T ]), Φ(t1, . . . , tk) ∈ L2([t, T ]
k)

In this section, we will use the definition of the multiple Wiener stochastic integral from [85], [87]
to generalize Theorems 1, 2, 10, and 11 to the case of an arbitrary complete orthonormal system of
functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), Φ(t1, . . . , tk) ∈ L2([t, T ]

k).
Consider the following step function on the hypercube [t, T ]k

(194) ΦN (t1, . . . , tk) =

N−1∑

l1,...,lk=0

al1...lk1[τl1 ,τl1+1)(t1) . . .1[τlk ,τlk+1)(tk),
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where al1...lk ∈ R and such that al1...lk = 0 if lp = lq for some p 6= q,

1A(τ) =







1 if τ ∈ A

0 otherwise
,

N ∈ N, {τj}Nj=0 is a partition of [t, T ], which satisfies the condition (5):

(195) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Let us define the multiple Wiener stochastic integral for ΦN (t1, . . . , tk) [85], [87]

(196) J ′[ΦN ]
(i1...ik)
T,t

def
=

N−1∑

l1,...,lk=0

al1...lk∆w
(i1)
τl1

. . .∆w
(ik)
τlk

,

where ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj , i = 0, 1, . . . ,m, w

(0)
τ = τ.

It is known (see [87], Lemma 9.6.4) that for any Φ(t1, . . . , tk) ∈ L2([t, T ]
k) there exists a sequence

of step functions ΦN (t1, . . . , tk) of the form (194) such that

(197) lim
N→∞

∫

[t,T ]k

(Φ(t1, . . . , tk)− ΦN (t1, . . . , tk))
2
dt1 . . . dtk = 0.

We have

ΦN (t1, . . . , tk) =
N−1∑

l1,...,lk=0

al1...lk1[τl1 ,τl1+1)(t1) . . .1[τlk ,τlk+1)(tk) =

(198) =
∑

(l1,...,lk)

N−1∑

l1,...,lk=0
l1<l2<...<lk

al1...lk1[τl1 ,τl1+1)(t1) . . .1[τlk ,τlk+1)(tk),

where permutations (l1, . . . , lk) when summing are performed only in the expression l1 < l2 < . . . < lk
(recall that al1...lk = 0 if lp = lq for some p 6= q).

Using (198), we get

(199)
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

ΦN (t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

=

=
∑

(l1,...,lk)

N−1∑

l1,...,lk=0
l1<l2<...<lk

al1...lk∆w
(i1)
τl1

. . .∆w
(ik)
τlk

=
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=

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

al1...lk∆w
(i1)
τl1

. . .∆w
(ik)
τlk

=

(200) = J ′[ΦN ]
(i1...ik)
T,t w. p. 1,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk and

permutations (l1, . . . , lk) when summing are performed only in the expression l1 < l2 < . . . < lk. At
the same time the indices near upper limits of integration in the iterated stochastic integrals in (199)
are changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik) (see (199)). In addition, the multiple Wiener stochastic integral

J ′[ΦN ]
(i1...ik)
T,t is defined by (196) and

T∫

t

. . .

t2∫

t

ΦN (t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

is the iterated Ito stochastic integral.
Using (197), (200), Lemma 2 for Φ(t1, . . . , tk) ∈ L2(Dk), and (30) for Lebesgue integrals, we have

M

{(

J ′[ΦN ]
(i1...ik)
T,t − J ′[ΦM ]

(i1...ik)
T,t

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN (t1, . . . , tk)− ΦM (t1, . . . , tk))
2
dt1 . . . dtk =

= Ck

∫

[t,T ]k

(ΦN (t1, . . . , tk)− ΦM (t1, . . . , tk))
2
dt1 . . . dtk =

= Ck ‖ΦN − ΦM‖2L2([t,T ]k) ≤

≤ 2Ck

(

‖ΦN − Φ‖2L2([t,T ]k) + ‖Φ− ΦM‖2L2([t,T ]k)

)2

→ 0

if N,M → ∞, where constant Ck depends only on the multiplicity k of the multiple Wiener stochastic
integral.

Thus, there exists the limit

l.i.m.
N→∞

J ′[ΦN ]
(i1...ik)
T,t .

We will define the multiple Wiener stochastic integral for Φ(t1, . . . , tk) ∈ L2([t, T ]
k) by the formula

[85], [87]

(201) J ′[Φ]
(i1...ik)
T,t

def
= l.i.m.

N→∞
J ′[ΦN ]

(i1...ik)
T,t = l.i.m.

N→∞

N−1∑

l1,...,lk=0

al1...lk∆w
(i1)
τl1

. . .∆w
(ik)
τlk

,
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where ΦN (t1, . . . , tk) is defined by (194), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj , i = 0, 1, . . . ,m, w

(0)
τ = τ.

It is easy to see that the above definition coincides with (19) if the function Φ(t1, . . . , tk) : [t, T ]k →
R is continuous in the hypercube [t, T ]k.

Let us prove the following equality

(202) J ′[Φ]
(i1...ik)
T,t =

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

w. p. 1,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk .

At the same time the indices near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped

with iq in the permutation (i1, . . . , ik). In addition, the multiple Wiener stochastic integral J ′[Φ]
(i1...ik)
T,t

is defined by (201) and

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

is the iterated Ito stochastic integral.
The equality (202) has already been proved for the case Φ(t1, . . . , tk) = ΦN (t1, . . . , tk) (see (200)).

From (200) we have

J ′[ΦN ]
(i1...ik)
T,t =

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

ΦN (t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk =

=
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk +

(203) +
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN (t1, . . . , tk)− Φ(t1, . . . , tk)) dw
(i1)
t1 . . . dw

(ik)
tk w. p. 1.

Passing to the limit l.i.m.
N→∞

in the equality (203), we obtain

J ′[Φ]
(i1...ik)
T,t =

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk +

(204) +l.i.m.
N→∞

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN (t1, . . . , tk)− Φ(t1, . . . , tk)) dw
(i1)
t1 . . . dw

(ik)
tk w. p. 1.

Using Lemma 2 for Φ(t1, . . . , tk) ∈ L2(Dk), (30) for Lebesgue integrals, and (197), we get
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M










∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN(t1, . . . , tk)− Φ(t1, . . . , tk)) dw
(i1)
t1 . . . dw

(ik)
tk





2






≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN (t1, . . . , tk)− Φ(t1, . . . , tk))
2
dt1 . . . dtk =

(205) = Ck

∫

[t,T ]k

(ΦN (t1, . . . , tk)− Φ(t1, . . . , tk))
2
dt1 . . . dtk → 0

if N → ∞, where constant Ck depends only on the multiplicity k of the multiple Wiener stochastic
integral.

The relations (204) and (205) prove the equality (202). Using (202) and the isometry property of
the Ito stochastic integral, we have

(206) J [ψ(k)]
(i1...ik)
T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk = J ′[K]

(i1...ik)
T,t w. p. 1,

where K = K(t1, . . . , tk) is defined by (2), i.e.

(207) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

,

where ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Applying (206) and the linearity property of the Ito stochastic integral, we obtain

J [ψ(k)]
(i1...ik)
T,t = J ′[K]

(i1...ik)
T,t =

(208) =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t + J ′[Rp1...pk

]
(i1...ik)
T,t w. p. 1,

where

(209) Rp1...pk
(t1, . . . , tk)

def
= K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

and

(210) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk
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is the Fourier coefficient corresponding to K(t1, . . . , tk).
Using the Ito formula, we have

∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . .w

(iq)
tq ×

×
∑

(j′1,...,j
′
n)

T∫

t

φj′n(t
′
n) . . .

t′2∫

t

φj′1(t
′
1)dw

(g)
t′1
. . .w

(g)
t′n

=

=
∑

(j1,...,jq,j′1,...,j
′
n)

T∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)

t1∫

t

φj′n(t
′
n) . . .

t′2∫

t

φj′1 (t
′
1)×

(211) ×dw(g)
t′1
. . . dw

(g)
t′n
dw

(i1)
t1 . . . dw

(iq)
tq

w. p. 1, where g = 0 or g = 1, n, q ∈ N, i1, . . . , iq 6= 0, 1,

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped
with jd in the permutation (j1, . . . , jk), then ir swapped with id in the permutation (i1, . . . , ik).

The detailed proof of (211) will be given in Sect. 18 (see the proof of Theorem 20). The equality
(211) means that (see (202))

J ′[φj1 . . . φjq ]
(i1...iq)
T,t · J ′[φj′1 . . . φj′n ]

(g...g)
T,t =

(212) = J ′[φj1 . . . φjqφj′1 . . . φj′n ]
(i1...iqg...g)
T,t

w. p. 1, where g = 0 or g = 1, n, q ∈ {0}∪N, i1, . . . , iq 6= 0, 1, and J ′[φj1 . . . φjq ]
(i1...iq)
T,t

def
= 1 for q = 0.

Using the equality (212), we get (160) for the case of an arbitrary complete orthonormal system
{φj(x)}∞j=0 of functions in L2([t, T ]).

Using Theorem 9.6.9 [87] (also see [85], Theorem 3.1) and (172) (also see Theorem 21 below), we
get

J ′[φj1 . . . φjk ]
(i1...ik)
T,t =

=
k∏

l=1






1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . . Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0







=
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=

k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(213) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

w. p. 1, where notations are the same as in Theorems 2 and 10; the multiple Wiener stochastic integral

J ′[φj1 . . . φjk ]
(i1...ik)
T,t is defined by (201).

Again applying (202), we have

J ′[Rp1...pk
]
(i1...ik)
T,t =

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(

K(t1, . . . , tk)−

(214) −
p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

k∏

l=1

φjl (tl)

)

dw
(i1)
t1 . . . dw

(ik)
tk ,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk

.
At the same time the indices near upper limits of integration in the iterated stochastic integrals
are changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir
swapped with iq in the permutation (i1, . . . , ik). In addition, the multiple Wiener stochastic integral

J ′[Rp1...pk
]
(i1...ik)
T,t is defined by (201).

According to Lemma 2 for Φ(t1, . . . , tk) ∈ L2(Dk), (3), and (30) for Lebesgue integrals, we have

M

{(

J ′[Rp1...pk
]
(i1...ik)
T,t

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk =

(215) = Ck

∫

[t,T ]k



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk → 0

if p1, . . . , pk → ∞, where constant Ck depends only on the multiplicity k of the iterated Ito stochastic

integral J [ψ(k)]
(i1...ik)
T,t .

Thus, the following theorem is proved.

Theorem 12 [22], [25] (generalization of Theorems 1, 2, and 10). Suppose that the condition

(⋆⋆) is fulfilled for the multi-index (i1 . . . ik) (see Sect. 14) and the condition (162) is also fulfilled.
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Furthermore, let ψl(τ) ∈ L2([t, T ]) (l = 1, . . . , k) and {φj(x)}∞j=0 is an arbitrary complete orthonormal

system of functions in the space L2([t, T ]). Then the following expansions

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1×

(216) ×
k∏

l=1






1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . . Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0






,

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(217) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense are valid, where [x] is an integer part of a real number x; n1,l+
n2,l + . . . + ndl,l = ml; n1,l, n2,l, . . . , ndl,l = 1, . . . ,ml; dl = 1, . . . ,ml; l = 1, . . . , k; m1 + . . . +
mk = k; the numbers m1, . . . ,mk, g1, . . . , gk depend on (i1, . . . , ik) and the numbers n1,l, . . . , ndl,l,
h1,l, . . . , hdl,l, dl depend on {j1, . . . , jk}; moreover, {jg1 , . . . , jgk} = {j1, . . . , jk}; Hn(x) is the Hermite

polynomial (164); another notations are the same as in Theorems 1, 2, and 10.

Replacing the function K(t1, . . . , tk) by Φ(t1, . . . , tk) we get the following theorem.

Theorem 13 [22], [25] (generalization of Theorem 11). Suppose that the condition (⋆⋆) is fulfilled

for the multi-index (i1 . . . ik) (see Sect. 14) and the condition (162) is also fulfilled. Furthermore, let

Φ(t1, . . . , tk) ∈ L2([t, T ]
k) and {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions

in the space L2([t, T ]). Then the following expansions

J ′[Φ]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1×

(218) ×
k∏

l=1






1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . . Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0






,

J ′[Φ]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×
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×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense are valid, where n1,l+n2,l+. . .+ndl,l = ml; n1,l, n2,l, . . . , ndl,l =
1, . . . ,ml; dl = 1, . . . ,ml; l = 1, . . . , k; m1+. . .+mk = k; the numbers m1, . . . ,mk, g1, . . . , gk depend

on (i1, . . . , ik) and the numbers n1,l, . . . , ndl,l, h1,l, . . . , hdl,l, dl depend on {j1, . . . , jk}; moreover,

{jg1 , . . . , jgk} = {j1, . . . , jk}; the multiple Wiener stochastic integral J ′[Φ]
(i1...ik)
T,t is defined by (201);

Hn(x) is the Hermite polynomial (164); another notations are the same as in Theorem 9, 11.

It should be noted that an analogue of the expansion (218) was obtained in [86] for the case
i1, . . . , ik = 1, . . . ,m. The proof in [86] is different from the proof given in this section and Sect. 18.
Note that the results of work [86], as well as the results of this article, are based on our idea [7] (2006)
on the expansion of the kernel (2) (or Φ(t1, . . . , tk) ∈ L2([t, T ]

k)) into a generalized multiple Fourier
series (see [7], Chapter 5, Theorem 5.1, pp. 235-245 or [22], Sect. 1.1.3 for details).

16. Exact Calculation of the Mean-Square Error in Theorems 1, 2, and 12

In this section, we will use the multiple Wiener stochastic integral with respect to the components of
a multidimensional Wiener process to generalize theorem on the exact calculation of the mean-square
error in Theorems 1, 2. More precisely, we will generalize the following theorem.

Theorem 14 [22], [25], [34]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom

function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]),

each function φj(x) of which for finite j satisfies the condition (⋆) (see Sect. 4). Then

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk−

(219) −
p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






,

where

J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)df
(i1)
t1 . . . df

(ik)
tk ,

(220) J [ψ(k)]pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

)

,

(221) S
(i1...ik)
j1,...,jk

= l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆f
(i1)
τl1

. . . φjk (τlk)∆f
(ik)
τlk

,

the Fourier coefficient Cjk...j1 has the form (4),
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(222) ζ
(i)
j =

T∫

t

φj(s)df
(i)
s

are independent standard Gaussian random variables for various i or j (i = 1, . . . ,m),
∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik) (see
(219)); another notations are the same as in Theorem 1.

Let us generalize Theorem 14 to the case of an arbitrary complete orthonormal system of functions
in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 15 [22], [25]. Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and {φj(x)}∞j=0 is an arbitrary

complete orthonormal system of functions in the space L2([t, T ]). Then

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk−

(223) −
p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






,

where

J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)df
(i1)
t1 . . . df

(ik)
tk

,

(224) J [ψ(k)]pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t ,

J ′[φj1 . . . φjk ]
(i1...ik)
T,t is the multiple Wiener stochastic integral defined by (201), the Fourier coefficient

Cjk...j1 has the form (210), K(t1, . . . , tk) is defined by (207),

ζ
(i)
j =

T∫

t

φj(s)df
(i)
s

are independent standard Gaussian random variables for various i or j (i = 1, . . . ,m),
∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik) (see
(223)).
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Proof. First, note that the formula (224) appears due to the equality (208). Using the equality
(202), we get

(225) J ′[φj1 . . . φjk ]
(i1...ik)
T,t =

∑

(t1,...,tk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk w. p. 1,

where permutations (t1, . . . , tk) when summing are performed only in the values df
(i1)
t1 . . . df

(ik)
tk

. At
the same time the indices near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik).

It is easy to see that the equality (225) can be written in the form

(226) J ′[φj1 . . . φjk ]
(i1...ik)
T,t =

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk w. p. 1,

where
∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped
with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik).

Further proof of Theorem 15 is based on the equality (226) and is similar to the proof of Theorem
14 in [22], [34]. Theorem 15 is proved.

The equalities (213) and (226) allow us to formulate the following modification of Theorem 12.

Theorem 16. Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]). Then the following expansion

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t =

= l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk

converging in the mean-square sense is valid, where i1, . . . , ik = 1, . . . ,m; another notations are the

same as in Theorems 1, 12.

Consider the following obvious generalization of Theorem 3.

Theorem 17 [22], [25]. Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and {φj(x)}∞j=0 is an arbitrary

complete orthonormal system of functions in the space L2([t, T ]). Then the estimate

M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2
}

≤
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(227) ≤ k!






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1






is valid for the following cases:

1. i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞,

2. i1, . . . , ik = 0, 1, . . . ,m, i21 + . . .+ i2k > 0, and 0 < T − t < 1,

where J [ψ(k)]T,t is the stochastic integral (1), J [ψ(k)]p1,...,pk

T,t is the expression on the right-hand side

of (217) before passing to the limit l.i.m.
p1,...,pk→∞

; another notations are the same as in Theorem 1, 2,

12.

In addition, under the conditions of Theorem 17 we have the estimate (also see (60))

M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2n
}

≤

≤ (k!)2n(n(2n− 1))n(k−1)(2n− 1)!! ×

×






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk ...j1






n

.

17. Generalization of Theorems 4, 5 to the Case of an Arbitrary Complete
Orthonormal with Weight r(x) ≥ 0 System of Functions in the Space L2([t, T ]) and

ψ1(x)
√

r(x), . . . , ψk(x)
√

r(x) ∈ L2([t, T ])

In this section, we will use the multiple Wiener stochastic integral with respect to the components
of a multidimensional Wiener process to generalize Theorems 4, 5 to the case of an arbitrary complete
orthonormal with weight r(x) ≥ 0 system of functions in the space L2([t, T ]) and ψ1(x)

√

r(x), . . . ,

ψk(x)
√

r(x) ∈ L2([t, T ]). From the results of Sect. 8, 15 we obtain the following two theorems.

Theorem 18 [22], [25]. Suppose that ψ1(x)
√

r(x), . . . , ψk(x)
√

r(x) ∈ L2([t, T ]), where r(x) ≥ 0.
Moreover, let

{

Ψj(x)
√

r(x)
}∞

j=0

is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then, for the iterated

Ito stochastic integral

(228) J̃ [ψ(k)]T,t =

T∫

t

ψk(tk)
√

r(tk) . . .

t2∫

t

ψ1(t1)
√

r(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion
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J̃ [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

(
k∏

l=1

ζ̃
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(229) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ̃
(iql )

jql

)

that converges in the mean-square sense is valid, where i1, . . . , ik = 0, 1, . . . ,m,

ζ̃
(i)
j =

T∫

t

Ψj(s)
√

r(s)dw(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

C̃jk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

(

Ψjl(tl)r(tl)

)

dt1 . . . dtk

is the Fourier coefficient, K(t1, . . . , tk) is defined by (2); another notations are the same as in

Theorems 1, 2, 4.

Theorem 19 [22], [25]. Under the conditions of Theorem 18 the following estimate

M

{(

J̃ [ψ(k)]T,t − J̃ [ψ(k)]p1,...,pk

T,t

)2
}

≤

≤ k!






∫

[t,T ]k

K2(t1, . . . , tk)

(
k∏

l=1

r(tl)

)

dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C̃2
jk...j1






is valid for the following cases:

1. i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞,

2. i1, . . . , ik = 0, 1, . . . ,m, i21 + . . .+ i2k > 0, and 0 < T − t < 1,

where J̃ [ψ(k)]T,t is the stochastic integral (228), J̃ [ψ(k)]p1,...,pk

T,t is the expression on the right-hand side

of (229) before passing to the limit l.i.m.
p1,...,pk→∞

; another notations are the same as in Theorems 4, 5,

18.

18. Proof of Theorems 12 and 13 Based on the Ito Formula and Without Explicit
Use of the Multiple Wiener Stochastic Integral

Note that Theorems 12 and 13 can also be proved without explicit use of the multiple Wiener
stochastic integral. To do this, we introduce the following sum of iterated Ito stochastic integrals
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(230) J ′′[Φ]
(i1...ik)
T,t

def
=

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk ,

where Φ(t1, . . . , tk) ∈ L2([t, T ]
k), i1, . . . , ik = 0, 1, . . . ,m, dw

(0)
τ

def
= dτ ; another notations are the same

as in (202).
Further, using the isometry property of the Ito stochastic integral as well as the linearity property

of this integral, we have

J [ψ(k)]
(i1...ik)
T,t = J ′′[K]

(i1...ik)
T,t =

(231) =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′′[φj1 . . . φjk ]

(i1...ik)
T,t + J ′′[Rp1...pk

]
(i1...ik)
T,t w. p. 1,

where K(t1, . . . , tk) and Rp1...pk
(t1, . . . , tk) are defined by (207) and (209) correspondingly. Moreover,

J ′′[φj1 . . . φjk ]
(i1...ik)
T,t and J ′′[Rp1...pk

]
(i1...ik)
T,t are defined by (230). Obviously, we can consider an

analogue of (231) for Φ(t1, . . . , tk) instead of K(t1, . . . , tk).
Passing to the limit l.i.m.

p1,...,pk→∞
in (231) and using (214), (215), (230), we obtain

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′′[φj1 . . . φjk ]

(i1...ik)
T,t =

(232) = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

∑

(t1,...,tk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk .

At the same time the indices near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik).

It is easy to see that the equality (232) can be written as

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1×

(233) ×
∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

where
∑

(j1,...,jk)
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means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped
with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik).

Further, using the Ito formula, we can prove the following equality

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1 (t1)dw
(i1)
t1 . . . dw

(ik)
tk =

k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(234) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

w. p. 1, where notations are the same as in Theorem 2 and (233).
The main difficulty in proving (234) using the Ito formula is related to the need to take into

account various combinations of indices i1, . . . , ik = 0, 1, . . . ,m. To avoid this difficulty, consider
another approach, also based on the Ito formula.

First, we prove the following modification and generalization of Theorem 3.1 from [85] (1951) for
the case i1, . . . , ik = 0, 1, . . . ,m using the Ito formula and without explicit use of the multiple Wiener
stochastic integral.

Theorem 20 [22]. Suppose that the condition (⋆⋆) is fulfilled for the multi-index (i1 . . . ik) (see
Sect. 14) and the condition (162) is also fulfilled. Furthermore, let {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]). Then

J ′′[φj1 . . . φjk ]
(i1...ik)
T,t =

(235) =

k∏

l=1






1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . . Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0







w. p. 1, where i1, . . . , ik = 0, 1, . . . ,m; n1,l + n2,l + . . .+ ndl,l = ml; n1,l, n2,l, . . . , ndl,l = 1, . . . ,ml;
dl = 1, . . . ,ml; l = 1, . . . , k; m1 + . . . + mk = k; the numbers m1, . . . ,mk, g1, . . . , gk depend

on (i1, . . . , ik) and the numbers n1,l, . . . , ndl,l, h1,l, . . . , hdl,l, dl depend on {j1, . . . , jk}; moreover,
{jg1 , . . . , jgk} = {j1, . . . , jk}; Hn(x) is the Hermite polynomial (164); another notations are the same

as in Theorem 10.

Proof. First, consider the case i1 = . . . = ik = 1, . . . ,m and j1, . . . , jk ∈ {0} ∪ N. By induction,
we prove the following equality

p!

T∫

t

φl(tp) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tp ×

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq =
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=
∑

(j1,...,jq,l,...,l
︸︷︷︸

p

)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(t
′
p) . . .

t′2∫

t

φl(t
′
1)×

(236) ×dw(1)
t′1
. . . dw

(1)
t′p
dw

(1)
t1 . . . dw

(1)
tq

w. p. 1, where p ∈ N, l 6= j1, . . . , jq, and
∑

(q1,...,qn)

means the sum with respect to all possible permutations (q1, . . . , qn).
Consider the case p = 1. Using the Ito formula, we get w. p. 1 for s ∈ [t, T ]

s∫

t

φl(τ)dw
(1)
τ

s∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)dw
(1)
t1 . . . dw

(1)
tq =

=

s∫

t

φl(τ)φjq (τ)

τ∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ+

+

s∫

t

φl(τ)

τ∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)dw
(1)
t1 . . . dw

(1)
tq dw

(1)
τ +

(237) +

s∫

t

φjq (τ)





τ∫

t

φl(θ)dw
(1)
θ

τ∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1



dw(1)
τ .

Hereinafter in this section always s ∈ [t, T ]. Differentiating by the Ito formula the expression in
parentheses on the right-hand side of equality (237) and combining the result of differentiation with
(237), we obtain w. p. 1

J(l)s,tJ(jq...j1)s,t =

=

s∫

t

φl(τ)φjq (τ)

τ∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ+

+J(ljq...j1)s,t+

+

s∫

t

φjq (τ)

τ∫

t

φl(θ)φjq−1 (θ)

θ∫

t

φjq−2 (tq−2) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−2

dθdw(1)
τ +

+J(jqljq−1...j1)s,t+
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+

s∫

t

φjq (τ)

τ∫

t

φjq−1 (θ)×

(238) ×





θ∫

t

φl(u) dw
(1)
u

θ∫

t

φjq−2 (tq−2) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−2



 dw
(1)
θ dw(1)

τ ,

where
s∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)dw
(1)
t1 . . . dw

(1)
tq

def
= J(jq...j1)s,t.

Continuing the process of iterative application of the Ito formula, we have w. p. 1

J(l)s,tJ(jq...j1)s,t =

= J(ljq ...j1)s,t + J(jqljq−1...j1)s,t + . . .+ J(jq ...j1l)s,t+

+

s∫

t

φl(τ)φjq (τ)

τ∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1 (t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ + . . .

(239) . . .+

s∫

t

φjq (tq) . . .

t3∫

t

φj2 (t2)

t2∫

t

φl(τ)φj1 (τ)dτdw
(1)
t2 . . . dw

(1)
tq .

Summing the equality (239) over permutations (j1, . . . , jq), we get

(240)
∑

(j1,...,jq)

J(l)s,tJ(jq...j1)s,t =
∑

(j1,...,jq,l)

J(ljq ...j1)s,t + S(s)

w. p. 1, where

S(s) =

=
∑

(j1,...,jq)





s∫

t

φl(τ)φjq (τ)

τ∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ + . . .

(241) . . .+

s∫

t

φjq (tq) . . .

t3∫

t

φj2 (t2)

t2∫

t

φl(τ)φj1 (τ)dτdw
(1)
t2 . . . dw

(1)
tq



 .
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Consider
s∫

t

φl(τ)φjq (τ)dτ

s∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

.

Applying the Ito formula, we get w. p. 1

s∫

t

φl(τ)φjq (τ)dτ

s∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1 (t1)dw
(1)
t1 . . . dw

(1)
tq−1

=

=

s∫

t

φl(τ)φjq (τ)

τ∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ+

+

s∫

t

φjq−1 (tq−1)×

×





tq−1∫

t

φl(τ)φjq (τ)dτ

tq−1∫

t

φjq−2 (tq−2) . . .

t2∫

t

φj1 (t1)dw
(1)
t1 . . . dw

(1)
tq−2



 dw
(1)
tq−1

.

By iterative application of the Ito formula (as above), we obtain w. p. 1

s∫

t

φl(τ)φjq (τ)dτ

s∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1 (t1)dw
(1)
t1 . . . dw

(1)
tq−1

=

=

s∫

t

φl(τ)φjq (τ)

τ∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ + . . .

(242) . . .+

s∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(τ)φjq (τ)dτdw
(1)
t1 . . . dw

(1)
tq−1

.

Summing the equality (242) over permutations (j1, . . . , jq), we get

(243)
∑

(j1,...,jq)

s∫

t

φl(τ)φjq (τ)dτ

s∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1 (t1)dw
(1)
t1 . . . dw

(1)
tq−1

= S1(s)

w. p. 1, where

S1(s) =

=
∑

(j1,...,jq)





s∫

t

φl(τ)φjq (τ)

τ∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq−1

dτ + . . .
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(244) . . .+

s∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1 (t1)

t1∫

t

φl(τ)φjq (τ)dτdw
(1)
t1 . . . dw

(1)
tq−1



 .

It is not difficult to see that

(245) S(s) = S1(s) w. p. 1.

Moreover, due to the orthogonality of {φj(x)}∞j=0 and (243), (245), we have

(246) S(T ) = S1(T ) = 0 w. p. 1.

Thus (see (240), (246)), the equality (236) is proved for the case p = 1. Let us assume that the
equality (236) is true for p = 2, 3, . . . , k − 1, and prove its validity for p = k.

From (240) for the case q = k − 1, j1 = . . . = jk−1 = l we obtain

(247) (J1)s,t (k − 1)! (Jk−1)s,t = k! (Jk)s,t + S2(s)

w. p. 1, where

S2(s) = S(s)

∣
∣
∣
∣
j1=...=jq=l, q=k−1

(k ≥ 2) and S2(s)
def
= 0 (q = k − 1, k = 1),

s∫

t

φl(tr) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tr

def
= (Jr)s,t (r ∈ N) and (J0)s,t

def
= 1.

Taking into account (241), (243)–(245) and the orthonormality of {φj(x)}∞j=0, we have

(248) S2(T ) = (k − 1)! (Jk−2)T,t .

Combining (247) and (248), we obtain the following recurrence relation

(249) k! (Jk)T,t = (J1)T,t (k − 1)! (Jk−1)T,t − (k − 1)! (Jk−2)T,t

w. p. 1.
Using (249) and the induction hypothesis, we get w. p. 1

k!

T∫

t

φl(tk) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tk ×

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq =
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=

T∫

t

φl(τ) dw
(1)
τ

(

(k − 1)!

T∫

t

φl(tk−1) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tk−1

×

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)dw
(1)
t1 . . . dw

(1)
tq

)

−

−(k − 1)!

T∫

t

φl(tk−2) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tk−2

×

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq =

=

T∫

t

φl(τ) dw
(1)
τ

∑

(j1,...,jq,l,...,l
︸︷︷︸
k−1

)

T∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)

t1∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′
k−1

dw
(1)
t1 . . . dw

(1)
tq −

−(k − 1)
∑

(j1,...,jq,l,...,l
︸︷︷︸
k−2

)

T∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)

t1∫

t

φl(t
′
k−2) . . .

t′2∫

t

φl(t
′
1)×

(250) ×dw(1)
t′1
. . . dw

(1)
t′
k−2

dw
(1)
t1 . . . dw

(1)
tq .

Let l be the symbol l which does not participate in the following sum with respect to permutations

∑

(j1,...,jq,l,...,l
︸︷︷︸
k−1

)

.

Applying (240), we have w. p. 1

s∫

t

φl(τ) dw
(1)
τ

∑

(j1,...,jq,l,...,l
︸︷︷︸
k−1

)

s∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′
k−1

dw
(1)
t1 . . . dw

(1)
tq =
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=
∑

(j1,...,jq,l,...,l
︸︷︷︸
k−1

)

s∫

t

φ
l
(τ) dw(1)

τ

s∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′
k−1

dw
(1)
t1 . . . dw

(1)
tq =

=
∑

(j1,...,jq,l,...,l
︸︷︷︸
k−1

)




J

( l jq...j1 l . . . l
︸ ︷︷ ︸

k−1

)s,t
+ J

(jq l jq−1...j1 l . . . l
︸ ︷︷ ︸

k−1

)s,t
+ . . .

. . .+ J
(jq...j1 l l . . . l

︸ ︷︷ ︸

k−1

)s,t
+ J

(jq...j1l l l . . . l
︸ ︷︷ ︸

k−2

)s,t
+ . . .+ J

(jq ...j1l . . . l
︸ ︷︷ ︸

k−1

l )s,t




+ S3(s) =

(251) =
∑

(j1,...,jq,l,...,l
︸︷︷︸

k

)

J(jq...j1l . . . l
︸ ︷︷ ︸

k

)s,t + S3(s),

where

S3(s) =

=
∑

(j1,...,jq,l,...,l
︸︷︷︸
k−1

)

( s∫

t

φ
l
(τ)φjq (τ)

τ∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−1

dw
(1)
t1 . . . dw

(1)
tq−1

dτ + . . .

+ . . .

s∫

t

φjq (tq) . . .

t3∫

t

φj2(t2)

t2∫

t

φ
l
(τ)φj1 (τ)×

×
τ∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−1

dτdw
(1)
t2 . . . dw

(1)
tq +

+

s∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φ
l
(τ)φl(τ)×

×
τ∫

t

φl(t
′
k−2) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−2

dτdw
(1)
t1 . . . dw

(1)
tq + . . .

130



EXPANSION OF ITERATED ITO STOCHASTIC INTEGRALS 115

. . .+

s∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φl(t
′
k−1) . . .

t′3∫

t

φl(t
′
2)

t′2∫

t

φ
l
(τ)φl(τ)dτdw

(1)
t′2
. . . dw

(1)
t′
k−1

dw
(1)
t1 . . . dw

(1)
tq

)

.

Using (241), (243)–(245), we get w. p. 1

S3(s) =

=
∑

(j1,...,jq,l,...,l
︸︷︷︸
k−1

)

s∫

t

φ
l
(τ)φl(τ)dτ

s∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φl(t
′
k−2) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−2

dw
(1)
t1 . . . dw

(1)
tq =

= (k − 1)
∑

(j1,...,jq,l,...,l
︸︷︷︸
k−2

)

s∫

t

φ
l
(τ)φl(τ)dτ

s∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)×

×
t1∫

t

φl(t
′
k−2) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−2

dw
(1)
t1 . . . dw

(1)
tq +

+
∑

(j1,...,jq−1,l,...,l
︸︷︷︸
k−1

)

s∫

t

φ
l
(τ)φjq (τ)dτ

s∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1 (t1)×

×
t1∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−1

dw
(1)
t1 . . . dw

(1)
tq−1

+

+
∑

(j1,...,jq−2,jq l,...,l
︸︷︷︸
k−1

)

s∫

t

φ
l
(τ)φjq−1 (τ)dτ

s∫

t

φjq (tq)

tq∫

t

φjq−2 (tq−2) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−1

dw
(1)
t1 . . . dw

(1)
tq−2

dw
(1)
tq + . . .
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. . .

. . .+
∑

(j2,...,jq l,...,l
︸︷︷︸
k−1

)

s∫

t

φ
l
(τ)φj1 (τ)dτ

s∫

t

φjq (tq) . . .

t3∫

t

φj2 (t2)×

(252) ×
t2∫

t

φl(t
′
k−1) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−1

dw
(1)
t2 . . . dw

(1)
tq .

Applying (252) and the orthonormality of {φj(x)}∞j=0, we finally have

S3(T ) = (k − 1)
∑

(j1,...,jq,l,...,l
︸︷︷︸
k−2

)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)×

(253) ×
t1∫

t

φl(t
′
k−2) . . .

t′2∫

t

φl(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−2

dw
(1)
t1 . . . dw

(1)
tq .

Combining (250), (251), (253), we obtain w. p. 1

k!

T∫

t

φl(tk) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tk

×

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq =

=
∑

(l,...,l
︸︷︷︸

k

)

T∫

t

φl(tk) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tk

×

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(1)
t1 . . . dw

(1)
tq =

=
∑

(j1,...,jq,l,...,l
︸︷︷︸

k

)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φl(t
′
k) . . .

t′2∫

t

φl(t
′
1)×
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(254) ×dw(1)
t′1
. . . dw

(1)
t′
k

dw
(1)
t1 . . . dw

(1)
tq ,

where l 6= j1, . . . , jq.
The equality (236) is proved. From the other hand, (254) means that

(255) J ′′[φj1 . . . φjq φl . . . φl
︸ ︷︷ ︸

n

]
(

q+n

︷ ︸︸ ︷

1 . . . 1 )
T,t = J ′′[φl . . . φl

︸ ︷︷ ︸

n

]
(

n
︷ ︸︸ ︷

1 . . . 1 )
T,t · J ′′[φj1 . . . φjq ]

(

q

︷ ︸︸ ︷

1 . . . 1 )
T,t

w. p. 1, where n, q = 0, 1, 2 . . . ; l 6= j1, . . . , jq and

J ′′[φj1 . . . φjq ]
(

q

︷ ︸︸ ︷

1 . . . 1 )
T,t

def
= 1

for q = 0.
Note that [88]

T∫

t

φl(tn) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tn =

=
1

n!
Hn





T∫

t

φl(τ)dw
(1)
τ ,

T∫

t

φ2l (τ)dτ



 =

(256) =
1

n!
Hn





T∫

t

φl(τ)dw
(1)
τ , 1



 =
1

n!
Hn





T∫

t

φl(τ)dw
(1)
τ





w. p. 1, where n ∈ N, Hn(x, y) is defined by (173) (also see (174)), and Hn(x) is the Hermite
polynomial (164).

From (256) we have w. p. 1

J ′′[φl . . . φl
︸ ︷︷ ︸

n

]
(

n
︷ ︸︸ ︷

1 . . . 1 )
T,t = n!

T∫

t

φl(tn) . . .

t2∫

t

φl(t1)dw
(1)
t1 . . . dw

(1)
tn =

(257) = n!
1

n!
Hn





T∫

t

φl(τ)dw
(1)
τ



 = Hn





T∫

t

φl(τ)dw
(1)
τ



 ,

where n ∈ N.
Combining (255) and (257), we obtain
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(258) J ′′[φj1 . . . φjq φl . . . φl
︸ ︷︷ ︸

n

]
(

q+n

︷ ︸︸ ︷

1 . . . 1 )
T,t = Hn





T∫

t

φl(τ)dw
(1)
τ



 · J ′′[φj1 . . . φjq ]
(

q

︷ ︸︸ ︷

1 . . . 1 )
T,t

w. p. 1, where n, q = 0, 1, 2 . . . ; l 6= j1, . . . , jq.
The iterated application of the formula (258) completes the proof of Theorem 20 for the case

i1 = . . . = ik = 1, . . . ,m and j1, . . . , jk ∈ {0} ∪ N.
To prove Theorem 20 for the case i1 = . . . = ik = 0, 1, . . . ,m and j1, . . . , jk ∈ {0} ∪ N, we need to

prove the following formula in addition to the previous proof

p!

T∫

t

φl(tp) . . .

t2∫

t

φl(t1)dt1 . . . dtp
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dt1 . . . dtq =

(259) =
∑

(j1,...,jq ,l,...,l
︸︷︷︸

p

)

T∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)

t1∫

t

φl(t
′
p) . . .

t′2∫

t

φl(t
′
1)dt

′
1 . . . dt

′
pdt1 . . . dtq,

where p ∈ N,
∑

(j1,...,jd)

means the sum with respect to all possible permutations (j1, . . . , jd).
First, consider the case p = 1. We have

d





s∫

t

φl(θ)dθ

s∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)dt1 . . . dtq



 =

= φl(s)

s∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)dt1 . . . dtqds+

+φjq (s)





s∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1(t1)dt1 . . . dtq−1 ·
s∫

t

φl(θ)dθ



 ds.

Then
s∫

t

φl(θ)dθ

s∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dt1 . . . dtq =

= I(ljq ...j1)s,t+
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+

s∫

t

φjq (τ)





τ∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1 (t1)dt1 . . . dtq−1 ·
τ∫

t

φl(θ)dθ



 dτ,

where

(260)

s∫

t

φjr (tr) . . .

t2∫

t

φj1(t1)dt1 . . . dtr
def
= I(jr ...j1)s,t.

Continuing this process, we get

(261)

s∫

t

φl(θ)dθ
∑

(j1,...,jq)

I(jq...j1)s,t =
∑

(j1,...,jq,l)

I(ljq ...j1)s,t,

where
∑

(j1,...,jd)

means the sum with respect to all possible permutations (j1, . . . , jd).
The equality (259) is proved for the case p = 1. Let us assume that the equality (259) is true for

p = 2, 3, . . . , k − 1, and prove its validity for p = k.
From (261) for j1 = . . . = jq = l, q = k − 1 we have

(262) (I1)s,t (k − 1)! (Ik−1)s,t = k! (Ik)s,t ,

where k ∈ N and

s∫

t

φl(tk) . . .

t2∫

t

φl(t1)dt1 . . . dtk
def
= (Ik)s,t , (I0)s,t

def
= 1.

Using (262) and the induction hypothesis, we obtain

k! (Ik)s,t

∑

(j1,...,jq)

I(jq ...j1)s,t = (I1)s,t (k − 1)! (Ik−1)s,t

∑

(j1,...,jq)

I(jq ...j1)s,t =

(263) = I(l)s,t
∑

(j1,...,jq,l,...,l
︸︷︷︸
k−1

)

I(jq ...j1 l,...,l
︸︷︷︸
k−1

)s,t =
∑

(j1,...,jq,l,...,l
︸︷︷︸
k−1

)

I
( l )s,t

I(jq ...j1 l,...,l
︸︷︷︸
k−1

)s,t,

where I(jr ...j1)s,t is defined by (260) and l is the symbol l which does not participate in the following
sum with respect to permutations
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∑

(j1,...,jq,l,...,l
︸︷︷︸
k−1

)

.

By analogy with (261) we have

∑

(j1,...,jq ,l,...,l
︸︷︷︸
k−1

)

I
( l )s,t

I(jq ...j1 l,...,l
︸︷︷︸
k−1

)s,t =
∑

(j1,...,jq,l,...,l
︸︷︷︸
k−1

)




I

( l jq...j1 l . . . l
︸ ︷︷ ︸

k−1

)s,t
+ I

(jq l jq−1...j1 l . . . l
︸ ︷︷ ︸

k−1

)s,t
+ . . .

. . .+ I
(jq...j1 l l . . . l

︸ ︷︷ ︸

k−1

)s,t
+ I

(jq ...j1l l l . . . l
︸ ︷︷ ︸

k−2

)s,t
+ . . .+ I

(jq ...j1l . . . l
︸ ︷︷ ︸

k−1

l )s,t




 =

(264) =
∑

(j1,...,jq,l,...,l
︸︷︷︸

k

)

I(jq ...j1l . . . l
︸ ︷︷ ︸

k

)s,t.

Substituting s = T into (263), (264) and combining (263), (264), we conlude that the equality
(259) is proved for p = k. The equality (259) is proved.

Note that

(265) n!

T∫

t

φl(tn) . . .

t2∫

t

φl(t1)dt1 . . . dtn = n!
1

n!





T∫

t

φl(τ)dτ





n

=





T∫

t

φl(τ)dτ





n

,

where n ∈ N.
After substituting (265) into (259), we have for p = n

(266)





T∫

t

φl(τ)dτ





n

∑

(j1,...,jq)

J(jq ...j1)T,t =
∑

(j1,...,jq,l,...,l
︸︷︷︸

n

)

J(jq...j1l . . . l
︸ ︷︷ ︸

n

)T,t.

The equality (266) means that

(267) J ′′[φj1 . . . φjq φl . . . φl
︸ ︷︷ ︸

n

]
(

q+n

︷ ︸︸ ︷

0 . . . 0 )
T,t =





T∫

t

φl(τ)dτ





n

· J ′′[φj1 . . . φjq ]
(

q

︷ ︸︸ ︷

0 . . . 0 )
T,t ,

where n, q = 0, 1, 2 . . . and J ′′[φj1 . . . φjq ]
(0...0)
T,t

def
= 1 for q = 0.

The relations (258) and (267) prove Theorem 20 for the case i1 = . . . = ik = 0, 1, . . . ,m and
j1, . . . , jk ∈ {0} ∪ N.
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Remark 12. Note that the equality (259) can be obtained in another way. Let

Dq = {(t1, . . . , tq) ∈ [t, T ]q : ∃ i 6= j such that ti = tj}

be the "diagonal set"of [t, T ]q (q = 2, 3, . . .) [87]. Since the Lebesgue meashure of the set Dq is equal

to zero [87], then (see (230))

(268) J ′′[φj1 . . . φjq ]
(

q

︷ ︸︸ ︷

0 . . . 0 )
T,t =

∫

[t,T ]q

φj1 (t1) . . . φjq (tq)dt1 . . . dtq.

From (268) we have

J ′′[φl . . . φl]
(

p

︷ ︸︸ ︷

0 . . . 0 )
T,t · J ′′[φj1 . . . φjq ]

(

q

︷ ︸︸ ︷

0 . . . 0 )
T,t =

=

∫

[t,T ]q

φj1 (t1) . . . φjq (tq)dt1 . . . dtq

∫

[t,T ]p

φl(t1) . . . φl(tp)dt1 . . . dtp =

=

∫

[t,T ]p+q

φj1 (t1) . . . φjq (tq)φl(t
′
1) . . . φl(t

′
p)dt

′
1 . . . dt

′
pdt1 . . . dtq =

(269) = J ′′[φj1 . . . φjqφl . . . φl]
(

p+q

︷ ︸︸ ︷

0 . . . 0 )
T,t .

It is not difficult to see that the equality (269) is nothing but the equality (259) written in another

form.

To complete the proof of Theorem 20, we need to consider the case i1, . . . , ik = 0, 1, . . . ,m and
j1, . . . , jk ∈ {0} ∪ N.

Obviously, the proof of Theorem 20 will be completed if we prove the following equalities

∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq ×

×
∑

(j′1,...,j
′
n)

T∫

t

φj′n(t
′
n) . . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′n

=

=
∑

(j1,...,jq,j′1,...,j
′
n)

T∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)

t1∫

t

φj′n(t
′
n) . . .

t′2∫

t

φj′1 (t
′
1)×

(270) ×dw(1)
t′1
. . . dw

(1)
t′n
dw

(i1)
t1 . . . dw

(iq)
tq ,
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∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq ×

×
∑

(j′1,...,j
′
n)

T∫

t

φj′n(t
′
n) . . .

t′2∫

t

φj′1(t
′
1)dw

(0)
t′1
. . . dw

(0)
t′n

=

=
∑

(j1,...,jq,j′1,...,j
′
n)

T∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)

t1∫

t

φj′n(t
′
n) . . .

t′2∫

t

φj′1 (t
′
1)×

(271) ×dw(0)
t′1
. . . dw

(0)
t′n
dw

(i1)
t1 . . . dw

(iq)
tq

w. p. 1, where n, q ∈ N, dw
(0)
τ

def
= dτ, i1, . . . , iq 6= 1 in (270) and i1, . . . , iq 6= 0 in (271),

∑

(j1,...,jg)

means the sum with respect to all possible permutations (j1, . . . , jg). At the same time if jr swapped
with jd in the permutation (j1, . . . , jg), then ir swapped with id in the permutation (i1, . . . , ig).

The equalities (270) and (271) mean that

(272) J ′′[φj1 . . . φjqφj′1 . . . φj′n ]
(i1...iq1...1)
T,t = J ′′[φj1 . . . φjq ]

(i1...iq)
T,t · J ′′[φj′1 . . . φj′n ]

(1...1)
T,t ,

(273) J ′′[φj1 . . . φjqφj′1 . . . φj′n ]
(i1...iq0...0)
T,t = J ′′[φj1 . . . φjq ]

(i1...iq)
T,t · J ′′[φj′1 . . . φj′n ]

(0...0)
T,t

w. p. 1, where i1, . . . , iq 6= 1 in (272) and i1, . . . , iq 6= 0 in (273).
First, we prove the equality (270). Consider the case n = 1. Using the Ito formula, we get w. p. 1

s∫

t

φj′1 (θ)dw
(1)
θ

s∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)dw
(i1)
t1 . . . dw

(iq)
tq =

= J
(1iq...i1)

(j′1jq ...j1)s,t
+

+

s∫

t

φjq (τ)





τ∫

t

φjq−1 (tq−1) . . .

t2∫

t

φj1 (t1)dw
(i1)
t1 . . . dw

(iq−1)
tq−1

τ∫

t

φj′1 (θ)dw
(1)
θ



 dw(iq)
τ =

= . . . =

(274) = J
(1iq ...i1)

(j′1jq ...j1)s,t
+ J

(iq1iq−1...i1)

(jqj′1jq−1...j1)s,t
+ . . .+ J

(iq ...i11)

(jq ...j1j′1)s,t
,
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where

(275)

s∫

t

φjr (tr) . . .

t2∫

t

φj1 (t1)dw
(i1)
t1 . . . dw

(ir)
tr

def
= J

(ir ...i1)
(jr ...j1)s,t

,

i1, . . . , ir = 0, 1, . . . ,m.
From (274) we obtain

s∫

t

φj′1(θ)dw
(1)
θ

∑

(j1,...,jq)

s∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=
∑

(j1,...,jq)

s∫

t

φj′1 (θ)dw
(1)
θ

s∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=
∑

(j1,...,jq)

(

J
(1iq ...i1)

(j′1jq ...j1)s,t
+ J

(iq1iq−1...i1)

(jqj′1jq−1...j1)s,t
+ . . .+ J

(iq ...i11)

(jq ...j1j′1)s,t

)

=

(276) =
∑

(j1,...,jq ,j′1)

J
(iq...i11)

(jq...j1j′1)s,t

w. p. 1, where J
(ir ...i1)
(jr ...j1)s,t

is defined by (275). The equality (270) is proved for the case n = 1.

Let us assume that the equality (270) is true for n = 2, 3, . . . , k−1, and prove its validity for n = k.
Applying (240), (241), (243)–(245), we obtain w. p. 1

∑

(j′1,...,j
′
k
)

s∫

t

φj′
k
(t′k) . . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k

=

=

s∫

t

φj′
k
(θ)dw

(1)
θ

∑

(j′1,...,j
′
k−1)

s∫

t

φj′
k−1

(tk−1) . . .

t2∫

t

φj′1 (t1)dw
(1)
t1 . . . dw

(1)
tk−1

−

(277) −
∑

(j′1,...,j
′
k−1)

s∫

t

φj′
k
(θ)φj′

k−1
(θ)dθ

s∫

t

φj′
k−2

(tk−2) . . .

t2∫

t

φj′1 (t1)dw
(1)
t1 . . . dw

(1)
tk−2

.

After substituting s = T in (277) and applying the orthonormality of {φj(x)}∞j=0, we get w. p. 1

∑

(j′1,...,j
′
k
)

T∫

t

φj′
k
(t′k) . . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k

=

=

T∫

t

φj′
k
(θ)dw

(1)
θ

∑

(j′1,...,j
′
k−1)

T∫

t

φj′
k−1

(tk−1) . . .

t2∫

t

φj′1 (t1)dw
(1)
t1 . . . dw

(1)
tk−1

−
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(278) −
∑

(j′1,...,j
′
k−1)

1{j′
k
=j′

k−1}

T∫

t

φj′
k−2

(tk−2) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−2

,

where 1A is the indicator of the set A.
Using (278) and the induction hypothesis, we obtain w. p. 1

∑

(j′1,...,j
′
k
)

T∫

t

φj′
k
(tk) . . .

t2∫

t

φj′1 (t1)dw
(1)
t1 . . . dw

(1)
tk ×

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=

T∫

t

φj′
k
(θ)dw

(1)
θ

∑

(j′1,...,j
′
k−1)

T∫

t

φj′
k−1

(tk−1) . . .

t2∫

t

φj′1 (t1)dw
(1)
t1 . . . dw

(1)
tk−1

×

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)dw
(i1)
t1 . . . dw

(iq)
tq −

−
∑

(j′1,...,j
′
k−1

)

1{j′
k
=j′

k−1}

T∫

t

φj′
k−2

(tk−2) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−2

×

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=

T∫

t

φj′
k
(θ)dw

(1)
θ ×

×
∑

(j1,...,jq,j′1,...,j
′
k−1

)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k−1

(t′k−1) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′
k−1

dw
(i1)
t1 . . . dw

(iq)
tq −

−
∑

(j′1,...,j
′
k−1)

1{j′
k
=j′

k−1}

T∫

t

φj′
k−2

(tk−2) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−2

×

(279) ×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq .
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Further, applying the induction hypothesis, we have w. p. 1

∑

(j′1,...,j
′
k−1)

1{j′
k
=j′

k−1}

T∫

t

φj′
k−2

(tk−2) . . .

t2∫

t

φj′1(t1)dw
(1)
t1 . . . dw

(1)
tk−2

×

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=

(
∑

(j′1,...,j
′
k−2)

1{j′
k
=j′

k−1}

T∫

t

φj′
k−2

(tk−2) . . .

t2∫

t

φj′1 (t1)dw
(1)
t1 . . . dw

(1)
tk−2

+

+
∑

(j′1,...,j
′
k−3,j

′
k−1)

1{j′
k
=j′

k−2}

T∫

t

φj′
k−1

(tk−2)

tk−2∫

t

φj′
k−3

(tk−3) . . .

t2∫

t

φj′1(t1)×

×dw(1)
t1 . . . dw

(1)
tk−3

dw
(1)
tk−2

+ . . .

. . .+
∑

(j′2,...,j
′
k−1)

1{j′
k
=j′1}

T∫

t

φj′
k−2

(tk−2) . . .

t3∫

t

φj′2(t2)

t2∫

t

φj′
k−1

(t1)×

×dw(1)
t1 dw

(1)
t2 . . . dw

(1)
tk−2

)

×

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=

(

1{j′
k
=j′

k−1}

∑

(j′1,...,j
′
k−2)

T∫

t

φj′
k−2

(tk−2) . . .

t2∫

t

φj′1 (t1)dw
(1)
t1 . . . dw

(1)
tk−2

+

+1{j′
k
=j′

k−2
}

∑

(j′1,...,j
′
k−3,j

′
k−1)

T∫

t

φj′
k−1

(tk−2)

tk−2∫

t

φj′
k−3

(tk−3) . . .

t2∫

t

φj′1 (t1)×

×dw(1)
t1 . . . dw

(1)
tk−3

dw
(1)
tk−2

+ . . .

. . .+ 1{j′
k
=j′1}

∑

(j′2,...,j
′
k−1)

T∫

t

φj′
k−2

(tk−2) . . .

t3∫

t

φj′2(t2)

t2∫

t

φj′
k−1

(t1)×

×dw(1)
t1 dw

(1)
t2 . . . dw

(1)
tk−2

)

×

141



126 D.F. KUZNETSOV

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

= 1{j′
k
=j′

k−1}

∑

(j1,...,jq,j′1,...,j
′
k−2

)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k−2

(t′k−2) . . .

t′2∫

t

φj′1 (t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′
k−2

dw
(i1)
t1 . . . dw

(iq)
tq +

+1{j′
k
=j′

k−2}

∑

(j1,...,jq,j′1,...,j
′
k−3,j

′
k−1)

T∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)

t1∫

t

φj′
k−1

(t′k−2)×

×
t′k−2∫

t

φj′
k−3

(t′k−3) . . .

t′2∫

t

φj′1 (t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−3

dw
(1)
t′
k−2

dw
(i1)
t1 . . . dw

(iq)
tq + . . .

. . .

. . .+ 1{j′
k
=j′1}

∑

(j1,...,jq,j′2,...,j
′
k−1)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φj′
k−2

(t′k−2) . . .

t′3∫

t

φj′2 (t
′
2)

t′2∫

t

φj′
k−1

(t′1)dw
(1)
t′1
dw

(1)
t′2
. . . dw

(1)
t′
k−2

dw
(i1)
t1 . . . dw

(iq)
tq

def
=

(280)
def
= S4(T ).

By analogy with (242) we obtain w. p. 1

T∫

t

φl(τ)φjr (τ)dτ

T∫

t

φjr−1 (tr−1) . . .

t2∫

t

φj1 (t1)dw
(i1)
t1 . . . dw

(ir−1)
tr−1

=

=

T∫

t

φl(τ)φjr (τ)

τ∫

t

φjr−1(tr−1) . . .

t2∫

t

φj1 (t1)dw
(i1)
t1 . . . dw

(ir−1)
tr−1

dτ + . . .

(281) . . .+

T∫

t

φjr−1 (tr−1) . . .

t2∫

t

φj1 (t1)

t1∫

t

φl(τ)φjr (τ)dτdw
(i1)
t1 . . . dw

(ir−1)
tr−1

,

where i1, . . . , ir−1 = 0, 1, . . . ,m.
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Using iteratively the Ito formula, as well as (281) and combinatorial reasoning, we obtain w. p. 1
(see Remark 13 below for details)

T∫

t

φj′
k
(θ)dw

(1)
θ ×

×
∑

(j1,...,jq,j′1,...,j
′
k−1)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k−1

(t′k−1) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′
k−1

dw
(i1)
t1 . . . dw

(iq)
tq =

=
∑

(j1,...,jq,j′1,...,j
′
k
)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k
(t′k) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′
k

dw
(i1)
t1 . . . dw

(iq)
tq +

+
∑

(j1,...,jq,j′1,...,j
′
k−1)

( T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k
(θ)φj′

k−1
(θ)

θ∫

t

φj′
k−2

(t′k−2) . . .

. . .

t′2∫

t

φj′1 (t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−2

dw
(0)
θ dw

(i1)
t1 . . . dw

(iq)
tq +

+

T∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)

t1∫

t

φj′
k−1

(t′k−1)

t′k−1∫

t

φj′
k
(θ)φj′

k−2
(θ)

θ∫

t

φj′
k−3

(t′k−3) . . .

. . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−3

dw
(0)
θ dw

(1)
t′
k−1

dw
(i1)
t1 . . . dw

(iq)
tq + . . .

. . .+

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k−1

(t′k−1) . . .

t′3∫

t

φj′2(t
′
2)

t′2∫

t

φj′
k
(θ)φj′1 (θ)dw

(0)
θ ×

×dw(1)
t′2
. . . dw

(1)
t′
k−1

dw
(i1)
t1 . . . dw

(iq)
tq

)

=

=
∑

(j1,...,jq,j′1,...,j
′
k
)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k
(t′k) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′
k

dw
(i1)
t1 . . . dw

(iq)
tq +
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+
∑

(j1,...,jq ,j′1,...,j
′
k−2)

{ T∫

t

φj′
k
(θ)φj′

k−1
(θ)

θ∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k−2

(t′k−2) . . .

. . .

t′2∫

t

φj′1 (t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−2

dw
(i1)
t1 . . . dw

(iq)
tq dw

(0)
θ + . . .

. . .+

T∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)

t1∫

t

φj′
k−2

(t′k−2) . . .

t′2∫

t

φj′1 (t
′
1)

t′1∫

t

φj′
k
(θ)φj′

k−1
(θ)dw

(0)
θ ×

×dw(1)
t′1
. . . dw

(1)
t′
k−2

dw
(i1)
t1 . . . dw

(iq)
tq

}

+

+
∑

(j1,...,jq,j′1,...,j
′
k−3

,j′
k−1

)

{ T∫

t

φj′
k
(θ)φj′

k−2
(θ)

θ∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k−1

(t′k−1)×

×
t′k−1∫

t

φj′
k−3

(t′k−3) . . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−3

dw
(1)
t′
k−1

dw
(i1)
t1 . . . dw

(iq)
tq dw

(0)
θ + . . .

. . .+

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k−1

(t′k−1)

t′k−1∫

t

φj′
k−3

(t′k−3) . . .

t′2∫

t

φj′1(t
′
1)×

×
t′1∫

t

φj′
k
(θ)φj′

k−2
(θ)dw

(0)
θ dw

(1)
t′1
. . . dw

(1)
t′
k−3

dw
(1)
t′
k−1

dw
(i1)
t1 . . . dw

(iq)
tq

}

+ . . .

. . .+
∑

(j1,...,jq,j′2,...,j
′
k−1)

{ T∫

t

φj′
k
(θ)φj′1 (θ)

θ∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k−1

(t′k−1) . . .

. . .

t′3∫

t

φj′2 (t
′
2)dw

(1)
t′2
. . . dw

(1)
t′
k−1

dw
(i1)
t1 . . . dw

(iq)
tq dw

(0)
θ + . . .

. . .+

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k−1

(t′k−1) . . .

t′3∫

t

φj′2(t
′
2)

t′2∫

t

φj′
k
(θ)φj′1 (θ)dw

(0)
θ ×

×dw(1)
t′2
. . . dw

(1)
t′
k−1

dw
(i1)
t1 . . . dw

(iq)
tq

}

=
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=
∑

(j1,...,jq,j′1,...,j
′
k
)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k
(t′k) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(1)
t′1
. . . dw

(1)
t′
k

dw
(i1)
t1 . . . dw

(iq)
tq +

+

T∫

t

φj′
k
(θ)φj′

k−1
(θ)dθ

∑

(j1,...,jq,j′1,...,j
′
k−2)

T∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)

t1∫

t

φj′
k−2

(t′k−2) . . .

. . .

t′2∫

t

φj′1(t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−2

dw
(i1)
t1 . . . dw

(iq)
tq +

+

T∫

t

φj′
k
(θ)φj′

k−2
(θ)dθ

∑

(j1,...,jq,j′1,...,j
′
k−3,j

′
k−1)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k−1

(t′k−1)×

×
t′k−1∫

t

φj′
k−3

(t′k−3) . . .

t′2∫

t

φj′1 (t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−3

dw
(1)
t′
k−1

dw
(i1)
t1 . . . dw

(iq)
tq + . . .

. . .+

T∫

t

φj′
k
(θ)φj′1 (θ)dθ

∑

(j1,...,jq,j′2,...,j
′
k−1

)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k−1

(t′k−1) . . .

. . .

t′3∫

t

φj′2 (t
′
2)dw

(1)
t′2
. . . dw

(1)
t′
k−1

dw
(i1)
t1 . . . dw

(iq)
tq =

=
∑

(j1,...,jq,j′1,...,j
′
k
)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k
(t′k) . . .

t′2∫

t

φj′1(t
′
1)×

(282) ×dw(1)
t′1
. . . dw

(1)
t′
k

dw
(i1)
t1 . . . dw

(iq)
tq + S4(T ).

From (279), (280), and (282) we conclude that the equality (270) is proved for n = k. The equality
(270) is proved.

Remark 13. It should be noted that the sums with respect to permutations

∑

(j1,...,jq ,j′1,...,j
′
k−1)

145



130 D.F. KUZNETSOV

in (282), containing the expressions φj′
k
(θ)φj′

k−1
(θ), . . . , φj′

k
(θ)φj′1 (θ), should be understood in a special

way. Let us explain this rule on the basis of the sum

∑

(j1,...,jq,j′1,...,j
′
k−1)

T∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)

t1∫

t

φj′
k
(θ)φj′

k−1
(θ)

θ∫

t

φj′
k−2

(t′k−2) . . .

(283) . . .

t′2∫

t

φj′1 (t
′
1)dw

(1)
t′1
. . . dw

(1)
t′
k−2

dw
(0)
θ dw

(i1)
t1 . . . dw

(iq)
tq .

More precisely, permutations
(
j1, . . . , jq, j

′
1, . . . , j

′
k−1

)
when summing in (283) are performed in

such a way that if j∗r swapped with j∗d in the permutation

(
j∗q+k−1, . . . , j

∗
1

)
=
(
jq, . . . , j1, j

′
k−1, j

′
k−2, . . . , j

′
1

)
,

then i∗r swapped with i∗d in the permutation

(
i∗q+k−1, . . . , i

∗
1

)
=
(
iq, . . . , i1, 0, 1, . . . , 1

︸ ︷︷ ︸

k−2

)
.

Moreover, φ̄j∗r swapped with φ̄j∗
d

in the permutation

(
φ̄j∗

q+k−1
, . . . , φ̄j∗1

)
=
(
φjq , . . . , φj1 , φj′k ·φj′k−1

, φj′
k−2

, . . . , φj′1
)
.

A similar rule should be applied to all other sums with respect to permutations

∑

(j1,...,jq ,j′1,...,j
′
k−1)

in (282) that contain the expressions φj′
k
(θ)φj′

k−2
(θ), . . . , φj′

k
(θ)φj′1 (θ).

Let us prove the equality (271). Consider the case n = 1. By analogy with (274) and (276) we
obtain

s∫

t

φj′1 (θ)dw
(0)
θ

∑

(j1,...,jq)

s∫

t

φjq (tq) . . .

t2∫

t

φj1 (t1)dw
(i1)
t1 . . .w

(iq)
tq =

=
∑

(j1,...,jq ,j′1)

J
(iq...i10)

(jq...j1j′1)s,t

w. p. 1, where J
(ir ...i1)
(jr ...j1)s,t

is defined by (275). The equality (271) is proved for the case n = 1.

Let us assume that the equality (271) is true for n = 2, 3, . . . , k−1, and prove its validity for n = k.
In complete analogy with (261) we get
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s∫

t

φj′
k
(θ)dθ

s∫

t

φj′
k−1

(tk−1) . . .

t2∫

t

φj′1 (t1)dt1 . . . dtk−1 =

(284) = J
(0...0)
(j′

k
j′
k−1...j

′
1)s,t

+ J
(0...0)
(j′

k−1j
′
k
j′
k−2...j

′
1)s,t

+ . . .+ J
(0...0)
(j′

k−1...j
′
1j

′
k
)s,t.

Applying (284), we have

∑

(j′1,...,j
′
k
)

T∫

t

φj′
k
(t′k) . . .

t′2∫

t

φj′1(t
′
1)dw

(0)
t′1
. . . dw

(0)
t′
k

=

=
∑

(j′1,...,j
′
k−1

)

(

J
(0...0)
(j′

k
j′
k−1...j

′
1)s,t

+ J
(0...0)
(j′

k−1j
′
k
j′
k−2...j

′
1)s,t

+ . . .+ J
(0...0)
(j′

k−1...j
′
1j

′
k
)s,t

)

=

(285) =

T∫

t

φj′
k
(θ)dθ

∑

(j′1,...,j
′
k−1)

T∫

t

φj′
k−1

(tk−1) . . .

t′2∫

t

φj′1(t1)dw
(0)
t1 . . . dw

(0)
tk−1

.

Using (285) and the induction hypothesis, we obtain w. p. 1

∑

(j′1,...,j
′
k
)

T∫

t

φj′
k
(tk) . . .

t2∫

t

φj′1 (t1)dw
(0)
t1 . . . dw

(0)
tk ×

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=

T∫

t

φj′
k
(θ)dθ

∑

(j′1,...,j
′
k−1)

T∫

t

φj′
k−1

(t′k−1) . . .

t′2∫

t

φj′1 (t
′
1)dw

(0)
t′1
. . . dw

(0)
t′
k−1

×

×
∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq =

=

T∫

t

φj′
k
(θ)dθ

∑

(j1,...,jq,j′1,...,j
′
k−1)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φj′
k−1

(t′k−1) . . .

t′2∫

t

φj′1 (t
′
1)dw

(0)
t′1
. . . dw

(0)
t′
k−1

dw
(i1)
t1 . . . dw

(iq)
tq =
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=
∑

(j1,...,jq ,j′1,...,j
′
k−1)

T∫

t

φj′
k
(θ)dθ

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)×

(286) ×
t1∫

t

φj′
k−1

(t′k−1) . . .

t′2∫

t

φj′1 (t
′
1)dw

(0)
t′1
. . . dw

(0)
t′
k−1

dw
(i1)
t1 . . . dw

(iq)
tq .

An iterative application of the Ito formula leads to the following equality

T∫

t

φj′
k
(θ)dθ

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)×

×
t1∫

t

φj′
k−1

(t′k−1) . . .

t′2∫

t

φj′1 (t
′
1)dw

(0)
t′1
. . . dw

(0)
t′
k−1

dw
(i1)
t1 . . . dw

(iq)
tq =

= J
(0iq...i10...0)

(j′
k
jq ...j1j′k−1

...j′1)T,t + J
(iq0iq−1...i10...0)

(jqj′kjq−1...j1j′k−1
...j′1)T,t + . . . J

(iq ...i10...0)

(jq ...j1j′kj
′
k−1

...j′1)T,t+

(287) +J
(iq...i10...0)

(jq...j1j′k−1j
′
k
j′
k−2...j

′
1)T,t + . . .+ J

(iq ...i10...0)

(jq ...j1j′k−1...j
′
1j

′
k
)T,t

w. p. 1.
Combining (286) and (287) we finally obtain w. p. 1

∑

(j1,...,jq)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(iq)
tq ×

×
∑

(j′1,...,j
′
k
)

T∫

t

φj′
k
(t′k) . . .

t′2∫

t

φj′1 (t
′
1)dw

(0)
t′1
. . . dw

(0)
t′
k

=

=
∑

(j1,...,jq,j′1,...,j
′
k
)

T∫

t

φjq (tq) . . .

t2∫

t

φj1(t1)

t1∫

t

φj′
k
(t′k) . . .

t′2∫

t

φj′1(t
′
1)×

×dw(0)
t′1
. . . dw

(0)
t′
k

dw
(i1)
t1 . . . dw

(iq)
tq .

The equality (271) is proved for n = k. The equality (271) is proved. Theorem 20 is proved.
To complete the proof of Theorems 12 and 13, we prove the following theorem.

Theorem 21 [22]. Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions

in the space L2([t, T ]). Then the following representation
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J ′′[φj1 . . . φjk ]
(i1...ik) =

k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(288) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

is valid w. p. 1, where i1, . . . , ik = 0, 1, . . . ,m, [x] is an integer part of a real number x, the sum in

the second line of the formula (288) is the sum with respect to all possible partitions (44),
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same as in Theorems 1, 2.

Remark 14. It should be noted that the formulas (236), (269), (272), (273) follow from (288). It

is only necessary to set the values of the corresponding indicators of the form 1A from the formula

(288) equal to 0 or 1.

Proof. The proof of Theorem 21 is carried out by induction using the following recurrence relation

J ′′[φj1 . . . φjk ]
(i1...ik)
T,t = J ′′[φjk ]

(ik)
T,t · J ′′[φj1 . . . φjk−1

]
(i1...ik−1)
T,t −

(289) −
k−1∑

l=1

1{il=ik 6=0}1{jl=jk} · J ′′[φj1 . . . φjl−1
φjl+1

. . . φjk−1
]
(i1...il−1il+1...ik−1)
T,t

w. p. 1.
Let us prove the recurrence relation (289). Using iteratively the Ito formula, the orthonormality

of {φj(x)}∞j=0, as well as (281) and combinatorial reasoning, we obtain w. p. 1 (see Remark 15 below
for details)

J ′′[φjk ]
(ik)
T,t · J ′′[φj1 . . . φjk−1

]
(i1...ik−1)
T,t =

=

T∫

t

φjk(θ)dw
(ik)
θ

∑

(j1,...,jk−1)

T∫

t

φjk−1
(tk−1) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik−1)
tk−1

=

=
∑

(j1,...,jk−1)

T∫

t

φjk(θ)dw
(ik)
θ

T∫

t

φjk−1
(tk−1) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik−1)
tk−1

=

=
∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

+

+
∑

(j1,...,jk−1)

(

1{ik=ik−1 6=0}

T∫

t

φjk (θ)φjk−1
(θ)

θ∫

t

φjk−2
(tk−2) . . .

t2∫

t

φj1 (t1)×
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×dw(i1)
t1 . . . dw

(ik−2)
tk−2

dw
(0)
θ +

+1{ik=ik−2 6=0}

T∫

t

φjk−1
(tk−1)

tk−1∫

t

φjk(θ)φjk−2
(θ)

θ∫

t

φjk−3
(tk−3) . . .

t2∫

t

φj1 (t1)×

×dw(i1)
t1 . . . dw

(ik−3)
tk−3

dw
(0)
θ dw

(ik−1)
tk−1

+ . . .

. . .+ 1{ik=i1 6=0}

T∫

t

φjk−1
(tk−1) . . .

t3∫

t

φj2 (t2)

t2∫

t

φjk (θ)φj1 (θ)×

×dw(0)
θ dw

(i2)
t2 . . . dw

(ik−1)
tk−1

)

=

=
∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

+

+
∑

(j1,...,jk−2)

1{ik=ik−1 6=0}

{ T∫

t

φjk(θ)φjk−1
(θ)

θ∫

t

φjk−2
(tk−2) . . .

t2∫

t

φj1(t1)×

×dw(i1)
t1 . . . dw

(ik−2)
tk−2

dw
(0)
θ + . . .

. . .+

T∫

t

φjk−2
(tk−2) . . .

t2∫

t

φj1 (t1)

t1∫

t

φjk (θ)φjk−1
(θ)dw

(0)
θ dw

(i1)
t1 . . . dw

(ik−2)
tk−2

}

+

+
∑

(j1,...,jk−3,jk−1)

1{ik=ik−2 6=0}

{ T∫

t

φjk(θ)φjk−2
(θ)

θ∫

t

φjk−1
(tk−1)

tk−1∫

t

φjk−3
(tk−3) . . .

. . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik−3)
tk−3

dw
(ik−1)
tk−1

dw
(0)
θ + . . .

. . .+

T∫

t

φjk−1
(tk−1)

tk−1∫

t

φjk−3
(tk−3) . . .

t2∫

t

φj1 (t1)

t1∫

t

φjk(θ)φjk−2
(θ)×

×dw(0)
θ dw

(i1)
t1 . . . dw

(ik−3)
tk−3

dw
(ik−1)
tk−1

}

+ . . .
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. . .+
∑

(j2,...,jk−1)

1{ik=i1 6=0}

{ T∫

t

φjk(θ)φj1 (θ)

θ∫

t

φjk−1
(tk−1) . . .

t3∫

t

φj2(t2)×

×dw(i2)
t2 . . . dw

(ik−1)
tk−1

dw
(0)
θ + . . .

. . .+

T∫

t

φjk−1
(tk−1) . . .

t3∫

t

φj2 (t2)

t2∫

t

φjk (θ)φj1 (θ)dw
(0)
θ dw

(i2)
t2 . . . dw

(ik−1)
tk−1

}

=

=
∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik)
tk +

+

T∫

t

φjk (θ)φjk−1
(θ)dθ

∑

(j1,...,jk−2)

1{ik=ik−1 6=0}

T∫

t

φjk−2
(tk−2) . . .

t2∫

t

φj1 (t1)×

×dw(i1)
t1 . . . dw

(ik−2)
tk−2

+

+

T∫

t

φjk(θ)φjk−2
(θ)dθ

∑

(j1,...,jk−3,jk−1)

1{ik=ik−2 6=0}

T∫

t

φjk−1
(tk−1)

tk−1∫

t

φjk−3
(tk−3) . . .

. . .

t2∫

t

φj1 (t1)dw
(i1)
t1 . . . dw

(ik−3)
tk−3

dw
(ik−1)
tk−1

+ . . .

. . .+

T∫

t

φjk(θ)φj1 (θ)dθ
∑

(j2,...,jk−1)

1{ik=i1 6=0}

T∫

t

φjk−1
(tk−1) . . .

t3∫

t

φj2 (t2)×

×dw(i2)
t2 . . . dw

(ik−1)
tk−1

=

= J ′′[φj1 . . . φjk ]
(i1...ik)
T,t + 1{ik=ik−1 6=0}1{jk=jk−1} · J ′′[φj1 . . . φjk−2

]
(i1...ik−2)
T,t +

+1{ik=ik−2 6=0}1{jk=jk−2} · J ′′[φj1 . . . φjk−3
φjk−1

]
(i1...ik−3ik−1)
T,t + . . .

. . .+ 1{ik=i1 6=0}1{jk=j1} · J ′′[φj2 . . . φjk−1
]
(i2...ik−1)
T,t =

= J ′′[φj1 . . . φjk ]
(i1...ik)
T,t +
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(290) +

k−1∑

l=1

1{il=ik 6=0}1{jl=jk} · J ′′[φj1 . . . φjl−1
φjl+1

. . . φjk−1
]
(i1...il−1il+1...ik−1)
T,t .

The equality (289) is proved. Theorem 21 is proved.

Remark 15. It should be noted that the sums with respect to permutations

∑

(j1,...,jk−1)

in (290), containing the expressions

1{ik=ik−1 6=0}φjk (θ)φjk−1
(θ), . . . ,1{ik=i1 6=0}φjk (θ)φj1 (θ),

should be understood in a special way. Let us explain this rule on the basis of the sum

∑

(j1,...,jk−1)

1{ik=ik−1 6=0}

T∫

t

φjk (θ)φjk−1
(θ)

θ∫

t

φjk−2
(tk−2) . . .

t2∫

t

φj1 (t1)×

(291) ×dw(i1)
t1 . . . dw

(ik−2)
tk−2

dw
(0)
θ .

More precisely, permutations (j1, . . . , jk−1) when summing in (291) are performed in such a way

that if jr swapped with jd in the permutation (j1, . . . , jk−1), then ir swapped with id in the permutation

(i1, . . . , ik−2ik−1) (note that ik−1 = 0). Moreover, φ̄jr swapped with φ̄jd in the permutation

(
φ̄j1 , . . . , φ̄jk−1

)
=
(
φj1 , . . . , φjk−2

, 1{ik=ik−1 6=0} · φjk · φjk−1

)
,

where φ̄jk−1
(τ) = 1{ik=ik−1 6=0}φjk(τ)φjk−1

(τ).
A similar rule should be applied to all other sums with respect to permutations

∑

(j1,...,jk−1)

in (290) that contain the expressions

1{ik=ik−2 6=0}φjk (θ)φjk−2
(θ), . . . ,1{ik=i1 6=0}φjk (θ)φj1 (θ).

The relations (232), (235), (288) prove Theorem 12. An analogue of the formula (232) for the
function Φ(t1, . . . , tk) instead of K(t1, . . . , tk) and (235), (288) prove Theorem 13.

We also note a number of works [85], [87]-[91] in which the properties of multiple Wiener stochastic
integrals were studied using measure theory, in particular, the formulas for the product of such
integrals were obtained.
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First of all, let us compare Theorem 21 with Proposition 5.1 from [89]. An analogue of the right-
hand side of (288) for nonrandom x1, . . . , xk is constructed in [89] using diagrams (see the formula
(5.1) in [89]). This means that the application of the formula (5.1) from [89], unlike the formula (288),
is difficult when performing algebraic transformations.

Further, we note that the formula (5.1) from [89] was applied to the representation of the multiple
Wiener stochastic integral somewhat differently than the formula (288). Namely, using Proposition 5.1
[89]. Let us expain this difference in more detail.

Proposition 5.1 from [89] in our degree of generality and in our notations can be written as

J ′′ [φj1 . . . φjk ]
(i1...ik)
T,t =

= J ′′

[

φj1 . . . φj1
︸ ︷︷ ︸

m1

φj2 . . . φj2
︸ ︷︷ ︸

m2

. . . φjp . . . φjp
︸ ︷︷ ︸

mp

](

m1
︷ ︸︸ ︷
i1...im1

m2
︷ ︸︸ ︷
im1+1...im2

...

mp

︷ ︸︸ ︷
im1+...+mp−1+1...ik )

T,t

=

(292) = J ′′ [φj1 . . .φj1 ]
(

m1
︷ ︸︸ ︷
i1...im1

)

T,t · J ′′ [φj2 . . .φj2 ]
(

m2
︷ ︸︸ ︷
im1+1...im2

)

T,t · . . . · J ′′
[
φjp . . .φjp

](

mp

︷ ︸︸ ︷
im1+...+mp−1+1...ik )

T,t

w. p. 1, where

J ′′ [φj1 . . .φj1 ]
(

m1
︷ ︸︸ ︷
i1...im1

)

T,t , J ′′ [φj2 . . .φj2 ]
(

m2
︷ ︸︸ ︷
im1+1...im2

)

T,t , . . . , J ′′
[
φjp . . .φjp

](

mp

︷ ︸︸ ︷
im1+...+mp−1+1...ik )

T,t

are defined by the right-hand side of the formula (5.1) from [89], m1 + . . .+mp = k, m1, . . . ,mp > 0,
jq 6= jd (q 6= d, q, d = 1, . . . , p), i1, . . . , ik = 1, . . . ,m.

This actually means that in [89] an analogue of the formula (288) is constructed for the special
case j1 = . . . = jk. Moreover, the specified analogue is based on the formula (5.1) [89] obtained using
diagrams.

Comparing the formulas (288) and (292) (or (5.1) from [89]), it is easy to understand that the
transition from (288) and (292) is obvious. It is only necessary to set the values of the corresponding
indicators of the form 1A from the formula (288) equal to 0 or 1. The reverse transition from the
formula (292) to the formula (288) is not obvious. Note that the formula (288) (not the formula (292))
is convenient for the numerical integration of Ito stochastic differential equations (see [22], Chapter 5
and [56], [57] for details).

Let us turn to the comparison of Theorem 21 with another interesting work [92] (2019). As it
turned out, a version of Theorem 21 was obtained in terms of Wick polynomials and for the case of
vector valued random measures in [92] (see Theorem 7.2, p. 69). However, much earlier the formula
(288) (Theorem 21) is obtained in our monograph [10] (2009) as part of the formula (5.30) (see [10],
p. 220). Moreover, particular cases of the formula (288) were obtained even earlier in our works [7]
(2006) and [9] (2007). More precisely, partiular cases k = 1, . . . , 5 of the formula (288) were obtained
in [7] (2006) as parts of the formulas on the pages 243-244 and partiular cases k = 1, . . . , 7 of the
formula (288) were obtained in [9] (2007) as parts of the formulas on the pages 208-218.

We also note that we have found an explicit expression for the Wick polynomial of degree k of the

arguments ζ
(i1)
j1

, . . . , ζ
(ik)
jk

(see the formula (288)), which is very convenient for the numerical simulation

of iterated Ito stochastic integrals (1) [56], [57]. Note that the representation of the Wick polynomial

of the arguments ζ
(i1)
j1

, . . . , ζ
(ik)
jk

in terms of the product of Hermite polynomials is less convenient
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for the numerical simulation of iterated Ito stochastic integrals (1). For example, the expression for

J ′′[φj1φj2φj3φj4 ]
(i1i2i3i4)
T,t in terms of the product of Hermite polynomials, even under the condition

i1 = i2 = i3 = i4, already contains 15 different expressions (see Sect. 14). At the same time, all these
15 expressions are contained in one formula (288) provided that k = 4 and i1 = i2 = i3 = i4. It is
very convenient, since in computer simulation using the formula (288), in addition to modeling of

random variables ζ
(i1)
j1

, . . . , ζ
(ik)
jk

, it remains only to set the values of the corresponding indicators of

the form 1A from the formula (288) equal to 0 or 1.
It should be noted that in [90] (Theorem 6.1) a diagram formula was obtained for the product of

two multiple Wiener stochastic integrals with respect to vector valued random measures. The formula
(270) can be derived from the diagram formula [90]. Although the proof of the diagram formula [90]
is much more complicated than our proof of the formula (270).

To conclude this section, we say a few words about expansions (15) and (217). The transition
from the expansion (217) to the expansion (15) is obvious. It is only necessary to set the values of the
corresponding indicators of the form 1A from the formula (217) equal to 0 or 1. The reverse transition
from the formula (15) to the formula (217) is also possible but not obvious. However, Theorems 20 and
21 provide a transition from (15) to (217) and vice versa. Note that the expansion (15) is interesting
from the point of view of studying the structure of the expansion of iterated Ito stochastic integrals.
On the orther hand, the expansion (217) is exceptionally convenient for applications (see [56], [57]).

19. Generalization of Theorem 7 to the Case of an Arbitrary Complete
Orthonormal System of Functions in the Space L2([t, T ]) and ψ1(τ),

. . . , ψk(τ) ∈ L2([t, T ])

Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Define the following function on the hypercube [t, T ]k

K̄(t1, . . . , tk, s) = 1{tk<s}K(t1, . . . , tk),

where the function K(t1, . . . , tk) has the form (2), s ∈ (t, T ] (s is fixed), and 1A is the indicator of
the set A.

Further, we have (see (2))

K̄(t1, . . . , tk, s) = 1{t1<...<tk<s}ψ1(t1) . . . ψk(tk) =

=







ψ1(t1) . . . ψk(tk), t1 < . . . < tk < s

0, otherwise

,

where K̄(t1, . . . , tk, s) ∈ L2([t, T ]
k), k ≥ 1, t1, . . . , tk ∈ [t, T ], and s ∈ (t, T ].

Note that

J [ψ(k)]s,t =

s∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

=

(293) =

T∫

t

1{tk<s}ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk w. p. 1,
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where s ∈ (t, T ] (s is fixed), i1, . . . , ik = 0, 1, . . . ,m.
Applying Theorem 12 to the iterated Ito stochastic integral (293), we obtain the following gene-

ralization of Theorem 7 to the case of an arbitrary complete orthonormal system of functions in the
space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 22. Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]). Then, the following expansion

J [ψ(k)]
(i1...ik)
s,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x,

Cjk...j1(s) =

∫

[t,T ]k

K̄(t1, . . . , tk, s)

k∏

l=1

φjl(tl)dt1 . . . dtk =

=

s∫

t

ψk(tk)φjk (tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient,
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same as in Theorem 2.

Note that the estimates (152) and (154) will also be valid under the conditions of Theorem 22.
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[23] Kuznetsov D.F. Strong Approximation of Iterated Itô and Stratonovich Stochastic Integrals Based on Generalized
Multiple Fourier Series. Application to Numerical Solution of Itô SDEs and Semilinear SPDEs. Electronic
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Generalized Multiple Fourier Series. Application to Numerical Integration of Itô SDEs and Semilinear SPDEs
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EXACT CALCULATION OF THE MEAN-SQUARE ERROR IN THE METHOD

OF EXPANSION OF ITERATED ITO STOCHASTIC INTEGRALS BASED ON

GENERALIZED MULTIPLE FOURIER SERIES

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the developement of the method of expansion and
mean-square approximation of iterated Ito stochastic integrals based on generalized multiple
Fourier series converging in the sense of norm in the space L2([t, T ]

k) (k is the multiplicity of
the iterated Ito stochastic integral). We obtain the exact and approximate expressions for the
mean-square approximation error of iterated Ito stochastic integrals of multiplicity k (k ∈ N)
from the stochastic Taylor–Ito expansion. As a result, we do not need to use redundant terms
of expansions of iterated Ito stochastic integrals that complicate the numerical methods for
Ito stochastic differential equations. Moreover, we proved the convergence with propability 1
for the method of expansion of iterated Ito stochastic integrals based on generalized multiple
Fourier series for the cases of multiple Fourier–Legendre series and multiple trigonometric
Fourier series. Mean-square approximation of iterated Stratonovich stochastic integrals is
also considered in the article. The results of the article can be applied to the high-order strong
numerical methods for Ito stochastic differential equations as well as for non-commutative
semilinear stochastic partial differential equations with multiplicative trace class noise.
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1. Introduction

In this article we develop the method of expansion and mean-square approximation of iterated Ito
stochastic integrals based on generalized multiple Fourier series converging in the sense of norm in
the space L2([t, T ]

k) (k is the multiplicity of the iterated Ito stochastic integral), which was proposed
and developed by the author of this work [1]-[51] (also see related publications [52]-[61]). Further,
this method is referred to as the method of generalized multiple Fourier series.

The question of how to estimate or calculate exactly the mean-square approximation error of
iterated Ito stochastic integrals for the method of generalized multiple Fourier series composes the
subject of the article. From the one side the mentioned question is essentially difficult for the case of
a multidimensional Wiener process, because of we need to take into account all possible combinations
of components of the multidimensional Wiener process. From the other side an effective solution of
the mentioned problem allows us to construct more economical numerical methods for Ito stochastic
differential equations than in [62]-[64].

The results of the article (also see [1]-[51] and related publications [52]-[61]) will be useful for the
implementation of high-order strong numerical methods for Ito stochastic differential equations as
well as for non-commutative semilinear stochastic partial differential equations with multiplicative
trace class noise. The latter methods are constucted, for example, in [65], [66].
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2. Method of Generalized Multiple Fourier Series. The Case of Complete

Orthonormal Systems of Continuous Functions in the Space L2([t, T ]) and

Continuous Weight Functions ψ1(τ), . . . , ψk(τ)

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-subfields of F, and let ft be a standard m-dimensional Wiener stochastic process, which

is Ft-measurable for any t ∈ [0, T ]. We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent.
Let us consider the following iterated Ito stochastic integrals

(1) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

where ψl(τ) (l = 1, . . . , k) are nonrandom functions at the interval [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m

and w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m.

In addition, suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function at the
interval [t, T ] (the case ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) will be considered in Sect. 5).

Let us define the following function on the hypercube [t, T ]k

(2) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

=

k∏

l=1

ψl(tl)

k−1∏

l=1

1{tl<tl+1},

where t1, . . . , tk ∈ [t, T ] for k ≥ 2 and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ]. Here 1A denotes the indicator of
the set A.

Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) is piecewise continuous in the hypercube [t, T ]k. At this situation it is
well known that the generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]

k) is converging to
K(t1, . . . , tk) in the hypercube [t, T ]k in the mean-square sense, i.e.

(3) lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(4) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient and

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2
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4 D.F. KUZNETSOV

is a norm in the space L2([t, T ]
k).

Consider the partition {τj}Nj=0 of the interval [t, T ] such that

(5) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [1] (2006) (also see [2]-[51]). Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous

nonrandom function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous functions

in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(6) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk

)

,

where

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(7) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (4), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of [t, T ], which

satisfies the condition (5).

Remark 1. Further (see Theorem 2) we will use the following form of expansion (6)

(8) J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

)

,

where

(9) S
(i1...ik)
j1,...,jk

= l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk (τlk)∆w
(ik)
τlk

,

where notations are the same as in Theorem 1.

Note that the version of Theorem 1 for the Haar and Rademacher–Walsh functions has been
considered in [1]-[17], [27]. Some modifications of Theorem 1 for another types of iterated stochastic
integrals (including iterated stochastic integrals with respect to the infinite-dimensional Q-Wiener
process) as well as for complete orthonormal with weight r(t1) . . . r(tk) ≥ 0 systems of functions in
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the space L2([t, T ]
k) can be found in [27], [39] [46], [47] (also see [1]-[26], [28]-[38], [40]-[45], [48]-[51]).

Generalization of Theorem 1 for the case of an arbitrary complete orthonormal systems of functions
in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) will be considered in Sect. 5.

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 6 [1]-[51]

(10) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(11) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(12) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(13) +1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+
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+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(14) +1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i3=i6 6=0}1{j3=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i5=i6 6=0}1{j5=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+
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+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(15) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,

where 1A is the indicator of the set A.
The cases k = 7 and k > 7 are considered in [1]-[51] (also see Sect. 5).

3. Exact Calculation of the Mean-Square Approximation Error in The Method of

Generalized Multiple Fourier Series. The Case of Complete Orthonormal

Systems of Continuous Functions in the Space L2([t, T ]) and Continuous Weight

Functions ψ1(τ), . . . , ψk(τ)

Theorem 2 [29] (also see [12]-[17], [18]). Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous

nonrandom function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous functions

in the space L2([t, T ]). Then

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk−

(16) −
p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






,
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where

J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)df
(i1)
t1 . . . df

(ik)
tk ,

(17) J [ψ(k)]pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

)

,

(18) S
(i1...ik)
j1,...,jk

= l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆f
(i1)
τl1

. . . φjk (τlk)∆f
(ik)
τlk

,

the Fourier coefficient Cjk...j1 has the form (4),

(19) ζ
(i)
j =

T∫

t

φj(s)df
(i)
s

are independent standard Gaussian random variables for various i or j (i = 1, . . . ,m),
∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another

notations are the same as in Theorem 1.

Remark 2. Note that

M






J [ψ(k)]T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






=

= M







T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)df
(i1)
t1 . . . df

(ik)
tk

T∫

t

φjk (tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






=

=

T∫

t

ψk(tk)φjk (tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk = Cjk...j1 .

Therefore, from Theorem 2 for the case of pairwise different numbers i1, . . . , ik we obtain

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

=

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 .

168



EXACT CALCULATION OF THE MEAN-SQUARE ERROR 9

Moreover, if i1 = . . . = ik, then from Theorem 2 we get

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

=

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
∑

(j1,...,jk)

Cjk...j1

)

,

where ∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk).
For example, for the case k = 3 we have

M

{(

J [ψ(3)]T,t − J [ψ(3)]pT,t

)2
}

=

T∫

t

ψ2
3(t3)

t3∫

t

ψ2
2(t2)

t2∫

t

ψ2
1(t1)dt1dt2dt3−

−
p
∑

j1,j2,j3=0

Cj3j2j1

(

Cj3j2j1 + Cj3j1j2 + Cj2j3j1 + Cj2j1j3 + Cj1j2j3 + Cj1j3j2

)

.

Proof. Using Theorem 1 for the case p1 = . . . = pk = p, we obtain

(20) J [ψ(k)]T,t = l.i.m.
p→∞

p
∑

j1=0

. . .

p
∑

jk=0

Cjk ...j1

(
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

)

.

For n > p we can write

J [ψ(k)]nT,t =





p
∑

j1=0

+

n∑

j1=p+1



 . . .





p
∑

jk=0

+

n∑

jk=p+1



Cjk...j1

(
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

)

=

(21) = J [ψ(k)]pT,t + ξ[ψ(k)]p+1,n
T,t .

Let us prove that due to the special structure of random variables S
(i1...ik)
j1,...,jk

(see (11)–(15), (18)),
the following relations are correct

(22) M

{
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

}

= 0,

(23) M

{(
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

)(
k∏

l=1

ζ
(il)
j′
l

− S
(i1...ik)
j′1,...,j

′
k

)}

= 0,
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where

(j1, . . . , jk) ∈ Kp, (j′1, . . . , j
′
k) ∈ Kn\Kp

and

Kn = {(j1, . . . , jk) : 0 ≤ j1, . . . , jk ≤ n} ,

Kp = {(j1, . . . , jk) : 0 ≤ j1, . . . , jk ≤ p} .

For the case i1, . . . , ik = 0, 1, . . . ,m from the proof of Theorem 1 in [27] (also see [1]-[26], [28]-[51])
it follows that

J [ψ(k)]T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1 l.i.m.
N→∞

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

φj1 (τl1) . . . φjk(τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

+

+Rp1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(

l.i.m.
N→∞

N−1∑

l1,...,lk=0

φj1(τl1) . . . φjk (τlk)∆w
(i1)
τl1

. . .∆w
(ik)
τlk

−

−l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w
(i1)
τl1

. . . φjk (τlk)∆w
(ik)
τlk

)

+Rp1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1 )∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk

)

+

(24) +Rp1,...,pk

T,t w. p. 1,

where

Rp1,...,pk

T,t =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

k∏

l=1

φjl (tl)

)

×

(25) ×dw(i1)
t1 . . . dw

(ik)
tk ,

where

∑

(t1,...,tk)
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means the sum with respect to all possible permutations (t1, . . . , tk), which are performed only in

the values dw
(i1)
t1 . . . dw

(ik)
tk . At the same time the indexes near upper limits of integration in the

iterated stochastic integrals (see (25)) are changed correspondently and if tr swapped with tq in the
permutation (t1, . . . , tk), then ir swapped with iq in the permutation (i1, . . . , ik).

For the case i1, . . . , ik = 1, . . . ,m and p1 = . . . = pk = p from (24) we obtain

k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

= l.i.m.
N→∞

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

φj1 (τl1) . . . φjk(τlk)∆f
(i1)
τl1

. . .∆f
(ik)
τlk

=

(26) =
∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk

w. p. 1,

where
∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped
with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik);
another notations are the same as in Theorem 1.

From (26) due to the moment property of the Ito stochastic integral we obtain (22). Let us prove
(23). From (26) we have

0 ≤
∣
∣
∣
∣
∣
M

{(
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

)(
k∏

l=1

ζ
(il)
j′
l

− S
(i1...ik)
j′1,...,j

′
k

)}∣
∣
∣
∣
∣
=

=

∣
∣
∣
∣
∣
∣

M







∑

(j1,...,jk)

∑

(j′1,...,j
′
k
)

T∫

t

φjk (tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk

×

×
T∫

t

φj′
k
(tk) . . .

t2∫

t

φj′1(t1)df
(i1)
t1 . . . df

(ik)
tk







∣
∣
∣
∣
∣
∣

≤

≤
∑

(j′1,...,j
′
k
)

T∫

t

φjk(tk)φj′k (tk)dtk . . .

T∫

t

φj1(t1)φj′1 (t1)dt1 =

(27) =
∑

(j′1,...,j
′
k
)

1{j1=j′1}
. . .1{jk=j′

k
},

where where 1A is the indicator of the set A. Using (27), we obtain (23).
First, let us prove (27) for the cases k = 2 and k = 3 in detail. We have
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M







∑

(j1,j2)

∑

(j′1,j
′
2)

T∫

t

φj2 (t2)

t2∫

t

φj1 (t1)df
(i1)
t1 df

(i2)
t2

T∫

t

φj′2 (t2)

t2∫

t

φj′1 (t1)df
(i1)
t1 df

(i2)
t2






=

=

T∫

t

φj2 (s)φj′2 (s)ds

T∫

t

φj1 (s)φj′1 (s)ds+

+1{i1=i2}

T∫

t

φj2 (s)φj′1 (s)ds

T∫

t

φj1 (s)φj′2 (s)ds =

(28) = 1{j1=j′1}
1{j2=j′2}

+ 1{i1=i2} · 1{j2=j′1}
1{j1=j′2}

,

M







∑

(j1,j2,j3)

∑

(j′1,j
′
2,j

′
3)

T∫

t

φj3 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 ×

×
T∫

t

φj′3(t3)

t3∫

t

φj′2(t2)

t2∫

t

φj′1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3






=

=

T∫

t

φj3(s)φj′3 (s)ds

T∫

t

φj2(s)φj′2 (s)ds

T∫

t

φj1 (s)φj′1 (s)ds+

+1{i1=i2}

T∫

t

φj3(s)φj′3 (s)ds

T∫

t

φj1 (s)φj′2 (s)ds

T∫

t

φj2 (s)φj′1 (s)ds+

+1{i2=i3}

T∫

t

φj1(s)φj′1 (s)ds

T∫

t

φj2 (s)φj′3 (s)ds

T∫

t

φj3 (s)φj′2 (s)ds+

+1{i1=i3}

T∫

t

φj1(s)φj′3 (s)ds

T∫

t

φj2 (s)φj′2 (s)ds

T∫

t

φj3 (s)φj′1 (s)ds+

+1{i1=i2=i3}

T∫

t

φj2 (s)φj′3 (s)ds

T∫

t

φj1(s)φj′2 (s)ds

T∫

t

φj3(s)φj′1 (s)ds+

+1{i1=i2=i3}

T∫

t

φj1(s)φj′3 (s)ds

T∫

t

φj3 (s)φj′2 (s)ds

T∫

t

φj2 (s)φj′1 (s)ds =
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= 1{j3=j′3}
1{j2=j′2}

1{j1=j′1}
+ 1{i1=i2} · 1{j3=j′3}

1{j1=j′2}
1{j2=j′1}

+

+1{i2=i3} · 1{j1=j′1}
1{j2=j′3}

1{j3=j′2}
+ 1{i1=i3} · 1{j1=j′3}

1{j2=j′2}
1{j3=j′1}

+

+1{i1=i2=i3} · 1{j2=j′3}
1{j1=j′2}

1{j3=j′1}
+

(29) +1{i1=i2=i3} · 1{j1=j′3}
1{j3=j′2}

1{j2=j′1}
.

From (28) and (29) we get

∣
∣
∣
∣
∣
∣

M







∑

(j1,j2)

∑

(j′1,j
′
2)

T∫

t

φj2 (t2)

t2∫

t

φj1 (t1)df
(i1)
t1 df

(i2)
t2 ×

×
T∫

t

φj′2(t2)

t2∫

t

φj′1(t1)df
(i1)
t1 df

(i2)
t2







∣
∣
∣
∣
∣
∣

≤

≤ 1{j1=j′1}
1{j2=j′2}

+ 1{j2=j′1}
1{j1=j′2}

=

=
∑

(j′1,j
′
2)

1{j1=j′1}
1{j2=j′2}

,

∣
∣
∣
∣
∣
∣

M







∑

(j1,j2,j3)

∑

(j′1,j
′
2,j

′
3)

T∫

t

φj3 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 ×

×
T∫

t

φj′3 (t3)

t3∫

t

φj′2 (t2)

t2∫

t

φj′1 (t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3







∣
∣
∣
∣
∣
∣

≤

≤ 1{j3=j′3}
1{j2=j′2}

1{j1=j′1}
+ 1{j3=j′3}

1{j1=j′2}
1{j2=j′1}

+

+1{j1=j′1}
1{j2=j′3}

1{j3=j′2}
+ 1{j1=j′3}

1{j2=j′2}
1{j3=j′1}

+

+1{j2=j′3}
1{j1=j′2}

1{j3=j′1}
+ 1{j1=j′3}

1{j3=j′2}
1{j2=j′1}

=

=
∑

(j′1,j
′
2,j

′
3)

1{j1=j′1}
1{j2=j′2}

1{j3=j′3}
,

where we used the relation
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T∫

t

φi(τ)φj(τ)dτ = 1{i=j}, i, j = 0, 1, 2 . . .

Now consider the case of an arbitrary k ∈ N. We have

M







∑

(j1,...,jk)

∑

(j′1,...,j
′
k
)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk

×

×
T∫

t

φj′
k
(tk) . . .

t2∫

t

φj′1(t1)df
(i1)
t1 . . . df

(ik)
tk






=

= M







∑

(j1,...,jk)

∑

(j′1,...,j
′
k
)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk

×

×
T∫

t

φj′
k
(tk) . . .

t2∫

t

φj′1(t1)df
(i′1)
t1 . . . df

(i′k)
tk






=

=
∑

(j1,...,jk)

∑

(j′1,...,j
′
k
)

1{ik=i′
k
} . . .1{i1=i′1}

×

×
T∫

t

φjk (tk)φj′k(tk) . . .

t2∫

t

φj1 (t1)φj′1 (t1)dt1 . . . dtk =

=
∑

(j′1,...,j
′
k
)

1{ik=i′
k
} . . .1{i1=i′1}

×

×
T∫

t

φjk(tk)φj′k (tk)dtk . . .

T∫

t

φj1(t1)φj′1(t1)dt1 =

(30) =
∑

(j′1,...,j
′
k
)

1{ik=i′
k
} . . .1{i1=i′1}

1{jk=j′
k
} . . .1{j1=j′1}

,

where (i′1, . . . , i
′
k) = (i1, . . . , ik). However, if jr swapped with jq in the permutation (j1, . . . , jk), then

ir swapped with iq in the permutation (i1, . . . , ik) and if j′r swapped with j′q in the permutation
(j′1, . . . , j

′
k), then i′r swapped with i′q in the permutation (i′1, . . . , i

′
k). From (30) we obtain (27). The

equality (23) is proved.
Note that the formula (23) (in the light of the results of Sect. 5) can be interpreted as a consequence

of the orthogonality of two random variables that are Hermite polynomials of vector random arguments.
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Applying (22) and (23), we obtain

M

{

J [ψ(k)]pT,tξ[ψ
(k)]p+1,n

T,t

}

= 0.

Due to (17), (20), and (21) we can write

ξ[ψ(k)]p+1,n
T,t = J [ψ(k)]nT,t − J [ψ(k)]pT,t,

l.i.m.
n→∞

ξ[ψ(k)]p+1,n
T,t = J [ψ(k)]T,t − J [ψ(k)]pT,t

def
= ξ[ψ(k)]p+1

T,t .

We have

0 ≤
∣
∣
∣M

{

ξ[ψ(k)]p+1
T,t J [ψ

(k)]pT,t

}∣
∣
∣ =

=
∣
∣
∣M

{(

ξ[ψ(k)]p+1
T,t − ξ[ψ(k)]p+1,n

T,t + ξ[ψ(k)]p+1,n
T,t

)

J [ψ(k)]pT,t

}∣
∣
∣ =

≤
∣
∣
∣M

{(

ξ[ψ(k)]p+1
T,t − ξ[ψ(k)]p+1,n

T,t

)

J [ψ(k)]pT,t

}∣
∣
∣+
∣
∣
∣M

{

ξ[ψ(k)]p+1,n
T,t J [ψ(k)]pT,t

}∣
∣
∣ =

=
∣
∣
∣M

{(

J [ψ(k)]T,t − J [ψ(k)]nT,t

)

J [ψ(k)]pT,t

}∣
∣
∣ ≤

≤
√

M

{(

J [ψ(k)]T,t − J [ψ(k)]nT,t

)2
}
√

M

{(

J [ψ(k)]pT,t

)2
}

≤

≤
√

M

{(

J [ψ(k)]T,t − J [ψ(k)]nT,t

)2
}

×

×
(√

M

{(

J [ψ(k)]pT,t − J [ψ(k)]T,t

)2
}

+

√

M

{(
J [ψ(k)]T,t

)2
}
)

≤

(31) ≤ K

√

M

{(

J [ψ(k)]T,t − J [ψ(k)]nT,t

)2
}

→ 0 if n→ ∞,

where K is a constant.
From (31) it follows that

M

{

ξ[ψ(k)]p+1
T,t J [ψ

(k)]pT,t

}

= 0

or
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M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)

J [ψ(k)]pT,t

}

= 0.

The last equality means that

(32) M

{

J [ψ(k)]T,tJ [ψ
(k)]pT,t

}

= M

{(

J [ψ(k)]pT,t

)2
}

.

Taking into account (32), we obtain

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

= M

{(

J [ψ(k)]T,t

)2
}

+

+M

{(

J [ψ(k)]pT,t

)2
}

− 2M
{

J [ψ(k)]T,tJ [ψ
(k)]pT,t

}

= M

{(

J [ψ(k)]T,t

)2
}

−

−M

{

J [ψ(k)]T,tJ [ψ
(k)]pT,t

}

=

(33) =

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −M

{

J [ψ(k)]T,tJ [ψ
(k)]pT,t

}

.

Let us consider the value

M

{

J [ψ(k)]T,tJ [ψ
(k)]pT,t

}

.

Using (17) and (26), we get

(34) J [ψ(k)]pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk .

After substituting (34) into (33), we obtain

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk−

−
p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






.

Theorem 2 is proved.
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4. Exact Calculation of the Mean-Square Approximation Error for the Cases

k = 1, . . . , 5

Let us denote

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

def
= Ep

k ,

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk
def
= Ik.

4.1. The Case k = 1. For this case from Theorem 2 we obtain

Ep
1 = I1 −

p
∑

j1=0

C2
j1 .

4.2. The Case k = 2. For this case from Theorem 2 we have

(I). i1 6= i2:

(35) Ep
2 = I2 −

p
∑

j1,j2=0

C2
j2j1 ,

(II). i1 = i2 :

Ep
2 = I2 −

p
∑

j1,j2=0

C2
j2j1 −

p
∑

j1,j2=0

Cj2j1Cj1j2 .

Example 1. Let us consider the following iterated Ito stochastic integral from the stochastic
Taylor–Ito expansion [62]-[64] (also see [49] and [1]-[17])

(36) I
(i1i2)
(00)T,t =

T∫

t

t2∫

t

df
(i1)
t1 df

(i2)
t2 ,

where i1, i2 = 1, . . . ,m.
The approximation based on the expansion (11) for the integral (36) (the case of Legendre poly-

nomials) has the following form [1]-[50]

(37) I
(i1i2)p
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

p
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

.

It should be noted that the formula (37) has been derived for the first time in [54] (1997), [55]
(1998) with using the another approach, which was developed in [32].

Applying (35), we obtain [1]-[50] (also see [54] (1997), [55] (1998))
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(38) M

{(

I
(i1i2)
(00)T,t − I

(i1i2)p
(00)T,t

)2
}

=
(T − t)2

2

(

1

2
−

p
∑

i=1

1

4i2 − 1

)

(i1 6= i2).

4.3. The Case k = 3. For the case k = 3 from Theorem 2 we obtain

(I). i1 6= i2, i1 6= i3, i2 6= i3 :

(39) Ep
3 = I3 −

p
∑

j1,j2,j3=0

C2
j3j2j1 ,

(II). i1 = i2 = i3 :

Ep
3 = I3 −

p
∑

j1,j2,j3=0

Cj3j2j1

(
∑

(j1,j2,j3)

Cj3j2j1

)

,

(III).1. i1 = i2 6= i3 :

(40) Ep
3 = I3 −

p
∑

j1,j2,j3=0

C2
j3j2j1 −

p
∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1 ,

(III).2. i1 6= i2 = i3 :

(41) Ep
3 = I3 −

p
∑

j1,j2,j3=0

C2
j3j2j1 −

p
∑

j1,j2,j3=0

Cj2j3j1Cj3j2j1 ,

(III).3. i1 = i3 6= i2 :

(42) Ep
3 = I3 −

p
∑

j1,j2,j3=0

C2
j3j2j1 −

p
∑

j1,j2,j3=0

Cj3j2j1Cj1j2j3 .

It should be noted that the formulas from the above cases (I), (III).1, (III).2, (III).3 have been
derived in [1]-[17] by direct calculation.

Example 2. Let us consider the following iterated Ito stochastic integral from the stochastic
Taylor–Ito expansion [62]-[64] (also see [49] and [1]-[17])

(43) I
(i1i2i3)
(000)T,t =

T∫

t

t3∫

t

t2∫

t

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 ,

where i1, i2, i3 = 1, . . . ,m.
The approximation based on the expansion (12) for the integral (43) (the case of Legendre

polynomials and p1 = p2 = p3 = p) has the following form [1]-[50]

I
(i1i2i3)p
(000)T,t =

p
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−
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(44) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

where

(45) Cj3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
(T − t)3/2C̄j3j2j1 ,

C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

where Pi(x) is the Legendre polynomial (i = 0, 1, 2, . . .).
For example, using (40) we obtain

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t

)2
}

=

=
(T − t)3

6
−

p
∑

j1,j2,j3=0

C2
j3j2j1 −

p
∑

j1,j2,J3=0

Cj3j1j2Cj3j2j1 ,

where i1 = i2 6= i3.
As mentioned in [30] (also see [1]-[17]), the exact values of coefficients C̄j3j2j1 when j1, j2, j3 =

0, 1, . . . , p can be calculated using DERIVE (computer algebra system). In [30] (also see [1]-[17]) we
can find several tables with exactly calculated Fourier–Legendre coefficients for approximations of
iterated Ito stochastic integrals of multiplicities 1 to 5. In addition, in [57], [58], a database was
obtained with 270,000 exactly calculated Fourier–Legendre coefficients for approximations of iterated
Ito and Stratonovich stochastic integrals of multiplicities 1 to 6.

For the case i1 = i2 = i3 we can use the following formula [62]-[64]

I
(i1i1i1)
(000)T,t =

1

6
(T − t)3/2

((

ζ
(i1)
0

)3

− 3ζ
(i1)
0

)

w. p. 1.

4.4. The Case k = 4. For this case from Theorem 2 we obtain

(I). i1, . . . , i4 are pairwise different:

Ep
4 = I4 −

p
∑

j1,...,j4=0

C2
j4...j1 ,

(II). i1 = i2 = i3 = i4:

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,...,j4)

Cj4...j1

)

,
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(III).1. i1 = i2 6= i3, i4; i3 6= i4 :

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2)

Cj4...j1

)

,

(III).2. i1 = i3 6= i2, i4; i2 6= i4 :

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3)

Cj4...j1

)

,

(III).3. i1 = i4 6= i2, i3; i2 6= i3 :

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j4)

Cj4...j1

)

,

(III).4. i2 = i3 6= i1, i4; i1 6= i4 :

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j3)

Cj4...j1

)

,

(III).5. i2 = i4 6= i1, i3; i1 6= i3 :

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j4)

Cj4...j1

)

,

(III).6. i3 = i4 6= i1, i2; i1 6= i2 :

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j3,j4)

Cj4...j1

)

,

(IV).1. i1 = i2 = i3 6= i4:

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2,j3)

Cj4...j1

)

,

(IV).2. i2 = i3 = i4 6= i1:

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j3,j4)

Cj4...j1

)

,

(IV).3. i1 = i2 = i4 6= i3:

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2,j4)

Cj4...j1

)

,
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(IV).4. i1 = i3 = i4 6= i2:

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3,j4)

Cj4...j1

)

,

(V).1. i1 = i2 6= i3 = i4:

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2)

(
∑

(j3,j4)

Cj4...j1

))

,

(V).2. i1 = i3 6= i2 = i4:

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3)

(
∑

(j2,j4)

Cj4...j1

))

,

(V).3. i1 = i4 6= i2 = i3:

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j4)

(
∑

(j2,j3)

Cj4...j1

))

.

4.5. The Case k = 5. For the case k = 5 from Theorem 2 we obtain

(I). i1, . . . , i5 are pairwise different:

Ep
5 = I5 −

p
∑

j1,...,j5=0

C2
j5...j1 ,

(II). i1 = i2 = i3 = i4 = i5:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,...,j5)

Cj5...j1

)

,

(III).1. i1 = i2 6= i3, i4, i5 (i3, i4, i5 are pairwise different):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2)

Cj5...j1

)

,

(III).2. i1 = i3 6= i2, i4, i5 (i2, i4, i5 are pairwise different):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3)

Cj5...j1

)

,
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(III).3. i1 = i4 6= i2, i3, i5 (i2, i3, i5 are pairwise different):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j4)

Cj5...j1

)

,

(III).4. i1 = i5 6= i2, i3, i4 (i2, i3, i4 are pairwise different):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j5)

Cj5...j1

)

,

(III).5. i2 = i3 6= i1, i4, i5 (i1, i4, i5 are pairwise different):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j3)

Cj5...j1

)

,

(III).6. i2 = i4 6= i1, i3, i5 (i1, i3, i5 are pairwise different):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4)

Cj5...j1

)

,

(III).7. i2 = i5 6= i1, i3, i4 (i1, i3, i4 are pairwise different):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j5)

Cj5...j1

)

,

(III).8. i3 = i4 6= i1, i2, i5 (i1, i2, i5 are pairwise different):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j3,j4)

Cj5...j1

)

,

(III).9. i3 = i5 6= i1, i2, i4 (i1, i2, i4 are pairwise different):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j3,j5)

Cj5...j1

)

,

(III).10. i4 = i5 6= i1, i2, i3 (i1, i2, i3 are pairwise different):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j4,j5)

Cj5...j1

)

,
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(IV).1. i1 = i2 = i3 6= i4, i5 (i4 6= i5):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2,j3)

Cj5...j1

)

,

(IV).2. i1 = i2 = i4 6= i3, i5 (i3 6= i5):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2,j4)

Cj5...j1

)

,

(IV).3. i1 = i2 = i5 6= i3, i4 (i3 6= i4):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2,j5)

Cj5...j1

)

,

(IV).4. i2 = i3 = i4 6= i1, i5 (i1 6= i5):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j3,j4)

Cj5...j1

)

,

(IV).5. i2 = i3 = i5 6= i1, i4 (i1 6= i4):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j3,j5)

Cj5...j1

)

,

(IV).6. i2 = i4 = i5 6= i1, i3 (i1 6= i3):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4,j5)

Cj5...j1

)

,

(IV).7. i3 = i4 = i5 6= i1, i2 (i1 6= i2):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j3,j4,j5)

Cj5...j1

)

,

(IV).8. i1 = i3 = i5 6= i2, i4 (i2 6= i4):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3,j5)

Cj5...j1

)

,
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(IV).9. i1 = i3 = i4 6= i2, i5 (i2 6= i5):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3,j4)

Cj5...j1

)

,

(IV).10. i1 = i4 = i5 6= i2, i3 (i2 6= i3):

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j4,j5)

Cj5...j1

)

,

(V).1. i1 = i2 = i3 = i4 6= i5:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2,j3,j4)

Cj5...j1

)

,

(V).2. i1 = i2 = i3 = i5 6= i4:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2,j3,j5)

Cj5...j1

)

,

(V).3. i1 = i2 = i4 = i5 6= i3:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2,j4,j5)

Cj5...j1

)

,

(V).4. i1 = i3 = i4 = i5 6= i2:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3,j4,j5)

Cj5...j1

)

,

(V).5. i2 = i3 = i4 = i5 6= i1:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j3,j4,j5)

Cj5...j1

)

,

(VI).1. i5 6= i1 = i2 6= i3 = i4 6= i5:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2)

(
∑

(j3,j4)

Cj5...j1

))

,
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(VI).2. i5 6= i1 = i3 6= i2 = i4 6= i5:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3)

(
∑

(j2,j4)

Cj5...j1

))

,

(VI).3. i5 6= i1 = i4 6= i2 = i3 6= i5:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j4)

(
∑

(j2,j3)

Cj5...j1

))

,

(VI).4. i4 6= i1 = i2 6= i3 = i5 6= i4:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2)

(
∑

(j3,j5)

Cj5...j1

))

,

(VI).5. i4 6= i1 = i5 6= i2 = i3 6= i4:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j5)

(
∑

(j2,j3)

Cj5...j1

))

,

(VI).6. i4 6= i2 = i5 6= i1 = i3 6= i4:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j5)

(
∑

(j1,j3)

Cj5...j1

))

,

(VI).7. i3 6= i2 = i5 6= i1 = i4 6= i3:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j5)

(
∑

(j1,j4)

Cj5...j1

))

,

(VI).8. i3 6= i1 = i2 6= i4 = i5 6= i3:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2)

(
∑

(j4,j5)

Cj5...j1

))

,

(VI).9. i3 6= i2 = i4 6= i1 = i5 6= i3:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4)

(
∑

(j1,j5)

Cj5...j1

))

,
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(VI).10. i2 6= i1 = i4 6= i3 = i5 6= i2:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j4)

(
∑

(j3,j5)

Cj5...j1

))

,

(VI).11. i2 6= i1 = i3 6= i4 = i5 6= i2:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3)

(
∑

(j4,j5)

Cj5...j1

))

,

(VI).12. i2 6= i1 = i5 6= i3 = i4 6= i2:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j5)

(
∑

(j3,j4)

Cj5...j1

))

,

(VI).13. i1 6= i2 = i3 6= i4 = i5 6= i1:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j3)

(
∑

(j4,j5)

Cj5...j1

))

,

(VI).14. i1 6= i2 = i4 6= i3 = i5 6= i1:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4)

(
∑

(j3,j5)

Cj5...j1

))

,

(VI).15. i1 6= i2 = i5 6= i3 = i4 6= i1:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j5)

(
∑

(j3,j4)

Cj5...j1

))

,

(VII).1. i1 = i2 = i3 6= i4 = i5:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j4,j5)

(
∑

(j1,j2,j3)

Cj5...j1

))

,

(VII).2. i1 = i2 = i4 6= i3 = i5:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j3,j5)

(
∑

(j1,j2,j4)

Cj5...j1

))

,
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(VII).3. i1 = i2 = i5 6= i3 = i4:

Ep = I −
p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j3,j4)

(
∑

(j1,j2,j5)

Cj5...j1

))

,

(VII).4. i2 = i3 = i4 6= i1 = i5:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j5)

(
∑

(j2,j3,j4)

Cj5...j1

))

,

(VII).5. i2 = i3 = i5 6= i1 = i4:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j4)

(
∑

(j2,j3,j5)

Cj5...j1

))

,

(VII).6. i2 = i4 = i5 6= i1 = i3:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3)

(
∑

(j2,j4,j5)

Cj5...j1

))

,

(VII).7. i3 = i4 = i5 6= i1 = i2:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2)

(
∑

(j3,j4,j5)

Cj5...j1

))

,

(VI).8. i1 = i3 = i5 6= i2 = i4:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4)

(
∑

(j1,j3,j5)

Cj5...j1

))

,

(VII).9. i1 = i3 = i4 6= i2 = i5:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j5)

(
∑

(j1,j3,j4)

Cj5...j1

))

,

(VII).10. i1 = i4 = i5 6= i2 = i3:

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j3)

(
∑

(j1,j4,j5)

Cj5...j1

))

.
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5. Method of Generalized Multiple Fourier Series. The Case of an Arbitrary

Complete Orthonormal Systems of Functions in the Space L2([t, T ]) and Weight

Functions ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ])

For further consideration, let us consider the generalization of formulas (10)–(15) for the case of
an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (1). In
order to do this, let us introduce some notations. Let us consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(46) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (46) is a partition and consider the sum with respect to all possible partitions

(47)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
,

where ag1g2,...,g2r−1g2r ,q1...qk−2r
∈ R.

Below there are several examples of sums in the form (47)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2,g3g4 = a12,34 + a13,24 + a23,14,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,
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∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (6) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(48) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x,
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same as

in Theorem 1.
another notations are the same as in Theorem 1.

In particular, from (48) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )
jq1

)

.

The last equality obviously agrees with (14).
Further, we will use the definition of the multiple Wiener stochastic integral from [68], [69] to

generalize Theorem 1 to the case of an arbitrary complete orthonormal system of functions in the
space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Consider the following step function on the hypercube [t, T ]k

(49) ΦN (t1, . . . , tk) =
N−1∑

l1,...,lk=0

al1...lk1[τl1 ,τl1+1)(t1) . . .1[τlk ,τlk+1)(tk),

where al1...lk ∈ R and such that al1...lk = 0 if lp = lq for some p 6= q,
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1A(τ) =







1 if τ ∈ A

0 otherwise
,

N ∈ N, {τj}Nj=0 is a partition of [t, T ], which satisfies the condition (5):

(50) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Let us define the multiple Wiener stochastic integral for ΦN (t1, . . . , tk) [68], [69]

(51) J ′[ΦN ]
(i1...ik)
T,t

def
=

N−1∑

l1,...,lk=0

al1...lk∆w
(i1)
τl1

. . .∆w
(ik)
τlk

,

where ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj , i = 0, 1, . . . ,m, w

(0)
τ = τ.

It is known (see [69], Lemma 9.6.4) that for any Φ(t1, . . . , tk) ∈ L2([t, T ]
k) there exists a sequence

of step functions ΦN (t1, . . . , tk) of the form (49) such that

(52) lim
N→∞

∫

[t,T ]k

(Φ(t1, . . . , tk)− ΦN (t1, . . . , tk))
2 dt1 . . . dtk = 0.

We have

ΦN (t1, . . . , tk) =
N−1∑

l1,...,lk=0

al1...lk1[τl1 ,τl1+1)(t1) . . .1[τlk ,τlk+1)(tk) =

(53) =
∑

(l1,...,lk)

N−1∑

l1,...,lk=0
l1<l2<...<lk

al1...lk1[τl1 ,τl1+1)(t1) . . .1[τlk ,τlk+1)(tk),

where permutations (l1, . . . , lk) when summing are performed only in the expression l1 < l2 < . . . < lk
(recall that al1...lk = 0 if lp = lq for some p 6= q).

Using (53), we get

(54)
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

ΦN (t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk =

=
∑

(l1,...,lk)

N−1∑

l1,...,lk=0
l1<l2<...<lk

al1...lk∆w
(i1)
τl1

. . .∆w
(ik)
τlk

=

=

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

al1...lk∆w
(i1)
τl1

. . .∆w
(ik)
τlk

=
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(55) = J ′[ΦN ]
(i1...ik)
T,t w. p. 1,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk

and
permutations (l1, . . . , lk) when summing are performed only in the expression l1 < l2 < . . . < lk.
At the same time the indices near upper limits of integration in the iterated stochastic integrals in
(54) are changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir
swapped with iq in the permutation (i1, . . . , ik) (see (54)). In addition, the multiple Wiener stochastic

integral J ′[ΦN ]
(i1...ik)
T,t is defined by (51) and

T∫

t

. . .

t2∫

t

ΦN (t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

is the iterated Ito stochastic integral.
Since the integration of a bounded function with respect to the set of measure zero for Lebesgue

integrals gives zero result, then the following formula is correct for these integrals

(56)

∫

[t,T ]k

|G(t1, . . . , tk)|dt1 . . . dtk =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

|G(t1, . . . , tk)|dt1 . . . dtk,

where permutations (t1, . . . , tk) when summing are performed only in the values dt1, . . . , dtk. At the
same time the indexes near upper limits of integration are changed correspondently and the function
|G(t1, . . . , tk)| is assumed to be integrable in the hypercube [t, T ]k.

Using (52), (55), (56), and standard moment properties of the Ito stochastic integral, we have

M

{(

J ′[ΦN ]
(i1...ik)
T,t − J ′[ΦM ]

(i1...ik)
T,t

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN (t1, . . . , tk)− ΦM (t1, . . . , tk))
2 dt1 . . . dtk =

= Ck

∫

[t,T ]k

(ΦN (t1, . . . , tk)− ΦM (t1, . . . , tk))
2
dt1 . . . dtk =

= Ck ‖ΦN − ΦM‖2L2([t,T ]k) ≤

≤ 2Ck

(

‖ΦN − Φ‖2L2([t,T ]k) + ‖Φ− ΦM‖2L2([t,T ]k)

)2

→ 0

if N,M → ∞, where constant Ck depends only on the multiplicity k of the multiple Wiener stochastic
integral.

Thus, there exists the limit

l.i.m.
N→∞

J ′[ΦN ]
(i1...ik)
T,t .
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We will define the multiple Wiener stochastic integral for Φ(t1, . . . , tk) ∈ L2([t, T ]
k) by the formula

(57) J ′[Φ]
(i1...ik)
T,t

def
= l.i.m.

N→∞
J ′[ΦN ]

(i1...ik)
T,t = l.i.m.

N→∞

N−1∑

l1,...,lk=0

al1...lk∆w
(i1)
τl1

. . .∆w
(ik)
τlk

,

where ΦN (t1, . . . , tk) is defined by (49), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj , i = 0, 1, . . . ,m, w

(0)
τ = τ.

Let us prove the following equality

(58) J ′[Φ]
(i1...ik)
T,t =

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk w. p. 1,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk .

At the same time the indices near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped

with iq in the permutation (i1, . . . , ik). In addition, the multiple Wiener stochastic integral J ′[Φ]
(i1...ik)
T,t

is defined by (57) and

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

is the iterated Ito stochastic integral.
The equality (58) has already been proved for the case Φ(t1, . . . , tk) = ΦN (t1, . . . , tk) (see (55)).

From (55) we have

J ′[ΦN ]
(i1...ik)
T,t =

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

ΦN (t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk =

=
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

+

(59) +
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN (t1, . . . , tk)− Φ(t1, . . . , tk)) dw
(i1)
t1 . . . dw

(ik)
tk w. p. 1.

Passing to the limit l.i.m.
N→∞

in the equality (59), we obtain

J ′[Φ]
(i1...ik)
T,t =

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk +

(60) +l.i.m.
N→∞

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN (t1, . . . , tk)− Φ(t1, . . . , tk)) dw
(i1)
t1 . . . dw

(ik)
tk w. p. 1.
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Using (52), (56), and standard moment properties of the Ito stochastic integral, we get

M










∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN(t1, . . . , tk)− Φ(t1, . . . , tk)) dw
(i1)
t1 . . . dw

(ik)
tk





2






≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN (t1, . . . , tk)− Φ(t1, . . . , tk))
2
dt1 . . . dtk =

(61) = Ck

∫

[t,T ]k

(ΦN (t1, . . . , tk)− Φ(t1, . . . , tk))
2 dt1 . . . dtk → 0

if N → ∞, where constant Ck depends only on the multiplicity k of the multiple Wiener stochastic
integral.

The relations (60) and (61) prove the equality (58). From (58) we have

(62) J [ψ(k)]
(i1...ik)
T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk = J ′[K]

(i1...ik)
T,t w. p. 1,

where J [ψ(k)]
(i1...ik)
T,t is the iterated Ito stochastic integral (1), K = K(t1, . . . , tk) is defined by (2), i.e.

(63) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

,

where ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Applying (62) and the linearity property of the Ito stochastic integral, we obtain

J [ψ(k)]
(i1...ik)
T,t = J ′[K]

(i1...ik)
T,t =

(64) =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t + J ′[Rp1...pk

]
(i1...ik)
T,t w. p. 1,

where

Rp1...pk
(t1, . . . , tk)

def
= K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

and

(65) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk
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is the Fourier coefficient corresponding to K(t1, . . . , tk).
Again applying (58), we have

J ′[Rp1...pk
]
(i1...ik)
T,t =

(66) =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

)

dw
(i1)
t1 . . . dw

(ik)
tk ,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk

.
At the same time the indices near upper limits of integration in the iterated stochastic integrals
are changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir
swapped with iq in the permutation (i1, . . . , ik). In addition, the multiple Wiener stochastic integral

J ′[Rp1...pk
]
(i1...ik)
T,t is defined by (57).

According to (3), (56), and the standard moment properties of the Ito stochastic integral, we have

M

{(

J ′[Rp1...pk
]
(i1...ik)
T,t

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk =

(67) = Ck

∫

[t,T ]k



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk → 0

if p1, . . . , pk → ∞, where constant Ck depends only on the multiplicity k of the iterated Ito stochastic

integral J [ψ(k)]
(i1...ik)
T,t .

Applying (64) and (67), we obtain the following expansion

(68) J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t .

In [13] (Sect. 1.14, Theorem 1.23), [51] (Theorem 5) it is shown that

J ′[φj1 . . . φjk ]
(i1...ik)
T,t =

k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(69) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql
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w. p. 1, where {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space

L2([t, T ]), i1, . . . , ik = 0, 1, . . . ,m, J ′[φj1 . . . φjk ]
(i1...ik)
T,t is defined by (57), [x] is an integer part of a

real number x,
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same as in Theorem 1.

Note that the right-hand side of (69) is nothing but the Hermite polynomial of random vector

argument with components ζ
(i1)
j1

, . . . , ζ
(ik)
jk

.

The equalities (68) and (69) prove Theorem 1 for the case of an arbitrary complete orthonormal
systems of functions {φj(x)}∞j=0 is in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Let us find the representation of the right-hand side of (69) through the product of Hermite
polynomials of scalar arguments.

We will say that the condition (⋆⋆) is fulfilled for the multi-index (i1 . . . ik) (i1, . . . , ik = 0, 1, . . . ,m)
if m1, . . . ,mk are multiplicities of the elements i1, . . . , ik, respectively, i.e.

{i1, . . . , ik}= {
m1

︷ ︸︸ ︷

i1, . . . , i1,

m2
︷ ︸︸ ︷

i2, . . . , i2, . . . ,

mr
︷ ︸︸ ︷

ir, . . . , ir},

where r = 1, . . . , k, braces mean an unordered set, and parentheses mean an ordered set. At that,

m1+ . . .+mk = k, m1, . . . ,mk = 0, 1, . . . , k, and all elements with nonzero multiplicities are pairwise

different.

Let the condition (⋆⋆) is fulfilled for the multi-index (i1 . . . ik). Then

J ′ [φj1 . . . φjk ]
(i1...ik)
T,t = J ′

[

φjg1 . . . φjgm1
︸ ︷︷ ︸

m1

φjgm1+1
. . . φjgm1+m2

︸ ︷︷ ︸

m2

. . .

(70) . . . φjgm1+m2+...+mk−1+1
. . . φjgm1+m2+...+mk

︸ ︷︷ ︸

mk

](

m1
︷ ︸︸ ︷
i1...i1

m2
︷ ︸︸ ︷
i2...i2 ...

mk
︷ ︸︸ ︷
ik...ik )

T,t

w. p. 1, where J ′ [φj1 . . . φjk ]
(i1...ik)
T,t is defined by (57), Φ(t1, . . . , tk) = φj1 (t1) . . . φjk(tk), {φj(x)}∞j=0 is

an arbitrary complete orthonormal system of functions in the space L2([t, T ]), {jg1 , . . . , jgm1+m2+...+mk
}

= {j1, . . . , jk}, braces mean an unordered set, and parentheses mean an ordered set.
From (70) we have

J ′ [φj1 . . . φjk ]
(i1...ik)
T,t =

= J ′
[

φjg1 . . . φjgm1

](

m1
︷ ︸︸ ︷
i1...i1 )

T,t
· J ′

[

φjgm1+1
. . . φjgm1+m2

](

m2
︷ ︸︸ ︷
i2...i2 )

T,t
· . . .

(71) . . . · J ′
[

φjgm1+m2+...+mk−1+1
. . . φjgm1+m2+...+mk

](

mk
︷ ︸︸ ︷
ik...ik )

T,t
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w. p. 1, where

(72) J ′
[

φjgm1+m2+...+ml−1+1
. . . φjgm1+m2+...+ml

](

ml
︷︸︸︷
il...il )

T,t

def
= 1 for ml = 0.

The detailed proof of the equality (71) is given in [13] (Sect. 1.14), [51], Sect. 2.2).
Let us consider the following multiple Wiener stochastic integral

J ′
[

φjgm1+m2+...+ml−1+1
. . . φjgm1+m2+...+ml

](

ml
︷︸︸︷
il...il )

T,t
(ml > 0),

where we suppose that

{
jgm1+m2+...+ml−1+1 , . . . , jgm1+m2+...+ml

}
=

(73) =
{
jh1,l

, . . . , jh1,l
︸ ︷︷ ︸

n1,l

, jh2,l
, . . . , jh2,l

︸ ︷︷ ︸

n2,l

, . . . , jhdl,l
, . . . , jhdl,l

︸ ︷︷ ︸

ndl,l

}
,

where n1,l + n2,l + . . . + ndl,l = ml; n1,l, n2,l, . . . , ndl,l = 1, . . . ,ml; dl = 1, . . . ,ml; l = 1, . . . , k.
Note that the numbers m1, . . . ,mk, g1, . . . , gk depend on (i1, . . . , ik) and the numbers n1,l, . . . , ndl,l,
h1,l, . . . , hdl,l, dl depend on {j1, . . . , jk}. Moreover, {jg1 , . . . , jgk} = {j1, . . . , jk}.

Using Theorem 9.6.9 [69] (also see [68], Theorem 3.1), we get w. p. 1

J ′
[

φjgm1+m2+...+ml−1+1
. . . φjgm1+m2+...+ml

](

ml
︷︸︸︷
il...il )

T,t
=

(74) =







Hn1,l

(

ζ
(il)
jh1,l

)

. . . Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0

(ml > 0),

where Hn(x) is the Hermite polynomial of degree n

Hn(x) = (−1)nex
2/2 d

n

dxn

(

e−x2/2
)

or

(75) Hn(x) = n!

[n/2]
∑

m=0

(−1)mxn−2m

m!(n− 2m)!2m
(n ∈ N),

and ζ
(i)
j (i = 0, 1, . . . ,m, j = 0, 1, . . .) is defined by (7).

Note that the equality (74) is proved in [13], [51] using the Ito formula (see the detailed proof in
[13] (Sect. 1.14) or [51], Sect. 2.2).

From (72) and (74) we obtain w. p. 1
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J ′
[

φjgm1+m2+...+ml−1+1
. . . φjgm1+m2+...+ml

](

ml
︷︸︸︷
il...il )

T,t
=

(76) = 1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . .Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0

,

where 1A denotes the indicator of the set A.
Using (69), (71), and (76), we get w. p. 1

J ′ [φj1 . . . φjk ]
(i1...ik)
T,t =

(77) =

k∏

l=1






1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . . Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0







=

=

k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(78) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

w. p. 1, where the multiple Wiener stochastic integral J ′[φj1 . . . φjk ]
(i1...ik)
T,t is defined by (57); another

notations are the same as in (69).
Thus, the following theorem is proved.

Theorem 3 [13] (Sect. 1.11), [27] (Sect. 15). Suppose that the condition (⋆⋆) is fulfilled for the

multi-index (i1 . . . ik) and the condition (73) is also fulfilled. Furthermore, let ψl(τ) ∈ L2([t, T ])
(l = 1, . . . , k) and {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space

L2([t, T ]). Then the following expansions

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1×

(79) ×
k∏

l=1






1{ml=0} + 1{ml>0}







Hn1,l

(

ζ
(il)
jh1,l

)

. . . Hndl,l

(

ζ
(il)
jhdl,l

)

, if il 6= 0

(

ζ
(0)
jh1,l

)n1,l

. . .
(

ζ
(0)
jhdl,l

)ndl,l

, if il = 0






,
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J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(80) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense are valid, where [x] is an integer part of a real number x, n1,l+
n2,l + . . . + ndl,l = ml, n1,l, n2,l, . . . , ndl,l = 1, . . . ,ml, dl = 1, . . . ,ml, l = 1, . . . , k; m1 + . . . +
mk = k, the numbers m1, . . . ,mk, g1, . . . , gk depend on (i1, . . . , ik) and the numbers n1,l, . . . , ndl,l,
h1,l, . . . , hdl,l, dl depend on {j1, . . . , jk}; moreover, {jg1 , . . . , jgk} = {j1, . . . , jk}; Hn(x) is the Hermite

polynomial (75); another notations are the same as in (69) and in Theorem 1.

It should be noted that an analogue of the expansion (79) was considered in [70]. However, the
proof of an analogue of the expansion (79) from [70] is different from the proof given in this section
(see [51], Sect. 4 for details).

6. Exact Calculation of the Mean-Square Approximation Error in The Method of

Generalized Multiple Fourier Series. The Case of an Arbitrary Complete

Orthonormal Systems of Functions in the Space L2([t, T ]) and Weight Functions

ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ])

In this section, we generalize Theorem 2 to the case of an arbitrary complete orthonormal systems
of functions in the Space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 4 [27]. Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and {φj(x)}∞j=0 is an arbitrary

complete orthonormal system of functions in the space L2([t, T ]). Then

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk−

(81) −
p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






,

where

J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)df
(i1)
t1 . . . df

(ik)
tk ,

(82) J [ψ(k)]pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t ,

198



EXACT CALCULATION OF THE MEAN-SQUARE ERROR 39

J ′[φj1 . . . φjk ]
(i1...ik)
T,t is the multiple Wiener stochastic integral defined by (57), the Fourier coefficient

Cjk...j1 has the form (65), K(t1, . . . , tk) is defined by (63),

ζ
(i)
j =

T∫

t

φj(s)df
(i)
s

are independent standard Gaussian random variables for various i or j (i = 1, . . . ,m),

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik) (see
(81)).

Proof. First, note that the formula (82) appears due to (68). Using the equality (58), we get

(83) J ′[φj1 . . . φjk ]
(i1...ik)
T,t =

∑

(t1,...,tk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk w. p. 1,

where permutations (t1, . . . , tk) when summing are performed only in the values df
(i1)
t1 . . . df

(ik)
tk

. At
the same time the indices near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik).

It is easy to see that the equality (83) can be written in the form

(84) J ′[φj1 . . . φjk ]
(i1...ik)
T,t =

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk w. p. 1,

where

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped
with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation.

Further proof of Theorem 4 is based on the equality (84) and is similar to the proof of Theorem
2. Theorem 4 is proved.

7. Estimate for the Mean-Square Approximation Error in the Method of

Generalized Multiple Fourier Series

In this section, we prove the useful estimate for the mean-square error of approximation based on
Theorem 3.

Theorem 5. Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]). Then the estimate

199



40 D.F. KUZNETSOV

M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2
}

≤

(85) ≤ k!






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1






is valid for the following cases:

1. i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞,

2. i1, . . . , ik = 0, 1, . . . ,m, i21 + . . .+ i2k > 0, and 0 < T − t < 1,

where J [ψ(k)]T,t is the iterated Ito stochastic integral (1), J [ψ(k)]p1,...,pk

T,t is the expression on the right-

hand side of (80) before passing to the limit l.i.m.
p1,...,pk→∞

; another notations are the same as in Theorem

3.

Proof. Using (64), (67), (68), Theorem 3, orthonormality of the system {φj(x)}∞j=0, and the
elementary inequality

(86) (a1 + a2 + . . .+ an)
2 ≤ n

(
a21 + a22 + . . .+ a2n

)
,

we obtain for the case i1, . . . , ik = 1, . . . ,m (0 < T − t <∞) the following estimate

M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2
}

≤

≤ k!
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk =

= k!

∫

[t,T ]k



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk

= k!






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk ...j1




 .

Similarly using standard moment properties of stochastic integrals, we get

M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2
}

≤

= Ck






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1




 ,

where i1, . . . , ik = 0, 1, . . . ,m (i21 + . . .+ i2k > 0), and Ck is a constant.
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It is not difficult to see that Ck depends on k (k is the multiplicity of the iterated Ito stochastic
integral) and T − t (T − t is the length of integration interval for the iterated Ito stochastic integral).
Moreover, Ck has the following form

Ck = k! ·max

{

(T − t)α1 , (T − t)α2 , . . . , (T − t)αk!

}

,

where α1, α2, . . . , αk! = 0, 1, . . . , k − 1.
Then for the case i1, . . . , ik = 0, 1, . . . ,m, i21+ . . .+ i

2
k > 0 (0 < T − t < 1) we obtain (85). Theorem

5 is proved.

Example 3. Let us consider the estimate (85) for the iterated Ito stochastic integral I
(i1i2i3)
(000)T,t

defined by (43)

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t

)2
}

≤ 6




(T − t)3

6
−

p
∑

j1,j2,j3=0

C2
j3j2j1



 (i1, i2, i3 = 1, . . . ,m),

where Cj3j2j1 has the form (45).

8. Proof of Convergence With Probability 1 in the Method of Generalized

Multiple Fourier Series. The Cases of Complete Orthonormal Systems of

Legendre Polynomials and Trigonometric Functions in the Space L2([t, T ])

Remind that in a lot of author’s publications [1]-[51] the convergence in Theorem 1 has been
considered in different probability meanings. For example, the mean-square convergence [1] (2006)
(also see [2]-[51]) and convergence in the mean of degree 2n (n ∈ N) [3] (2007) (also see [4]-[17],
[27]) have been proved. For some specific iterated Ito stochastic integrals of mutiplicities 1 and 2 the
convergence with probability 1 also has been proved [3] (2007) (also see [4]-[17], [30]). However, these
examples are narrow particular cases of the iterated Ito stochastic integrals (1).

In this section, we formulate and prove the theorem on convergence with probability 1 (w. p. 1)
for expansions of iterated Ito stochastic integrals of multiplicity k (k ∈ N) from Theorems 1, 3.

Let us remind the well-known fact from the mathematical analysis which is connected to existence
of iterated limits.

Proposition 1. Let
{
xn,m

}∞

n,m=1
be a double sequence and let there exists the limit

lim
n,m→∞

xn,m = a <∞.

Moreover, let there exist the limits

lim
n→∞

xn,m <∞ for all m, lim
m→∞

xn,m <∞ for all n.

Then there exist the iterated limits

lim
n→∞

lim
m→∞

xn,m, lim
m→∞

lim
n→∞

xn,m

and moreover,
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lim
n→∞

lim
m→∞

xn,m = lim
m→∞

lim
n→∞

xn,m = a.

Theorem 6 [13]-[16], [27], [29], [30]. Let ψl(τ) (l = 1, . . . , k) are continuously differentiable

nonrandom functions at the interval [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then

J [ψ(k)]p,...,pT,t → J [ψ(k)]T,t if p→ ∞

w. p. 1, where J [ψ(k)]p,...,pT,t is the expression on the right-hand sides of (6) and (48) before passing to

the limit l.i.m.
p1,...,pk→∞

for the case p1 = . . . = pk = p, i.e.

J [ψ(k)]p,...,pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk

)

or

J [ψ(k)]p,...,pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where i1, . . . , ik = 1, . . . ,m.

Proof. Let us consider the Parseval equality

(87)

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk = lim
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

,

where

(88) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

=

k∏

l=1

ψl(tl)

k−1∏

l=1

1{tl<tl+1},

where t1, . . . , tk ∈ [t, T ] for k ≥ 2 and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ], 1A denotes the indicator of the
set A,
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(89) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient.
Using (88), we obtain

Cjk...j1 =

T∫

t

φjk (tk)ψk(tk) . . .

t2∫

t

φj1(t1)ψ1(t1)dt1 . . . dtk.

Further, we denote

lim
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

def
=

∞∑

j1,...,jk=0

C2
jk...j1

.

If p1 = . . . = pk = p, then we also write

lim
p→∞

p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

def
=

∞∑

j1,...,jk=0

C2
jk...j1

.

From the other hand, for iterated limits we write

lim
p1→∞

. . . lim
pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

def
=

∞∑

j1=0

. . .

∞∑

jk=0

C2
jk...j1

,

lim
p1→∞

lim
p2,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

def
=

∞∑

j1=0

∞∑

j2,...,jk=0

C2
jk ...j1

and so on.

Lemma 1. The following equalities are fulfilled

∞∑

j1,...,jk=0

C2
jk...j1

=

∞∑

j1=0

. . .

∞∑

jk=0

C2
jk ...j1

=

(90) =

∞∑

jk=0

. . .

∞∑

j1=0

C2
jk ...j1 =

∞∑

jq1=0

. . .

∞∑

jqk=0

C2
jk...j1

for any permutation (q1, . . . , qk) such that {q1, . . . , qk} = {1, . . . , k}.
Proof. Let us consider the value

(91)

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1
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for any permutation (ql, . . . , qk), where l = 1, 2, . . . , k, {q1, . . . , qk} = {1, . . . , k}.
Obviously, (91) is the non-decreasing sequence with respect to p. Moreover,

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1 ≤

p
∑

jq1=0

p
∑

jq2=0

. . .

p
∑

jqk=0

C2
jk...j1 ≤

≤
∞∑

j1,...,jk=0

C2
jk...j1 <∞.

Then the following limit

lim
p→∞

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1

=
∞∑

jql ,...,jqk=0

C2
jk...j1

exists.
Let pl, . . . , pk simultaneously tend to infinity. Then g, r → ∞, where g = min{pl, . . . , pk} and

r = max{pl, . . . , pk}. Moreover,

g
∑

jql=0

. . .

g
∑

jqk=0

C2
jk...j1 ≤

pl∑

jql=0

. . .

pk∑

jqk=0

C2
jk...j1 ≤

r∑

jql=0

. . .

r∑

jqk=0

C2
jk...j1 .

This means that the existence of the limit

(92) lim
p→∞

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1

implies the existence of the limit

(93) lim
pl,...,pk→∞

pl∑

jql=0

. . .

pk∑

jqk=0

C2
jk...j1

and equality of limits (92) and (93).
Taking into account the above reasoning, we have

lim
p,q→∞

q
∑

jql=0

p
∑

jql+1
=0

. . .

p
∑

jqk=0

C2
jk...j1 = lim

p→∞

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1 =

(94) = lim
pl,...,pk→∞

pl∑

jql=0

. . .

pk∑

jqk=0

C2
jk...j1

.

Since the limit
∞∑

j1,...,jk=0

C2
jk...j1
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exists (see the Parseval equality (87)), then from Proposition 1 we have

∞∑

jq1=0

∞∑

jq2 ,...,jqk=0

C2
jk...j1 = lim

q→∞
lim
p→∞

q
∑

jq1=0

p
∑

jq2=0

. . .

p
∑

jqk=0

C2
jk...j1 =

(95) = lim
q,p→∞

q
∑

jq1=0

p
∑

jq2=0

. . .

p
∑

jqk=0

C2
jk...j1 =

∞∑

j1,...,jk=0

C2
jk...j1 .

Using (94) and Proposition 1, we get

∞∑

jq2=0

∞∑

jq3 ,...,jqk=0

C2
jk...j1 = lim

q→∞
lim
p→∞

q
∑

jq2=0

p
∑

jq3=0

. . .

p
∑

jqk=0

C2
jk...j1 =

(96) = lim
q,p→∞

q
∑

jq2=0

p
∑

jq3=0

. . .

p
∑

jqk=0

C2
jk...j1

=

∞∑

jq2 ,...,jqk=0

C2
jk...j1

.

Combining (96) and (95), we obtain

∞∑

jq1=0

∞∑

jq2=0

∞∑

jq3 ,...,jqk=0

C2
jk...j1 =

∞∑

j1,...,jk=0

C2
jk ...j1 .

Repeating the above reasoning, we complete the proof of Lemma 1.
Further, let us show that for s = 1, . . . , k

∞∑

j1=0

. . .
∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .
∞∑

jk=0

C2
jk...j1

=

(97) =

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1

.

Using the arguments which we used when proving Lemma 1, we have

lim
n→∞

n∑

j1=0

. . .
n∑

js−1=0

p
∑

js=0

n∑

js+1=0

. . .
n∑

jk=0

C2
jk...j1

=

(98) =

p
∑

js=0

∞∑

j1,...,js−1,js+1,...,jk=0

C2
jk...j1

=

p
∑

js=0

∞∑

jq1=0

. . .

∞∑

jqk−1
=0

C2
jk...j1

for any permutation (q1, . . . , qk−1) such that {q1, . . . , qk−1} = {1, . . . , s − 1, s+ 1, . . . , k}, where p is
a fixed natural number.
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Obviously, we have

p
∑

js=0

∞∑

jq1=0

. . .

∞∑

jqk−1
=0

C2
jk...j1 =

∞∑

jq1=0

. . .

p
∑

js=0

. . .

∞∑

jqk−1
=0

C2
jk...j1 = . . . =

(99) =

∞∑

jq1=0

. . .

∞∑

jqk−1
=0

p
∑

js=0

C2
jk...j1

.

Using (98), (99), and Lemma 1, we obtain

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk ...j1 =

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk ...j1−

−
∞∑

j1=0

. . .

∞∑

js−1=0

p
∑

js=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk ...j1 =

=

∞∑

js=0

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 −

p
∑

js=0

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk ...j1 =

=

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 .

The equality (97) is proved.
Applying the Parseval equality and Lemma 1, we obtain

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 =

=

∞∑

j1,...,jk=0

C2
jk...j1

−
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

=

=
∞∑

j1=0

. . .
∞∑

jk=0

C2
jk...j1

−
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

=

=

p
∑

j1=0

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1 +

∞∑

j1=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1 −

p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 =

=

p
∑

j1=0

p
∑

j2=0

∞∑

j3=0

. . .

∞∑

jk=0

C2
jk...j1 +

p
∑

j1=0

∞∑

j2=p+1

∞∑

j3=0

. . .

∞∑

jk=0

+
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+

∞∑

j1=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1

−
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

= . . . =

=

∞∑

j1=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1 +

p
∑

j1=0

∞∑

j2=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1+

+

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

∞∑

j4=0

. . .
∞∑

jk=0

C2
jk...j1

+ . . .+

p
∑

j1=0

. . .

p
∑

jk−1=0

∞∑

jk=p+1

C2
jk ...j1

≤

≤
∞∑

j1=p+1

∞∑

j2=0

. . .
∞∑

jk=0

C2
jk...j1

+
∞∑

j1=0

∞∑

j2=p+1

∞∑

j2=0

. . .
∞∑

jk=0

C2
jk...j1

+

+

∞∑

j1=0

∞∑

j2=0

∞∑

j3=p+1

∞∑

j4=0

. . .

∞∑

jk=0

C2
jk...j1 + . . .+

∞∑

j1=0

. . .

∞∑

jk−1=0

∞∑

jk=p+1

C2
jk ...j1 =

(100) =

k∑

s=1





∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1



 .

Note that deriving (100), we used the following

p
∑

j1=0

. . .

p
∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1

≤

≤
m1∑

j1=0

. . .

ms−1∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 ≤

≤ lim
ms−1→∞

m1∑

j1=0

. . .

ms−1∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .
∞∑

jk=0

C2
jk...j1

=

=

m1∑

j1=0

. . .

ms−2∑

js−2=0

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 ≤

≤ . . . ≤

≤
∞∑

j1=0

. . .
∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .
∞∑

jk=0

C2
jk...j1

,

where m1, . . . ,ms−1 > p.
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Denote

Cjs...j1(τ) =

τ∫

t

φjs(ts)ψs(ts) . . .

t2∫

t

φj1 (t1)ψ1(t1)dt1 . . . dts,

where s = 1, . . . , k − 1.
Let us remind the Dini Theorem, which we will use further.

Theorem (Dini). Let the functional sequence un(x) be non-decreasing at each point of the interval

[a, b]. In addition, all the functions un(x) of this sequence and the limit function u(x) are continuous

on the interval [a, b]. Then the convergence un(x) to u(x) is uniform on the interval [a, b].

For s < k due to the Parseval equality and Dini Theorem as well as (97) we obtain

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 =

(97)
=

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 =

(Parseval Eq.)
=

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−1=0

T∫

t

ψ2
k(tk)

(
Cjk−1...j1(tk)

)2
dtk =

(Dini Th.)
=

∞∑

js=p+1

∞∑

js−1=0

. . .
∞∑

j1=0

∞∑

js+1=0

. . .
∞∑

jk−2=0

T∫

t

ψ2
k(tk)

∞∑

jk−1=0

(
Cjk−1...j1(tk)

)2
dtk =

(Parseval Eq.)
=

∞∑

js=p+1

∞∑

js−1=0

. . .
∞∑

j1=0

∞∑

js+1=0

. . .
∞∑

jk−2=0

T∫

t

ψ2
k(tk)

tk∫

t

ψ2
k−1(tk−1)

(
Cjk−2...j1(tk−1)

)2 ×

×dtk−1dtk ≤

≤ C

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−2=0

T∫

t

(
Cjk−2...j1(τ)

)2
dτ =

(Dini Th.)
= C

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−3=0

T∫

t

∞∑

jk−2=0

(
Cjk−2...j1(τ)

)2
dτ =
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(Parseval Eq.)
= C

∞∑

js=p+1

∞∑

js−1=0

. . .
∞∑

j1=0

∞∑

js+1=0

. . .
∞∑

jk−3=0

T∫

t

τ∫

t

ψ2
k−2(θ)

(
Cjk−3...j1(θ)

)2
dθdτ ≤

≤ K

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−3=0

T∫

t

(
Cjk−3...j1(τ)

)2
dτ ≤

≤ . . . ≤

≤ Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

T∫

t

(Cjs...j1(τ))
2
dτ =

(101)
(Dini Th.)

= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j2=0

T∫

t

∞∑

j1=0

(Cjs...j1(τ))
2
dτ,

where constants C, K depend on T − t and constant Ck depends on k and T − t.
Let us explane more precisely how we obtain (101). For any function g(s) ∈ L2([t, T ]) we have the

following Parseval equality

∞∑

j=0





τ∫

t

φj(s)g(s)ds





2

=

∞∑

j=0





T∫

t

1{s<τ}φj(s)g(s)ds





2

=

(102) =

T∫

t

(
1{s<τ}

)2
g2(s)ds =

τ∫

t

g2(s)ds.

The equality (102) has been applied repeatedly when we obtaining (101). Using the integration
order replacement in Riemann integrals, we have

Cjs...j1(τ) =

τ∫

t

φjs(ts)ψs(ts) . . .

t2∫

t

φj1(t1)ψ1(t1)dt1 . . . dts =

=

τ∫

t

φj1(t1)ψ1(t1)

τ∫

t1

φj2(t2)ψ2(t2) . . .

τ∫

ts−1

φjs(ts)ψs(ts)dts . . . dt2dt1
def
=

def
= C̃js...j1(τ).

For l = 1, . . . , s we will use the following notation
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C̃js...jl(τ, θ) =

τ∫

θ

φjl(tl)ψl(tl)

τ∫

tl

φjl+1
(tl+1)ψl+1(tl+1) . . .

τ∫

ts−1

φjs(ts)ψs(ts)dts . . . dtl+1dtl.

Applying the Parseval equality and Dini Theorem, from (101) we obtain

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1

≤

≤ Ck

∞∑

js=p+1

∞∑

js−1=0

. . .
∞∑

j2=0

T∫

t

∞∑

j1=0

(Cjs...j1(τ))
2 dτ =

= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j2=0

T∫

t

∞∑

j1=0

(

C̃js...j1(τ)
)2

dτ =

(103)
(Parseval Eq.)

= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j2=0

T∫

t

τ∫

t

ψ2
1(t1)

(

C̃js...j2(τ, t1)
)2

dt1dτ =

(104)
(Dini Th.)

= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j3=0

T∫

t

τ∫

t

ψ2
1(t1)

∞∑

j2=0

(

C̃js...j2(τ, t1)
)2

dt1dτ =

(Parseval Eq.)
= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j3=0

T∫

t

τ∫

t

ψ2
1(t1)

τ∫

t1

ψ2
2(t2)

(

C̃js...j3(τ, t2)
)2

dt2dt1dτ ≤

≤ Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j3=0

T∫

t

τ∫

t

ψ2
1(t1)

τ∫

t

ψ2
2(t2)

(

C̃js...j3(τ, t2)
)2

dt2dt1dτ ≤

≤ C
′

k

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j3=0

T∫

t

τ∫

t

ψ2
2(t2)

(

C̃js...j3(τ, t2)
)2

dt2dτ ≤

≤ . . . ≤
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≤ C
′′

k

∞∑

js=p+1

T∫

t

τ∫

t

ψ2
s−1(ts−1)

(

C̃js(τ, ts−1)
)2

dts−1dτ ≤

(105) ≤ C̃k

∞∑

js=p+1

T∫

t

τ∫

t





τ∫

u

φjs(θ)ψs(θ)dθ





2

dudτ,

where constants C
′

k, C
′′

k , C̃k depend on k and T − t.
Let us explane more precisely how we obtain (105). For any function g(s) ∈ L2([t, T ]) we have the

following Parseval equality

∞∑

j=0





τ∫

θ

φj(s)g(s)ds





2

=

∞∑

j=0





T∫

t

1{θ<s<τ}φj(s)g(s)ds





2

=

(106) =

T∫

t

(
1{θ<s<τ}

)2
g2(s)ds =

τ∫

θ

g2(s)ds.

The equality (106) has been applied repeatedly when we obtaining (105). Let us explane more
precisely the passing from (103) to (104) (the same steps were used when we were deriving (105)).

We have

T∫

t

τ∫

t

ψ2
1(t1)

∞∑

j2=0

(

C̃js...j2(τ, t1)
)2

dt1dτ −
n∑

j2=0

T∫

t

τ∫

t

ψ2
1(t1)

(

C̃js...j2(τ, t1)
)2

dt1dτ =

=

T∫

t

τ∫

t

ψ2
1(t1)

∞∑

j2=n+1

(

C̃js...j2(τ, t1)
)2

dt1dτ =

(107) = lim
N→∞

N−1∑

j=0

τj∫

t

ψ2
1(t1)

∞∑

j2=n+1

(

C̃js...j2(τj , t1)
)2

dt1∆τj ,

where {τj}Nj=0 is the partition of the interval [t, T ], which satisfies the condition (5).
Since the non-decreasing functional sequence un(τj , t1) and its limit function u(τj , t1) are continuous

on the interval [t, τj ] ⊆ [t, T ] with respect to t1, where

un(τj , t1) =

n∑

j2=0

(

C̃js...j2(τj , t1)
)2

,

u(τj , t1) =
∞∑

j2=0

(

C̃js...j2(τj , t1)
)2

=

τj∫

t1

ψ2
2(t2)

(

C̃js...j3(τj , t2)
)2

dt2,
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then by Dini Theorem we have the uniform convergence of un(τj , t1) to u(τj , t1) at the interval
[t, τj ] ⊆ [t, T ] with respect to t1. As a result, we obtain

(108)

∞∑

j2=n+1

(

C̃js...j2(τj , t1)
)2

< ε, t1 ∈ [t, τj ]

for n > N(ε) (N(ε) exists for any ε > 0 and it does not depend on t1).
From (107) and (108) we get

lim
N→∞

N−1∑

j=0

τj∫

t

ψ2
1(t1)

∞∑

j2=n+1

(

C̃js...j2(τj , t1)
)2

dt1∆τj ≤ ε lim
N→∞

N−1∑

j=0

τj∫

t

ψ2
1(t1)dt1∆τj =

(109) = ε

T∫

t

τ∫

t

ψ2
1(t1)dt1dτ.

From (109) we have

lim
n→∞

T∫

t

τ∫

t

ψ2
1(t1)

∞∑

j2=n+1

(

C̃js...j2(τ, t1)
)2

dt1dτ = 0.

This fact completes the proof of passing from (103) to (104).
Let us estimate the integral

(110)

τ∫

u

φjs(θ)ψs(θ)dθ

from (105) for the case when {φj(s)}∞j=0 is a complete orthonormal system of Legendre polynomials
or trigonometric functions in the space L2([t, T ]).

Note that the estimates for the integral

(111)

τ∫

t

φj(θ)ψ(θ)dθ, j ≥ p+ 1

have been obtained in [22], [31], where ψ(θ) is a continuously differentiable function on the interval
[t, T ]. The same estimates can also be found in early publications [10]-[12], [17] or in [13]-[16] (2020-
2023).

Let us estimate the integral (110) using the approach from [22], [31]. First consider the case of
Legendre polynomials. Then φj(s) looks as follows

(112) φj(θ) =

√

2j + 1

T − t
Pj

((

θ − T + t

2

)
2

T − t

)

, j ≥ 0,

where Pj(x) is the Legendre polynomial.
Further, we have
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x∫

v

φj(θ)ψ(θ)dθ =

√
T − t

√
2j + 1

2

z(x)∫

z(v)

Pj(y)ψ(u(y))dy =

=

√
T − t

2
√
2j + 1

(

(Pj+1(z(x))− Pj−1(z(x)))ψ(x) − (Pj+1(z(v))− Pj−1(z(v)))ψ(v)−

(113) −T − t

2

z(x)∫

z(v)

((Pj+1(y)− Pj−1(y))ψ
′(u(y))dy

)

,

where x, v ∈ (t, T ), j ≥ p+ 1, u(y) and z(x) are defined by the following relations

u(y) =
T − t

2
y +

T + t

2
, z(x) =

(

x− T + t

2

)
2

T − t
,

ψ′ is a derivative of the function ψ(θ) with respect to the variable u(y).
Note that in (113) we used the following well-known property of the Legendre polynomials

dPj+1

dx
(x) − dPj−1

dx
(x) = (2j + 1)Pj(x), j = 1, 2, . . .

From (113) and the well-known estimate for the Legendre polynomials

(114) |Pj(y)| <
K√

j + 1(1− y2)1/4
, y ∈ (−1, 1), j ∈ N,

where constant K does not depend on y and j, it follows that

(115)

∣
∣
∣
∣
∣
∣

x∫

v

φj(θ)ψ(θ)dθ

∣
∣
∣
∣
∣
∣

<
C

j

(

1

(1− (z(x))2)1/4
+

1

(1− (z(v))2)1/4
+ C1

)

,

where constants C,C1 do not depend on j (j > 0) and z(x), z(v) ∈ (−1, 1), x, v ∈ (t, T ).
From (115) we obtain

(116)





x∫

v

φj(θ)ψ(θ)dθ





2

<
C2

j2

(

1

(1− (z(x))2)1/2
+

1

(1− (z(v))2)1/2
+ C3

)

,

where constants C2, C3 do not depend on j (j > 0).
Let us apply (116) for estimation of the right-hand side of (105). We have
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T∫

t

τ∫

t





τ∫

u

φjs(θ)ψs(θ)dθ





2

dudτ ≤

≤ K1

j2s





1∫

−1

dy

(1− y2)
1/2

+

1∫

−1

x∫

−1

dy

(1− y2)
1/2

dx+K2



 ≤

(117) ≤ K3

j2s
,

where constants K1,K2,K3 are independent of js (js > 0).
Now consider the trigonometric case. The complete orthonormal system of trigonometric functions

in the space L2([t, T ]) has the following form

(118) φj(θ) =
1√
T − t







1, j = 0

√
2sin (2πr(θ − t)/(T − t)) , j = 2r − 1

√
2cos (2πr(θ − t)/(T − t)) , j = 2r

,

where r = 1, 2, . . .
Using the system of functions (118), we have

x∫

v

φ2r−1(θ)ψ(θ)dθ =

√

2

T − t

x∫

v

sin
2πr(θ − t)

T − t
ψ(θ)dθ =

= −
√

T − t

2

1

πr

(

ψ(x)cos
2πr(x − t)

T − t
− ψ(v)cos

2πr(v − t)

T − t
−

(119) −
x∫

v

cos
2πr(θ − t)

T − t
ψ′(θ)dθ

)

,

x∫

v

φ2r(θ)ψ(θ)dθ =

√

2

T − t

x∫

v

cos
2πr(θ − t)

T − t
ψ(θ)dθ =

=

√

T − t

2

1

πr

(

ψ(x)sin
2πr(x − t)

T − t
− ψ(v)sin

2πr(v − t)

T − t
−

(120) −
x∫

v

sin
2πr(θ − t)

T − t
ψ′(θ)dθ

)

,
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where ψ′(θ) is a derivative of the function ψ(θ) with respect to the variable θ.
Combining (119) and (120), we obtain for the trigonometric case

(121)





x∫

v

φj(θ)ψ(θ)dθ





2

≤ C4

j2
,

where constant C4 is independent of j (j > 0).
From (121) we finally have

(122)

T∫

t

τ∫

t





τ∫

u

φjs(θ)ψs(θ)dθ





2

dudτ ≤ K4

j2s
,

where constant K4 does not depend on js (js > 0).
Combibing (105), (117), and (122), we obtain

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 ≤

(123) ≤ Lk

∞∑

js=p+1

1

j2s
≤ Lk

p
,

where constant Lk depends on k and T − t.
Obviously, the case s = k can be considered absolutely analogously to the case s < k. Then from

(100) and (123) we obtain

(124)

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

≤ Gk

p
,

where constant Gk depends on k and T − t.
For the further consideration we consider the following theorem.

Theorem 7 [3] (2007) (also see [4]-[17]). Under the conditions of Theorems 1, 3 the following

estimate is correct

M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2n
}

≤

≤ (k!)2n(n(2n− 1))n(k−1)(2n− 1)!! ×

(125) ×






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1






n
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for n ∈ N, where J [ψ(k)]p1,...,pk

T,t is the expression on the right-hand side of (48) before passing to the

limit, i.e.

J [ψ(k)]p1,...,pk

T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where i1, . . . , ik = 1, . . . ,m and the remainder notations are the same as in Theorems 1, 3.

Using (124) and Theorem 7 for the case p1 = . . . = pk = p and n = 2 (see (125)), we obtain

M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)4
}

≤

(126) ≤ C2,k






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1






2

≤ H2,k

p2
,

where H2,k = G2
kC2,k and

Cn,k = (k!)2n(n(2n− 1))n(k−1)(2n− 1)!!

Let us consider the the well-known fact.

Proposition 2. If for the sequence of random variables ξp and for some real α > 0 the number

series
∞∑

p=1

M {|ξp|α}

converges, then the sequence ξp converges to zero w. p. 1.

Let us put

ξp =

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

and α = 4.
Then from (126) we obtain

(127)
∞∑

p=1

M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)4
}

≤ H2,k

∞∑

p=1

1

p2
<∞.

From (127) we get
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J [ψ(k)]p,...,pT,t → J [ψ(k)]T,t if p→ ∞

w. p. 1, where (see Theorem 1)

J [ψ(k)]p,...,pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(128) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk

)

or (see (48))

J [ψ(k)]p,...,pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(129) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where i1, . . . , ik = 1, . . . ,m in (128) and (129). Theorem 6 is proved.

9. Mean-Square Approximation of Iterated Stratonovich Stochastic Integrals of

Multiplicities 1 to 6

This section is devoted to the mean-square approximation of iterated Stratonovich stochastic
integrals. We consider the adaptation of Theorems 1, 3 for iterated Stratonovich stochastic integrals
of multiplicities 1 to 6. Also we consider the question on the exact calculation of the mean-square
approximation errors for the following iterated Stratonovich stochastic integrals

I
∗(i1)
(0)T,t, I

∗(i1)
(1)T,t, I

∗(i1i2)
(00)T,t, I

∗(i1i2i3)
(000)T,t , i1, i2, i3 = 1, . . . ,m,

where

(130) I
∗(i1...ik)
(l1...lk)T,t =

∗T∫

t

(t− tk)
lk . . .

∗t2∫

t

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk

is the iterated Stratonovich stochastic integral; i1, . . . , ik = 1, . . . ,m; l1, . . . , lk = 0, 1, . . .
Let us first formulate some old results.

Theorem 8 [13], [22] (also see [6]-[12], [14]-[21], [23], [26], [28], [30], [31], [35], [37], [40]-[45],
[57], [58]). Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or
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trigonometric functions in the space L2([t, T ]). Moreover, ψ1(τ), ψ2(τ) are continuously differentiable

functions on [t, T ]. Then, for the iterated Stratonovich stochastic integral

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 (i1, i2 = 1, . . . ,m)

the following expansion

(131) J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

that converges in the mean-square sense is valid, where

(132) Cj2j1 =

T∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j.

Theorem 9 [13], [22] (also see [6]-[12], [14]-[21], [23], [26], [28], [30], [31], [37], [40]-[44], [57], [58]).
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or trigonometric

functions in the space L2([t, T ]). At the same time ψ2(τ) is a continuously differentiable nonrandom

function on [t, T ] and ψ1(τ), ψ3(τ) are twice continuously differentiable nonrandom functions on

[t, T ]. Then, for the iterated Stratonovich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

(133) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that converges in the mean-square sense is valid, where

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3
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and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j.

Theorem 10 [13], [22] (also see [7]-[12], [14]-[21], [23], [26], [28], [30], [31], [37], [40]-[44], [57], [58]).
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or trigonometric

functions in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic integral of fourth

multiplicity

J∗[ψ(4)]T,t =

∗∫

t

T ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 (i1, i2, i3, i4 = 0, 1, . . . ,m)

the following expansion

(134) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

that converges in the mean-square sense is valid, where

Cj4j3j2j1 =

T∫

t

φj4(t4)

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1 (t1)dt1dt2dt3dt4

and

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [13] (Sect. 2.10–2.16), [31] (Sect. 13–19), [36] (Sect. 5–11), [37]
(Sect. 7–13). Let us formulate four theorems that were obtained using this approach.

Theorem 11 [13], [31], [36], [37]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations
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(135) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(136) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (135) and i1, i2, i3 = 1, . . . ,m in (136), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorem 1.

Theorem 12 [13], [31], [36], [37]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ)
be continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich

stochastic integral of fourth multiplicity

(137) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(138) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(139) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (137), (138) and i1, . . . , i4 = 1, . . . ,m in (139), constant

C does not depend on p, ε is an arbitrary small positive real number for the case of complete

orthonormal system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete

orthonormal system of trigonometric functions in the space L2([t, T ]),
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Cj4j3j2j1 =

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 11.

Theorem 13 [13], [31], [36], [37]. Assume that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ)
are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich

stochastic integral of fifth multiplicity

(140) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(141) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(142) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (140), (141) and i1, . . . , i5 = 1, . . . ,m in (142), constant

C is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorem 11, 12.

Theorem 14 [13], [31], [36], [37]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(143) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6
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that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;

another notations are the same as in Theorems 11–13.

Consider the question on the exact calculation of the mean-square approximation errors for the
following iterated Stratonovich stochastic integrals

(144) I
∗(i1)
(0)T,t, I

∗(i1)
(1)T,t, I

∗(i1i2)
(00)T,t, I

∗(i1i2i3)
(000)T,t , i1, i2, i3 = 1, . . . ,m.

We assume that the stochastic integrals (144) are approximated using Theorems 1, 8, 9 and the

Legendre polynomial system. Since I
(i1)
(0)T,t = I

∗(i1)
(0)T,t, I

(i1)
(1)T,t = I

∗(i1)
(1)T,t w. p. 1, we can use the following

formulas (see (10) for the case of Legendre polynomilas)

I
(i1)
(0)T,t =

√
T − tζ

(i1)
0 ,

I
(i1)
(1)T,t = − (T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

to approximate the stochastic integrals I
∗(i1)
(0)T,t, I

∗(i1)
(1)T,t. In this case, we will have zero mean-square

approximation errors.

To approximate the iterated Stratonovich stochastic integral I
∗(i1i2)
(00)T,t we can use the formula (see

(37))

(145) I
∗(i1i2)p
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

p
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

.

The mean-square approximation error for (145) will be determined by the formula (38) (i1 6= i2).
For the case i1 = i2 we can use the well-known equality [62]

I
∗(i1i1)
(00)T,t =

T − t

2

(

ζ
(i1)
0

)2

w. p. 1.

Consider now the iterated Stratonovich stochastic integral I
∗(i1i2i3)
(000)T,t of multiplicity 3 (i1, i2, i3 =

1, . . . ,m). For the case of pairwise different i1, i2, i3 we can use the formula (39). In the case i1 =

i2 = i3, to approximate the stochastic integral I
∗(i1i1i1)
(000)T,t , we use the well-known equality [62]

I
∗(i1i1i1)
(000)T,t =

(T − t)3/2

6

(

ζ
(i1)
0

)3

w. p. 1.

Thus, it remains to consider the following three cases

(146) i1 = i2 6= i3,

(147) i1 6= i2 = i3,

(148) i1 = i3 6= i2.
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Taking into account the standard relations between Ito and Stratonovich stochastic integrals [62]
and Theorem 1 (the case k = 3) together with Theorem 9, we obtain

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)p
(000)T,t

)2
}

=

= M









I
(i1i2i3)
(000)T,t +

1

2
1{i1=i2}

T∫

t

τ∫

t

dsdf (i3)τ +
1

2
1{i2=i3}

T∫

t

τ∫

t

df (i1)s dτ − I
∗(i1i2i3)p
(000)T,t





2






=

= M










I

(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t + I

(i1i2i3)p
(000)T,t + 1{i1=i2}

1

2

T∫

t

τ∫

t

dsdf (i3)τ +

(149) +1{i2=i3}
1

2

T∫

t

τ∫

t

df (i1)s dτ − I
∗(i1i2i3)p
(000)T,t





2






,

where I
(i1i2i3)
(000)T,t and I

(i1i2i3)p
(000)T,t are defined by the relations (43), (44). Moreover, I

∗(i1i2i3)p
(000)T,t has the form

(see Theorem 9)

(150) I
∗(i1i2i3)p
(000)T,t =

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

.

Substituting (44) and (150) into (149) yields

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)p
(000)T,t

)2
}

=

= M









I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t + 1{i1=i2}




1

2

T∫

t

τ∫

t

dsdf (i3)τ −
q
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3



+

(151) +1{i2=i3}




1

2

T∫

t

τ∫

t

df (i1)s dτ −
p
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1



− 1{i1=i3}

p
∑

j1,j2=0

Cj1j2j1ζ
(i2)
j2





2






.

Consider the case (146). From (151) we obtain

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)p
(000)T,t

)2
}

=
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(152) = M









I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t +

1

2

T∫

t

τ∫

t

dsdf (i3)τ −
p
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3





2






.

According to the formulas (17), (26), the quantity

I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t

includes only iterated Ito stochastic integrals of multiplicity 3. At the same time, the quantity

1

2

T∫

t

τ∫

t

dsdf (i3)τ −
p
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3

contains only iterated Ito stochastic integrals of multiplicity 1. This means that from (152) we get

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)p
(000)T,t

)2
}

= M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t

)2
}

+

(153) +M










1

2

T∫

t

(τ − t)df (i3)τ −
p
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3





2






.

The relation (40) implies that

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t

)2
}

=
(T − t)3

6
−

(154) −
p
∑

j1,j2,j3=0

C2
j3j2j1 −

p
∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1 ,

where i1 = i2 6= i3.
We have

M










1

2

T∫

t

(τ − t)df (i3)τ −
p
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3





2






=
1

4

T∫

t

(τ − t)2dτ−

(155) −
p
∑

j1,j3=0

Cj3j1j1

T∫

t

(τ − t)φj3 (τ)dτ +

p
∑

j3=0





p
∑

j1=0

Cj3j1j1





2

,

where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials in the space L2([t, T ]).
Using the orthogonality property of Legendre polynomials, we obtain
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(156)

T∫

t

(τ − t)φj3 (τ)dτ =
(T − t)3/2

2







1, j3 = 0

1/
√
3, j3 = 1

0, j3 ≥ 2

.

Combining (153)–(156), we get

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)p
(000)T,t

)2
}

=
(T − t)3

4
−

p
∑

j1,j2,j3=0

C2
j3j2j1 −

p
∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1−

(157) − (T − t)3/2

2

p
∑

j1=0

(

C0j1j1 +
1√
3
C1j1j1

)

+

p
∑

j3=0





p
∑

j1=0

Cj3j1j1





2

,

where i1 = i2 6= i3.
Consider the case (147). From (151) we obtain

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)p
(000)T,t

)2
}

=

= M









I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t +

1

2

T∫

t

τ∫

t

df (i1)s dτ −
p
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1





2






=

= M









I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t +

1

2

T∫

t

(T − s)df (i1)s −
p
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1





2






=

= M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t

)2
}

+

+M










1

2

T∫

t

(T − s)df (i1)s −
p
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1





2






=

= M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t

)2
}

+

+
1

4

T∫

t

(T − s)2ds−
p
∑

j1,j3=0

Cj3j3j1

T∫

t

(T − s)φj1 (s)ds+
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(158) +

p
∑

j1=0





p
∑

j3=0

Cj3j3j1





2

,

where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials in the space L2([t, T ]).

The relation (41) implies that

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t

)2
}

=
(T − t)3

6
−

(159) −
p
∑

j1,j2,j3=0

C2
j3j2j1 −

p
∑

j1,j2,j3=0

Cj2j3j1Cj3j2j1 ,

where i1 6= i2 = i3.
Moreover,

(160)

T∫

t

(T − s)φj1 (s)ds =
(T − t)3/2

2







1, j1 = 0

−1/
√
3, j1 = 1

0, j1 ≥ 2

.

Combining (158)–(160), we get

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)p
(000)T,t

)2
}

=
(T − t)3

4
−

p
∑

j1,j2,j3=0

C2
j3j2j1 −

p
∑

j1,j2,j3=0

Cj2j3j1Cj3j2j1−

(161) − (T − t)3/2

2

p
∑

j3=0

(

Cj3j30 −
1√
3
Cj3j31

)

+

p
∑

j1=0





p
∑

j3=0

Cj3j3j1





2

,

where i1 6= i2 = i3.
Consider the case (148). From (151) we obtain

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)p
(000)T,t

)2
}

=

= M









I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t −

q
∑

j1,j2=0

Cj1j2j1ζ
(i2)
j2





2






=

= M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t

)2
}

+M











p
∑

j1,j2=0

Cj1j2j1ζ
(i2)
j2





2






=
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(162) = M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t

)2
}

+

p
∑

j2=0





p
∑

j1=0

Cj1j2j1





2

.

The relation (42) implies that

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)p
(000)T,t

)2
}

=
(T − t)3

6
−

(163) −
p
∑

j1,j2,j3=0

C2
j3j2j1 −

p
∑

j1,j2,j3=0

Cj3j2j1Cj1j2j3 ,

where i1 = i3 6= i2.
Combining (162) and (163), we obtain

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)p
(000)T,t

)2
}

=
(T − t)3

6
−

p
∑

j1,j2,j3=0

C2
j3j2j1 −

p
∑

j1,j2,j3=0

Cj3j2j1Cj1j2j3+

(164) +

p
∑

j2=0





p
∑

j1=0

Cj1j2j1





2

,

where i1 = i3 6= i2.
Thus, the exact calculaton of the mean-square approximation error for the iterated Stratonovich

stochastic integral I
∗(i1i2i3)
(000)T,t (i1, i2, i3 = 1, . . . ,m) is given by the formulas (39), (157), (161), and

(164).
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EXPANSION OF ITERATED STOCHASTIC INTEGRALS WITH RESPECT TO

MARTINGALE POISSON MEASURES AND WITH RESPECT TO

MARTINGALES BASED ON GENERALIZED MULTIPLE FOURIER SERIES

DMITRIY F. KUZNETSOV

Abstract. We consider some versions and generalizations of the approach to the expansion
of iterated Ito stochastic integrals of arbitrary multiplicity k (k ∈ N) based on generalized
multiple Fourier series. Expansions of iterated stochastic integrals with respect to mar-
tingale Poisson measures and with respect to martingales were obtained. For the iterated
stochastic integrals with respect to martingales, we have proved a theorem which gives a
generalization of the expansion for iterated Ito stochastic integrals of arbitrary multiplicity
based on generalized multiple Fourier series. Also we consider a modification of the men-
tioned expansion of iterated Ito stochastic integrals for the case of complete orthonormal
with weight r(t1) . . . r(tk) ≥ 0 systems of functions in the space L2([t, T ]

k). Mean-square
convergence of the considered expansions is proved. An example of the expansion of iterated
(double) stochastic integrals with respect to martingales using the system of Bessel functions
is considered.
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1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a non-decreasing right-
continous family of σ-algebras of F, and let ft be a standard m-dimensional Wiener stochastic process

which is Ft-measurable for any t ∈ [0, T ]. We assume that the components f
(i)
t (i = 1, . . . ,m) of this

process are independent. Consider an Ito stochastic differential equation (SDE) in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying the equation (1). The non-random func-
tions a : Rn × [0, T ] → R

n, B : Rn × [0, T ] → R
n×m guarantee the existence and uniqueness up to

stochastic equivalence of a solution of the equation (1) [1]. The second integral on the right-hand side
of (1) is interpreted as an Ito stochastic integral. Let x0 be an n-dimensional random variable which

is F0-measurable and M

{

|x0|2
}

< ∞ (M denotes a mathematical expectation). We assume that x0

and ft − f0 are independent when t > 0.
It is well known [2]-[5] that Ito SDEs are adequate mathematical models of dynamic systems under

the influence of random disturbances. One of the effective approaches to the numerical integration
of Ito SDEs is an approach based on the Taylor–Ito and Taylor–Stratonovich expansions [2]-[17].
The most important feature of such expansions is a presence in them of the so-called iterated Ito
and Stratonovich stochastic integrals which play the key role for solving the problem of numerical
integration of Ito SDEs and have the following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

(3) J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

where every ψl(τ) (l = 1, . . . , k) is a non-random function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m,
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∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively (in (3), we use the definition of the
Stratonovich stochastic integral from [2]).

Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in [2]-[7]. At the same time
ψl(τ) ≡ (t− τ)ql (l = 1, . . . , k, q1, . . . , qk = 0, 1, 2, . . .) and i1, . . . , ik = 1, . . . ,m in [8]-[17].

The problem of effective jointly numerical modeling (with respect to the mean-square convergence
criterion) of iterated Ito and Stratonovich stochastic integrals (2) and (3) is difficult from theoretical
and computing point of view [2]-[5], [10]-[61].

The only exception is connected with a narrow particular case, when i1 = . . . = ik 6= 0 and
ψ1(τ), . . . , ψk(τ) ≡ ψ(τ). This case can be investigated using the Ito formula [2]-[4].

Note that even for the mentioned coincidence (i1 = . . . = ik 6= 0) but for different functions
ψ1(τ), . . . , ψk(τ) the mentioned difficulties persist. As a result, relatively simple families of iterated
Ito and Stratonovich stochastic integrals, which can be often met in the applications, can not be
represented effectively in a finite form (with respect to the mean-square criterion of approximation)
using the system of standard Gaussian random variables.

Usually, approaches to the expansion of iterated stochastic integrals (2) and (3) are based on the
expansion of the Wiener process.

For example, in [3] (also see [2], [4]) Milstein G.N. proposed to expand (2) or (3) (the case k = 2
and i1 6= i2; i1, i2 = 1, . . . ,m) into the iterated series of products of standard Gaussian random
variables by representing the Brownian bridge process as a trigonometric Fourier series with ran-
dom coefficients (the version of the so-called Karhunen–Loeve expansion). To obtain the Milstein
expansion of (2) or (3), the truncated Fourier expansions of components of the Wiener process fτ
must be iteratively substituted in the single integrals, and the integrals must be calculated, starting
from the innermost integral. The above procedure leads to iterated application of the operation of
limit transition and does not lead to a general expansion of (2) or (3) which is valid for an arbitrary
multiplicity k. For this reason, only expansions of single, double, and triple stochastic integrals were
presented in [2] (k = 1, 2, 3) and in [3], [4] (k = 1, 2) for the simplest case ψ1(τ), ψ2(τ), ψ3(τ) ≡ 1;
i1, i2, i3 = 0, 1, . . . ,m. Moreover, generally speaking, the convergence of approximations to the ap-
propriate stochastic integrals (3) is not proved rigorously for k = 3 in [2] (Sect. 5.8, pp. 202–204), [5]
(pp. 82–84), [62] (pp. 438–439), [63] (pp. 263–264) (see [15]-[18] (Sect. 6.2), [43], [45]-[48] for details).

Note that in [60], [61] a method for the expansion of double [60], [61] and triple [60] Ito stochastic
integrals (2) (k = 2, 3; ψ1(τ), ψ2(τ), ψ3(τ) ≡ 1; i1, i2, i3 = 0, 1, . . . ,m) based on the expansion of the
Wiener process using Haar functions [61] and trigonometric functions [60], [61] has been considered.
The restrictions of this method [60], [61] are also connected with the iterated application of the
operation of limit transition at least starting from the second or third multiplicity of iterated stochastic
integrals.

A more effective and general approach to the expansion of iterated Ito stochastic integrals (2) of
arbitrary multiplicity k (k ∈ N) based on generalized multiple Fourier series (converging in the sense
of norm in Hilbert space L2([t, T ]

k)) was proposed and developed by the author of this paper in [10]
(2006) (also see [11]-[36], [41]-[50], [52]-[55]). Hereinafter, this method is referred to as the method of
generalized multiple Fourier series. As it turned out, the method of generalized multiple Fourier series
can be adapted for the iterated Stratonovich stochastic integrals (3) at least for the multiplicities 1
to 6 [11]-[18], [23]-[25], [31], [37], [38], [42], [47]-[49], [51], [54], [57], [58]. Expansions of these iterated
Stratonovich stochastic integrals turned out simpler than the appropriate expansions for the iterated
Ito stochastic integrals (2).

The problem of iterated application of the operation of limit transition (see above) not appears in
the method of generalized multiple Fourier series [10]-[36], [41]-[50], [52]-[55]. The idea of this method
is as follows: the iterated Ito stochastic integral (2) of multiplicity k is represented as the multiple
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4 D.F. KUZNETSOV

stochastic integral from the certain discontinuous non-random function of k variables defined on the
hypercube [t, T ]k, where [t, T ] is the interval of integration of the iterated Ito stochastic integral
(2). Then, the indicated non-random function is expanded in the hypercube into the generalized
multiple Fourier series converging in the mean-square sense in the space L2([t, T ]

k). After a number
of nontrivial transformations we come (see Theorems 1, 2 below) to the mean-square convergening
expansion of the iterated Ito stochastic integral (2) into the multiple series of products of standard
Gaussian random variables. The coefficients of this series are the coefficients of the generalized
multiple Fourier series for the mentioned non-random function of k variables which can be calculated
using the explicit formula regardless of the multiplicity k of the iterated Ito stochastic integral (2).
Recall that this method is referred to as the method of generalized multiple Fourier series.

Thus, we obtain the following new and useful possibilities of the method of generalized multiple
Fourier series.

1. There is the explicit formula (see (6)) for calculation of expansion coefficients of the iterated
Ito stochastic integral (2) with any fixed multiplicity k.

2. We have new possibilities for exact calculation of the mean-square approximation error of the
iterated Ito stochastic integral (2) of arbitrary multiplicity k [12]-[18], [26], [44].

3. Since the used multiple Fourier series is a generalized in the sense that it is constructed using
various complete orthonormal systems of functions in the space L2([t, T ]), then we have new pos-
sibilities for approximation — we can use not only the trigonometric functions as in [2]-[4] but the
Legendre polynomials.

4. As it turned out [10]-[36], [41]-[50], [52]-[55] it is more convenient to work with the Legendre
polynomials for constructing the approximations of the iterated Ito stochastic integrals (2). Ap-
proximations based on the Legendre polynomials essentially simpler than their analogues based on
the trigonometric functions. Another advantages of the application of Legendre polynomials in the
framework of the mentioned problem are considered in [15]-[18], [30], [41].

5. The approach based on the Karhunen–Loeve expansion of the Brownian bridge process as well
as the approach from [60], [61] lead to iterated application of the operation of limit transition (the
operation of limit transition is implemented only once in Theorems 1, 2 (see below)) starting from
the second multiplicity (in the general case) and third multiplicity (for the case ψ1(τ), ψ2(τ), ψ3(τ) ≡
1; i1, i2, i3 = 1, . . . ,m) of iterated Ito stochastic integrals. Multiple series (the operation of limit
transition is implemented only once) are more convenient for approximation than the iterated ones
(iterated application of the operation of limit transition), since partial sums of multiple series converge
for any possible case of convergence to infinity of their upper limits of summation (let us denote them
as p1, . . . , pk). For example, when p1 = . . . = pk = p → ∞. For iterated series, the condition
p1 = . . . = pk = p→ ∞ obviously does not guarantee the convergence of this series.

However, in [2] (Sect. 5.8, pp. 202–204), [5] (pp. 82–84), [62] (pp. 438–439), [63] (pp. 263–264)
the authors use (without rigorous proof) the condition p1 = p2 = p3 = p → ∞ within the frames
of the mentioned approach based on the Karhunen–Loeve expansion of the Brownian bridge process
[3] together with the Wong–Zakai approximation [64]-[66] (see [15]-[18] (Sect. 6.2), [43], [45]-[48] for
details).

The method of generalized multiple Fourier series allows some generalizations and modifications
in several directions.

Recently, the method of generalized multiple Fourier series (see Theorems 1, 2 below) was applied
to the expansion and mean-square approximation of iterated stochastic integrals with respect to the
infinite-dimensional Q-Wiener process [15]-[18] (Chapter 7), [32]-[35]. These results can be directly
applied to the construction of high-order strong numerical methods for non-commutative semilin-
ear stochastic partial differential equations with non-linear multiplicative trace class noise [15]-[18]
(Chapter 7), [32]-[35].

In this article, we demonstrate that the method of generalized multiple Fourier series is essentially
general and allows some transformations for other types of iterated stochastic integrals. We will
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consider versions of the method of generalized multiple Fourier series for iterated stochastic inte-
grals with respect to martingale Poisson measures and for iterated stochastic integrals with respect
to martingales. The mentioned results are sufficiently natural according to general properties of
martingales.

In Sect. 2, we formulate Theorem 1 on expansion of the iterated Ito stochastic integrals (2) of
arbitrary multiplicity k based on generalized multiple Fourier series (method of generalized multiple
Fourier series) [10]-[36], [41]-[50], [52]-[55]. Sect. 3 is devoted to a generalization of Theorem 1 for
the case of an arbitrary complete orthonormal system of functions in the space L2([t, T ]) and ψ1(τ),
. . . , ψk(τ) ∈ L2([t, T ]). In Sect. 4, we define the stochastic integral with respect to the martingale
Poisson measure and consider some properties of this integral. Sect. 5 is devoted to a version of
Theorem 1 for the iterated stochastic integrals with respect to martingale Poisson measures. In
Sect. 6, we consider a generalization of Theorem 1 for the case of iterated stochastic integrals with
respect to martingales. Sect. 7 is devoted to versions of Theorems 1, 2 for the case of complete
orthonormal with weight r(t1) . . . r(tk) ≥ 0 systems of functions in the space L2([t, T ]

k). In Sect. 8,
we consider one modification of theorems from Sect. 6 and 7. Sect. 9 is devoted to an example of the
application of results from Sect. 8.

We will say that the function f(x) : [t, T ] → R
1 satisfies the condition (⋆), if it is continuous at

the interval [t, T ] except may be for the finite number of points of the finite discontinuity as well as it

is right-continuous at the interval [t, T ].

Let us suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space
L2([t, T ]), each function φj(x) of which for finite j satisfies the condition (⋆).

It is clear that complete orthonormal systems {φj(x)}∞j=0 of continuous functions in the space
L2([t, T ]) satisfy the condition (⋆).

Let us consider some examples of systems satisfying the condition (⋆).

Example 1. The system of Legendre polynomials

(4) φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

, j = 0, 1, 2, . . . , x ∈ [t, T ],

where Pj(y), y ∈ [−1, 1] is the Legendre polynomial

Pj(y) =
1

2jj!

dj

dyj
(
y2 − 1

)j
.

Example 2. The system of trigonometric functions

φj(x) =
1√
T − t







1, j = 0

√
2sin (2πr(x − t)/(T − t)) , j = 2r − 1

√
2cos (2πr(x − t)/(T − t)) , j = 2r

,

where x ∈ [t, T ], r = 1, 2, . . .

Example 3. The system of Haar functions

φ0(x) =
1√
T − t

, φnj(x) =
1√
T − t

ϕnj

(
x− t

T − t

)

, x ∈ [t, T ],
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where n = 0, 1, . . . , j = 1, 2, . . . , 2n, and the functions ϕnj(x) have the following form

ϕnj(x) =







2n/2, x ∈ [(j − 1)/2n, (j − 1)/2n + 1/2n+1)

−2n/2, x ∈ [(j − 1)/2n + 1/2n+1, j/2n)

0, otherwise

,

where n = 0, 1, . . . , j = 1, 2, . . . , 2n (we choose the values of Haar functions in the points of discon-
tinuity in order they will be right-continuous).

Example 4. The system of Rademacher–Walsh functions

φ0(x) =
1√
T − t

,

φm1...mk
(x) =

1√
T − t

ϕm1

(
x− t

T − t

)

. . . ϕmk

(
x− t

T − t

)

, x ∈ [t, T ],

where 0 < m1 < . . . < mk, m1, . . . ,mk = 1, 2, . . . , k = 1, 2, . . . ,

ϕm(x) = (−1)[2
mx],

x ∈ [0, 1], m = 1, 2, . . . , [y] is an integer part of a real number y.

2. Method of Expansion of Iterated Ito Stochastic Integrals of Arbitrary

Multiplicity Based on Generalized Multiple Fourier Series Converging in the

Mean

Suppose that every ψl(τ) (l = 1, . . . , k) is a non-random function from the space L2([t, T ]). Define
the following function on the hypercube [t, T ]k

(5) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation it is well known that the

generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in the

hypercube [t, T ]k in the mean-square sense, i.e.
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lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(6) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk,

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

(7) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [10] (2006), [11]-[36], [41]-[50], [52]-[55]. Suppose that every ψl(τ) (l = 1, . . . , k) is

a continuous non-random function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of

functions in the space L2([t, T ]), each function of which for finite j satisfies the condition (⋆) (see
Sect. 1). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(8) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where J [ψ(k)]T,t is defined by (2),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(9) ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (6), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval

[t, T ] which satisfies the condition (7).

Let us consider transformed particular cases of Theorem 1 for k = 1, . . . , 5 [10]-[36], [41]-[50],
[52]-[55] (the cases k = 6 and 7 can be found in [11]-[17], [43])
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(10) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(11) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(12) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(13) +1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

239



EXPANSION OF ITERATED STOCHASTIC INTEGRALS 9

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(14) +1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

where 1A is the indicator of the set A.
The convergence in the mean of degree 2n (n ∈ N) is proved for approximations from Theorem 1

in [11]-[25], [43]. In [15]-[17], [43]-[45], the convergence with probability 1 (further w. p. 1) is proved
for expansions of iterated Ito stochastic integrals of arbitrary multiplicity k (k ∈ N) from Theorem 1
for the cases of Legendre polynomials and trigonometric functions.

As follows from Theorem 1, the expansion (8) is valid for discontinuous complete orthonormal
systems of functions in L2([t, T ]) satisfying the condition (⋆). For example, Theorem 1 is valid for
the system of Haar functions as well as for the system of Rademacher–Walsh functions [10]-[25], [43].

3. Generalization of Theorem 1 to the Case of an Arbitrary Complete

Orthonormal System of Functions in the Space L2([t, T ]) and ψ1(τ),
. . . , ψk(τ) ∈ L2([t, T ])

Consider a generalization of formulas (10)–(14) for the case of arbitrary multiplicity k of the
iterated Ito stochastic integrals (2). In order to do this, let us consider the unordered set {1, 2, . . . , k}
and separate it into two parts: the first part consists of r unordered pairs (sequence order of these
pairs is also unimportant) and the second one consists of the remaining k− 2r numbers. So, we have

(15) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where {g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k}, braces mean an unordered set, and paren-
theses mean an ordered set.

We will say that (15) is a partition and consider the sum with respect to all possible partitions

(16)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
,

where ag1g2,...,g2r−1g2r ,q1...qk−2r
∈ R.

Below there are several examples of sums in the form (16)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a12,34 + a13,24 + a23,14,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 = a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,
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∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 = a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 = a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2 + a52,34,1 + a53,24,1 + a54,23,1.

Let us consider a generalization of Theorem 1 for the case of an arbitrary complete orthonormal
systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [15] (Sect. 1.11), [36], [43] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and
{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(17) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x,
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same as in Theorem 1.

In particular from (17) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )
jq1

)

.

The last equality obviously agrees with (14).
It should be noted that an analogue of Theorem 2 (the case i1, . . . , ik = 1, . . . ,m) was considered

in [67] using the Hermite polynomials and Wick product. Note that we use another notations [15]
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(Sect. 1.11), [36], [43] (Sect. 15) in comparison with [67]. Moreover, the proof from [67] is different
from the proof given in [15] (Sect. 1.11), [36], [43] (Sect. 15). See Sect. 4 in [36] for details.

Below we demonstrate that an approach to the expansion of iterated Ito stochastic integrals con-
sidered in Theorems 1, 2 is essentially general and allows some transformations for other types of
iterated stochastic integrals.

Note that Theorems 1, 2 allow to calculate exactly the mean-square approximation error of the
iterated Ito stochastic integrals (2) of arbitrary multiplicity k (see [13]–[18], [44]). In these papers we
consider approxinations of iterated Ito stochastic integrals as the expression on the right-hand side
of (17) before passing to the limit with respect to p1, . . . , pk.

4. Stochastic Integral with Respect to Martingale Poisson Measure

Let us consider the Poisson random measure in the space [0, T ]×Y (Rn def
= Y). We will denote

the values of this measure at the set ∆×A (∆ ⊆ [0, T ], A ⊂ Y) as ν(∆, A). Let us assume that

M

{

ν(∆, A)

}

= |∆|Π(A),

where |∆| is the Lebesgue measure of ∆, Π(A) is a measure on σ-algebra B of Borel sets of Y, and
B0 is a subalgebra of B consisting of sets A ⊂ B which satisfy the condition Π(A) <∞.

Let us consider the martingale Poisson measure

ν̃(∆, A) = ν(∆, A)− |∆|Π(A).

Let (Ω,F,P) be a fixed probability space, let {Ft, t ∈ [0, T ]} be a non-decreasing family of σ-
algebras Ft ⊂ F.

Assume that:
1. The random variables ν([0, t), A) are Ft-measurable for all A ⊆ B0.
2. The random variables ν([t, t+ h), A), A ⊆ B0, h > 0 do not depend on σ-algebra Ft.
Let us define the class Hl(Π, [0, T ]) of random functions ϕ : [0, T ] × Y × Ω → R

1, that are Ft-
measurable for all t ∈ [0, T ], y ∈ Y and satisfy the following condition

T∫

0

∫

Y

M

{

|ϕ(t,y)|l
}

Π(dy)dt <∞.

Let us consider the partition {τj}Nj=0 of the interval [0, T ] which satisfies the condition (7).
For ϕ(t,y) ∈ H2(Π, [0, T ]) let us define the stochastic integral with respect to the martingale

Poisson measure as the following mean-square limit [1]

(18)

T∫

0

∫

Y

ϕ(t,y)ν̃(dt, dy)
def
= l.i.m.

N→∞

T∫

0

∫

Y

ϕ(N)(t,y)ν̃(dt, dy),

where ϕ(N)(t,y) is any sequense of step functions from the class H2(Π, [0, T ]) such that

lim
N→∞

T∫

0

∫

Y

M

{∣
∣
∣ϕ(t,y) − ϕ(N)(t,y)

∣
∣
∣

2
}

Π(dy)dt = 0.
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It is well known [1] that the stochastic integral (18) exists, it does not depend on selection of the
sequence ϕ(N)(t,y) and it satisfies w. p. 1 the following properties

M







T∫

0

∫

Y

ϕ(t,y)ν̃(dt, dy)

∣
∣
∣
∣
F0






= 0,

T∫

0

∫

Y

(αϕ1(t,y) + βϕ2(t,y))ν̃(dt, dy) = α

T∫

0

∫

Y

ϕ1(t,y)ν̃(dt, dy) + β

T∫

0

∫

Y

ϕ2(t,y)ν̃(dt, dy),

M







∣
∣
∣
∣
∣
∣

T∫

0

∫

Y

ϕ(t,y)ν̃(dt, dy)

∣
∣
∣
∣
∣
∣

2
∣
∣
∣
∣
F0







=

T∫

0

∫

Y

M

{

|ϕ(t,y)|2
∣
∣
∣
∣
F0

}

Π(dy)dt,

where α, β are some real constants and ϕ1(t,y), ϕ2(t,y), ϕ(t,y) from the class H2(Π, [0, T ]).
The stochastic integral

T∫

0

∫

Y

ϕ(t,y)ν(dt, dy)

with respect to the Poisson random measure will be defined as follows [1]

T∫

0

∫

Y

ϕ(t,y)ν(dt, dy) =

T∫

0

∫

Y

ϕ(t,y)ν̃(dt, dy) +

T∫

0

∫

Y

ϕ(t,y)Π(dy)dt,

where we suppose that the right-hand side of the last equality exists.
According to the Ito formula for Ito processes with jump component, we obtain w. p. 1 [1]

(19) (zt)
n
=

t∫

0

∫

Y

(

(zτ− + γ(τ,y))n − (zτ−)
n

)

ν(dτ, dy),

where n ∈ N,

zt =

t∫

0

∫

Y

γ(τ,y)ν(dτ, dy).

We suppose that the function γ(τ,y) satisfies the conditions of existence of the right-hand side of
(19) [1].

Let us consider [1] the useful estimate for moments of the stochastic integral with respect to the
Poisson random measure

(20) an(T ) ≤ max
j∈{n, 1}











T∫

0

∫

Y

((

(bn(τ,y))
1/n

+ 1
)n

− 1
)

Π(dy)dτ





j






,
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where

an(t) = sup
0≤τ≤t

M

{

|zτ |n
}

, bn(τ,y) = M

{

|γ(τ,y)|n
}

.

We suppose that the right-hand side of (20) exists. Since

ν̃(dt, dy) = ν(dt, dy) −Π(dy)dt,

then according to the Minkowski inequality, we obtain

(21)

(

M

{

|z̃t|2n
})1/2n

≤
(

M

{

|zt|2n
})1/2n

+

(

M

{

|ẑt|2n
})1/2n

,

where

ẑt
def
=

t∫

0

∫

Y

γ(τ,y)Π(dy)dτ

and

z̃t =

t∫

0

∫

Y

γ(τ,y)ν̃(dτ, dy).

The value M

{

|ẑτ |2n
}

can be estimated using the well known inequality [1]

(22) M
{
|ẑt|2n

}
≤ t2n−1

t∫

0

M







∣
∣
∣
∣
∣
∣

∫

Y

ϕ(τ,y)Π(dy)

∣
∣
∣
∣
∣
∣

2n






dτ,

where we suppose that

t∫

0

M







∣
∣
∣
∣
∣
∣

∫

Y

γ(τ,y)Π(dy)

∣
∣
∣
∣
∣
∣

2n






dτ <∞.

5. Expansion of Iterated Stochastic Integrals with Respect to Martingale Poisson

Measures Based on Generalized Multiple Fourier Series

Let us consider the following iterated stochastic integrals

(23) P [χ(k)]T,t =

T∫

t

∫

X

χk(tk,yk) . . .

t2∫

t

∫

X

χ1(t1,y1)ν̃
(i1)(dt1, dy1) . . . ν̃

(ik)(dtk, dyk),

where i1, . . . , ik = 0, 1, . . . ,m, Rn def
= X,

χl(τ,y) = ψl(τ)ϕl(y) (l = 1, . . . , k),
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every function ψl(τ) : [t, T ] → R
1 (l = 1, . . . , k) and every function ϕl(y) : X → R

1 (l = 1, . . . , k) is
such that

χl(s,y) ∈ H2(Π, [t, T ]) (l = 1, . . . , k),

where definition of the class H2(Π, [t, T ]) is given above,

ν(i)(dt, dy) (i = 1, . . . ,m)

are independent Poisson random measures for various i which are defined on [0, T ]×X,

ν̃(i)(dt, dy) = ν(i)(dt, dy) −Π(dy)dt (i = 1, . . . ,m)

are independent martingale Poisson measures for various i,

ν̃(0)(dt, dy)
def
= Π(dy)dt.

Let us formulate an analoque of Theorem 1 for the iterated stochastic integrals (23).

Theorem 3 [12]-[18]. Suppose that the following conditions are fulfilled:
1. Every ψl(τ) (l = 1, . . . , k) is a continuous non-random function at the interval [t, T ].
2. {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]), each function

of which for finite j satisfies the condition (⋆) (see Sect. 1).
3. For l = 1, . . . , k and q = 2k+1 the following condition is fulfilled

∫

X

|ϕl(y)|q Π(dy) <∞.

Then, for the iterated stochastic integral with respect to martingale Poisson measures P [χ(k)]T,t

defined by (23) the following expansion

P [χ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

g=1

π
(g,ig)
jg

−

(24) −l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

k∏

g=1

φjg (τlg )

∫

X

ϕg(y)ν̃
(ig)([τlg , τlg+1), dy)

)

converging in the mean-square sense is valid, where {τj}Nj=0 is a partition of the interval [t, T ] which

satisfies the condition (7),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m, random variables

π
(g,ig)
j =

T∫

t

φj(τ)

∫

X

ϕg(y)ν̃
(ig )(dτ, dy)
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are independent for various ig 6= 0 and uncorrelated for various j,

Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient,

K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].

Proof. The scheme of the proof of Theorem 3 is the same as the scheme of the proof of Theorem
1 (see [10]-[25], [43] for details). Some differences will take place in the proof of the following lemmas
(Lemmas 1, 2) and in the final part of the proof of Theorem 3.

Lemma 1 [11]-[25]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous function at the interval

[t, T ] and every function ϕl(y) (l = 1, . . . , k) is such that
∫

X

|ϕl(y)|2 Π(dy) <∞.

Then, the following equality

(25) P [χ̄(k)]T,t = l.i.m.
N→∞

N−1∑

jk=0

. . .

j2−1
∑

j1=0

k∏

l=1

∫

X

χl(τjl ,y)ν̄
(il)([τjl , τjl+1), dy)

is valid w. p. 1, where {τj}Nj=0 is a partition of the interval [t, T ] which satisfies the condition (7),

ν̄(i)([τ, s), dy) =







ν̃(i)([τ, s), dy)

ν(i)([τ, s), dy)

(i = 0, 1, . . . ,m),

the integral P [χ̄(k)]T,t differs from the integral P [χ(k)]T,t (see (23)) by the fact that in P [χ̄(k)]T,t we

use ν̄(il)(dtl, dyl) instead of ν̃(il)(dtl, dyl) (l = 1, . . . , k).

Proof. Using the moment properties of stochastic integrals with respect to Poisson random
measures (see above) and conditions of Lemma 1, it is easy to notice that the integral sum of the
integral P [χ̄(k)]T,t under the conditions of Lemma 1 can be represented as a sum of the expression
from the right-hand side of (25) before passing to the limit l.i.m.

N→∞
and the value which converges to

zero in the mean-square sense if N → ∞.
Note that in the case when the functions ψl(τ) (l = 1, . . . , k) satisfy the condition (⋆) (see Sect.

1) we can suppose that among the points τj , j = 0, 1, . . . , N there are all points of jumps of the
functions ψl(τ) (l = 1, . . . , k). Further, we can apply the argumentation as in Sect. 4 from [43] (also
see [10]-[18]).

Let us consider the following multiple and iterated stochastic integrals
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l.i.m.
N→∞

N−1∑

j1,...,jk=0

Φ(τj1 , . . . , τjk )
k∏

l=1

∫

X

ϕl(y)ν̃
(il)([τjl , τjl+1), dy)

def
= P [Φ]

(k)
T,t,

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)

∫

X

ϕ1(y)ν̃
(i1)(dt1, dy) . . .

∫

X

ϕk(y)ν̃
(ik)(dtk, dy)

def
= P̂ [Φ]

(k)
T,t,

where the sense of notations of the formula (25) is saved and Φ(t1, . . . , tk) : [t, T ]
k → R

1 is a bounded
non-random function.

Note that if the functions ϕl(y) (l = 1, . . . , k) satisfy the conditions of Lemma 1 and the function

Φ(t1, . . . , tk) is continuous in the domain of integration, then for the integral P̂ [Φ]
(k)
T,t the equality

similar to (25) is valid w. p. 1.

Lemma 2 [11]-[25]. Assume that the following conditions are fulfilled:

gl(τ,y) = hl(τ)ϕl(y) (l = 1, . . . , k),

where the functions hl(τ) : [t, T ] → R
1 (l = 1, . . . , k) satisfy the condition (⋆) (see Sect. 1) and the

functions ϕl(y) : X → R
1 (l = 1, . . . , k) satisfy the condition

∫

X

|ϕl(y)|p Π(dy) <∞ for p = 2k+1.

Then
k∏

l=1

T∫

t

∫

X

gl(s,y)ν̄
(il)(ds, dy) = P [Φ]

(k)
T,t w. p. 1,

where il = 0, 1, . . . ,m (l = 1, . . . , k) and

Φ(t1, . . . , tk) =

k∏

l=1

hl(tl).

Proof. Let us introduce the following notations

J [ḡl]N
def
=

N−1∑

j=0

∫

X

gl(τj ,y)ν̄
(il)([τj , τj+1), dy),

J [ḡl]T,t
def
=

T∫

t

∫

X

gl(s,y)ν̄
(il)(ds, dy),

where {τj}Nj=0 is a partition of the interval [t, T ] satisfying the condition (7).
It is easy to see that

k∏

l=1

J [ḡl]N −
k∏

l=1

J [ḡl]T,t =
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=
k∑

l=1

(
l−1∏

q=1

J [ḡq]T,t

)

(J [ḡl]N − J [ḡl]T,t)





k∏

q=l+1

J [ḡq]N



 .

Using the Minkowski inequality and the inequality of Cauchy–Bunyakovsky together with esti-
mates of moments of stochastic integrals with respect to Poisson random measures (see Sect. 4) and
conditions of Lemma 2, we obtain

(26)



M







∣
∣
∣
∣
∣

k∏

l=1

J [ḡl]N −
k∏

l=1

J [ḡl]T,t

∣
∣
∣
∣
∣

2










1/2

≤ Ck

k∑

l=1

(

M

{∣
∣
∣
∣
J [ḡl]N − J [ḡl]T,t

∣
∣
∣
∣

4
})1/4

,

where Ck <∞.
We have

J [ḡl]N − J [ḡl]T,t =

N−1∑

q=0

J [∆ḡl]τq+1,τq ,

where

J [∆ḡl]τq+1,τq =

τq+1∫

τq

∫

X

(gl(τq ,y)− gl(s,y)) ν̄
(il)(ds, dy).

Let as introduce the notation

h
(N)
l (s) = hl(τq), s ∈ [τq, τq+1), q = 0, 1, . . . , N − 1.

Then

J [ḡl]N − J [ḡl]T,t =

N−1∑

q=0

J [∆ḡl]τq+1,τq =

=

T∫

t

(

h
(N)
l (s)− hl(s)

) ∫

X

φl(y)ν̄
(il)(ds, dy).

Applying the estimate (20) for n = 4 and the estimates (21), (22) for n = 2 to the value

M







∣
∣
∣
∣
∣
∣

T∫

t

(

h
(N)
l (s)− hl(s)

) ∫

X

φl(y)ν̄
(il)(ds, dy)

∣
∣
∣
∣
∣
∣

4






,

taking into account (26) together with the conditions of Lemma 2 and the following estimate

(27) |hl(τq)− hl(s)| < ε, s ∈ [τq, τq+1], q = 0, 1, . . . , N − 1,

where ε is an arbitrary small positive real number, we obtain that the right-hand side of (26) converges
to zero when N → ∞. Considering this fact, we come to the statement of Lemma 2.

It should be noted that (27) is valid if the functions hl(s) are continuous at the interval [t, T ], i.e.
these functions are uniformly continuous at this interval. So, |hl(τq)− hl(s)| < ε if s ∈ [τq, τq+1],
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where |τq+1 − τq| < δ(ε), q = 0, 1, . . . , N − 1 (δ(ε) > 0 exists for any ε > 0 and it does not depend on
points of the interval [t, T ]).

In the case when the functions hl(s) (l = 1, . . . , k) satisfy the condition (⋆) (see Sect. 1) we can
suppose that among the points τq, q = 0, 1, . . . , N there are all points of jumps of the functions hl(s)
(l = 1, . . . , k). Further, we can apply the argumentation as in Sect. 4 from [43] (also see [10]-[18]).

Obviously, if il = 0 for some l = 1, . . . , k, then we also come to the statement of Lemma 2. Lemma
2 is proved.

Proving Theorem 3 according to the scheme used for the proof of Theorem 1 in [43] or Theorem 1.1
in [15]-[18] (also see [10] (Theorem 5.1, P. 236-237), [12] (Theorem 1, P. A.22-A.23), [13] (Theorem
5.1, P. A.250), [14] (Theorem 5.1, P. A.252-A.253)) and using Lemmas 1, 2 together with estimates
for moments of stochastic integrals with respect to Poisson random measures (see Sect. 4), we obtain

M

{(

Rp1,...,pk

T,t

)2
}

≤

≤ Ck

k∏

l=1

∫

X

ϕ2
l (y)Π(dy)

∑

(t1 ,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)





2

×

(28) ×dt1 . . . dtk =

= Ck

k∏

l=1

∫

X

ϕ2
l (y)Π(dy)

∫

[t,T ]k

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

)2

×

×dt1 . . . dtk ≤

≤ C̄k

∫

[t,T ]k

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

)2

dt1 . . . dtk → 0

if p1, . . . , pk → ∞, where constant C̄k depends only on k (multiplicity of the iterated stochastic integral
with respect to martingale Poisson measures). At that permutations (t1, . . . , tk) when summing

∑

(t1,...,tk)

in (28) are performed only in the values dt1 . . . dtk and indexes near upper limits of integration are
changed correspondently. Moreover, Rp1,...,pk

T,t has the following form

Rp1,...,pk

T,t =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

k∏

l=1

φjl (tl)



×

(29) ×
∫

X

ϕ1(y)ν̃
(i1)(dt1, dy) . . .

∫

X

ϕk(y)ν̃
(ik)(dtk, dy),

where permutations (t1, . . . , tk) when summing
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∑

(t1,...,tk)

in (29) are performed only in the values

ϕ1(y)ν̃
(i1)(dt1, dy) . . . ϕk(y)ν̃

(ik)(dtk, dy).

At the same time the indexes near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik). Moreover, ϕr(y) swapped with ϕq(y) in the permutation
(ϕ1(y), . . . , ϕk(y)). Theorem 3 is proved.

Let us consider an example of Theorem 3 usage. Suppose that i1 6= i2, i1, i2 = 1, . . . ,m. According
to Theorem 3, we obtain

T∫

t

∫

X

ϕ2(y2)

t2∫

t

∫

X

ϕ1(y1)ν̃
(i1)(dt1, dy1)ν̃

(i2)(dt2, dy2) =

=
T − t

2

(

π
(1,i1)
0 π

(2,i2)
0 +

∞∑

i=1

1√
4i2 − 1

(

π
(1,i1)
i−1 π

(2,i2)
i − π

(1,i1)
i π

(2,i2)
i−1

)
)

,

T∫

t

∫

X

ϕ1(y1)ν̃
(i1)(dt1, dy1) =

√
T − tπ

(1,i1)
0 ,

where

π
(l,il)
j =

T∫

t

φj(τ)

∫

X

ϕl(y)ν̃
(il)(dτ, dy) (l = 1, 2)

and {φj(τ)}∞j=0 is a complete orthonormal system of Legendre polynomials in the space L2([t, T ]).

6. Expansion of Iterated Stochastic Integrals with Respect to Martingales

Let (Ω,F,P) be a fixed probability space, let {Ft, t ∈ [0, T ]} be a non-decreasing family of σ-
algebras Ft ⊂ F, and let M2(ρ, [0, T ]) be a class of Ft-measurable for each t ∈ [0, T ] martingales Mt

satisfying the conditions

(30) M

{

(Ms −Mt)
2

}

=

s∫

t

ρ(τ)dτ,

M

{

|Ms −Mt|p
}

≤ Cp|s− t|, p = 3, 4, . . . ,

where 0 ≤ t < s ≤ T, ρ(τ) is a non-negative and continuously differentiable non-random function at
the interval [0, T ], Cp <∞ is a constant.

Let us define the class H2(ρ, [0, T ]) of stochastic processes ξt, t ∈ [0, T ] which are Ft-measurable
for all t ∈ [0, T ] and satisfy the condition
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T∫

0

M

{

|ξt|2
}

ρ(t)dt <∞.

For any partition {τ (N)
j }Nj=0 of the interval [0, T ] such that

(31) 0 = τ
(N)
0 < τ

(N)
1 < . . . < τ

(N)
N = T, max

0≤j≤N−1

∣
∣
∣τ

(N)
j+1 − τ

(N)
j

∣
∣
∣→ 0 if N → ∞

we will define the sequense of step functions ξ(N)(t, ω) by the following relation

ξ(N)(t, ω) = ξj (ω) w. p. 1 for t ∈
[

τ
(N)
j , τ

(N)
j+1

)

,

where j = 0, 1, . . . , N − 1, N = 1, 2, . . . .
Let us define the stochastic integral with respect to martingale from the process ξ(t, ω) ∈H2(ρ, [0, T ])

as the following mean-square limit [1]

(32) l.i.m.
N→∞

N−1∑

j=0

ξ(N)
(

τ
(N)
j , ω

)(

M
(

τ
(N)
j+1 , ω

)

−M
(

τ
(N)
j , ω

))

def
=

T∫

0

ξτdMτ ,

where ξ(N)(t, ω) is any step function from the class H2(ρ, [0, T ]) which converges to the function
ξ(t, ω) in the following sense

lim
N→∞

T∫

0

M

{∣
∣
∣ξ(N)(t, ω)− ξ(t, ω)

∣
∣
∣

2
}

ρ(t)dt = 0.

It is well known [1] that the stochastic integral

T∫

0

ξtdMt

exists and it does not depend on the selection of sequence ξ(N)(t, ω) and it satisfies w. p. 1 the
following properties

M







T∫

0

ξtdMt

∣
∣
∣
∣
F0






= 0,

M







∣
∣
∣
∣
∣
∣

T∫

0

ξtdMt

∣
∣
∣
∣
∣
∣

2
∣
∣
∣
∣
F0







= M







T∫

0

ξ2t ρ(t)dt

∣
∣
∣
∣
F0






,

T∫

0

(αξt + βψt)dMt = α

T∫

0

ξtdMt + β

T∫

0

ψtdMt,
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where ξt, φt ∈ H2(ρ, [0, T ]), α, β ∈ R
1.

Let Q4(ρ, [0, T ]) be the class of martingales Mt, t ∈ [0, T ] which satisfy the following conditions:
1. Mt, t ∈ [0, T ] belongs to the class M2(ρ, [0, T ]).
2. For some α > 0 the following estimate is correct

(33) M







∣
∣
∣
∣
∣
∣

τ∫

t

g(s)dMs

∣
∣
∣
∣
∣
∣

4






≤ K4

τ∫

t

|g(s)|αds,

where 0 ≤ t < τ ≤ T, g(s) is a bounded non-random function at the interval [0, T ], K4 < ∞ is a
constant.

Let Gn(ρ, [0, T ]) be the class of martingales Mt, t ∈ [0, T ] which satisfy the following conditions:
1. Mt, t ∈ [0, T ] belongs to the class M2(ρ, [0, T ]).
2. The following estimate is correct

M







∣
∣
∣
∣
∣
∣

τ∫

t

g(s)dMs

∣
∣
∣
∣
∣
∣

n




<∞,

where 0 ≤ t < τ ≤ T, n ∈ N, g(s) is the same function as in the definition of Q4(ρ, [0, T ]).
Let us remind that if (ξt)

n ∈ H2(ρ, [0, T ]) with ρ(t) ≡ 1, then the following estimate is correct [1]

(34) M







∣
∣
∣
∣
∣
∣

τ∫

t

ξsds

∣
∣
∣
∣
∣
∣

2n






≤ (τ − t)2n−1

τ∫

t

M

{

|ξs|2n
}

ds, 0 ≤ t < τ ≤ T.

Let us consider the iterated stochastic integral with respect to martingales

(35) J [ψ(k)]MT,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dM
(1,i1)
t1 . . . dM

(k,ik)
tk (i1, . . . , ik = 0, 1, . . . ,m),

where every ψl(τ) (l = 1, . . . , k) is a continuous non-random function at the interval [t, T ], M (r,i)

(r = 1, . . . , k) are independent martingales for various i = 1, . . . ,m, M
(r,0)
τ

def
= τ.

Let us formulate the following theorem.

Theorem 4 [12]-[18]. Suppose that the following conditions are fulfilled:
1. Every ψl(τ) (l = 1, . . . , k) is a continuous non-random function at the interval [t, T ].
2. {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]), each function

of which for finite j satisfies the condition (⋆) (see Sect. 1).

3. M
(l,il)
τ ∈ Q4(ρ, [t, T ]), Gn(ρ, [t, T ]) with n = 2k+1, il = 1, . . . ,m, l = 1, . . . , k.

Then, for the iterated stochastic integral J [ψ(k)]MT,t with respect to martingales defined by (35) the
following expansion

J [ψ(k)]MT,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ξ
(l,il)
jl

−

−l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1 )∆M
(1,i1)
τl1

. . . φjk(τlk)∆M
(k,ik)
τlk

)
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converging in the mean-square sense is valid, where i1, . . . , ik = 0, 1, . . . ,m, {τj}Nj=0 is a partition of

the interval [t, T ] which satisfies the condition (7), ∆M
(r,i)
τj = M

(r,i)
τj+1 −M

(r,i)
τj (i = 0, 1, . . . ,m, r =

1, . . . , k),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense,

ξ
(l,il)
j =

T∫

t

φj(s)dM
(l,il)
s

are independent for various il = 1, . . . ,m, l = 1, . . . , k and uncorrelated for various j (if ρ(τ) is a

constant, il 6= 0) random variables,

Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient,

K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].

Remark 1. Note that from Theorem 4 for the case ρ(τ) ≡ 1 we obtain the variant of Theorem 1.

Proof. The scheme of the proof of Theorem 4 is the same with the scheme of the proof of Theorem
1 in [43] or Theorem 1.1 in [15]-[18] (also see [10]-[25], [43]). Some differences will take place in the
proof of the following lemmas (Lemmas 3, 4) and in the final part of the proof of Theorem 4.

Lemma 3. Suppose that M
(r,i)
τ ∈ M2(ρ, [t, T ]), M

(r,0)
τ = τ (i = 0, 1, . . . ,m, r = 1, . . . , k), and

every ψl(τ) (l = 1, . . . , k) is a continuous non-random function at the interval [t, T ]. Then

(36) J [ψ(k)]MT,t = l.i.m.
N→∞

N−1∑

jk=0

. . .

j2−1
∑

j1=0

k∏

l=1

ψl(τjl )∆M
(l,il)
τjl

w. p. 1,

where {τj}Nj=0 is a partition of the interval [0, T ] satisfying the condition (7).

Proof. According to properties of the stochastic integral with respect to martingale, we have [1]

(37) M











τ∫

t

ξsdM
(l,il)
s





2






=

τ∫

t

M

{

|ξs|2
}

ρ(s)ds,
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(38) M











τ∫

t

ξsds





2






≤ (τ − t)

τ∫

t

M

{

|ξs|2
}

ds,

where ξs ∈ H2(ρ, [0, T ]), 0 ≤ t < τ ≤ T, il = 1, . . . ,m, l = 1, . . . , k. Then the integral sum of the
integral J [ψ(k)]MT,t under the conditions of Lemma 3 can be represented as a sum of the expression

from the right-hand side of (36) before passing to the limit and the value which converges to zero in
the mean-square sense if N → ∞. More detailed proof of the analogous lemma for the case ρ(τ) ≡ 1
can be found in [10]-[25], [43].

In the case when the functions ψl(τ) (l = 1, . . . , k) satisfy the condition (⋆) (see Sect. 1) we can
suppose that among the points τj , j = 0, 1, . . . , N there are all points of jumps of the functions ψl(τ)
(l = 1, . . . , k). Then can apply the argumentation as in Sect. 4 from [43] (also see [10]-[18]).

Let us define the folloing multiple stochastic integral

(39) l.i.m.
N→∞

N−1∑

j1,...,jk=0

Φ(τj1 , . . . , τjk )

k∏

l=1

∆M (l,il)
τjl

def
= I[Φ]

(k)
T,t,

where {τj}Nj=0 is a partition of the interval [0, T ] satisfying the condition (7) and Φ(t1, . . . , tk) :

[t, T ]k → R
1 is a bounded non-random function.

Lemma 4. Suppose thatM
(l,il)
s ∈ Q4(ρ, [t, T ]), Gn(ρ, [t, T ]) with n = 2k+1, k ∈ N (il = 0, 1, . . . ,m,

l = 1, . . . , k) and the functions g1(s), . . . , gk(s) satisfy the condition (⋆) (see Sect. 1). Then

k∏

l=1

T∫

t

gl(s)dM
(l,il)
s = I[Φ]

(k)
T,t w. p. 1,

where

Φ(t1, . . . , tk) =

k∏

l=1

gl(tl).

Proof. Let us denote

J [gl]N
def
=

N−1∑

j=0

gl(τj)∆M
(l,il)
τj , J [gl]T,t

def
=

T∫

t

gl(s)dM
(l,il)
s ,

where {τj}Nj=0 is a partition of the interval [t, T ] satisfying the condition (7).
Note that

k∏

l=1

J [gl]N −
k∏

l=1

J [gl]T,t =

=

k∑

l=1

(
l−1∏

q=1

J [gq]T,t

)

(J [gl]N − J [gl]T,t)





k∏

q=l+1

J [gq]N



 .

254



24 D.F. KUZNETSOV

Using the Minkowski inequality and the inequality of Cauchy-Bunyakovsky as well as the conditions
of Lemma 4, we obtain

(40)



M







∣
∣
∣
∣
∣

k∏

l=1

J [gl]N −
k∏

l=1

J [gl]T,t

∣
∣
∣
∣
∣

2










1/2

≤ Ck

k∑

l=1

(

M

{∣
∣
∣
∣
J [gl]N − J [gl]T,t

∣
∣
∣
∣

4
})1/4

,

where Ck <∞ is a constant.
We have

J [gl]N − J [gl]T,t =

N−1∑

q=0

J [∆gl]τq+1,τq ,

J [∆gl]τq+1,τq =

τq+1∫

τq

(gl(τq)− gl(s)) dM
(l,il)
s .

Let as introduce the notation

g
(N)
l (s) = gl(τq), s ∈ [τq , τq+1), q = 0, 1, . . . , N − 1.

Then

J [ḡl]N − J [ḡl]T,t =

N−1∑

q=0

J [∆ḡl]τq+1,τq =

=

T∫

t

(

g
(N)
l (s)− gl(s)

)

dM (l,il)
s .

Applying the estimate (33), we obtain

M







∣
∣
∣
∣
∣
∣

T∫

t

(

g
(N)
l (s)− gl(s)

)

dM (l,il)
s

∣
∣
∣
∣
∣
∣

4






≤ K4

T∫

t

∣
∣
∣g

(N)
l (s)− gl(s)

∣
∣
∣

α

ds =

= K4

N−1∑

q=0

τq+1∫

τq

|gl(τq)− gl(s)|α ds < K4ε
α

N−1∑

q=0

(τq+1 − τq) =

(41) = K4ε
α(T − t).

Note that deriving (41) we used the estimate

(42) |gl(τq)− gl(s)| < ε, s ∈ [τq, τq+1], q = 0, 1, . . . , N − 1,

where ε is an arbitrary small positive real number.
Note that (42) is valid if the functions gl(s) are continuous at the interval [t, T ], i.e. these functions

are uniformly continuous at this interval. So, |gl(τq)− gl(s)| < ε if s ∈ [τq, τq+1], where |τq+1 − τq| <
δ(ε), q = 0, 1, . . . , N−1 (δ(ε) > 0 exists for any ε > 0 and it does not depend on points of the interval
[t, T ]).
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Thus, taking into account (41), we obtain that the right-hand side of (40) converges to zero when
N → ∞. Considering this fact, we come to the statement of Lemma 4.

In the case when the functions gl(s) (l = 1, . . . , k) satisfy the condition (⋆) (see Sect. 1) we can
suppose that among the points τq, q = 0, 1, . . . , N there are all points of jumps of the functions gl(s)
(l = 1, . . . , k). Further, we can apply the argumentation as in Sect. 4 from [43] (also see [10]-[18]).

Obviously, if il = 0 for some l = 1, . . . , k, then we also come to the statement of Lemma 4 with
using (38). Lemma 4 is proved.

Proving Theorem 4 according to the scheme used for the proof of Theorem 1 in [43] or Theorem 1.1
in [15]-[18] (also see [10] (Theorem 5.1, P. 236-237), [12] (Theorem 1, P. A.22-A.23), [13] (Theorem 5.1,
P. A.250), [14] (Theorem 5.1, P. A.252-A.253)) and using Lemmas 3, 4 together with the estimates
(37), (38) for moments of stochastic integrals with respect to martingales, we obtain

M

{(

Rp1,...,pk

T,t

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)





2

×

(43) ×ρ̃1(t1)dt1 . . . ρ̃k(tk)dtk ≤

≤ C̄k

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk =

= C̄k

∫

[t,T ]k

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

)2

dt1 . . . dtk → 0

when p1, . . . , pk → ∞, where constant C̄k depends only on k (multiplicity of the iterated stochastic in-
tegral with respect to martingales) and ρ̃l(s) ≡ ρ(s) or ρ̃l(s) ≡ 1 (l = 1, . . . , k). At that permutations
(t1, . . . , tk) when summing

∑

(t1,...,tk)

in (43) are performed only in the values dt1 . . . dtk and indexes near upper limits of integration are
changed correspondently. Moreover, Rp1,...,pk

T,t has the following form

Rp1,...,pk

T,t =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

k∏

l=1

φjl (tl)



×

(44) ×dM (1,i1)
t1 . . . dM

(k,ik)
tk ,

where permutations (t1, . . . , tk) when summing

256



26 D.F. KUZNETSOV

∑

(t1,...,tk)

in (44) are performed only in the values

dM
(1,i1)
t1 . . . dM

(k,ik)
tk .

At the same time the indexes near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik). Moreover, r swapped with q in the permutation (1, . . . , k).
Theorem 4 is proved.

7. Expansion of Iterated Ito Stochastic Integrals Based on Generalized Multiple

Fourier Series. The Case of Complete Orthonormal With Weight r(t1) . . . r(tk) ≥ 0
Systems of Functions in the Space L2([t, T ]

k)

In this section, we consider modifications of Theorems 1, 2 for the case of complete orthonormal
with weight r(t1) . . . r(tk) ≥ 0 systems of functions in the space L2([t, T ]

k), k ∈ N.
Let {Ψj(x)}∞j=0 be a complete orthonormal with weight r(x) ≥ 0 system of functions in the space

L2([t, T ]). It is well known that the Fourier series with respect to the system

{Ψj(x)}∞j=0

of the function f(x)
(

f(x)
√

r(x) ∈ L2([t, T ])
)

converges to the function f(x) in the mean-square

sense with weight r(x), i.e.

(45) lim
p→∞

T∫

t

(

f(x)−
p
∑

j=0

C̃jΨj(x)

)2

r(x)dx = 0,

where

(46) C̃j =

T∫

t

f(x)Ψj(x)r(x)dx

is the Fourier coefficient.
Obviously, the relation (45) can be obtained if we will expand the function f(x)

√

r(x) ∈ L2([t, T ])
into a usual Fourier series with respect to the complete orthonormal with weight 1 system of functions

{

Ψj(x)
√

r(x)
}∞

j=0

in the space L2([t, T ]). Then

lim
p→∞

T∫

t

(

f(x)
√

r(x) −
p
∑

j=0

C̃jΨj(x)
√

r(x)

)2

dx =

(47) = lim
p→∞

T∫

t

(

f(x) −
p
∑

j=0

C̃jΨj(x)

)2

r(x)dx = 0,
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where C̃j has the form (46).
Let us consider an obvious generalization of this approach to the case of several variables. Let us

expand the function K(t1, . . . , tk) such that

K(t1, . . . , tk)
k∏

l=1

√

r(tl) ∈ L2([t, T ]
k)

using the complete orthonormal system of functions

k∏

l=1

Ψjl(tl)
√

r(tl), jl = 0, 1, 2, . . . , l = 1, . . . , k

in the space L2([t, T ]
k) into the generalized multiple Fourier series.

It is well known that the mentioned generalized multiple Fourier series converges in the mean-
square sense, i.e.

lim
p1,...,pk→∞

∫

[t,T ]k



K(t1, . . . , tk)

k∏

l=1

√

r(tl)−
p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

k∏

l=1

Ψjl(tl)
√

r(tl)





2

×

×dt1 . . . dtk =

= lim
p1,...,pk→∞

∫

[t,T ]k



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

C̃jk ...j1

k∏

l=1

Ψjl(tl)





2

×

(48) ×
(

k∏

l=1

r(tl)

)

dt1 . . . dtk = 0,

where

C̃jk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

(

Ψjl(tl)r(tl)

)

dt1 . . . dtk.

Let us consider the following iterated Ito stochastic integrals

(49) J̃ [ψ(k)]T,t =

T∫

t

ψk(tk)
√

r(tk) . . .

t2∫

t

ψ1(t1)
√

r(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

where every ψl(τ) (l = 1, . . . , k) is a non-random function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m,

w
(0)
τ = τ, and i1, . . . , ik = 0, 1, . . . ,m.
So, we obtain the following modification of Theorem 1.

Theorem 5 [14]-[17], [53]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous non-random

function on [t, T ] and {Ψj(x)
√

r(x)}∞j=0 (r(x) ≥ 0) is a complete orthonormal system of functions

in the space L2([t, T ]), each function Ψj(x)
√

r(x) of which for finite j satisfies the condition (⋆) (see
Sect. 1). Then
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J̃ [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

(
k∏

l=1

ζ̃
(il)
jl

−

(50) −l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

Ψj1(τl1)
√

r(τl1 )∆w(i1)
τl1

. . .Ψjk(τlk)
√

r(τlk )∆w(ik)
τlk

)

,

where

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1} ,

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k} ,

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ̃
(i)
j =

T∫

t

Ψj(s)
√

r(s)dw(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

∆w
(i)
τj = w

(i)
τj+1 − w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of [t, T ] which satisfies the condition

(7),

(51) C̃jk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k∏

l=1

(

Ψjl(tl)r(tl)

)

dt1 . . . dtk

is the Fourier coefficient,

K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].

Proof. According to Lemmas 1–3 in [43] or Lemmas 1.1–1.3 in [15]-[18] (also see [10]-[14]), we get
the following representation w. p. 1

J̃ [ψ(k)]T,t =

=
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

K(t1, . . . , tk)

k∏

l=1

√

r(tl)dw
(i1)
t1 . . . dw

(ik)
tk =

=

p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

k∏

l=1

(

Ψjl(tl)
√

r(tl)
)

dw
(i1)
t1 . . . dw

(ik)
tk +
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+R̃p1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1×

×l.i.m.
N→∞

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

Ψj1(τl1)
√

r(τl1 )∆w(i1)
τl1

. . .Ψjk(τlk)
√

(τlk)∆w(ik)
τlk

+

+R̃p1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1×

×



l.i.m.
N→∞

N−1∑

l1,...,lk=0

Ψj1(τl1)
√

r(τl1 )∆w(i1)
τl1

. . .Ψjk(τlk)
√

(τlk)∆w(ik)
τlk

−

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

Ψj1(τl1 )
√

r(τl1 )∆w(i1)
τl1

. . .Ψjk(τlk)
√

(τlk)∆w(ik)
τlk



+

+R̃p1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1×

×





k∏

l=1

ζ̃
(il)
jl

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

Ψj1(τl1 )
√

r(τl1 )∆w(i1)
τl1

. . .Ψjk(τlk)
√

(τlk)∆w(ik)
τlk



+

+R̃p1,...,pk

T,t ,

where

R̃p1,...,pk

T,t =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(

K(t1, . . . , tk)

k∏

l=1

√

r(tl)−

−
p1∑

j1=0

. . .

pk∑

jk=0

C̃jk ...j1

k∏

l=1

(

Ψjl(tl)
√

r(tl)
)



 dw
(i1)
t1 . . . dw

(ik)
tk ,
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where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk .

At the same time the indexes near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
iq in the permutation (i1, . . . , ik).

Let us evaluate the remainder R̃p1,...,pk

T,t of the series.

According to Lemma 2 in [43] or Lemma 1.2 in [15] (also see [16]-[18]), we have

M

{(

R̃p1,...,pk

T,t

)2
}

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(

K(t1, . . . , tk)
k∏

l=1

√

r(tl) −

(52) −
p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

k∏

l=1

(

Ψjl(tl)
√

r(tl)
)





2

dt1 . . . dtk =

= Ck

∫

[t,T ]k



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

k∏

l=1

Ψjl(tl)





2

×

×
(

k∏

l=1

r(tl)

)

dt1 . . . dtk → 0

if p1, . . . , pk → ∞, where constant Ck depends only on the multiplicity k of the iterated Ito stochastic
integral (49). Theorem 5 is proved.

Let us formulate the following theorem (the version of Theorem 3 in [44]).

Theorem 6 [15]-[18]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous non-random function

on [t, T ] and {Ψj(x)
√

r(x)}∞j=0 (r(x) ≥ 0) is a complete orthonormal system of functions in the space

L2([t, T ]), each function Ψj(x)
√

r(x) of which for finite j satisfies the condition (⋆) (see Sect. 1).
Then the estimate

M

{(

J̃ [ψ(k)]T,t − J̃ [ψ(k)]p1,...,pk

T,t

)2
}

≤

(53) ≤ k!






∫

[t,T ]k

K2(t1, . . . , tk)

(
k∏

l=1

r(tl)

)

dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C̃2
jk...j1






is valid for the following cases:

1. i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞,

2. i1, . . . , ik = 0, 1, . . . ,m, i21 + . . .+ i2k > 0, and 0 < T − t < 1,

where J̃ [ψ(k)]T,t is the stochastic integral (49), J̃ [ψ(k)]p1,...,pk

T,t is the expression on the right-hand side

of (50) before passing to the limit l.i.m.
p1,...,pk→∞

; another notations are the same as in Theorem 5.

Consider the following generalizations of Theorems 5, 6.
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Theorem 7 [15] (Sect. 1.13), [43] (Sect. 17). Let ψ1(x)
√

r(x), . . . , ψk(x)
√

r(x) ∈ L2([t, T ]), where

r(x) ≥ 0. Furthermore, let {Ψj(x)
√

r(x)}∞j=0 is an arbitrary complete orthonormal system of functions

in the space L2([t, T ]). Then, for the iterated Ito stochastic integral

(54) J̃ [ψ(k)]T,t =

T∫

t

ψk(tk)
√

r(tk) . . .

t2∫

t

ψ1(t1)
√

r(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion

J̃ [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ̃
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(55) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ̃
(iql )

jql

)

that converges in the mean-square sense is valid, where i1, . . . , ik = 0, 1, . . . ,m,

ζ̃
(i)
j =

T∫

t

Ψj(s)
√

r(s)dw(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

C̃jk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k∏

l=1

(

Ψjl(tl)r(tl)

)

dt1 . . . dtk

is the Fourier coefficient, K(t1, . . . , tk) is defined by (5); another notations are the same as in Theo-

rems 1, 2, 5.

Theorem 8 [15] (Sect. 1.13), [43] (Sect. 17). Let ψ1(x)
√

r(x), . . . , ψk(x)
√

r(x) ∈ L2([t, T ]), where

r(x) ≥ 0. Furthermore, let {Ψj(x)
√

r(x)}∞j=0 is an arbitrary complete orthonormal system of functions

in the space L2([t, T ]). Then the following estimate

M

{(

J̃ [ψ(k)]T,t − J̃ [ψ(k)]p1,...,pk

T,t

)2
}

≤

≤ k!






∫

[t,T ]k

K2(t1, . . . , tk)

(
k∏

l=1

r(tl)

)

dt1 . . . dtk −
p1∑

j1=0

. . .

pk∑

jk=0

C̃2
jk...j1






is valid for the following cases:

1. i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞,

2. i1, . . . , ik = 0, 1, . . . ,m, i21 + . . .+ i2k > 0, and 0 < T − t < 1,
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where J̃ [ψ(k)]T,t is the stochastic integral (54), J̃ [ψ(k)]p1,...,pk

T,t is the expression on the right-hand side

of (55) before passing to the limit l.i.m.
p1,...,pk→∞

; another notations are the same as in Theorem 2, 7.

8. One Modification of Theorems 4 and 5

Let us compare (52) and (43). If we suppose that r(x) ≥ 0 and

ρ(x)

r(x)
≤ C <∞,

where ρ(x) as in (30), then

∫

[t,T ]k



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

k∏

l=1

Ψjl(tl)





2

×

×ρ(t1)dt1 . . . ρ(tk)dtk =

=

∫

[t,T ]k



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

C̃jk ...j1

k∏

l=1

Ψjl(tl)





2

×

×ρ(t1)
r(t1)

r(t1)dt1 . . .
ρ(tk)

r(tk)
r(tk)dtk ≤

≤ C′
k

∫

[t,T ]k



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

k∏

l=1

Ψjl(tl)





2

×

×r(t1)dt1 . . . r(tk)dtk,

where C′
k is a constant, {Ψj(x)}∞j=0 is a complete orthonormal with weight r(x) ≥ 0 system of

functions in the space L2([t, T ]), and the Fourier coefficient C̃jk...j1 has the form (51).
So, we obtain the following modification of Theorems 4 and 5.

Theorem 9 [15], [53]. Suppose that the following conditions are fulfilled:
1. Every ψl(τ) (l = 1, . . . , k) is a continuous non-random function at the interval [t, T ].

2. M
(l,il)
τ ∈ Q4(ρ, [t, T ]), Gn(ρ, [t, T ]) with n = 2k+1, il = 1, . . . ,m, l = 1, . . . , k (k ∈ N).

3. {Ψj(x)}∞j=0 is a complete orthonormal with weight r(τ) ≥ 0 system of functions in the space

L2([t, T ]), each function of which for finite j satisfies the condition (⋆) (see Sect. 1). Moreover,

ρ(x)

r(x)
≤ C <∞.

Then, for the iterated stochastic integral J [ψ(k)]MT,t with respect to martingales defined by (35) the
following expansion
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J [ψ(k)]MT,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C̃jk...j1

(
k∏

l=1

ξ
(l,il)
jl

−

−l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

Ψj1(τl1 )∆M
(1,i1)
τl1

. . .Ψjk(τlk)∆M
(k,ik)
τlk

)

converging in the mean-square sense is valid, where i1, . . . , ik = 1, . . . ,m, {τj}Nj=0 is a partition of the

interval [t, T ] which satisfies the condition (31), ∆M
(r,i)
τj =M

(r,i)
τj+1−M (r,i)

τj (i = 1, . . . ,m, r = 1, . . . , k),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense,

ξ
(l,il)
j =

T∫

t

Ψj(s)dM
(l,il)
s

are independent for various il = 1, . . . ,m (l = 1, . . . , k) and uncorrelated for various j (if il 6= 0,
ρ(x) ≡ r(x)) random variables,

C̃jk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

(

Ψjl(tl)r(tl)

)

dt1 . . . dtk

is the Fourier coefficient,

K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].

Remark 2. Note that if ρ(τ), r(τ) ≡ 1 in Theorem 9, then we obtain the variant of Theorem 1.

9. Example on Application of Theorem 9 for the System of Bessel Functions

Let us consider the following boundary-value problem

(p(x)Φ′(x))
′
+ q(x)Φ(x) = −λr(x)Φ(x),

αΦ(a) + βΦ′(a) = 0, γΦ(b) + δΦ′(b) = 0,
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where the functions p(x), q(x), r(x) satisfy the well known conditions and α, β, γ, δ, λ are real
numbers.

It is well known (Steklov V.A.) that the eigenfunctions Φ0(x), Φ1(x), . . . of this boundary-value
problem form a complete orthonormal with weight r(x) system of functions in the space L2([a, b]).

It means that the Fourier series of the function
√

r(x)f(x) ∈ L2([a, b]) with respect to the system of
functions

√

r(x)Φ0(x),
√

r(x)Φ1(x), . . .

converges in the mean-square sense to the function
√

r(x)f(x) at the interval [a, b]. Moreover, the
Fourier coefficients are defined by the formula

(56) Cj =

b∫

a

r(x)f(x)Φj(x)dx.

It is known that when solving the problem on oscillations of a circular membrane (general case),
a boundary-value problem arises for the following Euler–Bessel equation

(57) r2R′′(r) + rR′(r) +
(
λ2r2 − n2

)
R(r) = 0 (λ ∈ R, n ∈ N).

The eigenfunctions of this problem, taking into account specific boundary conditions, are the
following functions

(58) Jn

(

µj
r

L

)

,

where τ ∈ [0, L] and µj (j = 0, 1, 2, . . .) are positive roots of the Bessel function Jn(µ) (n = 0, 1, 2, . . .)
numbered in ascending order.

The problem on radial oscillations of a circular membrane leads to the boundary-value problem
for the equation (57) for n = 0, the eigenfunctions of which are the functions (58) when n = 0.

Let us analyze the system of functions

(59) Ψj(τ) =

√
2

TJn+1(µj)
Jn

(µj

T
τ
)

, j = 0, 1, 2, . . . ,

where

Jn(x) =

∞∑

m=0

(−1)m
(x

2

)n+2m 1

Γ(m+ 1)Γ(m+ n+ 1)

is the Bessel function of the first kind and

Γ(z) =

∞∫

0

e−xxz−1dx

is the gamma-function, µj are positive roots of the function Jn(x) numbered in ascending order, and
n is a natural number or zero.

265



EXPANSION OF ITERATED STOCHASTIC INTEGRALS 35

Due to the well known properties of the Bessel functions, the system {Ψj(τ)}∞j=0 is a complete

orthonormal system of continuous functions with weight τ in the space L2([0, T ]).
Let us use the system of functions (59) in Theorem 9.
Consider the following iterated stochastic integral with respect to martingales

T∫

0

s∫

0

dM (1)
τ dM (2)

s ,

where

M (i)
s =

s∫

0

√
τdf (i)τ (i = 1, 2),

f
(i)
τ (i = 1, 2) are independent standard Wiener processes, M

(i)
s (i = 1, 2) are martingales (here

ρ(τ) ≡ τ), 0 ≤ s ≤ T. In addition, M
(i)
s has a Gaussian distribution.

It is obvious that the conditions of Theorem 9 are fulfilled for k = 2. Using Theorem 9, we obtain

T∫

0

s∫

0

dM (1)
τ dM (2)

s = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

C̃j2j1ζ
(1)
j1
ζ
(2)
j2
,

where

ζ
(i)
j =

T∫

0

Ψj(τ)dM
(i)
τ

are independent standard Gaussian random variables for various i or j (i = 1, 2, j = 0, 1, 2, . . .),

M

{

ζ
(1)
j1
ζ
(2)
j2

}

= 0,

C̃j2j1 =

T∫

0

sΨj2(s)

s∫

0

τΨj1(τ)dτds.

It is obvious that we can get this result using the another approach: we can use Theorems 1, 2 for
the iterated Ito stochastic integral

T∫

0

√
s

s∫

0

√
τdf (1)τ df (2)s ,

and as a system of functions {φj(s)}∞j=0 in Theorems 1, 2 we can take

φj(s) =

√
2s

TJn+1(µj)
Jn

(µj

T
s
)

, j = 0, 1, 2, . . . .

As a result, we obtain
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T∫

0

√
s

s∫

0

√
τdf (1)τ df (2)s = l.i.m.

p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(1)
j1
ζ
(2)
j2
,

where

ζ
(i)
j =

T∫

0

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (i = 1, 2, j = 0, 1, 2, . . .),

M

{

ζ
(1)
j1
ζ
(2)
j2

}

= 0, Cj2j1 =

T∫

0

√
sφj2(s)

s∫

0

√
τφj1 (τ)dτds

is the Fourier coefficient. Obviously that Cj2j1 = C̃j2j1 .
Easy calculation demonstrates that

φ̃j(s) =

√

2(s− t)

(T − t)Jn+1(µj)
Jn

(
µj

T − t
(s− t)

)

, j = 0, 1, 2, . . .

is a complete orthonormal system of functions in the space L2([t, T ]).
Then, using Theorems 1, 2, we obtain

T∫

t

√
s− t

s∫

t

√
τ − tdf (1)τ df (2)s = l.i.m.

p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1 ζ̃
(1)
j1
ζ̃
(2)
j2
,

where

ζ̃
(i)
j =

T∫

t

φ̃j(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (i = 1, 2, j = 0, 1, 2, . . .),

M

{

ζ̃
(1)
j1
ζ̃
(2)
j2

}

= 0, Cj2j1 =

T∫

t

√
s− tφ̃j2 (s)

s∫

t

√
τ − tφ̃j1 (τ)dτds.
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1 Introduction

The beginning of an intensive study of the problem of mean-square approxi-

mation of iterated Itô and Stratonovich stochastic integrals in the context of
the numerical solution of Itô stochastic differential equations dates back to the

1980s–1990s. To date, there are many publications on the mentioned problem
[1]-[36] (also see bibliographic references in these works). There are various
approaches to solving the problem of the mean-square approximation of iter-

ated stochastic integrals. Among them, we note the approach based on the
Karhunen–Loeve expansion of the Brownian bridge process [1]-[4], [13], [18],

[21], approach based on the expansion of the Wiener process using various ba-
sis systems of functions [6], [10], [30], [31], approach based on the conditional

joint characteristic function of a stochastic integral of multiplicity 2 [11], [12]
as well as an approach based on multiple integral sums [1], [19].

The use of multiple and iterated generalized Fourier series by various com-
plete orthonormal systems of functions in the space L2([t, T ]) for the expansion

of iterated Itô and Stratonovich stochastic integrals was reflected in a number
of author’s works [7]-[9], [14]-[17], [20], [22]-[29], [35]. The mentioned results

based on generalized multiple and iterated Fourier series are systematized in
the monograph [36] (2022).

The idea of the method of expansion of iterated Itô stochastic integrals
based on generalized multiple Fourier series is as follows: the iterated Itô

stochastic integral of multiplicity k (k ∈ N) is represented as a multiple stochas-
tic integral from the certain discontinuous nonrandom function of k variables
defined on the hypercube [t, T ]k, where [t, T ] is an interval of integration of

the iterated Itô stochastic integral. Then, the indicated nonrandom function is
expanded into the generalized multiple Fourier series converging in the sense of

norm in the space L2([t, T ]
k). After a number of nontrivial transformations we

come [14] (2006) to the mean-square converging expansion of the iterated Itô

stochastic integral into the multiple series of products of standard Gaussian ran-
dom variables. The coefficients of this series are the coefficients of generalized
multiple Fourier series for the mentioned nonrandom function of k variables,

which can be calculated using the explicit formula regardless of multiplicity k
of the iterated Itô stochastic integral.

In a lot of author’s publications the convergence of the method of expansion
of iterated Itô stochastic integrals based on generalized multiple Fourier series

has been considered in different probabilistic meanings. For example, the mean-

2
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square convergence [14]-[17], [20], [22]-[29], [35], [36] and convergence in the

mean of degree 2n (n ∈ N) [15]-[17], [20], [22], [23], [36] have been proved. On
the examples of specific iterated Itô stochastic integrals of mutiplicities 1 and 2

the convergence with probability 1 also has been considered [15]-[17], [20], [22],
[23]. This article is devoted to the development of the method of expansion
of iterated Itô stochastic integrals based on generalized multiple Fourier series.

Namely, we formulate and prove the theorem on convergence with probability 1
of the mentioned method for an arbitrary multiplicity k (k ∈ N) of the iterated

Itô stochastic integrals. Moreover, the cases of multiple Fourier–Legendre series
and multiple trigonometric Fourier series are considered in detail.

2 Method of Expansion of Iterated Itô Stochastic Inte-

grals of Multiplicity k (k ∈ N) Based on Generalized

Multiple Fourier Series

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a non-
decreasing right-continuous family of σ-algebras of F, and let wt be a stan-

dard m-dimensional Wiener stochastic process, which is Ft-measurable for any
t ∈ [0, T ]. We assume that the components w

(i)
t (i = 1, . . . , m) of this process

are independent.

Let us consider an efficient method [14]-[17], [20], [22]-[29], [35], [36] of the

expansion and mean-square approximation of iterated Itô stochastic integrals
of the form

J [ψ(k)]T,t =

T
∫

t

ψk(tk) . . .

t2
∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk , (1)

where 0 ≤ t < T < ∞, ψl(τ) (l = 1, . . . , k) are nonrandom functions from the

space L2([t, T ]), w
(i)
τ (i = 1, . . . , m) are independent standard Wiener processes

and w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . , m.

Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in
the space L2([t, T ]) and define the following function on the hypercube [t, T ]k

K(t1, . . . , tk) =











ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

, (2)

3
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where t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation

it is well known that the generalized multiple Fourier series of K(t1, . . . , tk) ∈
L2([t, T ]

k) converges toK(t1, . . . , tk) on the hypercube [t, T ]k in the mean-square
sense, i.e.

lim
p1,...,pk→∞

∥

∥

∥

∥

∥

K(t1, . . . , tk)−
p1
∑

j1=0

. . .

pk
∑

jk=0

Cjk...j1

k
∏

l=1

φjl(tl)

∥

∥

∥

∥

∥

L2([t,T ]k)

= 0, (3)

where

Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k
∏

l=1

φjl(tl)dt1 . . . dtk (4)

is the Fourier coefficient and

‖f‖L2([t,T ]k)
=







∫

[t,T ]k

f 2(t1, . . . , tk)dt1 . . . dtk







1/2

.

Consider the discretization {τj}Nj=0 of [t, T ] such that

t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, (5)

where ∆τj = τj+1 − τj.

Theorem 1 [14] (2006), [15]-[17], [20], [22]-[29], [35], [36]. Suppose that

every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function on the interval

[t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous functions

in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

J [ψ(k)]p1,...,pkT,t ,

M

{

(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pkT,t

)2
}

≤

≤ k!







∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1
∑

j1=0

. . .

pk
∑

jk=0

C2
jk...j1






, (6)
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where

J [ψ(k)]p1,...,pkT,t =

p1
∑

j1=0

. . .

pk
∑

jk=0

Cjk...j1

(

k
∏

l=1

ζ
(il)
jl

−

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

(7)

and

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N−1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . , m,

ζ
(i)
j =

T
∫

t

φj(s)dw
(i)
s (8)

are independent standard Gaussian random variables for various i or j (if i 6=
0), Cjk...j1 is the Fourier coefficient (4), ∆w

(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . , m),

{τj}Nj=0 is the discretization (5), the estimate (6) is valid for T − t ∈ (0,∞) and
i1, . . . , ik = 1, . . . , m or T − t ∈ (0, 1) and i1, . . . , ik = 0, 1, . . . , m.

Note that in [14]-[17], [20], [22], [23], [36] the version of Theorem 1 for
systems of Haar and Rademacher–Walsh functions has been considered. Some

modifications of Theorem 1 for another types of iterated stochastic integrals as
well as for complete orthonormal with weight r(t1) . . . r(tk) ≥ 0 systems of func-

tions in the space L2([t, T ]
k) can be found in [14]-[17], [20], [22], [23], [36]. Ap-

plication of Theorem 1 and Theorem 4 (see below) to the mean-square approx-
imation of iterated stochastic integrals with respect to the infinite-dimensional

Q-Wiener process is presented in [29], [36] (Chapter 7), [38], [39].

Obtain transformed particular cases of Theorem 1 for k = 1, . . . , 5 [14]-[17],

[20], [22]-[29], [35], [36]

J [ψ(1)]T,t = l.i.m.
p1→∞

p1
∑

j1=0

Cj1ζ
(i1)
j1
, (9)

J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1
∑

j1=0

p2
∑

j2=0

Cj2j1

(

ζ
(i1)
j1
ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

, (10)
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J [ψ(3)]T,t = l.i.m.
p1,p2,p3→∞

p1
∑

j1=0

p2
∑

j2=0

p3
∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1
ζ
(i2)
j2
ζ
(i3)
j3

−

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

−1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

, (11)

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1
∑

j1=0

. . .

p4
∑

j4=0

Cj4...j1

(

4
∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3
ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2
ζ
(i4)
j4

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2
ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1
ζ
(i4)
j4

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1
ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1
ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

, (12)

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1
∑

j1=0

. . .

p5
∑

j5=0

Cj5...j1

(

5
∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3
ζ
(i4)
j4
ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2
ζ
(i4)
j4
ζ
(i5)
j5

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2
ζ
(i3)
j3
ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2
ζ
(i3)
j3
ζ
(i4)
j4

−

−1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1
ζ
(i4)
j4
ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1
ζ
(i3)
j3
ζ
(i5)
j5

−

−1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1
ζ
(i3)
j3
ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1
ζ
(i2)
j2
ζ
(i5)
j5

−

−1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1
ζ
(i2)
j2
ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1
ζ
(i2)
j2
ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+
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+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

+ 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

, (13)

where 1A is the indicator of the set A.

Let us consider the generalization of the formulas (9)–(13) for the case of

an arbitrary k (k ∈ N).

Theorem 2 [16] (2009), [17], [20], [22], [23], [29], [36]. Under the conditions

of Theorem 1 the following expansion

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1
∑

j1=0

. . .

pk
∑

jk=0

Cjk...j1

(

k
∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r
∏

s=1

1{ig2s−1
= ig2s 6=0}1{jg2s−1

= jg2s }

k−2r
∏

l=1

ζ
(iql)

jql

)

(14)

converging in the mean-square sense is valid, where [·] is an integer part of a

real number,
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

means the sum with respect to all possible permutations of the set

({{g1, g2}, . . . , {g2r−1, g2r}}, {q1, . . . , qk−2r}),

where {g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k}, braces mean an un-

ordered set, and parentheses mean an ordered set; another notations are the

same as in Theorem 1.

For further consideration, we need the following statement.

Theorem 3 [15] (2007), [16], [17], [20], [22], [23], [36]. Under the conditions

of Theorem 1 the following estimate
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M

{

(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pkT,t

)2n
}

≤

≤ (k!)2n(n(2n− 1))n(k−1)(2n− 1)!! ×

×







∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1
∑

j1=0

. . .

pk
∑

jk=0

C2
jk...j1







n

(15)

is valid, where n ∈ N; another notations are the same as in Theorem 1.

Since according to the Parseval’s equality

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1
∑

j1=0

. . .

pk
∑

jk=0

C2
jk...j1 → 0

if p1, . . . , pk → ∞, then the inequality (15) means that the expansions of iterated
Itô stochastic integrals in Theorem 1 converge in the mean of degree 2n (n ∈ N).

Let us consider the generalization of Theorems 1–3 for the case of an ar-
bitrary complete orthonormal systems of functions in the space L2([t, T ]) and

ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 4 [36] (Sect. 1.11), [37] (Sect. 15). Suppose that ψ1(τ), . . . ,

ψk(τ) ∈ L2([t, T ]) and {φj(x)}∞j=0 is an arbitrary complete orthonormal system

of functions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

J [ψ(k)]p1,...,pkT,t , (16)

M

{

(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pkT,t

)2
}

≤

≤ k!







∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1
∑

j1=0

. . .

pk
∑

jk=0

C2
jk...j1






,

8
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M

{

(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pkT,t

)2n
}

≤

≤ (k!)2n(n(2n− 1))n(k−1)(2n− 1)!! ×

×







∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p1
∑

j1=0

. . .

pk
∑

jk=0

C2
jk...j1







n

,

where n ∈ N,

J [ψ(k)]p1,...,pkT,t =

p1
∑

j1=0

. . .

pk
∑

jk=0

Cjk...j1

(

k
∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r
∏

s=1

1{ig2s−1
= ig2s 6=0}1{jg2s−1

= jg2s }

k−2r
∏

l=1

ζ
(iql)

jql

)

, (17)

where [x] is an integer part of a real number x; another notations are the same

as in Theorems 1–3.

It should be noted that an analogue of the expansion (16) under the condi-

tions of Theorem 4 was considered in [40]. Note that we use another notations
[36] (Sect. 1.11), [37] (Sect. 15) in comparison with [40]. Moreover, the proof
of an analogue of (16) from [40] is somewhat different from the proof given in

[36] (Sect. 1.11), [37] (Sect. 15).

Also note the following theorem.

Theorem 5 [36] (Sect. 1.12), [41] (Sect. 6). Suppose that {φj(x)}∞j=0 is an

arbitrary complete orthonormal system of functions in the space L2([t, T ]) and

ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik = 1, . . . , m. Then

M

{

(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)2
}

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk−

9
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−
p
∑

j1,...,jk=0

Cjk...j1M







J [ψ(k)]T,t
∑

(j1,...,jk)

T
∫

t

φjk(tk) . . .

t2
∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik)
tk







,

where i1, . . . , ik = 1, . . . , m; the value J [ψ(k)]p,...,pT,t is defined by (17) (p1 = . . . =

pk = p); the expression
∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same

time if jr swapped with jq in the permutation (j1, . . . , jk), then ir swapped with iq
in the permutation (i1, . . . , ik); another notations are the same as in Theorems

1, 2.

Let us consider the following iterated Itô stochastic integrals from the

Taylor–Itô expansion [3]

J
(i1...ik)
(λ1...λk)T,t

=

T
∫

t

. . .

t2
∫

t

dw
(i1)
t1 . . . dw

(ik)
tk , (18)

where i1, . . . , ik = 0, 1, . . . , m, λl = 1 if il = 1, . . . , m and λl = 0 if il = 0
(l = 1, . . . , k). Remind thatw

(i)
τ , i = 1, . . . , m are independent standard Wiener

processes and w
(0)
τ = τ.

For example, using Theorems 1, 4 (see (9)-(11)) and complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) we obtain the following
approximations of the iterated Itô stochastic integrals (18) [14]-[17], [20], [22]-

[29], [35], [36] (also see early publications [8], [9])

J
(i1)
(1)T,t =

√
T − tζ

(i1)
0 , (19)

J
(0i1)
(01)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

, (20)

J
(i10)
(10)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 − 1√

3
ζ
(i1)
1

)

, (21)

J
(i1i2)q
(11)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i −ζ(i1)i ζ

(i2)
i−1

)

−1{i1=i2}

)

, (22)
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J
(i1i1)
(11)T,t =

1

2
(T − t)

(

(

ζ
(i1)
0

)2

− 1

)

,

J
(i1i2i3)p
(111)T,t =

p
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1
ζ
(i2)
j2
ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

, (23)

J
(i1i1i1)
(111)T,t =

1

6
(T − t)3/2

(

(

ζ
(i1)
0

)3

− 3ζ
(i1)
0

)

,

where

Cj3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(T − t)3/2

8
C̄j3j2j1,

C̄j3j2j1 =

1
∫

−1

Pj3(z)

z
∫

−1

Pj2(y)

y
∫

−1

Pj1(x)dxdydz,

where the Gaussian random variable ζ
(i)
j (if i 6= 0) is defined by (8) and Pj(x)

(j = 0, 1, 2, . . .) is the Legendre polynomial [42].

Note that formula (22) has been obtained for the first time in [8] (1997). For
pairwise different i1, i2, i3 = 1, . . . , m we have [8], [9], [14]-[17], [20], [22]-[29],
[35]

M

{

(

J
(i1i2)
(11)T,t − J

(i1i2)q
(11)T,t

)2
}

=
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

, (24)

M

{

(

J
(i1i2i3)
(111)T,t − J

(i1i2i3)p
(111)T,t

)2
}

=
(T − t)3

6
−

p
∑

j1,j2,j3=0

C2
j3j2j1. (25)

The problem of the exact calculation of the mean-square error of approxi-

mation in Theorems 1, 4 is solved completely for an arbitrary k (k ∈ N) and
any possible combinations of the numbers i1, . . . , ik = 1, . . . , m in Theorem 5

(also see [23], [36], [41]).
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3 Convergence With Probability 1 of Expansions of It-

erated Itô Stochastic Integrals of Multiplicity k (k ∈ N)

in Theorems 1, 2

Let us address now to the convergence with probability 1 (w. p. 1) in Theorem

1. As we mentioned above this question has been studied for simplest iterated
Itô stochastic integrals of multiplicities 1 and 2 in [15]-[17], [20], [22], [23], [36].

In this section, we formulate and prove the general result on convergence
w. p. 1 of expansions of iterated Itô stochastic integrals in Theorems 1, 2 for

the case of multiplicity k (k ∈ N) for these integrals.

Theorem 6. Let ψl(τ) (l = 1, . . . , k) are continuously differentiable non-

random functions on the interval [t, T ] and {φj(x)}∞j=0 is a complete orthonor-

mal system of Legendre polynomials or trigonometric functions in the space

L2([t, T ]). Then J [ψ(k)]p,...,pT,t → J [ψ(k)]T,t if p → ∞ w. p. 1, where J [ψ(k)]p,...,pT,t

is defined as the right-hand side of (14) before passing to the limit for the case

p1 = . . . = pk = p, i.e. (see Theorem 2)

J [ψ(k)]p,...,pT,t =

p
∑

j1,...,jk=0

Cjk...j1

(

k
∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r
∏

s=1

1{ig2s−1
= ig2s 6=0}1{jg2s−1

= jg2s }

k−2r
∏

l=1

ζ
(iql)

jql

)

,

where i1, . . . , ik = 1, . . . , m, another notations are the same as in Theorems 1,
2.

Proof. Let us consider the Parseval equality
∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk = lim
p1,...,pk→∞

p1
∑

j1=0

. . .

pk
∑

jk=0

C2
jk...j1

, (26)

where

K(t1, . . . , tk) =











ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

,
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where t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ],

Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k
∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient.

Taking into account the definitions of K(t1, . . . , tk) and Cjk...j1, we obtain

Cjk...j1 =

T
∫

t

φjk(tk)ψk(tk) . . .

t2
∫

t

φj1(t1)ψ1(t1)dt1 . . . dtk. (27)

Further, we denote

lim
p1,...,pk→∞

p1
∑

j1=0

. . .

pk
∑

jk=0

C2
jk...j1

def
=

∞
∑

j1,...,jk=0

C2
jk...j1.

If p1 = . . . = pk = p, then we also write

lim
p→∞

p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

def
=

∞
∑

j1,...,jk=0

C2
jk...j1

.

From the other hand, for iterated limits we write

lim
p1→∞

. . . lim
pk→∞

p1
∑

j1=0

. . .

pk
∑

jk=0

C2
jk...j1

def
=

∞
∑

j1=0

. . .

∞
∑

jk=0

C2
jk...j1,

lim
p1→∞

lim
p2,...,pk→∞

p1
∑

j1=0

. . .

pk
∑

jk=0

C2
jk...j1

def
=

∞
∑

j1=0

∞
∑

j2,...,jk=0

C2
jk...j1

and so on.

Using the Parseval equality and Lemma 2 (see Appendix) we obtain

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 =

=
∞
∑

j1,...,jk=0

C2
jk...j1

−
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

=

13
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=
∞
∑

j1=0

. . .
∞
∑

jk=0

C2
jk...j1

−
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

=

=

p
∑

j1=0

∞
∑

j2=0

. . .

∞
∑

jk=0

C2
jk...j1 +

∞
∑

j1=p+1

∞
∑

j2=0

. . .

∞
∑

jk=0

C2
jk...j1 −

p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 =

=

p
∑

j1=0

p
∑

j2=0

∞
∑

j3=0

. . .

∞
∑

jk=0

C2
jk...j1 +

p
∑

j1=0

∞
∑

j2=p+1

∞
∑

j3=0

. . .

∞
∑

jk=0

+

+
∞
∑

j1=p+1

∞
∑

j2=0

. . .
∞
∑

jk=0

C2
jk...j1

−
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

=

= . . . =

=
∞
∑

j1=p+1

∞
∑

j2=0

. . .
∞
∑

jk=0

C2
jk...j1

+

p
∑

j1=0

∞
∑

j2=p+1

∞
∑

j2=0

. . .
∞
∑

jk=0

C2
jk...j1

+

+

p
∑

j1=0

p
∑

j2=0

∞
∑

j3=p+1

∞
∑

j4=0

. . .

∞
∑

jk=0

C2
jk...j1 + . . .+

p
∑

j1=0

. . .

p
∑

jk−1=0

∞
∑

jk=p+1

C2
jk...j1 ≤

≤
∞
∑

j1=p+1

∞
∑

j2=0

. . .

∞
∑

jk=0

C2
jk...j1 +

∞
∑

j1=0

∞
∑

j2=p+1

∞
∑

j2=0

. . .

∞
∑

jk=0

C2
jk...j1+

+
∞
∑

j1=0

∞
∑

j2=0

∞
∑

j3=p+1

∞
∑

j4=0

. . .
∞
∑

jk=0

C2
jk...j1

+ . . .+
∞
∑

j1=0

. . .
∞
∑

jk−1=0

∞
∑

jk=p+1

C2
jk...j1

=

=
k
∑

s=1





∞
∑

j1=0

. . .
∞
∑

js−1=0

∞
∑

js=p+1

∞
∑

js+1=0

. . .
∞
∑

jk=0

C2
jk...j1



 . (28)

Note that deriving (28) we use the following

p
∑

j1=0

. . .

p
∑

js−1=0

∞
∑

js=p+1

∞
∑

js+1=0

. . .

∞
∑

jk=0

C2
jk...j1 ≤

≤
m1
∑

j1=0

. . .

ms−1
∑

js−1=0

∞
∑

js=p+1

∞
∑

js+1=0

. . .

∞
∑

jk=0

C2
jk...j1 ≤

≤ lim
ms−1→∞

m1
∑

j1=0

. . .

ms−1
∑

js−1=0

∞
∑

js=p+1

∞
∑

js+1=0

. . .
∞
∑

jk=0

C2
jk...j1

=
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=

m1
∑

j1=0

. . .

ms−2
∑

js−2=0

∞
∑

js−1=0

∞
∑

js=p+1

∞
∑

js+1=0

. . .

∞
∑

jk=0

C2
jk...j1 ≤ . . . ≤

≤
∞
∑

j1=0

. . .
∞
∑

js−1=0

∞
∑

js=p+1

∞
∑

js+1=0

. . .
∞
∑

jk=0

C2
jk...j1

,

where m1, . . . , ms−1 > p.

Denote

Cjs...j1(τ) =

τ
∫

t

φjs(ts)ψs(ts) . . .

t2
∫

t

φj1(t1)ψ1(t1)dt1 . . . dts,

where s = 1, . . . , k − 1.

For s < k due to Lemma 3, Dini Theorem (see Appendix) and Parseval
equality we obtain

∞
∑

j1=0

. . .
∞
∑

js−1=0

∞
∑

js=p+1

∞
∑

js+1=0

. . .
∞
∑

jk=0

C2
jk...j1

=

=

∞
∑

js=p+1

∞
∑

js−1=0

. . .

∞
∑

j1=0

∞
∑

js+1=0

. . .

∞
∑

jk=0

C2
jk...j1 =

=
∞
∑

js=p+1

∞
∑

js−1=0

. . .
∞
∑

j1=0

∞
∑

js+1=0

. . .
∞
∑

jk−1=0

T
∫

t

ψ2
k(tk)

(

Cjk−1...j1(tk)
)2
dtk =

=
∞
∑

js=p+1

∞
∑

js−1=0

. . .
∞
∑

j1=0

∞
∑

js+1=0

. . .
∞
∑

jk−2=0

T
∫

t

ψ2
k(tk)

∞
∑

jk−1=0

(

Cjk−1...j1(tk)
)2
dtk =

=

∞
∑

js=p+1

∞
∑

js−1=0

. . .

∞
∑

j1=0

∞
∑

js+1=0

. . .

∞
∑

jk−2=0

T
∫

t

ψ2
k(tk)

tk
∫

t

ψ2
k−1(τ)

(

Cjk−2...j1(τ)
)2
dτdtk ≤

≤M
∞
∑

js=p+1

∞
∑

js−1=0

. . .
∞
∑

j1=0

∞
∑

js+1=0

. . .
∞
∑

jk−2=0

T
∫

t

(

Cjk−2...j1(τ)
)2
dτ =

=M

∞
∑

js=p+1

∞
∑

js−1=0

. . .

∞
∑

j1=0

∞
∑

js+1=0

. . .

∞
∑

jk−3=0

T
∫

t

∞
∑

jk−2=0

(

Cjk−2...j1(τ)
)2
dτ =

15
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= M
∞
∑

js=p+1

∞
∑

js−1=0

. . .
∞
∑

j1=0

∞
∑

js+1=0

. . .
∞
∑

jk−3=0

T
∫

t

τ
∫

t

ψ2
k−2(θ)

(

Cjk−3...j1(θ)
)2
dθdτ ≤

≤M ′
∞
∑

js=p+1

∞
∑

js−1=0

. . .
∞
∑

j1=0

∞
∑

js+1=0

. . .
∞
∑

jk−3=0

T
∫

t

(

Cjk−3...j1(τ)
)2
dτ ≤ . . . ≤

≤Mk

∞
∑

js=p+1

∞
∑

js−1=0

. . .
∞
∑

j1=0

T
∫

t

(Cjs...j1(τ))
2 dτ =

=Mk

∞
∑

js=p+1

∞
∑

js−1=0

. . .

∞
∑

j2=0

T
∫

t

∞
∑

j1=0

(Cjs...j1(τ))
2 dτ, (29)

where constants M, M ′ depend on T − t and constant Mk depends on T − t

and k.

Let us explane more precisely how we obtain (29). For any function g(s) ∈
L2([t, T ]) we have the following Parseval equality

∞
∑

j=0





τ
∫

t

φj(s)g(s)ds





2

=
∞
∑

j=0





T
∫

t

1{s<τ}φj(s)g(s)ds





2

=

=

T
∫

t

(

1{s<τ}
)2
g2(s)ds =

τ
∫

t

g2(s)ds. (30)

Equality (30) has been applied repeatedly when we obtaining (29).

Using the replacement of integration order for Riemann integrals, we have

Cjs...j1(τ) =

τ
∫

t

φjs(ts)ψs(ts) . . .

t2
∫

t

φj1(t1)ψ1(t1)dt1 . . . dts =

=

τ
∫

t

φj1(t1)ψ1(t1)

τ
∫

t1

φj2(t2)ψ2(t2) . . .

τ
∫

ts−1

φjs(ts)ψs(ts)dts . . . dt2dt1.

For l = 1, . . . , s we will use the following notation
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C̃js...jl(τ, θ) =

=

τ
∫

θ

φjl(tl)ψl(tl)

τ
∫

tl

φjl+1
(tl+1)ψl+1(tl+1) . . .

τ
∫

ts−1

φjs(ts)ψs(ts)dts . . . dtl+1dtl.

Using the Parseval equality and Dini Theorem (see Appendix), from (29)

we obtain

∞
∑

j1=0

. . .

∞
∑

js−1=0

∞
∑

js=p+1

∞
∑

js+1=0

. . .

∞
∑

jk=0

C2
jk...j1 ≤

≤ Mk

∞
∑

js=p+1

∞
∑

js−1=0

. . .

∞
∑

j2=0

T
∫

t

∞
∑

j1=0

(Cjs...j1(τ))
2 dτ =

=Mk

∞
∑

js=p+1

∞
∑

js−1=0

. . .
∞
∑

j2=0

T
∫

t

τ
∫

t

ψ2
1(t1)

(

C̃js...j2(τ, t1)
)2

dt1dτ = (31)

=Mk

∞
∑

js=p+1

∞
∑

js−1=0

. . .
∞
∑

j3=0

T
∫

t

τ
∫

t

ψ2
1(t1)

∞
∑

j2=0

(

C̃js...j2(τ, t1)
)2

dt1dτ = (32)

=Mk

∞
∑

js=p+1

∞
∑

js−1=0

. . .

∞
∑

j3=0

T
∫

t

τ
∫

t

ψ2
1(t1)

τ
∫

t1

ψ2
2(t2)

(

C̃js...j3(τ, t2)
)2

dt2dt1dτ ≤

≤Mk

∞
∑

js=p+1

∞
∑

js−1=0

. . .
∞
∑

j3=0

T
∫

t

τ
∫

t

ψ2
1(t1)

τ
∫

t

ψ2
2(t2)

(

C̃js...j3(τ, t2)
)2

dt2dt1dτ ≤

≤M
′

k

∞
∑

js=p+1

∞
∑

js−1=0

. . .
∞
∑

j3=0

T
∫

t

τ
∫

t

ψ2
2(t2)

(

C̃js...j3(τ, t2)
)2

dt2dτ ≤ . . . ≤

≤ M
′′

k

∞
∑

js=p+1

T
∫

t

τ
∫

t

ψ2
s−1(ts−1)

(

C̃js(τ, ts−1)
)2

dts−1dτ ≤

≤ M̃k

∞
∑

js=p+1

T
∫

t

τ
∫

t





τ
∫

u

φjs(θ)ψs(θ)dθ





2

dudτ, (33)
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where constants M
′

k, M
′′

k , and M̃k depend on k and T − t.

Let us explane more precisely how we obtain (33). For any function g(s) ∈
L2([t, T ]) we have the following Parseval equality

∞
∑

j=0





τ
∫

θ

φj(s)g(s)ds





2

=

∞
∑

j=0





T
∫

t

1{θ<s<τ}φj(s)g(s)ds





2

=

=

T
∫

t

(

1{θ<s<τ}
)2
g2(s)ds =

τ
∫

θ

g2(s)ds. (34)

Equality (34) has been applied repeatedly when we obtain (33).

Let us explane more precisely the passing from (31) to (32) (the same steps
have been used when we derived (33)).

We have

T
∫

t

τ
∫

t

ψ2
1(t1)

∞
∑

j2=0

(

C̃js...j2(τ, t1)
)2

dt1dτ −
n
∑

j2=0

T
∫

t

τ
∫

t

ψ2
1(t1)

(

C̃js...j2(τ, t1)
)2

dt1dτ =

=

T
∫

t

τ
∫

t

ψ2
1(t1)

∞
∑

j2=n+1

(

C̃js...j2(τ, t1)
)2

dt1dτ =

= lim
N→∞

N−1
∑

j=0

τj
∫

t

ψ2
1(t1)

∞
∑

j2=n+1

(

C̃js...j2(τj, t1)
)2

dt1∆τj, (35)

where {τj}Nj=0 is the partition of the interval [t, T ], which satisfies the condition
(5).

Since the non-decreasing functional sequence un(τj, t1) and its limit function
u(τj, t1) are continuous on the interval [t, τj] ⊆ [t, T ] with respect to t1, where

un(τj, t1) =
n
∑

j2=0

(

C̃js...j2(τj, t1)
)2

,

u(τj, t1) =
∞
∑

j2=0

(

C̃js...j2(τj, t1)
)2

=

τj
∫

t1

ψ2
2(t2)

(

C̃js...j3(τj, t2)
)2

dt2,

18

289



then by Dini Theorem we have the uniform convergence of un(τj, t1) to u(τj, t1)

at the interval [t, τj] ⊆ [t, T ] with respect to t1. As a result, we obtain

∞
∑

j2=n+1

(

C̃js...j2(τj, t1)
)2

< ε, t1 ∈ [t, τj] (36)

for n > N(ε) (N(ε) exists for any ε > 0 and it does not depend on t1).

From (35) and (36) we obtain

lim
N→∞

N−1
∑

j=0

τj
∫

t

ψ2
1(t1)

∞
∑

j2=n+1

(

C̃js...j2(τj, t1)
)2

dt1∆τj ≤

≤ ε lim
N→∞

N−1
∑

j=0

τj
∫

t

ψ2
1(t1)dt1∆τj =

= ε

T
∫

t

τ
∫

t

ψ2
1(t1)dt1dτ. (37)

From (37) we get

lim
n→∞

T
∫

t

τ
∫

t

ψ2
1(t1)

∞
∑

j2=n+1

(

C̃js...j2(τ, t1)
)2

dt1dτ = 0.

This fact completes the proof of passing from (31) to (32).

Let us estimate the integral

τ
∫

u

φjs(θ)ψs(θ)dθ (38)

from (33) for the cases when {φj(s)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]).

Note that the estimates for the integral

τ
∫

t

φj(θ)ψ(θ)dθ, j ≥ p + 1 (39)
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have been obtained in [20], [22], [23], [36]. Here ψ(θ) is a continuously differen-

tiable function on the interval [t, T ],

Let us estimate the integral (38) using the approach from [20], [22], [23],

[36].

First consider the case of Legendre polynomials. Then φj(θ) looks as follows

φj(θ) =

√

2j + 1

T − t
Pj

((

θ − T + t

2

)

2

T − t

)

, j ≥ 0,

where Pj(x) (j = 0, 1, 2 . . .) is the Legendre polynomial.

Further, we have

x
∫

v

φj(θ)ψ(θ)dθ =

√
T − t

√
2j + 1

2

z(x)
∫

z(v)

Pj(y)ψ(u(y))dy =

=

√
T − t

2
√
2j + 1

(

(Pj+1(z(x))− Pj−1(z(x)))ψ(x)−

−(Pj+1(z(v))− Pj−1(z(v)))ψ(v)−

−T − t

2

z(x)
∫

z(v)

((Pj+1(y)− Pj−1(y))ψ
′(u(y))dy

)

, (40)

where x, v ∈ (t, T ), j ≥ p + 1, and u(y), z(x) are defined by the following
relations

u(y) =
T − t

2
y +

T + t

2
, z(x) =

(

x− T + t

2

)

2

T − t
,

ψ′ is a derivative of the function ψ(θ) with respect to the variable u(y).

Note that in (40) we used the following well-known property of the Legendre
polynomials [42]

dPj+1

dx
(x)− dPj−1

dx
(x) = (2j + 1)Pj(x), j = 1, 2, . . .

From (40) and the well-known estimate for the Legendre polynomials [46]

|Pj(y)| <
K√

j + 1(1− y2)1/4
, y ∈ (−1, 1), j ∈ N,
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where constant K does not depend on y and j, it follows that
∣

∣

∣

∣

∣

∣

x
∫

v

φj(θ)ψ(θ)dθ

∣

∣

∣

∣

∣

∣

<
C

j

(

1

(1− (z(x))2)1/4
+

1

(1− (z(v))2)1/4
+ C1

)

, (41)

where z(x), z(v) ∈ (−1, 1), x, v ∈ (t, T ) and constants C,C1 does not depend
on j.

From (41) we obtain





x
∫

v

φj(θ)ψ(θ)dθ





2

<
C2

j2

(

1

(1− (z(x))2)1/2
+

1

(1− (z(v))2)1/2
+ C3

)

, (42)

where constants C2, C3 does not depend on j.

Let us apply (42) for the estimate of the right-hand side of (33). We have

T
∫

t

τ
∫

t





τ
∫

u

φjs(θ)ψs(θ)dθ





2

dudτ ≤

≤ K1

j2s





1
∫

−1

dy

(1− y2)1/2
+

1
∫

−1

x
∫

−1

dy

(1− y2)1/2
dx+K2



 ≤

≤ K3

j2s
, (43)

where constants K1, K2, K3 are independent of js.

Now consider the trigonometric case. The complete orthonormal system of

trigonometric functions in the space L2([t, T ]) has the following form

φj(θ) =
1√
T − t































1, j = 0

√
2sin (2πr(θ − t)/(T − t)) , j = 2r − 1

√
2cos (2πr(θ − t)/(T − t)) , j = 2r

, (44)

where r = 1, 2, . . .
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Using the system of functions (44), we have

x
∫

v

φ2r−1(θ)ψ(θ)dθ =

√

2

T − t

x
∫

v

sin
2πr(θ − t)

T − t
ψ(θ)dθ =

= −
√

T − t

2

1

πr

(

ψ(x)cos
2πr(x− t)

T − t
− ψ(v)cos

2πr(v − t)

T − t
−

−
x
∫

v

cos
2πr(θ − t)

T − t
ψ′(θ)dθ

)

, (45)

x
∫

v

φ2r(θ)ψ(θ)dθ =

√

2

T − t

x
∫

v

cos
2πr(θ − t)

T − t
ψ(θ)dθ =

=

√

T − t

2

1

πr

(

ψ(x)sin
2πr(x− t)

T − t
− ψ(v)sin

2πr(v − t)

T − t
−

−
x
∫

v

sin
2πr(θ − t)

T − t
ψ′(θ)dθ

)

, (46)

where ψ′(θ) is a derivative of the function ψ(θ) with respect to the variable θ.

Combining (45) and (46), we obtain for the trigonometric case




x
∫

v

φj(θ)ψ(θ)dθ





2

≤ C4

j2
, (47)

where constant C4 is independent of j.

From (47) we finally have

T
∫

t

τ
∫

t





τ
∫

u

φjs(θ)ψs(θ)dθ





2

dudτ ≤ K4

j2s
, (48)

where constant K4 is independent of js.

Combining (33), (43) and (48), we obtain

∞
∑

j1=0

. . .
∞
∑

js−1=0

∞
∑

js=p+1

∞
∑

js+1=0

. . .
∞
∑

jk=0

C2
jk...j1

≤
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≤ Lk

∞
∑

js=p+1

1

j2s
≤ Lk

∞
∫

p

dx

x2
=
Lk

p
, (49)

where constant Lk depends on k and T − t.

Obviously, the case s = k can be considered absolutely analogously to the
case s < k. Then from (28) and (49) we obtain

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 ≤

Gk

p
, (50)

where constant Gk depends on k and T − t.

For the further consideration we will use estimate (15). Using (50) and the
estimate (15) for the case p1 = . . . = pk = p and n = 2, we obtain

M

{

(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)4
}

≤

≤ C2,k







∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1







2

≤

≤ H2,k

p2
, (51)

where
Cn,k = (k!)2n(n(2n− 1))n(k−1)(2n− 1)!!

and H2,k = G2
kC2,k.

Let us consider Lemma 1 (see Appendix) with

ξp =

∣

∣

∣

∣

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣

∣

∣

∣

and α = 4.

Then from (51) we get

∞
∑

p=1

M

{

(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)4
}

≤ H2,k

∞
∑

p=1

1

p2
<∞. (52)

Using Lemma 1 (see Appendix) and the estimate (52), we obtain
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J [ψ(k)]p,...,pT,t → J [ψ(k)]T,t if p→ ∞ w. p. 1,

where (see Theorem 1)

J [ψ(k)]p,...,pT,t =

p
∑

j1,...,jk=0

Cjk...j1

(

k
∏

l=1

ζ
(il)
jl

−

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

(53)

or (see Theorem 2)

J [ψ(k)]p,...,pT,t =

p
∑

j1,...,jk=0

Cjk...j1

(

k
∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r
∏

s=1

1{ig2s−1
= ig2s 6=0}1{jg2s−1

= jg2s }

k−2r
∏

l=1

ζ
(iql)

jql

)

, (54)

where i1, . . . , ik = 1, . . . , m in (53) and (54). The proof of Theorem 6 is com-
pleted.

4 Appendix

Lemma 1 [43]. If for the sequence of random variables ξp and for some

α > 0 the number series ∞
∑

p=1

M {|ξp|α}

converges, then the sequence ξp converges to zero w. p. 1.

Lemma 2. The following equalities are fulfilled

∞
∑

j1,...,jk=0

C2
jk...j1

=
∞
∑

j1=0

. . .
∞
∑

jk=0

C2
jk...j1

=

=

∞
∑

jk=0

. . .

∞
∑

j1=0

C2
jk...j1 =

∞
∑

jq1=0

. . .

∞
∑

jqk=0

C2
jk...j1 (55)
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for any permutation (q1, . . . , qk) such that {q1, . . . , qk} = {1, . . . , k}, where

Cjk...j1 is defined by (27).

Proof. Let us remind the well-known fact from the mathematical analysis,

which is connected to existence of iterated limits.

Proposition 1 [44]. Let
{

xn,m
}∞
n,m=1

be a double sequence and let there

exists the limit

lim
n,m→∞

xn,m = a <∞.

Moreover, let there exist the limits

lim
n→∞

xn,m <∞ for any m, lim
m→∞

xn,m <∞ for any n.

Then there exist the iterated limits

lim
n→∞

lim
m→∞

xn,m, lim
m→∞

lim
n→∞

xn,m

and moreover,

lim
n→∞

lim
m→∞

xn,m = lim
m→∞

lim
n→∞

xn,m = a.

Let us consider the value
p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1 (56)

for any permutation (ql, . . . , qk), where l = 1, 2, . . . , k, {q1, . . . , qk} = {1, . . . , k}.
Obviously, (56) is the non-decreasing sequence with respect to p. Moreover,

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1

≤
p
∑

jq1=0

p
∑

jq2=0

. . .

p
∑

jqk=0

C2
jk...j1

≤

≤
∞
∑

j1,...,jk=0

C2
jk...j1 <∞.

Then the following limit

lim
p→∞

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1 =

∞
∑

jql ,...,jqk=0

C2
jk...j1
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exists.

Let pl, . . . , pk simultaneously tend to infinity. Then g, r → ∞, where g =
min{pl, . . . , pk} and r = max{pl, . . . , pk}. Moreover,

g
∑

jql=0

. . .

g
∑

jqk=0

C2
jk...j1 ≤

pl
∑

jql=0

. . .

pk
∑

jqk=0

C2
jk...j1 ≤

r
∑

jql=0

. . .

r
∑

jqk=0

C2
jk...j1.

This means that the existence of the limit

lim
p→∞

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1 (57)

implies the existence of the limit

lim
pl,...,pk→∞

pl
∑

jql=0

. . .

pk
∑

jqk=0

C2
jk...j1 (58)

and equality of the limits (57) and (58).

Consequently,

lim
p,q→∞

q
∑

jql=0

p
∑

jql+1
=0

. . .

p
∑

jqk=0

C2
jk...j1

= lim
p→∞

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1

=

= lim
pl,...,pk→∞

pl
∑

jql=0

. . .

pk
∑

jqk=0

C2
jk...j1. (59)

Since the limit ∞
∑

j1,...,jk=0

C2
jk...j1

exists (see the Parseval equality (26)), then from Proposition 1 we have

∞
∑

jq1=0

∞
∑

jq2 ,...,jqk=0

C2
jk...j1

= lim
q→∞

lim
p→∞

q
∑

jq1=0

p
∑

jq2=0

. . .

p
∑

jqk=0

C2
jk...j1

=

= lim
q,p→∞

q
∑

jq1=0

p
∑

jq2=0

. . .

p
∑

jqk=0

C2
jk...j1 =

∞
∑

j1,...,jk=0

C2
jk...j1. (60)
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Using (59) and Proposition 1, we have

∞
∑

jq2=0

∞
∑

jq3 ,...,jqk=0

C2
jk...j1

= lim
q→∞

lim
p→∞

q
∑

jq2=0

p
∑

jq3=0

. . .

p
∑

jqk=0

C2
jk...j1

=

= lim
q,p→∞

q
∑

jq2=0

p
∑

jq3=0

. . .

p
∑

jqk=0

C2
jk...j1 =

∞
∑

jq2 ,...,jqk=0

C2
jk...j1. (61)

Combining (61) and (60), we obtain

∞
∑

jq1=0

∞
∑

jq2=0

∞
∑

jq3 ,...,jqk=0

C2
jk...j1 =

∞
∑

j1,...,jk=0

C2
jk...j1.

Repeating the above steps, we complete the proof of Lemma 2.

Lemma 3. The following equality takes place

∞
∑

j1=0

. . .
∞
∑

js−1=0

∞
∑

js=p+1

∞
∑

js+1=0

. . .
∞
∑

jk=0

C2
jk...j1

=

=
∞
∑

js=p+1

∞
∑

js−1=0

. . .
∞
∑

j1=0

∞
∑

js+1=0

. . .
∞
∑

jk=0

C2
jk...j1

, (62)

where s = 1, . . . , k and Cjk...j1 is defined by (27).

Proof. Applying the arguments that we used in the proof of Lemma 2, we
obtain

lim
n→∞

n
∑

j1=0

. . .
n
∑

js−1=0

p
∑

js=0

n
∑

js+1=0

. . .
n
∑

jk=0

C2
jk...j1

=

=

p
∑

js=0

∞
∑

j1,...,js−1,js+1,...,jk=0

C2
jk...j1

=

p
∑

js=0

∞
∑

jq1=0

. . .
∞
∑

jqk−1
=0

C2
jk...j1

(63)

for any permutation (q1, . . . , qk−1) such that {q1, . . . , qk−1} = {1, . . . , s− 1, s+

1, . . . , k}, where p is a fixed natural number.

Obviously, we have

p
∑

js=0

∞
∑

jq1=0

. . .

∞
∑

jqk−1
=0

C2
jk...j1 =

∞
∑

jq1=0

. . .

p
∑

js=0

. . .

∞
∑

jqk−1
=0

C2
jk...j1 = . . . =
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=
∞
∑

jq1=0

. . .
∞
∑

jqk−1
=0

p
∑

js=0

C2
jk...j1

. (64)

Using (63), (64) and Lemma 2, we obtain

∞
∑

j1=0

. . .
∞
∑

js−1=0

∞
∑

js=p+1

∞
∑

js+1=0

. . .
∞
∑

jk=0

C2
jk...j1

=

=

∞
∑

j1=0

. . .

∞
∑

js−1=0

∞
∑

js=0

∞
∑

js+1=0

. . .

∞
∑

jk=0

C2
jk...j1 −

∞
∑

j1=0

. . .

∞
∑

js−1=0

p
∑

js=0

∞
∑

js+1=0

. . .

∞
∑

jk=0

C2
jk...j1 =

=
∞
∑

js=0

∞
∑

js−1=0

. . .
∞
∑

j1=0

∞
∑

js+1=0

. . .
∞
∑

jk=0

C2
jk...j1

−
p
∑

js=0

∞
∑

js−1=0

. . .
∞
∑

j1=0

∞
∑

js+1=0

. . .
∞
∑

jk=0

C2
jk...j1

=

=
∞
∑

js=p+1

∞
∑

js−1=0

. . .
∞
∑

j1=0

∞
∑

js+1=0

. . .
∞
∑

jk=0

C2
jk...j1

.

The equality (4) is proved.

Theorem (Dini) [45]. Let the functional sequence un(x) be non-decreasing

at each point of the interval [a, b]. In addition, all the functions un(x) of this

sequence and the limit function u(x) are continuous on the interval [a, b]. Then
the convergence un(x) to u(x) is uniform on the interval [a, b].
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EXPANSIONS OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS

BASED ON GENERALIZED MULTIPLE FOURIER SERIES: MULTIPLICITIES 1

TO 6 AND BEYOND

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the expansions of iterated Stratonovich stochastic

integrals of multiplicities 1 to 6 on the basis of the method of generalized multiple Fourier

series that converge in the sense of norm in Hilbert space L2([t, T ]
k), k = 1, . . . , 6. The

rate of mean-square convergence of the mentioned expansions for the case of multiple

Fourier–Legendre series and for the case of multiple trigonometric Fourier series is found.

Sufficient conditions are given for the expansion of iterated Stratonovich stochastic integrals

of arbitrary miltiplicity k (k ∈ N). The considered expansions contain only one operation

of the limit transition in contrast to its existing analogues. This property is very important

for the mean-square approximation of iterated stochastic integrals. The results of the article

can be applied to the numerical integration of Ito stochastic differential equations with

multidimensional non-commutative noises.
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1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let ft be a standard m-dimensional Wiener stochastic process, which is

Ft-measurable for any t ∈ [0, T ]. We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito stochastic differential equation (SDE) in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying the equation (1). The nonrandom functions
a : Rn× [0, T ] → R

n, B : Rn× [0, T ] → R
n×m guarantee the existence and uniqueness up to stochastic

equivalence of a solution of (1) [1]. The second integral on the right-hand side of (1) is interpreted
as an Ito stochastic integral. Let x0 be an n-dimensional random variable, which is F0-measurable
and M{|x0|2} < ∞ (M denotes a mathematical expectation). We assume that x0 and ft − f0 are
independent when t > 0.

It is well known that one of the effective approaches to the numerical integration of Ito SDEs is an
approach based on the Taylor–Ito and Taylor–Stratonovich expansions [2]-[5]. The most important
feature of such expansions is a presence in them of the so-called iterated Ito and Stratonovich
stochastic integrals, which play the key role for solving the problem of numerical integration of
Ito SDEs and have the following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

(3) J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,
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where every ψl(τ) (l = 1, . . . , k) is a nonrandom function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m,

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively (in this paper we use the definition of
the Stratonovich stochastic integral from [2]).

Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in [2]-[5]. At the same time ψl(τ) ≡
(t− τ)ql (l = 1, . . . , k; q1, . . . , qk = 0, 1, 2, . . .) and i1, . . . , ik = 1, . . . ,m in [6]-[29].

The construction of effective expansions (converging in the mean-square sense) for collections of
iterated Stratonovich stochastic integrals (3) composes the subject of this article.

The problem of effective jointly numerical modeling (in the sense of the mean-square convergence
criterion) of the iterated Ito and Stratonovich stochastic integrals (2) and (3) is difficult from
theoretical and computing point of view [2]-[55]. The only exception is connected with a narrow
particular case when i1 = . . . = ik 6= 0 and ψ1(τ), . . . , ψk(τ) ≡ ψ(τ). This case allows the investigation
with using of the Ito formula [2]-[5].

Seems that iterated stochastic integrals may be approximated by multiple integral sums of different
types [3], [5], [52]. However, this approach implies partitioning of the interval of integration [t, T ] of
iterated stochastic integrals (the length T − t of this interval is a rather small value, because it is a
step of integration of numerical methods for Ito SDEs) and according to numerical experiments this
additional partitioning leads to significant calculating costs [10].

In [3] (also see [2], [4], [5], [53], [54]) Milstein G.N. proposed to expand (2), (3) (the case k = 2 and
ψ1(τ), ψ2(τ) ≡ 1) in iterated series of products of standard Gaussian random variables by representing
the Brownian bridge process as the trigonometric Fourier series with random coefficients (version of
the so-called Karhunen–Loeve expansion). To obtain the Milstein expansion of (3), the truncated
Fourier expansions of components of the Wiener process fs must be iteratively substituted in the
single integrals, and the integrals must be calculated, starting from the innermost integral. This is
a complicated procedure that does not lead to a general expansion of (3) valid for an arbitrary
multiplicity k. For this reason, only expansions of single, double, and triple stochastic integrals
(2), (3) were presented in [2], [4], [53], [54] (k = 1, 2, 3) and in [3], [5] (k = 1, 2) for the case
ψ1(τ), ψ2(τ), ψ3(τ) ≡ 1; i1, i2, i3 = 0, 1, . . . ,m. Moreover, the authors of the works [2] (Sect. 5.8,
pp. 202-204), [4] (pp. 82-84), [53] (pp. 438-439), [54] (pp. 263-264) use the Wong–Zakai approximation
[56]-[59] (without rigorous proof) within the frames of the Milstein approach [3] based on the series
expansion of the Brownian bridge process. See discussion in Sect. 6 of this paper for details.

Note that in [55] the method (similar to the Milstein approach) of expansion of the double Ito
stochastic integrals (2) (k = 2; ψ1(τ), ψ2(τ) ≡ 1; i1, i2 = 1, . . . ,m) based on the series expansion
of the Wiener process [60] using Haar basis functions and trigonometric basis functions has been
considered.

It is necessary to note that the approach based on the Karhunen–Loeve expansion [3] excelled
in several times (or even in several orders) the methods of integral sums [3], [5], [52] considering
computational costs in the sense of their diminishing.

An alternative strong approximation method was proposed for (3) in [6], [7] (also see [14]-[19], [22],
[24], [26]-[29]) where J∗[ψ(k)]T,t (see (3)) was represented as a multiple stochastic integral from the
certain discontinuous nonrandom function of k variables, and the function was then expressed as the
generalized iterated Fourier series by complete systems of continuously differentiable functions that
are orthonormal in the space L2([t, T ]). As a result, the general iterated series expansion in terms of
products of standard Gaussian random variables was obtained in [6], [7] (also see [14]-[19], [22], [24],
[26]-[29]) for (3) with arbitrary multiplicity k. Hereinafter, this method is referred to as the method
of generalized iterated Fourier series. It was shown [6], [7] (also see [14]-[19], [22], [24], [26]-[29]) that
the method of generalized iterated Fourier series leads to the approach based on the Karhunen–Loeve
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expansion [3] in the case of trigonometric system of functions and to a substantially simpler expansion
of (3) in the case of Legendre polynomials system.

2. Method of Generalized Multiple Fourier Series

In the previous section we paid attention on the fact that the approach based on the Karhunen–
Loeve expansion [3] and the method of generalized iterated Fourier series [6], [7] (also see [14]-[19],
[22], [24], [26]-[29]) leads to iterated application of the operation of limit transition. This means that
these methods may not converge in the mean-square sense to the appropriate stochastic integrals
(3) for some methods of series summation. As we noted above, where is no rigorous proof how to
overcome the mentioned problem (iterated application of the operation of limit transition) in the
papers [2] (Sect. 5.8, pp. 202-204), [4] (pp. 82-84), [53] (pp. 438-439), [54] (pp. 263-264). Nevetheless,
this problem not appears in the method, which is proposed for (2) in Theorem 1 (see below).

Let us consider the efficient approach to expansion of the iterated Ito stochastic integrals (2)
[10]-[22], [24]-[44] (the so-called method of generalized multiple Fourier series).

The idea of this method is as follows: the iterated Ito stochastic integral (2) of multiplicity k is
represented as the multiple stochastic integral from the certain discontinuous nonrandom function of
k variables defined on the hypercube [t, T ]k, where [t, T ] is the interval of integration of the iterated Ito
stochastic integral (2). Then the indicated nonrandom function is expanded in the hypercube [t, T ]k

into the generalized multiple Fourier series that converges in the mean-square sense in the space
L2([t, T ]

k). After a number of nontrivial transformations we come (see Theorem 1 below) to the
mean-square convergening expansion of the iterated Ito stochastic integral (2) into the multiple series
of products of standard Gaussian random variables. The coefficients of this series are the coefficients
of generalized multiple Fourier series for the mentioned nonrandom function of k variables, which can
be calculated using the explicit formula regardless of the multiplicity k of the iterated Ito stochastic
integral (2).

Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function on [t, T ] (the case
ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) will be considered in Sect. 13 (see Theorem 18)). Define the following
function on the hypercube [t, T ]k

(4) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), for t1 < . . . < tk

0, otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) is piecewise continuous in the hypercube [t, T ]k. At this situation it is
well known that the generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]

k) is converging to
K(t1, . . . , tk) in the hypercube [t, T ]k in the mean-square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(5) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk
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is the Fourier coefficient,

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

(6) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [10] (2006), [11]-[22], [24]-[44], [51]. Suppose that every ψl(τ) (l = 1, . . . , k) is a

continuous nonrandom function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous

functions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(7) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk

)

,

where J [ψ(k)]T,t is defined by (2),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(8) ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (5), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval

[t, T ], which satisfies the condition (6).

It was shown [12]-[19], [22], [24], [26]-[29], [36] that Theorem 1 is valid for convergence in the mean
of degree 2n (n ∈ N) and for convergence with probability 1 [26]-[29], [25]. Moreover, the complete
orthonormal systems of Haar and Rademacher–Walsh functions in L2([t, T ]) also can be applied in
Theorem 1 [12]-[19], [22], [24], [26]-[29], [36]. The modification of Theorem 1 for complete orthonormal
with weigth r(x) ≥ 0 systems of functions in the space L2([t, T ]) can be found in [24], [26]-[29], [37].
The generalization of Theorem 1 for the case of an arbitrary complete orthonormal system of functions
{φj(x)}∞j=0 in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) is given in [26] (Sect. 1.11), [36]
(Sect. 15), [51] (see Theorem 18 from this paper).

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 6 [10]-[22], [24]-[44]
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6 D.F. KUZNETSOV

(9) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(10) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(11) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(12) +1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+
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+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(13) +1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i3=i6 6=0}1{j3=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i5=i6 6=0}1{j5=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+
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+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(14) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,

where 1A is the indicator of the set A.
Thus, we obtain the following useful possibilities of the method of generalized multiple Fourier

series.
1. There is the explicit formula (see (5)) for calculation of expansion coefficients of the iterated Ito

stochastic integral (2) with any fixed multiplicity k.
2. We have new possibilities for exact calculation of the mean-square error of approximation of the

iterated Ito stochastic integral (2) (see [20], [22], [24], [26]-[29], [35]).
3. Since the used multiple Fourier series is a generalized in the sense that it is built using various

complete orthonormal systems of functions in the space L2([t, T ]), then we have new possibilities for
approximation — we can use not only trigonometric functions as in [2]-[5] but Legendre polynomials.

4. As it turned out (see [6]-[22], [24]-[44]), it is more convenient to work with Legendre polynomials
for construction the approximations of iterated Ito stochastic integrals (2). Approximations based
on the Legendre polynomials essentially simpler than their analogues based on the trigonometric
functions (see [6]-[22], [24]-[44]). Another advantages of the application of Legendre polynomials in
the framework of the mentioned problem are considered in [26]-[29], [40], [41].

5. As we noted above, the approach based on the Karhunen–Loeve expansion of the Brownian
bridge process (also see similar approach [55]) leads to iterated application of the operation of limit
transition (the operation of limit transition is implemented only once in Theorem 1) starting from the
second multiplicity (in the general case) and third multiplicity (for the case ψ1(τ), ψ2(τ), ψ3(τ) ≡ 1;
i1, i2, i3 = 0, 1, . . . ,m) of iterated Ito stochastic integrals. Multiple series (the operation of limit
transition is implemented only once) are more convenient for approximation than the iterated ones
(iterated application of the operation of limit transition), since the partial sums of multiple series
converge for any possible case of convergence to infinity of their upper limits of summation (let us
denote them as p1, . . . , pk). For example, when p1 = . . . = pk = p → ∞. For iterated series, the
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condition p1 = . . . = pk = p → ∞ obviously does not guarantee the convergence of this series.
However, in [2] (Sect. 5.8, pp. 202-204), [4] (pp. 82-84), [53] (pp. 438-439), [54] (pp. 263-264) the
authors use (without rigorous proof) the condition p1 = p2 = p3 = p → ∞ within the frames of
the mentioned approach based on the Karhunen–Loeve expansion of the Brownian bridge process
[3] together with the Wong–Zakai approximation [56]-[59] (see discussion in Sect. 6 of this paper for
details).

Note that the correctness of formulas (9)–(14) can be verified by the fact that if i1 = . . . = i6 =
i = 1, . . . ,m and ψ1(τ), . . . , ψ6(τ) ≡ ψ(τ), then we can derive from (9)–(14) the well known equalities
[11]-[19], [22], [24], [26]-[29]

J [ψ(1)]T,t =
1

1!
δT,t,

J [ψ(2)]T,t =
1

2!

(
δ2T,t −∆T,t

)
,

J [ψ(3)]T,t =
1

3!

(
δ3T,t − 3δT,t∆T,t

)
,

J [ψ(4)]T,t =
1

4!

(
δ4T,t − 6δ2T,t∆T,t + 3∆2

T,t

)
,

J [ψ(5)]T,t =
1

5!

(
δ5T,t − 10δ3T,t∆T,t + 15δT,t∆

2
T,t

)
,

J [ψ(6)]T,t =
1

6!

(
δ6T,t − 15δ4T,t∆T,t + 45δ2T,t∆

2
T,t − 15∆3

T,t

)

w. p. 1, where

δT,t =

T∫

t

ψ(τ)df (i)τ , ∆T,t =

T∫

t

ψ2(τ)dτ.

The above relations can be independently obtained using the Ito formula and Hermite polynomials.
The results of Sect. 3–5 adapt Theorem 1 for the iterated Stratonovich stochastic integrals (3) of

multiplicities 2–4. The case of multiplicity 1 follows from (9).

3. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 2

Theorem 2 [17]-[19], [22], [24], [26]-[29]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). At the same time ψ2(τ) is a

continuously differentiable nonrandom function on [t, T ] and ψ1(τ) is twice continuously differentiable

nonrandom function on [t, T ]. Then

J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

(i1, i2 = 1, . . . ,m),

where notations are the same as in Theorem 1.

Proof. In accordance to the standard relations between Ito and Stratonovich stochastic integrals
[2] we have w. p. 1
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10 D.F. KUZNETSOV

(15) J∗[ψ(2)]T,t = J [ψ(2)]T,t +
1

2
1{i1=i2 6=0}

T∫

t

ψ1(t1)ψ2(t1)dt1.

From the other hand, according to (10), we obtain

J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

=

(16) = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2} lim
p1,p2→∞

min{p1,p2}∑

j1=0

Cj1j1 .

From (15) and (16) it folows that Theorem 2 will be proved if

(17)
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 =

∞∑

j1=0

Cj1j1 .

Note that in this section we present two different proofs of the existence of a limit on the right-hand
side of (17) for the polynomial and trigonometric cases.

Let us prove (17). Consider the function

(18) K∗(t1, t2) = K(t1, t2) +
1

2
1{t1=t2}ψ1(t1)ψ2(t1),

where t1, t2 ∈ [t, T ] and K(t1, t2) has the form (4) for k = 2.
Let us expand the function K∗(t1, t2) defined by (18) using the variable t1, when t2 is fixed, into

the generalized Fourier series at the interval (t, T )

(19) K∗(t1, t2) =

∞∑

j1=0

Cj1 (t2)φj1 (t1) (t1 6= t, T ),

where

Cj1(t2) =

T∫

t

K∗(t1, t2)φj1 (t1)dt1 = ψ2(t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1.

The equality (19) is fulfilled pointwise in each point of the interval (t, T ) with respect to the
variable t1, when t2 ∈ [t, T ] is fixed, due to the piecewise smoothness of the function K∗(t1, t2) with
respect to the variable t1 ∈ [t, T ] (t2 is fixed).

Note that due to the well-known properties of the Fourier–Legendre series and trigonometric
Fourier series, the series (19) converges when t1 = t, t1 = T .

Obtaining (19) we also used the fact that the right-hand side of (19) converges when t1 = t2 (point
of a finite discontinuity of the function K(t1, t2)) to the value
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1

2
(K(t2 − 0, t2) +K(t2 + 0, t2)) =

1

2
ψ1(t2)ψ2(t2) = K∗(t2, t2).

The function Cj1(t2) is a continuously differentiable one at the interval [t, T ]. Let us expand it into
the generalized Fourier series at the interval (t, T )

(20) Cj1(t2) =
∞∑

j2=0

Cj2j1φj2(t2) (t2 6= t, T ),

where

Cj2j1 =

T∫

t

Cj1 (t2)φj2 (t2)dt2 =

T∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2,

and the equality (20) is fulfilled pointwise at any point of the interval (t, T ) (the right-hand side of
(20) converges when t2 = t, t2 = T ).

Let us substitute (20) into (19)

(21) K∗(t1, t2) =

∞∑

j1=0

∞∑

j2=0

Cj2j1φj1(t1)φj2 (t2), (t1, t2) ∈ (t, T )2.

Note that the series on the right-hand side of (21) converges at the boundary of the square [t, T ]2.
It is easy to see that substituting t1 = t2 into (21), we obtain

(22)
1

2
ψ1(t1)ψ2(t1) =

∞∑

j1=0

∞∑

j2=0

Cj2j1φj1(t1)φj2(t1).

From (22) we formally have

1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 =

T∫

t

∞∑

j1=0

∞∑

j2=0

Cj2j1φj1 (t1)φj2 (t1)dt1 =

=

∞∑

j1=0

∞∑

j2=0

T∫

t

Cj2j1φj1 (t1)φj2 (t1)dt1 =

= lim
p1→∞

lim
p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

T∫

t

φj1(t1)φj2 (t1)dt1 =

= lim
p1→∞

lim
p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j11{j1=j2} =

(23) = lim
p1→∞

lim
p2→∞

min{p1,p2}∑

j1=0

Cj1j1 =

∞∑

j1=0

Cj1j1 .
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Let us explain the second step in (23) (the fourth step in (23) follows from the orthonormality of
the functions φj(s) at the interval [t, T ]).

We have

∣
∣
∣
∣
∣
∣

T∫

t

∞∑

j1=0

Cj1 (t1)φj1 (t1)dt1 −
p1∑

j1=0

T∫

t

Cj1 (t1)φj1 (t1)dt1

∣
∣
∣
∣
∣
∣

≤

(24) ≤
T∫

t

|ψ2(t1)Gp1 (t1)| dt1 ≤ C

T∫

t

|Gp1(t1)| dt1,

where C <∞ and

∞∑

j=p+1

τ∫

t

ψ1(s)φj(s)dsφj(τ)
def
= Gp(τ).

Let us consider the case of Legendre polynomials. Then

(25) |Gp1(t1)| =
1

2

∣
∣
∣
∣
∣
∣
∣

∞∑

j1=p1+1

(2j1 + 1)

z(t1)∫

−1

ψ1(u(y))Pj1 (y)dyPj1(z(t1))

∣
∣
∣
∣
∣
∣
∣

,

where

(26) u(y) =
T − t

2
y +

T + t

2
, z(s) =

(

s− T + t

2

)
2

T − t
,

and Pj(s) (j = 0, 1, . . .) is the Legendre polynomial.
From (25) and the well-known formula

(27)
dPj+1

dx
(x) − dPj−1

dx
(x) = (2j + 1)Pj(x), j = 1, 2, . . .

it follows that

|Gp1 (t1)| =
1

2

∣
∣
∣
∣
∣

∞∑

j1=p1+1

{

(Pj1+1(z(t1))− Pj1−1(z(t1)))ψ1(t1)−

−T − t

2

z(t1)∫

−1

(Pj1+1(y)− Pj1−1(y))ψ
′
1(u(y))dy

}

Pj1 (z(t1))

∣
∣
∣
∣
∣
≤

≤ C0

∣
∣
∣
∣
∣

∞∑

j1=p1+1

(Pj1+1(z(t1))Pj1 (z(t1))− Pj1−1(z(t1))Pj1 (z(t1)))

∣
∣
∣
∣
∣
+

+
T − t

4

∣
∣
∣
∣
∣

∞∑

j1=p1+1

{

ψ′
1(t1)

(

1

2j1 + 3
(Pj1+2(z(t1))− Pj1(z(t1)))−
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− 1

2j1 − 1
(Pj1 (z(t1))− Pj1−2(z(t1)))

)

−

−T − t

2

z(t1)∫

−1

(

1

2j1 + 3
(Pj1+2(y)− Pj1(y))−

(28) − 1

2j1 − 1
(Pj1(y)− Pj1−2(y))

)

ψ′′
1 (u(y))dy

}

Pj1 (z(t1))

∣
∣
∣
∣
∣
,

where C0 is a constant, ψ′
1 and ψ′′

1 are derivatives of the function ψ1(s) with respect to the variable
u(y).

Using (28) and the well-known estimate for Legendre polynomials

(29) |Pn(y)| <
K√

n+ 1(1− y2)1/4
, y ∈ (−1, 1), n ∈ N,

where constant K does not depend on y and n, we have

|Gp1(t1)| <

< C0

∣
∣
∣
∣
∣
lim
n→∞

n∑

j1=p1+1

(Pj1+1(z(t1))Pj1 (z(t1))− Pj1−1(z(t1))Pj1 (z(t1)))

∣
∣
∣
∣
∣
+

+C1

∞∑

j1=p1+1

1

j21






1

(1− (z(t1))2)
1/2

+

z(t1)∫

−1

dy

(1− y2)
1/4

1

(1− (z(t1))2)
1/4




 <

< C0

∣
∣
∣
∣
∣
lim
n→∞

(Pn+1(z(t1))Pn(z(t1))− Pp1(z(t1))Pp1+1(z(t1)))

∣
∣
∣
∣
∣
+

+C1

∞∑

j1=p1+1

1

j21

(

1

(1− (z(t1))2)
1/2

+ C2
1

(1− (z(t1))2)
1/4

)

<

< C3 lim
n→∞

(

1

n
+

1

p1

)

1

(1− (z(t1))2)
1/2

+

+C1

∞∑

j1=p1+1

1

j21

(

1

(1− (z(t1))2)
1/2

+ C2
1

(1− (z(t1))2)
1/4

)

≤

≤ C4

((

1

p1
+

∞∑

j1=p1+1

1

j21

)

1

(1− (z(t1))2)
1/2

+

∞∑

j1=p1+1

1

j21

1

(1− (z(t1))2)
1/4

)

≤

(30) ≤ K

p1

(

1

(1− (z(t1))2)
1/2

+
1

(1− (z(t1))2)
1/4

)

,
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where C0, C1, . . . , C4,K are constants, t1 ∈ (t, T ).
Note that in (30) we used the following inequality

(31)

∞∑

j1=p1+1

1

j21
≤

∞∫

p1

dx

x2
=

1

p1
.

From (24) and (30) we get

∣
∣
∣
∣
∣
∣

T∫

t

∞∑

j1=0

Cj1 (t1)φj1 (t1)dt1 −
p1∑

j1=0

T∫

t

Cj1 (t1)φj1 (t1)dt1

∣
∣
∣
∣
∣
∣

<

<
K

p1





1∫

−1

dy

(1− y2)
1/2

+

1∫

−1

dy

(1− y2)
1/4



 → 0

if p1 → ∞. So we obtain

1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 =

T∫

t

∞∑

j1=0

Cj1(t1)φj1 (t1)dt1 =

=

∞∑

j1=0

T∫

t

Cj1(t1)φj1 (t1)dt1 =

∞∑

j1=0

T∫

t

∞∑

j2=0

Cj2j1φj2 (t1)φj1 (t1)dt1 =

(32) =

∞∑

j1=0

∞∑

j2=0

T∫

t

Cj2j1φj2(t1)φj1(t1)dt1 =

∞∑

j1=0

Cj1j1 .

In (32) we used the fact that the Fourier–Legendre series

∞∑

j2=0

Cj2j1φj2(t1)

of the smooth function Cj1(t1) converges uniformly to this function at the interval [t+ε, T−ε] for any
ε > 0, converges to this function at any point t1 ∈ (t, T ), and converges to Cj1 (t+ 0) and Cj1 (T − 0)
when t1 = t, t1 = T [61].

More precisely, we have

T∫

t

∞∑

j2=0

Cj2j1φj2(t1)φj1 (t1)dt1 =

T−ε∫

t+ε

∞∑

j2=0

Cj2j1φj2(t1)φj1 (t1)dt1 +Aε +Bε =

=

∞∑

j2=0

Cj2j1

T−ε∫

t+ε

φj2(t1)φj1(t1)dt1 +Aε +Bε =
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=

∞∑

j2=0

Cj2j1





T∫

t

−
t+ε∫

t

−
T∫

T−ε



φj2(t1)φj1 (t1)dt1 +Aε +Bε =

=

∞∑

j2=0

Cj2j1

(

1{j1=j2} − ε
(
φj2 (λ)φj1 (λ) + φj2(θ)φj1 (θ)

)
)

+Aε +Bε =

(33) = Cj1j1 − ε





∞∑

j2=0

Cj2j1φj2 (λ)φj1 (λ) +

∞∑

j2=0

Cj2j1φj2(θ)φj1 (θ)



 +Aε +Bε,

where θ ∈ [t, t+ ε], λ ∈ [T − ε, T ], and

Aε =

t+ε∫

t

∞∑

j2=0

Cj2j1φj2(t1)φj1 (t1)dt1, Bε =

T∫

T−ε

∞∑

j2=0

Cj2j1φj2 (t1)φj1 (t1)dt1.

In obtaining (33) we used the theorem on the mean value for the Riemann integral and orthonormality
of the functions φj(x) for j = 0, 1, 2 . . .

Further, we have |Aε| + |Bε| ≤ εC, where C < ∞ is a constant. Performing the passage to the
limit lim

ε→+0
in the equality (33), we get

T∫

t

∞∑

j2=0

Cj2j1φj2(t1)φj1(t1)dt1 = Cj1j1 .

Then (see (32))

∞∑

j1=0

T∫

t

∞∑

j2=0

Cj2j1φj2 (t1)φj1 (t1)dt1 =

∞∑

j1=0

Cj1j1

and the relation (17) is proved for the case of Legendre polynomials.
Let us consider the trigonometric case. The complete orthonormal system {φj(x)}∞j=0 of trigonometric

functions in the space L2([t, T ]) has the following form

(34) φj(θ) =
1√
T − t







1, j = 0

√
2sin (2πr(θ − t)/(T − t)) , j = 2r − 1

√
2cos (2πr(θ − t)/(T − t)) , j = 2r

,

where r = 1, 2, . . .
We have

S2p1

def
=

∣
∣
∣
∣
∣
∣

T∫

t

∞∑

j1=0

Cj1(t1)φj1 (t1)dt1 −
2p1∑

j1=0

T∫

t

Cj1(t1)φj1 (t1)dt1

∣
∣
∣
∣
∣
∣

=
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=

∣
∣
∣
∣
∣
∣

T∫

t

∞∑

j1=2p1+1

ψ2(t1)φj1 (t1)

t1∫

t

ψ1(θ)φj1 (θ)dθdt1

∣
∣
∣
∣
∣
∣

=

=
2

T − t

∣
∣
∣
∣
∣
∣

T∫

t

ψ2(t1)

∞∑

j1=p1+1





t1∫

t

ψ1(s)sin
2πj1(s− t)

T − t
ds sin

2πj1(t1 − t)

T − t
+

+

t1∫

t

ψ1(s)cos
2πj1(s− t)

T − t
ds cos

2πj1(t1 − t)

T − t



 dt1

∣
∣
∣
∣
∣
∣

=

=
1

π

∣
∣
∣
∣
∣
∣

T∫

t

(

ψ1(t)ψ2(t1)

∞∑

j1=p1+1

1

j1
sin

2πj1(t1 − t)

T − t
+

+
T − t

2π
ψ2(t1)

∞∑

j1=p1+1

1

j21

(

ψ′
1(t1)− ψ′

1(t)cos
2πj1(t1 − t)

T − t
−

−
t1∫

t

sin
2πj1(s− t)

T − t
ψ′′
1 (s)ds sin

2πj1(t1 − t)

T − t
−

−
t1∫

t

cos
2πj1(s− t)

T − t
ψ′′
1 (s)ds cos

2πj1(t1 − t)

T − t

))

dt1

∣
∣
∣
∣
∣
∣

≤

≤ C1

∣
∣
∣
∣
∣
∣

T∫

t

ψ2(t1)

∞∑

j1=p1+1

1

j1
sin

2πj1(t1 − t)

T − t
dt1

∣
∣
∣
∣
∣
∣

+
C2

p1
=

(35) = C1

∣
∣
∣
∣
∣
∣

∞∑

j1=p1+1

1

j1

T∫

t

ψ2(t1)sin
2πj1(t1 − t)

T − t
dt1

∣
∣
∣
∣
∣
∣

+
C2

p1
,

where constants C1, C2 do not depend on p1.
Here we used the fact that the functional series

(36)

∞∑

j1=1

1

j1
sin

2πj1(t1 − t)

T − t

converges uniformly at the interval [t + ε, T − ε] for any ε > 0 due to Drichlet–Abel Theorem,
and converges to zero at the points t and T . Moreover, the series (36) (with accuracy to a linear
transformation) is the trigonometric Fourier series of the smooth function K(t1) = t1 − t, t1 ∈ [t, T ].
So the series (36) converges to the smooth function at any point t1 ∈ (t, T ).

From (35) we obtain

S2p1 =

∣
∣
∣
∣
∣
∣

T∫

t

∞∑

j1=2p1+1

ψ2(t1)φj1 (t1)

t1∫

t

ψ1(θ)φj1 (θ)dθdt1

∣
∣
∣
∣
∣
∣

≤
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(37) ≤ C3

∣
∣
∣
∣
∣
∣

∞∑

j1=p1+1

1

j21

(

ψ2(T )− ψ2(t)−
T∫

t

cos
2πj1(s− t)

T − t
ψ′
2(s)ds

)
∣
∣
∣
∣
∣
∣

+
C2

p1
≤ C4

p1
,

where constants C2, C3, C4 do not depend on p1.
Further,

S2p1−1 =

∣
∣
∣
∣
∣
∣

T∫

t

∞∑

j1=2p1

ψ2(t1)φj1 (t1)

t1∫

t

ψ1(θ)φj1 (θ)dθdt1

∣
∣
∣
∣
∣
∣

=

=

∣
∣
∣
∣
∣
∣

S2p1 +

T∫

t

ψ2(t1)φ2p1 (t1)

t1∫

t

ψ1(θ)φ2p1 (θ)dθdt1

∣
∣
∣
∣
∣
∣

≤

(38) ≤ S2p1 +
2

T − t

∣
∣
∣
∣
∣
∣

T∫

t

ψ2(t1)cos
2πp1(t1 − t)

T − t

t1∫

t

ψ1(θ)cos
2πp1(θ − t)

T − t
dθdt1

∣
∣
∣
∣
∣
∣

.

Moreover,

T∫

t

ψ2(t1)cos
2πp1(t1 − t)

T − t

t1∫

t

ψ1(θ)cos
2πp1(θ − t)

T − t
dθdt1 =

=
T − t

2πp1

T∫

t

ψ2(t1)cos
2πp1(t1 − t)

T − t

(

ψ1(t1)sin
2πp1(t1 − t)

T − t
−

(39) −
T∫

t

ψ′
1(θ)sin

2πp1(θ − t)

T − t
dθ

)

dt1.

The relations (37)–(39) imply that

(40) S2p1−1 ≤ C5

p1
,

where constant C5 is independent of p1.
From (37) and (40) we get

(41) Sp1 =

∣
∣
∣
∣
∣
∣

T∫

t

∞∑

j1=p1+1

ψ2(t1)φj1 (t1)

t1∫

t

ψ1(θ)φj1 (θ)dθdt1

∣
∣
∣
∣
∣
∣

≤ K

p1
→ 0

if p1 → ∞, where constant K does not depend on p1 (p1 ∈ N). Further steps are similar to the proof
of (17) for the case of Legendre polynomials. Theorem 2 is proved.

Note that the estimate (41) will be used further.
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Lemma 1. Under the conditions of Theorem 2 the following limit

lim
n→∞

n∑

j1=0

Cj1j1

exists, where Cj1j1 is defined by (5) for k = 2 and j1 = j2, i.e.

Cj1j1 =

T∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2.

Lemma 1 has already been proved in this section. Further, in this section, another proof of Lemma 1
is given. This will allow us to obtain useful estimates that will be used later.

Consider another proof of Lemma 1. We will prove that
n∑

j1=0

Cj1j1

is the Cauchy sequence for the cases of Legendre polynomials and trigonometric functions.
Consider the case of Legendre polynomials. Below in this section we write lim

n,m→∞
instead of lim

n,m→∞
n>m

.

Fix n > m (n,m ∈ N). We have

n∑

j1=m+1

Cj1j1 =

n∑

j1=m+1

T∫

t

ψ2(s)φj1 (s)

s∫

t

ψ1(τ)φj1 (τ)dτds =

=
T − t

4

n∑

j1=m+1

(2j1 + 1)

1∫

−1

ψ2(u(x))Pj1 (x)

x∫

−1

ψ1(u(y))Pj1(y)dydx =

=
T − t

4

n∑

j1=m+1

1∫

−1

ψ1(u(x))ψ2(u(x)) (Pj1+1(x)Pj1 (x) − Pj1(x)Pj1−1(x)) dx−

− (T − t)2

8

n∑

j1=m+1

1∫

−1

ψ2(u(x))Pj1 (x)

x∫

−1

(Pj1+1(y)− Pj1−1(y))ψ
′
1(u(y))dydx =

=
T − t

4

1∫

−1

ψ1(u(x))ψ2(u(x))
n∑

j1=m+1

(Pj1+1(x)Pj1 (x) − Pj1(x)Pj1−1(x)) dx−

− (T − t)2

8

n∑

j1=m+1

1∫

−1

(Pj1+1(y)− Pj1−1(y))ψ
′
1(u(y))

1∫

y

Pj1 (x)ψ2(u(x))dxdy =

=
T − t

4

1∫

−1

ψ1(u(x))ψ2(u(x)) (Pn+1(x)Pn(x)− Pm+1(x)Pm(x)) dx+

+
(T − t)2

8

n∑

j1=m+1

1

2j1 + 1

1∫

−1

(Pj1+1(y)− Pj1−1(y))ψ
′
1(u(y))×
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×
(

(Pj1+1(y)− Pj1−1(y))ψ2(u(y))+

(42) +
T − t

2

1∫

y

(Pj1+1(x) − Pj1−1(x))ψ
′
2(u(x))dx

)

dy,

where ψ′
1, ψ

′
2 are derivatives of the functions ψ1(τ), ψ2(τ) with respect to the variable u(y) (see (26)).

Applying the estimate (29) and taking into account the boundedness of the functions ψ1(τ), ψ2(τ)
and their derivatives, we finally obtain

∣
∣
∣
∣
∣
∣

n∑

j1=m+1

Cj1j1

∣
∣
∣
∣
∣
∣

≤ C1

(
1

n
+

1

m

) 1∫

−1

dx

(1− x2)
1/2

+

+C2

n∑

j1=m+1

1

j21





1∫

−1

dy

(1− y2)
1/2

+

1∫

−1

1

(1− y2)
1/4

1∫

y

dx

(1− x2)
1/4

dy



 ≤

(43) ≤ C3




1

n
+

1

m
+

n∑

j1=m+1

1

j21



→ 0

if n,m → ∞ (n > m), where constants C1, C2, C3 do not depend on n and m. The relation (43)
completes the proof of Lemma 1 for the polynomial case.

Consider the trigonometric case. Fix n > m (n,m ∈ N). Denote

Sn,m
def
=

n∑

j1=m+1

Cj1j1 =

n∑

j1=m+1

T∫

t

ψ2(t2)φj1(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2.

By analogy with (42) we obtain

S2n,2m =

2n∑

j1=2m+1

T∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2 =

=
2

T − t

n∑

j1=m+1





T∫

t

ψ2(t2)sin
2πj1(t2 − t)

T − t

t2∫

t

ψ1(t1)sin
2πj1(t1 − t)

T − t
dt1dt2+

+

T∫

t

ψ2(t2)cos
2πj1(t2 − t)

T − t

t2∫

t

ψ1(t1)cos
2πj1(t1 − t)

T − t
dt1dt2



 =

=
T − t

2π2

n∑

j1=m+1

1

j21



ψ1(t)



ψ2(t)− ψ2(T ) +

T∫

t

ψ′
2(t2)cos

2πj1(t2 − t)

T − t
dt2



−

−
T∫

t

ψ′
1(t1)cos

2πj1(t1 − t)

T − t

(

ψ2(T )− ψ2(t1)cos
2πj1(t1 − t)

T − t
−

T∫

t1

ψ′
2(t2)cos

2πj1(t2 − t)

T − t
dt2

)

dt1+
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(44) +

T∫

t

ψ′
1(t1)sin

2πj1(t1 − t)

T − t

(

ψ2(t1)sin
2πj1(t1 − t)

T − t
+

T∫

t1

ψ′
2(t2)sin

2πj1(t2 − t)

T − t
dt2

)

dt1



 ,

where ψ′
1(τ), ψ

′
2(τ) are derivatives of the functions ψ1(τ), ψ2(τ) with respect to the variable τ .

From (44) we get

(45) |S2n,2m| ≤ C
n∑

j1=m+1

1

j21
→ 0

if n,m→ ∞ (n > m), where constant C does not depend on n and m.
Further,

(46) S2n−1,2m = S2n,2m − 2

T − t

T∫

t

ψ2(t2)cos
2πn(t2 − t)

T − t

t2∫

t

ψ1(t1)cos
2πn(t1 − t)

T − t
dt1dt2,

(47) S2n,2m−1 = S2n,2m +
2

T − t

T∫

t

ψ2(t2)cos
2πm(t2 − t)

T − t

t2∫

t

ψ1(t1)cos
2πm(t1 − t)

T − t
dt1dt2,

S2n−1,2m−1 = S2n,2m−1 −
2

T − t

T∫

t

ψ2(t2)cos
2πn(t2 − t)

T − t

t2∫

t

ψ1(t1)cos
2πn(t1 − t)

T − t
dt1dt2 =

= S2n,2m +
2

T − t

T∫

t

ψ2(t2)cos
2πm(t2 − t)

T − t

t2∫

t

ψ1(t1)cos
2πm(t1 − t)

T − t
dt1dt2−

(48) − 2

T − t

T∫

t

ψ2(t2)cos
2πn(t2 − t)

T − t

t2∫

t

ψ1(t1)cos
2πn(t1 − t)

T − t
dt1dt2.

Integrating by parts in (46)–(48), we obtain

(49) |S2n−1,2m| ≤ |S2n,2m|+ C1

n
, |S2n,2m−1| ≤ |S2n,2m|+ C1

m
,

(50) |S2n−1,2m−1| ≤ |S2n,2m|+ C1

(
1

m
+

1

n

)

,

where constant C1 does not depend on n and m.
The relations (45), (49), (50) imply that

(51) lim
n,m→∞

|S2n,2m| = lim
n,m→∞

|S2n−1,2m| = lim
n,m→∞

|S2n,2m−1| = lim
n,m→∞

|S2n−1,2m−1| = 0.
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From (51) we get

(52) lim
n,m→∞

|Sn,m| = 0.

The relation (52) completes the proof.
To conclude this section, we note that in [26], Sect. 2.1.4 (also see [64]) the following formula

(53)

∞∑

j=0

T∫

t

ψ2(t2)φj(t2)

t2∫

t

ψ1(τ)φj(t1)dt1dt2 =
1

2

T∫

t

ψ1(τ)ψ2(τ)dτ

is proved, where {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space

L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]).
Let us consider the proof of (53) from [26], Sect. 2.1.4. First consider the case ψ1(τ) ≡ ψ2(τ) or

(54) ψ1(τ) = ψ2(τ)

τ∫

t

g(θ)dθ,

where τ ∈ [t, T ] and ψ1(τ), ψ2(τ), g(τ) ∈ L2([t, T ]).
Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space

L2([t, T ]).
Using Fubini’s Theorem, Lebesgue’s Dominated Convergence Theorem and the Parseval equality,

we have (see (54))

∞∑

j=0

T∫

t

ψ2(t2)φj(t2)

t2∫

t

ψ1(t1)φj(t1)dt1dt2 =

=
∞∑

j=0

T∫

t

ψ2(t2)φj(t2)

t2∫

t

ψ2(t1)φj(t1)

t1∫

t

g(τ)dτdt1dt2 =

=

∞∑

j=0

T∫

t

g(τ)

T∫

τ

ψ2(t1)φj(t1)

T∫

t1

ψ2(t2)φj(t2)dt2dt1dτ =

(55) =
1

2

∞∑

j=0

T∫

t

g(τ)





T∫

τ

ψ2(t1)φj(t1)dt1





2

dτ =

(56) =
1

2

T∫

t

g(τ)

∞∑

j=0





T∫

t

1{τ<t1}ψ2(t1)φj(t1)dt1





2

dτ =

=
1

2

T∫

t

g(τ)

T∫

t

1{τ<t1}ψ
2
2(t1)dt1dτ =

1

2

T∫

t

g(τ)

T∫

τ

ψ2
2(t1)dt1dτ =
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(57) =
1

2

T∫

t

ψ2
2(t1)

t1∫

t

g(τ)dτdt1 =

(58) =
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1,

where the transition from (55) to (56) is based on Lebesgue’s Dominated Convergence Theorem. The
integrable majorant exists due to Parseval’s equality

|g(τ)|
q
∑

j=0





T∫

τ

ψ2(t1)φj(t1)dt1





2

≤ |g(τ)|
∞∑

j=0





T∫

t

1{τ<t1}ψ2(t1)φj(t1)dt1





2

≤ C |g(τ)| , C <∞.

From the other hand, using Fubini’s Theorem and the generalized Parseval equality as well as (57),
we get

∞∑

j=0

T∫

t

ψ1(t2)φj(t2)

t2∫

t

ψ2(t1)φj(t1)dt1dt2 =

=

∞∑

j=0

T∫

t

ψ2(t2)φj(t2)

t2∫

t

g(τ)dτ

t2∫

t

ψ2(t1)φj(t1)dt1dt2 =

=

∞∑

j=0

T∫

t

ψ2(t1)φj(t1)

T∫

t1

ψ2(t2)φj(t2)

t2∫

t

g(τ)dτdt2dt1 =

=
∞∑

j=0

T∫

t

ψ2(t1)φj(t1)dt1

T∫

t

ψ2(t2)φj(t2)

t2∫

t

g(τ)dτdt2−

−
∞∑

j=0

T∫

t

ψ2(t1)φj(t1)

t1∫

t

ψ2(t2)φj(t2)

t2∫

t

g(τ)dτdt2dt1 =

=

T∫

t

ψ2(t1) · ψ2(t1)

t1∫

t

g(τ)dτdt1 −
1

2

T∫

t

ψ2
2(t1)

t1∫

t

g(τ)dτdt1 =

(59) =
1

2

T∫

t

ψ2
2(t1)

t1∫

t

g(τ)dτdt1 =
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1.

In addition, for the case ψ1(τ) ≡ ψ2(τ), using the Parseval equality, we obtain

∞∑

j=0

T∫

t

ψ1(t2)φj(t2)

t2∫

t

ψ1(t1)φj(t1)dt1dt2 =
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(60) =
1

2

∞∑

j=0





T∫

t

ψ1(t1)φj(t1)dt1





2

=
1

2

T∫

t

ψ2
1(t1)dt1.

Suppose that ψ2(τ) = (τ − t)l, g(τ) = k(τ − t)k−1, where l = 0, 1, 2, . . . , k = 1, 2, . . . From (54) we
have

ψ1(τ) = ψ2(τ)

τ∫

t

g(θ)dθ = k(τ − t)l
τ∫

t

(θ − t)k−1dθ = (τ − t)l+k.

Taking into account (58)–(60), we obtain

∞∑

j=0

T∫

t

(t2 − t)lφj(t2)

t2∫

t

(t1 − t)l+kφj(t1)dt1dt2 =

(61) =

∞∑

j=0

T∫

t

(t2 − t)l+kφj(t2)

t2∫

t

(t1 − t)lφj(t1)dt1dt2 =
1

2

T∫

t

(τ − t)2l+kdτ,

where k, l = 0, 1, 2, . . .
The equality similar to (61) was obtained in [64] using other arguments. In addition, the formula

similar to (61) was used in [64] to generalize the equality (53) to the case of an arbitrary complete
orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]). Consider this
approach [64] in more detail.

Let us rewrite the equality (61) in the following form

(62)

∞∑

j=0

T∫

t

(t2 − t)lφj(t2)

t2∫

t

(t1 − t)mφj(t1)dt1dt2 =
1

2

T∫

t

(τ − t)l(τ − t)mdτ,

where l,m = 0, 1, 2, . . .
Since the equality (62) is valid for monomials with respect to τ − t (τ ∈ [t, T ]), it will obviously

also be valid for Legendre polynomials that form a complete orthonormal system of functions in the
space L2([t, T ]) and finite linear combinations of Legendre polynomials.

Let ψ1(τ), ψ2(τ) ∈ L2([t, T ]) and ψ
(p)
1 (τ), ψ

(q)
2 (τ) be approximations of the functions ψ1(τ), ψ2(τ),

respectively, which are partial sums of the corresponding Fourier–Legendre series. Then we have (see
(62))

(63)

∞∑

j=0

T∫

t

ψ
(q)
2 (t2)φj(t2)

t2∫

t

ψ
(p)
1 (τ)φj(t1)dt1dt2 =

1

2

T∫

t

ψ
(p)
1 (τ)ψ

(q)
2 (τ)dτ,

where p, q ∈ N, the series converges absolutly and its sum does not depend on a basis system
{φj(x)}∞j=0.

Let us fix q in (63). The right-hand side of (63) for a fixed q defines (as a scalar product in
L2([t, T ])) a linear bounded (and therefore continuous) functional in L2([t, T ]), which is given by the

function ψ
(q)
2 . The left-hand side of the equality (63) has the same properties. Let us implement the

passage to the limit lim
p→∞

in (63)
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(64)

∞∑

j=0

T∫

t

ψ
(q)
2 (t2)φj(t2)

t2∫

t

ψ1(τ)φj(t1)dt1dt2 =
1

2

T∫

t

ψ1(τ)ψ
(q)
2 (τ)dτ,

where q ∈ N. The equality (64) defines a linear bounded functional in L2([t, T ]) given by the function
ψ1. Let us implement the passage to the limit lim

q→∞
in (64)

∞∑

j=0

T∫

t

ψ2(t2)φj(t2)

t2∫

t

ψ1(τ)φj(t1)dt1dt2 =
1

2

T∫

t

ψ1(τ)ψ2(τ)dτ,

where {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ])

and ψ1(τ), ψ2(τ) ∈ L2([t, T ]). The proof is completed.

4. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 3

Theorem 3 [18], [19], [22], [24], [26]-[29]. Suppose that {φj(x)}∞j=0 is a complete orthonormal

system of Legendre polynomials or trigonometric functions in the space L2([t, T ]). At the same

time ψ2(s) is a continuously differentiable nonrandom function on [t, T ] and ψ1(s), ψ3(s) are twice

continuously differentiable nonrandom functions on [t, T ]. Then

(65) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 1, . . . ,m),

where notations are the same as in Theorem 1.

Proof. Let us consider the case of Legendre polynomials. From (11) for the case p1 = p2 =
p3 = p and the standard relation between Ito and Stratonovich stochastic integrals (2), (3) of third
multiplicity it follows that Theorem 3 will be proved if w. p. 1

(66) l.i.m.
p→∞

p
∑

j1=0

p
∑

j3=0

Cj3j1j1ζ
(i3)
j3

=
1

2

T∫

t

ψ3(s)

s∫

t

ψ2(s1)ψ1(s1)ds1df
(i3)
s ,

(67) l.i.m.
p→∞

p
∑

j1=0

p
∑

j3=0

Cj3j3j1ζ
(i1)
j1

=
1

2

T∫

t

ψ3(s)ψ2(s)

s∫

t

ψ1(s1)df
(i1)
s1 ds,

(68) l.i.m.
p→∞

p
∑

j1=0

p
∑

j3=0

Cj1j3j1ζ
(i2)
j3

= 0.

Let us prove (66). Using Theorem 1 when k = 1 (also see (9)), we can write

1

2

T∫

t

ψ3(s)

s∫

t

ψ2(s1)ψ1(s1)ds1df
(i3)
s =

1

2
l.i.m.
p→∞

p
∑

j3=0

C̃j3ζ
(i3)
j3

,
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where

C̃j3 =

T∫

t

φj3(s)ψ3(s)

s∫

t

ψ2(s1)ψ1(s1)ds1ds.

We have

Ep
def
= M











p
∑

j1=0

p
∑

j3=0

Cj3j1j1ζ
(i3)
j3

− 1

2

p
∑

j3=0

C̃j3ζ
(i3)
j3





2






=

= M











p
∑

j3=0





p
∑

j1=0

Cj3j1j1 −
1

2
C̃j3



 ζ
(i3)
j3





2






=

p
∑

j3=0





p
∑

j1=0

Cj3j1j1 −
1

2
C̃j3





2

=

=

p
∑

j3=0





p
∑

j1=0

T∫

t

ψ3(s)φj3 (s)

s∫

t

ψ2(s1)φj1 (s1)

s1∫

t

ψ1(s2)φj1 (s2)ds2ds1ds−

−1

2

T∫

t

ψ3(s)φj3 (s)

s∫

t

ψ1(s1)ψ2(s1)ds1ds





2

=

=

p
∑

j3=0





T∫

t

ψ3(s)φj3 (s)

s∫

t





p
∑

j1=0

ψ2(s1)φj1 (s1)×

(69) ×
s1∫

t

ψ1(s2)φj1 (s2)ds2 −
1

2
ψ1(s1)ψ2(s1)



 ds1ds





2

.

Let us substitute t1 = t2 = s1 into (19). Then for all s1 ∈ (t, T )

(70)

∞∑

j1=0

ψ2(s1)φj1 (s1)

s1∫

t

ψ1(s2)φj1 (s2)ds2 =
1

2
ψ1(s1)ψ2(s1).

From (69) and (70) it follows that

(71) Ep =

p
∑

j3=0





T∫

t

ψ3(s)φj3 (s)

s∫

t

∞∑

j1=p+1

ψ2(s1)φj1(s1)

s1∫

t

ψ1(s2)φj1(s2)ds2ds1ds





2

.

From (71) and (30) we obtain

Ep < C1

p
∑

j3=0






T∫

t

|φj3 (s)|
1

p






z(s)∫

−1

dy

(1− y2)1/2
+

z(s)∫

−1

dy

(1− y2)1/4




 ds






2

≤
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≤ C2

p2

p
∑

j3=0





T∫

t

|φj3 (s)|ds





2

≤ C2(T − t)

p2

p
∑

j3=0

T∫

t

φ2j3(s)ds =
C3p

p2
→ 0

if p→ ∞, where constants C1, C2, C3 do not depend on p. The equality (66) is proved.
Let us prove (67). Using the Ito formula, we have

1

2

T∫

t

ψ3(s)ψ2(s)

s∫

t

ψ1(s1)df
(i1)
s1 ds =

1

2

T∫

t

ψ1(s1)

T∫

s1

ψ3(s)ψ2(s)dsdf
(i1)
s1 w. p. 1.

Using Theorem 1 for k = 1 (also see (9)), we obtain

1

2

T∫

t

ψ1(s)

T∫

s

ψ3(s1)ψ2(s1)ds1df
(i1)
s =

1

2
l.i.m.
p→∞

p
∑

j1=0

C∗
j1ζ

(i1)
j1

,

where

(72) C∗
j1 =

T∫

t

ψ1(s)φj1 (s)

T∫

s

ψ3(s1)ψ2(s1)ds1ds.

We have

E′
p

def
= M











p
∑

j1=0

p
∑

j3=0

Cj3j3j1ζ
(i1)
j1

− 1

2

p
∑

j1=0

C∗
j1ζ

(i1)
j1





2






=

= M











p
∑

j1=0





p
∑

j3=0

Cj3j3j1 −
1

2
C∗

j1



 ζ
(i1)
j1





2






=

(73) =

p
∑

j1=0





p
∑

j3=0

Cj3j3j1 −
1

2
C∗

j1





2

,

Cj3j3j1 =

T∫

t

ψ3(s)φj3 (s)

s∫

t

ψ2(s1)φj3 (s1)

s1∫

t

ψ1(s2)φj1 (s2)ds2ds1ds =

(74) =

T∫

t

ψ1(s2)φj1 (s2)

T∫

s2

ψ2(s1)φj3 (s1)

T∫

s1

ψ3(s)φj3 (s)dsds1ds2.

From (72)–(74) we obtain
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E′
p =

p
∑

j1=0





T∫

t

ψ1(s2)φj1 (s2)

T∫

s2





p
∑

j3=0

ψ2(s1)φj3(s1)×

(75) ×
T∫

s1

ψ3(s)φj3 (s)ds−
1

2
ψ3(s1)ψ2(s1)



 ds1ds2





2

.

Let us prove the following equality for all s1 ∈ (t, T )

(76)

∞∑

j3=0

ψ2(s1)φj3 (s1)

T∫

s1

ψ3(s)φj3 (s)ds =
1

2
ψ2(s1)ψ3(s1).

Denote

(77) K∗
1 (t1, t2) = K1(t1, t2) +

1

2
1{t1=t2}ψ2(t1)ψ3(t1),

where

K1(t1, t2) = ψ2(t1)ψ3(t2)1{t1<t2}, t1, t2 ∈ [t, T ].

Let us expand the function K∗
1 (t1, t2) using the variable t2, when t1 is fixed, into the Fourier–

Legendre series at the interval (t, T )

(78) K∗
1 (t1, t2) =

∞∑

j3=0

ψ2(t1)

T∫

t1

ψ3(t2)φj3 (t2)dt2 · φj3 (t2) (t2 6= t, T ).

The equality (78) is fulfilled pointwise in each point of the interval (t, T ) with respect to the variable
t2, when t1 ∈ [t, T ] is fixed, due to piecewise smoothness of the function K∗

1 (t1, t2) with respect to
the variable t2 ∈ [t, T ] (t1 is fixed).

Obtaining (78) we also used the fact that the right-hand side of (78) converges when t1 = t2 (point
of a finite discontinuity of the function K1(t1, t2)) to the value

1

2
(K1(t1, t1 − 0) +K1(t1, t1 + 0)) =

1

2
ψ2(t1)ψ3(t1) = K∗

1 (t1, t1).

Let us substitute t1 = t2 into (78). Then we have (76).
From (75) and (76) we obtain

(79) E′
p =

p
∑

j1=0





T∫

t

ψ1(s2)φj1 (s2)

T∫

s2

∞∑

j3=p+1

ψ2(s1)φj3 (s1)

T∫

s1

ψ3(s)φj3 (s)dsds1ds2





2

.

Analogously to (30) we obtain for the twice continuously differentiable function ψ3(s) the following
estimate
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∣
∣
∣
∣
∣

∞∑

j3=p+1

φj3(s1)

T∫

s1

ψ3(s)φj3 (s)ds

∣
∣
∣
∣
∣
<

(80) <
C

p

(

1

(1− (z(s1))2)1/2
+

1

(1 − (z(s1))2)1/4

)

,

where constant C does not depend on p, s1 ∈ (t, T ), and z(s1) is defined by (26). Further consideration
is similar to the proof of (66). The relation (67) is proved.

Let us prove (68). We have

(81) E′′
p

def
= M











p
∑

j1=0

p
∑

j3=0

Cj1j3j1ζ
(i2)
j3





2






=

p
∑

j3=0





p
∑

j1=0

Cj1j3j1





2

,

Cj1j3j1 =

T∫

t

ψ3(s)φj1 (s)

s∫

t

ψ2(s1)φj3 (s1)

s1∫

t

ψ1(s2)φj1 (s2)ds2ds1ds =

(82) =

T∫

t

ψ2(s1)φj3 (s1)

s1∫

t

ψ1(s2)φj1 (s2)ds2

T∫

s1

ψ3(s)φj1 (s)dsds1.

Let us substitute (82) into (81)

(83) E′′
p =

p
∑

j3=0





T∫

t

ψ2(s1)φj3 (s1)

p
∑

j1=0

s1∫

t

ψ1(θ)φj1 (θ)dθ

T∫

s1

ψ3(s)φj1(s)dsds1





2

.

The generalized Parseval equality gives

∞∑

j1=0

s1∫

t

ψ1(θ)φj1 (θ)dθ

T∫

s1

ψ3(s)φj1 (s)ds =

=
∞∑

j1=0

T∫

t

1{θ<s1}ψ1(θ)φj1 (θ)dθ

T∫

t

1{s>s1}ψ3(s)φj1 (s)ds =

(84) =

T∫

t

1{τ<s1}ψ1(τ)1{τ>s1}ψ3(τ)dτ = 0.

Using (83) and (84), we get
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(85) E′′
p =

p
∑

j3=0





T∫

t

ψ2(s1)φj3 (s1)

∞∑

j1=p+1

s1∫

t

ψ1(θ)φj1 (θ)dθ

T∫

s1

ψ3(s)φj1 (s)dsds1





2

.

We have

x∫

t

ψ1(s)φj1 (s)ds =

√
T − t

√
2j1 + 1

2

z(x)∫

−1

Pj1 (y)ψ(u(y))dy =

=

√
T − t

2
√
2j1 + 1

(

(Pj1+1(z(x))− Pj1−1(z(x)))ψ1(x)−

(86) −T − t

2

z(x)∫

−1

((Pj1+1(y)− Pj1−1(y))ψ1
′(u(y))dy

)

,

where x ∈ (t, T ), j1 ≥ p + 1, z(x) and u(y) are defined by (26), ψ1
′ is a derivative of the function

ψ1(s) with respect to the variable u(y).
Note that in (86) we used the following well-known property of Legendre polynomials

Pj+1(−1) = −Pj(−1), j = 0, 1, 2, . . .

and (27).
From (29) and (86) we get

(87)

∣
∣
∣
∣
∣
∣

x∫

t

ψ1(s)φj1 (s)ds

∣
∣
∣
∣
∣
∣

<
C

j1

(
1

(1− (z(x))2)1/4
+ C1

)

, x ∈ (t, T ),

where constants C,C1 do not depend on j1.
Similarly to (87) and due to

Pj(1) = 1, j = 0, 1, 2, . . .

we obtain for the integral (like the integral, which is on the left-hand side of (87), but with integration
limits x and T ) the estimate (87).

From the formula (87) and its analogue for the integral with integration limits x and T we have

(88)

∣
∣
∣
∣
∣
∣

x∫

t

ψ1(s)φj1 (s)ds

T∫

x

ψ3(s)φj1 (s)ds

∣
∣
∣
∣
∣
∣

<
K

j21

(

1

(1− (z(x))2)1/2
+K1

)

,

where x ∈ (t, T ) and constants K,K1 do not depend on j1.
The estimate (29) can be rewritten for the function φj(s) in the following form

(89) |φj(s)| <
√

2j + 1

j + 1

K√
T − t

1

(1− z2(s))
1/4

<
K1√
T − t

1

(1− z2(s))
1/4

,
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where K1 = K
√
2, s ∈ (t, T ), j ∈ N.

Let us estimate the right-hand side of (85) using (88)

E′′
p ≤ L

p
∑

j3=0





T∫

t

|φj3 (s1)|
∞∑

j1=p+1

∣
∣
∣
∣
∣
∣

s1∫

t

ψ1(θ)φj1 (θ)dθ

T∫

s1

ψ3(s)φj1 (s)ds

∣
∣
∣
∣
∣
∣

ds1





2

<

< L1

p
∑

j3=0





T∫

t

|φj3 (s1)|
∞∑

j1=p+1

1

j21

(

1

(1− (z(s1))2)1/2
+K1

)

ds1





2

<

<
L2

p2

p
∑

j3=0





T∫

t

ds1
(1− (z(s1))2)3/4

+K1

T∫

t

ds1
(1− (z(s1))2)1/4





2

=

=
L2(T − t)2

4p2

p
∑

j3=0





1∫

−1

dy

(1− y2)3/4
+K1

1∫

−1

dy

(1− y2)1/4





2

≤

(90) ≤ L3p

p2
=
L3

p
→ 0

if p → ∞, where constants L,L1, L2, L3 do not depend on p and we used (31), (89) in (90). The
relation (68) is proved. Theorem 3 is proved for the case of Legendre polynomials.

Let us consider the trigonometric case. Analogously to (41) we obtain

(91)

∣
∣
∣
∣
∣
∣

T∫

s2

∞∑

j3=p+1

ψ2(s1)φj3(s1)

T∫

s1

ψ3(s)φj3 (s)dsds1

∣
∣
∣
∣
∣
∣

≤ K1

p
,

where s2 ∈ (t, T ) and constant K1 does not depend on p.
Using (41) for T = s and (71), we obtain

Ep ≤ K

p
∑

j3=0





T∫

t

∣
∣
∣
∣
∣
∣

s∫

t

∞∑

j1=p+1

ψ2(s1)φj1(s1)

s1∫

t

ψ1(s2)φj1(s2)ds2ds1

∣
∣
∣
∣
∣
∣

ds





2

≤

(92) ≤ K

p
∑

j3=0

(

(T − t)
K1

p

)2

≤ K2

p2

p
∑

j3=0

(T − t)2 ≤ L

p
→ 0

if p→ ∞, where constants K,K1,K2, L do not depend on p.
Analogously, using (91) and (79), we obtain that E′

p → 0 if p→ ∞.
Integrating by parts, we have

s∫

t

φ2r−1(θ)ψ(θ)dθ =

√
2√

T − t

s∫

t

ψ(θ) sin
2πr(θ − t)

T − t
dθ =
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=

√

T − t

2

1

πr

(

−ψ(s) cos2πr(s− t)

T − t
+ ψ(t)+

+

s∫

t

ψ′(θ) cos
2πr(θ − t)

T − t
dθ

)

,

s∫

t

φ2r(θ)ψ(θ)dθ =

√
2√

T − t

s∫

t

ψ(θ) cos
2πr(θ − t)

T − t
dθ =

=

√

T − t

2

1

πr

(

ψ(s) sin
2πr(s − t)

T − t
−

s∫

t

ψ′(θ) sin
2πr(θ − t)

T − t
dθ

)

,

where φ2r−1(θ), φ2r(θ) are defined by (34) (r = 1, 2, . . .) and ψ′(θ) is a derivative of the function
ψ(θ) with respect to the variable θ (we suppose that ψ(θ) is a continuously differentiable nonrandom
function on [t, T ]).

Then

(93)

∣
∣
∣
∣
∣
∣

s∫

t

φ2r−1(θ)ψ(θ)dθ

∣
∣
∣
∣
∣
∣

≤ C

r
=

2C

2r
<

2C

2r − 1
,

(94)

∣
∣
∣
∣
∣
∣

s∫

t

φ2r(θ)ψ(θ)dθ

∣
∣
∣
∣
∣
∣

≤ C

r
=

2C

2r
,

where constant C does not depend on r (r = 1, 2, . . .).
From (93), (94) we get

(95)

∣
∣
∣
∣
∣
∣

s∫

t

φj1(θ)ψ(θ)dθ

∣
∣
∣
∣
∣
∣

≤ K

j1
,

where constant K is independent of j1 (j1 = 1, 2, . . .).
Analogously, we obtain

(96)

∣
∣
∣
∣
∣
∣

T∫

s

φj1(θ)ψ(θ)dθ

∣
∣
∣
∣
∣
∣

≤ K

j1
,

where constant K does not depend on j1 (j1 = 1, 2, . . .).
From (95) and (96) we have

(97)

∣
∣
∣
∣
∣
∣

x∫

t

ψ1(s)φj1(s)ds

T∫

x

ψ3(s)φj1 (s)ds

∣
∣
∣
∣
∣
∣

<
C1

j21
(j1 6= 0),

where constant C1 does not depend on j1.
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Using (85) and (97), we obtain

E′′
p ≤ L

p
∑

j3=0





T∫

t

|φj3 (s1)|
∞∑

j1=p+1

∣
∣
∣
∣
∣
∣

s1∫

t

ψ1(θ)φj1 (θ)dθ

T∫

s1

ψ3(s)φj1 (s)ds

∣
∣
∣
∣
∣
∣

ds1





2

≤

≤ L1

p
∑

j3=0



(T − t)

∞∑

j1=p+1

1

j21





2

≤ L1

p2

p
∑

j3=0

(T − t)2 ≤

(98) ≤ L2

p
→ 0

if p → ∞, where constants L,L1, L2 do not depend on p. Theorem 3 is proved for the trigonometric
case. Theorem 3 is proved.

5. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 4

In this section, we will develop the approach to expansion of iterated Stratonovich stochatic
integrals based on Theorem 1 for the stochastic integrals of multiplicity 4.

Theorem 4 [17]-[19], [22], [24], [26]-[29]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then

(99) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

where Cj4j3j2j1 is defined by (5) for k = 4 and ψ1(s), . . . , ψ4(s) ≡ 1; another notations are the same

as in Theorem 1.

Proof. From (12) it follows that

l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

= J [ψ(4)]T,t+

+1{i1=i2 6=0}A
(i3i4)
1 + 1{i1=i3 6=0}A

(i2i4)
2 + 1{i1=i4 6=0}A

(i2i3)
3 + 1{i2=i3 6=0}A

(i1i4)
4 +

+1{i2=i4 6=0}A
(i1i3)
5 + 1{i3=i4 6=0}A

(i1i2)
6 − 1{i1=i2 6=0}1{i3=i4 6=0}B1−

(100) −1{i1=i3 6=0}1{i2=i4 6=0}B2 − 1{i1=i4 6=0}1{i2=i3 6=0}B3,

where J [ψ(4)]T,t is defined by (2) for ψ1(s), . . . , ψ4(s) ≡ 1 and i1, . . . , i4 = 0, 1, . . . ,m,
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A
(i3i4)
1 = l.i.m.

p→∞

p
∑

j4,j3,j1=0

Cj4j3j1j1ζ
(i3)
j3

ζ
(i4)
j4

,

A
(i2i4)
2 = l.i.m.

p→∞

p
∑

j4,j3,j2=0

Cj4j3j2j3ζ
(i2)
j2

ζ
(i4)
j4

,

A
(i2i3)
3 = l.i.m.

p→∞

p
∑

j4,j3,j2=0

Cj4j3j2j4ζ
(i2)
j2

ζ
(i3)
j3

,

A
(i1i4)
4 = l.i.m.

p→∞

p
∑

j4,j3,j1=0

Cj4j3j3j1ζ
(i1)
j1

ζ
(i4)
j4

,

A
(i1i3)
5 = l.i.m.

p→∞

p
∑

j4,j3,j1=0

Cj4j3j4j1ζ
(i1)
j1

ζ
(i3)
j3

,

A
(i1i2)
6 = l.i.m.

p→∞

p
∑

j3,j2,j1=0

Cj3j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

,

B1 = lim
p→∞

p
∑

j1,j4=0

Cj4j4j1j1 , B2 = lim
p→∞

p
∑

j4,j3=0

Cj3j4j3j4 ,

B3 = lim
p→∞

p
∑

j4,j3=0

Cj4j3j3j4 .

Using the integration order replacement in Riemann integrals, Theorem 1 for k = 2 (see (10)) and
(17), Parseval’s equality and integration order replacement technique for Ito stochastic integrals [17]
(also see [26]-[29], Chapter 3) or Ito’s formula, we obtain

A
(i3i4)
1 =

= l.i.m.
p→∞

p
∑

j4,j3,j1=0

1

2

T∫

t

φj4(s)

s∫

t

φj3(s1)





s1∫

t

φj1 (s2)ds2





2

ds1dsζ
(i3)
j3

ζ
(i4)
j4

=

= l.i.m.
p→∞

p
∑

j4,j3=0

1

2

T∫

t

φj4 (s)

s∫

t

φj3(s1)

p
∑

j1=0





s1∫

t

φj1 (s2)ds2





2

ds1dsζ
(i3)
j3

ζ
(i4)
j4

=

= l.i.m.
p→∞

p
∑

j4,j3=0

1

2

T∫

t

φj4 (s)

s∫

t

φj3(s1)




(s1 − t)−

∞∑

j1=p+1





s1∫

t

φj1(s2)ds2





2



 ds1dsζ

(i3)
j3

ζ
(i4)
j4

=

= l.i.m.
p→∞

p
∑

j4,j3=0

1

2

T∫

t

φj4 (s)

s∫

t

φj3(s1)(s1 − t)ds1dsζ
(i3)
j3

ζ
(i4)
j4

−∆
(i3i4)
1 =
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=
1

2

T∫

t

s∫

t

(s1 − t)dw(i3)
s1 dw(i4)

s +

+
1

2
1{i3=i4 6=0} lim

p→∞

p
∑

j3=0

T∫

t

φj3(s)

s∫

t

φj3 (s1)(s1 − t)ds1ds−∆
(i3i4)
1 =

(101) =
1

2

T∫

t

s∫

t

s1∫

t

ds2dw
(i3)
s1 dw(i4)

s +
1

4
1{i3=i4 6=0}

T∫

t

(s1 − t)ds1 −∆
(i3i4)
1 w. p. 1,

where

∆
(i3i4)
1 = l.i.m.

p→∞

p
∑

j3,j4=0

apj4j3ζ
(i3)
j3

ζ
(i4)
j4

,

(102) apj4j3 =
1

2

T∫

t

φj4 (s)

s∫

t

φj3(s1)

∞∑

j1=p+1





s1∫

t

φj1 (s2)ds2





2

ds1ds.

Let us consider A
(i2i4)
2

A
(i2i4)
2 =

= l.i.m.
p→∞

p
∑

j4,j3,j2=0

T∫

t

φj4 (s)

s∫

t

φj2(s2)

s2∫

t

φj3(s3)ds3

s∫

s2

φj3 (s1)ds1ds2dsζ
(i2)
j2

ζ
(i4)
j4

=

= l.i.m.
p→∞

p
∑

j4,j3,j2=0





1

2

T∫

t

φj4 (s)





s∫

t

φj3 (s3)ds3





2 s∫

t

φj2(s2)ds2ds−

−1

2

T∫

t

φj4(s)

s∫

t

φj2 (s2)





s2∫

t

φj3 (s3)ds3





2

ds2ds−

−1

2

T∫

t

φj4(s)

s∫

t

φj2 (s2)





s∫

s2

φj3(s1)ds1





2

ds2ds




 ζ

(i2)
j2

ζ
(i4)
j4

=

= l.i.m.
p→∞

p
∑

j4,j2=0




1

2

T∫

t

φj4 (s)(s− t)

s∫

t

φj2(s2)ds2ds−

−1

2

T∫

t

φj4 (s)

s∫

t

φj2(s2)(s2 − t)ds2ds−
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−1

2

T∫

t

φj4 (s)

s∫

t

φj2 (s2)(s− t+ t− s2)ds2ds



 ζ
(i2)
j2

ζ
(i4)
j4

−

(103) −∆
(i2i4)
2 +∆

(i2i4)
1 +∆

(i2i4)
3 = −∆

(i2i4)
2 +∆

(i2i4)
1 +∆

(i2i4)
3 w. p. 1,

where

∆
(i2i4)
2 = l.i.m.

p→∞

p
∑

j4,j2=0

bpj4j2ζ
(i2)
j2

ζ
(i4)
j4

,

∆
(i2i4)
3 = l.i.m.

p→∞

p
∑

j4,j2=0

cpj4j2ζ
(i2)
j2

ζ
(i4)
j4

,

(104) bpj4j2 =
1

2

T∫

t

φj4(s)
∞∑

j3=p+1





s∫

t

φj3 (s1)ds1





2 s∫

t

φj2 (s1)ds1ds,

(105) cpj4j2 =
1

2

T∫

t

φj4 (s)

s∫

t

φj2(s3)

∞∑

j3=p+1





s∫

s3

φj3 (s1)ds1





2

ds3ds.

Let us consider A
(i1i3)
5

A
(i1i3)
5 =

= l.i.m.
p→∞

p
∑

j4,j3,j1=0

T∫

t

φj1 (s3)

T∫

s3

φj4 (s2)

T∫

s2

φj3 (s1)

T∫

s1

φj4 (s)dsds1ds2ds3ζ
(i1)
j1

ζ
(i3)
j3

=

= l.i.m.
p→∞

p
∑

j4,j3,j1=0

T∫

t

φj1 (s3)

T∫

s3

φj3 (s1)

T∫

s1

φj4 (s)ds

s1∫

s3

φj4(s2)ds2ds1ds3ζ
(i1)
j1

ζ
(i3)
j3

=

= l.i.m.
p→∞

p
∑

j4,j3,j1=0





1

2

T∫

t

φj1 (s3)





T∫

s3

φj4(s)ds





2 T∫

s3

φj3 (s1)ds1ds3−

−1

2

T∫

t

φj1(s3)

T∫

s3

φj3 (s1)





s1∫

s3

φj4 (s2)ds2





2

ds1ds3−

−1

2

T∫

t

φj1(s3)

T∫

s3

φj3(s1)





T∫

s1

φj4 (s)ds





2

ds1ds3




 ζ

(i1)
j1

ζ
(i3)
j3

=
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= l.i.m.
p→∞

p
∑

j3,j1=0




1

2

T∫

t

φj1 (s3)(T − s3)

T∫

s3

φj3 (s1)ds1ds3−

−1

2

T∫

t

φj1(s3)

T∫

s3

φj3(s1)(s1 − s3)ds1ds3−

−1

2

T∫

t

φj1 (s3)

T∫

s3

φj3 (s1)(T − s1)ds1ds3



 ζ
(i1)
j1

ζ
(i3)
j3

−

(106) −∆
(i1i3)
4 +∆

(i1i3)
5 +∆

(i1i3)
6 = −∆

(i1i3)
4 +∆

(i1i3)
5 +∆

(i1i3)
6 w. p. 1,

where

∆
(i1i3)
4 = l.i.m.

p→∞

p
∑

j3,j1=0

dpj3j1ζ
(i1)
j1

ζ
(i3)
j3

,

∆
(i1i3)
5 = l.i.m.

p→∞

p
∑

j3,j1=0

epj3j1ζ
(i1)
j1

ζ
(i3)
j3

,

∆
(i1i3)
6 = l.i.m.

p→∞

p
∑

j3,j1=0

fp
j3j1

ζ
(i1)
j1

ζ
(i3)
j3

,

(107) dpj3j1 =
1

2

T∫

t

φj1(s3)

∞∑

j4=p+1





T∫

s3

φj4 (s)ds





2 T∫

s3

φj3 (s)dsds3,

(108) epj3j1 =
1

2

T∫

t

φj1 (s3)

T∫

s3

φj3 (s)

∞∑

j4=p+1





s∫

s3

φj4(s1)ds1





2

dsds3,

fp
j3j1

=
1

2

T∫

t

φj1(s3)

T∫

s3

φj3(s2)

∞∑

j4=p+1





T∫

s2

φj4 (s1)ds1





2

ds2ds3 =

(109) =
1

2

T∫

t

φj3 (s2)

∞∑

j4=p+1





T∫

s2

φj4(s1)ds1





2 s2∫

t

φj1(s3)ds3ds2.

Moreover,

A
(i2i3)
3 +A

(i2i3)
5 =

341
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= l.i.m.
p→∞

p
∑

j4,j3,j2=0

(Cj4j3j2j4 + Cj4j3j4j2) ζ
(i2)
j2

ζ
(i3)
j3

=

= l.i.m.
p→∞

p
∑

j4,j3,j2=0

T∫

t

φj4 (s)

s∫

t

φj3(s1)

s1∫

t

φj2(s2)

s1∫

t

φj4(s3)ds3ds2ds1dsζ
(i2)
j2

ζ
(i3)
j3

=

= l.i.m.
p→∞

p
∑

j4,j3,j2=0

T∫

t

φj3 (s1)

s1∫

t

φj2 (s2)

s1∫

t

φj4 (s3)ds3ds2

T∫

s1

φj4(s)dsds1ζ
(i2)
j2

ζ
(i3)
j3

=

= l.i.m.
p→∞

p
∑

j4,j3,j2=0





T∫

t

φj3(s1)

s1∫

t

φj2 (s2)

T∫

t

φj4 (s3)ds3

T∫

s1

φj4(s)dsds2ds1−

−
T∫

t

φj3(s1)

s1∫

t

φj2(s2)





T∫

s1

φj4 (s)ds





2

ds2ds1




 ζ

(i2)
j2

ζ
(i3)
j3

=

= l.i.m.
p→∞

p
∑

j3,j2=0

T∫

t

φj3(s1)

s1∫

t

φj2(s2)




(T − s1)−

p
∑

j4=0





T∫

s1

φj4 (s3)ds3





2



 ds2ds1ζ

(i2)
j2

ζ
(i3)
j3

=

(110) = 2∆
(i2i3)
6 w. p. 1.

Then

(111) A
(i2i3)
3 = 2∆

(i2i3)
6 −A

(i2i3)
5 = ∆

(i2i3)
4 −∆

(i2i3)
5 +∆

(i2i3)
6 w. p. 1.

Let us consider A
(i1i4)
4

A
(i1i4)
4 =

= l.i.m.
p→∞

p
∑

j4,j3,j1=0

T∫

t

φj4 (s)

s∫

t

φj1(s3)

s∫

s3

φj3(s2)

s∫

s2

φj3(s1)ds1ds2ds3dsζ
(i1)
j1

ζ
(i4)
j4

=

= l.i.m.
p→∞

p
∑

j4,j1=0

1

2

T∫

t

φj4 (s)

s∫

t

φj1(s3)

p
∑

j3=0





s∫

s3

φj3 (s2)ds2





2

ds3dsζ
(i1)
j1

ζ
(i4)
j4

=

= l.i.m.
p→∞

p
∑

j4,j1=0

1

2

T∫

t

φj4(s)

s∫

t

φj1 (s3)(s− s3)ds3dsζ
(i1)
j1

ζ
(i4)
j4

−∆
(i1i4)
3 =

342
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=
1

2

T∫

t

s∫

t

(s− s3)dw
(i1)
s3 dw(i4)

s +

+
1

2
1{i1=i4 6=0} lim

p→∞

p
∑

j4=0

T∫

t

φj4 (s)

s∫

t

φj4(s3)(s− s3)ds3ds−∆
(i1i4)
3 =

=
1

2

T∫

t

s2∫

t

s1∫

t

dw(i1)
s ds1dw

(i4)
s2 +

+
1

2
1{i1=i4 6=0}





∞∑

j4=0

T∫

t

(s− t)φj4 (s)

s∫

t

φj4(s3)ds3ds−

−
∞∑

j4=0

T∫

t

φj4 (s)

s∫

t

(s3 − t)φj4 (s3)ds3ds



−∆
(i1i4)
3 =

(112) =
1

2

T∫

t

s2∫

t

s1∫

t

dw(i1)
s ds1dw

(i4)
s2 −∆

(i1i4)
3 w. p. 1.

Let us consider A
(i1i2)
6

A
(i1i2)
6 =

= l.i.m.
p→∞

p
∑

j3,j2,j1=0

T∫

t

φj1 (s3)

T∫

s3

φj2 (s2)

T∫

s2

φj3 (s1)

T∫

s1

φj3 (s)dsds1ds2ds3ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

1

2

T∫

t

φj1 (s3)

T∫

s3

φj2 (s2)

p
∑

j3=0





T∫

s2

φj3 (s)ds





2

ds2ds3ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

1

2

T∫

t

φj1(s3)

T∫

s3

φj2(s2)(T − s2)ds2ds3ζ
(i1)
j1

ζ
(i2)
j2

−∆
(i1i2)
6 =

= l.i.m.
p→∞

p
∑

j1,j2=0

1

2

T∫

t

φj2(s2)(T − s2)

s2∫

t

φj1(s3)ds3ds2ζ
(i1)
j1

ζ
(i2)
j2

−∆
(i1i2)
6 =

=
1

2

T∫

t

(T − s2)

s2∫

t

dw(i1)
s3 dw(i2)

s2 +

343
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+
1

2
1{i1=i2 6=0}

∞∑

j2=0

T∫

t

φj2 (s2)(T − s2)

s2∫

t

φj2 (s3)ds3ds2 −∆
(i1i2)
6 =

(113) =
1

2

T∫

t

s1∫

t

s2∫

t

dw(i1)
s dw(i2)

s2 ds1 +
1

4
1{i1=i2 6=0}

T∫

t

(T − s2)ds2 −∆
(i1i2)
6 w. p. 1.

Let us consider B1, B2, B3

B1 = lim
p→∞

p
∑

j1,j4=0

1

2

T∫

t

φj4 (s)

s∫

t

φj4(s1)





s1∫

t

φj1 (s2)ds2





2

ds1ds =

= lim
p→∞

p
∑

j4=0

1

2

T∫

t

φj4 (s)

s∫

t

φj4(s1)(s1 − t)ds1ds− lim
p→∞

p
∑

j4=0

apj4j4 =

(114) =
1

4

T∫

t

(s1 − t)ds1 − lim
p→∞

p
∑

j4=0

apj4j4 ,

B2 = lim
p→∞

p
∑

j4,j3=0

T∫

t

φj3(s)

s∫

t

φj3 (s2)

s2∫

t

φj4 (s3)ds3

s∫

s2

φj4(s1)ds1ds2ds =

= lim
p→∞

p
∑

j4,j3=0





1

2

T∫

t

φj3 (s)





s∫

t

φj4(s3)ds3





2 s∫

t

φj3(s2)ds2ds−

−1

2

T∫

t

φj3(s)

s∫

t

φj3 (s2)





s2∫

t

φj4 (s3)ds3





2

ds2ds−

− 1

2

T∫

t

φj3(s)

s∫

t

φj3(s2)





s∫

s2

φj4 (s1)ds1





2

ds2ds




 =

=

∞∑

j3=0

1

2

T∫

t

φj3 (s)(s− t)

s∫

t

φj3 (s2)ds2ds− lim
p→∞

p
∑

j3=0

bpj3j3−

−
∞∑

j3=0

1

2

T∫

t

φj3 (s)

s∫

t

(s2 − t)φj3 (s2)ds2ds+ lim
p→∞

p
∑

j3=0

apj3j3−
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−
∞∑

j3=0

1

2

T∫

t

φj3(s)

s∫

t

φj3 (s2)(s− t+ t− s2)ds2ds+ lim
p→∞

p
∑

j3=0

cpj3j3 =

(115) = lim
p→∞

p
∑

j3=0

apj3j3 + lim
p→∞

p
∑

j3=0

cpj3j3 − lim
p→∞

p
∑

j3=0

bpj3j3 .

Moreover,

B2 + B3 = lim
p→∞

p
∑

j4,j3=0

(Cj3j4j3j4 + Cj3j4j4j3) =

= lim
p→∞

p
∑

j4,j3=0

T∫

t

φj3(s)

s∫

t

φj4(s1)

s1∫

t

φj4(s2)

s1∫

t

φj3(s3)ds3ds2ds1ds =

= lim
p→∞

p
∑

j4,j3=0

T∫

t

φj4(s1)

s1∫

t

φj4(s2)

s1∫

t

φj3(s3)ds3ds2

T∫

s1

φj3(s)dsds1 =

= lim
p→∞

p
∑

j4,j3=0





T∫

t

φj4(s1)

s1∫

t

φj4(s3)

T∫

t

φj3(s2)ds2

T∫

s1

φj3 (s)dsds3ds1−

−
T∫

t

φj4 (s1)

s1∫

t

φj4 (s3)





T∫

s1

φj3(s)ds





2

ds3ds1




 =

=

∞∑

j4=0

T∫

t

φj4(s1)(T − s1)

s1∫

t

φj4(s3)ds3ds1−

(116) −
∞∑

j4=0

T∫

t

φj4 (s1)(T − s1)

s1∫

t

φj4(s3)ds3ds1 + 2 lim
p→∞

p
∑

j4=0

fp
j4j4

= 2 lim
p→∞

p
∑

j4=0

fp
j4j4

.

Therefore,

(117) B3 = 2 lim
p→∞

p
∑

j3=0

fp
j3j3

− lim
p→∞

p
∑

j3=0

apj3j3 − lim
p→∞

p
∑

j3=0

cpj3j3 + lim
p→∞

p
∑

j3=0

bpj3j3 .

After substituting the relations (101)–(117) into (100), we obtain

l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

= J [ψ(4)]T,t +
1

2
1{i1=i2 6=0}

T∫

t

s∫

t

s1∫

t

ds2dw
(i3)
s1 dw(i4)

s +

345
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+
1

2
1{i2=i3 6=0}

T∫

t

s2∫

t

s1∫

t

dw(i1)
s ds1dw

(i4)
s2 +

1

2
1{i3=i4 6=0}

T∫

t

s1∫

t

s2∫

t

dw(i1)
s dw(i2)

s2 ds1+

(118) +
1

4
1{i1=i2 6=0}1{i3=i4 6=0}

T∫

t

s1∫

t

ds2ds1 +R = J∗[ψ(4)]T,t +R w. p. 1,

where

R = −1{i1=i2 6=0}∆
(i3i4)
1 + 1{i1=i3 6=0}

(

−∆
(i2i4)
2 +∆

(i2i4)
1 +∆

(i2i4)
3

)

+

+1{i1=i4 6=0}

(

∆
(i2i3)
4 −∆

(i2i3)
5 +∆

(i2i3)
6

)

− 1{i2=i3 6=0}∆
(i1i4)
3 +

+1{i2=i4 6=0}

(

−∆
(i1i3)
4 +∆

(i1i3)
5 +∆

(i1i3)
6

)

− 1{i3=i4 6=0}∆
(i1i2)
6 −

−1{i1=i3 6=0}1{i2=i4 6=0}

(

lim
p→∞

p
∑

j3=0

apj3j3 + lim
p→∞

p
∑

j3=0

cpj3j3 − lim
p→∞

p
∑

j3=0

bpj3j3

)

−

−1{i1=i4 6=0}1{i2=i3 6=0}

(

2 lim
p→∞

p
∑

j3=0

fp
j3j3

− lim
p→∞

p
∑

j3=0

apj3j3−

(119) − lim
p→∞

p
∑

j3=0

cpj3j3 + lim
p→∞

p
∑

j3=0

bpj3j3

)

+ 1{i1=i2 6=0}1{i3=i4 6=0} lim
p→∞

p
∑

j3=0

apj3j3 .

From (118) and (119) it follows that Theorem 4 will be proved if

(120)

∆
(ij)
k = 0 w. p. 1, lim

p→∞

p
∑

j3=0

apj3j3 = 0, lim
p→∞

p
∑

j3=0

bpj3j3 = 0, lim
p→∞

p
∑

j3=0

cpj3j3 = 0, lim
p→∞

p
∑

j3=0

fp
j3j3

= 0,

where k = 1, 2, . . . , 6, i, j = 0, 1, . . . ,m.

Let us consider the case of Legendre polynomials. Let us prove that ∆
(i3i4)
1 = 0 w. p. 1. We have

M











p
∑

j3,j4=0

apj4j3ζ
(i3)
j3

ζ
(i4)
j4





2






=

=

p
∑

j′3=0

j′3−1
∑

j3=0

(

2apj3j3a
p
j′3j

′
3
+
(

apj3j′3

)2

+ 2apj3j′3
apj′3j3

+
(

apj′3j3

)2
)

+ 3

p
∑

j′3=0

(

apj′3j′3

)2

=

(121) =





p
∑

j3=0

apj3j3





2

+

p
∑

j′3=0

j′3−1
∑

j3=0

(

apj3j′3
+ apj′3j3

)2

+ 2

p
∑

j′3=0

(

apj′3j′3

)2

(i3 = i4 6= 0),
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(122) M











p
∑

j3,j4=0

apj4j3ζ
(i3)
j3

ζ
(i4)
j4





2






=

p
∑

j3,j4=0

(
apj4j3

)2
(i3 6= i4, i3 6= 0, i4 6= 0),

(123) M











p
∑

j3,j4=0

apj4j3ζ
(i3)
j3

ζ
(i4)
j4





2






=







(T − t)
p∑

j4=0

(
apj4,0

)2
if i3 = 0, i4 6= 0

(T − t)
p∑

j3=0

(
ap0,j3

)2
if i4 = 0, i3 6= 0

(T − t)2 (ap00)
2

if i3 = i4 = 0

.

Consider the case i3 = i4 6= 0

apj4j3 =
(T − t)2

√

(2j4 + 1)(2j3 + 1)

32
×

×
1∫

−1

Pj4(y)

y∫

−1

Pj3(y1)

∞∑

j1=p+1

(2j1 + 1)





y1∫

−1

Pj1(y2)dy2





2

dy1dy =

=
(T − t)2

√

(2j4 + 1)(2j3 + 1)

32
×

×
1∫

−1

Pj3 (y1)

∞∑

j1=p+1

1

2j1 + 1
(Pj1+1(y1)− Pj1−1(y1))

2

1∫

y1

Pj4 (y)dydy1 =

=
(T − t)2

√
2j3 + 1

32
√
2j4 + 1

×

×
1∫

−1

Pj3 (y1) (Pj4−1(y1)− Pj4+1(y1))
∞∑

j1=p+1

1

2j1 + 1
(Pj1+1(y1)− Pj1−1(y1))

2 dy1

if j4 6= 0 and

apj4j3 =
(T − t)2

√
2j3 + 1

32

1∫

−1

Pj3(y1)(1− y1)
∞∑

j1=p+1

1

2j1 + 1
(Pj1+1(y1)− Pj1−1(y1))

2 dy1

if j4 = 0.
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From (29) and the estimate | Pj(y) |≤ 1, y ∈ [−1, 1] we obtain

(124) |Pj(y)| =
√

|Pj(y)| ·
√

|Pj(y)| ≤
C

j1/4(1− y2)1/8
, y ∈ (−1, 1), j ∈ N.

Using (29) and (124), we get

(125) |apj4j3 | ≤
C0

(j4)
3/4

∞∑

j1=p+1

1

j21

1∫

−1

dy

(1− y2)7/8
≤ C1

p (j4)
3/4

(j3 6= 0, j4 ≥ 2),

(126) |ap0j3 |+ |ap1j3 | ≤ C0

∞∑

j1=p+1

1

j21

1∫

−1

dy

(1− y2)3/4
≤ C1

p
(j3 6= 0),

(127) |apj40|+ |ap00| ≤ C0

∞∑

j1=p+1

1

j21

1∫

−1

dy

(1 − y2)1/2
≤ C1

p
(j4 ≥ 1),

where constants C0, C1 do not depend on p.
Taking into account (121), (125)–(127), we have

M











p
∑

j3,j4=0

apj4j3ζ
(i3)
j3

ζ
(i4)
j4





2






=



ap00 +

p
∑

j3=1

apj3j3





2

+

p
∑

j′3=1

(

ap0j′3
+ apj′30

)2

+

+

p
∑

j′3=1

j′3−1
∑

j3=1

(

apj3j′3
+ apj′3j3

)2

+ 2





p
∑

j′3=1

(

apj′3j′3

)2

+ (a00)
2



 ≤

≤ K0




1

p
+

1

p

p
∑

j3=1

1

(j3)
3/4





2

+
K1

p
+K2

p
∑

j′3=1

j′3−1
∑

j3=1

1

p2

(

1

(j′3)
3/4

+
1

(j3)
3/4

)2

≤

≤ K0




1

p
+

1

p

p∫

0

dx

x3/4





2

+
K1

p
+
K3

p

p
∑

j3=1

1

(j3)
3/2

≤

≤ K0

(

1

p
+

4

p3/4

)2

+
K1

p
+
K3

p



1 +

p∫

1

dx

x3/2



 ≤

≤ K4

p
+
K3

p

(

3− 2√
p

)

≤ K5

p
→ 0

348



44 D.F. KUZNETSOV

if p→ ∞ (i3 = i4 6= 0).

The same result for the cases (122), (123) also follows from the estimates (125)–(127). Therefore,

(128) ∆
(i3i4)
1 = 0 w. p. 1.

It is not difficult to see that the formulas

(129) ∆
(i2i4)
2 = 0, ∆

(i1i3)
4 = 0, ∆

(i1i3)
6 = 0 w. p. 1

can be proved similarly to the proof of the relation (128).
Moreover, from the estimates (125)–(127) we obtain

(130) lim
p→∞

p
∑

j3=0

apj3j3 = 0.

The relations

(131) lim
p→∞

p
∑

j3=0

bpj3j3 = 0 and lim
p→∞

p
∑

j3=0

fp
j3j3

= 0

can also be proved analogously to (130).

Let us consider ∆
(i2i4)
3

(132) ∆
(i2i4)
3 = ∆

(i2i4)
4 +∆

(i2i4)
6 −∆

(i2i4)
7 = −∆

(i2i4)
7 w. p. 1,

where

∆
(i2i4)
7 = l.i.m.

p→∞

p
∑

j2,j4=0

gpj4j2ζ
(i2)
j2

ζ
(i4)
j4

,

gpj4j2 =

T∫

t

φj4 (s)

s∫

t

φj2 (s1)

∞∑

j1=p+1





T∫

s1

φj1(s2)ds2

T∫

s

φj1(s2)ds2



 ds1ds =

(133) =

∞∑

j1=p+1

T∫

t

φj4(s)

T∫

s

φj1(s2)ds2

s∫

t

φj2(s1)

T∫

s1

φj1(s2)ds2ds1ds.

The last step in (133) follows from the estimate

∣
∣gpj4j2

∣
∣ ≤ K

∞∑

j1=p+1

1

j21

1∫

−1

1

(1− y2)1/2

y∫

−1

1

(1− x2)1/2
dxdy ≤ K1

p
.

Note that
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(134) gpj4j4 =

∞∑

j1=p+1

1

2





T∫

t

φj4(s)

T∫

s

φj1 (s2)ds2ds





2

,

(135) gpj4j2 + gpj2j4 =

∞∑

j1=p+1

T∫

t

φj4(s)

T∫

s

φj1(s2)ds2ds

T∫

t

φj2 (s)

T∫

s

φj1(s2)ds2ds,

and

gpj4j2 =
(T − t)2

√

(2j4 + 1)(2j2 + 1)

16

∞∑

j1=p+1

1

2j1 + 1

1∫

−1

Pj4(y1) (Pj1−1(y1)− Pj1+1(y1))×

×
y1∫

−1

Pj2(y) (Pj1−1(y)− Pj1+1(y)) dydy1, j4, j2 ≤ p.

Due to the orthogonality of the Legendre polynomials we obtain

gpj4j2 + gpj2j4 =
(T − t)2

√

(2j4 + 1)(2j2 + 1)

16
×

×
∞∑

j1=p+1

1

2j1 + 1

1∫

−1

Pj4(y1) (Pj1−1(y1)− Pj1+1(y1)) dy1×

×
1∫

−1

Pj2 (y) (Pj1−1(y)− Pj1+1(y)) dy =

=
(T − t)2(2p+ 1)

16

1

2p+ 3





1∫

−1

P 2
p (y1)dy1





2






1 if j2 = j4 = p

0 otherwise

=

(136) =
(T − t)2

4(2p+ 3)(2p+ 1)







1 if j2 = j4 = p

0 otherwise

,

gpj4j4 =
(T − t)2(2j4 + 1)

16

∞∑

j1=p+1

1

2j1 + 1
· 1
2





1∫

−1

Pj4(y1) (Pj1−1(y1)− Pj1+1(y1)) dy1





2

=
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=
(T − t)2(2p+ 1)

32

1

2p+ 3





1∫

−1

P 2
p (y1)dy1





2






1 if j4 = p

0 otherwise

=

(137) =
(T − t)2

8(2p+ 3)(2p+ 1)







1 if j4 = p

0 otherwise

.

From (121), (136), (5) it follows that

M











p
∑

j2,j4=0

gpj4j2ζ
(i2)
j2

ζ
(i4)
j4





2






=

(
p
∑

j3=0

gpj3j3

)2

+

p
∑

j′3=0

j′3−1
∑

j3=0

(

gpj3j′3
+ gpj′3j3

)2

+ 2

p
∑

j′3=0

(

gpj′3j′3

)2

=

=

(
(T − t)2

8(2p+ 3)(2p+ 1)

)2

+ 0 + 2

(
(T − t)2

8(2p+ 3)(2p+ 1)

)2

→ 0

if p→ ∞ (i2 = i4 6= 0).
Let us consider the case i2 6= i4, i2 6= 0, i4 6= 0. It is not difficult to see that

gpj4j2 =

T∫

t

φj4(s)

s∫

t

φj2 (s1)Fp(s, s1)ds1ds =

∫

[t,T ]2

Kp(s, s1)φj4 (s)φj2 (s1)ds1ds

is a coefficient of the double Fourier–Legendre series of the function

(138) Kp(s, s1) = 1{s1<s}Fp(s, s1),

where

∞∑

j1=p+1

T∫

s1

φj1(s2)ds2

T∫

s

φj1 (s2)ds2
def
= Fp(s, s1).

The Parseval equality in this case has the form

(139) lim
p1→∞

p1∑

j4,j2=0

(
gpj4j2

)2
=

∫

[t,T ]2

(Kp(s, s1))
2
ds1ds =

T∫

t

s∫

t

(Fp(s, s1))
2
ds1ds.

From (29) we obtain
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∣
∣
∣
∣
∣
∣

T∫

s1

φj1(θ)dθ

∣
∣
∣
∣
∣
∣

=
1

2

√

2j1 + 1
√
T − t

∣
∣
∣
∣
∣
∣
∣

1∫

z(s1)

Pj1 (y)dy

∣
∣
∣
∣
∣
∣
∣

=

(140) =

√
T − t

2
√
2j1 + 1

|Pj1−1(z(s1))− Pj1+1(z(s1))| ≤
K

j1

1

(1− z2(s1))
1/4

,

where z(s1) is defined by (26) and s1 ∈ (t, T ).
Using (140), we have

(141) (Fp(s, s1))
2 ≤ C2

p2
1

(1− z2(s))
1/2

1

(1− z2(s1))
1/2

, s, s1 ∈ (t, T ).

From (141) it follows that |Fp(s, s1)| ≤Mε/p in the domain

Dε = {(s, s1) : s ∈ [t+ ε, T − ε], s1 ∈ [t+ ε, s]} ∀ ε > 0,

where constant Mε does not depend on s, s1. Then we have the uniform convergence

(142)

p
∑

j1=0

T∫

s

φj1(θ)dθ

T∫

s1

φj1 (θ)dθ →
∞∑

j1=0

T∫

s

φj1(θ)dθ

T∫

s1

φj1(θ)dθ

at the set Dε if p→ ∞.
Due to continuity of the function on the left-hand side of (142) we obtain continuity of the limit

function on the right-hand side of (142) at the set Dε.
Using this fact and (141), we obtain

T∫

t

s∫

t

(Fp(s, s1))
2 ds1ds = lim

ε→+0

T−ε∫

t+ε

s∫

t+ε

(Fp(s, s1))
2 ds1ds ≤

≤ C2

p2
lim

ε→+0

T−ε∫

t+ε

s∫

t+ε

ds1

(1− z2(s1))
1/2

ds

(1− z2(s))
1/2

=

=
C2

p2

T∫

t

s∫

t

ds1

(1− z2(s1))
1/2

ds

(1− z2(s))
1/2

=

(143) =
K

p2

1∫

−1

y∫

−1

dy1

(1− y21)
1/2

dy

(1− y2)
1/2

<
K1

p2
,

where constant K1 does not depend on p.
From (143) and (139) we obtain
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(144) 0 ≤
p
∑

j2,j4=0

(
gpj4j2

)2 ≤ lim
p1→∞

p1∑

j2,j4=0

(
gpj4j2

)2
=

∞∑

j2,j4=0

(
gpj4j2

)2 ≤ K1

p2
→ 0

if p→ ∞. The case i2 6= i4, i2 6= 0, i4 6= 0 is proved.
The same result for the cases

1) i2 = 0, i4 6= 0,
2) i4 = 0, i2 6= 0,
3) i2 = 0, i4 = 0

can also be obtained. Then ∆
(i2i4)
7 = 0 and ∆

(i2i4)
3 = 0 w. p. 1.

Let us consider ∆
(i1i3)
5

∆
(i1i3)
5 = ∆

(i1i3)
4 +∆

(i1i3)
6 −∆

(i1i3)
8 w. p. 1,

where

∆
(i1i3)
8 = l.i.m.

p→∞

p
∑

j3,j1=0

hpj3j1ζ
(i1)
j1

ζ
(i3)
j3

,

hpj3j1 =

T∫

t

φj1 (s3)

T∫

s3

φj3(s)Fp(s3, s)dsds3.

Analogously, we obtain that ∆
(i1i3)
8 = 0 w. p. 1. Here we consider the function

Kp(s, s3) = 1{s3<s}Fp(s3, s)

and the relation

hpj3j1 =

∫

[t,T ]2

Kp(s, s3)φj1 (s3)φj3 (s)dsds3 (i1 6= i3, i1 6= 0, i3 6= 0)

for the case i1 6= i3, i1 6= 0, i3 6= 0.
For the case i1 = i3 6= 0 we use (see (134), (135))

hpj1j1 =
∞∑

j4=p+1

1

2





T∫

t

φj1(s)

T∫

s

φj4 (s1)ds1ds





2

,

hpj3j1 + hpj1j3 =

∞∑

j4=p+1

T∫

t

φj1 (s)

T∫

s

φj4(s2)ds2ds

T∫

t

φj3 (s)

T∫

s

φj4(s2)ds2ds.

Let us prove that
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(145) lim
p→∞

p
∑

j3=0

cpj3j3 = 0.

We have

(146) cpj3j3 = fp
j3j3

+ dpj3j3 − gpj3j3 .

Moreover,

(147) lim
p→∞

p
∑

j3=0

fp
j3j3

= 0, lim
p→∞

p
∑

j3=0

dpj3j3 = 0,

where the first equality in (147) has been proved earlier. Analogously, we can prove the second equality
in (147).

From (5) we obtain

0 ≤ lim
p→∞

p
∑

j3=0

gpj3j3 ≤ lim
p→∞

(T − t)2

8(2p+ 3)(2p+ 1)
= 0.

So the equality (145) is proved. The relations (120) are proved for the polynomial case. Theorem
4 is proved for the case of Legendre polynomials.

Let us consider the trigonometric case. According to (102), we have

(148) apj4j3 =
1

2

T∫

t

φj3(s1)
∞∑

j1=p+1





s1∫

t

φj1 (s2)ds2





2 T∫

s1

φj4(s)dsds1.

Moreover (see (95), (96)),

(149)

∣
∣
∣
∣
∣
∣

s1∫

t

φj(s2)ds2

∣
∣
∣
∣
∣
∣

≤ K

j
,

∣
∣
∣
∣
∣
∣

T∫

s1

φj(s2)ds2

∣
∣
∣
∣
∣
∣

≤ K

j
,

where constant K does not depend on j (j = 1, 2, . . .).
Note that

T∫

s1

φ0(s)ds =
T − s1√
T − t

.

Using (148) and (149), we obtain

(150)
∣
∣apj4j3

∣
∣ ≤ C1

j4

∞∑

j1=p+1

1

j21
≤ C1

pj4
(j4 6= 0),

∣
∣ap0j3

∣
∣ ≤ C1

p
,

where constant C1 does not depend on p.
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Taking into account (121)–(123) and (150), we obtain that ∆
(i3i4)
1 = 0 w. p. 1. Analogously, we

get ∆
(i2i4)
2 = 0, ∆

(i1i3)
4 = 0, ∆

(i1i3)
6 = 0 w. p. 1 and

lim
p→∞

p
∑

j3=0

apj3j3 = 0, lim
p→∞

p
∑

j3=0

bpj3j3 = 0, lim
p→∞

p
∑

j3=0

fp
j3j3

= 0.

Let us consider ∆
(i2i4)
3 for the case i2 = i4 6= 0. For the values g2mj4j2 + g2mj2j4 and g2m−1

j4j2
+ g2m−1

j2j4

(m ∈ N) we have (see (135))

g2mj4j2 + g2mj2j4 =

∞∑

j1=2m+1

T∫

t

φj4(s)

T∫

s

φj1 (s2)ds2ds

T∫

t

φj2(s)

T∫

s

φj1 (s2)ds2ds =

=

∞∑

r=m+1





T∫

t

φj4(s)

T∫

s

φ2r−1(s2)ds2ds

T∫

t

φj2(s)

T∫

s

φ2r−1(s2)ds2ds+

(151) +

T∫

t

φj4 (s)

T∫

s

φ2r(s2)ds2ds

T∫

t

φj2(s)

T∫

s

φ2r(s2)ds2ds



 ,

g2m−1
j4j2

+ g2m−1
j2j4

=
∞∑

j1=2m

T∫

t

φj4(s)

T∫

s

φj1 (s2)ds2ds

T∫

t

φj2(s)

T∫

s

φj1(s2)ds2ds =

(152) = g2mj4j2 + g2mj2j4 +

T∫

t

φj4(s)

T∫

s

φ2m(s2)ds2ds

T∫

t

φj2(s)

T∫

s

φ2m(s2)ds2ds,

where

T∫

t

φj4(s)

T∫

s

φ2r−1(s2)ds2ds =

√

2

T − t

T∫

t

φj4(s)

T∫

s

sin
2πr(s2 − t)

T − t
ds2ds =

=

√
2
√
T − t

2πr

T∫

t

φj4 (s)

(

cos
2πr(s − t)

T − t
− 1

)

ds,

T∫

t

φj4(s)

T∫

s

φ2r(s2)ds2ds =

√

2

T − t

T∫

t

φj4(s)

T∫

s

cos
2πr(s2 − t)

T − t
ds2ds =

=

√
2
√
T − t

2πr

T∫

t

φj4(s)

(

−sin
2πr(s − t)

T − t

)

ds,

355



EXPANSIONS OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 51

where 2r − 1, 2r ≥ p+ 1, and j2, j4 = 0, 1, . . . , p.
Due to orthogonality of the trigonometric functions we have

(153)

T∫

t

φj4(s)

T∫

s

φ2r−1(s2)ds2ds =

√
2(T − t)

2πr
·







−1 if j4 = 0

0 otherwise
,

(154)

T∫

t

φj4(s)

T∫

s

φ2r(s2)ds2ds = 0,

where 2r − 1, 2r ≥ p+ 1, and j4 = 0, 1, . . . , p.
Using (151), (153), and (154), we obtain

g2mj4j2 + g2mj2j4 =

∞∑

j1=m+1

(T − t)2

2π2j21
·







1 if j2 = j4 = 0

0 otherwise

,

g2mj4j4 =
1

2

(
g2mj4j2 + g2mj2j4

)
∣
∣
∣
∣
j2=j4

=

∞∑

j1=m+1

(T − t)2

4π2j21
·







1 if j4 = 0

0 otherwise

.

Therefore (see (31)),

(155)







∣
∣g2mj4j2 + g2mj2j4

∣
∣ ≤ K1/(2m) if j2 = j4 = 0

g2mj4j2 + g2mj2j4 = 0 otherwise

,

(156)







∣
∣g2mj4j4

∣
∣ ≤ K1/(2m) if j4 = 0

g2mj4j4 = 0 otherwise

,

where constant K1 does not depend on p = 2m.
For p = 2m− 1 from (152) and (154) we have

(157) g2m−1
j4j2

+ g2m−1
j2j4

=

∞∑

j1=m+1

(T − t)2

2π2j21
·







1 or 0 if j2 = j4 = 0

0 otherwise

.

The relation (157) implies that
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(158) g2m−1
j4j4

=
1

2

(
g2m−1
j4j2

+ g2m−1
j2j4

)
∣
∣
∣
∣
j2=j4

=

∞∑

j1=m+1

(T − t)2

4π2j21
·







1 or 0 if j4 = 0

0 otherwise

.

Using (157) and (158), we obtain

(159)







∣
∣g2m−1

j4j2
+ g2m−1

j2j4

∣
∣ ≤ K2/(2m− 1) if j2 = j4 = 0

g2m−1
j4j2

+ g2m−1
j2j4

= 0 otherwise

,

(160)







∣
∣g2m−1

j4j4

∣
∣ ≤ K2/(2m− 1) if j4 = 0

g2m−1
j4j4

= 0 otherwise

,

where constant K2 does not depend on p = 2m− 1.
The relations (155), (156), (159), and (160) imply the following formulas

(161)







∣
∣gpj4j2 + gpj2j4

∣
∣ ≤ K3/p if j2 = j4 = 0

gpj4j2 + gpj2j4 = 0 otherwise

,







∣
∣gpj4j4

∣
∣ ≤ K3/p if j4 = 0

gpj4j4 = 0 otherwise

,

where constant K3 does not depend on p (p ∈ N). Moreover, gpj4j4 ≥ 0 (see (134)).

From (121) and (161) it follows that ∆
(i2i4)
7 = 0 and ∆

(i2i4)
3 = 0 w. p. 1 for i2 = i4 6= 0. Analogously

to the polynomial case, we obtain ∆
(i2i4)
7 = 0 and ∆

(i2i4)
3 = 0 w. p. 1 for i2 6= i4, i2 6= 0, i4 6= 0. The

similar arguments prove that ∆
(i1i3)
5 = 0 w. p. 1.

Taking into account (146), (161) and the relations

lim
p→∞

p
∑

j3=0

fp
j3j3

= lim
p→∞

p
∑

j3=0

dpj3j3 = 0,

which follow from the estimates

(162) |fp
jj | ≤

C1

pj
, |dpjj | ≤

C1

pj
(j 6= 0), |fp

00| ≤
C1

p
, |dp00| ≤

C1

p
,

we obtain

lim
p→∞

p
∑

j3=0

cpj3j3 = − lim
p→∞

p
∑

j3=0

gpj3j3 ,
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0 ≤ lim
p→∞

p
∑

j3=0

gpj3j3 ≤ lim
p→∞

K3

p
= 0.

Note that the estimates (162) can be obtained by analogy with (150); constant C1 in (162) has
the same meaning as constant C1 in (150).

Finally, we have

lim
p→∞

p
∑

j3=0

cpj3j3 = 0.

The relations (120) are proved for the trigonometric case. Theorem 4 is proved for the trigonometric
case. Theorem 4 is proved.

Remark 1. It should be noted that the proof of Theorem 4 can be somewhat simplified. More

precisely, instead of (121)–(123), we can use only one and rather simple estimate.

We have

M











p
∑

j3,j4=0

apj4j3ζ
(i3)
j3

ζ
(i4)
j4





2






=

= M











p
∑

j3,j4=0

apj4j3

(

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4} + 1{i3=i4 6=0}1{j3=j4}

)




2






=

= M











p
∑

j3,j4=0

apj4j3

(

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}

)

+ 1{i3=i4 6=0}

p
∑

j4=0

apj4j4





2






=

= M











p
∑

j3,j4=0

apj4j3

(

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}

)




2






+

(163) +1{i3=i4 6=0}





p
∑

j4=0

apj4j4





2

.

Let us consider the following multiple stochastic integral

(164) l.i.m.
N→∞

N−1∑

j1,...,jk=0
jq 6=jr ; q 6=r; q,r=1,...,k

Φ (τj1 , . . . , τjk)
k∏

l=1

∆w
(il)
τjl

def
= J ′[Φ]

(i1...ik)
T,t ,

where for simplicity we assume that Φ(t1, . . . , tk) : [t, T ]k → R is a continuous nonrandom function

on [t, T ]k. Moreover, ∆w
(i)
τj = w

(i)
τj+1 − w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of [t, T ], which

satisfies the condition (6), i1, . . . , ik = 0, 1, . . . ,m.
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The stochastic integral with respect to the scalar standard Wiener process (i1 = . . . = ik 6= 0) and

similar to (164) was considered in [57] (1951) and is called the multiple Wiener stochastic integral

[57].
The expression

p
∑

j3,j4=0

apj4j3

(

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}

)

can be interpreted as the multiple Wiener stochastic integral (164) of multiplicity 2 with nonrandom

integrand function

p
∑

j3,j4=0

apj4j3φj3(t3)φj4(t4).

Note that the following estimate is true [57] (also see [26], Sect. 2.3)

(165) M

{(

J ′[Φ]
(i1...ik)
T,t

)2
}

≤ Ck

∫

[t,T ]k

Φ2(t1, . . . , tk)dt1 . . . dtk,

where J ′[Φ]
(i1...ik)
T,t is defined by (164) and Ck is a constant.

Then

M











p
∑

j3,j4=0

apj4j3

(

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}

)




2






≤

(166) ≤ C2

∫

[t,T ]2





p
∑

j3,j4=0

apj4j3φj3 (t3)φj4 (t4)





2

dt3dt4 = C2

p
∑

j3,j4=0

(
apj4j3

)2
.

From (163) and (166) we obtain

(167) M











p
∑

j3,j4=0

apj4j3ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C2

p
∑

j3,j4=0

(
apj4j3

)2
+ 1{i3=i4 6=0}





p
∑

j4=0

apj4j4





2

.

Obviously, the estimate (167) can be used in the proof of Theorem 4 instead of (121)–(123). The

estimate (167) can be refined. We have [26] (see the relation (1.87), Sect. 1.2)

M











p
∑

j3,j4=0

apj4j3

(

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}

)




2






=
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=

p
∑

j3,j4=0

(
apj4j3

)2
+ 1{i3=i4 6=0}

p
∑

j3,j4=0

apj4j3a
p
j3j4

≤

≤
p
∑

j3,j4=0

(
apj4j3

)2
+ 1{i3=i4 6=0}

1

2

p
∑

j3,j4=0

((
apj4j3

)2
+
(
apj3j4

)2
)

=

(168) =
(
1 + 1{i3=i4 6=0}

)
p
∑

j3,j4=0

(
apj4j3

)2
.

Combining (163) and (168), we finally have

M











p
∑

j3,j4=0

apj4j3ζ
(i3)
j3

ζ
(i4)
j4





2






≤
(
1 + 1{i3=i4 6=0}

)
p
∑

j3,j4=0

(
apj4j3

)2
+

(169) +1{i3=i4 6=0}





p
∑

j4=0

apj4j4





2

.

6. Theorems 1–4 from Point of View of the Wong–Zakai Approximation

The iterated Ito stochastic integrals and solutions of Ito SDEs are complex and important func-

tionals from the independent components f
(i)
s , i = 1, . . . ,m of the multidimensional Wiener process

fs, s ∈ [0, T ]. Let f
(i)p
s , p ∈ N be some approximation of f

(i)
s , i = 1, . . . ,m. Suppose that f

(i)p
s converges

to f
(i)
s , i = 1, . . . ,m if p→ ∞ in some sense and has differentiable sample trajectories.

A natural question arises: if we replace f
(i)
s by f

(i)p
s , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
s ,

i = 1, . . . ,m of the multidimentional Wiener process fs? The answere to this question is negative in the
general case. However, in the pioneering works of Wong E. and Zakai M. [56], [58], it was shown that
under the special conditions and for some types of approximations of the Wiener process the answere
is affirmative with one peculiarity: the convergence takes place to the iterated Stratonovich stochastic
integrals and solutions of Stratonovich SDEs and not to iterated Ito stochastic integrals and solutions
of Ito SDEs. The piecewise linear approximation as well as the regularization by convolution [56]-[59]
relate the mentioned types of approximations of the Wiener process. The above approximation of
stochastic integrals and solutions of SDEs is often called the Wong–Zakai approximation.

Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [60], [62]

(170) f
(i)
τ − f

(i)
t =

∞∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,
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where τ ∈ [t, T ], t ≥ 0, {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (170) converges for any τ ∈ [t, T ] in the mean-square sense.

Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(171) f
(i)p
τ − f

(i)p
t =

p
∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j .

From (171) we obtain

(172) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral

(173)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk ,

where p1, . . . , pk ∈ N, i1, . . . , ik = 0, 1, . . . ,m,

(174) dw(i)p
τ =







df
(i)p
τ for i = 1, . . . ,m

dτ for i = 0

,

and df
(i)p
τ in defined by the relation (172).

Let us substitute (174) into (173)

(175)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,

where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
s = f

(i)
s for i = 1, . . . ,m and w

(0)
s = s,

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
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To best of our knowledge [56]-[59] the approximations of the Wiener process in the Wong–Zakai
approximation must satisfy fairly strong restrictions [59] (see Definition 7.1, pp. 480-481). Moreover,
approximations of the Wiener process that are similar to (171) were not considered in [56], [58]
(also see [59], Theorems 7.1, 7.2). Therefore, the proof of analogs of Theorems 7.1 and 7.2 [59]
for approximations of the Wiener process based on its series expansion (170) should be carried
out separately. Thus, the mean-square convergence of the right-hand side of (175) to the iterated
Stratonovich stochastic integral (3) does not follow from the results of the papers [56], [58] (also see
[59], Theorems 7.1, 7.2).

From the other hand, Theorems 1–4 from this paper can be considered as the proof of the Wong–
Zakai approximation based on the iterated Riemann–Stieltjes integrals (173) of multiplicities 1 to
4 and the approximation (171) of the Wiener process. At that, the mentioned Riemann–Stieltjes
integrals converge (according to Theorems 1–4) to the appropriate Stratonovich stochastic integrals
(3). Recall that {φj(x)}∞j=0 (see (170), (171), and Theorems 2–4) is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]).
To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(s), ψ2(s) ≡ 1;

i1, i2 = 1, . . . ,m.
The first example relates to the piecewise linear approximation of the multidimensional Wiener

process (these approximations were considered in [56]-[59]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the

multidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i =

1, . . . ,m, i.e.

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,

where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Note that w. p. 1

(176)
db

(i)
∆

dt
(t) =

∆f
(i)
k∆

∆
, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

Using (176) and additive property of Riemann–Stieltjes integrals, we can write w. p. 1

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

db
(i1)
∆

dτ
(τ)dτ

db
(i2)
∆

ds
(s)ds =

=

N−1∑

l=0

(l+1)∆∫

l∆






l−1∑

q=0

(q+1)∆∫

q∆

∆f
(i1)
q∆

∆
dτ +

s∫

l∆

∆f
(i1)
l∆

∆
dτ






∆f
(i2)
l∆

∆
ds =
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=

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆∫

l∆

s∫

l∆

dτds =

(177) =
N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .

Using (177) it is not difficult to show that

l.i.m.
N→∞

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T∫

0

ds =

(178) =

∗∫

0

T ∗∫

0

s

df (i1)τ df (i2)s ,

where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (178) agrees with Theorem 7.1 (see [59], p. 486).
The next example relates to the approximation of the Wiener process based on its series expansion

(170) for t = 0, where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or
trigonometric functions in the space L2([0, T ]).

Consider the following iterated Riemann–Stieltjes integral

(179)

T∫

0

s∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, . . . ,m,

where df
(i)p
τ is defined by the relation (172).

Let us substitute (172) into (179)

(180)

T∫

0

s∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where

Cj2j1 =

T∫

0

φj2(s)

s∫

0

φj1(τ)dτds

is the Fourier coefficient; another notations are the same as in (175).
As we noted above, approximations of the Wiener process that are similar to (171) were not

considered in [56], [58] (also see Theorems 7.1, 7.2 in [59]). Furthermore, the extension of the results
of Theorems 7.1 and 7.2 [59] to the case under consideration is not obvious.

On the other hand, we can apply the theory built in Chapters 1 and 2 of the monographs [26]-[29].
More precisely, using Theorem 2, we obtain from (180) the desired result
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(181) l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

∗∫

0

T ∗∫

0

s

df (i1)τ df (i2)s .

From the other hand, by Theorem 1 (see (10)) for the case k = 2 we obtain from (180) the following
relation

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+ 1{i1=i2}

∞∑

j1=0

Cj1j1 =

(182) =

T∫

0

s∫

0

df (i1)τ df (i2)s + 1{i1=i2}

∞∑

j1=0

Cj1j1 .

Since

∞∑

j1=0

Cj1j1 =
1

2

∞∑

j1=0





T∫

0

φj(τ)dτ





2

=
1

2





T∫

0

φ0(τ)dτ





2

=
1

2

T∫

0

ds,

then from (15) and (182) we obtain (181).

7. Modification of Theorem 1 for the Case of Integration Interval [t, s] (s ∈ (t, T ]) of
Iterated Ito Stochastic Integrals

Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function on [t, T ]. Define the
following function on the hypercube [t, T ]k

K̄(t1, . . . , tk, s) = 1{tk<s}K(t1, . . . , tk),

where the function K(t1, . . . , tk) is defined by (4), s ∈ (t, T ] (s is fixed), and 1A is the indicator of
the set A. So we have

(183) K̄(t1, . . . , tk, s) = 1{t1<...<tk<s}ψ1(t1) . . . ψk(tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk < s

0, otherwise

,

where k ≥ 1, t1, . . . , tk ∈ [t, T ], and s ∈ (t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K̄(t1, . . . , tk, s) defined by (183) is piecewise continuous in the hypercube [t, T ]k. At this
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situation it is well known that the generalized multiple Fourier series of K̄(t1, . . . , tk, s) ∈ L2([t, T ]
k)

is converging to K̄(t1, . . . , tk, s) in the hypercube [t, T ]k in the mean-square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K̄(t1, . . . , tk, s)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)

k∏

l=1

φjl (tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

Cjk...j1(s) =

∫

[t,T ]k

K̄(t1, . . . , tk, s)

k∏

l=1

φjl(tl)dt1 . . . dtk =

(184) =

s∫

t

ψk(tk)φjk (tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient, and

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Note that

(185) J [ψ(k)]s,t =

s∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

=

=

T∫

t

1{tk<s}ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk w. p. 1,

where s ∈ (t, T ] (s is fixed), i1, . . . , ik = 0, 1, . . . ,m.
Consider the partition {τj}Nj=0 of [t, T ], which satisfies the condition (6).

We will say that the function f(x) : [t, T ] → R satisfies the condition (⋆) if it is continuous on the

interval [t, T ] except may be for the finite number of points of the finite discontinuity as well as it is

right-continuous on the interval [t, T ].

Theorem 5 [26]-[29], [36]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom

function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]),
each function φj(x) of which for finite j satisfies the condition (⋆). Then

J [ψ(k)]s,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)

(
k∏

l=1

ζ
(il)
jl

−

(186) −l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk (τlk)∆w
(ik)
τlk

)

,
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where J [ψ(k)]s,t is the iterated Ito stochastic integral (185), s ∈ (t, T ] (s is fixed),

Gk = Hk\Lk, Hk =
{
(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1

}
,

Lk =
{
(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k

}
,

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

Cjk...j1(s) is the Fourier coefficient (184), ∆w
(i)
τj = w

(i)
τj+1 − w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a

partition of [t, T ], which satisfies the condition (6).

It is not difficult to see that for the case of pairwise different numbers i1, . . . , ik = 1, . . . ,m from
Theorem 5 we obtain

J [ψ(k)]s,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1(s)ζ
(i1)
j1

. . . ζ
(ik)
jk

.

Consider particular cases of Theorem 5 for k = 1, . . . , 5 [27]–[29], [36]

(187) J [ψ(1)]s,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1 (s)ζ
(i1)
j1

,

(188) J [ψ(2)]s,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1 (s)

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]s,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1(s)

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(189) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]s,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1(s)

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+
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(190) +1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]s,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1(s)

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

where 1A is the indicator of the set A, Cjk...j1(s) (k = 1, . . . , 5) has the form (184), s ∈ (t, T ] (s is
fixed).

Note that in [26] (see Sect. 1.15) Theorem 5 is generalized to the case of an arbitrary complete
orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

8. Modification of Theorem 2 for the Case of Integration Interval [t, s] (s ∈ (t, T ]) of
Iterated Stratonovich Stochastic Integrals of Multiplicity 2 and Wong–Zakai

Type Theorem

Let us prove the following theorem.

Theorem 6 [26]. Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions

in the space L2([t, T ]) and ψ1(τ), ψ2(τ) are continuous functions on [t, T ]. Then, for the iterated

Stratonovich stochastic integral

J∗[ψ(2)]s,t =

∗∫

t

s

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 (i1, i2 = 1, . . . ,m)

the following expansion
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(191) J∗[ψ(2)]s,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1(s)ζ
(i1)
j1

ζ
(i2)
j2

that converges in the mean-square sense is valid, where s ∈ (t, T ] (s is fixed),

(192) Cj2j1(s) =

s∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2,

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j.

The condition of continuity of the functions ψ1(τ), ψ2(τ) is related to the definition [2] of the
Stratonovich stochastic integral that we use.

Proof. The case s = T follows from (53). Below we consider the case s ∈ (t, T ). In accordance to
the standard relations between Stratonovich and Ito stochastic integrals we have w. p. 1

(193) J∗[ψ(2)]s,t = J [ψ(2)]s,t +
1

2
1{i1=i2}

s∫

t

ψ1(t1)ψ2(t1)dt1,

where s ∈ (t, T ] (s is fixed), 1A is the indicator of the set A.
From the other side according to (188) for the case of an arbitrary complete orthonormal system

of functions in the space L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]) (see [26], Sect. 1.15), we have

J [ψ(2)]s,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1(s)

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

=

(194) = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1(s)ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2} lim
p1,p2→∞

min{p1,p2}∑

j1=0

Cj1j1(s).

From (193) and (194) it follows that Theorem 6 will be proved if

(195)
1

2

s∫

t

ψ1(t1)ψ2(t1)dt1 =

∞∑

j1=0

Cj1j1(s),

where ψ1(τ), ψ2(τ) ∈ L2([t, T ]).
Let us rewrite (53) in the form

(196)
1

2

T∫

t

ψ̄1(τ)ψ̄2(τ)dτ =

∞∑

j=0

T∫

t

ψ̄2(t2)φj(t2)

t2∫

t

ψ̄1(t1)φj(t1)dt1dt2,
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where ψ̄1(τ), ψ̄2(τ) ∈ L2([t, T ]).
Suppose that

(197) ψ̄1(τ) = ψ1(τ)1{τ<s}, ψ̄2(τ) = ψ2(τ)1{τ<s},

where ψ1(τ), ψ2(τ) ∈ L2([t, T ]), s ∈ (t, T ) (s is fixed).
Combining (196) and (197), we get

1

2

T∫

t

ψ1(τ)ψ2(τ)1{τ<s}dτ =

=

∞∑

j=0

T∫

t

ψ2(t2)1{t2<s}φj(t2)

t2∫

t

ψ1(t1)1{t1<s}φj(t1)dt1dt2,

i.e.

1

2

s∫

t

ψ1(τ)ψ2(τ)dτ =

∞∑

j=0

s∫

t

ψ2(t2)φj(t2)

t2∫

t

ψ1(t1)φj(t1)dt1dt2.

The equality (195) is proved. Theorem 6 is proved.
Let us reformulate Theorem 6 in terms on the convergence of solution of system of ordinary

differential equations (ODEs) to the solution of system of Stratnovich SDEs (the so-called Wong–
Zakai type theorem).

By analogy with (175) for k = 2, i1, i2 = 1, . . . ,m, and s ∈ (t, T ] (s is fixed) we obtain

(198)

s∫

t

ψ2(t2)

t2∫

t

ψ1(t1)df
(i1)p1

t1 df
(i2)p2

t2 =

p1∑

j1=0

p2∑

j2=0

Cj2j1(s)ζ
(i1)
j1

ζ
(i2)
j2

,

where p1, p2 ∈ N and df
(i)p
τ is defined by (172); another notations are the same as in Theorem 6.

The iterated Riemann–Stiltjes integrals

Y
(i1i2)p1p2

s,t =

s∫

t

ψ2(t2)

t2∫

t

ψ1(t1)df
(i1)p1

t1 df
(i2)p2

t2 ,

X
(i1)p1

s,t =

s∫

t

ψ1(t1)df
(i1)p1

t1

are the solution of the following system of ODEs







dY
(i1i2)p1p2

s,t = ψ2(s)X
(i1)p1

s,t df
(i2)p2
s , Y

(i1i2)p1p2

t,t = 0

dX
(i1)p1

s,t = ψ1(s)df
(i1)p1
s , X

(i1)p1

t,t = 0

.

From the other hand, the iterated Stratonovich stochastic integrals
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Y
(i1i2)
s,t =

∗∫

t

s

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 ,

X
(i1)
s,t =

∗∫

t

s

ψ1(t1)df
(i1)
t1

are the solution of the following system of Stratonovich SDEs







dY
(i1i2)
s,t = ψ2(s)X

(i1)
s,t ∗ df (i2)s , Y

(i1i2)
t,t = 0

dX
(i1)
s,t = ψ1(s) ∗ df (i1)s , X

(i1)
t,t = 0

,

where ∗ df (i)s , i = 1, . . . ,m is the Stratonovich differential.
Then from Theorem 6 and (187) we obtain the following theorem.

Theorem 7 [26]. Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions

in the space L2([t, T ]) and ψ1(τ), ψ2(τ) are continuous functions on [t, T ]. Then for any fixed s
(s ∈ (t, T ])

l.i.m.
p1,p2→∞

Y
(i1i2)p1p2

s,t = Y
(i1i2)
s,t , l.i.m.

p1→∞
X

(i1)p1

s,t = X
(i1)
s,t .

9. Modification of Theorem 3 for the Case of Integration Interval [t, s] (s ∈ (t, T ]) of
Iterated Stratonovich Stochastic Integrals of Multiplicity 3 and Wong–Zakai

Type Theorem

Let us prove the following theorem.

Theorem 8 [26]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polyno-

mials or trigonometric functions in the space L2([t, T ]). At the same time ψ2(τ) is a continuously

differentiable nonrandom function on [t, T ] and ψ1(τ), ψ3(τ) are twice continuously differentiable

nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic integral of third multi-

plicity

J∗[ψ(3)]s,t =

∗∫

t

s

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

J∗[ψ(3)]s,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1(s)ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that converges in the mean-square sense is valid, where s ∈ (t, T ] (s is fixed),
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Cj3j2j1(s) =

s∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j.

Proof. The case s = T is considered in Theorem 3. Below we consider the case s ∈ (t, T ). First,
let us consider the case of Legendre polynomials. From (189) for the case p1 = p2 = p3 = p and the
standard relation between Ito and Stratonovich stochastic integrals (2), (3) of third multiplicity we
conclude that Theorem 8 will be proved if w. p. 1

(199) l.i.m.
p→∞

p
∑

j1=0

p
∑

j3=0

Cj3j1j1(s)ζ
(i3)
j3

=
1

2

s∫

t

ψ3(τ)

τ∫

t

ψ2(s1)ψ1(s1)ds1df
(i3)
τ ,

(200) l.i.m.
p→∞

p
∑

j1=0

p
∑

j3=0

Cj3j3j1(s)ζ
(i1)
j1

=
1

2

s∫

t

ψ3(τ)ψ2(τ)

τ∫

t

ψ1(s1)df
(i1)
s1 dτ,

(201) l.i.m.
p→∞

p
∑

j1=0

p
∑

j3=0

Cj1j3j1(s)ζ
(i2)
j3

= 0.

The proof of the formulas (199), (201) is absolutely similar to the proof of the formulas (66), (68).
It is only necessary to replace the interval of integration [t, T ] by [t, s] in the proof of the formulas
(66), (68) and use Theorem 5 instead of Theorem 1. Also in the case (201) it is necessary to use the
estimate (87).

Let us prove (200). Using Theorem 5 for k = 2 (see (188) for i1 = 1, . . . ,m, i2 = 0), we obtain
w. p. 1 (also see (367), (368))

1

2

s∫

t

ψ3(τ)ψ2(τ)

τ∫

t

ψ1(s1)df
(i1)
s1 dτ =

1

2
l.i.m.
p→∞

p
∑

j1=0

C∗
j1(s)ζ

(i1)
j1

,

where

C∗
j1(s) =

s∫

t

ψ3(τ)ψ2(τ)

τ∫

t

ψ1(s1)φj1(s1)ds1dτ =

(202) =

s∫

t

ψ1(s1)φj1 (s1)

s∫

s1

ψ3(τ)ψ2(τ)dτds1 .

We have
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E′
p(s)

def
= M











p
∑

j1=0

p
∑

j3=0

Cj3j3j1(s)ζ
(i1)
j1

− 1

2

p
∑

j1=0

C∗
j1 (s)ζ

(i1)
j1





2






=

= M











p
∑

j1=0





p
∑

j3=0

Cj3j3j1(s)−
1

2
C∗

j1 (s)



 ζ
(i1)
j1





2






=

(203) =

p
∑

j1=0





p
∑

j3=0

Cj3j3j1(s)−
1

2
C∗

j1(s)





2

,

Cj3j3j1(s) =

s∫

t

ψ3(θ)φj3 (θ)

θ∫

t

ψ2(τ)φj3 (τ)

τ∫

t

ψ1(s1)φj1 (s1)ds1dτdθ =

(204) =

s∫

t

ψ1(s1)φj1 (s1)

s∫

s1

ψ2(τ)φj3 (τ)

s∫

τ

ψ3(θ)φj3 (θ)dθdτds1 .

From (202)–(204) we obtain

E′
p(s) =

p
∑

j1=0





s∫

t

ψ1(s1)φj1 (s1)





p
∑

j3=0

s∫

s1

ψ2(τ)φj3 (τ)

s∫

τ

ψ3(θ)φj3 (θ)dθdτ−

(205) −1

2

s∫

s1

ψ3(τ)ψ2(τ)dτ



 ds1





2

.

Let us show that

(206)

∞∑

j3=0

s∫

s1

ψ2(τ)φj3 (τ)

s∫

τ

ψ3(θ)φj3 (θ)dθdτ =
1

2

s∫

s1

ψ3(τ)ψ2(τ)dτ.

Using (196) and Fubini’s Theorem, we have

(207)
1

2

T∫

t

ψ̄1(τ)ψ̄2(τ)dτ =

∞∑

j=0

T∫

t

ψ̄1(t1)φj(t1)

T∫

t1

ψ̄2(t2)φj(t2)dt2dt1,

where ψ̄1(τ), ψ̄2(τ) ∈ L2([t, T ]).
Suppose that

(208) ψ̄1(τ) = ψ2(τ)1{s1<τ<s}, ψ̄2(τ) = ψ3(τ)1{τ<s}.
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Using (207) and (208), we get (206). Combining (205) and (206), we obtain

E′
p(s) =

p
∑

j1=0





s∫

t

ψ1(s1)φj1(s1)

∞∑

j3=p+1

s∫

s1

ψ2(τ)φj3 (τ)

s∫

τ

ψ3(θ)φj3 (θ)dθdτds1





2

≤

(209) ≤ K

p
∑

j1=0





s∫

t

|φj1(s1)|

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

s∫

s1

ψ2(τ)φj3 (τ)

s∫

τ

ψ3(θ)φj3 (θ)dθdτ

∣
∣
∣
∣
∣
∣

ds1





2

,

where constant K does not depend on p.
Let us estimate the value

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

s∫

s1

ψ2(τ)φj3 (τ)

s∫

τ

ψ3(θ)φj3 (θ)dθdτ

∣
∣
∣
∣
∣
∣

.

Note that, by virtue of the additivity property of the integral, we obtain

s∫

s1

ψ2(τ)φj3 (τ)

s∫

τ

ψ3(θ)φj3 (θ)dθdτ =

=

s∫

t

ψ3(θ)φj3 (θ)

θ∫

t

ψ2(τ)φj3 (τ)dτdθ−

−
s1∫

t

ψ3(θ)φj3 (θ)

θ∫

t

ψ2(τ)φj3 (τ)dτdθ−

−
s∫

s1

ψ3(θ)φj3 (θ)dθ

s1∫

t

ψ2(τ)φj3 (τ)dτ.

Further, we have
∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

s∫

s1

ψ2(τ)φj3 (τ)

s∫

τ

ψ3(θ)φj3 (θ)dθdτ

∣
∣
∣
∣
∣
∣

≤

≤

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

s∫

t

ψ3(θ)φj3 (θ)

θ∫

t

ψ2(τ)φj3 (τ)dτdθ

∣
∣
∣
∣
∣
∣

+

+

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

s1∫

t

ψ3(θ)φj3 (θ)

θ∫

t

ψ2(τ)φj3 (τ)dτdθ

∣
∣
∣
∣
∣
∣

+
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(210) +
∞∑

j3=p+1

∣
∣
∣
∣
∣
∣

s∫

s1

ψ3(θ)φj3 (θ)dθ

s1∫

t

ψ2(τ)φj3 (τ)dτ

∣
∣
∣
∣
∣
∣

.

Applying the estimate (312), we can write

(211)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j1(s)

∣
∣
∣
∣
∣
∣

≤ C

p

(

1 +
1

(1− (z(s))2)
1/4

)

,

where s ∈ (t, T ), constant C does not depend on p, z(s) has the form (26), and Cj1j1(s) is defined by
(192) for the case j1 = j2.

Let us estimate the integral

(212)

τ∫

u

φj(θ)ψ(θ)dθ (j 6= 0),

where ψ(θ) is a continuously differentiable function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal

system of Legendre polynomials in the space L2([t, T ]).
We have

x∫

v

φj(θ)ψ(θ)dθ =

√
T − t

√
2j + 1

2

z(x)∫

z(v)

Pj(y)ψ(u(y))dy =

=

√
T − t

2
√
2j + 1

(

(Pj+1(z(x))− Pj−1(z(x)))ψ(x) − (Pj+1(z(v))− Pj−1(z(v)))ψ(v)−

(213) −T − t

2

z(x)∫

z(v)

((Pj+1(y)− Pj−1(y))ψ
′(u(y))dy

)

,

where x, v ∈ (t, T ), u(y) and z(x) are defined by (26), ψ′ is a derivative of the function ψ(θ) with
respect to the variable u(y).

Note that in (213) we used (27). From (213) and (29) it follows that

(214)

∣
∣
∣
∣
∣
∣

x∫

v

φj(θ)ψ(θ)dθ

∣
∣
∣
∣
∣
∣

<
C

j

(

1

(1− (z(x))2)1/4
+

1

(1− (z(v))2)1/4
+ C1

)

,

where z(x), z(v) ∈ (−1, 1), x, v ∈ (t, T ) and constants C, C1 do not depend on j.
Applying the estimates (87), (211) , and (214) to the right-hand side of (210) gives

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

s∫

s1

ψ2(τ)φj3 (τ)

s∫

τ

ψ3(θ)φj3 (θ)dθdτ

∣
∣
∣
∣
∣
∣

≤ L

p

(

1 +
1

(1− (z(s1))2)
1/4

)

×
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(215) ×
(

1 +
1

(1− (z(s))2)
1/4

+
1

(1− (z(s1))2)
1/4

)

,

where s, s1 ∈ (t, T ) and constant L is independent of p.
Combining the estimates (89), (209), and (215), we finally obtain

E′
p(s) ≤

L(s)p

p2
=
L(s)

p

if p → ∞, where constant L(s) (s is fixed, s ∈ (t, T )) does not depend on p. The relation (200) is
proved for the polynomial case. Theorem 8 is proved for the case of Legendre polynomials.

For the trigonometric case, by analogy with the proof of Lemma 1 (Sect. 3), we obtain the following
analog of (211)

(216)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j1(s)

∣
∣
∣
∣
∣
∣

≤ C

p
,

where s ∈ [t, T ], constant C does not depend on p, and Cj1j1(s) is defined by (192) for the case
j1 = j2.

Note the following obvious estimates for the trigonometric case

(217)

∣
∣
∣
∣
∣
∣

s∫

s1

ψ3(θ)φj(θ)dθ

∣
∣
∣
∣
∣
∣

≤ C

j
,

∣
∣
∣
∣
∣
∣

s1∫

t

ψ2(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

≤ C

j
(j 6= 0),

where s, s1 ∈ [t, T ], constant C does not depend on p.
Applying (209), (210), (216), and (217), we obtain the assertion of Theorem 8 for the trigonometric

case. Theorem 8 is proved.
Let us reformulate Theorem 8 in terms on the convergence of solution of system of ODEs to the

solution of system of Stratonovich SDEs (the so-called Wong–Zakai type theorem).
By analogy with (175) for the case k = 3, p1 = p2 = p3 = p, i1, i2, i3 = 1, . . . ,m, and s ∈ (t, T ] (s

is fixed) we obtain

(218)

s∫

t

ψ3(t3)

t3∫

t

ψ2(t2)

t2∫

t

ψ1(t1)df
(i1)p
t1 df

(i2)p
t2 df

(i3)p
t3 =

p
∑

j1,j2,j3=0

Cj3j2j1(s)ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

where p ∈ N and df
(i)p
τ is defined by (172); another notations are the same as in Theorem 8.

The iterated Riemann–Stiltjes integrals

Z
(i1i2i3)p
s,t =

s∫

t

ψ3(t3)

t3∫

t

ψ2(t2)

t2∫

t

ψ1(t1)df
(i1)p
t1 df

(i2)p
t2 df

(i3)p
t3 ,

Y
(i1i2)p
s,t =

s∫

t

ψ2(t2)

t2∫

t

ψ1(t1)df
(i1)p
t1 df

(i2)p
t2 ,
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X
(i1)p
s,t =

s∫

t

ψ1(t1)df
(i1)p
t1

are the solution of the following system of ODEs







dZ
(i1i2i3)p
s,t = ψ3(s)Y

(i1i2)p
s,t df

(i3)p
s , Z

(i1i2i3)p
t,t = 0

dY
(i1i2)p
s,t = ψ2(s)X

(i1)p
s,t df

(i2)p
s , Y

(i1i2)p
t,t = 0

dX
(i1)p
s,t = ψ1(s)df

(i1)p
s , X

(i1)p1

t,t = 0

.

From the other hand, the iterated Stratonovich stochastic integrals

Z
(i1i2i3)
s,t =

∗∫

t

s

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 ,

Y
(i1i2)
s,t =

∗∫

t

s

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 ,

X
(i1)
s,t =

∗∫

t

s

ψ1(t1)df
(i1)
t1

are the solution of the following system of Stratonovich SDEs







dZ
(i1i2i3)
s,t = ψ3(s)Y

(i1i2)
s,t ∗ df (i3)s , Z

(i1i2i3)
t,t = 0

dY
(i1i2)
s,t = ψ2(s)X

(i1)
s,t ∗ df (i2)s , Y

(i1i2)
t,t = 0

dX
(i1)
s,t = ψ1(s) ∗ df (i1)s , X

(i1)
t,t = 0

,

where ∗ df (i)s , i = 1, . . . ,m is the Stratonovich differential.
Then from Theorems 7 and 8 we obtain the following theorem.

Theorem 9 [26]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polyno-

mials or trigonometric functions in the space L2([t, T ]). At the same time ψ2(τ) is a continuously

differentiable nonrandom function on [t, T ] and ψ1(τ), ψ3(τ) are twice continuously differentiable

nonrandom functions on [t, T ]. Then for any fixed s (s ∈ (t, T ])
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l.i.m.
p→∞

Z
(i1i2i3)p
s,t = Z

(i1i2i3)
s,t , l.i.m.

p→∞
Y

(i1i2)p
s,t = Y

(i1i2)
s,t ,

l.i.m.
p→∞

X
(i1)p
s,t = X

(i1)
s,t .

10. Modification of Theorem 4 for the Case of Integration Interval [t, s] (s ∈ (t, T ])
of Iterated Stratonovich Stochastic Integrals of Multiplicity 4 and

Wong–Zakai Type Theorem

Let us prove the following theorem.

Theorem 10 [26]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polyno-

mials or trigonometric functions in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic

integral of fourth multiplicity

J∗[ψ(4)]s,t =

∗∫

t

s ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 (i1, i2, i3, i4 = 0, 1, . . . ,m)

the following expansion

J∗[ψ(4)]s,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1(s)ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

that converges in the mean-square sense is valid, where s ∈ (t, T ] (s is fixed),

Cj4j3j2j1(s) =

s∫

t

φj4(s4)

s4∫

t

φj3 (s3)

s3∫

t

φj2 (s2)

s2∫

t

φj1 (s1)ds1ds2ds3ds4

and

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. The case s = T is considered in Theorem 4. Below we consider the case s ∈ (t, T ). The
relation (190) (in the case when p1 = . . . = p4 = p→ ∞) implies that

l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1(s)ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

= J [ψ(4)]s,t+

+1{i1=i2 6=0}A
(i3i4)
1 (s) + 1{i1=i3 6=0}A

(i2i4)
2 (s) + 1{i1=i4 6=0}A

(i2i3)
3 (s) + 1{i2=i3 6=0}A

(i1i4)
4 (s)+

+1{i2=i4 6=0}A
(i1i3)
5 (s) + 1{i3=i4 6=0}A

(i1i2)
6 (s)− 1{i1=i2 6=0}1{i3=i4 6=0}B1(s)−
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(219) −1{i1=i3 6=0}1{i2=i4 6=0}B2(s)− 1{i1=i4 6=0}1{i2=i3 6=0}B3(s),

where J [ψ(4)]s,t has the form (185) for ψ1(τ), . . . , ψ4(τ) ≡ 1 and i1, . . . , i4 = 0, 1, . . . ,m,

A
(i3i4)
1 (s) = l.i.m.

p→∞

p
∑

j4,j3,j1=0

Cj4j3j1j1(s)ζ
(i3)
j3

ζ
(i4)
j4

,

A
(i2i4)
2 (s) = l.i.m.

p→∞

p
∑

j4,j3,j2=0

Cj4j3j2j3(s)ζ
(i2)
j2

ζ
(i4)
j4

,

A
(i2i3)
3 (s) = l.i.m.

p→∞

p
∑

j4,j3,j2=0

Cj4j3j2j4(s)ζ
(i2)
j2

ζ
(i3)
j3

,

A
(i1i4)
4 (s) = l.i.m.

p→∞

p
∑

j4,j3,j1=0

Cj4j3j3j1(s)ζ
(i1)
j1

ζ
(i4)
j4

,

A
(i1i3)
5 (s) = l.i.m.

p→∞

p
∑

j4,j3,j1=0

Cj4j3j4j1(s)ζ
(i1)
j1

ζ
(i3)
j3

,

A
(i1i2)
6 (s) = l.i.m.

p→∞

p
∑

j3,j2,j1=0

Cj3j3j2j1(s)ζ
(i1)
j1

ζ
(i2)
j2

,

B1(s) = lim
p→∞

p
∑

j1,j4=0

Cj4j4j1j1(s), B2(s) = lim
p→∞

p
∑

j4,j3=0

Cj3j4j3j4(s),

B3(s) = lim
p→∞

p
∑

j4,j3=0

Cj4j3j3j4(s).

Using the integration order replacement in Riemann integrals, Theorem 5 for k = 2 (see (188)) and
(195), Parseval’s equality and the integration order replacement technique for Ito stochastic integrals
(see [26]-[29], Chapter 3) or Ito’s formula, we obtain (see the derivation of the formula (101))

A
(i3i4)
1 (s) =

1

2

s∫

t

τ∫

t

s1∫

t

ds2dw
(i3)
s1 dw(i4)

τ +

(220) +
1

4
1{i3=i4 6=0}

s∫

t

(s1 − t)ds1 −∆
(i3i4)
1 (s) w. p. 1,

where

∆
(i3i4)
1 (s) = l.i.m.

p→∞

p
∑

j3,j4=0

apj4j3(s)ζ
(i3)
j3

ζ
(i4)
j4

,
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apj4j3(s) =
1

2

s∫

t

φj4 (τ)

τ∫

t

φj3(s1)
∞∑

j1=p+1





s1∫

t

φj1 (s2)ds2





2

ds1dτ.

Let us consider A
(i2i4)
2 (s) (see the derivation of the formula (103))

(221) A
(i2i4)
2 (s) = −∆

(i2i4)
2 (s) + ∆

(i2i4)
1 (s) + ∆

(i2i4)
3 (s) w. p. 1,

where

∆
(i2i4)
2 (s) = l.i.m.

p→∞

p
∑

j4,j2=0

bpj4j2(s)ζ
(i2)
j2

ζ
(i4)
j4

,

∆
(i2i4)
3 (s) = l.i.m.

p→∞

p
∑

j4,j2=0

cpj4j2(s)ζ
(i2)
j2

ζ
(i4)
j4

,

bpj4j2(s) =
1

2

s∫

t

φj4 (τ)

∞∑

j3=p+1





τ∫

t

φj3 (s1)ds1





2 τ∫

t

φj2 (s1)ds1dτ,

cpj4j2(s) =
1

2

s∫

t

φj4 (τ)

τ∫

t

φj2(s3)

∞∑

j3=p+1





τ∫

s3

φj3 (s1)ds1





2

ds3dτ.

Let us consider A
(i1i3)
5 (s) (see the derivation of the formula (106))

(222) A
(i1i3)
5 (s) = −∆

(i1i3)
4 (s) + ∆

(i1i3)
5 (s) + ∆

(i1i3)
6 (s) w. p. 1,

where

∆
(i1i3)
4 (s) = l.i.m.

p→∞

p
∑

j3,j1=0

dpj3j1(s)ζ
(i1)
j1

ζ
(i3)
j3

,

∆
(i1i3)
5 (s) = l.i.m.

p→∞

p
∑

j3,j1=0

epj3j1(s)ζ
(i1)
j1

ζ
(i3)
j3

,

∆
(i1i3)
6 (s) = l.i.m.

p→∞

p
∑

j3,j1=0

fp
j3j1

(s)ζ
(i1)
j1

ζ
(i3)
j3

,

dpj3j1(s) =
1

2

s∫

t

φj1 (s3)

∞∑

j4=p+1





s∫

s3

φj4(τ)dτ





2 s∫

s3

φj3(τ)dτds3 ,
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epj3j1(s) =
1

2

s∫

t

φj1 (s3)

s∫

s3

φj3 (τ)

∞∑

j4=p+1





τ∫

s3

φj4 (s1)ds1





2

dτds3,

fp
j3j1

(s) =
1

2

s∫

t

φj1(s3)

s∫

s3

φj3(s2)
∞∑

j4=p+1





s∫

s2

φj4 (s1)ds1





2

ds2ds3 =

=
1

2

s∫

t

φj3 (s2)

∞∑

j4=p+1





s∫

s2

φj4(s1)ds1





2 s2∫

t

φj1(s3)ds3ds2.

Moreover (see the derivation of the formula (111)),

(223) A
(i2i3)
3 (s) = 2∆

(i2i3)
6 (s)−A

(i2i3)
5 (s) = ∆

(i2i3)
4 (s)−∆

(i2i3)
5 (s) + ∆

(i2i3)
6 (s) w. p. 1.

Let us consider A
(i1i4)
4 (s) (see the derivation of the formula (112))

(224) A
(i1i4)
4 (s) =

1

2

s∫

t

s2∫

t

s1∫

t

dw(i1)
τ ds1dw

(i4)
s2 −∆

(i1i4)
3 (s) w. p. 1.

Let us consider A
(i1i2)
6 (s) (see the derivation of the formula (113))

A
(i1i2)
6 (s) =

1

2

s∫

t

s1∫

t

s2∫

t

dw(i1)
τ dw(i2)

s2 ds1+

(225) +
1

4
1{i1=i2 6=0}

s∫

t

(s− s2)ds2 −∆
(i1i2)
6 (s) w. p. 1.

Further, we have w. p. 1 (see the derivation of the formula (110))

A
(i2i3)
3 (s) +A

(i2i3)
5 (s) =

(226) = l.i.m.
p→∞

p
∑

j4,j3,j2=0

s∫

t

φj3(s1)

s1∫

t

φj2(s2)ds2

s1∫

t

φj4(s3)ds3

s∫

s1

φj4 (τ)dτds1ζ
(i2)
j2

ζ
(i3)
j3

.

Using (226) and the generalized Parseval equality, we obtain w. p. 1

A
(i2i3)
3 (s) +A

(i2i3)
5 (s) =
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= l.i.m.
p→∞

p
∑

j3,j2=0

s∫

t

φj3(s1)

s1∫

t

φj2(s2)ds2

p
∑

j4=0

s1∫

t

φj4(s3)ds3

s∫

s1

φj4 (τ)dτds1ζ
(i2)
j2

ζ
(i3)
j3

=

= −l.i.m.
p→∞

p
∑

j3,j2=0

s∫

t

φj3 (s1)

s1∫

t

φj2 (s2)ds2

∞∑

j4=p+1

s1∫

t

φj4(s3)ds3

s∫

s1

φj4(τ)dτds1×

×ζ(i2)j2
ζ
(i3)
j3

=

(227) = ∆
(i2i3)
6 (s) + ∆

(i2i3)
2 (s)−∆

(i2i3)
9 (s),

where

∆
(i2i3)
9 (s) = l.i.m.

p→∞

p
∑

j3,j2=0

qpj2j3(s)ζ
(i3)
j2

ζ
(i3)
j3

,

qpj2j3(s) =
1

2

s∫

t

φj3(s1)

s1∫

t

φj2(s2)ds2ds1

∞∑

j4=p+1





s∫

t

φj4(τ)dτ





2

.

From (222) and (227) we get

(228) A
(i2i3)
3 (s) = ∆

(i2i3)
2 (s) + ∆

(i2i3)
4 (s)−∆

(i2i3)
5 (s)−∆

(i2i3)
9 (s) w. p. 1.

Let us consider B1(s), B2(s), B3(s) (see the derivation of the formulas (114), (115))

(229) B1(s) =
1

4

s∫

t

(s1 − t)ds1 − lim
p→∞

p
∑

j4=0

apj4j4(s),

(230) B2(s) = lim
p→∞

p
∑

j3=0

apj3j3(s) + lim
p→∞

p
∑

j3=0

cpj3j3(s)− lim
p→∞

p
∑

j3=0

bpj3j3(s).

Moreover (see the derivation of the formula (116)),

B2(s) +B3(s) =

(231) = lim
p→∞

p
∑

j4=0

s∫

t

φj4(s1)

s1∫

t

φj4(s2)ds2

p
∑

j3=0

s1∫

t

φj3(s3)ds3

s∫

s1

φj3 (τ)dτds1.

Using (231) and the generalized Parseval equality, we obtain

B2(s) +B3(s) =

381
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= − lim
p→∞

p
∑

j4=0

s∫

t

φj4 (s1)

s1∫

t

φj4 (s2)ds2

∞∑

j3=p+1

s1∫

t

φj3 (s3)ds3

s∫

s1

φj3(τ)dτds1 =

(232) = lim
p→∞

p
∑

j4=0

fp
j4j4

(s) + lim
p→∞

p
∑

j4=0

bpj4j4(s)− lim
p→∞

p
∑

j4=0

qpj4j4(s).

Combining (230) and (232), we have

B3(s) = 2 lim
p→∞

p
∑

j4=0

bpj4j4(s) + lim
p→∞

p
∑

j4=0

fp
j4j4

(s)− lim
p→∞

p
∑

j4=0

cpj4j4(s)−

(233) − lim
p→∞

p
∑

j4=0

apj4j4(s)− lim
p→∞

p
∑

j4=0

qpj4j4(s).

After substituting the relations (220)–(225), (228)–(230), (233) into (219), we obtain

l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1(s)ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

=

= J [ψ(4)]s,t +
1

2
1{i1=i2 6=0}

s∫

t

τ∫

t

s1∫

t

ds2dw
(i3)
s1 dw(i4)

τ +

+
1

2
1{i2=i3 6=0}

s∫

t

s2∫

t

s1∫

t

dw(i1)
τ ds1dw

(i4)
s2 +

1

2
1{i3=i4 6=0}

s∫

t

s1∫

t

s2∫

t

dw(i1)
τ dw(i2)

s2 ds1+

+
1

4
1{i1=i2 6=0}1{i3=i4 6=0}

T∫

t

s1∫

t

ds2ds1 +R(s) = J∗[ψ(4)]s,t+

(234) +R(s) w. p. 1,

where

R(s) = −1{i1=i2 6=0}∆
(i3i4)
1 (s) + 1{i1=i3 6=0}

(

−∆
(i2i4)
2 (s) + ∆

(i2i4)
1 (s) + ∆

(i2i4)
3 (s)

)

+

+1{i1=i4 6=0}

(

∆
(i2i3)
2 (s) + ∆

(i2i3)
4 (s)−∆

(i2i3)
5 (s)−∆

(i2i3)
9 (s)

)

− 1{i2=i3 6=0}∆
(i1i4)
3 (s)+

+1{i2=i4 6=0}

(

−∆
(i1i3)
4 (s) + ∆

(i1i3)
5 (s) + ∆

(i1i3)
6 (s)

)

− 1{i3=i4 6=0}∆
(i1i2)
6 (s)−

−1{i1=i3 6=0}1{i2=i4 6=0}

(

lim
p→∞

p
∑

j3=0

apj3j3(s) + lim
p→∞

p
∑

j3=0

cpj3j3(s)− lim
p→∞

p
∑

j3=0

bpj3j3(s)

)

−
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−1{i1=i4 6=0}1{i2=i3 6=0}

(

2 lim
p→∞

p
∑

j4=0

bpj4j4(s) + lim
p→∞

p
∑

j4=0

fp
j4j4

(s)− lim
p→∞

p
∑

j4=0

cpj4j4 (s)−

− lim
p→∞

p
∑

j4=0

apj4j4(s)− lim
p→∞

p
∑

j4=0

qpj4j4(s)

)

+

(235) +1{i1=i2 6=0}1{i3=i4 6=0} lim
p→∞

p
∑

j3=0

apj3j3(s).

Let us prove that

(236) R(s) = 0 w. p. 1.

Consider the case of Legendre polynomials. Let us prove that

(237) ∆
(i3i4)
1 (s) = 0 w. p. 1.

We have

apj4j3(s) =
(T − t)2

√

(2j4 + 1)(2j3 + 1)

32
×

×
z(s)∫

−1

Pj4(y)

y∫

−1

Pj3(y1)
∞∑

j1=p+1

(2j1 + 1)





y1∫

−1

Pj1(y2)dy2





2

dy1dy =

=
(T − t)2

√

(2j4 + 1)(2j3 + 1)

32
×

×
z(s)∫

−1

Pj3 (y1)

∞∑

j1=p+1

1

2j1 + 1
(Pj1+1(y1)− Pj1−1(y1))

2

z(s)∫

y1

Pj4(y)dydy1 =

=
(T − t)2

√
2j3 + 1

32
√
2j4 + 1

×

×
z(s)∫

−1

Pj3(y1) ((Pj4+1(z(s))− Pj4−1(z(s)))− (Pj4+1(y1)− Pj4−1(y1)))×

×
∞∑

j1=p+1

1

2j1 + 1
(Pj1+1(y1)− Pj1−1(y1))

2
dy1

if j4 6= 0 and
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apj4j3(s) =
(T − t)2

√
2j3 + 1

32
×

×
z(s)∫

−1

Pj3(y1)(z(s)− y1)

∞∑

j1=p+1

1

2j1 + 1
(Pj1+1(y1)− Pj1−1(y1))

2
dy1

if j4 = 0, where z(s) is defined by (26).
We can assume that s ∈ (t, T ) (z(s) 6= ±1) since the case s = T has already been considered in

Theorem 4. Now the further proof of the equality (237) is completely analogous to the proof of the
equality (128).

It is not difficult to see that the formulas

(238) ∆
(i2i4)
2 (s) = 0, ∆

(i1i3)
4 (s) = 0, ∆

(i1i3)
6 (s) = 0, ∆

(i2i3)
9 (s) = 0 w. p. 1

can be proved similarly with the proof of (237).
Moreover, the relations

(239) lim
p→∞

p
∑

j3=0

apj3j3(s) = 0, lim
p→∞

p
∑

j3=0

bpj3j3(s) = 0, lim
p→∞

p
∑

j3=0

fp
j3j3

(s) = 0, lim
p→∞

p
∑

j3=0

qpj3j3(s) = 0

can also be proved analogously with (130), (131).

Let us consider ∆
(i2i4)
3 (s) and prove that

(240) ∆
(i2i4)
3 (s) = 0 w. p. 1.

We have

∆
(i2i4)
3 (s) = ∆

(i2i4)
4 (s) + ∆

(i2i4)
6 (s)−∆

(i2i4)
7 (s) =

(241) = −∆
(i2i4)
7 (s) w. p. 1,

where

∆
(i2i4)
7 (s) = l.i.m.

p→∞

p
∑

j2,j4=0

gpj4j2(s)ζ
(i2)
j2

ζ
(i4)
j4

,

gpj4j2(s) =

s∫

t

φj4(τ)

τ∫

t

φj2 (s1)
∞∑

j1=p+1





s∫

s1

φj1(s2)ds2

s∫

τ

φj1 (s2)ds2



 ds1dτ.

Note that (see (134))
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(242) gpj4j4(s) =

∞∑

j1=p+1

1

2





s∫

t

φj4(τ)

s∫

τ

φj1 (s2)ds2dτ





2

.

The proof of (240) for the case i2 = i4 6= 0 differs from the proof of the equality

∆
(i2i4)
3 = 0 w. p. 1

for the case i2 = i4 6= 0 (see the proof of Theorem 4). In our case we will use Parseval’s equality
instead of the orthogonality property of the Legendre polynomials.

Using the Parseval equality, we obtain

p
∑

j4=0

gpj4j4(s) =

p
∑

j4=0

∞∑

j1=p+1

1

2





s∫

t

φj4 (τ)

s∫

τ

φj1 (s2)ds2dτ





2

=

=

p
∑

j4=0

∞∑

j1=p+1

1

2





s∫

t

φj4(τ)





s∫

t

φj1(s2)ds2 −
τ∫

t

φj1(s2)ds2



 dτ





2

≤

≤
p
∑

j4=0





s∫

t

φj4(τ)dτ





2
∞∑

j1=p+1





s∫

t

φj1(s2)ds2





2

+

p
∑

j4=0

∞∑

j1=p+1





s∫

t

φj4(τ)

τ∫

t

φj1 (s2)ds2dτ





2

=

=

p
∑

j4=0





T∫

t

1{τ<s}φj4 (τ)dτ





2
∞∑

j1=p+1





s∫

t

φj1(s2)ds2





2

+

+
∞∑

j1=p+1

p
∑

j4=0





T∫

t

1{τ<s}φj4 (τ)

τ∫

t

φj1(s2)ds2dτ





2

≤

≤
∞∑

j4=0





T∫

t

1{τ<s}φj4 (τ)dτ





2
∞∑

j1=p+1





s∫

t

φj1(s2)ds2





2

+

+

∞∑

j1=p+1

∞∑

j4=0





T∫

t

1{τ<s}φj4 (τ)

τ∫

t

φj1(s2)ds2dτ





2

=

=

T∫

t

(
1{τ<s}

)2
dτ

∞∑

j1=p+1





s∫

t

φj1(s2)ds2





2

+

∞∑

j1=p+1

T∫

t

(
1{τ<s}

)2





τ∫

t

φj1 (s2)ds2





2

dτ =
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(243) = (s− t)

∞∑

j1=p+1





s∫

t

φj1(s2)ds2





2

+

∞∑

j1=p+1

s∫

t





τ∫

t

φj1(s2)ds2





2

dτ.

We can assume that s ∈ (t, T ) (z(s) 6= ±1) since the case s = T has already been considered in
Theorem 4. Then from (243) and (87) we obtain

(244) 0 ≤
p
∑

j4=0

gpj4j4(s) ≤
C(s)

p
,

where constant C(s) (s is fixed) is independent of p.
Combining (29) and (124) with (213), we obtain

(245)

∣
∣
∣
∣
∣
∣

s∫

s1

φj(θ)dθ

∣
∣
∣
∣
∣
∣

<
K

j1/2+m/4

(

1

(1− z2(s))m/8
+

1

(1 − z2(s1))m/8

)

,

where s, s1 ∈ (t, T ), m = 1 or m = 2, z(s) is defined by (26), constant K does not depend on j.
Using the Parseval equality, we get

(246) lim
p1→∞

p1∑

j4,j2=0

(
gpj4j2(s)

)2
=

∫

[t,T ]2

(Kp(τ, s1, s))
2
ds1dτ =

s∫

t

τ∫

t

(Fp(τ, s1, s))
2
ds1dτ,

where

gpj4j2(s) =

T∫

t

1{τ<s}φj4 (τ)

τ∫

t

φj2(s1)Fp(τ, s1, s)ds1dτ =

∫

[t,T ]2

Kp(τ, s1, s)φj4 (τ)φj2 (s1)ds1dτ

is a coefficient of the double Fourier–Legendre series of the function

Kp(τ, s1, s) = 1{τ<s}1{s1<τ<s}Fp(τ, s1, s),

where

(247)

∞∑

j1=p+1

s∫

s1

φj1(s2)ds2

s∫

τ

φj1 (s2)ds2
def
= Fp(τ, s1, s).

From (245) for m = 1 and m = 2 we have

|Fp(τ, s1, s)| <

<

∞∑

j1=p+1

K1

(j1)7/4

(

1

(1− z2(s))1/8
+

1

(1− z2(s1))1/8

)

×
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×
(

1

(1− z2(s))1/4
+

1

(1− z2(τ))1/4

)

≤

(248) ≤ K2

p3/4

(

1

(1− z2(s))1/8
+

1

(1 − z2(s1))1/8

)(

1

(1− z2(s))1/4
+

1

(1 − z2(τ))1/4

)

,

where s, s1, τ ∈ (t, T ), constant K2 is independent of p and we used the estimate (409) in (248).
The relations (246) and (248) imply the estimate

(249)

p
∑

j2,j4=0

(
gpj4j2(s)

)2 ≤ C1(s)

p3/2

for the case s ∈ (t, T ) or z(s) ∈ (−1, 1) (the case s = T has already been considered in Theorem 4),
where constant C1(s) (s is fixed) does not depend on p.

Then from analogue of (169) for s ∈ (t, T ) (s is fixed), (244), and (249) we have

M











p
∑

j2,j4=0

gpj4j2(s)ζ
(i2)
j2

ζ
(i4)
j4





2






≤
(
1 + 1{i2=i4 6=0}

)
p
∑

j2,j4=0

(
gpj4j2(s)

)2
+

+1{i2=i4 6=0}





p
∑

j4=0

gpj4j4(s)





2

≤ C2(s)

p3/2
→ 0

if p→ ∞, where constant C2(s) (s is fixed) does not depend on p. The equality (240) is proved.

Let us consider ∆
(i1i3)
5 (s)

∆
(i1i3)
5 (s) = ∆

(i1i3)
4 (s) + ∆

(i1i3)
6 (s)−∆

(i1i3)
8 (s) w. p. 1,

where

∆
(i1i3)
8 (s) = l.i.m.

p→∞

p
∑

j3,j1=0

hpj3j1(s)ζ
(i1)
j1

ζ
(i3)
j3

,

hpj3j1(s) =

s∫

t

φj1(s3)

s∫

s3

φj3(τ)Fp(s3, τ, s)dτds3,

where Fp(s3, τ, s) is defined by (247).

Analogously to (240), we obtain that ∆
(i1i3)
8 (s) = 0 w. p. 1. In this case we consider the function

Kp(s3, τ, s) = 1{s3<s}1{s3<τ<s}Fp(s3, τ, s)

and the relation

hpj3j1(s) =

∫

[t,T ]2

Kp(s3, τ, s)φj1 (s3)φj3 (τ)dτds3.
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For the case i1 = i3 6= 0 we use (see (242))

hpj1j1(s) =

∞∑

j4=p+1

1

2





s∫

t

φj1(τ)

s∫

τ

φj4 (s1)ds1dτ





2

.

Let us prove that

(250) lim
p→∞

p
∑

j3=0

cpj3j3(s) = 0.

We have

(251) cpj3j3(s) = fp
j3j3

(s) + dpj3j3(s)− gpj3j3(s).

Moreover,

(252) lim
p→∞

p
∑

j3=0

fp
j3j3

(s) = 0, lim
p→∞

p
∑

j3=0

dpj3j3(s) = 0,

where the first equality in (252) has been proved earlier. Analogously, we can prove the second equality
in (252).

From (244) we obtain

lim
p→∞

p
∑

j3=0

gpj3j3(s) = 0.

So, (250) is proved. The relation (236) is proved for the polynomial case. Theorem 10 is proved for
the case of Legendre polynomials.

It is easy to see that the trigonometric case is considered by analogy with the case of Legendre
polynomials using the estimate

∣
∣
∣
∣
∣
∣

s∫

τ

φj(θ)dθ

∣
∣
∣
∣
∣
∣

≤ C

j
(j 6= 0),

where constant C is independent of p, t ≤ τ < s ≤ T, and {φj(x)}∞j=0 is a complete orthonormal
system of trigonometric functions in the space L2([t, T ]). Theorem 10 is proved.

Let us reformulate Theorem 10 in terms on the convergence of solution of system of ODEs to the
solution of system of Stratonovich SDEs.

By analogy with (175) for the case k = 4, p1 = . . . = p4 = p, i1, . . . , i4 = 0, 1, . . . ,m, and s ∈ (t, T ]
(s is fixed) we obtain

s∫

t

t4∫

t

t3∫

t

t2∫

t

dw
(i1)p
t1 dw

(i2)p
t2 dw

(i3)p
t3 dw

(i4)p
t4 =

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1(s)ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

where p ∈ N and dw
(i)p
τ is defined by (174); another notations are the same as in Theorem 10.

The iterated Riemann–Stiltjes integrals
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(253) V
(i1i2i3i4)p
s,t =

s∫

t

t4∫

t

t3∫

t

t2∫

t

dw
(i1)p
t1 dw

(i2)p
t2 dw

(i3)p
t3 dw

(i4)p
t4 ,

(254) Z
(i1i2i3)p
s,t =

s∫

t

t3∫

t

t2∫

t

dw
(i1)p
t1 dw

(i2)p
t2 dw

(i3)p
t3 ,

(255) Y
(i1i2)p
s,t =

s∫

t

t2∫

t

dw
(i1)p
t1 dw

(i2)p
t2 ,

(256) X
(i1)p
s,t =

s∫

t

dw
(i1)p
t1

are the solution of the following system of ODEs







dV
(i1i2i3i4)p
s,t = Z

(i1i2i3)p
s,t dw

(i4)p
s , V

(i1i2i3i4)p
t,t = 0

dZ
(i1i2i3)p
s,t = Y

(i1i2)p
s,t dw

(i3)p
s , Z

(i1i2i3)p
t,t = 0

dY
(i1i2)p
s,t = X

(i1)p
s,t dw

(i2)p
s , Y

(i1i2)p
t,t = 0

dX
(i1)p
s,t = 1 · dw(i1)p

s , X
(i1)p
t,t = 0

.

From the other hand, the iterated Stratonovich stochastic integrals

(257) V
(i1i2i3i4)
s,t =

∗∫

t

s ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 ,

(258) Z
(i1i2i3)
s,t =

∗∫

t

s ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 ,

(259) Y
(i1i2)
s,t =

∗∫

t

s ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 ,

(260) X
(i1)
s,t =

∗∫

t

s

dw
(i1)
t1

are the solution of the following system of Stratonovich SDEs
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dV
(i1i2i3i4)
s,t = Z

(i1i2i3)
s,t ∗ dw(i4)

s , V
(i1i2i3i4)
t,t = 0

dZ
(i1i2i3)
s,t = Y

(i1i2)
s,t ∗ dw(i3)

s , Z
(i1i2i3)
t,t = 0

dY
(i1i2)
s,t = X

(i1)
s,t ∗ dw(i2)

s , Y
(i1i2)
t,t = 0

dX
(i1)
s,t = 1 ∗ dw(i1)

s , X
(i1)
t,t = 0

,

where ∗ dw(i)
s , i = 0, 1, . . . ,m is the Stratonovich differential.

Then from Theorems 7, 9, and 10 we obtain the following theorem.

Theorem 11 [26]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre poly-

nomials or trigonometric functions in the space L2([t, T ]). Then for any fixed s (s ∈ (t, T ])

l.i.m.
p→∞

V
(i1i2i3i4)p
s,t = V

(i1i2i3i4)
s,t , l.i.m.

p→∞
Z

(i1i2i3)p
s,t = Z

(i1i2i3)
s,t ,

l.i.m.
p→∞

Y
(i1i2)p
s,t = Y

(i1i2)
s,t , l.i.m.

p→∞
X

(i1)p
s,t = X

(i1)
s,t .

11. Rate of the Mean-Square Convergence of Expansions of Iterated Stratonovich
Stochastic Integrals of Multiplicities 2 to 4 in Theorems 2–4

Let us prove the following Theorem.

Theorem 12 [26]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre poly-

nomials or trigonometric functions in the space L2([t, T ]). Moreover, ψ1(τ), ψ2(τ) are continuously

differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic integral

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 (i1, i2 = 1, . . . ,m)

the following estimate

(261) M









J∗[ψ(2)]T,t −
p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2





2






≤ C

p

is valid, where constant C is independent of p,

Cj2j1 =

T∫

t

ψ2(s2)φj2 (s2)

s2∫

t

ψ1(s1)φj1 (s1)ds1ds2,
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and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j.

Proof. From (15) we obtain

M









J∗[ψ(2)]T,t −
p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2





2






=

= M









J [ψ(2)]T,t +
1

2
1{i1=i2}

T∫

t

ψ1(t1)ψ2(t1)dt1 −
p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2





2






=

= M

{(

J [ψ(2)]T,t −
p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+

+
1

2
1{i1=i2}

T∫

t

ψ1(t1)ψ2(t1)dt1 − 1{i1=i2}

p
∑

j1=0

Cj1j1

)2}

=

= M









J [ψ(2)]T,t −
p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)



2






+

+




1

2
1{i1=i2}

T∫

t

ψ1(t1)ψ2(t1)dt1 − 1{i1=i2}

p
∑

j1=0

Cj1j1





2

=

= M

{(

J [ψ(2)]T,t − J [ψ(2)]p,pT,t

)2
}

+

(262) +1{i1=i2}




1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 −
p
∑

j1=0

Cj1j1





2

,

where (see (10))

J [ψ(2)]p,pT,t =

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

.

In [26] (Sect. 1.7.2, Remark 1.7) it is shown that
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(263) M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)2
}

≤ k!Pk(T − t)k

p
,

where J [ψ(k)]T,t is defined by (2), J [ψ(k)]p,...,pT,t is the expression on the right-hand side of (7) before

passing to the limit l.i.m.
p1,...,pk→∞

for the case p1 = . . . = pk = p, {φj(x)}∞j=0 is a complete orthonormal

system of Legendre polynomials or trigonometric functions in the space L2([t, T ]), ψ1(τ), . . . , ψk(τ) are
continuously differentiable nonrandom functions on [t, T ], constant Pk depends only on k, i1, . . . , ik =
1, . . . ,m.

From (263) we get

(264) M

{(

J [ψ(2)]T,t − J [ψ(2)]p,pT,t

)2
}

≤ C1

p
,

where constant C1 is independent of p.
Using (53), we obtain

(265)
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 −
p
∑

j1=0

Cj1j1 =

∞∑

j1=p+1

Cj1j1 .

The estimate (43) implies that (polynomial case)

(266)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j1

∣
∣
∣
∣
∣
∣

≤ C2




1

p
+

∞∑

j1=p+1

1

j21



 ,

where constant C2 does not depend on p.
From (31) and (266) we have

(267) Sp
def
=

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j1

∣
∣
∣
∣
∣
∣

≤ C3

p
,

where constant C3 is independent of p.
Applying the ideas that we used to obtain the relations (45), (49), (50), we can prove the following

estimates for the trigonometric case

(268) S2p =

∣
∣
∣
∣
∣
∣

∞∑

j1=2p+1

Cj1j1

∣
∣
∣
∣
∣
∣

≤ K1

p
,

(269) S2p−1 =

∣
∣
∣
∣
∣
∣

∞∑

j1=2p

Cj1j1

∣
∣
∣
∣
∣
∣

≤ S2p +
K2

p
,

where constants K1,K2 do not depend on p.
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From (268) and (269) we get the estimate (267) for the trigonometric case. Combining (262), (264),
(265), and (267), we obtain (261). Theorem 12 is proved.

Let us consider an analogue of Theorem 12 for iterated Stratonovich stochastic integrals of multi-
plicity 3.

Theorem 13 [26]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre poly-

nomials or trigonometric functions in the space L2([t, T ]). At the same time ψ2(τ) is a continuously

differentiable nonrandom function on [t, T ] and ψ1(τ), ψ3(τ) are twice continuously differentiable

nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic integral of third multi-

plicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following estimate

(270) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

is valid, where constant C is independent of p,

Cj3j2j1 =

T∫

t

ψ3(s)φj3 (s)

s∫

t

ψ2(s1)φj2(s1)

s1∫

t

ψ1(s2)φj1 (s2)ds2ds1ds,

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j.

Proof. Using standard relations between Stratonovich and Ito stochastic integrals, we obtain

M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






=

= M









J [ψ(3)]T,t +
1

2
1{i1=i2}

T∫

t

ψ3(t3)

t3∫

t

ψ2(t2)ψ1(t2)dt2df
(i3)
t3 +

+
1

2
1{i2=i3}

T∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)df
(i1)
t1 dt3 −

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






=

= M

{(

J [ψ(3)]T,t − J [ψ(3)]p,p,pT,t +
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+1{i1=i2}




1

2

T∫

t

ψ3(t3)

t3∫

t

ψ2(t2)ψ1(t2)dt2df
(i3)
t3 −

p
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3



+

+1{i2=i3}




1

2

T∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)df
(i1)
t1 dt3 −

p
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1



−

(271) −1{i1=i3}

p
∑

j1=0

p
∑

j3=0

Cj1j3j1ζ
(i2)
j3

)2}

,

where (see (11))

J [ψ(3)]p,p,pT,t =

p
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

.

From (271) and the elementary inequality (a+ b+ c+ d)2 ≤ 4
(
a2 + b2 + c2 + d2

)
we obtain

M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤

(272) ≤ 4

(

M

{(

J [ψ(3)]s,t − J [ψ(3)]p,p,pT,t

)2
}

+ 1{i1=i2}E
(1)
p + 1{i2=i3}E

(2)
p + 1{i1=i3}E

(3)
p

)

,

where

E(1)
p = M










1

2

T∫

t

ψ3(t3)

t3∫

t

ψ2(t2)ψ1(t2)dt2df
(i3)
t3 −

p
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3





2






,

E(2)
p = M










1

2

T∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)df
(i1)
t1 dt3 −

p
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1





2






,

E(3)
p = M











p
∑

j1=0

p
∑

j3=0

Cj1j3j1ζ
(i2)
j3





2






.

From (263) we have
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(273) M

{(

J [ψ(3)]T,t − J [ψ(3)]p,p,pT,t

)2
}

≤ C1

p
,

where constant C1 is independent of p.
Moreover, from (90) and (98) we have the following estimate

(274) E(3)
p ≤ C2

p

for the polynomial and trigonometric cases, where constant C2 does not depend on p.
Using Theorem 1 for k = 1 (also see (9)), we obtain w. p. 1

1

2

T∫

t

ψ3(s)

s∫

t

ψ2(s1)ψ1(s1)ds1df
(i3)
s =

1

2
l.i.m.
p→∞

p
∑

j3=0

C̃j3ζ
(i3)
j3

,

where

C̃j3 =

T∫

t

φj3(s)ψ3(s)

s∫

t

ψ2(s1)ψ1(s1)ds1ds.

Applying the Ito formula, we have

T∫

t

ψ3(s)ψ2(s)

s∫

t

ψ1(s1)df
(i1)
s1 ds =

T∫

t

ψ1(s1)

T∫

s1

ψ3(s)ψ2(s)dsdf
(i1)
s1 w. p. 1.

Using Theorem 1 for k = 1, we have w. p. 1

1

2

T∫

t

ψ1(s)

T∫

s

ψ3(s1)ψ2(s1)ds1df
(i1)
s =

1

2
l.i.m.
p→∞

p
∑

j1=0

C∗
j1ζ

(i1)
j1

,

where

C∗
j1 =

T∫

t

ψ1(s)φj1 (s)

T∫

s

ψ3(s1)ψ2(s1)ds1ds.

Further, we get

(275) E(1)
p ≤ 2G(1)

p + 2G(2)
p ,

(276) E(2)
p ≤ 2H(1)

p + 2H(2)
p ,

where

G(1)
p = M







1

4





T∫

t

ψ3(t3)

t3∫

t

ψ2(t2)ψ1(t2)dt2df
(i3)
t3 −

p
∑

j3=0

C̃j3ζ
(i3)
j3





2






,
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G(2)
p = M










1

2

p
∑

j3=0

C̃j3ζ
(i3)
j3

−
p
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3





2






,

H(1)
p = M







1

4





T∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)df
(i1)
t1 dt3 −

p
∑

j1=0

C∗
j1ζ

(i1)
j1





2






,

H(2)
p = M










1

2

p
∑

j1=0

C∗
j1ζ

(i1)
j1

−
p
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1





2






.

From (263) we have

(277) G(1)
p ≤ C2

p
, H(1)

p ≤ C2

p
,

where constant C2 is independent of p.
The estimates

(278) G(2)
p ≤ C3

p
, H(2)

p ≤ C3

p

are proved in Sect. 4 (see the proof of Theorem 3) for the polynomial and trigonometric cases;
constant C3 does not depend on p. Combining the estimates (272)–(278), we obtain the inequality
(270). Theorem 13 is proved.

Consider an analogue of Theorem 13 for iterated Stratonovich stochastic integrals of fourth mul-
tiplicity.

Theorem 14 [26]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polyno-

mials or trigonometric functions in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic

integral of fourth multiplicity

J∗[ψ(4)]T,t =

∗∫

t

T ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 (i1, i2, i3, i4 = 0, 1, . . . ,m)

the following estimate

(279) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p

is valid, where constant C is independent of p,

Cj4j3j2j1 =

T∫

t

φj4 (s4)

s4∫

t

φj3 (s3)

s3∫

t

φj2 (s2)

s2∫

t

φj1 (s1)ds1ds2ds3ds4,
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and

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. First, let us prove that Theorem 3 is valid for the case i1, i2, i3 = 0, 1, . . . ,m. The case
i1, i2, i3 = 1, . . . ,m has been proved in Theorem 3. From (11) and the standard relation between
Stratonovich and Ito stochastic integrals (2), (3) of third multiplicity we have that Theorem 3 is valid
for the following cases

i1 = i2 = 0, i3 = 1, . . . ,m,

i1 = i3 = 0, i2 = 1, . . . ,m,

i2 = i3 = 0, i1 = 1, . . . ,m.

Thus, it remains to consider the following three cases

(280) i1, i2 = 1, . . . ,m, i3 = 0,

(281) i2, i3 = 1, . . . ,m, i1 = 0,

(282) i1, i3 = 1, . . . ,m, i2 = 0.

The relation (11) and the standard relation between Stratonovich and Ito stochastic integrals (2),
(3) of third multiplicity imply that for the case (280) we need to prove the following equality

∞∑

j1=0

T∫

t

ψ3(t3)

t3∫

t

φj1(t2)ψ2(t2)

t2∫

t

φj1(t1)ψ1(t1)dt1dt2dt3 =

(283) =
1

2

T∫

t

ψ3(t3)

t3∫

t

ψ1(t1)ψ2(t1)dt1dt3.

Using the relation (17), we get

∞∑

j1=0

T∫

t

ψ3(t3)

t3∫

t

φj1(t2)ψ2(t2)

t2∫

t

φj1(t1)ψ1(t1)dt1dt2dt3 =

=

∞∑

j1=0

T∫

t

φj1(t1)ψ1(t1)

T∫

t1

φj1(t2)ψ2(t2)

T∫

t2

ψ3(t3)dt3dt2dt1 =

=

∞∑

j1=0

T∫

t

φj1(t1)ψ1(t1)

T∫

t1

φj1(t2)ψ̃2(t2)dt2dt1 =
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=

∞∑

j1=0

T∫

t

φj1(t2)ψ̃2(t2)

t2∫

t

φj1(t1)ψ1(t1)dt1dt2 =

(284) =
1

2

T∫

t

ψ1(t2)ψ̃2(t2)dt2,

where

(285) ψ̃2(t2) = ψ2(t2)

T∫

t2

ψ3(t3)dt3.

From (284) and (285) we obtain

∞∑

j1=0

T∫

t

ψ3(t3)

t3∫

t

φj1(t2)ψ2(t2)

t2∫

t

φj1(t1)ψ1(t1)dt1dt2dt3 =

=
1

2

T∫

t

ψ1(t2)ψ2(t2)

T∫

t2

ψ3(t3)dt3dt2 =

(286) =
1

2

T∫

t

ψ3(t3)

t3∫

t

ψ1(t2)ψ2(t2)dt2dt3.

The relation (283) is proved.
From (11) and the standard relation between Stratonovich and Ito stochastic integrals (2), (3) of

third multiplicity it follows that for the case (281) we need to prove the following equality

∞∑

j2=0

T∫

t

φj2(t3)ψ3(t3)

t3∫

t

φj2 (t2)ψ2(t2)

t2∫

t

ψ1(t1)dt1dt2dt3 =

(287) =
1

2

T∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)dt1dt3.

Using the relation (17), we have

∞∑

j2=0

T∫

t

φj2(t3)ψ3(t3)

t3∫

t

φj2 (t2)ψ2(t2)

t2∫

t

ψ1(t1)dt1dt2dt3 =

=

∞∑

j2=0

T∫

t

φj2(t3)ψ3(t3)

t3∫

t

φj2(t2)ψ̄2(t2)dt2dt3 =
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=
1

2

T∫

t

ψ3(t3)ψ̄2(t3)dt3,

where

(288) ψ̄2(t2) = ψ2(t2)

t2∫

t

ψ1(t1)dt1.

The relation (287) is proved.
The relation (11) and the standard relation between Stratonovich and Ito stochastic integrals (2),

(3) of third multiplicity imply that for the case (282) we need to prove the following equality

(289)

∞∑

j1=0

T∫

t

φj1 (t3)ψ3(t3)

t3∫

t

ψ2(t2)

t2∫

t

φj1 (t1)ψ1(t1)dt1dt2dt3 = 0.

We have

∞∑

j1=0

T∫

t

φj1(t3)ψ3(t3)

t3∫

t

ψ2(t2)

t2∫

t

φj1(t1)ψ1(t1)dt1dt2dt3 =

=
∞∑

j1=0

T∫

t

φj1(t3)ψ3(t3)

t3∫

t

φj1(t1)ψ1(t1)

t3∫

t1

ψ2(t2)dt2dt1dt3 =

=

∞∑

j1=0

T∫

t

φj1 (t3)ψ3(t3)

t3∫

t

φj1 (t1)ψ1(t1)





T∫

t1

ψ2(t2)dt2 −
T∫

t3

ψ2(t2)dt2



 dt1dt3 =

=

∞∑

j1=0

T∫

t

φj1 (t3)ψ3(t3)

t3∫

t

φj1 (t1)ψ1(t1)

T∫

t1

ψ2(t2)dt2dt1dt3−

−
∞∑

j1=0

T∫

t

φj1 (t3)ψ3(t3)

t3∫

t

φj1 (t1)ψ1(t1)

T∫

t3

ψ2(t2)dt2dt1dt3 =

=

∞∑

j1=0

T∫

t

φj1 (t3)ψ3(t3)

t3∫

t

φj1(t1)ψ̃1(t1)dt1dt3−

−
∞∑

j1=0

T∫

t

φj1 (t3)ψ̃3(t3)

t3∫

t

φj1 (t1)ψ1(t1)dt1dt3 =

=
1

2

T∫

t

ψ3(t1)ψ̃1(t1)dt1 −
1

2

T∫

t

ψ̃3(t1)ψ1(t1)dt1 =
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=
1

2

T∫

t

ψ3(t1)ψ1(t1)

T∫

t1

ψ2(t2)dt2dt1 −
1

2

T∫

t

ψ1(t1)ψ3(t1)

T∫

t1

ψ2(t2)dt2dt1 = 0,

where

(290) ψ̃1(t1) = ψ1(t1)

T∫

t1

ψ2(t2)dt2,

(291) ψ̃3(t3) = ψ3(t3)

T∫

t3

ψ2(t2)dt2.

The relation (289) is proved. Theorem 3 is proved for the case i1, i2, i3 = 0, 1, . . . ,m.
Using standard relations between Ito and Stratonovich stochastic integrals (2), (3) of multiplicities

3 and 4, we have

M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






=

= M









J [ψ(4)]T,t +
1

2
1{i1=i2 6=0}

T∫

t

s∫

t

s1∫

t

ds2dw
(i3)
s1 dw(i4)

s +

+
1

2
1{i2=i3 6=0}

T∫

t

s2∫

t

s1∫

t

dw(i1)
s ds1dw

(i4)
s2 +

1

2
1{i3=i4 6=0}

T∫

t

s1∫

t

s2∫

t

dw(i1)
s dw(i2)

s2 ds1+

+
1

4
1{i1=i2 6=0}1{i3=i4 6=0}

T∫

t

s1∫

t

ds2ds1 −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






=

= M









J [ψ(4)]T,t +
1

2
1{i1=i2 6=0}

∗∫

t

T ∗∫

t

s ∗∫

t

s1

ds2dw
(i3)
s1 dw(i4)

s −

−1

4
1{i1=i2 6=0}1{i3=i4 6=0}

T∫

t

s1∫

t

ds2ds1 +
1

2
1{i2=i3 6=0}

∗∫

t

T ∗∫

t

s2 ∗∫

t

s1

dw(i1)
s ds1dw

(i4)
s2 +

+
1

2
1{i3=i4 6=0}

∗∫

t

T ∗∫

t

s1 ∗∫

t

s2

dw(i1)
s dw(i2)

s2 ds1 −
1

4
1{i1=i2 6=0}1{i3=i4 6=0}

T∫

t

s1∫

t

ds2ds1+
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+
1

4
1{i1=i2 6=0}1{i3=i4 6=0}

T∫

t

s1∫

t

ds2ds1 −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






=

= M









J [ψ(4)]T,t +
1

2
1{i1=i2 6=0}

∗∫

t

T ∗∫

t

s ∗∫

t

s1

ds2dw
(i3)
s1 dw(i4)

s +

+
1

2
1{i2=i3 6=0}

∗∫

t

T ∗∫

t

s2 ∗∫

t

s1

dw(i1)
s ds1dw

(i4)
s2 +

1

2
1{i3=i4 6=0}

∗∫

t

T ∗∫

t

s1 ∗∫

t

s2

dw(i1)
s dw(i2)

s2 ds1−

−1

4
1{i1=i2 6=0}1{i3=i4 6=0}

T∫

t

s1∫

t

ds2ds1 −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






=

= M

{(

J [ψ(4)]T,t − J [ψ(4)]p,p,p,pT,t +

+
1

2
1{i1=i2 6=0}





∗∫

t

T ∗∫

t

s ∗∫

t

s1

ds2dw
(i3)
s1 dw(i4)

s − S
(i3i4)p
1



+

+
1

2
1{i2=i3 6=0}





∗∫

t

T ∗∫

t

s2 ∗∫

t

s1

dw(i1)
s ds1dw

(i4)
s2 − S

(i1i4)p
2



+

+
1

2
1{i3=i4 6=0}





∗∫

t

T ∗∫

t

s1 ∗∫

t

s2

dw(i1)
s dw(i2)

s2 ds1 − S
(i1i2)p
3



−

−1{i1=i2 6=0}1{i3=i4 6=0}




1

4

T∫

t

s1∫

t

ds2ds1−

(292) −
p
∑

j4=0

1

2

T∫

t

φj4(s)

s∫

t

φj4(s1)(s1 − t)ds1ds



 −Rp

)2}

,

where S
(i3i4)p
1 , S

(i1i4)p
2 , S

(i1i2)p
3 are the approximations of the iterated Stratonovich stochastic integrals
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∗∫

t

T ∗∫

t

s ∗∫

t

s1

ds2dw
(i3)
s1 dw(i4)

s ,

∗∫

t

T ∗∫

t

s2 ∗∫

t

s1

dw(i1)
s ds1dw

(i4)
s2 ,

∗∫

t

T ∗∫

t

s1 ∗∫

t

s2

dw(i1)
s dw(i2)

s2 ds1,

respectively (these approximations are obtained by the version of Theorem 3 for the case i1, i2, i3 =
0, 1, . . . ,m); J [ψ(4)]p,p,p,pT,t is the approximation of the iterated Ito stochastic integral J [ψ(4)]T,t obtained

by Theorem 1 (see (12))

J [ψ(4)]p,p,p,pT,t =

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2 6=0}A
(i3i4)p
1 − 1{i1=i3 6=0}A

(i2i4)p
2 − 1{i1=i4 6=0}A

(i2i3)p
3 − 1{i2=i3 6=0}A

(i1i4)p
4 −

−1{i2=i4 6=0}A
(i1i3)p
5 − 1{i3=i4 6=0}A

(i1i2)p
6 + 1{i1=i2 6=0}1{i3=i4 6=0}B

p
1+

+1{i1=i3 6=0}1{i2=i4 6=0}B
p
2 + 1{i1=i4 6=0}1{i2=i3 6=0}B

p
3 ,

where

A
(i3i4)p
1 =

p
∑

j4,j3,j1=0

Cj4j3j1j1ζ
(i3)
j3

ζ
(i4)
j4

, A
(i2i4)p
2 =

p
∑

j4,j3,j2=0

Cj4j3j2j3ζ
(i2)
j2

ζ
(i4)
j4

,

A
(i2i3)p
3 =

p
∑

j4,j3,j2=0

Cj4j3j2j4ζ
(i2)
j2

ζ
(i3)
j3

, A
(i1i4)p
4 =

p
∑

j4,j3,j1=0

Cj4j3j3j1ζ
(i1)
j1

ζ
(i4)
j4

,

A
(i1i3)p
5 =

p
∑

j4,j3,j1=0

Cj4j3j4j1ζ
(i1)
j1

ζ
(i3)
j3

, A
(i1i2)p
6 =

p
∑

j3,j2,j1=0

Cj3j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

,

Bp
1 =

p
∑

j1,j4=0

Cj4j4j1j1 , Bp
2 =

p
∑

j4,j3=0

Cj3j4j3j4 ,

Bp
3 =

p
∑

j4,j3=0

Cj4j3j3j4 ;

Rp is the expression on the right-hand side of (119) before passing to the limits, i.e.

Rp = −1{i1=i2 6=0}∆
(i3i4)p
1 + 1{i1=i3 6=0}

(

−∆
(i2i4)p
2 +∆

(i2i4)p
1 +∆

(i2i4)p
3

)

+

+1{i1=i4 6=0}

(

∆
(i2i3)p
4 −∆

(i2i3)p
5 +∆

(i2i3)p
6

)

− 1{i2=i3 6=0}∆
(i1i4)p
3 +

+1{i2=i4 6=0}

(

−∆
(i1i3)p
4 +∆

(i1i3)p
5 +∆

(i1i3)p
6

)

− 1{i3=i4 6=0}∆
(i1i2)p
6 −
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−1{i1=i3 6=0}1{i2=i4 6=0}

(
p
∑

j3=0

apj3j3 +

p
∑

j3=0

cpj3j3 −
p
∑

j3=0

bpj3j3

)

−

−1{i1=i4 6=0}1{i2=i3 6=0}

(

2

p
∑

j3=0

fp
j3j3

−
p
∑

j3=0

apj3j3 −
p
∑

j3=0

cpj3j3 +

p
∑

j3=0

bpj3j3

)

+

+1{i1=i2 6=0}1{i3=i4 6=0}

p
∑

j3=0

apj3j3 ,

where

∆
(i3i4)p
1 =

p
∑

j3,j4=0

apj4j3ζ
(i3)
j3

ζ
(i4)
j4

, ∆
(i2i4)p
2 =

p
∑

j4,j2=0

bpj4j2ζ
(i2)
j2

ζ
(i4)
j4

,

∆
(i2i4)p
3 =

p
∑

j4,j2=0

cpj4j2ζ
(i2)
j2

ζ
(i4)
j4

, ∆
(i1i3)p
4 =

p
∑

j3,j1=0

dpj3j1ζ
(i1)
j1

ζ
(i3)
j3

,

∆
(i1i3)p
5 =

p
∑

j3,j1=0

epj3j1ζ
(i1)
j1

ζ
(i3)
j3

, ∆
(i1i3)p
6 =

p
∑

j3,j1=0

fp
j3j1

ζ
(i1)
j1

ζ
(i3)
j3

,

where apj4j3 , b
p
j4j2

, cpj4j2 , d
p
j3j1

, epj3j1 , f
p
j3j1

are defined by the relations (102), (104), (105), (107)–(109).

From (292) and the elementary inequality (a1 + . . .+ a6)
2 ≤ 6

(
a21 + . . .+ a26

)
we obtain

M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤

(293) ≤ 6
(

Q(1)
p +Q(2)

p +Q(3)
p +Q(4)

p +Q(5)
p +Q(6)

p

)

,

where

Q(1)
p = M

{(

J [ψ(4)]T,t − J [ψ(4)]p,p,p,pT,t

)3
}

,

Q(2)
p =

1

4
1{i1=i2 6=0}M











∗∫

t

T ∗∫

t

s ∗∫

t

s1

ds2dw
(i3)
s1 dw(i4)

s − S
(i3i4)p
1





2






,

Q(3)
p =

1

4
1{i2=i3 6=0}M











∗∫

t

T ∗∫

t

s2 ∗∫

t

s1

dw(i1)
s ds1dw

(i4)
s2 − S

(i1i4)p
2





2






,
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Q(4)
p =

1

4
1{i3=i4 6=0}M











∗∫

t

T ∗∫

t

s1 ∗∫

t

s2

dw(i1)
s dw(i2)

s2 ds1 − S
(i1i2)p
3





2






,

Q(5)
p = 1{i1=i2 6=0}1{i3=i4 6=0}×

×




1

4

T∫

t

(s1 − t)ds1 −
p
∑

j4=0

1

2

T∫

t

φj4(s)

s∫

t

φj4 (s1)(s1 − t)ds1ds





2

,

Q(6)
p = M

{

(Rp)
2
}

.

From (263) we have

(294) Q(1)
p ≤ C1

p
,

where constant C1 is independent of p.
Let us prove the version of Theorem 13 for the case i1, i2, i3 = 0, 1, . . . ,m. The case i1, i2, i3 =

1, . . . ,m has been proved in Theorem 13. It is easy to see that, in addition to the proof of Theorem
13, we need to prove the following inequalities

∣
∣
∣
∣
∣
∣

1

2

T∫

t

ψ3(t3)

t3∫

t

ψ1(t1)ψ2(t1)dt1dt3−

(295) −
p
∑

j1=0

T∫

t

ψ3(t3)

t3∫

t

φj1 (t2)ψ2(t2)

t2∫

t

φj1(t1)ψ1(t1)dt1dt2dt3

∣
∣
∣
∣
∣
∣

≤ C

p
,

∣
∣
∣
∣
∣
∣

1

2

T∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)dt1dt3−

(296) −
p
∑

j3=0

T∫

t

φj3(t3)ψ3(t3)

t3∫

t

φj3(t2)ψ3(t2)

t2∫

t

ψ1(t1)dt1dt2dt3

∣
∣
∣
∣
∣
∣

≤ C

p
,

(297)

∣
∣
∣
∣
∣
∣

p
∑

j1=0

T∫

t

φj1 (t3)ψ3(t3)

t3∫

t

ψ2(t2)

t2∫

t

φj1 (t1)ψ1(t1)dt1dt2dt3

∣
∣
∣
∣
∣
∣

≤ C

p
,

where constant C is independent of p.
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The inequalities (295) and (296) are equivalent to the following inequalities (see the proof of the
cases (280), (281))

(298)

∣
∣
∣
∣
∣
∣

1

2

T∫

t

ψ1(t2)ψ̃2(t2)dt2 −
p
∑

j1=0

T∫

t

φj1(t2)ψ̃2(t2)

t2∫

t

φj1(t1)ψ1(t1)dt1dt2

∣
∣
∣
∣
∣
∣

≤ C

p
,

(299)

∣
∣
∣
∣
∣
∣

1

2

T∫

t

ψ3(t3)ψ̄2(t3)dt3 −
p
∑

j3=0

T∫

t

φj3(t3)ψ3(t3)

t3∫

t

φj3(t2)ψ̄2(t2)dt2dt3

∣
∣
∣
∣
∣
∣

≤ C

p
,

where ψ̃2(t2), ψ̄2(t2) are defined by (285) and (288), respectively. The inequalities (298), (299) follow
from (265), (267)–(269).

Let us prove (297). By analogy with the proof of (289) we have

p
∑

j1=0

T∫

t

φj1(t3)ψ3(t3)

t3∫

t

ψ2(t2)

t2∫

t

φj1(t1)ψ1(t1)dt1dt2dt3 =

=

p
∑

j1=0

T∫

t

φj1 (t3)ψ3(t3)

t3∫

t

φj1(t1)ψ̃1(t1)dt1dt3−

−
p
∑

j1=0

T∫

t

φj1 (t3)ψ̃3(t3)

t3∫

t

φj1 (t1)ψ1(t1)dt1dt3 =

=
∞∑

j1=0

T∫

t

φj1 (t3)ψ3(t3)

t3∫

t

φj1(t1)ψ̃1(t1)dt1dt3−

−
∞∑

j1=0

T∫

t

φj1(t3)ψ̃3(t3)

t3∫

t

φj1(t1)ψ1(t1)dt1dt3−

−
∞∑

j1=p+1

T∫

t

φj1 (t3)ψ3(t3)

t3∫

t

φj1(t1)ψ̃1(t1)dt1dt3+

+

∞∑

j1=p+1

T∫

t

φj1(t3)ψ̃3(t3)

t3∫

t

φj1(t1)ψ1(t1)dt1dt3 =

= −
∞∑

j1=p+1

T∫

t

φj1 (t3)ψ3(t3)

t3∫

t

φj1 (t1)ψ̃1(t1)dt1dt3+

(300) +

∞∑

j1=p+1

T∫

t

φj1 (t3)ψ̃3(t3)

t3∫

t

φj1 (t1)ψ1(t1)dt1dt3,
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where ψ̃1(t1), ψ̃3(t3) are defined by (290), (291), respectively.
Now the estimate (297) follows from (300) and (267)–(269). Theorem 13 is proved for the case

i1, i2, i3 = 0, 1, . . . ,m.
Using the version of Theorem 13 for the case i1, i2, i3 = 0, 1, . . . ,m, we obtain the following

estimates

(301) Q(2)
p ≤ C2

p
, Q(3)

p ≤ C2

p
, Q(4)

p ≤ C2

p
,

where constant C2 does not depend on p.
From (265) we get

1

2

T∫

t

(s1 − t)ds1 −
p
∑

j4=0

T∫

t

φj4 (s)

s∫

t

φj4(s1)(s1 − t)ds1ds =

(302) =
∞∑

j4=p+1

T∫

t

φj4 (s)

s∫

t

φj4(s1)(s1 − t)ds1ds.

Let us consider the case of Legendre polynomials. From (267) and (302) we have

(303)

∣
∣
∣
∣
∣
∣

∞∑

j4=p+1

T∫

t

φj4(s)

s∫

t

φj4 (s1)(s1 − t)ds1ds

∣
∣
∣
∣
∣
∣

≤ C3

p
,

where constant C3 is independent of p.
For the trigonometric case, the analogue of the inequality (303) can be obtained by analogy with

(268) and (269). Then

(304) Q(5)
p ≤ C4

p2
,

where constant C4 does not depend on p.
Analyzing the proof of Theorem 4, we conclude that

(305) Q(6)
p ≤ C5

p

for the polynomial and trigonometric cases; constant C5 is independent of p. Combining (293)–(301),
(304), (305), we get (279). Theorem 14 is proved.

12. Rate of the Mean-Square Convergence of Expansions of Iterated Stratonovich
Stochastic Integrals of Multiplicities 2 to 4 in Modifications of Theorems 12-14

for the Case of Integration Interval [t, s] (s ∈ (t, T ])

Let us prove the following theorem.
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Theorem 15 [26]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre poly-

nomials or trigonometric functions in the space L2([t, T ]). Moreover, ψ1(τ), ψ2(τ) are continuously

differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic integral

J∗[ψ(2)]s,t =

∗∫

t

s

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 (i1, i2 = 1, . . . ,m)

the following estimate

(306) M









J∗[ψ(2)]s,t −
p
∑

j1,j2=0

Cj2j1(s)ζ
(i1)
j1

ζ
(i2)
j2





2






≤ C(s)

p

is valid, where s ∈ (t, T ] (s is fixed), constant C(s) is independent of p,

Cj2j1(s) =

s∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2,

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j.

Proof. The case s = T has already been considered in Theorem 12. Below we consider the case
s ∈ (t, T ). By analogy with (262) we obtain

M









J∗[ψ(2)]s,t −
p
∑

j1,j2=0

Cj2j1(s)ζ
(i1)
j1

ζ
(i2)
j2





2






=

= M

{(

J [ψ(2)]s,t − J [ψ(2)]p,ps,t

)2
}

+

(307) +1{i1=i2}




1

2

s∫

t

ψ1(t1)ψ2(t1)dt1 −
p
∑

j1=0

Cj1j1(s)





2

,

where (see (188))

J [ψ(2)]p,ps,t =

p
∑

j1,j2=0

Cj2j1(s)

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

.

In [26] (Sect. 1.8) it is shown that
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(308) M

{(

J [ψ(k)]s,t − J [ψ(k)]p,...,ps,t

)2
}

≤ k!Pk(s− t)k

p
,

where s ∈ (t, T ] (s is fixed), J [ψ(k)]s,t is defined by (185), J [ψ(k)]p,...,ps,t is the expression on the
right-hand side of (186) before passing to the limit l.i.m.

p1,...,pk→∞
for the case p1 = . . . = pk = p,

ψ1(τ), . . . , ψk(τ) are continuously differentiable nonrandom functions on [t, T ], constant Pk depends
only on k, i1, . . . , ik = 1, . . . ,m.

From (308) we get

(309) M

{(

J [ψ(2)]s,t − J [ψ(2)]p,ps,t

)2
}

≤ C1(s)

p
,

where constant C1(s) is independent of p.
Using (195), we obtain

(310)
1

2

s∫

t

ψ1(t1)ψ2(t1)dt1 −
p
∑

j1=0

Cj1j1(s) =
∞∑

j1=p+1

Cj1j1(s).

Consider the case of Legendre polynomials. By analogy with (42) we get for n > m (n,m ∈ N)

n∑

j1=m+1

Cj1j1(s) =

n∑

j1=m+1

s∫

t

ψ2(θ)φj1 (θ)

θ∫

t

ψ1(τ)φj1 (τ)dτdθ =

=
T − t

4

z(s)∫

−1

ψ1(u(x))ψ2(u(x)) (Pn+1(x)Pn(x)− Pm+1(x)Pm(x)) dx−

− (T − t)2

8

n∑

j1=m+1

1

2j1 + 1

z(s)∫

−1

(Pj1+1(y)− Pj1−1(y))ψ
′
1(u(y))×

×
(

(Pj1+1(z(s))− Pj1−1(z(s)))ψ2(s)− (Pj1+1(y)− Pj1−1(y))ψ2(u(y))−

(311) −T − t

2

z(s)∫

y

(Pj1+1(x) − Pj1−1(x))ψ
′
2(u(x))dx

)

dy,

where

u(y) =
T − t

2
y +

T + t

2
, z(s) =

(

s− T + t

2

)
2

T − t
,

and ψ′
1, ψ

′
2 are derivatives of the functions ψ1(τ), ψ2(τ) with respect to the variable u(y).

Applying the estimate (29) and taking into account the boundedness of the functions ψ1(τ), ψ2(τ)
and their derivatives, we finally obtain
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∣
∣
∣
∣
∣
∣

n∑

j1=m+1

Cj1j1(s)

∣
∣
∣
∣
∣
∣

≤ C1

(
1

n
+

1

m

) z(s)∫

−1

dx

(1− x2)
1/2

+

+C2

n∑

j1=m+1

1

j21






z(s)∫

−1

dy

(1− y2)1/2
+

1

(1− z2(s))1/4

z(s)∫

−1

dy

(1− y2)1/4
+

(312) +

z(s)∫

−1

1

(1− y2)
1/4

z(s)∫

y

dx

(1− x2)
1/4

dy




 ,

where constants C1, C2 do not depend on n and m.
We assume that s ∈ (t, T ) (z(s) 6= ±1) since the case s = T has already been considered in

Theorem 12. Then

(313)

∣
∣
∣
∣
∣
∣

n∑

j1=m+1

Cj1j1(s)

∣
∣
∣
∣
∣
∣

≤ C3(s)




1

n
+

1

m
+

n∑

j1=m+1

1

j21



 ,

where constant C3(s) does not depend on n and m.
The relations (313) and (31) imply that

(314)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j1(s)

∣
∣
∣
∣
∣
∣

≤ C3(s)




1

p
+

∞∑

j1=p+1

1

j21



 ≤ C4(s)

p
,

where constant C4(s) is independent of p.
For the trigonometric case, the analogue of the inequality (314) can be obtained by analogy with

(268) and (269).
Combining (307), (309), (310), (314), we obtain the estimate (306). Theorem 15 is proved.
The arguments given earlier in this paper allow us to formulate the following two theorems.

Theorem 16 [26]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre poly-

nomials or trigonometric functions in the space L2([t, T ]). At the same time ψ2(τ) is a continuously

differentiable nonrandom function on [t, T ] and ψ1(τ), ψ3(τ) are twice continuously differentiable

nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic integral of third multi-

plicity

J∗[ψ(3)]s,t =

∗∫

t

s

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following estimate

M









J∗[ψ(3)]s,t −
p
∑

j1,j2,j3=0

Cj3j2j1(s)ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C(s)

p
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is valid, where s ∈ (t, T ] (s is fixed), constant C(s) is independent of p,

Cj3j2j1(s) =

s∫

t

ψ3(τ)φj3 (τ)

τ∫

t

ψ2(s1)φj2 (s1)

s1∫

t

ψ1(s2)φj1 (s2)ds2ds1dτ,

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j.

Theorem 17 [26]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polyno-

mials or trigonometric functions in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic

integral of fourth multiplicity

J∗[ψ(4)]s,t =

∗∫

t

s ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 (i1, i2, i3, i4 = 0, 1, . . . ,m)

the following estimate

M









J∗[ψ(4)]s,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1(s)ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C(s)

p

is valid, where s ∈ (t, T ] (s is fixed), constant C(s) is independent of p,

Cj4j3j2j1(s) =

s∫

t

φj4(s4)

s4∫

t

φj3(s3)

s3∫

t

φj2(s2)

s2∫

t

φj1(s1)ds1ds2ds3ds4,

and

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

13. Expansion of Iterated Stratonovich Stochastic Integrals of Arbitrary
Multiplicity k (k ∈ N). Proof Under the Condition of Convergence of Trace

Series

In this section, we prove the expansion of iterated Stratonovich stochastic integrals of arbitrary
multiplicity k (k ∈ N) under the condition of convergence of trace series.

Let us introduce some notations and formulate some auxiliary results. Consider the unordered set
{1, 2, . . . , k} and separate it into two parts: the first part consists of r unordered pairs (sequence order
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of these pairs is also unimportant) and the second one consists of the remaining k− 2r numbers. So,
we have

(315) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (315) is a partition and consider the sum with respect to all possible partitions

(316)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
,

where ag1g2,...,g2r−1g2r ,q1...qk−2r
∈ R.

Below there are several examples of sums in the form (316)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (7) as
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J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(317) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x,
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same as

in Theorem 1.

Let us consider the generalization of Theorem 1 for the case of an arbitrary complete orthonormal
systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 18 [26] (Sect. 1.11), [36] (Sect. 15), [51]. Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(318) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where
∏

∅

def
= 1,

∑

∅

def
= 0, [x] is an integer part of a real

number x; another notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 18 was considered in [63]. Note that we use another
notations in comparison with [63]. Moreover, the proof of an analogue of Theorem 18 from [63] is
somewhat different from the proof given in [26] (Sect. 1.11), [36] (Sect. 15), [51].

Denote

J [ψ(k)]sl,...,s1T,t
def
=

l∏

p=1

1{isp=isp+1 6=0}×

×
T∫

t

ψk(tk) . . .

tsl+3∫

t

ψsl+2(tsl+2)

tsl+2∫

t

ψsl(tsl+1)ψsl+1(tsl+1)×

×
tsl+1∫

t

ψsl−1(tsl−1) . . .

ts1+3∫

t

ψs1+2(ts1+2)

ts1+2∫

t

ψs1(ts1+1)ψs1+1(ts1+1)×

×
ts1+1∫

t

ψs1−1(ts1−1) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(is1−1)
ts1−1

dts1+1dw
(is1+2)
ts1+2

. . .

(319) . . . dw
(isl−1)
tsl−1

dtsl+1dw
(isl+2)
tsl+2

. . . dw
(ik)
tk

,
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where

(320) Ak,l =
{
(sl, . . . , s1) : sl > sl−1 + 1, . . . , s2 > s1 + 1, sl, . . . , s1 = 1, . . . , k − 1

}
,

(sl, . . . , s1) ∈ Ak,l, l = 1, . . . , [k/2] , is = 0, 1, . . . ,m, s = 1, . . . , k,

[x] is an integer part of a real number x, and 1A is the indicator of the set A.
Let us formulate the statement on connection between iterated Stratonovich and Ito stochastic

integrals J∗[ψ(k)]T,t, J [ψ
(k)]T,t of arbitrary multiplicity k, k ∈ N (see (2), (3)).

Theorem 19 [6] (1997), [12]-[19], [26]-[29]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous

function at the interval [t, T ]. Then, the following relation between iterated Stratonovich and Ito

stochastic integrals

(321) J∗[ψ(k)]T,t = J [ψ(k)]T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t w. p. 1

is correct, where
∑

∅

is supposed to be equal to zero.

Consider the Fourier coefficient

(322) Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

corresponding to the function (4), where {φj(x)}∞j=0 is a complete orthonormal system of functions

in the space L2([t, T ]). At that we suppose φ0(x) = 1/
√
T − t.

Denote

Cjk...jl+1jljljl−2...j1

∣
∣
∣
∣
(jljl)y(·)

def
=

def
=

T∫

t

ψk(tk)φjk (tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

tl+1∫

t

ψl(tl)ψl−1(tl)×

(323) ×
tl∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtl−2dtltl+1 . . . dtk =

=
√
T − t

T∫

t

ψk(tk)φjk (tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

tl+1∫

t

ψl(tl)ψl−1(tl)φ0(tl)×

×
tl∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtl−2dtltl+1 . . . dtk =

=
√
T − tĈjk ...jl+10jl−2...j1 ,
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i.e.
√
T − tĈjk...jl+10jl−2...j1 is again the Fourier coefficient of type Cjk...j1 but with a new shorter

multi-index jk . . . jl+10jl−2 . . . j1 and new weight functions ψ1(τ), . . . , ψl−2(τ),
√
T − tψl−1(τ)ψl(τ),

ψl+1(τ), . . . , ψk(τ) (also we suppose that {l, l− 1} is one of the pairs {g1, g2}, . . . , {g2r−1, g2r}).
Let

Cjk...jl+1jljljl−2...j1

∣
∣
∣
∣
(jljl)yjm

def
=

def
=

T∫

t

ψk(tk)φjk (tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

tl+1∫

t

ψl(tl)ψl−1(tl)φjm(tl)×

(324) ×
tl∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtl−2dtltl+1 . . . dtk =

= C̄jk ...jl+1jmjl−2...j1 ,

i.e. C̄jk...jl+1jmjl−2...j1 is again the Fourier coefficient of type Cjk...j1 but with a new shorter multi-
index jk . . . jl+1jmjl−2 . . . j1 and new weight functions ψ1(τ), . . . , ψl−2(τ), ψl−1(τ)ψl(τ), ψl+1(τ), . . . ,
ψk(τ) (also we suppose that {l− 1, l} is one of the pairs {g1, g2}, . . . , {g2r−1, g2r}).

Denote

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

def
=

(325)
def
=

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

.

Introduce the following notation

Sl

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
=

1

2
1{g2l=g2l−1+1}

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

(326) . . .

∞∑

jg2l+1
=p+1

∞∑

jg2l−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg2l jg2l−1

)y(·),jg1=jg2 ,...,jg2r−1
=jg2r

.

Note that the operation Sl (l = 1, 2, . . . , r) acts on the value

(327) C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

as follows: Sl multiplies (327) by 1{g2l=g2l−1+1}/2, removes the summation

∞∑

jg2l−1
=p+1

,

414



110 D.F. KUZNETSOV

and replaces

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

with

(328) Cjk ...j1

∣
∣
∣
∣
(jg2l jg2l−1

)y(·),jg1=jg2 ,...,jg2r−1
=jg2r

.

Note that we write

Cjk...j1

∣
∣
∣
∣
(jg1 jg2 )y(·),jg1=jg2

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )y(·),jg1=jg2

,

Cjk ...j1

∣
∣
∣
∣
(jg1 jg2 )yjm,jg1=jg2

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm,jg1=jg2

,

Cjk ...j1

∣
∣
∣
∣
(jg1 jg2 )y(·),(jg3jg4 )y(·),jg1=jg2 ,jg3=jg4

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )y(·)(jg3jg3 )y(·),jg1=jg2 ,jg3=jg4

, . . .

Since (328) is again the Fourier coefficient, then the action of superposition SlSm on (328) is
obvious. For example, for r = 3

S3S2S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

=

=
1

23

3∏

s=1

1{g2s=g2s−1+1}Cjk...j1

∣
∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·)(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6

,

S3S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

=

=
1

22
1{g6=g5+1}1{g2=g1+1}

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
∣
(jg2 jg1 )y(·)(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6

,

S2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

=

=
1

2
1{g4=g3+1}

∞∑

jg1=p+1

∞∑

jg5=p+1

Cjk...j1

∣
∣
∣
∣
∣
(jg4 jg3 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6

.

Theorem 20 [26], [34], [50], [72]. Assume that the continuously differentiable functions ψl(τ)
(l = 1, . . . , k) and the complete orthonormal system {φj(x)}∞j=0 of continuous functions (φ0(x) =

1/
√
T − t) in the space L2([t, T ]) are such that the following conditions are satisfied:

1. The equality
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(329)
1

2

s∫

t

Φ1(t1)Φ2(t1)dt1 =

∞∑

j1=0

s∫

t

Φ2(t2)φj1 (t2)

t2∫

t

Φ1(t1)φj1 (t1)dt1dt2

holds for all s ∈ (t, T ], where the nonrandom functions Φ1(τ), Φ2(τ) are continuously differentiable

on [t, T ] and the series on the right-hand side of (329) converges absolutely.

2. The estimates

∣
∣
∣
∣
∣
∣

s∫

t

φj(τ)Φ1(τ)dτ

∣
∣
∣
∣
∣
∣

≤ Ψ1(s)

j1/2+α
,

∣
∣
∣
∣
∣
∣

T∫

s

φj(τ)Φ2(τ)dτ

∣
∣
∣
∣
∣
∣

≤ Ψ1(s)

j1/2+α
,

∣
∣
∣
∣
∣
∣

∞∑

j=p+1

s∫

t

Φ2(τ)φj(τ)

τ∫

t

Φ1(θ)φj(θ)dθdτ

∣
∣
∣
∣
∣
∣

≤ Ψ2(s)

pβ

hold for all s ∈ (t, T ) and for some α, β > 0, where Φ1(τ), Φ2(τ) are continuously differentiable

nonrandom functions on [t, T ], j, p ∈ N, and

T∫

t

Ψ2
1(τ)dτ <∞,

T∫

t

|Ψ2(τ)| dτ <∞.

3. The condition

lim
p→∞

p
∑

j1,...,jq ,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

(

Sl1Sl2 . . . Sld

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

= 0

holds for all possible g1, g2, . . . , g2r−1, g2r (see (315)) and l1, l2, . . . , ld such that l1, l2, . . . , ld ∈ {1, 2,
. . . , r}, l1 > l2 > . . . > ld, d = 0, 1, 2, . . . , r − 1, where r = 1, 2, . . . , [k/2] and

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
= C̄

(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

for d = 0.
Then, for the iterated Stratonovich stochastic integral of arbitrary multiplicity k

(330) J∗[ψ(k)]
(i1...ik)
T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion

(331) J∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where
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(332) Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient, l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. Note that (329) is true (see (195)). The proof of Theorem 20 will consist of several steps.
Step 1. Let us find a representation of the quantity

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that will be convenient for further consideration.
Note that (7) can be written as (see [26] or [29], Sect. 1.1.3)

(333) J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t ,

where J ′[φj1 . . . φjk ]
(i1...ik)
T,t is the multiple Wiener stochatic integral defined by (164) and J [ψ(k)]

(i1...ik)
T,t

is the iterated Ito stochastic integral (2).
Let us consider the following multiple stochastic integral

(334) l.i.m.
N→∞

N−1∑

j1,...,jk=0

Φ (τj1 , . . . , τjk)

k∏

l=1

∆w
(il)
τjl

def
= J [Φ]

(i1...ik)
T,t ,

where we assume that Φ(t1, . . . , tk) : [t, T ]k → R is a continuous nonrandom function on [t, T ]k.
Other notations are the same as in (164).

The stochastic integral with respect to the scalar standard Wiener process (i1 = . . . = ik 6= 0) and
similar to (334) (the function Φ(t1, . . . , tk) is assumed to be symmetric on the hypercube [t, T ]k) has
been considered in literature (see, for example, Remark 1.5.7 [65]). The integral (334) is sometimes
called the multiple Stratonovich stochastic integral. This is due to the fact that the following rule of
the classical integral calculus holds for this integral

J [Φ]
(i1...ik)
T,t = J [ϕ1]

(i1)
T,t . . . J [ϕk]

(ik)
T,t w. p. 1,

where Φ(t1, . . . , tk) = ϕ1(t1) . . . ϕk(tk) and

J [ϕl]
(il)
T,t =

T∫

t

ϕl(s)dw
(il)
s (l = 1, . . . , k).

Theorem 21 [26]–[29]. Suppose that Φ(t1, . . . , tk) : [t, T ]k → R is a continuous nonrandom

function on [t, T ]k. Furthermore, {φj(x)}∞j=0 is a complete orthonormal system of functions in the
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space L2([t, T ]), each function φj(x) of which for finite j is continuous at the interval [t, T ] except

may be for the finite number of points of the finite discontinuity as well as φj(x) right-continuous at

the interval [t, T ]. Then the following expansion

J ′[Φ]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(335) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where J ′[Φ]
(i1...ik)
T,t is the multiple Wiener stochatic

integral defined by (164),

(336) Cjk ...j1 =

∫

[t,T ]k

Φ(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient. Other notations are the same as in Theorems 1, 18.

From (317) and (333) we conclude that

J ′[φj1 . . . φjk ]
(i1...ik)
T,t =

(337)

=

k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

w. p. 1, where notations are the same as in Theorems 1, 18 and J ′[φj1 . . . φjk ]
(i1...ik)
T,t is the multiple

Wiener stochastic integral (164). For a more detailed derivation of (337), see [51].
Using (337), we obtain

k∏

l=1

ζ
(il)
jl

= J ′[φj1 . . . φjk ]
(i1...ik)
T,t −

(338) −
[k/2]
∑

r=1

(−1)r
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

w. p. 1.
By iteratively applying the formula (338) (also see (10)–(14)), we obtain the following representation

of the product
k∏

l=1

ζ
(il)
jl

as the sum of some constant value and multiple Wiener stochastic integrals of multiplicities not
exceeding k
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k∏

l=1

ζ
(il)
jl

= J ′[φj1 . . . φjk ]
(i1...ik)
T,t +

+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0} 1{jg
2s−1

= jg
2s

}×

(339) ×J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t w. p. 1,

where J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t
def
= 1 for k = 2r.

Multiplying both sides of the equality (339) by Cjk ...j1 and summing over j1, . . . , jk, we get w. p. 1

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t +

+

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(340) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t w. p. 1.

Denote

(341) Kp1...pk
(t1, . . . , tk) =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl),

(342) Kg1...g2r ,q1...qk−2r
p1...pk

(tq1 , . . . , tqk−2r
) =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

φjql (tql),

where Cjk...j1 is defined by (332) and
∏

∅

def
= 1.

The equality (340) can be written as

J [Kp1...pk
]
(i1...ik)
T,t = J ′[Kp1...pk

]
(i1...ik)
T,t +

+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(343) ×J ′[Kg1...g2r ,q1...qk−2r
p1...pk

]
(iq1 ...iqk−2r

)

T,t
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w. p. 1, where Kp1...pk
(t1, . . . , tk) and K

g1...g2r ,q1...qk−2r
p1...pk (tq1 , . . . , tqk−2r

) have the form (341), (342),

J [Kp1...pk
]
(i1...ik)
T,t is the multiple Stratonovich stochastic integral defined by (334), J ′[Kp1...pk

]
(i1...ik)
T,t

and J ′[K
g1...g2r ,q1...qk−2r
p1...pk

]
(iq1 ...iqk−2r

)

T,t are multiple Wiener stochastic integrals defined by (164).

Passing to the limit l.i.m.
p1,...,pk→∞

(p1 = . . . = pk = p) in (340) or (343), we get w. p. 1 (see (333))

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

= J [ψ(k)]
(i1...ik)
T,t +

+l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(344) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t

w. p. 1, where J [ψ(k)]
(i1...ik)
T,t is the iterated Ito stochastic integral (2).

If we prove that w. p. 1

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t =

= l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(345) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t ,

then (see (344), (345), and Theorem 19)

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

=

(346) = J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t = J∗[ψ(k)]
(i1...ik)
T,t

w. p. 1, where notations in (346) are the same as in Theorem 19. Thus Theorem 20 will be proved.

From (343) we have that the multiple Stratonovich stochastic integral J [Kp1...pk
]
(i1...ik)
T,t of multiplicity

k is expressed as a sum of some constant value and multiple Wiener stochastic integrals J ′[Kp1...pk
]
(i1...ik)
T,t

and J ′[K
g1...g2r ,q1...qk−2r
p1...pk

]
(iq1 ...iqk−2r

)

T,t of multiplicities k, k−2, k−4, . . . , k−2[k/2] (r = 1, 2, . . . , [k/2]).

The formulas (340), (343) can be considered as new representations of the Hu-Meyer formula for
the case of a multidimensional Wiener process [66] (also see [65], [67]) and kernel Kp1...pk

(t1, . . . , tk)
(see (341)).
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Note that the equality (343) can be obtained from (335) if we consider (335) for Φ(t1, . . . , tk) =
Kp1...pk

(t1, . . . , tk) and without passing to the limit l.i.m.
p1,...,pk→∞

For k = 2, 3, 4, 5, 6 we have from (340) w. p. 1

(347)

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

= J ′[Kp1p2 ]
(i1i2)
T,t +

p1∑

j1=0

p2∑

j2=0

Cj2j11{i1=i2 6=0}1{j1=j2},

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

= J ′[Kp1p2p3 ]
(i1i2i3)
T,t +

+

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

1{i1=i2 6=0}1{j1=j2}J
′[φj3 ]

(i3)
T,t + 1{i2=i3 6=0}1{j2=j3}J

′[φj1 ]
(i1)
T,t +

(348) +1{i1=i3 6=0}1{j1=j3}J
′[φj2 ]

(i2)
T,t

)

,

p1∑

j1=0

. . .

p4∑

j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

= J ′[Kp1p2p3p4 ]
(i1i2i3i4)
T,t +

+

p1∑

j1=0

. . .

p4∑

j4=0

Cj4j3j2j1

(

1{i1=i2 6=0}1{j1=j2}J
′[φj3φj4 ]

(i3i4)
T,t +

+1{i1=i3 6=0}1{j1=j3}J
′[φj2φj4 ]

(i2i4)
T,t + 1{i1=i4 6=0}1{j1=j4}J

′[φj2φj3 ]
(i2i3)
T,t +

+1{i2=i3 6=0}1{j2=j3}J
′[φj1φj4 ]

(i1i4)
T,t + 1{i2=i4 6=0}1{j2=j4}J

′[φj1φj3 ]
(i1i3)
T,t +

+1{i3=i4 6=0}1{j3=j4}J
′[φj1φj2 ]

(i1i2)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(349) +1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

p1∑

j1=0

. . .

p5∑

j5=0

Cj5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

= J ′[Kp1p2p3p4p5 ]
(i1i2i3i4i5)
T,t +

+

p1∑

j1=0

. . .

p5∑

j5=0

Cj5j4j3j2j1

(

1{i1=i2 6=0}1{j1=j2}J
′[φj3φj4φj5 ]

(i3i4i5)
T,t +

+1{i1=i3 6=0}1{j1=j3}J
′[φj2φj4φj5 ]

(i2i4i5)
T,t + 1{i1=i4 6=0}1{j1=j4}J

′[φj2φj3φj5 ]
(i2i3i5)
T,t +

+1{i1=i5 6=0}1{j1=j5}J
′[φj2φj3φj4 ]

(i2i3i4)
T,t + 1{i2=i3 6=0}1{j2=j3}J

′[φj1φj4φj5 ]
(i1i4i5)
T,t +

+1{i2=i4 6=0}1{j2=j4}J
′[φj1φj3φj5 ]

(i1i3i5)
T,t + 1{i2=i5 6=0}1{j2=j5}J

′[φj1φj3φj4 ]
(i1i3i4)
T,t +

+1{i3=i4 6=0}1{j3=j4}J
′[φj1φj2φj5 ]

(i1i2i5)
T,t + 1{i3=i5 6=0}1{j3=j5}J

′[φj1φj2φj4 ]
(i1i2i4)
T,t +

+1{i4=i5 6=0}1{j4=j5}J
′[φj1φj2φj3 ]

(i1i2i3)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}J
′[φj5 ]

(i5)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}J
′[φj4 ]

(i4)
T,t +
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+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}J
′[φj3 ]

(i3)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}J
′[φj5 ]

(i5)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}J
′[φj4 ]

(i4)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj2 ]

(i2)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}J
′[φj5 ]

(i5)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}J
′[φj3 ]

(i3)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj2 ]

(i2)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}J
′[φj4 ]

(i4)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}J
′[φj3 ]

(i3)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj2 ]

(i2)
T,t +

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj1 ]

(i1)
T,t +

+1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj1 ]

(i1)
T,t +

(350) +1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj1 ]

(i1)
T,t

)

,

p1∑

j1=0

. . .

p6∑

j6=0

Cj6j5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

= J ′[Kp1p2p3p4p5p6 ]
(i1i2i3i4i5i6)
T,t +

+

p1∑

j1=0

. . .

p6∑

j6=0

Cj6j5j4j3j2j1

(

1{i1=i6 6=0}1{j1=j6}J
′[φj2φj3φj4φj5 ]

(i2i3i4i5)
T,t +

+1{i2=i6 6=0}1{j2=j6}J
′[φj1φj3φj4φj5 ]

(i1i3i4i5)
T,t + 1{i3=i6 6=0}1{j3=j6}J

′[φj1φj2φj4φj5 ]
(i1i2i4i5)
T,t +

+1{i4=i6 6=0}1{j4=j6}J
′[φj1φj2φj3φj5 ]

(i1i2i3i5)
T,t + 1{i5=i6 6=0}1{j5=j6}J

′[φj1φj2φj3φj4 ]
(i1i2i3i4)
T,t +

+1{i1=i2 6=0}1{j1=j2}J
′[φj3φj4φj5φj6 ]

(i3i4i5i6)
T,t + 1{i1=i3 6=0}1{j1=j3}J

′[φj2φj4φj5φj6 ]
(i2i4i5i6)
T,t +

+1{i1=i4 6=0}1{j1=j4}J
′[φj2φj3φj5φj6 ]

(i2i3i5i6)
T,t + 1{i1=i5 6=0}1{j1=j5}J

′[φj2φj3φj4φj6 ]
(i2i3i4i6)
T,t +

+1{i2=i3 6=0}1{j2=j3}J
′[φj1φj4φj5φj6 ]

(i1i4i5i6)
T,t + 1{i2=i4 6=0}1{j2=j4}J

′[φj1φj3φj5φj6 ]
(i1i3i5i6)
T,t +

+1{i2=i5 6=0}1{j2=j5}J
′[φj1φj3φj4φj6 ]

(i1i3i4i6)
T,t + 1{i3=i4 6=0}1{j3=j4}J

′[φj1φj2φj5φj6 ]
(i1i2i5i6)
T,t +

+1{i3=i5 6=0}1{j3=j5}J
′[φj1φj2φj4φj6 ]

(i1i2i4i6)
T,t + 1{i4=i5 6=0}1{j4=j5}J

′[φj1φj2φj3φj6 ]
(i1i2i3i6)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}J
′[φj5φj6 ]

(i5i6)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}J
′[φj4φj6 ]

(i4i6)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}J
′[φj3φj6 ]

(i3i6)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}J
′[φj5φj6 ]

(i5i6)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}J
′[φj4φj6 ]

(i4i6)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj2φj6 ]

(i2i6)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}J
′[φj5φj6 ]

(i5i6)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}J
′[φj3φj6 ]

(i3i6)
T,t +
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+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj2φj6 ]

(i2i6)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}J
′[φj4φj6 ]

(i4i6)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}J
′[φj3φj6 ]

(i3i6)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj2φj6 ]

(i2i6)
T,t +

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj1φj6 ]

(i1i6)
T,t +

+1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj1φj6 ]

(i1i6)
T,t +

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj1φj6 ]

(i1i6)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}J
′[φj2φj5 ]

(i2i5)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}J
′[φj2φj4 ]

(i2i4)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}J
′[φj3φj4 ]

(i3i4)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}J
′[φj3φj5 ]

(i3i5)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}J
′[φj2φj3 ]

(i2i3)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}J
′[φj4φj5 ]

(i4i5)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}J
′[φj1φj4 ]

(i1i4)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}J
′[φj1φj3 ]

(i1i3)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}J
′[φj1φj5 ]

(i1i5)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}J
′[φj3φj4 ]

(i3i4)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}J
′[φj3φj5 ]

(i3i5)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}J
′[φj4φj5 ]

(i4i5)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}J
′[φj1φj4 ]

(i1i4)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj1φj2 ]

(i1i2)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}J
′[φj1φj5 ]

(i1i5)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}J
′[φj2φj4 ]

(i2i4)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}J
′[φj2φj5 ]

(i2i5)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}J
′[φj4φj5 ]

(i4i5)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj1φj2 ]

(i1i2)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}J
′[φj1φj3 ]

(i1i3)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}J
′[φj1φj5 ]

(i1i5)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}J
′[φj2φj3 ]

(i2i3)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}J
′[φj2φj5 ]

(i2i5)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}J
′[φj3φj5 ]

(i3i5)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj1φj2 ]

(i1i2)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}J
′[φj1φj3 ]

(i1i3)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}J
′[φj1φj4 ]

(i1i4)
T,t +
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+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}J
′[φj2φj3 ]

(i2i3)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}J
′[φj2φj4 ]

(i2i4)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}J
′[φj3φj4 ]

(i3i4)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}+

+1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}+

+1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}+

+1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}+

+1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

(351) +1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

.

Note that the relation (349) can be written in the following form

p1∑

j1=0

. . .

p4∑

j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

=

p1∑

j1=0

. . .

p4∑

j4=0

Cj4j3j2j1J
′[φj1φj2φj3φj4 ]

(i1i2i3i4)
T,t +

+1{i1=i2 6=0}

p3∑

j3=0

p4∑

j4=0





min{p1,p2}∑

j1=0

Cj4j3j1j1



J ′[φj3φj4 ]
(i3i4)
T,t +

+1{i1=i3 6=0}

p2∑

j2=0

p4∑

j4=0





min{p1,p3}∑

j3=0

Cj4j3j2j3



J ′[φj2φj4 ]
(i2i4)
T,t +

+1{i1=i4 6=0}

p2∑

j2=0

p3∑

j3=0





min{p1,p4}∑

j4=0

Cj4j3j2j4



J ′[φj2φj3 ]
(i2i3)
T,t +

+1{i2=i3 6=0}

p1∑

j1=0

p4∑

j4=0





min{p2,p3}∑

j3=0

Cj4j3j3j1



J ′[φj1φj4 ]
(i1i4)
T,t +

+1{i2=i4 6=0}

p1∑

j1=0

p3∑

j3=0





min{p2,p4}∑

j4=0

Cj4j3j4j1



J ′[φj1φj3 ]
(i1i3)
T,t +
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+1{i3=i4 6=0}

p1∑

j1=0

p2∑

j2=0





min{p3,p4}∑

j4=0

Cj4j4j2j1



J ′[φj1φj2 ]
(i1i2)
T,t +

+1{i2=i3 6=0}1{i1=i4 6=0}

min{p2,p3}∑

j2=0

min{p1,p4}∑

j4=0

Cj4j2j2j4+

+1{i2=i4 6=0}1{i1=i3 6=0}

min{p1,p3}∑

j3=0

min{p2,p4}∑

j4=0

Cj4j3j4j3+

+1{i3=i4 6=0}1{i1=i2 6=0}

min{p1,p2}∑

j2=0

min{p3,p4}∑

j4=0

Cj4j4j2j2 w. p. 1.

Further, we will use the representation (340) for p1 = . . . = pk = p, i.e.

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

=

p
∑

j1,...,jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t +

+

p
∑

j1,...,jk=0

Cjk...j1

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(352) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t w. p. 1.

Step 2. Let us prove that

(353)

∞∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 = 0

or

(354)

p
∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 = −
∞∑

jl=p+1

Cjk...jl+1jljl−1...js+1jljs−1...j1 ,

where l − 1 ≥ s+ 1.
Our further proof will not fundamentally depend on the weight functions ψ1(τ), . . . , ψk(τ). Therefore,

sometimes in subsequent consideration we assume that ψ1(τ), . . . , ψk(τ) ≡ 1.
We have

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

=

T∫

t

φjk (tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .
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. . .

ts+2∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

. . .

t2∫

t

φj1(t1)dt1 . . . dts−1dtsdts+1 . . . dtl−1dtldtl+1 . . . dtk =

=

T∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

t2∫

t

φj1(t1)dt1 . . . dts−1dts×

×






T∫

ts+1

φjs+2(ts+2) . . .

T∫

tl−2

φjl−1
(tl−1)

T∫

tl−1

φjl(tl)

T∫

tl

φjl+1
(tl+1) . . .

. . .

T∫

tk−1

φjk(tk)dtk . . . dtl+1dtldtl−1 . . . dts+2




 dts+1 =

=

T∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

t2∫

t

φj1(t1)dt1 . . . dts−1

︸ ︷︷ ︸

Gjs−1...j1 (ts)

dts×

×
T∫

ts+1

φjl(tl)

T∫

tl

φjl+1
(tl+1) . . .

T∫

tk−1

φjk (tk)dtk . . . dtl+1

︸ ︷︷ ︸

Hjk...jl+1
(tl)

×

×












tl∫

ts+1

φjl−1
(tl−1) . . .

ts+3∫

ts+1

φjs+2(ts+2)dts+2 . . . dtl−1

︸ ︷︷ ︸

Qjl−1...js+2
(tl,ts+1)

dtl












dts+1 =

=

T∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)Gjs−1...j1(ts)dts×

(355) ×
T∫

ts+1

φjl (tl)Hjk...jl+1
(tl)Qjl−1...js+2(tl, ts+1)dtldts+1.

Using the additive property of the integral, we obtain

Qjl−1...js+2(tl, ts+1) =

426
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=

tl∫

ts+1

φjl−1
(tl−1) . . .

ts+3∫

ts+1

φjs+2(ts+2)dts+2 . . . dtl−1 =

=

tl∫

ts+1

φjl−1
(tl−1) . . .

ts+4∫

ts+1

φjs+3(ts+3)

ts+3∫

t

φjs+2(ts+2)dts+2dts+3 . . . dtl−1−

−
tl∫

ts+1

φjl−1
(tl−1) . . .

ts+4∫

ts+1

φjs+3(ts+3)dts+3 . . . dtl−1

ts+1∫

t

φjs+2(ts+2)dts+2 =

. . .

(356) =

d∑

m=1

h
(m)
jl−1...js+2

(tl)q
(m)
jl−1...js+2

(ts+1), d <∞.

Combining (355) and (356), we have

p
∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

=

d∑

m=1





T∫

t

φjs+1(ts+1)q
(m)
jl−1...js+2

(ts+1)

p
∑

jl=0

ts+1∫

t

φjl (ts)Gjs−1...j1(ts)dts×

(357) ×
T∫

ts+1

φjl(tl)Hjk...jl+1
(tl)h

(m)
jl−1...js+2

(tl)dtldts+1



 .

Using the generalized Parseval equality, we obtain

∞∑

jl=0

ts+1∫

t

φjl(ts)Gjs−1...j1(ts)dts

T∫

ts+1

φjl(tl)Hjk ...jl+1
(tl)h

(m)
jl−1...js+2

(tl)dtl =

(358) =

T∫

t

1{τ<ts+1}Gjs−1...j1(τ) · 1{τ>ts+1}Hjk...jl+1
(τ)h

(m)
jl−1...js+2

(τ)dτ = 0.

From (357) and (358) we get

p
∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

= −
d∑

m=1





T∫

t

φjs+1(ts+1)q
(m)
jl−1...js+2

(ts+1)

∞∑

jl=p+1

ts+1∫

t

φjl(ts)Gjs−1...j1(ts)dts×

427
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(359) ×
T∫

ts+1

φjl(tl)Hjk...jl+1
(tl)h

(m)
jl−1...js+2

(tl)dtldts+1



 .

Combining Condition 2 of Theorem 20 and (355)–(357), (359), we have

p
∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

= −
∞∑

jl=p+1

d∑

m=1





T∫

t

φjs+1(ts+1)q
(m)
jl−1...js+2

(ts+1)

ts+1∫

t

φjl(ts)Gjs−1...j1(ts)dts×

×
T∫

ts+1

φjl(tl)Hjk...jl+1
(tl)h

(m)
jl−1...js+2

(tl)dtldts+1



 =

= −
∞∑

jl=p+1

T∫

t

φjk(tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .

. . .

ts+2∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

. . .

t2∫

t

φj1(t1)dt1 . . . dts−1dtsdts+1 . . . dtl−1dtldtl+1 . . . dtk =

(360) = −
∞∑

jl=p+1

Cjk...jl+1jljl−1...js+1jljs−1...j1 .

The equality (360) implies (353), (354).

Step 3. Using Conditions 1 and 2 of Theorem 20, we obtain

p
∑

jl=0

Cjk...jl+1jljljl−2...j1 =

=

T∫

t

ψk(tk)φjk(tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

p
∑

jl=0

tl+1∫

t

ψl(tl)φjl(tl)

tl∫

t

ψl−1(tl−1)φjl (tl−1)×

×
tl−1∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtl−2dtl−1dtldtl+1 . . . dtk =

428
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=

T∫

t

ψk(tk)φjk(tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

∞∑

jl=0

tl+1∫

t

ψl(tl)φjl(tl)

tl∫

t

ψl−1(tl−1)φjl (tl−1)×

×
tl−1∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtl−2dtl−1dtldtl+1 . . . dtk−

−
∞∑

jl=p+1

Cjk...jl+1jljljl−2...j1 =

(361) =
1

2
Cjk...j1

∣
∣
∣
∣
(jljl)y(·)

−
∞∑

jl=p+1

Cjk...jl+1jljljl−2...j1 .

Step 4. Passing to the limit l.i.m.
p→∞

in (352), we have (see (333))

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

= J [ψ(k)]
(i1...ik)
T,t +

+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(362) ×l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t w. p. 1.

Taking into account (354) and (361), we obtain for r = 1

1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j11{jg
1
= jg

2
}J

′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

= −1{ig
1
= ig

2
6=0}l.i.m.

p→∞

∞∑

jg1=p+1

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2

1{g2>g1+1}×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t +

+1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

1

2
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2

1{g2=g1+1}×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t −

429
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−1{ig
1
= ig

2
6=0}l.i.m.

p→∞

∞∑

jg1=p+1

p
∑

j1,...,jq ,...,jk=0
q 6=g1,g2

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2

1{g2=g1+1}×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

= −1{ig
1
= ig

2
6=0}l.i.m.

p→∞

∞∑

jg1=p+1

p
∑

j1,...,jq,...,jk=0
q 6=g1,g2

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2

×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t +

+1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

1

2
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2

1{g2=g1+1}×

(363) ×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

(364) =
1

2
1{g2=g1+1}J [ψ

(k)]g1T,t + 1{ig
1
= ig

2
6=0}l.i.m.

p→∞
R

(p)1,g1,g2
T,t w. p. 1,

where J [ψ(k)]g1T,t (g1 = 1, 2, . . . , k − 1) is defined by (319),

R
(p)1,g1,g2
T,t = −

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2

J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t .

Let us explain the transition from (363) to (364). We have for g2 = g1 + 1

1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0
q 6=g1,g2

1

2
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2

×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

=
1

2
1{ig

1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq ,...,jk=0
q 6=g1,g2

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y0,jg

1
= jg

2

×

×ζ(0)0 J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

430
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=
1

2
1{ig

1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

p
∑

jm1=0

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1

= jg
2

×

×ζ(0)jm1
J ′[φjq1 . . . φjqk−2

]
(iq1 ...iqk−2

)

T,t =

=
1

2
1{ig

1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

p
∑

jm1=0

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1 = jg

2

×

(365) ×J ′[φjm1
φjq1 . . . φjqk−2

]
(0iq1 ...iqk−2

)

T,t =

(366) =
1

2
J [ψ(k)]g1T,t w. p. 1,

where

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1 = jg

2
,g2=g1+1

=

=

T∫

t

ψk(tk)φjk(tk) . . .

tg1+3∫

t

ψl(tg1+2)φjg1+2(tg1+2)

tg1+2∫

t

ψg1+1(tg1)ψg1(tg1)φjm1
(tg1)×

×
tg1∫

t

ψl(tg1−1)φjg1−1(tg1−1) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtg1−1dtg1dtg1+2 . . . dtk,

(367) ζ
(0)
jm1

=

T∫

t

φjm1
(τ)dw(0)

τ =

T∫

t

φjm1
(τ)dτ =







√
T − t if jm1 = 0

0 if jm1 6= 0
,

(368) φ0(τ) =
1√
T − t

.

The transition from (365) to (366) is based on (333).
By Condition 3 of Theorem 20 we have (also see the property (165) of multiple Wiener stochastic

integral)

lim
p→∞

M

{(

R
(p)1,g1,g2
T,t

)2
}

≤ K lim
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2

(

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2

)2

= 0,

where constant K does not depend on p.
Thus

431
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1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j11{jg
1
= jg

2
}J

′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

=
1

2
1{g2=g1+1}J [ψ

(k)]g1T,t w. p. 1.

Involving into consideration the second pair {g3, g4} (the first pair is {g1, g2}), we obtain from
(363) for r = 2

2∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

2∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t =

=

2∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

(

1

4
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

2∏

s=1

1{g2s=g2s−1+1}−

−1

2

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

1{g4=g3+1}−

−1

2

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2
,jg

3
= jg

4

1{g2=g1+1}+

(369) +

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,jg

3
= jg

4

)

J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t =

(370) =
1

4

2∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]s2,s1T,t +

2∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

R
(p)2,g1,g2,g3,g4
T,t

w. p. 1, where g3
def
= s2, g1

def
= s1, (s2, s1) ∈ Ak,2, J [ψ

(k)]s2,s1T,t is defined by (319) and Ak,2 is defined

by (320),

R
(p)2,g1,g2,g3,g4
T,t =

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

(

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

−

−S1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

}

−S2

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

})

×

432
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×J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t .

Let us explain the transition from (369) to (370). We have for g2 = g1 + 1, g4 = g3 + 1

l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

1

4
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

×

×
2∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−4

]
(iq1 ...iqk−4

)

T,t =

=
1

4
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y0(jg4 jg3 )y0,jg

1
= jg

2
,jg

3
= jg

4

×

×
2∏

s=1

1{ig
2s−1

= ig
2s

6=0}ζ
(0)
0 ζ

(0)
0 J ′[φjq1 . . . φjqk−4

]
(iq1 ...iqk−4

)

T,t =

=
1

4
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

p
∑

jm1 ,jm3=0

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 (jg4 jg3 )yjm3 ,jg1 = jg

2
,jg

3
= jg

4

×

×
2∏

s=1

1{ig
2s−1

= ig
2s

6=0}ζ
(0)
jm1

ζ
(0)
jm3

J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t =

=
1

4
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

p
∑

jm1 ,jm3=0

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 (jg4 jg3 )yjm3 ,jg1 = jg

2
,jg

3
= jg

4

×

(371) ×
2∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjm1

φjm3
φjq1 . . . φjqk−4

]
(00iq1 ...iqk−4

)

T,t =

(372) =
1

4
J [ψ(k)]s2,s1T,t w. p. 1.

The transition from (371) to (372) is based on (333).
Note that

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1 = jg

2

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm1 ,jg1 = jg

2
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is the Fourier coefficient, where g2 = g1 + 1. Therefore, the value

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 (jg4 jg3 )yjm3 ,jg1

= jg
2
,jg

3
= jg

4

=

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm1 (jg3 jg3 )yjm3 ,jg1 = jg

2
,jg

3
= jg

4

is determined recursively using (324) in an obvious way for g2 = g1 + 1 and g4 = g3 + 1.
By Condition 3 of Theorem 20 we have (also see the property (165) of multiple Wiener stochastic

integral)

lim
p→∞

M

{(

R
(p)2,g1,g2,g3,g4
T,t

)2
}

≤ K lim
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,g3,g4





(

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

)2

+

+

(

S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

})2

+

(

S2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

})2


 = 0,

where constant K is independent of p.
Thus

2∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

2∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t =
1

4

2∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]s2,s1T,t w. p. 1,

where g3
def
= s2, g1

def
= s1, (s2, s1) ∈ Ak,2, J [ψ

(k)]s2,s1T,t is defined by (319) and Ak,2 is defined by (320).

Involving into consideration the third pair {g6, g5} ({g1, g2} is the first pair and {g4, g3} is the
second pair), we obtain from (369) for r = 3

3∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

3∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−6
]
(iq1 ...iqk−6

)

T,t =

3∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4,g5,g6

(

1

23
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4jg3 )y(·)(jg6jg5 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

×

×
3∏

s=1

1{g2s=g2s−1+1}−
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− 1

22

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg4 jg3 )y(·)(jg6 jg5 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g4=g3+1}1{g6=g5+1}−

− 1

22

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg6 jg5 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g2=g1+1}1{g6=g5+1}−

− 1

22

∞∑

jg5=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g2=g1+1}1{g4=g3+1}+

+
1

2

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg6 jg5 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g6=g5+1}+

+
1

2

∞∑

jg5=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g4=g3+1}+

+
1

2

∞∑

jg5=p+1

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g2=g1+1}−

−
∞∑

jg5=p+1

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6



×

×J ′[φjq1 . . . φjqk−6
]
(iq1 ...iqk−6

)

T,t =

=
1

23

3∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]s3,s2,s1T,t +

3∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

R
(p)3,g1,g2,...,g5,g6
T,t

w. p. 1, where g2i−1
def
= si; i = 1, 2, 3, (s3, s2, s1) ∈ Ak,3, J [ψ

(k)]s3,s2,s1T,t is defined by (319) and Ak,3 is

defined by (320),

R
(p)3,g1,g2,...,g5,g6
T,t =

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g5,g6

(

−C̄(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

+

+S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

+ S2

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

+

+S3

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

−
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−S3S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

− S3S2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

−

−S2S1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})

J ′[φjq1 . . . φjqk−6
]
(iq1 ...iqk−6

)

T,t .

By Condition 3 of Theorem 20 we have (also see the property (165) of multiple Wiener stochastic
integral)

lim
p→∞

M

{(

R
(p)3,g1,g2,...,g5,g6
T,t

)2
}

≤ K lim
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g5,g6





(

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

)2

+

+

(

S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

(

S2

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

+

(

S3

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

+

(

S3S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

(

S3S2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

+

(

S2S1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2


 = 0,

where constant K does not depend on p.
Thus

l.i.m.
p→∞

3∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk ...j1

3∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−6
]
(iq1 ...iqk−6

)

T,t =
1

23

3∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]s3,s2,s1T,t w. p. 1,

where g2i−1
def
= si; i = 1, 2, 3, (s3, s2, s1) ∈ Ak,3, J [ψ

(k)]s3,s2,s1T,t is defined by (319) and Ak,3 is defined

by (320).
Repeating the previous steps, we obtain for an arbitrary r (r = 1, 2, . . . , [k/2])
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r∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t =

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

1

2r
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{g2s=g2s−1+1}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t +

(373) +

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

R
(p)r,g1,g2,...,g2r−1,g2r
T,t =

(374) =
1

2r

r∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]sr ,...,s1T,t +

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

w. p. 1, where g2i−1
def
= si; i = 1, 2, . . . , r; r = 1, 2, . . . , [k/2] , (sr, . . . , s1) ∈ Ak,r, J [ψ

(k)]sr ,...,s1T,t is

defined by (319) and Ak,r is defined by (320),

R
(p)r,g1,g2,...,g2r−1,g2r
T,t =

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(

(−1)rC̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

+

+(−1)r−1
r∑

l1=1

Sl1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

+

+(−1)r−2
r∑

l1,l2=1
l1>l2

Sl1Sl2

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

+

. . .

+(−1)1
r∑

l1,l2,...,lr−1=1

l1>l2>...>lr−1

Sl1Sl2 . . . Slr−1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}







×

(375) ×J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t .
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Let us explain the transition from (373) to (374). We have for g2 = g1 + 1, . . . , g2r = g2r−1 + 1

l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

1

2r
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =

=
1

2r
l.i.m.
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

Cjk ...j1

∣
∣
∣
∣
(jg2 jg1 )y0...(jg2r jg2r−1

)y0,jg
1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}

(

ζ
(0)
0

)r

J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t =

=
1

2r
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

p
∑

jm1 ,jm3 ...,jm2r−1
=0

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ...(jg2r jg2r−1

)yjm2r−1
,jg

1
= jg

2
,...,jg

2r−1
= jg

2r

×

×ζ(0)jm1
ζ
(0)
jm3

. . . ζ
(0)
jm2r−1

J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t =

=
1

2r
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

p
∑

jm1 ,jm3 ...,jm2r−1
=0

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ...(jg2r jg2r−1

)yjm2r−1
,jg

1
= jg

2
,...,jg

2r−1
= jg

2r

×

(376) ×J ′[φjm1
φjm3

. . . φjm2r−1
φjq1 . . . φjqk−2r

]
(00...0iq1 ...iqk−2r

)

T,t =

(377) =
1

2r
J [ψ(k)]sr ,...,s1T,t w. p. 1.

The transition from (376) to (377) is based on (333).
Note that
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Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1 = jg

2

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm1 ,jg1 = jg

2

is the Fourier coefficient, where g2 = g1 + 1. Therefore, the value

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ...(jg2d jg2d−1

)yjm2d−1
,jg

1
= jg

2
,...,jg

2d−1
= jg

2d

=

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm1 ...(jg2d−1

jg2d−1
)yjm2d−1

,jg
1
= jg

2
,...,jg

2d−1
= jg

2d

is determined recursively using (324) in an obvious way for g2 = g1 + 1, . . . , g2d = g2d−1 + 1 and
d = 2, . . . , r.

By Condition 3 of Theorem 20 we have (also see the property (165) of multiple Wiener stochastic
integral)

lim
p→∞

M

{(

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

)2
}

≤

≤ K lim
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r





(

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

)2

+

+

r∑

l1=1

(

Sl1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

+

+

r∑

l1,l2=1
l1>l2

(

Sl1Sl2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

+

. . .

+

r∑

l1,l2,...,lr−1=1

l1>l2>...>lr−1

(

Sl1Sl2 . . . Slr−1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2







= 0,

where constant K does not depend on p.
So we have

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t =
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(378) =
1

2r

r∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]sr ,...,s1T,t w. p. 1,

where g2i−1
def
= si; i = 1, 2, . . . , r; r = 1, 2, . . . , [k/2] , (sr, . . . , s1) ∈ Ak,r, J [ψ

(k)]sr ,...,s1T,t is defined by

(319) and Ak,r is defined by (320).
Note that

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

∣
∣
∣
∣
∣
g2=g1+1,g3=g2+1,...,g2r=g2r−1+1

Ag1,g3,...,g2r−1 =

(379) =
∑

(sr ,...,s1)∈Ak,r

As1,s2,...,sr ,

where Ag1,g3,...,g2r−1 , As1,s2,...,sr are scalar values, g2i−1 = si; i = 1, 2, . . . , r; r = 1, 2, . . . , [k/2] , Ak,r

is defined by (320):

Ak,r =
{
(sr, . . . , s1) : sr > sr−1 + 1, . . . , s2 > s1 + 1, sr, . . . , s1 = 1, . . . , k − 1

}
.

Using (362), (378), (379), and Theorem 19, we finally get

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

= l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

=

(380) = J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t = J∗[ψ(k)]
(i1...ik)
T,t

w. p. 1, where (see (319))

J [ψ(k)]sr ,...,s1T,t
def
=

r∏

p=1

1{isp=isp+1 6=0} ×

×
T∫

t

ψk(tk) . . .

tsr+3∫

t

ψsr+2(tsr+2)

tsr+2∫

t

ψsr (tsr+1)ψsr+1(tsr+1)×

×
tsr+1∫

t

ψsr−1(tsr−1) . . .

ts1+3∫

t

ψs1+2(ts1+2)

ts1+2∫

t

ψs1(ts1+1)ψs1+1(ts1+1)×

×
ts1+1∫

t

ψs1−1(ts1−1) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(is1−1)
ts1−1

dts1+1dw
(is1+2)
ts1+2

. . .
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(381) . . . dw
(isr−1)
tsr−1

dtsr+1dw
(isr+2)
tsr+2

. . . dw
(ik)
tk

.

Theorem 20 is proved.
Let us make a number of remarks about Theorem 20. An expansion similar to (331) was obtained

in [66], where the author used a definition of the Stratonovich stochastic integral, which differs from
the definition from [2]. The proof from [66] is somewhat simpler than the proof proposed in this
section. However, the results from [66] were obtained under the condition of convergence of trace
series. The verification of this condition for the kernel (4) is a separate problem. In our proof we
essentially use the structure of the Fourier coefficients (332) corresponding to the kernel (4). This
circumstance actually made it possible to prove Theorem 20 using not the condition of finiteness of
trace series, but using the condition of convergence to zero of explicit expressions for the remainders
of the mentioned series. This leaves hope that it is possible to prove an analogue of Theorems 12–14
for the case of arbitrary k (k ∈ N) (see Theorems 26–29 below).

Note that under the conditions of Theorem 20 (also see (354), (361)) the sequential order of the
series

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

is not important.
We also note that the first and second conditions of Theorem 20 are satisfied for complete

orthonormal systems of Legendre polynomials and trigonometric functions in the space L2([t, T ])
(see the proofs of Theorems 1–4 and Theorems 23–25 below). Moreover, (329) is true for an arbitrary
basis in L2([t, T ]) (see (195)). It is easy to see that in the proofs of Theorems 1–4, 23–25 the conditions
of Theorem 20 are verified for various special cases of iterated Stratonovich stochastic integrals of
multiplicities 2–5 with respect to components of the multidimensional Wiener process.

Taking into account Theorem 5, we can formulate an analogue of Theorem 20 for the case of
integration interval [t, s] (s ∈ (t, T ]) of iterated Stratonovich stochastic integrals of multiplicity k
(k ∈ N).

Denote

C̄
(p)
jk...jq...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

def
=

def
=

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1(s)

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

and introduce the following notation

Sl

{

C̄
(p)
jk...jq ...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
=

1

2
1{g2l=g2l−1+1}

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

. . .

∞∑

jg2l+1
=p+1

∞∑

jg2l−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1(s)

∣
∣
∣
∣
(jg2l jg2l−1

)y(·),jg1=jg2 ,...,jg2r−1
=jg2r

,
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where l = 1, 2, . . . , r,

Cjk ...j1(s)

∣
∣
∣
∣
∣
(jg2l jg2l−1

)y(·)

is defined by analogy with (323),

(382) Cjk...j1(s) =

s∫

t

ψk(tk)φjk (tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk.

Theorem 22 [26], [34], [50], [72]. Assume that the continuously differentiable functions ψl(τ)
(l = 1, . . . , k) and the complete orthonormal system {φj(x)}∞j=0 of continuous functions (φ0(x) =

1/
√
T − t) in the space L2([t, T ]) are such that the following conditions are satisfied:

1. The equality

(383)
1

2

s∫

t

Φ1(t1)Φ2(t1)dt1 =

∞∑

j1=0

s∫

t

Φ2(t2)φj1 (t2)

t2∫

t

Φ1(t1)φj1 (t1)dt1dt2

holds for all s ∈ (t, T ], where the nonrandom functions Φ1(τ), Φ2(τ) are continuously differentiable

on [t, T ] and the series on the right-hand side of (383) converges absolutely.

2. The estimates
∣
∣
∣
∣
∣
∣

s∫

t

φj(τ)Φ1(τ)dτ

∣
∣
∣
∣
∣
∣

≤ Ψ1(s)

j1/2+α
,

∣
∣
∣
∣
∣
∣

s∫

τ

φj(θ)Φ2(θ)dθ

∣
∣
∣
∣
∣
∣

≤ Ψ2(s, τ)

j1/2+α
,

∣
∣
∣
∣
∣
∣

∞∑

j=p+1

s∫

t

Φ2(τ)φj(τ)

τ∫

t

Φ1(θ)φj(θ)dθdτ

∣
∣
∣
∣
∣
∣

≤ Ψ3(s)

pβ

hold for all s, τ such that t < τ < s < T and for some α, β > 0, where Φ1(τ), Φ2(τ) are continuously

differentiable nonrandom functions on [t, T ], j, p ∈ N, and

s∫

t

|Ψ1(τ)Ψ2(s, τ)| dτ <∞,

s∫

t

|Ψ3(τ)| dτ <∞

for all s ∈ (t, T ).

3. The condition

lim
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

= 0

holds for all possible g1, g2, . . . , g2r−1, g2r (see (315)) and l1, l2, . . . , ld such that l1, l2, . . . , ld ∈ {1, 2,
. . . , r}, l1 > l2 > . . . > ld, d = 0, 1, 2, . . . , r − 1, where r = 1, 2, . . . , [k/2] and
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Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq ...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
= C̄

(p)
jk...jq ...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

for d = 0.

Then, for the iterated Stratonovich stochastic integral of arbitrary multiplicity k

(384) J∗[ψ(k)]
(i1...ik)
s,t =

∗∫

t

s

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion

J∗[ψ(k)]
(i1...ik)
s,t = l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j1(s)

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where Cjk...j1 (s) is the Fourier coefficient (382),
l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m, s ∈ (t, T ),

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

It is easy to see that the estimates (87), (95), (214), (217) and the results of Sect. 12 imply the
fulfillment of Conditions 2 of Theorem 22 for complete orthonormal systems of Legendre polynomials
and trigonometric functions in the space L2([t, T ]).

Also the equality (195) guarantees the fulfillment of Condition 1 of Theorem 22 for these two
systems of functions.

It should be noted that (see (375))

(−1)rC̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

+

+(−1)r−1
r∑

l1=1

Sl1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

+

+(−1)r−2
r∑

l1,l2=1
l1>l2

Sl1Sl2

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

+

. . .

+(−1)1
r∑

l1,l2,...,lr−1=1

l1>l2>...>lr−1

Sl1Sl2 . . . Slr−1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

=
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=

p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk ...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(385) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

,

where the meaning of the notations used in (375) is preserved.
For example, from (385) for the case r = 2 we get

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,jg

3
= jg

4

−

−1

2
1{g4=g3+1}

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

−

−1

2
1{g2=g1+1}

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2
,jg

3
= jg

4

=

=

p
∑

jg1=0

p
∑

jg3=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4

−

−1

4
1{g2=g1+1}1{g4=g3+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

.

As a result, Condition 3 of Theorem 20 can be replaced by a weaker condition

lim
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(386) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

= 0,

where r = 1, 2, . . . , [k/2].
However, Condition 3 of Theorem 20 itself contains a way of proving of the condition (386), which

is partially realized in the proof of Theorems 23–25, 30 (see below).
In fact, when proving Theorem 25 (the case r = 3 is proved in Theorem 30 for ψ1(τ), . . . , ψ6(τ) ≡ 1),

we proved the following equality

lim
p→∞

p
∑

jg1=0

p
∑

jg3=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4

=
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=
1

4
1{g2=g1+1}1{g4=g3+1}Cjk ...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

.

On the other hand, iterative application of (361) gives

∞∑

jg1=0

. . .

∞∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

=
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

,

where r = 1, 2, . . . , [k/2].

14. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 3. The
Case p1 = p2 = p3 → ∞ and Continuously Differentiable Weight Functions ψ1(τ),
ψ2(τ), ψ3(τ) (The Cases of Legendre Polynomials and Trigonometric Functions)

In this section, we present a simple proof of Theorem 3 based on Theorem 20. In this case, the
conditions of Theorem 3 will be weakened.

First, consider the following equalities

(387)
1

2

t2∫

t1

Φ1(τ)Φ2(τ)dτ =

∞∑

j=0

t2∫

t1

Φ2(τ)φj(τ)

τ∫

t1

Φ1(θ)φj(θ)dθdτ,

(388)
1

2

t2∫

t1

Φ1(τ)Φ2(τ)dτ =

∞∑

j=0

t2∫

t1

Φ1(θ)φj(θ)

t2∫

θ

Φ2(τ)φj(τ)dτdθ

that will be used further, where t ≤ t1 < t2 ≤ T, Φ1(τ),Φ2(τ) ∈ L2([t, T ]), {φj(x)}∞j=0 is an arbitrary

complete orthonormal system of funtions in L2([t, T ]). The equality (388) has already been proved
(see (206)). Using (388) and Fubini’s Theorem, we get (387).

Theorem 23 [26], [34], [50], [72]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

(389) J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3

the following expansion

J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

445
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that converges in the mean-square sense is valid, where i1, i2, i3 = 0, 1, . . . ,m,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. As follows from the previous sections, Conditions 1 and 2 of Theorem 20 are satisfied
for complete orthonormal systems of Legendre polynomials and trigonometric functions in the space
L2([t, T ]). Let us verify Condition 3 of Theorem 20 for the iterated Stratonovich stochastic integral
(389). Thus, we have to check the following conditions

(390) lim
p→∞

p
∑

j3=0





∞∑

j1=p+1

Cj3j1j1





2

= 0,

(391) lim
p→∞

p
∑

j1=0





∞∑

j3=p+1

Cj3j3j1





2

= 0,

(392) lim
p→∞

p
∑

j2=0





∞∑

j1=p+1

Cj1j2j1





2

= 0.

We have
p
∑

j3=0





∞∑

j1=p+1

Cj3j1j1





2

=

(393) =

p
∑

j3=0





∞∑

j1=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

=

(394) =

p
∑

j3=0





T∫

t

ψ3(t3)φj3 (t3)

∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

≤

(395) ≤
∞∑

j3=0





T∫

t

ψ3(t3)φj3 (t3)

∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

=

(396) =

T∫

t

ψ2
3(t3)





∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2





2

dt3 ≤
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(397) ≤ K

p2
→ 0

if p→ ∞, where constant K does not depend on p.
Note that the transition from (393) to (394) is based on the estimate (314) for the polynomial

case and its analogue for the trigonometric case, the transition from (395) to (396) is based on the
Parseval equality, and the transition from (396) to (397) is also based on the estimate (314) and its
analogue for the trigonometric case.

By analogy with the previous case we have

p
∑

j1=0





∞∑

j3=p+1

Cj3j3j1





2

=

=

p
∑

j1=0





∞∑

j3=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj3 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

=

(398) =

p
∑

j1=0





∞∑

j3=p+1

T∫

t

ψ1(t1)φj1 (t1)

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ3(t3)φj3 (t3)dt3dt2dt1





2

=

(399) =

p
∑

j1=0





T∫

t

ψ1(t1)φj1 (t1)
∞∑

j3=p+1

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ3(t3)φj3 (t3)dt3dt2dt1





2

≤

≤
∞∑

j1=0





T∫

t

ψ1(t1)φj1 (t1)

∞∑

j3=p+1

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ3(t3)φj3 (t3)dt3dt2dt1





2

=

(400) =

T∫

t

ψ2
1(t1)





∞∑

j3=p+1

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ1(t3)φj3 (t3)dt3dt2





2

dt1 ≤

(401) ≤ K

p2
→ 0

if p→ ∞, where constant K is independent of p.
The transition from (398) to (399) is based on an analogue of the estimate (314) for the value

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ3(t3)φj3 (t3)dt3dt2

∣
∣
∣
∣
∣
∣

for the polynomial and trigonometric cases, the transition from (400) to (401) is also based on the
mentioned analogue of the estimate (314).

Further, we have

p
∑

j2=0





∞∑

j1=p+1

Cj1j2j1





2

=
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=

p
∑

j2=0





∞∑

j1=p+1

T∫

t

ψ3(t3)φj1 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

=

(402) =

p
∑

j2=0





∞∑

j1=p+1

T∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t2

ψ3(t3)φj1 (t3)dt3dt2





2

=

(403) =

p
∑

j2=0





T∫

t

ψ2(t2)φj2 (t2)

∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t2

ψ3(t3)φj1 (t3)dt3dt2





2

≤

≤
∞∑

j2=0





T∫

t

ψ2(t2)φj2 (t2)

∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t2

ψ3(t3)φj1 (t3)dt3dt2





2

=

(404) =

T∫

t

ψ2
2(t2)





∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t2

ψ3(t3)φj1 (t3)dt3





2

dt2.

The transition from (402) to (403) is based on the estimate (88) and its obvious analogue for the
trigonometric case. However, the estimate (88) cannot be used to estimate the right-hand side of
(404), since we get the divergent integral. For this reason, we will obtain a new estimate based on
the relation (86).

From (29) and the estimate |Pj(y)| ≤ 1, y ∈ [−1, 1] we obtain

(405) |Pj(y)| = |Pj(y)|ε · |Pj(y)|1−ε ≤ |Pj(y)|1−ε <
C

j1/2−ε/2(1− y2)1/4−ε/4
,

where y ∈ (−1, 1), j ∈ N, and ε is an arbitrary small positive real number.
Combining (86) and (405), we have the following estimate

(406)

∣
∣
∣
∣
∣
∣

s∫

t

ψ1(τ)φj1 (τ)dτ

∣
∣
∣
∣
∣
∣

<
C

(j1)1−ε/2

(

1

(1 − z2(s))1/4−ε/4
+ 1

)

,

where s ∈ (t, T ), z(s) is defined by (26), constant C does not depend on j1.
Similarly to (406) we obtain

(407)

∣
∣
∣
∣
∣
∣

T∫

s

ψ3(τ)φj1 (τ)dτ

∣
∣
∣
∣
∣
∣

<
C

(j1)1−ε/2

(

1

(1 − z2(s))1/4−ε/4
+ 1

)

,

where s ∈ (t, T ), constant C does not depend on j1.
Combining (87) and (407), we have

∣
∣
∣
∣
∣
∣

s∫

t

ψ1(τ)φj1 (τ)dτ

T∫

s

ψ3(τ)φj1 (τ)dτ

∣
∣
∣
∣
∣
∣

<
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(408) <
L

(j1)2−ε/2

(

1

(1− z2(s))1/4−ε/4
+ 1

)(

1

(1− z2(s))1/4
+ 1

)

,

where s ∈ (t, T ), z(s) is defined by (26), constant L does not depend on j1.
Observe that

(409)

∞∑

j1=p+1

1

(j1)2−ε/2
≤

∞∫

p

dx

x2−ε/2
=

1

(1− ε/2)p1−ε/2
.

Applying (408) and (409) to estimate the right-hand side of (404) gives

(410)

p
∑

j2=0





∞∑

j1=p+1

Cj1j2j1





2

≤ K

p2−ε
→ 0

if p→ ∞, where ε is an arbitrary small positive real number, constant K is independent of p.
The estimation of the right-hand side of (404) for the trigonometric case is carried out using the

estimates (95), (96). At that we obtain the estimate (410) with ε = 0. Theorem 23 is proved.

15. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 4. The
Case p1 = . . . = p4 → ∞ and Continuously Differentiable Weight Functions ψ1(τ),
. . . , ψ4(τ) (The Cases of Legendre Polynomials and Trigonometric Functions)

Theorem 24 [26], [34], [50], [72]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . ,
ψ4(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of fourth multiplicity

(411) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following expansion

J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

that converges in the mean-square sense is valid, where i1, i2, i3, i4 = 0, 1, . . . ,m,

Cj4j3j2j1 =

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1×

×dt2dt3dt4

449



EXPANSIONS OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 145

and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. As follows from the previous sections, Conditions 1 and 2 of Theorem 20 are satisfied
for complete orthonormal systems of Legendre polynomials and trigonometric functions in the space
L2([t, T ]). Let us verify Condition 3 of Theorem 20 for the iterated Stratonovich stochastic integral
(411). Thus, we have to check the following conditions

(412) lim
p→∞

p
∑

j3,j4=0





∞∑

j1=p+1

Cj4j3j1j1





2

= 0,

(413) lim
p→∞

p
∑

j2,j4=0





∞∑

j1=p+1

Cj4j1j2j1





2

= 0,

(414) lim
p→∞

p
∑

j2,j3=0





∞∑

j1=p+1

Cj1j3j2j1





2

= 0,

(415) lim
p→∞

p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2

= 0,

(416) lim
p→∞

p
∑

j1,j3=0





∞∑

j2=p+1

Cj2j3j2j1





2

= 0,

(417) lim
p→∞

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2

= 0,

(418) lim
p→∞





∞∑

j2=p+1

∞∑

j1=p+1

Cj2j1j2j1





2

= 0,

(419) lim
p→∞





∞∑

j2=p+1

∞∑

j1=p+1

Cj1j2j2j1





2

= 0,

(420) lim
p→∞





∞∑

j3=p+1

∞∑

j1=p+1

Cj3j3j1j1





2

= 0,

(421) lim
p→∞





∞∑

j3=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j1j1)y(·)





2

= 0,
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(422) lim
p→∞





∞∑

j1=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j3j3)y(·)





2

= 0,

(423) lim
p→∞





∞∑

j1=p+1

Cj1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)





2

= 0,

where in (421)–(423) we use the notation (323).
Applying arguments similar to those we used in the proof of Theorem 23, we obtain for (412)

p
∑

j3,j4=0





∞∑

j1=p+1

Cj4j3j1j1





2

=

p
∑

j3,j4=0





∞∑

j1=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

(424) ×
t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j3,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

(425) ×
∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

≤

≤
∞∑

j3,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

(426) ×
∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

∫

[t,T ]2

1{t3<t4}ψ
2
4(t4)ψ

2
3(t3)×

(427) ×





∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2





2

dt3dt4 ≤

(428) ≤ K

p2
→ 0

if p→ ∞, where constant K is independent of p.
Note that the transition from (424) to (425) is based on the estimate (314) for the polynomial

case and its analogue for the trigonometric case, the transition from (426) to (427) is based on the
Parseval equality, and the transition from (427) to (428) is also based on the estimate (314) and its
analogue for the trigonometric case.

Further, we have for (413)
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p
∑

j2,j4=0





∞∑

j1=p+1

Cj4j1j2j1





2

=

p
∑

j2,j4=0





∞∑

j1=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj1 (t3)×

(429) ×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j2,j4=0





∞∑

j1=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ2(t2)φj2 (t2)×

(430) ×
t2∫

t

ψ1(t1)φj1 (t1)dt1

t4∫

t2

ψ3(t3)φj1 (t3)dt3dt2dt4





2

=

=

p
∑

j2,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ2(t2)φj2 (t2)×

×
∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

t4∫

t2

ψ3(t3)φj1 (t3)dt3dt2dt4





2

≤

≤
∞∑

j2,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ2(t2)φj2 (t2)×

×
∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

t4∫

t2

ψ3(t3)φj1 (t3)dt3dt2dt4





2

=

=

∫

[t,T ]2

1{t2<t4}ψ
2
4(t4)ψ

2
2(t2)×

×





∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

t4∫

t2

ψ3(t3)φj1 (t3)dt3





2

dt2dt4 ≤

(431) ≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for
the trigonometric case, constant K does not depend on p.

The relation (431) was obtained by the same method as (428). Note that in obtaining (431) we used
the estimates (87) and (214) for the polynomial case and their obvious analogues for the trigonometric
case. We also used the integration order replacement in the iterated Riemann integrals (see (429),
(430)).

Repeating the previous steps for (414) and (415), we get
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p
∑

j2,j3=0





∞∑

j1=p+1

Cj1j3j2j1





2

=

p
∑

j2,j3=0





∞∑

j1=p+1

T∫

t

ψ4(t4)φj1 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j2,j3=0





∞∑

j1=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)×

×
t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t3

ψ4(t4)φj1 (t4)dt4dt2dt3





2

=

=

p
∑

j2,j3=0





T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)×

×
∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t3

ψ4(t4)φj1 (t4)dt4dt2dt3





2

≤

≤
∞∑

j2,j3=0





T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)×

×
∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t3

ψ4(t4)φj1 (t4)dt4dt2dt3





2

≤

=

∫

[t,T ]2

1{t2<t3}ψ
2
3(t3)ψ

2
2(t2)×

×





∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t3

ψ4(t4)φj1 (t4)dt4





2

dt2dt3 ≤

(432) ≤ K

p2
→ 0

if p→ ∞, where constant K does not depend on p;

p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2

=

p
∑

j1,j4=0





∞∑

j2=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj2 (t3)×

×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=
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=

p
∑

j1,j4=0





∞∑

j2=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ1(t1)φj1 (t1)×

×
t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2 (t3)dt3dt2dt1dt4





2

=

=

p
∑

j1,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ1(t1)φj1 (t1)×

×
∞∑

j2=p+1

t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2 (t3)dt3dt2dt1dt4





2

≤

≤
∞∑

j1,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ1(t1)φj1 (t1)×

×
∞∑

j2=p+1

t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2 (t3)dt3dt2dt1dt4





2

=

=

∫

[t,T ]2

1{t1<t4}ψ
2
4(t4)ψ

2
1(t1)×

(433) ×





∞∑

j2=p+1

t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2 (t3)dt3dt2





2

dt1dt4.

Note that, by virtue of the additivity property of the integral, we have

(434)

∞∑

j2=p+1

t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2(t3)dt3dt2 =

=

∞∑

j2=p+1

t4∫

t

ψ3(t3)φj2 (t3)

t3∫

t

ψ2(t2)φj2 (t2)dt2dt3−

−
∞∑

j2=p+1

t1∫

t

ψ3(t3)φj2 (t3)

t3∫

t

ψ2(t2)φj2 (t2)dt2dt3−

(435) −
∞∑

j2=p+1

t4∫

t1

ψ3(t3)φj2 (t3)dt3

t1∫

t

ψ2(t2)φj2(t2)dt2.

However, all three series on the right-hand side of (435) have already been evaluated in (428) and
(431). From (433) and (435) we finally obtain
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(436)

p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2

≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for
the trigonometric case, constant K does not depend on p.

In complete analogy with (431), we have for (416)

p
∑

j1,j3=0





∞∑

j2=p+1

Cj2j3j2j1





2

=

p
∑

j1,j3=0





∞∑

j2=p+1

T∫

t

ψ4(t4)φj2 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j1,j3=0





∞∑

j2=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)×

×
t2∫

t

ψ1(t1)φj1 (t1)dt1dt2

T∫

t3

ψ4(t4)φj2 (t4)dt4dt3





2

=

=

p
∑

j1,j3=0





∞∑

j2=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ1(t1)φj1 (t1)×

×
t3∫

t1

ψ2(t2)φj2 (t2)dt2dt1

T∫

t3

ψ4(t4)φj2 (t4)dt4dt3





2

=

=

p
∑

j1,j3=0





T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ1(t1)φj1 (t1)×

×
∞∑

j2=p+1

t3∫

t1

ψ2(t2)φj2 (t2)dt2dt1

T∫

t3

ψ4(t4)φj2 (t4)dt4dt3





2

≤

≤
∞∑

j1,j3=0





T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ1(t1)φj1 (t1)×

×
∞∑

j2=p+1

t3∫

t1

ψ2(t2)φj2 (t2)dt2

T∫

t3

ψ4(t4)φj2 (t4)dt4dt1dt3





2

=

=

∫

[t,T ]2

1{t1<t3}ψ
2
3(t3)ψ

2
1(t1)×
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×





∞∑

j2=p+1

t3∫

t1

ψ2(t2)φj2 (t2)dt2

T∫

t3

ψ4(t4)φj2 (t4)dt4





2

dt1dt3 ≤

(437) ≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for
the trigonometric case, constant K does not depend on p.

We have for (417)

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2

=

p
∑

j1,j2=0





∞∑

j3=p+1

T∫

t

ψ4(t4)φj3 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j1,j2=0





∞∑

j3=p+1

T∫

t

ψ1(t1)φj1 (t1)

T∫

t1

ψ2(t2)φj2 (t2)×

×
T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3dt2dt1





2

=

=

p
∑

j1,j2=0





T∫

t

ψ1(t1)φj1 (t1)

T∫

t1

ψ2(t2)φj2 (t2)×

×
∞∑

j3=p+1

T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3dt2dt1





2

≤

≤
∞∑

j1,j2=0





T∫

t

ψ1(t1)φj1 (t1)

T∫

t1

ψ2(t2)φj2 (t2)×

×
∞∑

j3=p+1

T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3dt2dt1





2

=

=

∫

[t,T ]2

1{t1<t2}ψ
2
1(t1)ψ

2
2(t2)×

(438) ×





∞∑

j3=p+1

T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3





2

dt2dt1.

It is easy to see that the integral (see (438))
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T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3

is similar to the integral from the formula (434) if in the last integral we substitute t4 = T. Therefore,
by analogy with (436), we obtain

(439)

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2

≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for
the trigonometric case, constant K does not depend on p.

Now consider (418)–(420). We have for (418) (see Step 2 in the proof of Theorem 20)





∞∑

j2=p+1

∞∑

j1=p+1

Cj2j1j2j1





2

=





p
∑

j1=0

∞∑

j2=p+1

Cj2j1j2j1





2

≤

(440) ≤ (p+ 1)

p
∑

j1=0





∞∑

j2=p+1

Cj2j1j2j1





2

.

Consider (416) and (437). We have

p
∑

j1=0





∞∑

j2=p+1

Cj2j1j2j1





2

=

p
∑

j1,j3=0





∞∑

j2=p+1

Cj2j3j2j1





2 ∣
∣
∣
∣
∣
j1=j3

≤

(441) ≤
p
∑

j1,j3=0





∞∑

j2=p+1

Cj2j3j2j1





2

≤ K

p2−ε
,

where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for the
trigonometric case, constant K does not depend on p. Combining (440) and (441), we obtain





∞∑

j2=p+1

∞∑

j1=p+1

Cj2j1j2j1





2

≤ (p+ 1)K

p2−ε
≤ K1

p1−ε
→ 0

if p→ ∞, where constant K1 does not depend on p.
Similarly for (419) we have (see (415), (436))





∞∑

j2=p+1

∞∑

j1=p+1

Cj1j2j2j1





2

=





p
∑

j1=0

∞∑

j2=p+1

Cj1j2j2j1





2

≤

(442) ≤ (p+ 1)

p
∑

j1=0





∞∑

j2=p+1

Cj1j2j2j1





2

,
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p
∑

j1=0





∞∑

j2=p+1

Cj1j2j2j1





2

=

p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2 ∣
∣
∣
∣
∣
j1=j4

≤

(443) ≤
p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2

≤ K

p2−ε
,

where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for the
trigonometric case, constant K does not depend on p. Combining (442) and (443), we obtain





∞∑

j2=p+1

∞∑

j1=p+1

Cj1j2j2j1





2

≤ (p+ 1)K

p2−ε
≤ K1

p1−ε
→ 0

if p→ ∞, where constant K1 does not depend on p.
Consider (420). Using (361), we obtain

∞∑

j3=p+1

∞∑

j1=p+1

Cj3j3j1j1 =

∞∑

j3=p+1

∞∑

j1=0

Cj3j3j1j1 −
∞∑

j3=p+1

p
∑

j1=0

Cj3j3j1j1 =

(444) =
1

2

∞∑

j3=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j1j1)y(·)

−
∞∑

j3=p+1

p
∑

j1=0

Cj3j3j1j1 ,

where (see (323))

Cj3j3j1j1

∣
∣
∣
∣
(j1j1)y(·)

=

=

T∫

t

ψ4(t4)φj3 (t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)ψ1(t2)dt2dt3dt4.

From the estimate (43) (polynomial case) and its analogue for the trigonometric case (see the proof
of Lemma 1) we get

(445)

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j1j1)y(·)

∣
∣
∣
∣
∣
∣

≤ C

p
,

where constant C is independent of p.
Further, we have (see (439))





p
∑

j1=0

∞∑

j3=p+1

Cj3j3j1j1





2

≤ (p+ 1)

p
∑

j1=0





∞∑

j3=p+1

Cj3j3j1j1





2

=

= (p+ 1)

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2 ∣
∣
∣
∣
∣
j1=j2

≤
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(446) ≤ (p+ 1)

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2

≤ (p+ 1)K

p2−ε
≤ K1

p1−ε
,

where constant K1 does not depend on p.
Combining (444)–(446), we obtain





∞∑

j3=p+1

∞∑

j1=p+1

Cj3j3j1j1





2

≤ K2

p1−ε
→ 0

if p→ ∞, where constant K2 does not depend on p.
Let us prove (421)–(423). It is not difficult to see that the estimate (445) proves (421).
Using the integration order replacement, we obtain

∞∑

j1=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j3j3)y(·)

=

∞∑

j1=p+1

T∫

t

ψ4(t4)ψ3(t4)

t4∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt4 =

(447) =

∞∑

j1=p+1

T∫

t



ψ2(t2)

T∫

t2

ψ4(t4)ψ3(t4)dt4



φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2,

∞∑

j1=p+1

Cj1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

=

=

∞∑

j1=p+1

T∫

t

ψ4(t4)φj1(t4)

t4∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)φj1(t1)dt1dt3dt4 =

=

∞∑

j1=p+1

T∫

t

ψ4(t4)φj1(t4)

t4∫

t

ψ1(t1)φj1 (t1)

t4∫

t1

ψ3(t3)ψ2(t3)dt3dt1dt4 =

=

∞∑

j1=p+1

T∫

t

ψ4(t4)φj1 (t4)

t4∫

t

ψ1(t1)φj1 (t1)





t4∫

t

−
t1∫

t



ψ3(t3)ψ2(t3)dt3dt1dt4 =

(448) =

∞∑

j1=p+1

T∫

t



ψ4(t4)

t4∫

t

ψ3(t3)ψ2(t3)dt3



φj1 (t4)

t4∫

t

ψ1(t1)φj1 (t1)dt1dt4−

(449) −
∞∑

j1=p+1

T∫

t

ψ4(t4)φj1 (t4)

t4∫

t



ψ1(t1)

t1∫

t

ψ3(t3)ψ2(t3)dt3



φj1 (t1)dt1dt4.
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Applying the estimate (43) (polynomial case) and its analogue for the trigonometric case (see the
proof of Lemma 1) to the right-hand sides of (447)–(449), we get

(450)

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j3j3)y(·)

∣
∣
∣
∣
∣
∣

≤ C

p
,

(451)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

∣
∣
∣
∣
∣
∣

≤ C

p
,

where constant C is independent of p. The estimates (450), (451) prove (422), (423).
The relations (412)–(423) are proved. Theorem 24 is proved.

16. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 5. The
Case p1 = . . . = p5 → ∞ and Continuously Differentiable Weight Functions ψ1(τ),
. . . , ψ5(τ) (The Cases of Legendre Polynomials and Trigonometric Functions)

Theorem 25 [26], [34], [50], [72]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . ,
ψ5(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of fifth multiplicity

(452) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following expansion

J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

that converges in the mean-square sense is valid, where i1, . . . , i5 = 0, 1, . . . ,m,

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dt5

and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. Note that in this proof we write k instead of 5 when this is true for an arbitrary k (k ∈ N).
As follows from the previous sections, Conditions 1 and 2 of Theorem 20 are satisfied for complete
orthonormal systems of Legendre polynomials and trigonometric functions in the space L2([t, T ]). Let
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us verify Condition 3 of Theorem 20 for the iterated Stratonovich stochastic integral (452). Thus, we
have to check the following conditions

(453) lim
p→∞

p
∑

jq1 ,jq2 ,jq3=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2





2

= 0,

(454) lim
p→∞

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

= 0,

(455) lim
p→∞

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg1=jg2 ,jg3=jg4 ,g2=g1+1





2

= 0,

where ({g1, g2}, {g3, g4}, {q1}) and ({g1, g2}, {q1, q2, q3}) are partitions of the set {1, 2, . . . , 5} that is
{g1, g2, g3, g4, q1} = {g1, g2, q1, q2, q3} = {1, 2, . . . , 5}; braces mean an unordered set, and parentheses
mean an ordered set.

Let us find a representation for Cjk...j1

∣
∣
jg1=jg2 , g2>g1+1

that will be convenient for further consi-

deration.
Using the integration order replacement in Riemann integrals, we obtain

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl(tl)

tl∫

t

hl−1(tl−1) . . .

t2∫

t

h1(t1)dt1 . . .

. . . dtl−1dtldtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−2

hl−1(tl−1)

tl+1∫

tl−1

hl(tl)dtl×

×dtl−1 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−2

hl−1(tl−1)×

×dtl−1 . . . dt2dt1dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−2

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl



×

×dtl−1 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

hl−1(tl−1) . . .
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. . .

t2∫

t

h1(t1)dt1 . . . dtl−1dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl





tl−1∫

t

hl−2(tl−2) . . .

(456) . . .

t2∫

t

h1(t1)dt1 . . . dtl−2dtl−1dtl+1 . . . dtk,

where 1 < l < k and h1(τ), . . . , hk(τ) are continuous functions on the interval [t, T ]. By analogy with
(456) we have for l = k

T∫

t

hl(tl)

tl∫

t

hl−1(tl−1) . . .

t2∫

t

h1(t1)dt1 . . . dtl−1dtl =

=

T∫

t

h1(t1)

T∫

t1

h2(t2) . . .

T∫

tl−2

hl−1(tl−1)

T∫

tl−1

hl(tl)dtldtl−1 . . . dt2dt1 =

=





T∫

t

hl(tl)dtl





T∫

t

h1(t1)

T∫

t1

h2(t2) . . .

T∫

tl−2

hl−1(tl−1)dtl−1 . . . dt2dt1−

−
T∫

t

h1(t1)

T∫

t1

h2(t2) . . .

T∫

tl−2

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl



 dtl−1 . . . dt2dt1 =

=





T∫

t

hl(tl)dtl





T∫

t

hl−1(tl−1) . . .

t2∫

t

h1(t1)dt1 . . . dtl−1−

(457) −
T∫

t

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl





tl−1∫

t

hl−2(tl−2) . . .

t2∫

t

h1(t1)dt1 . . . dtl−1.

The formulas (456), (457) will be used further.
Our further proof will not fundamentally depend on the weight functions ψ1(τ), . . . , ψk(τ). Therefore,

sometimes in subsequent consideration we assume for simplicity that ψ1(τ), . . . , ψk(τ) ≡ 1.
Let us continue the proof. Applying (456) to Cjk ...jl+1jljl−1...js+1jljs−1...j1 (more precisely to hs(ts) =

ψs(ts)φjl (ts)), we obtain for l + 1 ≤ k, s− 1 ≥ 1, l− 1 ≥ s+ 1

(458)

∞∑

jl=p+1

Cjk...jl+1jljl−1...js+1jljs−1...j1 =
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=

∞∑

jl=p+1

T∫

t

φjk(tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .

. . .

ts+2∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

. . .

t2∫

t

φj1(t1)dt1 . . . dts−1dtsdts+1 . . . dtl−1dtldtl+1 . . . dtk =

=

∞∑

jl=p+1

T∫

t

φjk(tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .

. . .

ts+2∫

t

φjs+1(ts+1)





ts+1∫

t

φjl(ts)dts





ts+1∫

t

φjs−1 (ts−1) . . .

. . .

t2∫

t

φj1(t1)dt1 . . . dts−1dts+1 . . . dtl−1dtldtl+1 . . . dtk−

−
∞∑

jl=p+1

T∫

t

φjk(tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .

. . .

ts+2∫

t

φjs+1(ts+1)

ts+1∫

t

φjs−1(ts−1)





ts−1∫

t

φjl(ts)dts





ts−1∫

t

φjs−2(ts−2) . . .

. . .

t2∫

t

φj1 (t1)dt1 . . . dts−2dts−1dts+1 . . . dtl−1dtldtl+1 . . . dtk =

=

∞∑

jl=p+1

Ajk...jl+1jljl−1...js+1jljs−1...j1 −
∞∑

jl=p+1

Bjk...jl+1jljl−1...js+1jljs−1...j1 .

Now we again apply the formula (456) to Ajk...jl+1jljl−1...js+1jljs−1...j1 , Bjk...jl+1jljl−1...js+1jljs−1...j1

(more precisely to hl(tl) = ψl(tl)φjl (tl)). Then we have for l + 1 ≤ k, s− 1 ≥ 1, l− 1 ≥ s+ 1

∞∑

jl=p+1

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

=

∫

[t,T ]k−2

4∑

d=1

F (d)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk)×

×
k∏

g=1
g 6=l,s

ψg(tg)φjg (tg)dt1 . . . dts−1dts+1 . . . dtl−1dtl+1 . . . dtk =

463
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(459) =

4∑

d=1

C
∗(d)
jk ...jl+1jl−1...js+1js−1...j1

=

4∑

d=1

C
∗(d)
jk...jq ...j1

∣
∣
∣
∣
q 6=l,s

,

where

F (1)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk) =

(460) = 1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

ts+1∫

t

ψs(τ)φjl (τ)dτ

tl+1∫

t

ψl(τ)φjl (τ)dτ,

F (2)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk) =

(461) = 1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

ts−1∫

t

ψs(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ,

F (3)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk) =

(462) = −1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

ts−1∫

t

ψs(τ)φjl (τ)dτ

tl+1∫

t

ψl(τ)φjl (τ)dτ,

F (4)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk) =

(463) = −1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

ts+1∫

t

ψs(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ.

By analogy with (459) we can consider the expressions

(464)

∞∑

jl=p+1

Cjljk−1...j2jl ,

(465)
∞∑

jl=p+1

Cjk...jl+1jljl−1...j2jl (l + 1 ≤ k),

(466)

∞∑

jl=p+1

Cjljk−1...js+1jljs−1...j1 (s− 1 ≥ 1).

Then we have for (464)–(466) (see (456), (457))

(467)

∞∑

jl=p+1

Cjljk−1...j2jl =

∫

[t,T ]k−2

2∑

d=1

G(d)
p (t2, . . . , tk−1)

k−1∏

g=2

ψg(tg)φjg (tg)dt2 . . . dtk−1,

464
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∞∑

jl=p+1

Cjk...jl+1jljl−1...j2jl =

∫

[t,T ]k−2

2∑

d=1

E(d)
p (t2, . . . , tl−1, tl+1, . . . , tk)×

(468) ×
k∏

g=2
g 6=l

ψg(tg)φjg (tg)dt2 . . . dtl−1dtl+1 . . . dtk,

∞∑

jl=p+1

Cjljk−1...js+1jljs−1...j1 =

∫

[t,T ]k−2

4∑

d=1

D(d)
p (t1, . . . , ts−1, ts+1, . . . , tk−1)×

(469) ×
k−1∏

g=1
g 6=s

ψg(tg)φjg (tg)dt1 . . . dts−1dts+1 . . . dtk−1,

where

G(1)
p (t2, . . . , tk−1) = 1{t2<...<tk−1}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

t2∫

t

ψ1(τ)φjl (τ)dτ,

G(2)
p (t2, . . . , tk−1) = −1{t2<...<tk−1}

∞∑

jl=p+1

tk−1∫

t

ψk(τ)φjl (τ)dτ

t2∫

t

ψ1(τ)φjl (τ)dτ,

E(1)
p (t2, . . . , tl−1, tl+1, . . . , tk) =

= 1{t2<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

tl+1∫

t

ψl(τ)φjl (τ)dτ

t2∫

t

ψ1(τ)φjl (τ)dτ,

E(2)
p (t2, . . . , tl−1, tl+1, . . . , tk) =

= −1{t2<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

tl−1∫

t

ψl(τ)φjl (τ)dτ

t2∫

t

ψ1(τ)φjl (τ)dτ,

D(1)
p (t1, . . . , ts−1, ts+1, . . . , tk−1) =

= 1{t1<...<ts−1<ts+1<...<tk−1}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

ts+1∫

t

ψs(τ)φjl (τ)dτ,

D(2)
p (t1, . . . , ts−1, ts+1, . . . , tk−1) =

= −1{t1<...<ts−1<ts+1<...<tk−1}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

ts−1∫

t

ψs(τ)φjl (τ)dτ,

D(3)
p (t1, . . . , ts−1, ts+1, . . . , tk−1) =

465
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= −1{t1<...<ts−1<ts+1<...<tk−1}

∞∑

jl=p+1

tk−1∫

t

ψk(τ)φjl (τ)dτ

ts+1∫

t

ψs(τ)φjl (τ)dτ,

D(4)
p (t1, . . . , ts−1, ts+1, . . . , tk−1) =

= 1{t1<...<ts−1<ts+1<...<tk−1}

∞∑

jl=p+1

tk−1∫

t

ψk(τ)φjl (τ)dτ

ts−1∫

t

ψs(τ)φjl (τ)dτ.

Let us now consider the value Cjk...j1

∣
∣
jg1=jg2 , g2=g1+1

. To do this, we will make the following

transformations

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl(tl)

tl∫

t

hl(tl−1)

tl−1∫

t

hl−2(tl−2) . . .

t2∫

t

h1(t1)dt1 . . .

. . . dtl−2dtl−1dtldtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−3

hl−2(tl−2)×

×





tl+1∫

t

−
tl−2∫

t



hl(tl−1)





tl+1∫

t

−
tl−1∫

t



 hl(tl)dtldtl−1dtl−2 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl

tl+1∫

t

hl(tl−1)dtl−1





tl+1∫

t

h1(t1)×

×
tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−3

hl−2(tl−2)dtl−2 . . . dt2dt1dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

. . .

tl+1∫

tl−3

hl−2(tl−2)





tl−2∫

t

hl(tl−1)dtl−1



 dtl−2 . . . dt2dt1dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl−1)

tl−1∫

t

hl(tl)dtldtl−1





tl+1∫

t

h1(t1)×

×
tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−3

hl−2(tl−2)dtl−2 . . . dt2dt1dtl+1 . . . dtk+

466
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+

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−3

hl−2(tl−2)×

×





tl−2∫

t

hl(tl−1)

tl−1∫

t

hl(tl)dtldtl−1



 dtl−2 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl

tl+1∫

t

hl(tl−1)dtl−1





tl+1∫

t

hl−2(tl−2)×

×
tl−2∫

t

hl−3(tl−3) . . .

t2∫

t

h1(t1)dt1 . . . dtl−3dtl−2dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

hl−2(tl−2)×

×





tl−2∫

t

hl(tl−1)dtl−1





tl−2∫

t

hl−3(tl−3) . . .

t2∫

t

h1(t1)dt1 . . . dtl−3dtl−2dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl−1)

tl−1∫

t

hl(tl)dtldtl−1



×

×
tl+1∫

t

hl−2(tl−2)

tl−2∫

t

hl−3(tl−3) . . .

t2∫

t

h1(t1)dt1 . . . dtl−3dtl−2dtl+1 . . . dtk+

+

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl−2(tl−2)





tl−2∫

t

hl(tl−1)

tl−1∫

t

hl(tl)dtldtl−1



×

(470) ×
tl−2∫

t

hl−3(tl−3) . . .

t2∫

t

h1(t1)dt1 . . . dtl−3dtl−2dtl+1 . . . dtk,

where l + 1 ≤ k, l− 2 ≥ 1, and h1(τ), . . . , hk(τ) are continuous functions on the interval [t, T ].
Applying (470) to Cjk...jl+1jljljl−2......j1 , we obtain for l+ 1 ≤ k, l − 2 ≥ 1

∞∑

jl=p+1

Cjk...jl+1jljljl−2......j1 =

=

∫

[t,T ]k−2

4∑

d=1

H(d)
p (t1, . . . , tl−2, tl+1, . . . , tk)×

×
k∏

g=1
g 6=l−1,l

ψg(tg)φjg (tg)dt1 . . . dtl−2dtl+1 . . . dtk =

467
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(471) =

4∑

d=1

C
∗∗(d)
jk...jl+1jl−2...j1

=

4∑

d=1

C
∗∗(d)
jk...jq ...j1

∣
∣
∣
∣
q 6=l−1,l

,

where

H(1)
p (t1, . . . , tl−2, tl+1, . . . , tk) =

(472) = 1{t1<...<tl−2<tl+1<...<tk}

∞∑

jl=p+1

tl+1∫

t

ψl(τ)φjl (τ)dτ

tl+1∫

t

ψl−1(τ)φjl (τ)dτ,

H(2)
p (t1, . . . , tl−2, tl+1, . . . , tk) =

(473) = −1{t1<...<tl−2<tl+1<...<tk}

∞∑

jl=p+1

tl+1∫

t

ψl(τ)φjl (τ)dτ

tl−2∫

t

ψl−1(τ)φjl (τ)dτ,

H(3)
p (t1, . . . , tl−2, tl+1, . . . , tk) =

(474) = −1{t1<...<tl−2<tl+1<...<tk}

∞∑

jl=p+1

tl+1∫

t

ψl−1(τ)φjl (τ)

τ∫

t

ψl(θ)φjl (θ)dθdτ,

H(4)
p (t1, . . . , tl−2, tl+1, . . . , tk) =

(475) = 1{t1<...<tl−2<tl+1<...<tk}

∞∑

jl=p+1

tl−2∫

t

ψl−1(τ)φjl (τ)

τ∫

t

ψl(θ)φjl (θ)dθdτ.

By analogy with (471) we can consider the expressions

(476)

∞∑

jl=p+1

Cjk...jl+1jljl ,

(477)

∞∑

jl=p+1

Cjljljk−2...j1 .

Then we have for (476), (477) (see (470) and its analogue for tl+1 = T )

(478)
∞∑

jl=p+1

Cjk...jl+1jljl =

∫

[t,T ]k−2

Lp(t3, . . . , tk)
k∏

g=3

ψg(tg)φjg (tg)dt3 . . . dtk,

(479)

∞∑

jl=p+1

Cjljljk−2...j1 =

∫

[t,T ]k−2

4∑

d=1

M (d)
p (t1, . . . , tk−2)

k−2∏

g=1

ψg(tg)φjg (tg)dt1 . . . dtk−2,

468
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where

Lp(t3, . . . , tk) = 1{t3<...<tk}

∞∑

jl=p+1

t3∫

t

ψ2(τ)φjl (τ)

τ∫

t

ψ1(θ)φjl (θ)dθdτ,

M (1)
p (t1, . . . , tk−2) =

= 1{t1<...<tk−2}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

T∫

t

ψk−1(τ)φjl (τ)dτ,

M (2)
p (t1, . . . , tk−2) =

= −1{t1<...<tk−2}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

tk−2∫

t

ψk−1(τ)φjl (τ)dτ,

M (3)
p (t1, . . . , tk−2) =

= −1{t1<...<tk−2}

∞∑

jl=p+1

T∫

t

ψk−1(τ)φjl (τ)

τ∫

t

ψk(θ)φjl (θ)dθdτ,

M (4)
p (t1, . . . , tk−2) =

= 1{t1<...<tk−2}

∞∑

jl=p+1

tk−2∫

t

ψk−1(τ)φjl (τ)

τ∫

t

ψk(θ)φjl (θ)dθdτ.

It is important to note that C
∗(d)
jk...jl+1jl−2...j1

, C
∗∗(d)
jk ...jl+1jl−2...j1

(d = 1, . . . , 4) are Fourier coefficients

(see (459), (471)), that is, we can use Parseval’s equality in the further proof.
Combining the equalities (459)–(463) (the case g2 > g1+1), using Parseval’s equality and applying

the estimates for integrals from basis functions that we used in the proof of Theorems 23, 24, we obtain
for (459)

p
∑

jq1 ,...,jqk−2
=0





∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,g2>g1+1





2

=

=

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2





∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,g2>g1+1





2

=

=

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2

(
4∑

d=1

C
∗(d)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2

)2

≤
∞∑

j1,...,jq,...,jk=0

q 6=g1,g2

(
4∑

d=1

C
∗(d)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2

)2

=

=

∞∑

j1,...,jq,...,jk=0

q 6=g1,g2






∫

[t,T ]k−2

4∑

d=1

F (d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2−1, tg2+1, . . . , tk)×

469
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×
k∏

q=1
q 6=g1,g2

ψq(tq)φjq (tq)dt1 . . . dtg1−1dtg1+1 . . . dtg2−1dtg2+1 . . . dtk






2

=

=

∫

[t,T ]k−2






4∑

d=1

F (d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2−1, tg2+1, . . . , tk)

k∏

q=1
q 6=g1,g2

ψq(tq)






2

×

×dt1 . . . dtg1−1dtg1+1 . . . dtg2−1dtg2+1 . . . dtk ≤

≤ 4

4∑

d=1

∫

[t,T ]k−2




F

(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2−1, tg2+1, . . . , tk)

k∏

q=1
q 6=g1,g2

ψq(tq)






2

×

×dt1 . . . dtg1−1dtg1+1 . . . dtg2−1dtg2+1 . . . dtk ≤

(480) ≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0
for the trigonometric case, constant K does not depend on p. The cases (464)–(466) are considered
analogously.

Absolutely similarly (see (480)) combining the equalities (471)–(475) (the case g2 = g1 + 1), using
Parseval’s equality and applying the estimates for integrals from basis functions that we used in the
proof of Theorems 23, 24, we get for (471)

p
∑

jq1 ,...,jqk−2
=0





∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,g2=g1+1





2

=

=

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2





∞∑

jg1=p+1

Cjk ...j1

∣
∣
∣
∣
jg1=jg2 ,g2=g1+1





2

=

=

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2

(
4∑

d=1

C
∗∗(d)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2

)2

≤
∞∑

j1,...,jq,...,jk=0

q 6=g1,g2

(
4∑

d=1

C
∗∗(d)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2

)2

=

=

∞∑

j1,...,jq ,...,jk=0

q 6=g1,g2






∫

[t,T ]k−2

4∑

d=1

H(d)
p (t1, . . . , tg1−1, tg1+2, . . . , tk)×

×
k∏

q=1
q 6=g1,g2

ψq(tq)φjq (tq)dt1 . . . dtg1−1dtg1+2 . . . dtk






2

=

470
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=

∫

[t,T ]k−2






4∑

d=1

H(d)
p (t1, . . . , tg1−1, tg1+2, . . . , tk)

k∏

q=1
q 6=g1,g2

ψq(tq)






2

dt1 . . . dtg1−1dtg1+2 . . . . . . dtk ≤

≤ 4

4∑

d=1

∫

[t,T ]k−2




H(d)

p (t1, . . . , tg1−1, tg1+2, . . . , tk)

k∏

q=1
q 6=g1,g2

ψq(tq)






2

dt1 . . . dtg1−1dtg1+2 . . . dtk ≤

(481) ≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0
for the trigonometric case, constant K does not depend on p. The cases (476), (477) are considered
analogously.

From (480), (481) and their analogues for the cases (464)–(466), (476), (477) we obtain

(482)

p
∑

jq1 ,...,jqk−2
=0





∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2





2

≤ K

p2−ε
,

where constant K is independent of p. Thus the equality (453) is proved.
Let us prove the equality (454). Consider the following cases

1. g2 > g1 + 1, g4 = g3 + 1, 2. g2 = g1 + 1, g4 > g3 + 1,

3. g2 > g1 + 1, g4 > g3 + 1, 4. g2 = g1 + 1, g4 = g3 + 1.

The proof for Cases 1–3 will be similar. Consider, for example, Case 2. Using (360), we obtain

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

=

=

p
∑

jq1=0





∞∑

jg1=p+1

p
∑

jg3=0

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

=

(483) =

p
∑

jq1=0





p
∑

jg3=0

∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

≤

≤ (p+ 1)

p
∑

jq1=0

p
∑

jg3=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

=

= (p+ 1)

p
∑

jq1=0

p
∑

jg3 ,jg4=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,g4>g3+1,g2=g1+1





2 ∣
∣
∣
∣
∣
jg3=jg4

≤

471
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(484) ≤ (p+ 1)

p
∑

jq1=0

p
∑

jg3 ,jg4=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,g4>g3+1,g2=g1+1





2

.

It is easy to see that the expression (484) (without the multiplier p + 1) is a particular case
(g4 > g3 + 1, g2 = g1 + 1) of the left-hand side of (482). Combining (482) and (484), we have

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

≤

(485) ≤ (p+ 1)K

p2−ε
≤ K1

p1−ε
→ 0

if p→ ∞, where constant K1 does not depend on p.
Consider Case 4 (g2 = g1 + 1, g4 = g3 + 1). We have (see (361))

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

=

=

p
∑

jq1=0





∞∑

jg1=p+1





∞∑

jg3=0

−
p
∑

jg3=0



Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

=

=

p
∑

jq1=0




1

2

∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3 jg3 )y(·)

−
p
∑

jg3=0

∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

≤

(486) ≤ 1

2

p
∑

jq1=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3 jg3 )y(·)





2

+

(487) +2

p
∑

jq1=0





p
∑

jg3=0

∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

.

An expression similar to (487) was estimated (see (483)–(485)). Let us estimate (486). We have

p
∑

jq1=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3 jg3 )y(·)





2

=

= (T − t)

p
∑

jq1=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3 jg3 )y0





2

≤

472
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(488) ≤ (T − t)

p
∑

jq1=0

p
∑

jg3=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3jg3 )yjg3





2

,

where the notations are the same as in the proof of Theorem 20.
The expression (488) without the multiplier T − t is an expression of type (412)–(417) before

passing to the limit lim
p→∞

(the only difference is the replacement of one of the weight functions

ψ1(τ), . . . , ψ4(τ) in (412)–(417) by the product ψl+1(τ)ψl(τ) (l = 1, . . . , 4). Therefore, for Case 4
(g2 = g1 + 1, g4 = g3 + 1), we obtain the estimate

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4=g3+1,g2=g1+1





2

≤

(489) ≤ K

p1−ε
,

where constant K is independent of p.
The estimates (485), (489) prove (454). Let us prove (455). By analogy with (488) we have

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg1=jg2 ,jg3=jg4 ,g2=g1+1





2

=

=

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg1 jg1 )y(·),jg3=jg4 ,g2=g1+1





2

=

= (T − t)

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg1 jg1 )y0,jg3=jg4 ,g2=g1+1





2

≤

(490) ≤ (T − t)

p
∑

jq1=0

p
∑

jg1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg1 jg1 )yjg1 ,jg3=jg4 ,g2=g1+1





2

.

Thus, we obtain the estimate (see (488) and the proof of Theorem 24)

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg1=jg2 ,jg3=jg4 ,g2=g1+1





2

≤

(491) ≤ K

p2−ε
,

where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for the
trigonometric case, constant K does not depend on p.

The estimate (491) proves (455). Theorem 25 is proved.
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17. Estimates for the Mean-Square Approximation Error of Expansions of Iterated
Stratonovich Stochastic Integrals of Multiplicity k in Theorems 20, 22

In this section, we estimate the mean-square approximation error for iterated Stratonovich stochastic
integrals of multiplicity k (k ∈ N) in Theorems 20, 22.

Theorem 26 [26], [34], [50], [72]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuously

differentiable nonrandom function at the interval [t, T ]. Furthermore, let {φj(x)}∞j=0 is a complete

orthonormal system of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then

the following estimates

M









J∗[ψ(k)]
(i1...ik)
T,t −

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl





2






≤

(492) ≤ K1







1

p
+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

M

{(

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

)2
}






,

M









J∗[ψ(k)]
(i1...ik)
s,t −

p
∑

j1,...,jk=0

Cjk...j1(s)

k∏

l=1

ζ
(il)
jl





2






≤

(493) ≤ K2(s)







1

p
+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

M

{(

R
(p)r,g1,g2,...,g2r−1,g2r
s,t

)2
}







hold, where s ∈ (t, T ] (s is fixed), i1, . . . , ik = 1, . . . ,m,

R
(p)r,g1,g2,...,g2r−1,g2r
s,t = R

(p)r,g1,g2,...,g2r−1,g2r
T,t

∣
∣
∣
∣
T=s

,

R
(p)r,g1,g2,...,g2r−1,g2r
T,t is defined by (375), J∗[ψ(k)]

(i1...ik)
T,t and J∗[ψ(k)]

(i1...ik)
s,t are iterated Stratonovich

stochastic integrals (330) and (384), Cjk ...j1 and Cjk ...j1(s) are Fourier coefficients (322) and (382),
constants K1 and K2(s) are independent of p; another notations are the same as in Theorems 1, 20,
22.

Proof. Note that Conditions 1 and 2 of Theorems 20, 22 are satisfied under the conditions of
Theorem 26 (see Remark 2.4 in [26]). Then from the proof of Theorem 20 it follows that the expression
(380) before passing to limit l.i.m.

p→∞
has the form

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

= J [ψ(k)]
(i1...ik)p
T,t +
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+

[k/2]
∑

r=1

(

1

2r

∑

(sr,...,s1)∈Ak,r

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t +

(494) +
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

)

,

where J [ψ(k)]
(i1...ik)p
T,t is the approximation for the iterated Ito stochastic integral (2), which is obtained

using Theorem 18, i.e.

J [ψ(k)]
(i1...ik)p
T,t =

p
∑

j1,...,jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(495) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t is the approximation obtained using (495) for the iterated Ito

stochastic integral J [ψ(k)]sr ,...,s1T,t (see (381)).

Using (494) and Theorem 19, we have

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

= J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t +

+

(

J [ψ(k)]
(i1...ik)p
T,t − J [ψ(k)]

(i1...ik)
T,t

)

+

+

[k/2]
∑

r=1

∑

(sr ,...,s1)∈Ak,r

1

2r

(

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t − I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t

)

+

+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

R
(p)r,g1,g2,...,g2r−1,g2r
T,t =

= J∗[ψ(k)]
(i1...ik)
T,t +

(

J [ψ(k)]
(i1...ik)p
T,t − J [ψ(k)]

(i1...ik)
T,t

)

+

+

[k/2]
∑

r=1

∑

(sr ,...,s1)∈Ak,r

1

2r

(

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t − I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t

)

+
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(496) +

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

w. p. 1, where we denote J [ψ(k)]sr ,...,s1T,t as I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t .

Applying (263), we obtain the following estimates

(497) M

{(

J [ψ(k)]
(i1...ik)p
T,t − J [ψ(k)]

(i1...ik)
T,t

)2
}

≤ C

p
,

M







(

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t − I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t

)2





≤

(498) ≤ C

p
,

where constant C does not depend on p.
From (496)–(498) and the elementary inequality

(a1 + a2 + . . .+ an)
2 ≤ n

(
a21 + a22 + . . .+ a2n

)
, n ∈ N

we obtain (492).
The estimate (493) is obtained similarly to the estimate (492) using Theorems 5, 22 and (308).

Theorem 26 is proved.

18. Rate of the Mean-Square Convergence of Expansions of Iterated Stratonovich
Stochastic Integrals of Multiplicities 3–5 in Theorems 23–25

In this section, we consider the rate of convergence of approximations of iterated Stratonovich
stochastic integrals in Theorems 23–25. It is easy to see that in Theorems 23–25 the second term in
parentheses on the right-hand side of (492) is estimated. Combining these results with Theorem 26,
we obtain the following theorems.

Theorem 27 [26], [34], [50], [72]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3

the following estimate

M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p
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is fulfilled, where i1, i2, i3 = 1, . . . ,m, constant C is independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(s)df
(i)
s

are independent standard Gaussian random variables for various i or j.

Theorem 28 [26], [34], [50], [72]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 df

(i4)
t4

the following estimate

M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

holds, where i1, i2, i3, i4 = 1, . . . ,m, constant C does not depend on p, ε is an arbitrary small

positive real number for the case of complete orthonormal system of Legendre polynomials in the

space L2([t, T ]) and ε = 0 for the case of complete orthonormal system of trigonometric functions in

the space L2([t, T ]),

Cj4j3j2j1 =

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1×

×dt2dt3dt4;

another notations are the same as in Theorem 27.

Theorem 29 [26], [34], [50], [72]. Assume that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ)
are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich

stochastic integral of fifth multiplicity

J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)df
(i1)
t1 . . . df

(i5)
t5

the following estimate
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M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

is valid, where i1, . . . , i5 = 1, . . . ,m, constant C is independent of p, ε is an arbitrary small positive real

number for the case of complete orthonormal system of Legendre polynomials in the space L2([t, T ])
and ε = 0 for the case of complete orthonormal system of trigonometric functions in the space

L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorem 27, 28.

19. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 6. The
Case p1 = . . . = p6 → ∞ and ψ1(τ), . . . , ψ6(τ) ≡ 1 (The Cases of Legendre

Polynomials and Trigonometric Functions)

Theorem 30 [26], [34], [72], [73]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(499) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6 (t6) . . .

t2∫

t

φj1(t1)dt1 . . . dt6

and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. As noted in Sect. 13, Conditions 1 and 2 of Theorem 20 are satisfied for complete ortho-
normal systems of Legendre polynomials and trigonometric functions in the space L2([t, T ]). Let us
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verify Condition 3 of Theorem 20 for the iterated Stratonovich stochastic integral (499). Thus, we
have to check the following conditions

(500) lim
p→∞

p
∑

jq1 ,jq2 ,jq3 ,jq4=0





∞∑

jg1=p+1

Cj6...j1

∣
∣
∣
∣
jg1=jg2





2

= 0,

(501) lim
p→∞

p
∑

jq1 ,jq2=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj6...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

= 0,

(502) lim
p→∞

p
∑

jq1 ,jq2=0





∞∑

jg1=p+1

Cj6...j1

∣
∣
∣
∣
(jg4 jg3 )y(·),jg1=jg2 ,jg3=jg4 ,g4=g3+1





2

= 0,

(503) lim
p→∞





∞∑

jg1=p+1

∞∑

jg3=p+1

∞∑

jg5=p+1

Cj6...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,jg5=jg6





2

= 0,

(504) lim
p→∞





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj6...j1

∣
∣
∣
∣
(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6 ,g6=g5+1





2

= 0,

(505) lim
p→∞





∞∑

jg1=p+1

Cj6...j1

∣
∣
∣
∣
(jg4 jg3 )y(·)(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6 ,g4=g3+1,g6=g5+1





2

= 0,

where the expressions

({g1, g2}, {g3, g4}, {g5, g6}}) , ({g1, g2}, {g3, g4}, {q1, q2}}) , ({g1, g2}, {q1, q2, q3, q4})

are partitions of the set {1, 2, . . . , 6} that is {g1, g2, g3, g4, g5, g6} = {g1, g2, g3, g4, q1, q2} = {g1, g2, q1,
q2, q3, q4} = {1, 2, . . . , 6}; braces mean an unordered set, and parentheses mean an ordered set.

The equalities (500), (502) were proved earlier (see the proof of equalities (482), (488)). The relation
(505) follows from the estimate (43) for the polynomial case and its analogue for the trigonometric
case. It is easy to see that the equalities (501) and (504) are proved in complete analogy with the
proof of (454), (488).

Thus, we have to prove the relation (503). The equality (503) is equivalent to the following equalities

(506) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j1j3j2j1 = 0,

(507) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj1j3j2j3j2j1 = 0,

(508) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j3j1j2j1 = 0,
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(509) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj1j2j3j3j2j1 = 0,

(510) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj1j2j2j3j3j1 = 0,

(511) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 = 0,

(512) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j2j1j1 = 0,

(513) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j3j2j1j1 = 0,

(514) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j1j2j1 = 0,

(515) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j1j2j2j1 = 0,

(516) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j1j3j3j2j1 = 0,

(517) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j2j3j2j1 = 0,

(518) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j1j3j2j1 = 0,

(519) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j3j2j2j1 = 0,

(520) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j1j2j1 = 0.

Consider in detail the case of Legendre polynomials (the case of trigonometric functions is considered
in complete analogy).

First, we prove the following equality for the Fourier coefficients for the case ψ1(τ), . . . , ψ6(τ) ≡ 1

Cj6j5j4j3j2j1 + Cj1j2j3j4j5j6 = Cj6Cj5j4j3j2j1 − Cj5j6Cj4j3j2j1+

(521) +Cj4j5j6Cj3j2j1 − Cj3j4j5j6Cj2j1 + Cj2j3j4j5j6Cj1 .
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Using the integration order replacement, we have

Cj6j5j4j3j2j1 =

=

T∫

t

φj6 (t6)

t6∫

t

φj5 (t5) . . .

t2∫

t

φj1(t1)dt1 . . . dt5dt6 =

=

T∫

t

φj6(t6)

T∫

t

φj5(t5)

t5∫

t

φj4(t4) . . .

t2∫

t

φj1 (t1)dt1 . . . dt4dt5dt6−

−
T∫

t

φj6 (t6)

T∫

t6

φj5 (t5)

t5∫

t

φj4 (t4) . . .

t2∫

t

φj1 (t1)dt1 . . . dt4dt5dt6 =

= Cj6Cj5j4j3j2j1−

−
T∫

t

φj6(t6)

T∫

t6

φj5(t5)

T∫

t

φj4(t4)

t4∫

t

φj3(t3) . . .

t2∫

t

φj1 (t1)dt1 . . . dt3dt4dt5dt6+

+

T∫

t

φj6 (t6)

T∫

t6

φj5 (t5)

T∫

t5

φj4 (t4)

t4∫

t

φj3 (t3) . . .

t2∫

t

φj1(t1)dt1 . . . dt3dt4dt5dt6 =

= Cj6Cj5j4j3j2j1−

−
T∫

t

φj6(t6)

T∫

t6

φj5(t5)dt5dt6 Cj4j3j2j1+

+

T∫

t

φj6 (t6)

T∫

t6

φj5 (t5)

T∫

t5

φj4 (t4)

t4∫

t

φj3 (t3) . . .

t2∫

t

φj1(t1)dt1 . . . dt3dt4dt5dt6 =

= Cj6Cj5j4j3j2j1 − Cj5j6Cj4j3j2j1+

+

T∫

t

φj6 (t6)

T∫

t6

φj5 (t5)

T∫

t5

φj4 (t4)

t4∫

t

φj3 (t3) . . .

t2∫

t

φj1(t1)dt1 . . . dt3dt4dt5dt6 =

. . .

= Cj6Cj5j4j3j2j1 − Cj5j6Cj4j3j2j1 + Cj4j5j6Cj3j2j1 − Cj3j4j5j6Cj2j1 + Cj2j3j4j5j6Cj1−
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−
T∫

t

φj6(t6)

T∫

t6

φj5(t5) . . .

T∫

t2

φj1 (t1)dt1 . . . dt5dt6 =

= Cj6Cj5j4j3j2j1 − Cj5j6Cj4j3j2j1 + Cj4j5j6Cj3j2j1−

(522) −Cj3j4j5j6Cj2j1 + Cj2j3j4j5j6Cj1 − Cj1j2j3j4j5j6 .

The equality (522) completes the proof of the relation (521).
Let us consider (506). From (354) we obtain

(523)
∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j1j3j2j1 = −
p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j1j3j2j1 .

Applying (521), we get

p
∑

j1,j2,j3=0

Cj3j2j1j3j2j1 +

p
∑

j1,j2,j3=0

Cj1j2j3j1j2j3 = 2

p
∑

j1,j2,j3=0

Cj3j2j1j3j2j1 =

=

p
∑

j1,j2,j3=0

(

Cj3Cj2j1j3j2j1 − Cj2j3Cj1j3j2j1 + Cj1j2j3Cj3j2j1−

(524) −Cj3j1j2j3Cj2j1 + Cj2j3j1j2j3Cj1

)

.

Recall that the complete orthonormal system of Legendre polynomials in the space L2([t, T ]) looks
as follows

φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

, j = 0, 1, 2, . . . ,

where

Pj(x) =
1

2jj!

dj

dxj
(
x2 − 1

)j

is the Legendre polynomial.
Note that

Cj2j1 =

T∫

t

φj2(τ)

τ∫

t

φj1 (θ)dθdτ =
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(525) =
T − t

2







1/
√

(2j1 + 1)(2j1 + 3) if j2 = j1 + 1, j1 = 0, 1, 2, . . .

−1/
√

4j21 − 1 if j2 = j1 − 1, j1 = 1, 2, . . .

1 if j1 = j2 = 0

0 otherwise

,

(526) Cj1 =

T∫

t

φj1 (τ)dτ =







√
T − t if j1 = 0

0 if j1 6= 0
.

Moreover, the generalized Parseval equality gives

lim
p→∞

p
∑

j1,j2,j3=0

Cj1j2j3Cj3j2j1 =

= lim
p→∞

p
∑

j1,j2,j3=0

T∫

t

φj1 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj3 (t1)dt1dt2dt3×

×
T∫

t

φj3 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3 =

= lim
p→∞

p
∑

j1,j2,j3=0

T∫

t

φj3 (t3)

T∫

t3

φj2 (t2)

T∫

t2

φj1 (t1)dt1dt2dt3×

×
T∫

t

φj3 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3 =

= lim
p→∞

p
∑

j1,j2,j3=0

∫

[t,T ]3

1{t3<t2<t1}

3∏

l=1

φjl(tl)dt1dt2dt3×

×
∫

[t,T ]3

1{t1<t2<t3}

3∏

l=1

φjl(tl)dt1dt2dt3 =

(527) =

∫

[t,T ]3

1{t3<t2<t1}1{t1<t2<t3}dt1dt2dt3 = 0.

Using the above arguments and also (354), (523), and (524), we get
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− lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j1j3j2j1 = lim
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1j3j2j1 =

=
1

2
lim
p→∞

p
∑

j1,j2,j3=0

(

Cj3Cj2j1j3j2j1 − Cj2j3Cj1j3j2j1−

−Cj3j1j2j3Cj2j1 + Cj2j3j1j2j3Cj1

)

=

= lim
p→∞

p
∑

j1,j2,j3=0

(

Cj3Cj2j1j3j2j1 − Cj3j1j2j3Cj2j1

)

=

=
√
T − t lim

p→∞

p
∑

j1,j2=0

Cj2j10j2j1 − lim
p→∞

p
∑

j1,j2,j3=0

Cj3j1j2j3Cj2j1 =

(528) =
√
T − t lim

p→∞

p
∑

j1,j2=0

Cj2j10j2j1 + lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j1j2j3Cj2j1 .

By analogy with the proof of (418) (see the proof of Theorem 24) we obtain

(529) lim
p→∞

p
∑

j1,j2=0

Cj2j10j2j1 = lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

Cj2j10j2j1 = 0,

where we used the following representation

Cj2j10j2j1 =

=
1√
T − t

T∫

t

φj2 (t5)

t5∫

t

φj1 (t4)

t4∫

t

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3dt4dt5 =

=
1√
T − t

T∫

t

φj2 (t5)

t5∫

t

φj1 (t4)

t4∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1

t4∫

t2

dt3dt2dt4dt5 =

=
1√
T − t

T∫

t

φj2(t5)

t5∫

t

φj1(t4)(t4 − t)

t4∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt4dt5+

+
1√
T − t

T∫

t

φj2(t5)

t5∫

t

φj1(t4)

t4∫

t

φj2(t2)(t− t2)

t2∫

t

φj1 (t1)dt1dt2dt4dt5
def
=

def
= C̄j2j1j2j1 + C̃j2j1j2j1 .
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Further, we have (see (525))

lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j1j2j3Cj2j1 = lim
p→∞

∞∑

j3=p+1

(

C00Cj300j3+

(530) +

p
∑

j1=1

Cj1−1,j1Cj3j1,j1−1,j3 +

p−1
∑

j1=1

Cj1+1,j1Cj3j1,j1+1,j3 + C1,0Cj301j3

)

.

Observe that

(531) |Cj1−1,j1 |+ |Cj1+1,j1 | ≤
K

j1
(j1 = 1, . . . , p),

(532) |Cj300j3 |+ |Cj3j1,j1−1,j3 |+ |Cj3j1,j1+1,j3 |+ |Cj301j3 | ≤
K1

j23
(j3 ≥ p+ 1),

where constants K,K1 do not depend on j1, j3.
The estimate (531) follow from (525). At the same time, the estimate (532) can be obtained using

the following reasoning. First note that the integration order replacement gives

Cj3j1j2j3 =

T∫

t

φj3(t4)

t4∫

t

φj1(t3)

t3∫

t

φj2(t2)

t2∫

t

φj3(t1)dt1dt2dt3dt4 =

(533) =

T∫

t

φj1(t3)

t3∫

t

φj2(t2)





t2∫

t

φj3 (t1)dt1



 dt2





T∫

t3

φj3 (t4)dt4



 dt3.

Note analogues of the estimate (87)

(534)

∣
∣
∣
∣
∣
∣

x∫

t

φj1(s)ds

∣
∣
∣
∣
∣
∣

<
C

j1(1− (z(x))2)1/4
,

∣
∣
∣
∣
∣
∣

T∫

x

φj1 (s)ds

∣
∣
∣
∣
∣
∣

<
C

j1(1− (z(x))2)1/4
, x ∈ (t, T ),

where j1 > 0, constant C does not depend on j1.
Applying the estimates (89) and (534) to (533) gives the estimate (532). Using (530), (531), and

(532), we obtain

∣
∣
∣
∣
∣
∣

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j1j2j3Cj2j1

∣
∣
∣
∣
∣
∣

≤ K

∞∑

j3=p+1

1

j23



1 +

p
∑

j1=1

1

j1



 ≤

(535) ≤ K

∞∫

p

dx

x2



2 +

p∫

1

dx

x



 =
K(2 + lnp)

p
→ 0

if p→ ∞, where constant K is independent of p. Thus, the equality (506) is proved (see (528), (529),
(535)).
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The relation (507) is proved in complete analogy with the proof of equality (506). For (507) we
have (see (521))

lim
p→∞





p
∑

j1,j2,j3=0

Cj1j3j2j3j2j1 +

p
∑

j1,j2,j3=0

Cj1j2j3j2j3j1



 = 2 lim
p→∞

p
∑

j1,j2,j3=0

Cj1j3j2j3j2j1 =

= lim
p→∞

p
∑

j1,j2,j3=0

(

Cj1Cj3j2j3j2j1 − Cj3j1Cj2j3j2j1 + Cj2j3j1Cj3j2j1−

−Cj3j2j3j1Cj2j1 + Cj2j3j2j3j1Cj1

)

=

= 2 lim
p→∞




√
T − t

p
∑

j2,j3=0

Cj3j2j3j20 −
p
∑

j1,j2,j3=0

Cj2j1Cj3j2j3j1



 =

= −2 lim
p→∞

p
∑

j1,j2,j3=0

Cj2j1Cj3j2j3j1 .

To estimate the Fourier coefficient Cj3j2j3j1 , we use the following (see the proof of (506) for more
details)

Cj3j2j3j1 =

T∫

t

φj3(t4)

t4∫

t

φj2(t3)

t3∫

t

φj3(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=

T∫

t

φj3(t4)

t4∫

t

φj2(t3)

t3∫

t

φj1(t1)

t3∫

t1

φj3(t2)dt2dt1dt3dt4 =

=

T∫

t

φj3(t4)

t4∫

t

φj2(t3)





t3∫

t

φj3 (t2)dt2





t3∫

t

φj1 (t1)dt1dt3dt4−

−
T∫

t

φj3(t4)

t4∫

t

φj2(t3)

t3∫

t

φj1 (t1)





t1∫

t

φj3 (t2)dt2



 dt1dt3dt4 =

=

T∫

t

φj2 (t3)





t3∫

t

φj3(t2)dt2





t3∫

t

φj1(t1)dt1





T∫

t3

φj3(t4)dt4



 dt3−

−
T∫

t

φj2 (t3)

t3∫

t

φj1 (t1)





t1∫

t

φj3(t2)dt2



 dt1





T∫

t3

φj3(t4)dt4



 dt3.

Let us prove (508). From (354) we obtain
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(536)

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j3j1j2j1 = −
p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j3j1j2j1 .

Applying (521) and (536), we get (we replaced j3 by j4)

p
∑

j1,j2,j4=0

Cj4j2j4j1j2j1 +

p
∑

j1,j2,j4=0

Cj1j2j1j4j2j4 = 2

p
∑

j1,j2,j4=0

Cj4j2j4j1j2j1 =

=

p
∑

j1,j2,j4=0

(

Cj4Cj2j4j1j2j1 − Cj2j4Cj4j1j2j1 + Cj4j2j4Cj1j2j1−

−Cj1j4j2j4Cj2j1 + Cj2j1j4j2j4Cj1

)

=

= 2

p
∑

j1,j2,j4=0

(

Cj2j1j4j2j4Cj1 − Cj1j4j2j4Cj2j1

)

+

(537) +

p
∑

j1,j2,j4=0

Cj4j2j4Cj1j2j1 .

Further, we have (see (354))

lim
p→∞

p
∑

j1,j2,j4=0

Cj4j2j4Cj1j2j1 = lim
p→∞

p
∑

j2=0





p
∑

j1=0

Cj1j2j1





2

=

(538) = lim
p→∞

p
∑

j2=0





∞∑

j1=p+1

Cj1j2j1





2

= 0,

where we applied the equality (392).
Furthermore, by analogy with the proof of (506), we have

(539) lim
p→∞

p
∑

j1,j2,j4=0

(

Cj2j1j4j2j4Cj1 − Cj1j4j2j4Cj2j1

)

= 0.

To estimate the Fourier coefficient Cj1j4j2j4 in (539), we use the following (see the proof of (506)
for more details)

Cj1j4j2j4 =

T∫

t

φj1 (t4)

t4∫

t

φj4 (t3)

t3∫

t

φj2 (t2)





t2∫

t

φj4(t1)dt1



 dt2dt3dt4 =
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=

T∫

t

φj1 (t4)

t4∫

t

φj2 (t2)





t2∫

t

φj4(t1)dt1





t4∫

t2

φj4(t3)dt3dt2dt4 =

=

T∫

t

φj1 (t4)





t4∫

t

φj4(t3)dt3





t4∫

t

φj2(t2)





t2∫

t

φj4 (t1)dt1



 dt2dt4−

−
T∫

t

φj1 (t4)

t4∫

t

φj2 (t2)





t2∫

t

φj4(t3)dt3









t2∫

t

φj4 (t1)dt1



 dt2dt4.

The relations (536)–(539) complete the proof of equality (508).
Let us prove (509). Using (354), we get

(540)
∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj1j2j3j3j2j1 =

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

Cj1j2j3j3j2j1 .

Applying (521) and (540), we obtain

2

p
∑

j1,j2=0

∞∑

j3=p+1

Cj1j2j3j3j2j1 =

=

p
∑

j1,j2=0

∞∑

j3=p+1

(

Cj1Cj2j3j3j2j1 − Cj2j1Cj3j3j2j1 + (Cj3j2j1)
2 −

−Cj3j3j2j1Cj2j1 + Cj2j3j3j2j1Cj1

)

=

= 2

p
∑

j1,j2=0

∞∑

j3=p+1

(

Cj1Cj2j3j3j2j1 − Cj2j1Cj3j3j2j1

)

+

(541) +

p
∑

j1,j2=0

∞∑

j3=p+1

(Cj3j2j1)
2
.

In [26] (Sect. 1.7.2) the following estimate

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 ≤

(542) ≤ Lk

∞∑

js=p+1

1

j2s
≤ Lk

∞∫

p

dx

x2
=
Lk

p
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is proved for the polynomial and trigonometric cases, where s = 1, . . . , k, constant Lk depends on k
and T − t.

Using the estimate (542), we get

(543) lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

(Cj3j2j1)
2
= 0.

By analogy with the proof of (506), we have

(544) lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

(

Cj1Cj2j3j3j2j1 − Cj2j1Cj3j3j2j1

)

= 0,

where we applied the equality (419). To estimate the Fourier coefficient Cj3j3j2j1 in (544), we used
the following (see the proof of (506) for more details)

Cj3j3j2j1 =

T∫

t

φj3(t4)

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=

T∫

t

φj1(t1)

T∫

t1

φj2(t2)

T∫

t2

φj3(t3)

T∫

t3

φj3(t4)dt4dt3dt2dt1 =

(545) =
1

2

T∫

t

φj1(t1)

T∫

t1

φj2(t2)





T∫

t2

φj3 (t3)dt3





2

dt2dt1.

Combining the equalities (540)–(544), we obtain (509).
Let us prove (510) (we replace j2 by j4 and j3 by j2 in (510)). As noted in Sect. 13, the sequential

order of the series
∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j4=p+1

is not important. This follows directly from the formulas (361) and (354).
Applying the mentioned property and (354), we get

(546)

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j4=p+1

Cj1j4j4j2j2j1 = −
p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

Cj1j4j4j2j2j1 .

Observe that (see the above reasoning)

(547)

∞∑

j2=p+1

∞∑

j4=p+1

Cj1j4j4j2j2j1 =

∞∑

j4=p+1

∞∑

j2=p+1

Cj1j4j4j2j2j1 .

Using (521) and (547), we obtain
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p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

(

Cj1j4j4j2j2j1 + Cj1j2j2j4j4j1

)

= 2

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

Cj1j4j4j2j2j1 =

=

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

(

Cj1Cj4j4j2j2j1 − Cj4j1Cj4j2j2j1 + Cj4j4j1Cj2j2j1−

−Cj2j4j4j1Cj2j1 + Cj2j2j4j4j1Cj1

)

=

=

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

(

Cj1Cj4j4j2j2j1 − Cj4j1Cj4j2j2j1 − Cj2j4j4j1Cj2j1 + Cj2j2j4j4j1Cj1

)

+

(548) +

p
∑

j1=0





∞∑

j2=p+1

Cj2j2j1





2

.

The equality

(549) lim
p→∞

p
∑

j1=0





∞∑

j2=p+1

Cj2j2j1





2

= 0

follows from the relation (391).
By analogy with the proof of equality (506) we obtain

lim
p→∞

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

(

Cj1Cj4j4j2j2j1 − Cj4j1Cj4j2j2j1−

(550) −Cj2j4j4j1Cj2j1 + Cj2j2j4j4j1Cj1

)

= 0,

where we applied the equality (420). To estimate the Fourier coefficient Cj2j4j4j1 in (550), we used
the following (see the proof of (506) for more details)

Cj2j4j4j1 =

T∫

t

φj2(t4)

t4∫

t

φj4(t3)

t3∫

t

φj4(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=

T∫

t

φj2(t4)

t4∫

t

φj1(t1)

t4∫

t1

φj4(t2)

t4∫

t2

φj4(t3)dt3dt2dt1dt4 =

=
1

2

T∫

t

φj2 (t4)

t4∫

t

φj1 (t1)





t4∫

t1

φj4(t2)dt2





2

dt1dt4 =
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=
1

2

T∫

t

φj2(t4)





t4∫

t

φj4 (t2)dt2





2 t4∫

t

φj1(t1)dt1dt4+

+
1

2

T∫

t

φj2 (t4)

t4∫

t

φj1 (t1)





t1∫

t

φj4(t2)dt2





2

dt1dt4−

−
T∫

t

φj2 (t4)





t4∫

t

φj4(t2)dt2





t4∫

t

φj1(t1)





t1∫

t

φj4 (t2)dt2



 dt1dt4.

The relation (510) follows from (546), (548)–(550).
Consider (511). Using the integration order replacement, we obtain

Cj3j3j2j2j1j1 =

=
1

2

T∫

t

φj3(t6)

t6∫

t

φj3(t5)

t5∫

t

φj2(t4)

t4∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2

dt3dt4dt5dt6 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj2(t4)

T∫

t4

φj3(t5)

T∫

t5

φj3(t6)dt6dt5dt4dt3 =

(551) =
1

4

T∫

t

φj2 (t3)





t3∫

t

φj1(t1)dt1





2 T∫

t3

φj2 (t4)





T∫

t4

φj3(t5)dt5





2

dt4dt3.

Applying the estimates (534) to (551) gives the following estimate

(552) |Cj3j3j2j2j1j1 | ≤
K

j21j
2
3

(j1, j3 > 0, j2 ≥ 0),

where constant K does not depend on j1, j2, j3.
Further, we get (see (361))

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 =

∞∑

j1=p+1

∞∑

j3=p+1

∞∑

j2=p+1

Cj3j3j2j2j1j1 =

(553) =
1

2

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1

∣
∣
∣
∣
(j2j2)y(·)

−
p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 ,

where

Cj3j3j2j2j1j1

∣
∣
∣
∣
(j2j2)y(·)

=
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=

T∫

t

φj3 (t6)

t6∫

t

φj3 (t5)

t5∫

t

t4∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt4dt5dt6 =

=

T∫

t

φj3 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj1 (t2)

t2∫

t

φj1 (t1)dt1

t5∫

t2

dt4dt2dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj3(t5)(t5 − t)

t5∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt5dt6+

+

T∫

t

φj3(t6)

t6∫

t

φj3 (t5)

t5∫

t

φj1 (t2)(t− t2)

t2∫

t

φj1(t1)dt1dt2dt5dt6
def
=

(554)
def
= C′

j3j3j1j1 + C′′
j3j3j1j1 .

Let us substitute (554) into (553)

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 =
1

2

∞∑

j1=p+1

∞∑

j3=p+1

C′
j3j3j1j1+

(555) +
1

2

∞∑

j1=p+1

∞∑

j3=p+1

C′′
j3j3j1j1 −

p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 .

The relation (420) implies that

(556) lim
p→∞

∞∑

j1=p+1

∞∑

j3=p+1

C′
j3j3j1j1 = 0, lim

p→∞

∞∑

j1=p+1

∞∑

j3=p+1

C′′
j3j3j1j1 = 0.

From the estimate (552) we get

∣
∣
∣
∣
∣
∣

p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1

∣
∣
∣
∣
∣
∣

≤ K(p+ 1)
∞∑

j1=p+1

1

j21

∞∑

j3=p+1

1

j23
≤

(557) ≤ K(p+ 1)





∞∫

p

dx

x2





2

≤ K(p+ 1)

p2
→ 0

if p→ ∞, where constant K is independent of p.
The relations (555)–(557) complete the proof of (511).
Let us prove (512). Using the integration order replacement, we get

Cj2j3j3j2j1j1 =
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=
1

2

T∫

t

φj2(t6)

t6∫

t

φj3(t5)

t5∫

t

φj3(t4)

t4∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2

dt3dt4dt5dt6 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj3(t4)

T∫

t4

φj3(t5)

T∫

t5

φj2(t6)dt6dt5dt4dt3 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj3(t5)

T∫

t5

φj2(t6)dt6

t5∫

t3

φj3 (t4)dt4dt5dt3 =

=
1

2

T∫

t

φj2 (t3)





t3∫

t

φj1(t1)dt1





2 T∫

t3

φj3 (t5)





T∫

t5

φj2(t6)dt6









t5∫

t

φj3 (t4)dt4



 dt5dt3−

(558) −1

2

T∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2



t3∫

t

φj3(t4)dt4





T∫

t3

φj3(t5)





T∫

t5

φj2 (t6)dt6



 dt5dt3.

Applying (354) and (361), we obtain

−
∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j2j1j1 = −
∞∑

j1=p+1

∞∑

j3=p+1

∞∑

j2=p+1

Cj2j3j3j2j1j1 =

=

p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj2j3j3j2j1j1 =

=
1

2

p
∑

j2=0

∞∑

j1=p+1

Cj2j3j3j2j1j1

∣
∣
∣
∣
(j3j3)y(·)

−
p
∑

j2=0

p
∑

j3=0

∞∑

j1=p+1

Cj2j3j3j2j1j1 =

=
1

2

p
∑

j2=0

∞∑

j1=p+1

Cj2j3j3j2j1j1

∣
∣
∣
∣
(j3j3)y(·)

−
∞∑

j1=p+1

C0000j1j1−

−
p
∑

j3=1

∞∑

j1=p+1

C0j3j30j1j1 −
p
∑

j2=1

∞∑

j1=p+1

Cj200j2j1j1−

(559) −
p
∑

j2=1

p
∑

j3=1

∞∑

j1=p+1

Cj2j3j3j2j1j1 .

The equality

(560) lim
p→∞

1

2

p
∑

j2=0

∞∑

j1=p+1

Cj2j3j3j2j1j1

∣
∣
∣
∣
(j3j3)y(·)

= 0
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follows from the inequality similar to (446) (see the proof of Theorem 24), where we used the following
representation

Cj2j3j3j2j1j1

∣
∣
∣
∣
(j3j3)y(·)

=

=

T∫

t

φj2 (t6)

t6∫

t

t4∫

t

φj2(t3)

t3∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4dt6 =

=

T∫

t

φj2 (t6)

t6∫

t

φj2 (t3)

t3∫

t

φj1 (t2)

t2∫

t

φj1 (t1)dt1dt2

t6∫

t3

dt4dt3dt6 =

+

T∫

t

φj2(t6)(t6 − t)

t6∫

t

φj2 (t3)

t3∫

t

φj1 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3dt6+

+

T∫

t

φj2(t6)

t6∫

t

φj2 (t3)(t− t3)

t3∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt6
def
=

(561)
def
= C∗

j2j2j1j1 + C∗∗
j2j2j1j1 .

Applying the estimates (534) and (406) (ε = 1/2) to (558) gives the following estimates

(562) |Cj2j3j3j2j1j1 | ≤
K

j21j2j
3/4
3

(j1, j2, j3 > 0),

(563) |Cj200j2j1j1 | ≤
K

j21j2
(j1, j2 > 0),

(564) |C0j3j30j1j1 | ≤
K

j21j3
(j1, j3 > 0),

(565) |C0000j1j1 | ≤
K

j21
(j1 > 0).

Using the estimate (562), we have

∣
∣
∣
∣
∣
∣

p
∑

j2=1

p
∑

j3=1

∞∑

j1=p+1

Cj2j3j3j2j1j1

∣
∣
∣
∣
∣
∣

≤ K

∞∑

j1=p+1

1

j21

p
∑

j2=1

1

j2

p
∑

j3=1

1

j
3/4
3

≤

(566) ≤ K

∞∫

p

dx

x2



1 +

p∫

1

dx

x







1 +

p∫

1

dx

x3/4



 ≤ K1
1 + lnp

p3/4
→ 0

if p→ ∞, where constants K,K1 do not depend on p.
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Similarly we get (see (563)–(565))

(567)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

C0000j1j1

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣

p
∑

j3=1

∞∑

j1=p+1

C0j3j30j1j1

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣

p
∑

j2=1

∞∑

j1=p+1

Cj200j2j1j1

∣
∣
∣
∣
∣
∣

→ 0

if p→ ∞.
The relations (559), (560), (566), (567) prove (512).
Consider (513). Using the integration order replacement, we get

Cj3j2j3j2j1j1 =

=
1

2

T∫

t

φj3(t6)

t6∫

t

φj2(t5)

t5∫

t

φj3(t4)

t4∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2

dt3dt4dt5dt6 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj3(t4)

T∫

t4

φj2(t5)

T∫

t5

φj3(t6)dt6dt5dt4dt3 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj2(t5)

T∫

t5

φj3(t6)dt6

t5∫

t3

φj3 (t4)dt4dt5dt3 =

=
1

2

T∫

t

φj2 (t3)





t3∫

t

φj1(t1)dt1





2 T∫

t3

φj2 (t5)





t5∫

t

φj3(t4)dt4









T∫

t5

φj3 (t6)dt6



 dt5dt3−

(568) −1

2

T∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2



t3∫

t

φj3(t4)dt4





T∫

t3

φj2(t5)





T∫

t5

φj3 (t6)dt6



 dt5dt3.

Applying (354), we obtain

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j3j2j1j1 =
∞∑

j1=p+1

∞∑

j3=p+1

∞∑

j2=p+1

Cj3j2j3j2j1j1 =

(569) = −
p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j2j3j2j1j1 .

Further proof of the equality (513) is based on the relations (568), (569) and is similar to the proof
of the formula (512).

Let us prove (514). Applying the integration order replacement, we obtain

Cj3j3j2j1j2j1 =
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=

T∫

t

φj3 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj2 (t4)

t4∫

t

φj1 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3dt4dt5dt6 =

=

T∫

t

φj1 (t1)

T∫

t1

φj2 (t2)

T∫

t2

φj1 (t3)

T∫

t3

φj2 (t4)

T∫

t4

φj3 (t5)

T∫

t5

φj3 (t6)dt6dt5dt4dt3dt2dt1 =

=
1

2

T∫

t

φj1(t1)

T∫

t1

φj2(t2)

T∫

t2

φj1(t3)

T∫

t3

φj2(t4)





T∫

t4

φj3(t5)dt5





2

dt4dt3dt2dt1 =

=
1

2

T∫

t

φj2(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj1(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=
1

2

T∫

t

φj2(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1

t4∫

t2

φj1 (t3)dt3dt2dt4 =

=
1

2

T∫

t

φj2 (t4)





T∫

t4

φj3(t5)dt5





2



t4∫

t

φj1(t3)dt3





t4∫

t

φj2(t2)





t2∫

t

φj1 (t1)dt1



 dt2dt4−

(570) −1

2

T∫

t

φj2(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj2(t2)





t2∫

t

φj1 (t1)dt1





2

dt2dt4.

Using (354), we get

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j1j2j1 =
∞∑

j1=p+1

∞∑

j3=p+1

∞∑

j2=p+1

Cj3j3j2j1j2j1 =

(571) = −
p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j1j2j1 .

Further proof of the equality (514) is based on the relations (570), (571) and is similar to the proof
of the relations (512), (513).

Consider (515). Using the integration order replacement, we have

Cj3j3j1j2j2j1 =

=

T∫

t

φj3 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj1 (t4)

t4∫

t

φj2 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3dt4dt5dt6 =
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=

T∫

t

φj1 (t1)

T∫

t1

φj2 (t2)

T∫

t2

φj2 (t3)

T∫

t3

φj1 (t4)

T∫

t4

φj3 (t5)

T∫

t5

φj3 (t6)dt6dt5dt4dt3dt2dt1 =

=
1

2

T∫

t

φj1(t1)

T∫

t1

φj2(t2)

T∫

t2

φj2(t3)

T∫

t3

φj1(t4)





T∫

t4

φj3(t5)dt5





2

dt4dt3dt2dt1 =

=
1

2

T∫

t

φj1(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj2(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=
1

2

T∫

t

φj1(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1

t4∫

t2

φj2 (t3)dt3dt2dt4 =

=
1

2

T∫

t

φj1 (t4)





T∫

t4

φj3(t5)dt5





2



t4∫

t

φj2(t3)dt3





t4∫

t

φj2(t2)





t2∫

t

φj1 (t1)dt1



 dt2dt4−

(572) −1

2

T∫

t

φj1(t4)





T∫

t4

φj3(t5)dt5





2 t4∫

t

φj2(t2)





t2∫

t

φj1(t1)dt1









t2∫

t

φj2 (t3)dt3



 dt2dt4.

Applying (354) and (361), we obtain

−
∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j1j2j2j1 = −
∞∑

j2=p+1

∞∑

j3=p+1

∞∑

j1=p+1

Cj2j3j1j2j2j1 =

=

p
∑

j1=0

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j1j2j2j1 =

p
∑

j1=0

∞∑

j3=p+1

∞∑

j2=p+1

Cj2j3j1j2j2j1 =

(573) =
1

2

p
∑

j1=0

∞∑

j3=p+1

Cj3j3j1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

−
p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

Cj3j3j1j2j2j1 .

The equality

(574) lim
p→∞

1

2

p
∑

j1=0

∞∑

j3=p+1

Cj3j3j1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

= 0

follows from the inequality (446), where we proceed similarly to the proof of equality (560) (see (561)).
The relation

(575) lim
p→∞

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

Cj3j3j1j2j2j1 = 0

497



EXPANSIONS OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 193

is proved on the basis of (572) and similarly with the proof of (512). The equalities (573)–(575) prove
(515).

Let us prove (516). Using (354) and (361), we get

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j1j3j3j2j1 =

∞∑

j3=p+1

p
∑

j1,j2=0

Cj2j1j3j3j2j1 =

(576) =
1

2

p
∑

j1,j2=0

Cj2j1j3j3j2j1

∣
∣
∣
∣
(j3j3)y(·)

−
p
∑

j1,j2,j3=0

Cj2j1j3j3j2j1 .

Using the equality (418) we have

(577) lim
p→∞

1

2

p
∑

j1,j2=0

Cj2j1j3j3j2j1

∣
∣
∣
∣
(j3j3)y(·)

= 0,

where we proceed similarly to the proof of equality (560) (see (561)).
Further, we will prove the following relation

(578) lim
p→∞

p
∑

j1,j2,j3=0

Cj2j1j3j3j2j1 = 0

using the equality (521). From (521) we have

p
∑

j1,j2,j3=0

Cj2j1j3j3j2j1 =
1

2

p
∑

j1,j2,j3=0

(

Cj2j1j3j3j2j1 + Cj1j2j3j3j1j2

)

=

=
1

2

p
∑

j1,j2,j3=0

(

Cj2Cj1j3j3j2j1 − Cj1j2Cj3j3j2j1 + Cj3j1j2Cj3j2j1−

−Cj3j3j1j2Cj2j1 + Cj2j3j3j1j2Cj1

)

=

=

p
∑

j1,j2,j3=0

(

Cj2j3j3j1j2Cj1 − Cj3j3j1j2Cj2j1

)

+

(579) +
1

2

p
∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1 .

The generalized Parseval equality gives (by analogy with (527))

(580) lim
p→∞

1

2

p
∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1 = 0.
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Let us prove the following equality

(581) lim
p→∞

p
∑

j1,j2,j3=0

(

Cj2j3j3j1j2Cj1 − Cj3j3j1j2Cj2j1

)

= 0.

The relation

(582) lim
p→∞

p
∑

j1,j2,j3=0

Cj2j3j3j1j2Cj1 = 0

is proved by the same methods as in the proof of equality (506) and also using Theorem 24 and (361).
Further, we have (see (361))

(583)

p
∑

j3=0

Cj3j3j1j2 =
1

2
Cj3j3j1j2

∣
∣
∣
∣
(j3j3)y(·)

−
∞∑

j3=p+1

Cj3j3j1j2 .

Moreover,

Cj3j3j1j2

∣
∣
∣
∣
(j3j3)y(·)

=

T∫

t

t3∫

t

φj1(t2)

t2∫

t

φj2(t1)dt1dt2dt3 =

=

T∫

t

φj1(t2)

t2∫

t

φj2(t1)dt1

T∫

t2

dt3dt2 =

T∫

t

(T − t2)φj1 (t2)

t2∫

t

φj2 (t1)dt1dt2 =

=

T∫

t

φj2(t1)

T∫

t1

(T − t2)φj1 (t2)dt2dt1 =

T∫

t

φj2(t2)

T∫

t2

(T − t1)φj1 (t1)dt1dt2 =

(584) =

∫

[t,T ]2

(T − t1)1{t2<t1}φj1(t1)φj2 (t2)dt1dt2
def
= C̃j2j1 .

Using (583), (584), and the generalized Parseval equality, we obtain

lim
p→∞

p
∑

j1,j2,j3=0

Cj3j3j1j2Cj2j1 =
1

2
lim
p→∞

p
∑

j1,j2=0

Cj2j1C̃j2j1−

(585) − lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j3j1j2Cj2j1 = − lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j3j1j2Cj2j1 .

We have (see (545))

(586) Cj3j3j1j2 =
1

2

T∫

t

φj2(t1)

T∫

t1

φj1(t2)





T∫

t2

φj3 (t3)dt3





2

dt2dt1.
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By analogy with (535) and also using (586), we get

(587) lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j3j1j2Cj2j1 = 0.

Combining (585) and (587), we obtain

(588) lim
p→∞

p
∑

j1,j2,j3=0

Cj3j3j1j2Cj2j1 = 0.

The relation (581) follows from (582) and (588). From (579)–(581) we get (578). The equalities
(576)–(578) complete the proof of (516).

For the proof of (517)–(520) we will use a new idea. More precisely, we will consider the sums of
expressions (517)–(520) with the expressions already studied throughout this proof.

Let us begin from (517). Applying the integration order replacement, we obtain

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2 =

=

T∫

t

φj3 (t6)

t6∫

t

φj1 (t5)

t5∫

t

φj2 (t4)

t4∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3dt4dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj1(t5)

t5∫

t

φj3(t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





t5∫

t3

φj2 (t4)dt4dt3dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj1(t5)





t5∫

t

φj2(t4)dt4





t5∫

t

φj3(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1



 dt3dt5dt6−

−
T∫

t

φj3 (t6)

t6∫

t

φj1 (t5)

t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2





2



t3∫

t

φj1(t1)dt1



 dt3dt5dt6 =

=

T∫

t

φj1 (t5)





t5∫

t

φj2 (t4)dt4





t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3





T∫

t5

φj3 (t6)dt6



 dt5−

(589) −
T∫

t

φj1 (t5)

t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2





2



t3∫

t

φj1(t1)dt1



 dt3





T∫

t5

φj3(t6)dt6



 dt5.

Using (354), we get
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∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2

)

=

(590) =

p
∑

j1=0

p
∑

j3=0

∞∑

j2=p+1

(

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2

)

.

Further, by analogy with the proof of equality (512) and using (589), we obtain

(591) lim
p→∞

p
∑

j1=0

p
∑

j3=0

∞∑

j2=p+1

(

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2

)

= 0.

From (590) and (591) we get

(592) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2

)

= 0.

Moreover (see (506)),

(593) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j2j3j1j2 = 0.

Combining (592) and (593), we have

lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j2j3j2j1 = 0.

The equality (517) is proved.
Consider (518). Using the integration order replacement, we have

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2 =

=

T∫

t

φj2 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj1 (t4)

t4∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3dt4dt5dt6 =

=

T∫

t

φj2(t6)

t6∫

t

φj3(t5)

t5∫

t

φj3(t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





t5∫

t3

φj1 (t4)dt4dt3dt5dt6 =

=

T∫

t

φj2(t6)

t6∫

t

φj3(t5)





t5∫

t

φj1(t4)dt4





t5∫

t

φj3(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1



 dt3dt5dt6−
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−
T∫

t

φj2 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





2

dt3dt5dt6 =

=

T∫

t

φj3 (t5)





t5∫

t

φj1 (t4)dt4





t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3





T∫

t5

φj2 (t6)dt6



 dt5−

(594) −
T∫

t

φj3 (t5)

t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1(t1)dt1





2

dt3





T∫

t5

φj2(t6)dt6



 dt5.

Using (354), we obtain

−
∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2

)

=

(595) =

p
∑

j3=0

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2

)

.

By analogy with the proof of (512) and applying (594), we get

(596) lim
p→∞

p
∑

j3=0

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2

)

= 0.

From (595) and (596) we have

(597) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2

)

= 0.

Moreover (see (507)),

(598) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j1j3j1j2 = 0.

Combining (597) and (598), we finally obtain

lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j1j3j2j1 = 0.

The equality (518) is proved.
Now consider (519). Using the integration order replacement, we obtain

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2 =
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=

T∫

t

φj3 (t6)

t6∫

t

φj1 (t5)

t5∫

t

φj3 (t4)

t4∫

t

φj2 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3dt4dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj1(t5)

t5∫

t

φj2(t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





t5∫

t3

φj3 (t4)dt4dt3dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj1(t5)





t5∫

t

φj3(t4)dt4





t5∫

t

φj2(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1



 dt3dt5dt6−

−
T∫

t

φj3(t6)

t6∫

t

φj1(t5)

t5∫

t

φj2(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1 (t1)dt1









t3∫

t

φj3(t4)dt4



 dt3dt5dt6 =

=

T∫

t

φj1 (t5)





t5∫

t

φj3 (t4)dt4





t5∫

t

φj2 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3





T∫

t5

φj3 (t6)dt6



 dt5−

(599)

−
T∫

t

φj1(t5)

t5∫

t

φj2(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1









t3∫

t

φj3(t4)dt4



 dt3





T∫

t5

φj3(t6)dt6



 dt5.

Applying (354) and (361), we obtain

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

=

= −
p
∑

j1=0

∞∑

j3=p+1

∞∑

j2=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

=

=

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

−

(600) −1

2

p
∑

j1=0

∞∑

j3=p+1

Cj3j1j3j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

.

The equality

(601) lim
p→∞

1

2

p
∑

j1=0

∞∑

j3=p+1

Cj3j1j3j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

= 0
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follows from the equality (418), where we proceed similarly to the proof of equality (560) (see (561)).
By analogy with the proof of (512) and applying (599), we get

(602) lim
p→∞

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

= 0.

From (600)–(602) we have

(603) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

= 0.

Moreover (see (508)),

(604) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j3j2j1j2 = 0.

Combining (603) and (604), we finally obtain

lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j3j2j2j1 = 0.

The equality (519) is proved.
Finally consider (520). Using the integration order replacement, we have

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2 =

=

T∫

t

φj2 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj3 (t4)

t4∫

t

φj1 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3dt4dt5dt6 =

=

T∫

t

φj2(t6)

t6∫

t

φj3(t5)

t5∫

t

φj1(t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





t5∫

t3

φj3 (t4)dt4dt3dt5dt6 =

=

T∫

t

φj2(t6)

t6∫

t

φj3(t5)





t5∫

t

φj3(t4)dt4





t5∫

t

φj1(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1



 dt3dt5dt6−

−
T∫

t

φj2(t6)

t6∫

t

φj3(t5)

t5∫

t

φj1(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1 (t1)dt1









t3∫

t

φj3(t4)dt4



 dt3dt5dt6 =

=

T∫

t

φj3 (t5)





t5∫

t

φj3 (t4)dt4





t5∫

t

φj1 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3





T∫

t5

φj2 (t6)dt6



 dt5−
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(605)

−
T∫

t

φj3(t5)

t5∫

t

φj1(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1









t3∫

t

φj3(t4)dt4



 dt3





T∫

t5

φj2(t6)dt6



 dt5.

Using (354) and (361), we get

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

=

=
1

2

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j3j1j2j1

∣
∣
∣
∣
(j3j3)y(·)

+ Cj2j3j3j1j1j2

∣
∣
∣
∣
(j3j3)y(·)

)

−

−
p
∑

j3=0

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

=

=
1

2

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j3j1j2j1

∣
∣
∣
∣
(j3j3)y(·)

+ Cj2j3j3j1j1j2

∣
∣
∣
∣
(j3j3)y(·)

)

+

+

p
∑

j1=0

p
∑

j3=0

∞∑

j2=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

−

(606) −1

2

p
∑

j3=0

∞∑

j2=p+1

Cj2j3j3j1j1j2

∣
∣
∣
∣
(j1j1)y(·)

.

The equalities

(607) lim
p→∞

1

2

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j3j1j2j1

∣
∣
∣
∣
(j3j3)y(·)

+ Cj2j3j3j1j1j2

∣
∣
∣
∣
(j3j3)y(·)

)

= 0,

lim
p→∞

1

2

p
∑

j3=0

∞∑

j2=p+1

Cj2j3j3j1j1j2

∣
∣
∣
∣
(j1j1)y(·)

=

= lim
p→∞

1

4

∞∑

j2=p+1

Cj2j3j3j1j1j2

∣
∣
∣
∣
(j1j1)y(·)(j3j3)y(·)

−

(608) − lim
p→∞

1

2

∞∑

j3=p+1

∞∑

j2=p+1

Cj2j3j3j1j1j2

∣
∣
∣
∣
(j1j1)y(·)

= 0

follows from the equalities (418), (419), where we used the same technique as in (561). When proving
(608), we also applied (361) and (43).

By analogy with the proof of (512) and applying (605), we obtain
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(609) lim
p→∞

p
∑

j1=0

p
∑

j3=0

∞∑

j2=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

= 0.

From (606)–(609) we have

(610) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

= 0.

Furthermore (see (510)),

(611) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j1j1j2 = 0.

Combining (610) and (611), we finally obtain

lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j1j2j1 = 0.

The equality (520) is proved. Theorem 30 is proved.

20. Generalization of Theorem 23. The Case p1, p2, p3 → ∞ and Continuously
Differetiable Weight Functions (The Cases of Legendre Polynomials and

Trigonometric Functions)

This section is devoted to the following theorem.

Theorem 31 [26], [34], [72]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ), ψ3(τ)
are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich

stochastic integral of third multiplicity

J∗[ψ(3)]
(i1i2i3)
T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3

the following expansion

(612) J∗[ψ(3)]
(i1i2i3)
T,t = l.i.m.

p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that converges in the mean-square sense is valid, where i1, i2, i3 = 0, 1, . . . ,m,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3
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and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. Let us consider the case of Legendre polynomials (the trigonometric case is simpler and
can be considered similarly). Applying (348), we obtain

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

= J ′[Kp1p2p3 ]
(i1i2i3)
T,t +

+1{i1=i2 6=0}

p3∑

j3=0

min{p1,p2}∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t +

+1{i2=i3 6=0}

p1∑

j1=0

min{p2,p3}∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t +

(613) +1{i1=i3 6=0}

p2∑

j2=0

min{p1,p3}∑

j1=0

Cj1j2j1J
′[φj2 ]

(i2)
T,t

w. p. 1, where notations are the same as in (348).
Using Theorem 19 (see (321) for the case k = 3), Theorem 1 (see (333)) as well as (366) (see the

derivation of (366)) and (361), we get

J∗[ψ(3)]
(i1i2i3)
T,t = J [ψ(3)]

(i1i2i3)
T,t +

1

2
1{i1=i2 6=0}

T∫

t

ψ3(t3)

t3∫

t

ψ2(t2)ψ1(t2)dt2dw
(i3)
t3 +

+
1

2
1{i2=i3 6=0}

T∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)dw
(i1)
t1 dt3 =

= J [ψ(3)]
(i1i2i3)
T,t +

1

2
J [ψ(3)]1T,t +

1

2
J [ψ(3)]2T,t =

= l.i.m.
p1,p2,p3→∞

J ′[Kp1p2p3 ]
(i1i2i3)
T,t +

+1{i1=i2 6=0} l.i.m.
p3→∞

1

2

p3∑

j3=0

Cj3j2j1

∣
∣
∣
∣
(j2j1)y(·),j1=j2

J ′[φj3 ]
(i3)
T,t +

+1{i2=i3 6=0} l.i.m.
p1→∞

1

2

p1∑

j1=0

Cj3j2j1

∣
∣
∣
∣
(j3j2)y(·),j2=j3

J ′[φj1 ]
(i1)
T,t =
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= l.i.m.
p1,p2,p3→∞

J ′[Kp1p2p3 ]
(i1i2i3)
T,t +

+1{i1=i2 6=0} l.i.m.
p3→∞

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t +

(614) +1{i2=i3 6=0} l.i.m.
p1→∞

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

w. p. 1.
Using (613), (614) and the elementary inequality

(a+ b+ c+ d)2 ≤ 4
(
a2 + b2 + c2 + d2

)
,

we obtain

M









J∗[ψ(3)]
(i1i2i3)
T,t −

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤

≤ 4M

{(

J [ψ(3)]
(i1i2i3)
T,t − J ′[Kp1p2p3 ]

(i1i2i3)
T,t

)2
}

+

+4 · 1{i1=i2 6=0}×

×M









 l.i.m.
p3→∞

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

min{p1,p2}∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t





2






+

+4 · 1{i2=i3 6=0}×

×M









 l.i.m.
p1→∞

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

min{p2,p3}∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t





2






+

+4 · 1{i1=i3 6=0}M











p2∑

j2=0

min{p1,p3}∑

j1=0

Cj1j2j1J
′[φj2 ]

(i2)
T,t





2






=

(615) = 4Ap1p2p3 + 4 · 1{i1=i2 6=0}Bp1p2p3 + 4 · 1{i2=i3 6=0}Cp1p2p3 + 4 · 1{i1=i3 6=0}Dp1p2p3 .

Theorem 1 gives (see (333))
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(616) lim
p1,p2,p3→∞

Ap1p2p3 = 0.

Further, in complete analogy with (410) and using (354), we obtain

Dp1p2p3 =

p2∑

j2=0





min{p1,p3}∑

j1=0

Cj1j2j1





2

=

p2∑

j2=0





∞∑

j1=min{p1,p3}+1

Cj1j2j1





2

≤

(617) ≤
∞∑

j2=0





∞∑

j1=min{p1,p3}+1

Cj1j2j1





2

≤ K

(min{p1, p3})2−ε → 0

if p1, p2, p3 → ∞, where ε is an arbitrary small positive real number, constant K is independent of p.
We have

Bp1p2p3 = M







((

l.i.m.
p3→∞

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t

)

+

+

(
p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

min{p1,p2}∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t

))2





≤

(618) ≤ 2Ep3 + 2Fp1p2p3 ,

where

Ep3 = M







(

l.i.m.
p3→∞

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t

)2





,

Fp1p2p3 = M







(
p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

min{p1,p2}∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t

)2





=

= M







(
p3∑

j3=0

∞∑

j1=min{p1,p2}+1

Cj3j1j1J
′[φj3 ]

(i3)
T,t

)2





=

(619) =

p3∑

j3=0

(
∞∑

j1=min{p1,p2}+1

Cj3j1j1

)2

.

By analogy with (397) we get
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p3∑

j3=0

(
∞∑

j1=min{p1,p2}+1

Cj3j1j1

)2

≤
∞∑

j3=0

(
∞∑

j1=min{p1,p2}+1

Cj3j1j1

)2

≤

(620) ≤ K

(min{p1, p2})2
→ 0

if p1, p2, p3 → ∞, where constant K does not depend on p.
Moreover,

(621) lim
p3→∞

Ep3 = lim
p1,p2,p3→∞

Ep3 = 0.

Combining (618)–(621), we obtain

(622) lim
p1,p2,p3→∞

Bp1p2p3 = 0.

Consider Cp1p2p3 . We have

Cp1p2p3 = M







((

l.i.m.
p1→∞

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

)

+

+

(
p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

min{p2,p3}∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

))2





≤

(623) ≤ 2Gp1 + 2Hp1p2p3 ,

where

Gp1 = M







(

l.i.m.
p1→∞

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

)2





,

Hp1p2p3 = M







(
p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

min{p2,p3}∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

)2





=

= M







(
p1∑

j1=0

∞∑

j3=min{p2,p3}+1

Cj3j3j1J
′[φj1 ]

(i1)
T,t

)2





=

(624) =

p1∑

j1=0

(
∞∑

j3=min{p2,p3}+1

Cj3j3j1

)2

.
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By analogy with (401) we get

p1∑

j1=0

(
∞∑

j3=min{p2,p3}+1

Cj3j3j1

)2

≤
∞∑

j1=0

(
∞∑

j3=min{p2,p3}+1

Cj3j3j1

)2

≤

(625) ≤ K

(min{p2, p3})2
→ 0

if p1, p2, p3 → ∞, where constant K does not depend on p.
Moreover,

(626) lim
p1→∞

Gp1 = lim
p1,p2,p3→∞

Gp1 = 0.

Combining (623)–(626), we obtain

(627) lim
p1,p2,p3→∞

Cp1p2p3 = 0.

The relations (615)–(617), (622), (627) complete the proof of Theorem 31. Theorem 31 is proved.

21. Modification of Condition 3 of Theorem 20 Using Parseval’s Equality

First, note that (see the proof of Theorem 20 and (377))

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk ...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =

= l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =

= l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,...,jg

2r−1
= jg

2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)

×
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×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t +

+l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

1

2r
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}

r∏

s=1

1{g2s=g2s−1+1}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =

= l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,...,jg

2r−1
= jg

2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t +

(628) +
1

2r

r∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]sr ,...,s1T,t w. p. 1.

Using (628) and the condition (386), we obtain (378). This means that we get (380). Thus the
expansion (331) is proved.

Analyzing the proof of Theorems 20, 19 and taking into account the above arguments, it is easy
to see that the following theorem is true.

Theorem 32 [26], [34], [72]. Assume that the continuous functions ψ1(τ), . . . , ψk(τ) at the interval

[t, T ] and the complete orthonormal system {φj(x)}∞j=0 of functions (φ0(x) = 1/
√
T − t) in the space

L2([t, T ]) are such that the following condition

lim
p1,...,pk→∞

p1∑

j1=0

. . .

pq∑

jq=0

. . .

pk∑

jk=0

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

×

×
( min{pg1 ,pg2}∑

jg1=0

. . .

min{pg2r−1
,pg2r}∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(629) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

= 0
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is satisfied for all r = 1, 2, . . . , [k/2]. Then, for the iterated Stratonovich stochastic integral of arbitrary

multiplicity k

J∗[ψ(k)]
(i1...ik)
T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion

J∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient, l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Let us consider the special case k = 2 of Theorem 32 in more detail. In this case, the condition
(629) takes the following form (compare with (53))

(630)

∞∑

j1=0

Cj1j1 =
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1.

It is easy to see that the condition φ0(x) = 1/
√
T − t can be omitted in Theorems 32 for the case

k = 2 (see the proof of Theorem 20).
Summing up the above arguments, we obtain the following generalization of Theorem 2.

Theorem 33. Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions

in the space L2([t, T ]). Moreover, ψ1(τ), ψ2(τ) are continuous functions on [t, T ]. Then, for the iterated

Stratonovich stochastic integral

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 (i1, i2 = 1, . . . ,m)

the following expansion

J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2
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that converges in the mean-square sence is valid, where the notations are the same as in Theorem 2.

The condition of continuity of the functions ψ1(τ), ψ2(τ) is related to the definition [2] of the
Stratonovich stochastic integral that we use.

Theorem 33 can be generalized to the case ψ1(τ), ψ2(τ) ∈ L2([t, T ] if instead of the definition
from [2] we will use another definition of the Stratonovich stochastic integral (see [26] (Sect. 2.18,
Theorem 2.44) for details).

Let us make some remarks about the development of the approach based on Theorem 20 and
describe the algorithm of the verification of Condition 3 of Theorem 20. First, consider the case
k = 2n+ 1, n = 3, 4, . . . (k is the multiplicity of the iterated Stratonovich stochastic integral (330)).
Let Conditions 1 and 2 of Theorem 20 be satisfied. Consider the equality (385). The right-hand side
of (385) has the form

p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

.

Iterated application of the formulas (456), (457), (470) separately to the values

p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

and

1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

(g1, g2, . . . , g2r−1, g2r as in (315), r = 1, 2, . . . , [k/2], 2r < k) gives the following representation (see
(386))

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

≤

≤
∞∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

=
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=

∞∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r






∫

[t,T ]k−2r

Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)×

(631) ×
k∏

q=1
q 6=g1,g2,...,g2r−1,g2r

ψq(tq)φjq (tq) dt1 . . . dtg1−1dtg1+1 . . . dtg2r−1dtg2r+1 . . . dtk






2

,

where

Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk) =

=

4r∑

d=1

R̄(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)−

−
2r∑

d=1

R̃(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk) ∈ L2([t, T ]

k−2r)

and ∫

[t,T ]k−2r

Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)×

×
k∏

q=1
q 6=g1,g2,...,g2r−1,g2r

ψq(tq)φjq (tq) dt1 . . . dtg1−1dtg1+1 . . . dtg2r−1dtg2r+1 . . . dtk

is the Fourier coefficient of

R̂p(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk) =

= Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)

k∏

q=1
q 6=g1,g2,...,g2r−1,g2r

ψq(tq).

Also note that some of the functions

R̄(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)

and

R̃(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)

can be identically equal to zero.
Obviously, we could use another representation for the function
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(632) Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)

based on the left-hand side of the equality (385) and (456), (457), (470) (see Sect. 13, 16 for details).
In Sect. 16, we considered the function (632) in detail for the case k ≥ 5, r = 1.

Parseval’s equality gives

∞∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r






∫

[t,T ]k−2r

Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)×

×
k∏

q=1
q 6=g1,g2,...,g2r−1,g2r

ψq(tq)φjq (tq) dt1 . . . dtg1−1dtg1+1 . . . dtg2r−1dtg2r+1 . . . dtk






2

=

=

∫

[t,T ]k−2r

(

R̂p(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)
)2

×

×dt1 . . . dtg1−1dtg1+1 . . . dtg2r−1dtg2r+1 . . . dtk =

(633) =
∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
.

Combining (631) and (633), we obtain

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

≤

(634) ≤
∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
.

Assume that we have succeeded in proving the following equality

(635) lim
p→∞

∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
= 0.

Applying (634) and (635), we get (compare with (386))

516



212 D.F. KUZNETSOV

lim
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(636) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

= 0.

As noted in Sect. 13, Condition 3 of Theorem 20 can be replaced by a weaker condition (386) (or
(636)). Also Condition 3 of Theorem 20 can be replaced by (635). From (636) we obviously obtain

lim
p→∞

p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

(637) =
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

.

According to (385), the equality (637) will be satisfied if

(638) lim
p→∞

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

= 0,

where g1, g2, . . . , g2r−1, g2r as in (315), l1, l2, . . . , ld such that l1, l2, . . . , ld ∈ {1, 2, . . . , r}, l1 > l2 >
. . . > ld, d = 0, 1, 2, . . . , r − 1, r = 1, 2, . . . , [k/2],

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
= C̄

(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

for d = 0, where

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

, Sl

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

are defined by (325), (326), l = 1, 2, . . . , r (see Sect. 13 for details).
Let us make some remarks about the function (632) for the case k > 5, r = 2. In this case, using

the left-hand side of the equality (385) and (456), (457), (470), we represent the function (632) as the
sum of several functions. In particular, among these functions will be the following functions

Qp(t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tq−1, tq+1, . . . , tg−1, tg+1, . . . , tk) =

= 1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tq−1<tq+1<...<tg−1<tg+1<...<tk}×
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×
∞∑

jl=p+1

ts+1∫

t

ψs(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ×

(639) ×
∞∑

jq=p+1

tq+1∫

t

ψq(τ)φjq (τ)dτ

tg−1∫

t

ψg(τ)φjq (τ)dτ,

Q̄p(t1, . . . , tl−2, tl+3, . . . , tk) = 1{t1<...<tl−2<tl+3<...<tk}×

×
∞∑

jl=p+1





tl−2∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

(640) ×
∞∑

jq=p+1





tl−2∫

t

ψl+1(θ)φjq (θ)

θ∫

t

ψl+2(u)φjq (u)dudθ



 ,

Q̃p(t1, . . . , tl−2, tl+3, . . . , tk) = 1{t1<...<tl−2<tl+3<...<tk}×

×
∞∑

jl=p+1

∞∑

jq=p+1

tl+3∫

t

ψl+1(τ)φjq (τ)





τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

(641) ×
τ∫

t

ψl+2(u)φjq (u)dudτ,

Q̂p(t1, . . . , tl−1, tl+2, . . . , tq−1, tq+2, . . . , tk) =

= 1{t1<...<tl−1<tl+2<...<tq−1<tq+2<...<tk}×

×
∞∑

jl=p+1

∞∑

jl+1=p+1





tl+2∫

t

ψl+1(θ)φjl+1
(θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

(642) ×





tq+2∫

t

ψq+1(θ)φjl+1
(θ)

θ∫

t

ψq(u)φjl(u)dudθ



 .

Note that the pairs (g1, g2), (g3, g4) for the functions (640) and (641) have the property: g2 = g1+1,
g4 = g3 + 1, g3 = g2 + 1. At the same time, the pairs (g1, g2), (g3, g4) for the function (639) have the
following property: g2 > g1 + 1, g4 > g3 + 1, g3 ≥ g2 + 1. For the function (642), the pairs (g1, g2),
(g3, g4) chosen as follows: g2 > g1 + 1, g4 > g3 + 1, g4 = g2 + 1, g3 = g1 + 1. Generally speaking, all
possible pairs (g1, g2), (g3, g4) must be considered. We consider the functions (639)–(642) only as an
example.
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Suppose that s+1 = l− 1, l+1 = q− 1, q+1 = g− 1 in (639). Let us show that (we consider the
case of Legendre polynomials; the trigonometric case is simpler and can be considered similarly)

(643) lim
p→∞

∥
∥Qp

∥
∥
2

L2([t,T ]k−4)
= 0,

(644) lim
p→∞

∥
∥Q̄p

∥
∥
2

L2([t,T ]k−4)
= 0,

(645) lim
p→∞

∥
∥Q̃p

∥
∥
2

L2([t,T ]k−4)
= 0,

(646) lim
p→∞

∥
∥Q̂p

∥
∥
2

L2([t,T ]k−4)
= 0.

First consider the proof of (643). We have (s+ 1 = l − 1, l + 1 = q − 1, q + 1 = g − 1)

(Qp(t1, . . . , tl−3, tl−1, tl+1, tl+3, tl+5, . . . , tk))
2
=

= 1{t1<...<tl−3<tl−1<tl+1<tl+3<tl+5<...<tk}×

×





∞∑

jl=p+1

tl−1∫

t

ψl−2(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ×

(647) ×
∞∑

jq=p+1

tl+3∫

t

ψl+2(τ)φjq (τ)dτ

tl+3∫

t

ψl+4(τ)φjq (τ)dτ





2

.

Using the estimate (406), we obtain

(648)

∣
∣
∣
∣
∣
∣

s∫

t

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
K

j1−ε/2(1− z2(s))1/4−ε/4
,

where j ∈ N, s ∈ (t, T ), z(s) is defined by (26), ε ∈ (0, 1), constant K does not depend on j,
{φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials in the space L2([t, T ]), ψ(τ)

is a continuously differentiable nonrandom function on [t, T ].
Applying (648) and (409) (we take ε instead of ε/2 in (409)), we get





∞∑

jl=p+1

tl−1∫

t

ψl−2(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ×

×
∞∑

jq=p+1

tl+3∫

t

ψl+2(τ)φjq (τ)dτ

tl+3∫

t

ψl+4(τ)φjq (τ)dτ





2

≤
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(649) ≤ K1

p4(1−ε)(1− z2(tl−1))1−ε(1− z2(tl+3))1−ε
,

where tl−1, tl+3 ∈ (t, T ), constant K1 is independent of p. Combining (647) and (649), we have (643).
Let us prove (644). Applying the estimate (405) in (311) and taking into account the boundedness

of the functions ψ1(τ), ψ2(τ) and their derivatives, we obtain

∣
∣
∣
∣
∣
∣

n∑

j=m+1

Cjj(s)

∣
∣
∣
∣
∣
∣

≤ C1

(
1

n1−ε
+

1

m1−ε

) z(s)∫

−1

dx

(1− x2)
1/2−ε/2

+

+C2

n∑

j=m+1

1

j2−ε






z(s)∫

−1

dy

(1− y2)
1/2−ε/2

+
1

(1− z2(s))
1/4−ε/4

z(s)∫

−1

dy

(1− y2)
1/4−ε/4

+

(650) +

z(s)∫

−1

1

(1− y2)
1/4−ε/4

z(s)∫

y

dx

(1− x2)
1/4−ε/4

dy




 ,

where

Cjj(s) =

s∫

t

ψ2(τ)φj(τ)

τ∫

t

ψ1(θ)φj(θ)dθdτ,

s ∈ (t, T ), constants C1, C2 do not depend on n and m.
From (650) we have

(651)

∣
∣
∣
∣
∣
∣

∞∑

j=m+1

Cjj(s)

∣
∣
∣
∣
∣
∣

≤ K1

m1−ε
+K2

∞∑

j=m+1

1

j2−ε

(

1 +
1

(1− z2(s))
1/4−ε/4

)

,

where s ∈ (t, T ), constants K1,K2 do not depend on m.
Applying (409) (we take ε instead of ε/2 in (409)) in (651), we get

(652)

∣
∣
∣
∣
∣
∣

∞∑

j=m+1

Cjj(s)

∣
∣
∣
∣
∣
∣

≤ K

m1−ε (1− z2(s))
1/4−ε/4

,

where s ∈ (t, T ), constant K is independent of m.
Using the estimate (652), we obtain (see (640))

(
Q̄p(t1, . . . , tl−2, tl+3, . . . , tk)

)2
= 1{t1<...<tl−2<tl+3<...<tk}×

×





∞∑

jl=p+1





tl−2∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×
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×
∞∑

jq=p+1





tl−2∫

t

ψl+1(θ)φjq (θ)

θ∫

t

ψl+2(u)φjq (u)dudθ









2

≤

(653) ≤ K1

p4(1−ε)(1 − z2(tl−2))1−ε
,

where tl−2 ∈ (t, T ), constant K1 is independent of p. The inequality (653) completes the proof of
(644).

Let us prove (645). Applying (310) in (641), we get

(

Q̃p(t1, . . . , tl−2, tl+3, . . . , tk)
)2

≤

≤





∞∑

jl=p+1

∞∑

jq=p+1

tl+3∫

t

ψl+1(τ)φjq (τ)





τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

×
τ∫

t

ψl+2(u)φjq (u)dudτ





2

=

=




1

2

∞∑

jl=p+1

tl+3∫

t

ψl+1(τ)





τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



ψl+2(τ)dτ−

−
p
∑

jq=0

tl+3∫

t

ψl+1(τ)φjq (τ)

∞∑

jl=p+1





τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

×
τ∫

t

ψl+2(u)φjq (u)dudτ





2

=

(654) = (a− b)2 ≤ 2(|a|2 + |b|2).

Further, we have

(655) |a| ≤ 1

2

tl+3∫

t

|ψl+1(τ)|

∣
∣
∣
∣
∣
∣

∞∑

jl=p+1

τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl (u)dudθ

∣
∣
∣
∣
∣
∣

|ψl+2(τ)| dτ,

|b| ≤
p
∑

jq=0

tl+3∫

t

∣
∣ψl+1(τ)φjq (τ)

∣
∣

∣
∣
∣
∣
∣
∣

∞∑

jl=p+1

τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ

∣
∣
∣
∣
∣
∣

×
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(656) ×

∣
∣
∣
∣
∣
∣

τ∫

t

ψl+2(u)φjq (u)du

∣
∣
∣
∣
∣
∣

dτ.

Combining (652) and (655), we obtain

(657) |a| ≤ C

p1−ε
,

where constant C is independent of p.
Separating in (656) the term with the number jq = 0 and then applying (89), (87), (652), we obtain

|b| ≤ K

p1−ε





tl+3∫

t

dτ

(1− z2(τ))
1/2−ε/4

+

p
∑

jq=1

1

jq

tl+3∫

t

dτ

(1− z2(τ))
3/4−ε/4



 ≤

≤ K1

p1−ε



1 +

p
∑

jq=1

1

jq



 ≤ K1

p1−ε



2 +

p∫

1

dx

x



 =

(658) =
K1 (2 + lnp)

p1−ε
→ 0

if p→ ∞. The estimates (654), (657), (658) complete the proof of (645).
Finally, consider the proof of (646). Using the elementary inequality |ab| ≤ (a2 + b2)/2 and

Parseval’s equality, we have

(

Q̂p(t1, . . . , tl−1, tl+2, . . . , tq−1, tq+2, . . . , tk)
)2

≤

≤





∞∑

jl=p+1

∞∑

jl+1=p+1

∣
∣
∣
∣
∣
∣

tl+2∫

t

ψl+1(θ)φjl+1
(θ)

θ∫

t

ψl(u)φjl(u)dudθ

∣
∣
∣
∣
∣
∣

×

×

∣
∣
∣
∣
∣
∣

tq+2∫

t

ψq+1(θ)φjl+1
(θ)

θ∫

t

ψq(u)φjl (u)dudθ

∣
∣
∣
∣
∣
∣





2

≤

≤ 1

4






∞∑

jl=p+1

∞∑

jl+1=p+1





tl+2∫

t

ψl+1(θ)φjl+1
(θ)

θ∫

t

ψl(u)φjl(u)dudθ





2

+

+

∞∑

jl=p+1

∞∑

jl+1=p+1





tq+2∫

t

ψq+1(θ)φjl+1
(θ)

θ∫

t

ψq(u)φjl(u)dudθ





2





2

≤
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≤ 1

4






∞∑

jl=p+1

∞∑

jl+1=0





tl+2∫

t

ψl+1(θ)φjl+1
(θ)

θ∫

t

ψl(u)φjl(u)dudθ





2

+

+

∞∑

jl=p+1

∞∑

jl+1=0





tq+2∫

t

ψq+1(θ)φjl+1
(θ)

θ∫

t

ψq(u)φjl(u)dudθ





2





2

≤

≤ 1

4






∞∑

jl=p+1

tl+2∫

t

ψ2
l+1(θ)





θ∫

t

ψl(u)φjl (u)du





2

dθ+

(659) +

∞∑

jl=p+1

tq+2∫

t

ψ2
q+1(θ)





θ∫

t

ψq(u)φjl (u)du





2

dθ






2

.

From (659) and (31), (87) we obtain

(

Q̂p(t1, . . . , tl−1, tl+2, . . . , tq−1, tq+2, . . . , tk)
)2

≤

≤ K

p2
→ 0

if p→ ∞, where constant K does not depend on p. Thus the equalities (643)–(646) are proved.
Recall that the function (632) (this function is defined using the left-hand side of the equality (385))

for the case k > 5, r = 2 is represented as the sum of several functions. Four of them, namely Qp,

Q̄p, Q̃p, Q̂p (these functions correspond to the particular case of choosing the pairs (g1, g2), (g3, g4);
generally speaking, all possible pairs (g1, g2), (g3, g4) must be considered), have been studied above.
Absolutely similarly, we can consider the remaining functions (for all possible pairs (g1, g2), (g3, g4))
whose sum is the function (632) for the case k > 5, r = 2. As a result, we will have

lim
p→∞

∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
= 0 (k > 5, r = 2).

After that, we can go to the function (632) for the case k > 5, r = 3, 2r < k (this function is
defined using the left-hand side of the equality (385)) and follow the same steps as above. This will
lead us to the following equality

lim
p→∞

∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
= 0 (k > 5, r = 3, 2r < k).

Then we can move on to the next step and so on. As a result, we get the equality (635) (r =
1, 2, . . . , [k/2]). Thus the condition (386) is satisfied for the case k = 2n+ 1, n = 3, 4, . . . (recall that
the condition (386) is weaker than Condition 3 of Theorem 20 and the condition (386) can be used
in Theorem 20 instead of Condition 3).

For the case k = 2n, n = 3, 4, . . . we follow the above steps for r = 1, 2, . . . , [k/2]− 1 (2r ≤ k − 2).
For 2r = k we use the same technique as in the proof of the equalities (418)–(420). Recall that we
used (354), (361) and Parseval’s equality in the proof of (418)–(420).
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The obvious disadvantage of the proposed algorithm is the drastic increase of complexity of the
proof when moving from r = 1 to r = 2, r = 2 to r = 3 and so on.

The proofs of Theorems 24 and 25 contain a rather simple trick of passing from r = 1 to r = 2.
Unfortunately, this procedure cannot be applied already at the transition from r = 2 to r = 3.

Note that the case k = 6, r = 3 was successfully considered in Theorem 30 under the following
simplifying assumption: ψ1(τ), . . . , ψ6(τ) ≡ 1.

Nevertheless, the results obtained in this paper are quite sufficient for practical needs (see Chapters 4
and 5 [26] for details).
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functions to the numerical integration of Itô stochastic differential equations. [In English]. Computational
Mathematics and Mathematical Physics, 59, 8 (2019), 1236-1250.
DOI: http://doi.org/10.1134/S0965542519080116

[41] Kuznetsov D.F. Comparative analysis of the efficiency of application of Legendre polynomials and trigonometric
functions to the numerical integration of Ito stochastic differential equations. [In English]. arXiv:1901.02345
[math.GM], 2019, 40 pp.

[42] Kuznetsov D.F. Expansion of multiple Stratonovich stochastic integrals of second multiplicity based on
double Fourier-Legendre series summarized by Pringsheim method [In English]. Electronic Journal "Differential
Equations and Control Processes"ISSN 1817-2172 (online), 1 (2018), 1-34. Available at:
http://diffjournal.spbu.ru/EN/numbers/2018.1/article.1.1.html

[43] Kuznetsov D.F. Explicit one-step mumerical method with the strong convergence order of 2.5 for Ito stochastic
differential equations with a multi-dimensional nonadditive noise based on the Taylor-Stratonovich expansion.
Computational Mathematics and Mathematical Physics, 60, 3 (2020), 379-389.
DOI: http://doi.org/10.1134/S0965542520030100

[44] Kuznetsov D.F. Application of the method of approximation of iterated Ito stochastic integrals based on
generalized multiple Fourier series to the high-order strong numerical methods for non-commutative semilinear
stochastic partial differential equations. [In English]. arXiv:1905.03724 [math.GM], 2019, 41 pp.

[45] Kuznetsov M.D., Kuznetsov D.F. SDE-MATH: A software package for the implementation of strong high-
order numerical methods for Ito SDEs with multidimensional non-commutative noise based on multiple Fourier-
Legendre series. [In English]. Electronic Journal "Differential Equations and Control Processes"ISSN 1817-2172
(online), 1 (2021), 93-422. Available at:
http://diffjournal.spbu.ru/EN/numbers/2021.1/article.1.5.html

[46] Kuznetsov M.D., Kuznetsov D.F. Implementation of strong numerical methods of orders 0.5, 1.0, 1.5, 2.0, 2.5, and
3.0 for Ito SDEs with non-commutative noise based on the unified Taylor-Ito and Taylor-Stratonovich expansions
and multiple Fourier-Legendre series. [In English]. arXiv:2009.14011 [math.PR], 2020, 343 pp.

[47] Kuznetsov M.D., Kuznetsov D.F. Optimization of the mean-square approximation procedures for iterated Ito
stochastic integrals of multiplicities 1 to 5 from the unified Taylor-Ito expansion based on multiple Fourier-
Legendre series. [In English]. arXiv:2010.13564 [math.PR], 2020, 63 pp.

[48] Kuznetsov D.F., Kuznetsov M.D. Optimization of the mean-square approximation procedures for iterated Ito
stochastic integrals based on multiple Fourier-Legendre series. Journal of Physics: Conference Series. 2021, Vol.
1925, article id: 012010, 12 pp. DOI: http://doi.org/10.1088/1742-6596/1925/1/012010

[49] Kuznetsov D.F. Application of multiple Fourier-Legendre series to the implementation of strong exponential
Milstein and Wagner-Platen methods for non-commutative semilinear SPDEs. Proceedings of the XIII
International Conference on Applied Mathematics and Mechanics in the Aerospace Industry (AMMAI-2020).
MAI, Moscow, 2020, pp. 451-453. Available at: http://www.sde-kuznetsov.spb.ru/20e.pdf

[50] Kuznetsov D.F. A new approach to the series expansion of iterated Stratonovich stochastic integrals of arbitrary
multiplicity with respect to components of the multidimensional Wiener process. [In English]. Electronic
Journal "Differential Equations and Control Processes"ISSN 1817-2172 (online), 2 (2022), 83-186. Available at:
http://diffjournal.spbu.ru/EN/numbers/2022.2/article.1.6.html

526

http://arxiv.org/abs/1807.02190
http://arxiv.org/abs/1802.00643
http://arxiv.org/abs/1801.01079
http://arxiv.org/abs/1712.09746
http://arxiv.org/abs/1801.06501
http://doi.org/10.13108/2019-11-4-49
http://matem.anrb.ru/en/article?art_id=604
http://doi.org/10.1134/S0005117919050060
http://doi.org/10.1134/S0965542519080116
http://arxiv.org/abs/1901.02345
http://diffjournal.spbu.ru/EN/numbers/2018.1/article.1.1.html
http://doi.org/10.1134/S0965542520030100
http://arxiv.org/abs/1905.03724
http://diffjournal.spbu.ru/EN/numbers/2021.1/article.1.5.html
http://arxiv.org/abs/2009.14011
http://arxiv.org/abs/2010.13564
http://doi.org/10.1088/1742-6596/1925/1/012010
http://www.sde-kuznetsov.spb.ru/20e.pdf
http://diffjournal.spbu.ru/EN/numbers/2022.2/article.1.6.html


222 D.F. KUZNETSOV

[51] Kuznetsov D.F. A new proof of the expansion of iterated Ito stochastic integrals with respect to the components
of a multidimensional Wiener process based on generalized multiple Fourier series and Hermite polynomials. [In
English]. arXiv:2307.11006 [math.PR], 2023, 58 pp.

[52] Allen E. Approximation of triple stochastic integrals through region subdivision. Communications in Applied
Analysis (Special Tribute Issue to Professor V. Lakshmikantham), 17 (2013), 355-366.

[53] Kloeden P.E., Platen E., Wright I.W. The approximation of multiple stochastic integrals. Stochastic Analysis
and Applications, 10, 4 (1992), 431-441.

[54] Platen E., Bruti-Liberati N. Numerical Solution of Stochastic Differential Equations with Jumps in Finance.
Springer, Berlin-Heidelberg, 2010. 868 pp.

[55] Prigarin S.M., Belov S.M. On one application of the Wiener process decomposition into series. Preprint 1107.
Novosibirsk, Siberian Branch of the Russian Academy of Sciences, 1998, 16 pp. [In Russian].

[56] Wong E., Zakai M. On the convergence of ordinary integrals to stochastic integrals. Ann. Math. Stat., 5, 36
(1965), 1560-1564.
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Abstract. The article is devoted to the development of the method of expansion and

mean-square approximation of iterated Ito stochastic integrals based on generalized multiple

Fourier series converging in the mean. We adapt this method for iterated Stratonovich

stochastic integrals of multiplicity 3 from the Taylor–Stratonovich expansion. The main

result of the article has been derived using the triple Fourier–Legendre series and triple

trigonometric Fourier series for the general case of series summation. Some recent results

on the expansion of iterated Stratonovich stochastic integrals of multiplicities 3 to 6 are

given. The results of the article can be applied to the numerical integration of Ito stochastic

differential equations in accordance with the strong criterion of convergence.
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2 D.F. KUZNETSOV

1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let f t be a standard m-dimensional Wiener stochastic process, which

is Ft-measurable for any t ∈ [0, T ].We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito stochastic differential equation (SDE) in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying the equation (1). The non-random func-
tions a : Rn × [0, T ] → R

n, B : Rn × [0, T ] → R
n×m guarantee the existence and uniqueness up

to stochastic equivalence of a solution of (1) [1]. The second integral on the right-hand side of (1)
is interpreted as an Ito stochastic integral. Let x0 be an n-dimensional random variable, which is

F0-measurable and M{|x0|2} <∞ (M denotes a mathematical expectation). We assume that x0 and
ft − f0 are independent when t > 0.

It is well known that one of the effective approaches to the numerical integration of Ito SDEs is
an approach based on the Taylor–Ito and Taylor–Stratonovich expansions [2]-[5]. The most impor-
tant feature of such expansions is a presence in them of the so-called iterated Ito and Stratonovich
stochastic integrals, which play the key role for solving the problem of numerical integration of Ito
SDEs and have the following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

(3) J∗[ψ(k)]T,t =

∗T∫

t

ψk(tk) . . .

∗t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

where every ψl(τ) (l = 1, . . . , k) is a non-random function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ, and

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively; i1, . . . , ik = 0, 1, . . . ,m. In this paper
we use the definition of the Stratonovich stochastic integral from [2].

Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in [2]-[5]. At the same time
ψl(τ) ≡ (t− τ)ql (l = 1, . . . , k; q1, . . . , qk = 0, 1, 2, . . .) and i1, . . . , ik = 1, . . . ,m in [6]-[27].

The construction of effective expansions (that converge in the mean-square sense) for the iterated
Stratonovich stochastic integrals (3) of multiplicity 3 composes the subject of this article.

The problem of effective jointly numerical modeling (in accordance with the mean-square con-
vergence criterion) of iterated Ito and Stratonovich stochastic integrals (2) and (3) is difficult from
theoretical and computing point of view [2]-[61]. The only exception is connected with a narrow par-
ticular case, when i1 = . . . = ik 6= 0 and ψ1(τ), . . . , ψk(τ) ≡ ψ(τ). This case allows the investigation
with using the Ito formula [2]-[5].

Seems that iterated stochastic integrals can be approximated by multiple integral sums of different
types [3], [5], [58]. However, this approach implies partitioning of the integration interval [t, T ] of
iterated stochastic integrals (the length T − t of this interval is a rather small value, because it is the
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integration step of numerical methods for Ito SDEs) and according to numerical experiments this ad-
ditional partitioning leads to unacceptably high computational cost and accumulation of computation
errors [10].

In [3] (also see [2], [4], [5], [59], [60]) Milstein G.N. proposed to expand (2), (3) into iterated series
of products of standard Gaussian random variables by representing the Brownian bridge process as
the trigonometric Fourier series with random coefficients (version of the so-called Karhunen–Loeve
expansion). To obtain the Milstein expansion of (3), the truncated Fourier expansions of components
of the Wiener process fs must be iteratively substituted in the single integrals, and the integrals
must be calculated, starting from the innermost integral. This is a complicated procedure that
does not lead to a general expansion of (3) valid for an arbitrary multiplicity k. For this reason, only
expansions of simplest single, double, and triple stochastic integrals (3) were presented in [2], [4], [59],
[60] (k = 1, 2, 3) and in [3], [5] (k = 1, 2) for the case ψ1(τ), ψ2(τ), ψ3(τ) ≡ 1; i1, i2, i3 = 0, 1, . . . ,m.

Moreover, the authors of the works [2] (Sect. 5.8, pp. 202–204), [4] (pp. 82-84), [59] (pp. 438-439),
[60] (pp. 263-264) use the Wong–Zakai approximation [62]-[64] (without rigorous proof) within the
frames of the Milstein approach [3] based on the series expansion of the Brownian bridge process.
See discussion in Sect. 9 of this paper for detail.

Note that in [61] the method (similar to the Milstein approach) of expansion of double Ito stochastic
integrals (2) (k = 2; ψ1(τ), ψ2(τ) ≡ 1; i1, i2 = 1, . . . ,m) based on the series expansion of the Wiener
process [65] using Haar basis functions and trigonometric basis functions has been considered.

It is necessary to note that the approach based on the Karhunen–Loeve expansion [3] excelled
in several times (or even in several orders) the methods of integral sums [3], [5], [58] considering
computational costs in the sense of their diminishing.

An alternative strong approximation method was proposed for (3) in [6], [7] (also see [14]-[19],
[22], [24], [25]-[27]), where J∗[ψ(k)]T,t was represented as the multiple stochastic integral from the
certain discontinuous non-random function of k variables, and the function was then expressed as the
generalized iterated Fourier series by complete systems of continuously differentiable functions that
are orthonormal in the space L2([t, T ]). As a result, the general iterated series expansion of products
of standard Gaussian random variables was obtained in [6], [7] (also see [14]-[19], [22], [24], [25]-[27])
for (3) with an arbitrary multiplicity k. Hereinafter, this method is referred to as the method of
generalized iterated Fourier series. It was shown [6], [7] (also see [14]-[19], [22], [24], [25]-[27]) that
the method of generalized iterated Fourier series leads to the approach based on the Karhunen–Loeve
expansion [3] in the case of trigonometric system of functions and to a substantially simpler expansion
of (3) in the case of Legendre polynomial system.

Obviously, the approach based on the Karhunen–Loeve expansion [3] and the method of generalized
iterated Fourier series [6], [7] (also see [14]-[19], [22], [24], [25]-[27]) lead to iterated application of
the operation of limit transition. So, these methods may not converge in the mean-square sense to
appropriate integrals (3) for some methods of series summation. The mentioned problem not appears
in the method, which is proposed for (2) in Theorems 1, 2 (see below).

2. Method of Expansion of Iterated Ito Stochastic Integrals Based on Generalized

Multiple Fourier Series

Let us consider another approach to the expansion of iterated Ito stochastic integrals (2) [10]-[22],
[24]-[57] (the so-called method of generalized multiple Fourier series). The idea of this method is as
follows: the iterated Ito stochastic integral (2) of the multiplicity k is represented as the multiple
stochastic integral from the certain discontinuous non-random function of k variables defined on the
hypercube [t, T ]k, where [t, T ] is the interval of integration of the iterated Ito stochastic integral (2).
Then, the indicated non-random function of k variables is expanded in the hypercube [t, T ]k into the
generalized multiple Fourier series that converges in the mean-square sense in the space L2([t, T ]

k).
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4 D.F. KUZNETSOV

After a number of nontrivial transformations we come (see Theorems 1, 2 below) to the mean-square
convergening expansion of the iterated Ito stochastic integral (2) into the multiple series of products
of standard Gaussian random variables. Coefficients of this series are coefficients of the generalized
multiple Fourier series for the mentioned non-random function of k variables, which can be calculated
using the explicit formula regardless of the multiplicity k of the iterated Ito stochastic integral (2).

Suppose that every ψl(τ) (l = 1, . . . , k) is a non-random function from the space L2([t, T ]). Define
the following function on the hypercube [t, T ]k

(4) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation it is well known that the

generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in the

hypercube [t, T ]k in the mean-square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(5) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k∏

l=1

φjl(tl)dt1 . . . dtk,

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

(6) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [10] (2006) (also see [11]-[22], [24]-[57]). Suppose that every ψl(τ) (l = 1, . . . , k) is

a continuous non-random function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of

continuous functions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(7) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk

)

,
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where J [ψ(k)]T,t is defined by (2),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(8) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (5), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is the partition of the interval

[t, T ], which satisfies the condition (6).

In [12]-[19], [22], [24]-[27], [35] it was shown that Theorem 1 is valid for convergence in the mean
of degree 2n (n ∈ N). The convergence with probability 1 in Theorem 1 is proved in [25]-[28] for
complete orthonormal systems of Legendre polynomials and trigonometric functions in the space
L2([t, T ]). Moreover, the complete orthonormal systems of Haar and Rademacher–Walsh functions in
the space L2([t, T ]) can also be applied in Theorem 1 [10]-[19], [22], [24]-[27], [35]. The modification of
Theorem 1 for complete orthonormal with weigth r(t1) . . . r(tk) ≥ 0 systems of functions in the space
L2([t, T ]

k) can be found in [24]-[27], [36]. Note that Theorem 1 and Theorem 2 (see below) have been
applied to the approximation of iterated stochastic integrals with respect to the infinite-dimensional
Q-Wiener process in [25]-[27] (Chapter 7), [54]-[57].

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 6 [10]-[22], [24]-[57]

(9) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(10) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(11) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+
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+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(12) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(13) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i3=i6 6=0}1{j3=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i5=i6 6=0}1{j5=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+
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+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

535



8 D.F. KUZNETSOV

(14) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,

where 1A is the indicator of the set A.
Thus, we obtain the following useful possibilities and advantages of the method of generalized

multiple Fourier series.
1. There is the explicit formula (see (5)) for calculation of expansion coefficients of the iterated

Ito stochastic integral (2) with any fixed multiplicity k.
2. We have new possibilities for exact calculation of the mean-square error of approximation of

the iterated Ito stochastic integral (2) (see [20], [22], [24]-[27], [34]).
3. Since the used multiple Fourier series is a generalized in the sense that it is built using various

complete orthonormal systems of functions in the space L2([t, T ]), then we have new possibilities for
approximation — we can use not only trigonometric functions as in [2]-[5] but Legendre polynomials.

4. As it turned out (see [6]-[22], [24]-[57]), it is more convenient to work with Legendre polynomials
for construction the approximations of iterated Ito stochastic integrals (2). Approximations based
on the Legendre polynomials essentially simpler than their analogues based on the trigonometric
functions (see [6]-[22], [24]-[57]). Another advantages of the application of Legendre polynomials in
the framework of the mentioned problem are considered in [25]-[27] (Sect. 5.3), [39], [40].

5. The approach based on the Karhunen–Loeve expansion of the Brownian bridge process (also
see [61]) leads to iterated application of the operation of limit transition (the operation of limit
transition is implemented only once in Theorem 1 and Theorem 2 (see below)) starting from the
second multiplicity (in the general case) and third multiplicity (for the case ψ1(τ), ψ2(τ), ψ3(τ) ≡ 1;
i1, i2, i3 = 0, 1, . . . ,m) of iterated stochastic integrals. Multiple series (the operation of limit transition
is implemented only once) are more convenient for approximation than the iterated ones (iterated
application of the operation of limit transition), since partial sums of multiple series converge for
any possible case of convergence to infinity of their upper limits of summation (let us denote them
as p1, . . . , pk). For example, when p1 = . . . = pk = p → ∞. For iterated series, the condition
p1 = . . . = pk = p → ∞ obviously does not guarantee the convergence of this series. However, in
[2] (Sect. 5.8, pp. 202–204), [4] (pp. 82-84), [59] (pp. 438-439), [60] (pp. 263-264) the authors use
(without rigorous proof) the condition p1 = p2 = p3 = p → ∞ within the frames of the mentioned
approach based on the Karhunen–Loeve expansion of the Brownian bridge process [3] together with
the Wong–Zakai approximation [62]-[64] (see discussion in Sect. 9 of this paper for detail).

Note that the correctness of formulas (9)–(14) can be verified by the fact that if i1 = . . . = i6 = i =
1, . . . ,m and ψ1(τ), . . . , ψ6(τ) ≡ ψ(τ), then we can derive from (9)–(14) the well known equalities,
which be fulfilled w. p. 1 [11]-[19], [22], [24]-[27]

J [ψ(1)]T,t =
1

1!
δT,t,

J [ψ(2)]T,t =
1

2!

(
δ2T,t −∆T,t

)
,

J [ψ(3)]T,t =
1

3!

(
δ3T,t − 3δT,t∆T,t

)
,

J [ψ(4)]T,t =
1

4!

(
δ4T,t − 6δ2T,t∆T,t + 3∆2

T,t

)
,

J [ψ(5)]T,t =
1

5!

(
δ5T,t − 10δ3T,t∆T,t + 15δT,t∆

2
T,t

)
,
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J [ψ(6)]T,t =
1

6!

(
δ6T,t − 15δ4T,t∆T,t + 45δ2T,t∆

2
T,t − 15∆3

T,t

)
,

where

δT,t =

T∫

t

ψ(τ)df (i)τ , ∆T,t =

T∫

t

ψ2(τ)dτ.

The above relations can be independently obtained using the Ito formula and Hermite polynomials.

3. Generalization of Theorem 1 to the Case of an Arbitrary Complete

Orthonormal System of Functions in the Space L2([t, T ]) and

ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ])

For further consideration, let us consider the generalization of formulas (9)–(14) for the case of
an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (2).
In order to do this, let us introduce some notations. Consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(15) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (15) is a partition and consider the sum with respect to all possible partitions

(16)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (16)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =
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= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (7) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(17) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorem 1.

In particular, from (17) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )
jq1

)

.

The last equality obviously agrees with (13).
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Let us consider the generalization of Theorem 1 for the case of an arbitrary complete orthonormal
system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [25] (Sect. 1.11), [35] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(18) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 2 was considered in [67]. Note that we use another
notations [25] (Sect. 1.11), [35] (Sect. 15) in comparison with [67]. Moreover, the proof of an analogue
of Theorem 2 from [67] is somewhat different from the proof given in [25] (Sect. 1.11), [35] (Sect. 15).

As it turned out, the adaptation of the method of generalized multiple Fourier series (Theorems 1,
2) to the iterated Stratonovich stochastic integrals (3) leads simpler expansions than (9)–(14). The
article is devoted to deriving the analogues of Theorems 1, 2 for triple Stratonovich stochastic integrals
from the so-called Taylor–Stratonovich expansion [2]. In this work, we use triple Fourier–Legendre
series as well as triple trigonometric Fourier series for construction of expansions of the iterated
Stratonovich stochastic integrals (3). At that, we consider the general case of series summation
(Sect. 4–6).

The rest of the article is organized as follows. In Sect. 4, we formulate and prove Theorem 3
on expansion of iterated Stratonovich stochastic integrals (3) of third multiplicity with constant
weight functions using triple Fourier–Legendre series. Sect. 5 is devoted to the generalization of
Theorem 3 for the case of binomial weight functions. In Sect. 6, we obtain an analogue of Theorem
3 using triple trigonometric Fourier series. Sect. 7 is devoted to modifications of Theorems 3–5. In
Sect. 8, we consider some recent results on expansions of iterated Stratonovich stochastic integrals of
multiplicities 3 to 6. Sect. 9 is devoted to the discussion of main results of this article from point of
view of the Wong–Zakai approximation [62]-[64].

4. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 3. The

Case of Legendre Polynomials

Theorem 3 [15]-[19], [22], [24]-[27]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic integral

of third multiplicity

∗∫

t

T ∗∫

t

t3 ∗∫

t

t2

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion
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(19)

∗∫

t

T ∗∫

t

t3 ∗∫

t

t2

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 = l.i.m.

p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

converging in the mean-square sense is valid, where

Cj3j2j1 =

T∫

t

φj3(s)

s∫

t

φj2 (s1)

s1∫

t

φj1 (s2)ds2ds1ds.

Proof. If we prove w. p. 1 the following equalities

(20) l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj3j1j1ζ
(i3)
j3

=
1

4
(T − t)3/2

(

ζ
(i3)
0 +

1√
3
ζ
(i3)
1

)

,

(21) l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

=
1

4
(T − t)3/2

(

ζ
(i1)
0 − 1√

3
ζ
(i1)
1

)

,

(22) l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj1j3j1ζ
(i2)
j3

= 0,

then in accordance with Theorems 1, 2 (see (11)), formulas (20)–(22), standard relations between
iterated Ito and Stratonovich stochastic integrals as well as in accordance with the formulas (they
also follow from Theorems 1, 2)

1

2

T∫

t

τ∫

t

dsdf (i3)τ =
1

4
(T − t)3/2

(

ζ
(i3)
0 +

1√
3
ζ
(i3)
1

)

w. p. 1,

1

2

T∫

t

τ∫

t

df (i1)s dτ =
1

4
(T − t)3/2

(

ζ
(i1)
0 − 1√

3
ζ
(i1)
1

)

w. p. 1

we will have

T∫

t

t3∫

t

t2∫

t

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 = l.i.m.

p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

−1{i1=i2}
1

2

T∫

t

τ∫

t

dsdf (i3)τ − 1{i2=i3}
1

2

T∫

t

τ∫

t

df (i1)s dτ.

It means that the expansion (19) will be proved.
First let us prove that
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(23)

∞∑

j1=0

C0j1j1 =
1

4
(T − t)3/2,

(24)

∞∑

j1=0

C1j1j1 =
1

4
√
3
(T − t)3/2.

We have

C000 =
(T − t)3/2

6
,

C0j1j1 =

T∫

t

φ0(s)

s∫

t

φj1 (s1)

s1∫

t

φj1 (s2)ds2ds1ds =

(25) =
1

2

T∫

t

φ0(s)





s∫

t

φj1(s1)ds1





2

ds, j1 ≥ 1.

Here φj(s) looks as follows

(26) φj(s) =

√

2j + 1

T − t
Pj

((

s− T + t

2

)
2

T − t

)

, j ≥ 0,

where Pj(x) is the Legendre polynomial.
Let us substitute (26) into (25) and calculate C0j1j1 (j1 ≥ 1)

C0j1j1 =
2j1 + 1

2(T − t)3/2

T∫

t






z(s)∫

−1

Pj1(y)
T − t

2
dy






2

ds =

=
(2j1 + 1)

√
T − t

8

T∫

t






z(s)∫

−1

1

2j1 + 1

(

P
′

j1+1(y)− P
′

j1−1(y)
)

dy






2

ds =

(27) =

√
T − t

8(2j1 + 1)

T∫

t

(Pj1+1(z(s))− Pj1−1(z(s)))
2
ds,

where here and further

z(s) =

(

s− T + t

2

)
2

T − t
,

and we used the following well-known properties of the Legendre polynomials

Pj(y) =
1

2j + 1

(

P
′

j+1(y)− P
′

j−1(y)
)

, Pj(−1) = (−1)j , j ≥ 1.
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Also we denote

dPj

dy
(y)

def
= P

′

j (y).

From (27) using the property of orthogonality of the Legendre polynomials, we get the following
relation

C0j1j1 =
(T − t)3/2

16(2j1 + 1)

1∫

−1

(
P 2
j1+1(y) + P 2

j1−1(y)
)
dy =

=
(T − t)3/2

8(2j1 + 1)

(
1

2j1 + 3
+

1

2j1 − 1

)

,

where we used the property

1∫

−1

P 2
j (y)dy =

2

2j + 1
, j ≥ 0.

Then

∞∑

j1=0

C0j1j1 =
(T − t)3/2

6
+

(T − t)3/2

8





∞∑

j1=1

1

(2j1 + 1)(2j1 + 3)
+

∞∑

j1=1

1

4j21 − 1



 =

=
(T − t)3/2

6
+

(T − t)3/2

8





∞∑

j1=1

1

4j21 − 1
− 1

3
+

∞∑

j1=1

1

4j21 − 1



 =

=
(T − t)3/2

6
+

(T − t)3/2

8

(
1

2
− 1

3
+

1

2

)

=
(T − t)3/2

4
.

The relation (23) is proved.
Let us check the correctness of (24). Let us represent C1j1j1 in the form

C1j1j1 =
1

2

T∫

t

φ1(s)





s∫

t

φj1(s1)ds1





2

ds =

=
(T − t)3/2(2j1 + 1)

√
3

16

1∫

−1

P1(y)





y∫

−1

Pj1(y1)dy1





2

dy, j1 ≥ 1.

Since the functions




y∫

−1

Pj1 (y1)dy1





2

, j1 ≥ 1

are even, then, correspondently the functions
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P1(y)





y∫

−1

Pj1 (y1)dy1





2

dy, j1 ≥ 1

are uneven.
It means that C1j1j1 = 0 (j1 ≥ 1). From the other hand

C100 =

√
3(T − t)3/2

16

1∫

−1

y(y + 1)2dy =
(T − t)3/2

4
√
3

.

Then
∞∑

j1=0

C1j1j1 = C100 +
∞∑

j1=1

C1j1j1 =
(T − t)3/2

4
√
3

.

The relation (24) is proved.
Let us prove the equality (20). Using (24), we get

p1∑

j1=0

p3∑

j3=0

Cj3j1j1ζ
(i3)
j3

=

p1∑

j1=0

C0j1j1ζ
(i3)
0 +

(T − t)3/2

4
√
3

ζ
(i3)
1 +

p1∑

j1=0

p3∑

j3=2

Cj3j1j1ζ
(i3)
j3

=

(28) =

p1∑

j1=0

C0j1j1ζ
(i3)
0 +

(T − t)3/2

4
√
3

ζ
(i3)
1 +

p1∑

j1=0

2j1+2
∑

j3=2,j3−even

Cj3j1j1ζ
(i3)
j3

.

Since

Cj3j1j1 =
(T − t)3/2(2j1 + 1)

√
2j3 + 1

16

1∫

−1

Pj3(y)





y∫

−1

Pj1(y1)dy1





2

dy

and degree of the polynomial




y∫

−1

Pj1(y1)dy1





2

equals to 2j1 + 2, then Cj3j1j1 = 0 for j3 > 2j1 + 2. It explains the circumstance that we put 2j1 + 2
instead of p3 on the right-hand side of the formula (28).

Moreover, the function




y∫

−1

Pj1(y1)dy1





2

is even. It means that the function

Pj3(y)





y∫

−1

Pj1(y1)dy1





2

543



16 D.F. KUZNETSOV

is uneven for uneven j3. It means that Cj3j1j1 = 0 for uneven j3. That is why we summarize using
even j3 on the right-hand side of the formula (28).

Then we have

p1∑

j1=0

2j1+2
∑

j3=2,j3−even

Cj3j1j1ζ
(i3)
j3

=

2p1+2
∑

j3=2,j3−even

p1∑

j1=(j3−2)/2

Cj3j1j1ζ
(i3)
j3

=

(29) =

2p1+2
∑

j3=2,j3−even

p1∑

j1=0

Cj3j1j1ζ
(i3)
j3

.

We replaced (j3 − 2)/2 by zero on the right-hand side of the formula (29), since Cj3j1j1 = 0 for
0 ≤ j1 < (j3 − 2)/2.

Let us substitute (29) into (28)

p1∑

j1=0

p3∑

j3=0

Cj3j1j1ζ
(i3)
j3

=

p1∑

j1=0

C0j1j1ζ
(i3)
0 +

(T − t)3/2

4
√
3

ζ
(i3)
1 +

(30) +

2p1+2
∑

j3=2,j3−even

p1∑

j1=0

Cj3j1j1ζ
(i3)
j3

.

It is easy to see that the right-hand side of the formula (30) does not depend on p3.
If we prove that

(31) lim
p1→∞

M











p1∑

j1=0

p3∑

j3=0

Cj3j1j1ζ
(i3)
j3

− 1

4
(T − t)3/2

(

ζ
(i3)
0 +

1√
3
ζ
(i3)
1

)




2






= 0,

then the relaion (20) will be proved.
Using (30) and (23), we can write the left-hand side of (31) in the following form

lim
p1→∞

M















p1∑

j1=0

C0j1j1 −
(T − t)3/2

4



 ζ
(i3)
0 +

2p1+2
∑

j3=2,j3−even

p1∑

j1=0

Cj3j1j1ζ
(i3)
j3





2






=

= lim
p1→∞





p1∑

j1=0

C0j1j1 −
(T − t)3/2

4





2

+ lim
p1→∞

2p1+2
∑

j3=2,j3−even





p1∑

j1=0

Cj3j1j1





2

=

(32) = lim
p1→∞

2p1+2
∑

j3=2,j3−even





p1∑

j1=0

Cj3j1j1





2

.

If we prove that
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(33) lim
p1→∞

2p1+2
∑

j3=2,j3−even





p1∑

j1=0

Cj3j1j1





2

= 0,

then the relation (20) will be proved.
We have

2p1+2
∑

j3=2,j3−even





p1∑

j1=0

Cj3j1j1





2

=

=
1

4

2p1+2
∑

j3=2,j3−even






T∫

t

φj3 (s)

p1∑

j1=0





s∫

t

φj1(s1)ds1





2

ds






2

=

=
1

4

2p1+2
∑

j3=2,j3−even






T∫

t

φj3(s)




(s− t)−

∞∑

j1=p1+1





s∫

t

φj1(s1)ds1





2



 ds






2

=

=
1

4

2p1+2
∑

j3=2,j3−even






T∫

t

φj3(s)

∞∑

j1=p1+1





s∫

t

φj1 (s1)ds1





2

ds






2

≤

(34) ≤ 1

4

2p1+2
∑

j3=2,j3−even






T∫

t

|φj3 (s)|
∞∑

j1=p1+1





s∫

t

φj1 (s1)ds1





2

ds






2

.

Obtaining (34), we used the Parseval equality in the form

(35)
∞∑

j1=0





s∫

t

φj1(s1)ds1





2

=

T∫

t

(
1{s1<s}

)2
ds1 = s− t

and a property of othogonality of the Legendre polynomials

(36)

T∫

t

φj3(s)(s− t)ds = 0, j3 ≥ 2.

Then we have for j1 ∈ N





s∫

t

φj1 (s1)ds1





2

=
(T − t)(2j1 + 1)

4






z(s)∫

−1

Pj1(y)dy






2

=
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=
T − t

4(2j1 + 1)






z(s)∫

−1

(

P
′

j1+1(y)− P
′

j1−1(y)
)

dy






2

=

=
T − t

4(2j1 + 1)
(Pj1+1 (z(s))− Pj1−1 (z(s)))

2 ≤

(37) ≤ T − t

2(2j1 + 1)

(
P 2
j1+1 (z(s)) + P 2

j1−1 (z(s))
)
.

For the Legendre polynomials the following well-known estimate is correct

(38) |Pn(y)| <
K√

n+ 1(1− y2)1/4
, y ∈ (−1, 1), n ∈ N,

where constant K does not depend on y and n.
The estimate (38) can be written for the function φn(s) in the following form

|φn(s)| <
√

2n+ 1

n+ 1

K√
T − t

1

(1− z2(s))1/4
<

(39) <
K1√
T − t

1

(1− z2(s))1/4
,

where n ∈ N, K1 = K
√
2, s ∈ (t, T ).

Let us estimate the right-hand side of (37) using the estimate (38)





s∫

t

φj1 (s1)ds1





2

<
T − t

2(2j1 + 1)

(
K2

j1 + 2
+
K2

j1

)
1

(1− (z(s))2)1/2
<

(40) <
(T − t)K2

2j21

1

(1− (z(s))2)1/2
,

where j1 ∈ N, s ∈ (t, T ).
Substituting the estimate (40) into the relation (34) and using in (34) the estimate (39) for |φj3 (s)|,

we obtain

2p1+2
∑

j3=2,j3−even





p1∑

j1=0

Cj3j1j1





2

<

<
(T − t)K4K2

1

16

2p1+2
∑

j3=2,j3−even






T∫

t

ds
(

1− (z(s))2
)3/4

∞∑

j1=p1+1

1

j21






2

=
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(41) =
(T − t)3K4K2

1 (p1 + 1)

64





1∫

−1

dy

(1− y2)3/4





2



∞∑

j1=p1+1

1

j21





2

.

Since

(42)

1∫

−1

dy

(1− y2)
3/4

<∞

and

(43)

∞∑

j1=p1+1

1

j21
≤

∞∫

p1

dx

x2
=

1

p1
,

then from (41) we obtain

(44)

2p1+2
∑

j3=2,j3−even





p1∑

j1=0

Cj3j1j1





2

<
C(T − t)3(p1 + 1)

p21
→ 0 if p1 → ∞,

where constant C does not depend on p1 and T − t. From (44) it follows (33), and the relation (33)
implies the formula (20).

Let us prove the equaity (21). First let us prove that

(45)
∞∑

j3=0

Cj3j30 =
1

4
(T − t)3/2,

(46)

∞∑

j3=0

Cj3j3j1 = − 1

4
√
3
(T − t)3/2.

We have

∞∑

j3=0

Cj3j30 = C000 +

∞∑

j3=1

Cj3j30,

C000 =
(T − t)3/2

6
,

Cj3j30 =
(T − t)3/2

16(2j3 + 1)

1∫

−1

(
P 2
j3+1(y) + P 2

j3−1(y)
)
dy =

=
(T − t)3/2

8(2j3 + 1)

(
1

2j3 + 3
+

1

2j3 − 1

)

, j3 ≥ 1.

Then
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∞∑

j3=0

Cj3j30 =
(T − t)3/2

6
+

(T − t)3/2

8





∞∑

j3=1

1

(2j3 + 1)(2j3 + 3)
+

∞∑

j3=1

1

4j23 − 1



 =

=
(T − t)3/2

6
+

(T − t)3/2

8





∞∑

j3=1

1

4j23 − 1
− 1

3
+

∞∑

j3=1

1

4j23 − 1



 =

=
(T − t)3/2

6
+

(T − t)3/2

8

(
1

2
− 1

3
+

1

2

)

=
(T − t)3/2

4
.

The relation (45) is proved. Let us check the equality (46). We have

Cj3j3j1 =

T∫

t

φj3 (s)

s∫

t

φj3 (s1)

s1∫

t

φj1 (s2)ds2ds1ds =

=

T∫

t

φj1 (s2)ds2

T∫

s2

φj3(s1)ds1

T∫

s1

φj3(s)ds =

=
1

2

T∫

t

φj1(s2)





T∫

s2

φj3 (s1)ds1





2

ds2 =

(47) =
(T − t)3/2(2j3 + 1)

√
2j1 + 1

16

1∫

−1

Pj1(y)





1∫

y

Pj3(y1)dy1





2

dy, j3 ≥ 1.

Since the functions




1∫

y

Pj3 (y1)dy1





2

, j3 ≥ 1

are even, then the functions

P1(y)





1∫

y

Pj3 (y1)dy1





2

dy, j3 ≥ 1

are uneven. It means that Cj3j31 = 0 (j3 ≥ 1).
Moreover,

C001 =

√
3(T − t)3/2

16

1∫

−1

y(1− y)2dy = − (T − t)3/2

4
√
3

.

Then
∞∑

j3=0

Cj3j31 = C001 +

∞∑

j3=1

Cj3j31 = − (T − t)3/2

4
√
3

.
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The relation (46) is proved.
Using the obtained results, we have

p1∑

j1=0

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

=

p3∑

j3=0

Cj3j30ζ
(i1)
0 − (T − t)3/2

4
√
3

ζ
(i1)
1 +

p3∑

j3=0

p1∑

j1=2

Cj3j3j1ζ
(i1)
j1

=

(48) =

p3∑

j3=0

Cj3j30ζ
(i1)
0 − (T − t)3/2

4
√
3

ζ
(i1)
1 +

p3∑

j3=0

2j3+2
∑

j1=2,j1−even

Cj3j3j1ζ
(i1)
j1

.

Since

Cj3j3j1 =
(T − t)3/2(2j3 + 1)

√
2j1 + 1

16

1∫

−1

Pj1 (y)





1∫

y

Pj3 (y1)dy1





2

dy, j3 ≥ 1,

and degree of the polynomial




1∫

y

Pj3(y1)dy1





2

equals to 2j3 + 2, then Cj3j3j1 = 0 for j1 > 2j3 + 2. It explains the circumstance that we put 2j3 + 2
instead of p1 on the right-hand side of the formula (48).

Moreover, the function




1∫

y

Pj3(y1)dy1





2

is even. It means that the function

Pj1(y)





1∫

y

Pj3(y1)dy1





2

is uneven for uneven j1. It means that Cj3j3j1 = 0 for uneven j1. It explains the summation with
respect to even j1 on the right-hand side of (48).

Then we have

p3∑

j3=0

2j3+2
∑

j1=2,j1−even

Cj3j3j1ζ
(i1)
j1

=

2p3+2
∑

j1=2,j1−even

p3∑

j3=(j1−2)/2

Cj3j3j1ζ
(i1)
j1

=

(49) =

2p3+2
∑

j1=2,j1−even

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

.

We replaced (j1 − 2)/2 by zero on the right-hand side of (49), since Cj3j3j1 = 0 for 0 ≤ j3 <
(j1 − 2)/2.

Let us substitute (49) into (48)
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p1∑

j1=0

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

=

p3∑

j3=0

Cj3j30ζ
(i1)
0 − (T − t)3/2

4
√
3

ζ
(i1)
1 +

(50) +

2p3+2
∑

j1=2,j1−even

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

.

It is easy to see that the right-hand side of the formula (50) does not depend on p1.
If we prove that

(51) lim
p3→∞

M











p1∑

j1=0

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

− 1

4
(T − t)3/2

(

ζ
(i1)
0 − 1√

3
ζ
(i1)
1

)




2






= 0,

then (21) will be proved.
Using (50) and (45), (46), we can write the left-hand side of the formula (51) in the following form

lim
p3→∞

M















p3∑

j3=0

Cj3j30 −
(T − t)3/2

4



 ζ
(i1)
0 +

2p3+2
∑

j1=2,j1−even

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1





2






=

= lim
p3→∞





p1∑

j3=0

Cj3j30 −
(T − t)3/2

4





2

+ lim
p3→∞

2p3+2
∑

j1=2,j1−even





p3∑

j3=0

Cj3j3j1





2

=

= lim
p3→∞

2p3+2
∑

j1=2,j1−even





p3∑

j3=0

Cj3j3j1





2

.

If we prove that

(52) lim
p3→∞

2p3+2
∑

j1=2,j1−even





p3∑

j3=0

Cj3j3j1





2

= 0,

then the relation (21) will be proved.
From (47) we obtain

2p3+2
∑

j1=2,j1−even





p3∑

j3=0

Cj3j3j1





2

=

=
1

4

2p3+2
∑

j1=2,j1−even






T∫

t

φj1 (s2)

p3∑

j3=0





T∫

s2

φj3(s1)ds1





2

ds2






2

=
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=
1

4

2p3+2
∑

j1=2,j1−even






T∫

t

φj1(s2)




(T − s2)−

∞∑

j3=p3+1





T∫

s2

φj3 (s1)ds1





2



 ds2






2

=

=
1

4

2p3+2
∑

j1=2,j1−even






T∫

t

φj1 (s2)
∞∑

j3=p3+1





T∫

s2

φj3 (s1)ds1





2

ds2






2

≤

(53) ≤ 1

4

2p3+2
∑

j1=2,j1−even






T∫

t

|φj1 (s2)|
∞∑

j3=p3+1





T∫

s2

φj3 (s1)ds1





2

ds2






2

.

In order to get (53) we used the Parseval equality in the form

(54)
∞∑

j1=0





T∫

s

φj1(s1)ds1





2

=

T∫

t

(
1{s<s1}

)2
ds1 = T − s

and a property of othogonality of the Legendre polynomials

(55)

T∫

t

φj3(s)(T − s)ds = 0, j3 ≥ 2.

Then we have for j3 ∈ N





T∫

s2

φj3(s1)ds1





2

=
(T − t)

4(2j3 + 1)
(Pj3+1 (z(s2))− Pj3−1 (z(s2)))

2 ≤

≤ T − t

2(2j3 + 1)

(
P 2
j3+1 (z(s2)) + P 2

j3−1 (z(s2))
)
<

<
T − t

2(2j3 + 1)

(
K2

j3 + 2
+
K2

j3

)
1

(1− (z(s2))2)1/2
<

(56) <
(T − t)K2

2j23

1

(1− (z(s2))2)1/2
, s ∈ (t, T ).

In order to get (56) we used the estimate (38).
Substituting the estimate (56) into the relation (53) and using in (53) the estimate (39) for |φj1 (s2)|,

we obtain

2p3+2
∑

j1=2,j1−even





p3∑

j3=0

Cj3j3j1





2

<
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<
(T − t)K4K2

1

16

2p3+2
∑

j1=2,j1−even





T∫

t

ds2
(1 − z2(s2))3/4

∞∑

j3=p3+1

1

j23





2

=

(57) =
(T − t)3K4K2

1 (p3 + 1)

64





1∫

−1

dy

(1− y2)
3/4





2



∞∑

j3=p3+1

1

j23





2

.

Using (42) and (43) in (57), we get

(58)

2p3+2
∑

j1=2,j1−even





p3∑

j3=0

Cj3j3j1





2

<
C(T − t)3(p3 + 1)

p23
→ 0 with p3 → ∞,

where constant C does not depend on p3 and T − t.
From (58) it follows (52), and the relation (52) implies the formula (21). The relation (21) is

proved.
Let us prove the equality (22). Since ψ1(τ), ψ2(τ), ψ3(τ) ≡ 1, then the following relation for the

Fourier coefficients is correct

Cj1j1j3 + Cj1j3j1 + Cj3j1j1 =
1

2
C2

j1Cj3 ,

where Cj = 0 for j ≥ 1 and C0 =
√
T − t. Then w. p. 1

(59) l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj1j3j1ζ
(i2)
j3

= l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

(
1

2
C2

j1Cj3 − Cj1j1j3 − Cj3j1j1

)

ζ
(i2)
j3

.

Therefore, considering (20) and (21), we can write w. p. 1

l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj1j3j1ζ
(i2)
j3

=

=
1

2
C3

0ζ
(i2)
0 − l.i.m.

p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj1j1j3ζ
(i2)
j3

− l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj3j1j1ζ
(i2)
j3

=

=
1

2
(T − t)3/2ζ

(i2)
0 − 1

4
(T − t)3/2

(

ζ
(i2)
0 − 1√

3
ζ
(i2)
1

)

−

(60) − 1

4
(T − t)3/2

(

ζ
(i2)
0 +

1√
3
ζ
(i2)
1

)

= 0.

The relation (22) is proved. Theorem 3 is proved.
It is easy to see that the formula (19) can be proved for the case i1 = i2 = i3 using the Ito formula
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∗T∫

t

∗t3∫

t

∗t2∫

t

df
(i1)
t1 df

(i1)
t2 df

(i1)
t3 =

1

6





T∫

t

df (i1)s





3

=
1

6

(

C0ζ
(i1)
0

)3

=

= C000ζ
(i1)
0 ζ

(i1)
0 ζ

(i1)
0 ,

where the equality is fulfilled w. p. 1.

5. Generalization of Theorem 3

Let us consider the following generalization of Theorem 3.
Theorem 4 [15]-[19], [22], [24]-[27]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic integral

of third multiplicity

I
∗(i1i2i3)
l1l2l3T,t

=

∗∫

t

T

(t− t3)
l3

∗∫

t

t3

(t− t2)
l2

∗∫

t

t2

(t− t1)
l1df

(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

(61) I
∗(i1i2i3)
l1l2l3T,t

= l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

converging in the mean-square sense is valid for each of the following cases

1. i1 6= i2, i2 6= i3, i1 6= i3 and l1, l2, l3 = 0, 1, 2, . . .
2. i1 = i2 6= i3 and l1 = l2 6= l3 and l1, l2, l3 = 0, 1, 2, . . .
3. i1 6= i2 = i3 and l1 6= l2 = l3 and l1, l2, l3 = 0, 1, 2, . . .
4. i1, i2, i3 = 1, . . . ,m; l1 = l2 = l3 = l and l = 0, 1, 2, . . . ,

where

Cj3j2j1 =

T∫

t

(t− s)l3φj3 (s)

s∫

t

(t− s1)
l2φj2(s1)

s1∫

t

(t− s2)
l1φj1(s2)ds2ds1ds.

Proof. Case 1 directly follows from (11).
Let us consider Case 2 (i1 = i2 6= i3, l1 = l2 = l 6= l3 and l1, l3 = 0, 1, 2, . . .). So, we prove the

following expansion

(62) I
∗(i1i1i3)
l1l1l3T,t

= l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i1)
j2

ζ
(i3)
j3

(i1, i2, i3 = 1, . . . ,m),

where l, l3 = 0, 1, 2, . . ., and
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(63) Cj3j2j1 =

T∫

t

φj3(s)(t− s)l3
s∫

t

(t− s1)
lφj2(s1)

s1∫

t

(t− s2)
lφj1 (s2)ds2ds1ds.

If we prove w. p. 1 the formula

(64) l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj3j1j1ζ
(i3)
j3

=
1

2

T∫

t

(t− s)l3
s∫

t

(t− s1)
2lds1df

(i3)
s ,

where coefficients Cj3j1j1 has the form (63), then using Theorems 1, 2 and standard relations between
iterated Ito and Stratonovich stochastic integrals we obtain the expansion (62).

Using Theorems 1 and 2, we can write

1

2

T∫

t

(t− s)l3

s∫

t

(t− s1)
2lds1df

(i3)
s =

1

2

2l+l3+1∑

j3=0

C̃j3ζ
(i3)
j3

w. p. 1,

where

C̃j3 =

T∫

t

φj3 (s)(t− s)l3
s∫

t

(t− s1)
2lds1ds.

Then
p3∑

j3=0

p1∑

j1=0

Cj3j1j1ζ
(i3)
j3

− 1

2

2l+l3+1∑

j3=0

C̃j3ζ
(i3)
j3

=

=

2l+l3+1∑

j3=0





p1∑

j1=0

Cj3j1j1 −
1

2
C̃j3



 ζ
(i3)
j3

+

p3∑

j3=2l+l3+2

p1∑

j1=0

Cj3j1j1ζ
(i3)
j3

.

Therefore,

lim
p1,p3→∞

M











p3∑

j3=0

p1∑

j1=0

Cj3j1j1ζ
(i3)
j3

− 1

2

T∫

t

(t− s)l3
s∫

t

(t− s1)
2lds1df

(i3)
s





2






=

(65) = lim
p1→∞

2l+l3+1∑

j3=0





p1∑

j1=0

Cj3j1j1 −
1

2
C̃j3





2

+ lim
p1,p3→∞

M











p3∑

j3=2l+l3+2

p1∑

j1=0

Cj3j1j1ζ
(i3)
j3





2






.

Let us prove that

(66) lim
p1→∞





p1∑

j1=0

Cj3j1j1 −
1

2
C̃j3





2

= 0.

We have
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p1∑

j1=0

Cj3j1j1 −
1

2
C̃j3





2

=

=





1

2

p1∑

j1=0

T∫

t

φj3(s)(t − s)l3





s∫

t

φj1(s1)(t− s1)
lds1





2

ds− 1

2

T∫

t

φj3 (s)(t− s)l3
s∫

t

(t− s1)
2lds1ds






2

=
1

4






T∫

t

φj3 (s)(t− s)l3






p1∑

j1=0





s∫

t

φj1(s1)(t− s1)
lds1





2

−
s∫

t

(t− s1)
2lds1




 ds






2

=

=
1

4






T∫

t

φj3 (s)(t− s)l3






s∫

t

(t− s1)
2lds1 −

∞∑

j1=p1+1





s∫

t

φj1(s1)(t− s1)
lds1





2

−

−
s∫

t

(t− s1)
2lds1



 ds





2

=

(67) =
1

4






T∫

t

φj3 (s)(t− s)l3
∞∑

j1=p1+1





s∫

t

φj1(s1)(t− s1)
lds1





2

ds






2

.

In order to get (67) we used the Parseval equality, which looks as follows

(68)
∞∑

j1=0





s∫

t

φj1(s1)(t− s1)
lds1





2

=

T∫

t

K2(s, s1)ds1,

where

K(s, s1) = (t− s1)
l
1{s1<s}, s, s1 ∈ [t, T ].

Taking into account the nondecreasing of the functional sequence

un(s) =

n∑

j1=0





s∫

t

φj1(s1)(t− s1)
lds1





2

,

continuity of its members and continuity of the limit function

u(s) =

s∫

t

(t− s1)
2lds1

at the interval [t, T ] in accordance with the Dini Theorem we have uniform convergence of the func-
tional sequences un(s) to the limit function u(s) at the interval [t, T ].
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From (67) using the inequality of Cauchy–Bunyakovsky, we obtain





p1∑

j1=0

Cj3j1j1 −
1

2
C̃j3





2

≤

≤ 1

4

T∫

t

φ2j3(s)(t − s)2l3ds

T∫

t






∞∑

j1=p1+1





s∫

t

φj1(s1)(t− s1)
lds1





2





2

ds ≤

(69) ≤ 1

4
ε2(T − t)2l3

T∫

t

φ2j3 (s)ds(T − t) =
1

4
(T − t)2l3+1ε2

when p1 > N(ε), where N(ε) exists for any ε > 0. From (69) it follows (66).
Further,

(70)

p1∑

j1=0

p3∑

j3=2l+l3+2

Cj3j1j1ζ
(i3)
j3

=

p1∑

j1=0

2(j1+l+1)+l3∑

j3=2l+l3+2

Cj3j1j1ζ
(i3)
j3

.

We put 2(j1 + l+1)+ l3 instead of p3, since Cj3j1j1 = 0 for j3 > 2(j1 + l+1)+ l3. This conclusion
follows from the relation

Cj3j1j1 =
1

2

T∫

t

φj3(s)(t − s)l3





s∫

t

φj1(s1)(t− s1)
lds1





2

ds =

=
1

2

T∫

t

φj3 (s)Q2(j1+l+1)+l3(s)ds,

where Q2(j1+l+1)+l3(s) is a polynomial of the degree 2(j1 + l + 1) + l3.
It is easy to see that

(71)

p1∑

j1=0

2(j1+l+1)+l3∑

j3=2l+l3+2

Cj3j1j1ζ
(i3)
j3

=

2(p1+l+1)+l3∑

j3=2l+l3+2

p1∑

j1=0

Cj3j1j1ζ
(i3)
j3

.

Note that we included some zero coefficients Cj3j1j1 into the sum
p1∑

j1=0

. From (70) and (71) we

have

M











p1∑

j1=0

p3∑

j3=2l+l3+2

Cj3j1j1ζ
(i3)
j3





2






=

= M











2(p1+l+1)+l3∑

j3=2l+l3+2

p1∑

j1=0

Cj3j1j1ζ
(i3)
j3





2






=

2(p1+l+1)+l3∑

j3=2l+l3+2





p1∑

j1=0

Cj3j1j1





2

=
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=

2(p1+l+1)+l3∑

j3=2l+l3+2





1

2

p1∑

j1=0

T∫

t

φj3 (s)(t− s)l3





s∫

t

φj1 (s1)(t− s1)
lds1





2

ds






2

=

=
1

4

2(p1+l+1)+l3∑

j3=2l+l3+2






T∫

t

φj3 (s)(t− s)l3
p1∑

j1=0





s∫

t

φj1 (s1)(t− s1)
lds1





2

ds






2

=

=
1

4

2(p1+l+1)+l3∑

j3=2l+l3+2






T∫

t

φj3(s)(t− s)l3






s∫

t

(t− s1)
2lds1 −

∞∑

j1=p1+1





s∫

t

φj1(s1)(t− s1)
lds1





2



 ds






2

(72) =
1

4

2(p1+l+1)+l3∑

j3=2l+l3+2






T∫

t

φj3(s)(t− s)l3
∞∑

j1=p1+1





s∫

t

φj1(s1)(t− s1)
lds1





2

ds






2

.

In order to get (72) we used the Parseval equality (68) and the following relation

T∫

t

φj3 (s)Q2l+1+l3(s)ds = 0; j3 > 2l+ 1 + l3,

where Q2l+1+l3(s) is a polynomial of degree 2l + 1 + l3.
Further, we have for j1 ∈ N





s∫

t

φj1(s1)(t− s1)
lds1





2

=
(T − t)2l+1(2j1 + 1)

22l+2






z(s)∫

−1

Pj1 (y)(1 + y)ldy






2

=

=
(T − t)2l+1

22l+2(2j1 + 1)




(1 + z(s))

l
Rj1(s)− l

z(s)∫

−1

(Pj1+1(y)− Pj1−1(y)) (1 + y)
l−1

dy






2

≤

≤ (T − t)2l+12

22l+2(2j1 + 1)






(
2(s− t)

T − t

)2l

R2
j1(s) + l2






z(s)∫

−1

(Pj1+1(y)− Pj1−1(y)) (1 + y)l−1 dy






2


 ≤

≤ (T − t)2l+1

22l+1(2j1 + 1)




22l+1Zj1(s) + l2

z(s)∫

−1

(1 + y)2l−2dy

z(s)∫

−1

(Pj1+1(y)− Pj1−1(y))
2
dy




 ≤

≤ (T − t)2l+1

22l+1(2j1 + 1)




22l+1Zj1(s) +

2l2

2l− 1

(
2(s− t)

T − t

)2l−1
z(s)∫

−1

(
P 2
j1+1(y) + P 2

j1−1(y)
)
dy




 ≤
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(73) ≤ (T − t)2l+1

2(2j1 + 1)




2Zj1(s) +

l2

2l − 1

z(s)∫

−1

(
P 2
j1+1(y) + P 2

j1−1(y)
)
dy




 ,

where

Rj1(s) = Pj1+1(z(s))− Pj1−1(z(s)),

Zj1(s) = P 2
j1+1(z(s)) + P 2

j1−1(z(s)).

Let us estimate the right-hand side of (73) using (38)





s∫

t

φj1 (s1)(t− s1)
lds1





2

<

<
(T − t)2l+1

2(2j1 + 1)

(
K2

j1 + 2
+
K2

j1

)






2

(1− (z(s))2)
1/2

+
l2

2l− 1

z(s)∫

−1

dy

(1− y2)
1/2




 <

(74) <
(T − t)2l+1K2

2j21

(

2

(1− (z(s))2)
1/2

+
l2π

2l− 1

)

, s ∈ (t, T ).

From (72) and (74) we obtain

M











p1∑

j1=0

p3∑

j3=2l+l3+2

Cj3j1j1ζ
(i3)
j3





2






≤

≤ 1

4

2(p1+l+1)+l3∑

j3=2l+l3+2






T∫

t

|φj3(s)|(t− s)l3
∞∑

j1=p1+1





s∫

t

φj1(s1)(t− s1)
lds1





2

ds






2

≤

≤ 1

4
(T − t)2l3

2(p1+l+1)+l3∑

j3=2l+l3+2






T∫

t

|φj3 (s)|
∞∑

j1=p1+1





s∫

t

φj1(s1)(t− s1)
lds1





2

ds






2

<

<
(T − t)4l+2l3+1K4K2

1

16
×

×
2(p1+l+1)+l3∑

j3=2l+l3+2











T∫

t

2ds
(

1− (z(s))2
)3/4

+
l2π

2l − 1

T∫

t

ds
(

1− (z(s))2
)1/4






∞∑

j1=p1+1

1

j21






2

≤

558



EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS OF MULTIPLICITY 3 31

≤ (T − t)4l+2l3+3K4K2
1

64
· 2p1 + 1

p21





1∫

−1

2dy

(1− y2)3/4
+

l2π

2l− 1

1∫

−1

dy

(1 − y2)1/4





2

≤

(75) ≤ (T − t)4l+2l3+3C
2p1 + 1

p21
→ 0 when p1 → ∞,

where constant C does not depend on p1 and T − t.
From (65), (66), and (75) it follows (64), and the relation (64) implies the formula (62).
Let us consider Case 3 (i2 = i3 6= i1, l2 = l3 = l 6= l1, and l1, l3 = 0, 1, 2, . . .). So, we prove the

following expansion

(76) I
∗(i1i3i3)
l1l3l3T,t

= l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i3)
j2

ζ
(i3)
j3

(i1, i2, i3 = 1, . . . ,m),

where l, l1 = 0, 1, 2, . . ., and

(77) Cj3j2j1 =

T∫

t

φj3(s)(t− s)l
s∫

t

(t− s1)
lφj2(s1)

s1∫

t

(t− s2)
l1φj1 (s2)ds2ds1ds.

If we prove w. p. 1 the formula

(78) l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

=
1

2

T∫

t

(t− s)2l
s∫

t

(t− s1)
l1df (i1)s1 ds,

where coefficients Cj3j3j1 has the form (77), then using Theorems 1, 2 and standard relations between
iterated Ito and Stratonovich stochastic integrals we obtain the expansion (76).

Using Theorems 1, 2 and the Ito formula we can write

1

2

T∫

t

(t− s)2l
s∫

t

(t− s1)
l1df (i1)s1 ds =

1

2

T∫

t

(t− s1)
l1

T∫

s1

(t− s)2ldsdf (i1)s1 =

=
1

2

2l+l1+1∑

j1=0

C̃j1ζ
(i1)
j1

w. p. 1,

where

C̃j1 =

T∫

t

φj1(s1)(t− s1)
l1

T∫

s1

(t− s)2ldsds1.

Then
p1∑

j1=0

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

− 1

2

2l+l1+1∑

j1=0

C̃j1ζ
(i1)
j1

=
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=

2l+l1+1∑

j1=0





p3∑

j3=0

Cj3j3j1 −
1

2
C̃j1



 ζ
(i1)
j1

+

p1∑

j1=2l+l1+2

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

.

Therefore,

lim
p1,p3→∞

M











p1∑

j1=0

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

− 1

2

T∫

t

(t− s)2l
s∫

t

(t− s1)
l1df (i1)s1 ds





2






=

(79) = lim
p3→∞

2l+l1+1∑

j1=0





p3∑

j3=0

Cj3j3j1 −
1

2
C̃j1





2

+ lim
p1,p3→∞

M











p1∑

j1=2l+l1+2

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1





2






.

Let us prove that

(80) lim
p3→∞





p3∑

j3=0

Cj3j3j1 −
1

2
C̃j1





2

= 0.

We have




p3∑

j3=0

Cj3j3j1 −
1

2
C̃j1





2

=

=





p3∑

j3=0

T∫

t

φj1 (s2)(t− s2)
l1ds2

T∫

s2

φj3 (s1)(t− s1)
lds1

T∫

s1

φj3 (s)(t− s)lds−

− 1

2

T∫

t

φj1 (s1)(t− s1)
l1

T∫

s1

(t− s)2ldsds1





2

=

=





1

2

p3∑

j3=0

T∫

t

φj1(s2)(t− s2)
l1





T∫

s2

φj3 (s1)(t− s1)
lds1





2

ds2−

−1

2

T∫

t

φj1 (s1)(t− s1)
l1

T∫

s1

(t− s)2ldsds1





2

=

=
1

4






T∫

t

φj1(s1)(t− s1)
l1






p3∑

j3=0





T∫

s1

φj3 (s)(t− s)lds





2

−
T∫

s1

(t− s)2lds




 ds1






2

=

=
1

4






T∫

t

φj1(s1)(t− s1)
l1






T∫

s1

(t− s)2lds−
∞∑

j3=p3+1





T∫

s1

φj3 (s)(t− s)lds





2

−
T∫

s1

(t− s)2lds




 ds1






2
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(81) =
1

4






T∫

t

φj1 (s1)(t− s1)
l1

∞∑

j3=p3+1





T∫

s1

φj3 (s)(t− s)lds





2

ds1






2

.

In order to get (81) we used the Parseval equality, which looks as follows

(82)
∞∑

j3=0





T∫

s1

φj3 (s)(t− s)lds





2

=

T∫

t

K2(s, s1)ds,

where

K(s, s1) = (t− s)l1{s1<s}, s, s1 ∈ [t, T ].

Taking into account nondecreasing of the functional sequence

un(s1) =

n∑

j3=0





T∫

s1

φj3 (s)(t− s)lds





2

,

continuity of its members and continuity of the limit function

u(s1) =

T∫

s1

(t− s)2lds

at the interval [t, T ] according to the Dini Theorem we have uniform convergence of the functional
sequence un(s1) to the limit function u(s1) at the interval [t, T ].

From (81) using the inequality of Cauchy–Bunyakovsky, we obtain





p3∑

j3=0

Cj3j3j1 −
1

2
C̃j1





2

≤

≤ 1

4

T∫

t

φ2j1 (s1)(t− s1)
2l1ds1

T∫

t






∞∑

j3=p3+1





T∫

s1

φj3(s)(t − s)lds





2





2

ds1 ≤

(83) ≤ 1

4
ε2(T − t)2l1

T∫

t

φ2j1 (s1)ds1(T − t) =
1

4
(T − t)2l1+1ε2

when p3 > N(ε), where N(ε) exists for any ε > 0.
From (83) it follows (80).
We have

(84)

p3∑

j3=0

p1∑

j1=2l+l1+2

Cj3j3j1ζ
(i1)
j1

=

p3∑

j3=0

2(j3+l+1)+l1∑

j1=2l+l1+2

Cj3j3j1ζ
(i1)
j1

.
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We put 2(j3+ l+1)+ l1 instead of p1, since Cj3j3j1 = 0 when j1 > 2(j3+ l+1)+ l1. This conclusion
follows from the relation

Cj3j3j1 =
1

2

T∫

t

φj1 (s2)(t− s2)
l1





T∫

s2

φj3 (s1)(t− s1)
lds1





2

ds2 =

=
1

2

T∫

t

φj1 (s2)Q2(j3+l+1)+l1(s2)ds2,

where Q2(j3+l+1)+l1(s) is a polynomial of degree 2(j3 + l + 1) + l1.
It is easy to see that

(85)

p3∑

j3=0

2(j3+l+1)+l1∑

j1=2l+l1+2

Cj3j3j1ζ
(i1)
j1

=

2(p3+l+1)+l1∑

j1=2l+l1+2

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

.

Note that we included some zero coefficients Cj3j3j1 into the sum
p3∑

j3=0

.

From (84) and (85) we have

M











p3∑

j3=0

p1∑

j1=2l+l1+2

Cj3j3j1ζ
(i1)
j1





2






=

= M











2(p3+l+1)+l1∑

j1=2l+l1+2

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1





2






=

2(p3+l+1)+l1∑

j1=2l+l1+2





p3∑

j3=0

Cj3j3j1





2

=

=

2(p3+l+1)+l1∑

j1=2l+l1+2





1

2

p3∑

j3=0

T∫

t

φj1 (s2)(t− s2)
l1





T∫

s2

φj3(s1)(t− s1)
lds1





2

ds2






2

=

=
1

4

2(p3+l+1)+l1∑

j1=2l+l1+2






T∫

t

φj1(s2)(t− s2)
l1

p3∑

j3=0





T∫

s2

φj3(s1)(t− s1)
lds1





2

ds2






2

=

=
1

4

2(p3+l+1)+l1∑

j1=2l+l1+2






T∫

t

φj1(s2)(t− s2)
l1






T∫

s2

(t− s1)
2lds1 −

∞∑

j3=p3+1





T∫

s2

φj3(s1)(t− s1)
lds1





2



 ds2






2

(86) =
1

4

2(p3+l+1)+l1∑

j1=2l+l1+2






T∫

t

φj1(s2)(t− s2)
l1

∞∑

j3=p3+1





T∫

s2

φj3 (s1)(t− s1)
lds1





2

ds2






2

.

In order to get (86) we used the Parseval equality (82) and the following relation
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T∫

t

φj1(s)Q2l+1+l1(s)ds = 0, j1 > 2l + 1 + l1,

where Q2l+1+l1(s) is a polynomial of degree 2l + 1 + l1.
Further, we have for j3 ∈ N





T∫

s2

φj3(s1)(t− s1)
lds1





2

=
(T − t)2l+1(2j3 + 1)

22l+2






1∫

z(s2)

Pj3(y)(1 + y)ldy






2

=

=
(T − t)2l+1

22l+2(2j3 + 1)




(1 + z(s2))

l
Qj3(s2)− l

1∫

z(s2)

(Pj3+1(y)− Pj3−1(y)) (1 + y)
l−1

dy






2

≤

≤ (T − t)2l+12

22l+2(2j3 + 1)






(
2(s2 − t)

T − t

)2l

Q2
j3(s2)) + l2






1∫

z(s2)

(Pj3+1(y)− Pj3−1(y)) (1 + y)
l−1

dy






2


 ≤

≤ (T − t)2l+1

22l+1(2j3 + 1)




22l+1Hj3(s2) + l2

1∫

z(s2)

(1 + y)2l−2dy

1∫

z(s2)

(Pj3+1(y)− Pj3−1(y))
2 dy




 ≤

≤ (T − t)2l+1

22l+1(2j3 + 1)




22l+1Hj3(s2) +

22ll2

2l − 1

(

1−
(
(s2 − t)

T − t

)2l−1
) 1∫

z(s2)

(
P 2
j3+1(y) + P 2

j3−1(y)
)
dy




 ≤

(87) ≤ (T − t)2l+1

2(2j3 + 1)

(

2Hj3(s2)+
l2

2l − 1

1∫

z(s2)

(
P 2
j3+1(y) + P 2

j3−1(y)
)
dy

)

,

where

Qj3(s2) = Pj3−1(z(s2))− Pj3+1(z(s2)),

Hj3(s2) = P 2
j3−1(z(s2)) + P 2

j3+1(z(s2)).

Let us estimate the right-hand side of (87) using (38)





T∫

s2

φj3 (s1)(t− s1)
lds1





2

<
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<
(T − t)2l+1

2(2j3 + 1)

(
K2

j3 + 2
+
K2

j3

)






2

(1− (z(s2))2)
1/2

+
l2

2l − 1

1∫

z(s2)

dy

(1− y2)
1/2




 <

(88) <
(T − t)2l+1K2

2j23

(

2

(1 − (z(s2))2)
1/2

+
l2π

2l − 1

)

, s ∈ (t, T ).

From (86) and (88) we obtain

M











p3∑

j3=0

p1∑

j1=2l+l1+2

Cj3j3j1ζ
(i1)
j1





2






≤

≤ 1

4

2(p3+l+1)+l1∑

j1=2l+l1+2






T∫

t

|φj1(s2)|(t− s2)
l1

∞∑

j3=p3+1





T∫

s2

φj3(s1)(t− s1)
lds1





2

ds2






2

≤

≤ 1

4
(T − t)2l1

2(p3+l+1)+l1∑

j1=2l+l1+2






T∫

t

|φj1(s2)|
∞∑

j3=p3+1





T∫

s2

φj3(s1)(t− s1)
lds1





2

ds2






2

<

<
(T − t)4l+2l1+1K4K2

1

16
×

×
2(p3+l+1)+l1∑

j1=2l+l1+2









T∫

t

2ds2

(1− (z(s2))2)
3/4

+
l2π

2l− 1

T∫

t

ds2

(1− (z(s2))2)
1/4





∞∑

j3=p3+1

1

j23





2

≤

≤ (T − t)4l+2l1+3K4K2
1

64
· 2p3 + 1

p23





1∫

−1

2dy

(1− y2)3/4
+

l2π

2l− 1

1∫

−1

dy

(1 − y2)1/4





2

≤

(89) ≤ (T − t)4l+2l1+3C
2p3 + 1

p23
→ 0 when p3 → ∞,

where constant C does not depend on p3 and T − t.
From (79), (80), and (89) it follows (78), and the relation (78) implies the expansion (76).
Let us consider Case 4 (l1 = l2 = l3 = l = 0, 1, 2, . . . and i1, i2, i3 = 1, . . . ,m). So, we will prove

the following expansion for iterated Stratonovich stochastic integral of third multiplicity

(90) I
∗(i1i2i3)
lllT,t

= l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 1, . . . ,m),
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where the series converges in the mean-square sense, l = 0, 1, 2, . . ., and

(91) Cj3j2j1 =

T∫

t

φj3(s)(t− s)l
s∫

t

(t− s1)
lφj2(s1)

s1∫

t

(t− s2)
lφj1 (s2)ds2ds1ds.

If we prove w. p. 1 the following formula

(92) l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj1j3j1ζ
(i2)
j3

= 0,

where coefficients Cj3j2j1 have the form (91), then using Theorems 1, 2, relations (64), (78) when
l1 = l3 = l and standard relations between iterated Ito and Stratonovich stochastic integrals we will
have the expansion (90).

Since ψ1(s), ψ2(s), ψ3(s) ≡ (t − s)l, then the following equality for the Fourier coefficients takes
place

Cj1j1j3 + Cj1j3j1 + Cj3j1j1 =
1

2
C2

j1Cj3 ,

where Cj3j2j1 has the form (91) and

Cj1 =

T∫

t

φj1(s)(t − s)lds.

Then w. p. 1

(93) l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj1j3j1ζ
(i2)
j3

= l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

(
1

2
C2

j1Cj3 − Cj1j1j3 − Cj3j1j1

)

ζ
(i2)
j3

.

Taking into account (64) and (78) when l3 = l1 = l and the Ito formula, we have w. p. 1

l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj1j3j1ζ
(i2)
j3

=

=
1

2

l∑

j1=0

C2
j1

l∑

j3=0

Cj3ζ
(i2)
j3

− l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj1j1j3ζ
(i2)
j3

− l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj3j1j1ζ
(i2)
j3

=

=
1

2

l∑

j1=0

C2
j1

T∫

t

(t− s)ldf (i2)s − 1

2

T∫

t

(t− s)l
s∫

t

(t− s1)
2lds1df

(i2)
s −

−1

2

T∫

t

(t− s)2l
s∫

t

(t− s1)
ldf (i2)s1 ds =
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=
1

2

l∑

j1=0

C2
j1

T∫

t

(t− s)ldf (i2)s +
1

2(2l+ 1)

T∫

t

(t− s)3l+1df (i2)s −

−1

2

T∫

t

(t− s1)
l

T∫

s1

(t− s)2ldsdf (i2)s1 =

=
1

2

l∑

j1=0

C2
j1

T∫

t

(t− s)ldf (i2)s +
1

2(2l+ 1)

T∫

t

(t− s)3l+1df (i2)s −

− 1

2(2l+ 1)



(T − t)2l+1

T∫

t

(t− s)ldf (i2)s +

T∫

t

(t− s)3l+1df (i2)s



 =

=
1

2

l∑

j1=0

C2
j1

T∫

t

(t− s)ldf (i2)s − (T − t)2l+1

2(2l+ 1)

T∫

t

(t− s)ldf (i2)s =

=
1

2





l∑

j1=0

C2
j1 −

T∫

t

(t− s)2lds





T∫

t

(t− s)ldf (i2)s = 0.

Here, the Parseval equality looks as follows

∞∑

j1=0

C2
j1 =

l∑

j1=0

C2
j1 =

T∫

t

(t− s)2lds =
(T − t)2l+1

2l+ 1

and
T∫

t

(t− s)ldf (i2)s =
l∑

j3=0

Cj3ζ
(i2)
j3

w. p. 1.

The expansion (90) is proved. Theorem 4 is proved.
It is easy to see that using the Ito formula, we obtain for the case i1 = i2 = i3

∗T∫

t

(t− s)l
∗s∫

t

(t− s1)
l

∗s1∫

t

(t− s2)
ldf (i1)s2 df (i1)s1 df (i1)s =

=
1

6

( T∫

t

(t− s)ldf (i1)s

)3

=
1

6





l∑

j1=0

Cj1ζ
(i1)
j1





3

=

(94) =

l∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i1)
j2

ζ
(i1)
j3

w. p. 1.
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6. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 3. The

Case of Trigonometric Functions

In this section we will prove the following theorem.

Theorem 5 [15]-[19], [22], [24]-[27]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

trigonometric functions in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic integral

of third multiplicity

∗∫

t

T ∗∫

t

t3 ∗∫

t

t2

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

(95)

∗∫

t

T ∗∫

t

t3 ∗∫

t

t2

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 = l.i.m.

p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

converging in the mean-square sense is valid, where

Cj3j2j1 =

T∫

t

φj3(s)

s∫

t

φj2 (s1)

s1∫

t

φj1 (s2)ds2ds1ds.

Proof. If we prove w. p. 1 the following formulas

(96) l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj3j1j1ζ
(i3)
j3

=
1

2

T∫

t

τ∫

t

dsdf (i3)τ ,

(97) l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

=
1

2

T∫

t

τ∫

t

df (i1)s dτ,

(98) l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj1j3j1ζ
(i2)
j3

= 0,

then from the equalities (96)–(98), Theorems 1, 2, and standard relations between iterated Ito and
Stratonovich stochastic integrals we will obtain the expansion (95).

We have

Sp1,p3

def
=

p3∑

j3=0

p1∑

j1=0

Cj3j1j1ζ
(i3)
j3

=
(T − t)3/2

6
ζ
(i3)
0 +

+

p1∑

j1=1

C0,2j1,2j1ζ
(i3)
0 +

p1∑

j1=1

C0,2j1−1,2j1−1ζ
(i3)
0 +

p1∑

j3=1

C2j3,0,0ζ
(i3)
2j3

+
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+

p3∑

j3=1

p1∑

j1=1

C2j3,2j1,2j1ζ
(i3)
2j3

+

p3∑

j3=1

p1∑

j1=1

C2j3,2j1−1,2j1−1ζ
(i3)
2j3

+

p3∑

j3=1

C2j3−1,0,0ζ
(i3)
2j3−1+

(99) +

p3∑

j3=1

p1∑

j1=1

C2j3−1,2j1,2j1ζ
(i3)
2j3−1 +

p3∑

j3=1

p1∑

j1=1

C2j3−1,2j1−1,2j1−1ζ
(i3)
2j3−1,

where the summation is stopped, when 2j1, 2j1 − 1 > p1 or 2j3, 2j3 − 1 > p3 and

(100) C0,2l,2l =
(T − t)3/2

8π2l2
, C0,2l−1,2l−1 =

3(T − t)3/2

8π2l2
, C2l,0,0 =

√
2(T − t)3/2

4π2l2
,

(101) C2r−1,2l,2l = 0, C2l−1,0,0 = −
√
2(T − t)3/2

4πl
, C2r−1,2l−1,2l−1 = 0,

(102) C2r,2l,2l =







−
√
2(T − t)3/2/(16π2l2), r = 2l

0, r 6= 2l

,

(103) C2r,2l−1,2l−1 =







√
2(T − t)3/2/(16π2l2), r = 2l

−
√
2(T − t)3/2/(4π2l2), r = l

0, r 6= l, r 6= 2l

.

Let us show that

(104) l.i.m.
p1,p3→∞

S2p1,2p3 = l.i.m.
p1,p3→∞

S2p1,2p3−1 = l.i.m.
p1,p3→∞

S2p1−1,2p3−1 = l.i.m.
p1,p3→∞

S2p1−1,2p3 .

We have

(105) S2p1,2p3 = S2p1,2p3−1 +

2p1∑

j1=0

C2p3,j1,j1ζ
(i3)
2p3

.

Using the relations (100), (102), and (103), we obtain

2p1∑

j1=0

C2p3,j1,j1 = C2p3,0,0 +

2p1∑

j1=1

C2p3,j1,j1 =

= C2p3,0,0 +

p1∑

j1=1

(

C2p3,2j1−1,2j1−1 + C2p3,2j1,2j1

)

=
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(106) =

√
2(T − t)3/2

4π2p23

(
1− 1{p1≥p3}

)
.

From (105), (106) we get

(107) l.i.m.
p1,p3→∞

S2p1,2p3 = l.i.m.
p1,p3→∞

S2p1,2p3−1.

Further, we have (see (100)–(102))

(108) S2p1,2p3−1 = S2p1−1,2p3−1 +

2p3−1
∑

j3=0

Cj3,2p1,2p1ζ
(i3)
j3

,

2p3−1
∑

j3=0

Cj3,2p1,2p1ζ
(i3)
j3

= C0,2p1,2p1ζ
(i3)
0 +

2p3∑

j3=1

Cj3,2p1,2p1ζ
(i3)
j3

− C2p3,2p1,2p1ζ
(i3)
2p3

=

= C0,2p1,2p1ζ
(i3)
0 +

p3∑

j3=1

(

C2j3−1,2p1,2p1ζ
(i3)
2j3−1 + C2j3,2p1,2p1ζ

(i3)
2j3

)

− C2p3,2p1,2p1ζ
(i3)
2p3

=

(109) =
(T − t)3/2

8π2p21
ζ
(i3)
0 +

√
2(T − t)3/2

16π2p21

(
1{p3=2p1} − 1{p3≥2p1}

)
ζ
(i3)
4p1

.

From (108), (109) we obtain

(110) l.i.m.
p1,p3→∞

S2p1,2p3−1 = l.i.m.
p1,p3→∞

S2p1−1,2p3−1.

Further, we have

(111) S2p1,2p3 = S2p1−1,2p3 +

2p3∑

j3=0

Cj3,2p1,2p1ζ
(i3)
j3

,

2p3∑

j3=0

Cj3,2p1,2p1ζ
(i3)
j3

= C0,2p1,2p1ζ
(i3)
0 +

2p3∑

j3=1

Cj3,2p1,2p1ζ
(i3)
j3

=

(112) = C0,2p1,2p1ζ
(i3)
0 +

p3∑

j3=1

(

C2j3−1,2p1,2p1ζ
(i3)
2j3−1 + C2j3,2p1,2p1ζ

(i3)
2j3

)

.

From (112), (100)–(102) we obtain
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(113)

2p3∑

j3=0

Cj3,2p1,2p1ζ
(i3)
j3

=
(T − t)3/2

8π2p21
ζ
(i3)
0 −

√
2(T − t)3/2

16π2p21
1{p3≥2p1}ζ

(i3)
4p1

.

The relations (111), (113) mean that

(114) l.i.m.
p1,p3→∞

S2p1,2p3 = l.i.m.
p1,p3→∞

S2p1−1,2p3 .

The equalities (107), (110), and (114) imply (104). This means that instead of (96) it is enough
to prove the following equality

(115) l.i.m.
p1,p3→∞

2p1∑

j1=0

2p3∑

j3=0

Cj3j1j1ζ
(i3)
j3

=
1

2

T∫

t

τ∫

t

dsdf (i3)τ w. p. 1.

We have

S2p1,2p3 =

2p3∑

j3=0

2p1∑

j1=0

Cj3j1j1ζ
(i3)
j3

=
(T − t)3/2

6
ζ
(i3)
0 +

+

p1∑

j1=1

C0,2j1,2j1ζ
(i3)
0 +

p1∑

j1=1

C0,2j1−1,2j1−1ζ
(i3)
0 +

p1∑

j3=1

C2j3,0,0ζ
(i3)
2j3

+

+

p3∑

j3=1

p1∑

j1=1

C2j3,2j1,2j1ζ
(i3)
2j3

+

p3∑

j3=1

p1∑

j1=1

C2j3,2j1−1,2j1−1ζ
(i3)
2j3

+

p3∑

j3=1

C2j3−1,0,0ζ
(i3)
2j3−1+

(116) +

p3∑

j3=1

p1∑

j1=1

C2j3−1,2j1,2j1ζ
(i3)
2j3−1 +

p3∑

j3=1

p1∑

j1=1

C2j3−1,2j1−1,2j1−1ζ
(i3)
2j3−1.

After substituting (100)–(103) into (116), we obtain

2p3∑

j3=0

2p1∑

j1=0

Cj3j1j1ζ
(i3)
j3

= (T − t)3/2




1

6
ζ
(i3)
0 +

1

2π2

p1∑

j1=1

1

j21
ζ
(i3)
0 −

(117) −
√
2

4π

p3∑

j3=1

1

j3
ζ
(i3)
2j3−1 −

√
2

4π2

min{p1,p3}∑

j3=1

1

j23
ζ
(i3)
2j3

+

√
2

4π2

p3∑

j3=1

1

j23
ζ
(i3)
2j3



 .

From (117) we have w. p. 1

l.i.m.
p1,p3→∞

2p3∑

j3=0

2p1∑

j1=0

Cj3j1j1ζ
(i3)
j3

= (T − t)3/2




1

6
ζ
(i3)
0 +

1

2π2

∞∑

j1=1

1

j21
ζ
(i3)
0 −
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(118) − l.i.m.
p3→∞

√
2

4π

p3∑

j3=1

1

j3
ζ
(i3)
2j3−1



 .

Using Theorems 1, 2 and the system of trigonometric functions, we get w. p. 1

1

2

T∫

t

s∫

t

dτdf (i3)s =
1

2

T∫

t

(s− t)df (i3)s =

(119) =
(T − t)3/2

4
l.i.m.
p3→∞

(

ζ
(i3)
0 −

√
2

π

p3∑

j3=1

1

j3
ζ
(i3)
2j3−1

)

.

From (118) and (119) it follows that

l.i.m.
p1,p3→∞

2p3∑

j3=0

2p1∑

j1=0

Cj3j1j1ζ
(i3)
j3

=

= (T − t)3/2




1

6
ζ
(i3)
0 +

1

12
ζ
(i3)
0 − l.i.m.

p3→∞

√
2

4π

p3∑

j3=1

1

j3
ζ
(i3)
2j3−1



 =

= (T − t)3/2




1

4
ζ
(i3)
0 − l.i.m.

p3→∞

√
2

4π

p3∑

j3=1

1

j3
ζ
(i3)
2j3−1



 =

=
1

2

T∫

t

s∫

t

dτdf (i3)s ,

where the equality is fulfilled w. p. 1.
So, the relations (115) and (96) are proved for the case of trigonometric system of functions.
Let us prove the relation (97). We have

S′
p1,p3

def
=

p1∑

j1=0

p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

=
(T − t)3/2

6
ζ
(i1)
0 +

+

p3∑

j3=1

C2j3,2j3,0ζ
(i1)
0 +

p3∑

j3=1

C2j3−1,2j3−1,0ζ
(i1)
0 +

p1∑

j1=1

p3∑

j3=1

C2j3,2j3,2j1−1ζ
(i1)
2j1−1+

+

p1∑

j1=1

p3∑

j3=1

C2j3−1,2j3−1,2j1−1ζ
(i1)
2j1−1 +

p1∑

j1=1

C0,0,2j1−1ζ
(i1)
2j1−1 +

p1∑

j1=1

p3∑

j3=1

C2j3,2j3,2j1ζ
(i1)
2j1

+
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(120) +

p1∑

j1=1

p3∑

j3=1

C2j3−1,2j3−1,2j1ζ
(i1)
2j1

+

p1∑

j1=1

C0,0,2j1ζ
(i1)
2j1

,

where the summation is stopped, when 2j3, 2j3 − 1 > p3 or 2j1, 2j1 − 1 > p1 and

(121) C2l,2l,0 =
(T − t)3/2

8π2l2
, C2l−1,2l−1,0 =

3(T − t)3/2

8π2l2
, C0,0,2r =

√
2(T − t)3/2

4π2r2
,

(122) C2l−1,2l−1,2r−1 = 0, C0,0,2r−1 =

√
2(T − t)3/2

4πr
, C2l,2l,2r−1 = 0,

(123) C2l,2l,2r =







−
√
2(T − t)3/2/(16π2l2), r = 2l

0, r 6= 2l

,

(124) C2l−1,2l−1,2r =







√
2(T − t)3/2/(16π2l2), r = 2l

−
√
2(T − t)3/2/(4π2l2), r = l

0, r 6= l, r 6= 2l

.

Let us show that

(125) l.i.m.
p1,p3→∞

S′
2p1,2p3

= l.i.m.
p1,p3→∞

S′
2p1,2p3−1 = l.i.m.

p1,p3→∞
S′
2p1−1,2p3−1 = l.i.m.

p1,p3→∞
S′
2p1−1,2p3

.

We have

(126) S′
2p1,2p3

= S′
2p1−1,2p3

+

2p3∑

j3=0

Cj3,j3,2p1ζ
(i1)
2p1

.

Using the relations (121), (123), and (124), we obtain

2p3∑

j1=0

Cj3,j3,2p1 = C0,0,2p1 +

2p3∑

j3=1

Cj3,j3,2p1 =

= C0,0,2p1 +

p3∑

j3=1

(

C2j3−1,2j3−1,2p1 + C2j3,2j3,2p1

)

=

(127) =

√
2(T − t)3/2

4π2p21

(
1− 1{p3≥p1}

)
.
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From (126), (127) we obtain

(128) l.i.m.
p1,p3→∞

S′
2p1,2p3

= l.i.m.
p1,p3→∞

S′
2p1−1,2p3

.

Further, we get (see (121)–(123))

(129) S′
2p1−1,2p3

= S′
2p1−1,2p3−1 +

2p1−1
∑

j1=0

C2p3,2p3,j1ζ
(i1)
j1

,

2p1−1
∑

j1=0

C2p3,2p3,j1ζ
(i1)
j1

= C2p3,2p3,0ζ
(i1)
0 +

2p1∑

j1=1

C2p3,2p3,j1ζ
(i1)
j1

− C2p3,2p3,2p1ζ
(i1)
2p1

=

= C2p3,2p3,0ζ
(i1)
0 +

p1∑

j1=1

(

C2p3,2p3,2j1−1ζ
(i1)
2j1−1 + C2p3,2p3,2j1ζ

(i1)
2j1

)

− C2p3,2p3,2p1ζ
(i1)
2p1

=

(130) =
(T − t)3/2

8π2p23
ζ
(i1)
0 +

√
2(T − t)3/2

16π2p23

(
1{p1=2p3} − 1{p1≥2p3}

)
ζ
(i1)
4p3

.

From (129), (130) we obtain

(131) l.i.m.
p1,p3→∞

S′
2p1−1,2p3

= l.i.m.
p1,p3→∞

S′
2p1−1,2p3−1.

Further, we have

(132) S′
2p1,2p3

= S′
2p1,2p3−1 +

2p1∑

j1=0

C2p3,2p3,j1ζ
(i1)
j1

,

2p1∑

j1=0

C2p3,2p3,j1ζ
(i1)
j1

= C2p3,2p3,0ζ
(i1)
0 +

2p1∑

j1=1

C2p3,2p3,j1ζ
(i1)
j1

=

(133) = C2p3,2p3,0ζ
(i1)
0 +

p1∑

j1=1

(

C2p3,2p3,2j1−1ζ
(i1)
2j1−1 + C2p3,2p3,2j1ζ

(i1)
2j1

)

.

From (133), (121)–(123) we obtain

(134)

2p1∑

j1=0

C2p3,2p3,j1ζ
(i1)
j1

=
(T − t)3/2

8π2p23
ζ
(i1)
0 −

√
2(T − t)3/2

16π2p23
1{p1≥2p3}ζ

(i1)
4p3

.

The relations (132), (134) mean that

(135) l.i.m.
p1,p3→∞

S′
2p1,2p3

= l.i.m.
p1,p3→∞

S′
2p1,2p3−1.
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The equalities (128), (131), and (135) imply (125). This means that instead of (97) it is enough
to prove the following equality

(136) l.i.m.
p1,p3→∞

2p1∑

j1=0

2p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

=
1

2

T∫

t

τ∫

t

df (i1)s dτ w. p. 1.

We have

S′
2p1,2p3

=

2p1∑

j1=0

2p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

=
(T − t)3/2

6
ζ
(i1)
0 +

+

p3∑

j3=1

C2j3,2j3,0ζ
(i1)
0 +

p3∑

j3=1

C2j3−1,2j3−1,0ζ
(i1)
0 +

p1∑

j1=1

p3∑

j3=1

C2j3,2j3,2j1−1ζ
(i1)
2j1−1+

+

p1∑

j1=1

p3∑

j3=1

C2j3−1,2j3−1,2j1−1ζ
(i1)
2j1−1 +

p1∑

j1=1

C0,0,2j1−1ζ
(i1)
2j1−1 +

p1∑

j1=1

p3∑

j3=1

C2j3,2j3,2j1ζ
(i1)
2j1

+

(137) +

p1∑

j1=1

p3∑

j3=1

C2j3−1,2j3−1,2j1ζ
(i1)
2j1

+

p1∑

j1=1

C0,0,2j1ζ
(i1)
2j1

.

After substituting (121)–(124) into (137), we obtain

2p1∑

j1=0

2p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

= (T − t)3/2




1

6
ζ
(i1)
0 +

1

2π2

p3∑

j3=1

1

j23
ζ
(i1)
0 +

(138) +

√
2

4π

p1∑

j1=1

1

j1
ζ
(i1)
2j1−1 −

√
2

4π2

min{p1,p3}∑

j1=1

1

j21
ζ
(i1)
2j1

+

√
2

4π2

p1∑

j1=1

1

j21
ζ
(i1)
2j1



 .

From (138) we have w. p. 1

l.i.m.
p1,p3→∞

2p1∑

j1=0

2p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

= (T − t)3/2




1

6
ζ
(i3)
0 +

1

2π2

∞∑

j3=1

1

j23
ζ
(i1)
0 +

(139) +l.i.m.
p1→∞

√
2

4π

p1∑

j1=1

1

j1
ζ
(i1)
2j1−1



 .

Using the Ito formula and Theorems 1, 2 for the case of trigonometric system of functions, we
obtain w. p. 1
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1

2

T∫

t

τ∫

t

df (i1)s dτ =
1

2



(T − t)

T∫

t

df (i1)s +

T∫

t

(t− s)df (i1)s



 =

(140) =
1

4
(T − t)3/2

(

ζ
(i1)
0 + l.i.m.

p1→∞

√
2

π

p1∑

j1=1

1

j1
ζ
(i1)
2j1−1

)

.

From (139) and (140) it follows that

l.i.m.
p1,p3→∞

2p1∑

j1=0

2p3∑

j3=0

Cj3j3j1ζ
(i1)
j1

=

= (T − t)3/2




1

6
ζ
(i1)
0 +

1

12
ζ
(i1)
0 + l.i.m.

p1→∞

√
2

4π

p1∑

j1=1

1

j1
ζ
(i1)
2j1−1



 =

= (T − t)3/2




1

4
ζ
(i1)
0 + l.i.m.

p1→∞

√
2

4π

p1∑

j1=1

1

j1
ζ
(i1)
2j1−1



 =

=
1

2

T∫

t

τ∫

t

df (i1)s dτ,

where the equality is fulfilled w. p. 1.
So, the relations (136) and (97) are proved for the case of trigonometric system of functions.
Let us prove the equality (98). Since ψ1(τ), ψ2(τ), ψ3(τ) ≡ 1, then the following relation for the

Fourier coefficients is correct

Cj1j1j3 + Cj1j3j1 + Cj3j1j1 =
1

2
C2

j1Cj3 .

Then w. p. 1

l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj1j3j1ζ
(i2)
j3

=

(141) = l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

(
1

2
C2

j1Cj3 − Cj1j1j3 − Cj3j1j1

)

ζ
(i2)
j3

.

Taking into account (96) and (97), we can write w. p. 1

l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj1j3j1ζ
(i2)
j3

=
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=
1

2
C3

0ζ
(i2)
0 − l.i.m.

p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj1j1j3ζ
(i2)
j3

−

− l.i.m.
p1,p3→∞

p1∑

j1=0

p3∑

j3=0

Cj3j1j1ζ
(i2)
j3

=

=
1

2
(T − t)3/2ζ

(i2)
0 − 1

4
(T − t)3/2

(

ζ
(i2)
0 + l.i.m.

p1→∞

√
2

π

p1∑

j1=1

1

j1
ζ
(i2)
2j1−1

)

−

−1

4
(T − t)3/2

(

ζ
(i2)
0 − l.i.m.

p1→∞

√
2

π

p1∑

j1=1

1

j1
ζ
(i2)
2j1−1

)

= 0.

From Theorems 1, 2 and (96)–(98) we obtain the expansion (95). Theorem 5 is proved.

7. Modifications of Theorems 3–5

Let us consider the following modification of Theorem 4.

Theorem 6 [17]-[19], [22], [24]-[27]. Assume that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials in the space L2([t, T ]) and ψ1(τ), ψ2(τ), ψ3(τ) are continuously differen-

tiable functions at the interval [t, T ]. Then, for the iterated Stratonovich stochastic integral of third

multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

(142) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

converging in the mean-square sense is valid for each of the following cases

1. i1 6= i2, i2 6= i3, i1 6= i3,
2. i1 = i2 6= i3 and ψ1(τ) ≡ ψ2(τ),
3. i1 6= i2 = i3 and ψ2(τ) ≡ ψ3(τ),
4. i1, i2, i3 = 1, . . . ,m and ψ1(τ) ≡ ψ2(τ) ≡ ψ3(τ),

where

Cj3j2j1 =

T∫

t

ψ3(s)φj3 (s)

s∫

t

ψ2(s1)φj2(s1)

s1∫

t

ψ1(s2)φj1 (s2)ds2ds1ds.

Proof. Case 1 directly follows from Theorems 1, 2. Let us consider Case 2. We will prove w. p. 1
the following relation
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l.i.m.
p→∞

p
∑

j1=0

p
∑

j3=0

Cj3j1j1ζ
(i3)
j3

=
1

2

T∫

t

ψ3(s)

s∫

t

ψ2(s1)ds1df
(i3)
s ,

where

Cj3j1j1 =

T∫

t

ψ3(s)φj3 (s)

s∫

t

ψ(s1)φj1(s1)

s1∫

t

ψ(s2)φj1 (s2)ds2ds1ds.

Using Theorems 1, 2 we can write the following

1

2

T∫

t

ψ3(s)

s∫

t

ψ2(s1)ds1df
(i3)
s =

1

2
l.i.m.
p3→∞

p3∑

j3=0

C̃j3ζ
(i3)
j3

,

where

C̃j3 =

T∫

t

φj3 (s)ψ3(s)

s∫

t

ψ2(s1)ds1ds.

We have

M











p
∑

j3=0





p
∑

j1=0

Cj3j1j1 −
1

2
C̃j3



 ζ
(i3)
j3





2






=

p
∑

j3=0





p
∑

j1=0

Cj3j1j1 −
1

2
C̃j3





2

=

=

p
∑

j3=0





1

2

p
∑

j1=0

T∫

t

φj3 (s)ψ3(s)





s∫

t

φj1(s1)ψ(s1)ds1





2

ds− 1

2

T∫

t

φj3 (s)ψ3(s)

s∫

t

ψ2(s1)ds1ds






2

=

=
1

4

p
∑

j3=0






T∫

t

φj3(s)ψ3(s)






p
∑

j1=0





s∫

t

φj1(s1)ψ(s1)ds1





2

−
s∫

t

ψ2(s1)ds1




 ds






2

=

(143) =
1

4

p
∑

j3=0






T∫

t

φj3 (s)ψ3(s)

∞∑

j1=p+1





s∫

t

φj1 (s1)ψ(s1)ds1





2

ds






2

.

In order to get (143) we used the Parseval equality in the form

∞∑

j1=0





s∫

t

φj1(s1)ψ(s1)ds1





2

=

T∫

t

K2(s, s1)ds1 =

s∫

t

ψ2(s1)ds1,

where

K(s, s1) = ψ(s1)1{s1<s}, s, s1 ∈ [t, T ].
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We have for j1 ∈ N





s∫

t

ψ(s1)φj1(s1)ds1





2

=

=
(T − t)(2j1 + 1)

4






z(s)∫

−1

Pj1(y)ψ

(
T − t

2
y +

T + t

2

)

dy






2

=

=
T − t

4(2j1 + 1)

(

(Pj1+1(z(s))− Pj1−1(z(s)))ψ(s)−

(144) −T − t

2

z(s)∫

−1

((Pj1+1(y)− Pj1−1(y))ψ
′

(
T − t

2
y +

T + t

2

)

dy

)2

,

where

z(s) =

(

s− T + t

2

)
2

T − t
,

and ψ′ is a derivative of the function ψ(s) with respect to the variable

T − t

2
y +

T + t

2
.

Further consideration is similar to the proof of Case 2 from Theorem 4. Finally, from (143) and
(144) we obtain

M











p
∑

j3=0





p
∑

j1=0

Cj3j1j1 −
1

2
C̃j3



 ζ
(i3)
j3





2






<

< K
p

p2





1∫

−1

dy

(1− y2)3/4
+

1∫

−1

dy

(1 − y2)1/4





2

≤

≤ K1

p
→ 0 if p → ∞,

where K,K1 are constants. Case 2 is proved.
Let us consider Case 3. In this case we will prove w. p. 1 the following relation

l.i.m.
p→∞

p
∑

j1=0

p
∑

j3=0

Cj3j3j1ζ
(i1)
j1

=
1

2

T∫

t

ψ2(s)

s∫

t

ψ1(s1)df
(i1)
s1 ds,

where

Cj3j3j1 =

T∫

t

ψ(s)φj3 (s)

s∫

t

ψ(s1)φj3 (s1)

s1∫

t

ψ1(s2)φj1 (s2)ds2ds1ds.
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Using the Ito formula, we obtain w. p. 1

(145)
1

2

T∫

t

ψ2(s)

s∫

t

ψ1(s1)df
(i1)
s1 ds =

1

2

T∫

t

ψ1(s1)

T∫

s1

ψ2(s)dsdf (i1)s1 .

Applying Theorems 1 and 2, we have

(146)
1

2

T∫

t

ψ1(s1)

T∫

s1

ψ2(s)dsdf (i1)s1 =
1

2
l.i.m.
p1→∞

p1∑

j1=0

C∗
j1ζ

(i1)
j1

,

where

C∗
j1 =

T∫

t

φj1(s1)ψ1(s1)

T∫

s1

ψ2(s)dsds1.

Moreover,

Cj3j3j1 =

T∫

t

ψ(s)φj3 (s)

s∫

t

ψ(s1)φj3 (s1)

s1∫

t

ψ1(s2)φj1 (s2)ds2ds1ds =

=

T∫

t

ψ1(s2)φj1 (s2)

T∫

s2

ψ(s1)φj3(s1)

T∫

s1

ψ(s)φj3 (s)dsds1ds2 =

(147) =
1

2

T∫

t

ψ1(s2)φj1 (s2)





T∫

s2

ψ(s1)φj3(s1)ds1





2

ds2.

From (145)–(147) we obtain

M











p
∑

j1=0





p
∑

j3=0

Cj3j3j1 −
1

2
C∗

j1



 ζ
(i1)
j1





2






=

p
∑

j1=0





p
∑

j3=0

Cj3j3j1 −
1

2
C∗

j1





2

=

=
1

4

p
∑

j1=0






T∫

t

φj1 (s1)ψ1(s1)






p
∑

j3=0





T∫

s1

φj3 (s)ψ(s)ds1





2

−
T∫

s1

ψ2(s)ds




 ds1






2

(148) =
1

4

p
∑

j1=0






T∫

t

φj1 (s1)ψ1(s1)

∞∑

j3=p+1





T∫

s1

φj3(s)ψ(s)ds





2

ds1






2

.

In order to get (148) we used the Parseval equality in the form
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∞∑

j3=0





T∫

s1

φj3 (s)ψ(s)ds





2

=

T∫

t

K2(s, s1)ds =

T∫

s1

ψ2(s)ds,

where
K(s, s1) = ψ(s)1{s>s1}, s, s1 ∈ [t, T ].

Further consideration is similar to the proof of Case 3 from Theorem 4. Finally, from (148) we get

M











p
∑

j1=0





p
∑

j3=0

Cj3j3j1 −
1

2
C∗

j1



 ζ
(i1)
j1





2






<

< K
p

p2





1∫

−1

dy

(1− y2)3/4
+

1∫

−1

dy

(1 − y2)1/4





2

≤

≤ K1

p
→ 0 if p → ∞,

where K,K1 are constants. Case 3 is proved.
Let us consider Case 4. We will prove w. p. 1 the following relation

l.i.m.
p→∞

p
∑

j1=0

p
∑

j3=0

Cj1j3j1ζ
(i2)
j3

= 0 (ψ1(s), ψ2(s), ψ3(s) ≡ ψ(s)).

In Case 4 we obtain w. p. 1

l.i.m.
p→∞

p
∑

j1,j3=0

Cj1j3j1ζ
(i2)
j3

=

= l.i.m.
p→∞

p
∑

j1,j3=0

(
1

2
C2

j1Cj3 − Cj1j1j3 − Cj3j1j1

)

ζ
(i2)
j3

=

= l.i.m.
p→∞

1

2

p
∑

j1=0

C2
j1

p
∑

j3=0

Cj3ζ
(i2)
j3

− l.i.m.
p→∞

p
∑

j1,j3=0

Cj1j1j3ζ
(i2)
j3

−

−l.i.m.
p→∞

p
∑

j1,j3=0

Cj3j1j1ζ
(i2)
j3

=

=
1

2

∞∑

j1=0

C2
j1

T∫

t

ψ(s)df (i2)s − 1

2

T∫

t

ψ2(s)

s∫

t

ψ(s1)df
(i2)
s1 ds−

−1

2

T∫

t

ψ(s)

s∫

t

ψ2(s1)ds1df
(i2)
s =

1

2

T∫

t

ψ2(s)ds

T∫

t

ψ(s)df (i2)s −
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−1

2

T∫

t

ψ(s1)

T∫

s1

ψ2(s)dsdf (i2)s1 − 1

2

T∫

t

ψ(s1)

s1∫

t

ψ2(s)dsdf (i2)s1 =

=
1

2

T∫

t

ψ2(s)ds

T∫

t

ψ(s)df (i2)s − 1

2

T∫

t

ψ(s1)

T∫

t

ψ2(s)dsdf (i2)s1 = 0,

where we used the Parseval equality in the form

∞∑

j1=0

C2
j =

∞∑

j=0





T∫

t

ψ(s)φj(s)ds





2

=

T∫

t

ψ2(s)ds.

Case 4 and Theorem 6 are proved.
Let us consider the trigonometric version of Theorem 6.

Theorem 7 [19], [22], [24]-[27]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

trigonometric functions in the space L2([t, T ]) and ψ1(τ), ψ2(τ), ψ3(τ) are continuously differen-

tiable functions at the interval [t, T ]. Then, for the iterated Stratonovich stochastic integral of third

multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

converging in the mean-square sense is valid for each of the following cases

1. i1 6= i2, i2 6= i3, i1 6= i3,
2. i1 = i2 6= i3 and ψ1(τ) ≡ ψ2(τ),
3. i1 6= i2 = i3 and ψ2(τ) ≡ ψ3(τ),
4. i1, i2, i3 = 1, . . . ,m and ψ1(τ) ≡ ψ2(τ) ≡ ψ3(τ),

where

Cj3j2j1 =

T∫

t

ψ3(s)φj3 (s)

s∫

t

ψ2(s1)φj2(s1)

s1∫

t

ψ1(s2)φj1 (s2)ds2ds1ds.

Proof. We have

s∫

t

φj1 (θ)ψ(θ)dθ =

√
2√

T − t

s∫

t







ψ(θ) sin ((2πj1(θ − t)) /(T − t)) dθ

ψ(θ) cos ((2πj1(θ − t)) /(T − t)) dθ

=
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=

√

T − t

2

1

πj1












−ψ(s) cos ((2πj1(s− t)) /(T − t)) + ψ(t)

ψ(s) sin ((2πj1(s− t)) /(T − t))

+

+

s∫

t







ψ′(θ) cos ((2πj1(θ − t)) /(T − t)) dθ

−ψ′(θ) sin ((2πj1(θ − t)) /(T − t)) dθ




 ,

where j1 6= 0 and {φj(x)}∞j=0 is a complete orthonormal system of trigonometric functions in L2([t, T ]).
Then

(149)

∣
∣
∣
∣
∣
∣

s∫

t

φj1 (θ)ψ(θ)dθ

∣
∣
∣
∣
∣
∣

≤ K

j1
(j1 6= 0).

Analogously, we get

(150)

∣
∣
∣
∣
∣
∣

T∫

s

φj1 (θ)ψ(θ)dθ

∣
∣
∣
∣
∣
∣

≤ K

j1
(j1 6= 0).

Using (143), (148)–(150), we obtain

M











p
∑

j3=0





p
∑

j1=0

Cj3j1j1 −
1

2
C̃j3



 ζ
(i3)
j3





2






≤ K1

p
→ 0 if p → ∞,

M











p
∑

j1=0





p
∑

j3=0

Cj3j3j1 −
1

2
C∗

j1



 ζ
(i1)
j1





2






≤ K1

p
→ 0 if p → ∞,

where constant K1 does not depend on p.
The consideration of Case 4 is similar to the case of Legendre polynomials (see Theorem 6).

Theorem 7 is proved.
Note that the analogues of Theorems 6 and 7 have been proved in [29] without the restrictions 1–4

(see the formulations of Theorems 6 and 7). However, in [29] the additional smoothness assumptions
were used.

8. Expansions of Iterated Stratonovich Stochastic Integrals of Multiplicities 3 to

6. Some Recent Results

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [25] (Sect. 2.10–2.19), [29] (Sect. 13–21), [33] (Sect. 5–12), [45]
(Sect. 7–14), [74], [75]. Let us formulate five theorems that were proved using this approach.
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Theorem 8 [25], [29], [33], [45], [74]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations

(151) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(152) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (151) and i1, i2, i3 = 1, . . . ,m in (152), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 1, 2.

Theorem 9 [25], [29], [33], [45], [74]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

(153) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(154) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,
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(155) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (153), (154) and i1, . . . , i4 = 1, . . . ,m in (155), constant
C does not depend on p, ε is an arbitrary small positive real number for the case of complete or-

thonormal system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete

orthonormal system of trigonometric functions in the space L2([t, T ]),

Cj4j3j2j1 =

=

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 8.

Theorem 10 [25], [29], [33], [45], [74]. Assume that {φj(x)}∞j=0 is a complete orthonormal sys-

tem of Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ)
are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich

stochastic integral of fifth multiplicity

(156) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(157) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(158) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (156), (157) and i1, . . . , i5 = 1, . . . ,m in (158), constant
C is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 8, 9.
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Theorem 11 [25], [29], [33], [45], [74]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(159) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;

another notations are the same as in Theorems 8–10.

Theorem 12 [25], [29], [33], [45]. Suppose that {φj(x)}∞j=0 is a complete orthonormal sys-

tem of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let

ψ1(τ), ψ2(τ), ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iter-

ated Stratonovich stochastic integral of third multiplicity

J∗[ψ(3)]
(i1i2i3)
T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3

the following expansion

J∗[ψ(3)]
(i1i2i3)
T,t = l.i.m.

p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that converges in the mean-square sense is valid, where i1, i2, i3 = 0, 1, . . . ,m,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

another notations are the same as in Theorems 8–11.

Obviously, Theorem 12 generalizes the main results of this article for iterated Stratonovich sto-
chastic integrals of third multiplicity.
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9. Theorems 1–12 from Point of View of the Wong–Zakai Approximation

The iterated Ito stochastic integrals and solutions of Ito SDEs are complex and important function-

als from the independent components f
(i)
s , i = 1, . . . ,m of the multidimensional Wiener process fs,

s ∈ [0, T ]. Let f
(i)p
s , p ∈ N be some approximation of f

(i)
s , i = 1, . . . ,m. Suppose that f

(i)p
s converges

to f
(i)
s , i = 1, . . . ,m if p→ ∞ in some sense and has differentiable sample trajectories.

A natural question arises: if we replace f
(i)
s by f

(i)p
s , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
s ,

i = 1, . . . ,m of the multidimentional Wiener process fs? The answere to this question is negative in the
general case. However, in the pioneering works of Wong E. and Zakai M. [62], [63], it was shown that
under the special conditions and for some types of approximations of the Wiener process the answere
is affirmative with one peculiarity: the convergence takes place to the iterated Stratonovich stochastic
integrals and solutions of Stratonovich SDEs and not to iterated Ito stochastic integrals and solutions
of Ito SDEs. The piecewise linear approximation as well as the regularization by convolution [62]-[64]
relate the mentioned types of approximations of the Wiener process. The above approximation of
stochastic integrals and solutions of SDEs is often called the Wong–Zakai approximation.

Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [65], [66]

(160) f
(i)
τ − f

(i)
t =

∞∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,

where τ ∈ [t, T ], t ≥ 0, {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (160) converges for any τ ∈ [t, T ] in the mean-square sense.

Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(161) f
(i)p
τ − f

(i)p
t =

p
∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j .

From (161) we obtain

(162) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral

(163)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
,

where p1, . . . , pk ∈ N, i1, . . . , ik = 0, 1, . . . ,m,

586



EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS OF MULTIPLICITY 3 59

(164) dw(i)p
τ =







df
(i)p
τ for i = 1, . . . ,m

dτ for i = 0

,

and df
(i)p
τ in defined by the relation (162).

Let us substitute (162) into (163)

(165)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,

where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
s = f

(i)
s for i = 1, . . . ,m and w

(0)
s = s,

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
To best of our knowledge [62]-[64] the approximations of the Wiener process in the Wong–Zakai

approximation must satisfy fairly strong restrictions [64] (see Definition 7.1, pp. 480–481). Moreover,
approximations of the Wiener process that are similar to (161) were not considered in [62], [63] (also
see [64], Theorems 7.1, 7.2). Therefore, the proof of analogs of Theorems 7.1 and 7.2 [64] for approx-
imations of the Wiener process based on its series expansion (160) should be carried out separately.
Thus, the mean-square convergence of the right-hand side of (165) to the iterated Stratonovich sto-
chastic integral (3) does not follow from the results of the papers [62], [63] (also see [64], Theorems
7.1, 7.2).

From the other hand, Theorems 1, 2 and Theorems 3–12 from this paper (also see Chapters 1
and 2 from [25]) can be considered as the proof of the Wong–Zakai approximation for the iterated
Stratonovich stochastic integrals (3) of multiplicities 1 to 6 based on the approximation (161) of
the Wiener process. At that, the iterated Riemann–Stieltjes integrals (163) converge (according to
Theorems 1–12 from this article and Chapters 1, 2 from [25]) to the appropriate iterated Stratonovich
stochastic integrals (3). Recall that {φj(x)}∞j=0 (see (160), (161), and Theorems 3–12) is a complete

orthonormal system of Legendre polynomials or trigonometric functions in the space L2([t, T ]).
To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(s), ψ2(s) ≡ 1;

i1, i2 = 1, . . . ,m.
The first example relates to the piecewise linear approximation of the multidimensional Wiener

process (these approximations were considered in [62]-[64]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the mul-

tidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i = 1, . . . ,m,

i.e.

587



60 D.F. KUZNETSOV

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,

where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Note that w. p. 1

(166)
db

(i)
∆

dt
(t) =

∆f
(i)
k∆

∆
, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

Using (166) and additive property of Riemann–Stieltjes integrals, we can write w. p. 1

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

db
(i1)
∆

dτ
(τ)dτ

db
(i2)
∆

ds
(s)ds =

=

N−1∑

l=0

(l+1)∆∫

l∆






l−1∑

q=0

(q+1)∆∫

q∆

∆f
(i1)
q∆

∆
dτ +

s∫

l∆

∆f
(i1)
l∆

∆
dτ






∆f
(i2)
l∆

∆
ds =

=

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆∫

l∆

s∫

l∆

dτds =

(167) =

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .

Using (167) and standard relations between Ito and Stratonovich stochastic integrals, it is not
difficult to show that

l.i.m.
N→∞

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T∫

0

ds =

(168) =

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s ,
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where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (168) agrees with Theorem 7.1 (see [64], p. 486).
The next example relates to the approximation of the Wiener process based on its series expansion

(160) for t = 0, where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or

trigonometric functions in the space L2([0, T ]).
Consider the following iterated Riemann–Stieltjes integral

(169)

T∫

0

s∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, . . . ,m,

where df
(i)p
τ is defined by the relation (162).

Let us substitute (162) into (169)

(170)

T∫

0

s∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where

Cj2j1 =

T∫

0

φj2(s)

s∫

0

φj1(τ)dτds

is the Fourier coefficient; another notations are the same as in (165).
As we noted above, approximations of the Wiener process that are similar to (161) were not

considered in [62], [63] (also see Theorems 7.1, 7.2 in [64]). Furthermore, the extension of the results
of Theorems 7.1 and 7.2 [64] to the case under consideration is not obvious.

On the other hand, we can apply the theory built in Chapters 1 and 2 of the monographs [25]-[27].
More precisely, using Theorem 2.2 [25], we obtain from (170) the desired result

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

(171) =

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s .

From the other hand, by Theorems 1, 2 (see (10)) for the case k = 2 we obtain from (170) the
following relation

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+ 1{i1=i2}

∞∑

j1=0

Cj1j1 =
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(172) =

T∫

0

s∫

0

df (i1)τ df (i2)s + 1{i1=i2}

∞∑

j1=0

Cj1j1 .

Since

∞∑

j1=0

Cj1j1 =
1

2

∞∑

j1=0





T∫

0

φj(τ)dτ





2

=
1

2





T∫

0

φ0(τ)dτ





2

=
1

2

T∫

0

ds,

then using standard relations between Ito and Stratonovich stochastic integrals and (172) we obtain
(171).
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EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS OF

ARBITRARY MULTIPLICITY BASED ON GENERALIZED ITERATED

FOURIER SERIES CONVERGING POINTWISE

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the expansion of iterated Stratonovich stochastic
integrals of arbitrary multiplicity k (k ∈ N) based on iterated trigonometric Fourier series
converging pointwise. The case of iterated Fourier–Legendre series is considered in details for
k = 2. The obtained expansions provide a possibility to represent the iterated Stratonovich
stochastic integral in the form of iterated series of products of standard Gaussian random
variables. Convergence in the mean of degree 2n (n ∈ N) of the expansions is proved. Some
recent results on the expansion of iterated Stratonovich stochastic integrals of multiplicities
3 to 6 are given. The results of the article can be applied to the numerical solution of Ito
stochastic differential equations.
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2 D.F. KUZNETSOV

1. Introduction

The idea of representing of iterated Ito and Stratonovich stochastic integrals in the form of mul-
tiple stochastic integrals from specific discontinuous nonrandom functions of several variables and
following expansion of these functions using generalized iterated and multiple Fourier series in order
to get effective mean-square approximations of the mentioned stochastic integrals was proposed and
developed in a lot of publications of the author [1]-[41]. The terms ”generalized iterated Fourier
series” and ”generalized multiple Fourier series” mean that these series are constructed using various
complete orthonormal systems of functions in the space L2([t, T ]), and not only using the trigono-
metric system of functions. Here [t, T ] is an interval of integration of iterated Ito and Stratonovich
stochastic integrals. For the first time approach of generalized iterated and multiple Fourier series
is considered in [1] (1997), [2] (1998), and [4] (2006) (also see references to early publications (1994-
1996) in [1], [2], [4], [18]-[21]). Usage of the Fourier–Legendre series for approximation of iterated
Ito and Stratonovich stochastic integrals took place for the first time in [1] (1997) (also see [2]-[41]).
The results from [1]-[41] and this work convincingly testify that there is a doubtless relation between
the multiplier factor 1/2, which is typical for Stratonovich stochastic integral and included into the
sum connecting Stratonovich and Ito stochastic integrals, and the fact that in the point of finite
discontinuity of piecewise smooth function f(x) its generalized Fourier series converges to the value
(f(x + 0) + f(x − 0))/2. In addition, as it is demonstrated in [1]-[41], the final formulas for expan-
sions of iterated Stratonovich stochastic integrals based on the Fourier–Legendre series are essentially
simpler than its analogues based on the trigonometric Fourier series. Note that another approaches
to approximation of iterated Ito and Stratonovich stochastic integrals can be found in [42]-[58]. For
example, in [4]-[40] the method of expansion of iterated Ito stochastic integrals based on generalized
multiple Fourier series is proposed and developed. The ideas underlying this method are close to the
ideas of the method considered in this article.

2. Theorem on Expansion of Iterated Stratonovich Stochastic Integrals of

Arbitrary Multiplicity

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let ft be a standard m-dimensional Wiener stochastic process, which is

Ft-measurable for any t ∈ [0, T ]. We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent.
Consider the following iterated Stratonovich and Ito stochastic integrals

(1) J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where every ψl(τ) (l = 1, . . . , k) is a nonrandom function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m,

∗∫

and

∫
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EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 3

denote Stratonovich and Ito stochastic integrals, respectively (in this paper, we use the definition of
the Stratonovich stochastic integral from [43]).

Further, we will denote the complete orthonormal systems of Legendre polynomials and trigono-
metric functions in the space L2([t, T ]) as {φj(x)}∞j=0. We will also pay attention on the following
well-known facts about these two systems of functions.

Suppose that the function f(x) is bounded at the interval [t, T ]. Moreover, its derivative f ′(x)
is continuous function at the interval [t, T ] except may be the finite number of points of the finite

discontinuity. Then the generalized Fourier series

∞∑

j=0

Cjφj(x)

with the Fourier coefficients

Cj =

T∫

t

f(x)φj(x)dx

converges at any internal point x of the interval [t, T ] to the value (f(x+ 0) + f(x− 0)) /2 and con-

verges uniformly to f(x) on any closed interval of continuity of the function f(x) laying inside

[t, T ]. At the same time the Fourier–Legendre series converges if x = t and x = T to f(t + 0)
and f(T − 0) correspondently, and the trigonometric Fourier series converges if x = t and x = T to

(f(t+ 0) + f(T − 0)) /2 in the case of periodic continuation of the function f(x).

Define the following function on the hypercube [t, T ]k

(3) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

=

k∏

l=1

ψl(tl)

k−1∏

l=1

1{tl<tl+1},

where t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ]. Here 1A denotes the indicator of
the set A.

Let us formulate the following statement.

Theorem 1 [18] (Sect. 2.4) (also see [1] (1997), [2], [10]-[13], [16], [17], [19]-[21], [41]). Suppose

that every function ψl(τ) (l = 1, . . . , k) is twice continuously differentiable at the interval [t, T ] and
{φj(x)}∞j=0 is a complete orthonormal system of trigonometric functions in the space L2([t, T ]). Then,

for the iterated Stratonovich stochastic integral J∗[ψ(k)]T,t defined by (1) the following expansion

(4) J∗[ψ(k)]T,t =
∞∑

j1=0

. . .
∞∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

converging in the mean of degree 2n (n ∈ N) is valid, where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0) and
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4 D.F. KUZNETSOV

(5) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient.

Note that (4) means the following

(6) lim
p1→∞

lim
p2→∞

. . . lim
pk→∞

M









J∗[ψ(k)]T,t −
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl





2n






= 0,

where lim means lim sup.

Proof. Let us condider several lemmas. Define the function K∗(t1, . . . , tk) on the hypercube
[t, T ]k as follows

K∗(t1, . . . , tk) =

k∏

l=1

ψl(tl)

k−1∏

l=1

(

1{tl<tl+1} +
1

2
1{tl=tl+1}

)

=

(7) =

k∏

l=1

ψl(tl)






k−1∏

l=1

1{tl<tl+1} +

k−1∑

r=1

1

2r

k−1∑

sr,...,s1=1
sr>...>s1

r∏

l=1

1{tsl=tsl+1}

k−1∏

l=1
l 6=s1,...,sr

1{tl<tl+1}






for t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K∗(t1) ≡ ψ1(t1) for t1 ∈ [t, T ], where 1A is the indicator of the set
A.

Lemma 1 [1] (1997), [2], [10]-[13], [16]-[21], [41]. Under the conditions of Theorem 1 the function

K∗(t1, . . . , tk) is represented in any internal point of the hypercube [t, T ]k by the generalized iterated

Fourier series

K∗(t1, . . . , tk) = lim
p1→∞

. . . lim
pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)
def
=

(8)
def
=

∞∑

j1=0

. . .
∞∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl), (t1, . . . , tk) ∈ (t, T )k,

where Cjk...j1 has the form (5). At that, the iterated series (8) converges at the boundary of the

hypercube [t, T ]k (not necessarily to the function K∗(t1, . . . , tk)).

Proof. We will perform the proof using induction. Consider the case k = 2. Let us expand the
function K∗(t1, t2) using the variable t1, when t2 is fixed, into the generalized Fourier series at the
interval (t, T )
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EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 5

(9) K∗(t1, t2) =
∞∑

j1=0

Cj1 (t2)φj1 (t1) (t1 6= t, T ),

where

Cj1(t2) =

T∫

t

K∗(t1, t2)φj1(t1)dt1 =

T∫

t

K(t1, t2)φj1 (t1)dt1 =

= ψ2(t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1.

The equality (9) is fulfilled pointwise at each point of the interval (t, T ) with respect to the variable
t1, when t2 ∈ [t, T ] is fixed, due to the piecewise smoothness of the function K∗(t1, t2) with respect
to the variable t1 ∈ [t, T ] (t2 is fixed).

Note also that due to the well-known properties of the Fourier series, the series (9) converges when
t1 = t and t1 = T (not necessarily to the function K∗(t1, t2)).

Obtaining (9) we also used the fact that the right-hand side of (9) converges when t1 = t2 (point
of a finite discontinuity of the function K(t1, t2)) to the value

1

2
(K(t2 − 0, t2) +K(t2 + 0, t2)) =

1

2
ψ1(t2)ψ2(t2) = K∗(t2, t2).

The function Cj1(t2) is a continuously differentiable one at the interval [t, T ]. Let us expand it
into the generalized Fourier series at the interval (t, T )

(10) Cj1(t2) =

∞∑

j2=0

Cj2j1φj2(t2) (t2 6= t, T ),

where

Cj2j1 =

T∫

t

Cj1 (t2)φj2 (t2)dt2 =

T∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2,

and the equality (10) is fulfilled pointwise at any point of the interval (t, T ). The right-hand side of
(10) converges when t2 = t and t2 = T (not necessarily to Cj1(t2)).

Let us substitute (10) into (9)

(11) K∗(t1, t2) =

∞∑

j1=0

∞∑

j2=0

Cj2j1φj1(t1)φj2 (t2), (t1, t2) ∈ (t, T )2.

Note that the series on the right-hand side of (11) converges at the boundary of the square [t, T ]2

(not necessarily to K∗(t1, t2)). Lemma 1 is proved for the case k = 2.
Note that proving Lemma 1 for the case k = 2, we get the following equality (see (9))

(12) ψ1(t1)

(

1{t1<t2} +
1

2
1{t1=t2}

)

=

∞∑

j1=0

t2∫

t

ψ1(t1)φj1 (t1)dt1 · φj1 (t1),
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6 D.F. KUZNETSOV

which is fulfilled pointwise at the interval (t, T ), besides the series on the right-hand side of (12)
converges when t1 = t and t1 = T.

Let us introduce the assumption of induction

∞∑

j1=0

∞∑

j2=0

. . .

∞∑

jk−2=0

ψk−1(tk−1)

tk−1∫

t

ψk−2(tk−2)φjk−2
(tk−2) . . .

. . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk−2

k−2∏

l=1

φjl(tl) =

(13) =

k−1∏

l=1

ψl(tl)

k−2∏

l=1

(

1{tl<tl+1} +
1

2
1{tl=tl+1}

)

.

Then

∞∑

j1=0

∞∑

j2=0

. . .

∞∑

jk−1=0

ψk(tk)

tk∫

t

ψk−1(tk−1)φjk−1
(tk−1) . . .

. . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk−1

k−1∏

l=1

φjl(tl) =

=
∞∑

j1=0

∞∑

j2=0

. . .
∞∑

jk−2=0

ψk(tk)

(

1{tk−1<tk} +
1

2
1{tk−1=tk}

)

ψk−1(tk−1)×

×
tk−1∫

t

ψk−2(tk−2)φjk−2
(tk−2) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk−2

k−2∏

l=1

φjl(tl) =

= ψk(tk)

(

1{tk−1<tk} +
1

2
1{tk−1=tk}

) ∞∑

j1=0

∞∑

j2=0

. . .

∞∑

jk−2=0

ψk−1(tk−1)×

×
tk−1∫

t

ψk−2(tk−2)φjk−2
(tk−2) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk−2

k−2∏

l=1

φjl(tl) =

= ψk(tk)

(

1{tk−1<tk} +
1

2
1{tk−1=tk}

) k−1∏

l=1

ψl(tl)

k−2∏

l=1

(

1{tl<tl+1} +
1

2
1{tl=tl+1}

)

=

(14) =

k∏

l=1

ψl(tl)

k−1∏

l=1

(

1{tl<tl+1} +
1

2
1{tl=tl+1}

)

.

On the other hand, the left-hand side of (14) can be represented in the following form
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EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 7

∞∑

j1=0

. . .

∞∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

by expanding the function

ψk(tk)

tk∫

t

ψk−1(tk−1)φjk−1
(tk−1) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk−1

into the generalized Fourier series at the interval (t, T ) using the variable tk. Lemma 1 is proved.
Let us introduce the following notations

J [ψ(k)]sl,...,s1T,t
def
=

l∏

p=1

1{isp=isp+1 6=0} ×

×
T∫

t

ψk(tk) . . .

tsl+3∫

t

ψsl+2(tsl+2)

tsl+2∫

t

ψsl(tsl+1)ψsl+1(tsl+1) ×

×
tsl+1∫

t

ψsl−1(tsl−1) . . .

ts1+3∫

t

ψs1+2(ts1+2)

ts1+2∫

t

ψs1(ts1+1)ψs1+1(ts1+1) ×

×
ts1+1∫

t

ψs1−1(ts1−1) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(is1−1)
ts1−1

dts1+1dw
(is1+2)
ts1+2

. . .

(15) . . . dw
(isl−1)
tsl−1

dtsl+1dw
(isl+2)
tsl+2

. . . dw
(ik)
tk ,

where

(16) Ak,l = {(sl, . . . , s1) : sl > sl−1 + 1, . . . , s2 > s1 + 1, sl, . . . , s1 = 1, . . . , k − 1} ,

(sl, . . . , s1) ∈ Ak,l, l = 1, . . . , [k/2] , is = 0, 1, . . . ,m, s = 1, . . . , k,

[x] is an integer part of a real number x, 1A is the indicator of the set A.
Let us formulate the statement on relation between iterated Ito and Stratonovich stochastic inte-

grals J∗[ψ(k)]T,t, J [ψ
(k)]T,t of fixed multiplicity k (see (1), (2)).

Lemma 2 [18] (Sect. 2.4) (also see [1] (1997), [2], [10]-[13], [16], [17], [19]-[21]). Suppose that every

ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function at the interval [t, T ]. Then, the following

relation between iterated Ito and Stratonovich stochastic integrals is correct

(17) J∗[ψ(k)]T,t = J [ψ(k)]T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t w. p. 1,

where
∑

∅

is supposed to be equal to zero; hereinafter w. p. 1 means ”with probability 1”.
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8 D.F. KUZNETSOV

Proof. Let us prove the equality (17) using induction. The case k = 1 is obvious. If k = 2, then
from (17) we get

(18) J∗[ψ(2)]T,t = J [ψ(2)]T,t +
1

2
J [ψ(2)]1T,t w. p. 1.

Let us demonstrate that the equality (18) is correct w. p. 1. In order to do it let us consider the
function F (x, τ) = xψ2(τ) and the process F (ητ,t, τ), where ητ,t = J [ψ(1)]τ,t, τ ∈ [t, T ]. Then

(19)
∂F

∂x
(x, τ) = ψ2(τ), dητ,t = ψ1(τ)dw

(i1)
τ .

From (19) we obtain that the diffusion coefficient of the process ητ,t, τ ∈ [t, T ] equals to 1{i1 6=0}ψ1(τ).
Further, using the standard relations between Stratonovich and Ito stochastic integrals [43] (also see
[18] (Sect. 2.4)), we obtain the relation (18). Thus, the statement of Lemma 2 is proved for k = 1
and k = 2.

Assume that the statement of Lemma 2 is correct for some integer k (k > 2), and let us prove
its correctness when the value k is greater per unit. Using the assumption of induction, we obtain
w. p. 1

J∗[ψ(k+1)]T,t =

=

∗∫

t

T

ψk+1(τ)



J [ψk]τ,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr,...,s1τ,t



 dw(ik+1)
τ =

=

∗∫

t

T

ψk+1(τ)J [ψ
(k)]τ,tdw

(ik+1)
τ +

(20) +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

∗∫

t

T

ψk+1(τ)J [ψ
(k)]sr ,...,s1τ,t dw(ik+1)

τ .

Applying the Ito formula and the standard relation between Stratonovich and Ito stochastic inte-
grals, we get w. p. 1

(21)

∗∫

t

T

ψk+1(τ)J [ψ
(k) ]τ,tdw

(ik+1)
τ = J [ψ(k+1)]T,t +

1

2
J [ψ(k+1)]kT,t,

∗∫

t

T

ψk+1(τ)J [ψ
(k)]sr ,...,s1τ,t dw(ik+1)

τ =
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(22) =







J [ψ(k+1)]sr,...,s1T,t if sr = k − 1

J [ψ(k+1)]sr,...,s1T,t + J [ψ(k+1)]k,sr ,...,s1T,t /2 if sr < k − 1

.

After substituting (21) and (22) into (20) and regrouping of summands we pass to the following
relations, which are valid w. p. 1

(23) J∗[ψ(k+1)]T,t = J [ψ(k+1)]T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak+1,r

J [ψ(k+1)]sr ,...,s1T,t

when k is even and

(24) J∗[ψ(k′+1)]T,t = J [ψ(k′+1)]T,t +

[k′/2]+1
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak′+1,r

J [ψ(k′+1)]sr ,...,s1T,t

when k′ = k + 1 is uneven.
From (23) and (24) we have w. p. 1

(25) J∗[ψ(k+1)]T,t = J [ψ(k+1)]T,t +

[(k+1)/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak+1,r

J [ψ(k+1)]sr ,...,s1T,t .

Lemma 2 is proved.
Consider the partition {τj}Nj=0 of the interval [t, T ] such that

(26) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Lemma 3. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function on [t, T ].
Then

(27) J [ψ(k)]T,t = l.i.m.
N→∞

N−1∑

jk=0

. . .

j2−1
∑

j1=0

k∏

l=1

ψl(τjl)∆w(il)
τjl

w. p. 1,

where J [ψ(k)]T,t is the iterated Ito stochastic integral (2), ∆w
(i)
τj = w

(i)
τj+1 − w

(i)
τj (i = 0, 1, . . . ,m),

{τj}Nj=0 is the partition of the interval [t, T ] satisfying the condition (26).

Proof. It is easy to notice that using the additive property of stochastic integrals we can write
the following
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(28) J [ψ(k)]T,t =

N−1∑

jk=0

. . .

j2−1
∑

j1=0

k∏

l=1

J [ψl]τjl+1,τjl
+ εN w. p. 1,

where

εN =

N−1∑

jk=0

τjk+1∫

τjk

ψk(s)

s∫

τjk

ψk−1(τ)J [ψ
(k−2) ]τ,tdw

(ik−1)
τ dw(ik)

s +

+

k−3∑

r=1

G[ψ
(k)
k−r+1]N

jk−r+1−1
∑

jk−r=0

τjk−r+1
∫

τjk−r

ψk−r(s)

s∫

τjk−r

ψk−r−1(τ)J [ψ
(k−r−2)]τ,tdw

(ik−r−1)
τ dw(ik−r)

s +

+G[ψ
(k)
3 ]N

j3−1
∑

j2=0

J [ψ(2)]τj2+1,τj2
,

G[ψ(k)
m ]N =

N−1∑

jk=0

jk−1
∑

jk−1=0

. . .

jm+1−1
∑

jm=0

k∏

l=m

J [ψl]τjl+1,τjl
,

J [ψl]s,θ =

s∫

θ

ψl(τ)dw
(il)
τ ,

(ψm, ψm+1, . . . , ψk)
def
= ψ(k)

m , (ψ1, . . . , ψk)
def
= ψ

(k)
1 = ψ(k).

Using the standard estimates (38), (39) for the moments of stochastic integrals, we obtain w. p. 1

(29) l.i.m.
N→∞

εN = 0.

Comparing (28) and (29), we get

(30) J [ψ(k)]T,t = l.i.m.
N→∞

N−1∑

jk=0

. . .

j2−1
∑

j1=0

k∏

l=1

J [ψl]τjl+1,τjl
w. p. 1.

Let us write J [ψl]τjl+1,τjl
in the form

J [ψl]τjl+1,τjl
= ψl(τjl)∆w(il)

τjl
+

τjl+1∫

τjl

(ψl(τ) − ψl(τjl))dw
(il)
τ w. p. 1

and substitute it into (30). Then, due to the moment properties of stochastic integrals and continuity
(which means uniform continuity) of the functions ψl(s) (l = 1, . . . , k) it is easy to see that the prelimit
expression on the right-hand side of (30) is a sum of the prelimit expression on the right-hand side
of (27) and the value which tends to zero in the mean-square sense if N → ∞. Lemma 3 is proved.

604



EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 11

Remark 1. It is easy to see that if ∆w
(il)
τjl

in (27) for some l ∈ {1, . . . , k} is replaced with
(

∆w
(il)
τjl

)p

(p = 2, il 6= 0), then the differential dw
(il)
tl in the integral J [ψ(k)]T,t will be replaced with

dtl. If p = 3, 4, . . . , then the right-hand side of the formula (27) will become zero w. p. 1. If we

replace ∆w
(il)
τjl

in (27) for some l ∈ {1, . . . , k} with (∆τjl)
p
(p = 2, 3, . . .), then the right-hand side of

the formula (27) also will be equal to zero w. p. 1.

Let us define the following multiple stochastic integral

(31) l.i.m.
N→∞

N−1∑

j1,...,jk=0

Φ (τj1 , . . . , τjk)
k∏

l=1

∆w(il)
τjl

def
= J [Φ]

(k)
T,t,

where Φ(t1, . . . , tk) : [t, T ]k → R is a nonrandom function (the properties of this function will be
specified further).

Denote

(32) Dk = {(t1, . . . , tk) : t ≤ t1 < . . . < tk ≤ T }.

We will use the same symbol Dk to denote the open and closed domains corresponding to the
domain Dk defined by (32). However, we always specify what domain we consider (open or closed).
Also we will write Φ(t1, . . . , tk) ∈ C(Dk) if Φ(t1, . . . , tk) is a continuous nonrandom function of k
variables in the closed domain Dk.

Let us consider the iterated Ito stochastic integral

(33) I[Φ]
(k)
T,t

def
=

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

,

where Φ(t1, . . . , tk) ∈ C(Dk).
Using the arguments which similar to the arguments used in the proof of Lemma 3 it is easy to

demonstrate that if Φ(t1, . . . , tk) ∈ C(Dk), then the following equality is fulfilled

(34) I[Φ]
(k)
T,t = l.i.m.

N→∞

N−1∑

jk=0

. . .

j2−1
∑

j1=0

Φ(τj1 , . . . , τjk)

k∏

l=1

∆w(il)
τjl

w. p. 1.

In order to explain this, let us check the correctness of the equality (34) when k = 3. For definiteness
we will suppose that i1, i2, i3 = 1, . . . ,m. We have

I[Φ]
(3)
T,t

def
=

T∫

t

t3∫

t

t2∫

t

Φ(t1, t2, t3)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 =

= l.i.m.
N→∞

N−1∑

j3=0

τj3∫

t

t2∫

t

Φ(t1, t2, τj3)dw
(i1)
t1 dw

(i2)
t2 ∆w(i3)

τj3
=

= l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

τj2+1∫

τj2

t2∫

t

Φ(t1, t2, τj3)dw
(i1)
t1 dw

(i2)
t2 ∆w(i3)

τj3
=
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= l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

τj2+1∫

τj2






τj2∫

t

+

t2∫

τj2




Φ(t1, t2, τj3)dw

(i1)
t1 dw

(i2)
t2 ∆w(i3)

τj3
=

= l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

τj2+1∫

τj2

τj1+1∫

τj1

Φ(t1, t2, τj3)dw
(i1)
t1 dw

(i2)
t2 ∆w(i3)

τj3
+

(35) +l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

τj2+1∫

τj2

t2∫

τj2

Φ(t1, t2, τj3)dw
(i1)
t1 dw

(i2)
t2 ∆w(i3)

τj3
.

Let us demonstrate that the second limit on the right-hand side of (35) equals to zero. Actually,
for the second moment of its prelimit expression we get

N−1∑

j3=0

j3−1
∑

j2=0

τj2+1∫

τj2

t2∫

τj2

Φ2(t1, t2, τj3)dt1dt2∆τj3 ≤M2
N−1∑

j3=0

j3−1
∑

j2=0

1

2
(∆τj2 )

2
∆τj3 → 0

when N → ∞. Here M is a constant, which restricts the module of the function Φ(t1, t2, t3) due to
its continuity, ∆τj = τj+1 − τj .

Considering the obtained conclusions, we have

I[Φ]
(3)
T,t

def
=

T∫

t

t3∫

t

t2∫

t

Φ(t1, t2, t3)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 =

= l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

τj2+1∫

τj2

τj1+1∫

τj1

Φ(t1, t2, τj3)dw
(i1)
t1 dw

(i2)
t2 ∆w(i3)

τj3
=

= l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

τj2+1∫

τj2

τj1+1∫

τj1

(Φ(t1, t2, τj3)− Φ(t1, τj2 , τj3 )) dw
(i1)
t1 dw

(i2)
t2 ∆w(i3)

τj3
+

+l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

τj2+1∫

τj2

τj1+1∫

τj1

(Φ(t1, τj2 , τj3 )− Φ(τj1 , τj2 , τj3)) dw
(i1)
t1 dw

(i2)
t2 ∆w(i3)

τj3
+

(36) +l.i.m.
N→∞

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

Φ(τj1 , τj2 , τj3)∆w(i1)
τj1

∆w(i2)
τj2

∆w(i3)
τj3

.

In order to get the sought result, we just have to demonstrate that the first two limits on the
right-hand side of (36) equal to zero. Let us prove that the first one of them equals to zero (proof for
the second limit is similar).

The second moment of prelimit expression of the first limit on the right-hand side of (36) equals
to the following expression
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(37)

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

τj2+1∫

τj2

τj1+1∫

τj1

(Φ(t1, t2, τj3)− Φ(t1, τj2 , τj3 ))
2
dt1dt2∆τj3 .

Since the function Φ(t1, t2, t3) is continuous in the closed bounded domain D3, then it is uniformly
continuous in this domain. Therefore, if the distance between two points of the domain D3 is less
than δ(ε) (δ(ε) > 0 exists for any ε > 0 and it does not depend on mentioned points), then the
corresponding oscillation of the function Φ(t1, t2, t3) for these two points of the domain D3 is less
than ε.

If we assume that ∆τj < δ(ε) (j = 0, 1, . . . , N − 1), then the distance between points (t1, t2, τj3),
(t1, τj2 , τj3) is obviously less than δ(ε). In this case

|Φ(t1, t2, τj3)− Φ(t1, τj2 , τj3 )| < ε.

Consequently, when ∆τj < δ(ε) (j = 0, 1, . . . , N − 1) the expression (37) is estimated by the
following value

ε2
N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

∆τj1∆τj2∆τj3 < ε2
(T − t)3

6
.

Therefore, the first limit on the right-hand side of (36) equals to zero. Similarly, we can prove that
the second limit on the right-hand side of (36) equals to zero.

Consequently, the equality (34) is proved for k = 3. The cases k = 2 and k > 3 are analyzed
absolutely similarly.

It is necessary to note that the proof of correctness of (34) is similar when the nonrandom function
Φ(t1, . . . , tk) is continuous in the open domain Dk and bounded at its boundary.

Let us consider the class M2([0, T ]) of functions ξ : [0, T ] × Ω → R, which are measurable with
respect to the variables (t, ω) and Ft-measurable for all t ∈ [0, T ]. Moreover, ξ(τ, ω) is independent
with increments ft+∆ − ft for t ≥ τ (∆ > 0),

T∫

0

M
{
ξ2(t, ω)

}
dt <∞,

and M
{
ξ2(t, ω)

}
<∞ for all t ∈ [0, T ].

It is well-known [43], [60] that the Ito stochastic integral exists in the mean-square sense for any
ξ ∈ M2([0, T ]). Further, we will denote ξ(τ, ω) as ξτ .

Lemma 4. Suppose that Φ(t1, . . . , tk) ∈ C(Dk) or Φ(t1, . . . , tk) is a continuous nonrandom func-

tion in the open domain Dk and bounded at its boundary. Then

M

{∣
∣
∣
∣
I[Φ]

(k)
T,t

∣
∣
∣
∣

2n
}

≤ Ck

T∫

t

. . .

t2∫

t

Φ2n(t1, . . . , tk)dt1 . . . dtk, Ck <∞,

where I[Φ]
(k)
T,t is defined by the formula (33).

Proof. Using standard estimates for moments of stochastic integrals, we have [60]
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(38) M







∣
∣
∣
∣
∣
∣

T∫

t

ξτdfτ

∣
∣
∣
∣
∣
∣

2n






≤ (T − t)n−1 (n(2n− 1))n
T∫

t

M

{

|ξτ |2n
}

dτ,

(39) M







∣
∣
∣
∣
∣
∣

T∫

t

ξτdτ

∣
∣
∣
∣
∣
∣

2n






≤ (T − t)2n−1

T∫

t

M

{

|ξτ |2n
}

dτ,

where the process ξτ is such that (ξτ )
n ∈ M2([t, T ]) and ft is a scalar standard Wiener process,

n = 1, 2, . . .

Let us denote

ξ[Φ]
(l)
tl+1,...,tk,t

=

tl+1∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(il)
tl
,

where l = 1, . . . , k − 1 and ξ[Φ]
(0)
t1,...,tk,t

def
= Φ(t1, . . . , tk).

By induction it is easy to demonstrate that
(

ξ[Φ]
(l)
tl+1,...,tk,t

)n

∈ M2([t, T ]) with respect to the

variable tl+1. Further, using the estimates (38) and (39) repeatedly we obtain the statement of
Lemma 4. Lemma 4 is proved.

Lemma 5 [1] (1997), [2], [10]-[13], [16]-[21]. Suppose that every ϕl(s) (l = 1, . . . , k) is a continuous

nonrandom function on [t, T ]. Then

(40)

k∏

l=1

J [ϕl]T,t = J [Φ]
(k)
T,t w. p. 1,

where

J [ϕl]T,t =

T∫

t

ϕl(s)dw
(il)
s , Φ(t1, . . . , tk) =

k∏

l=1

ϕl(tl),

and the integral J [Φ]
(k)
T,t is defined by the equality (31).

Proof. Let at first il 6= 0 (l = 1, . . . , k). Denote

J [ϕl]N
def
=

N−1∑

j=0

ϕl(τj)∆w(il)
τj .

Since
k∏

l=1

J [ϕl]N −
k∏

l=1

J [ϕl]T,t =

=

k∑

l=1

(
l−1∏

g=1

J [ϕg]T,t

)(

J [ϕl]N − J [ϕl]T,t

)




k∏

g=l+1

J [ϕg]N



 ,
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then due to the Minkowski inequality and the inequality of Cauchy-Bunyakovsky we obtain

(41)



M







∣
∣
∣
∣
∣

k∏

l=1

J [ϕl]N −
k∏

l=1

J [ϕl]T,t

∣
∣
∣
∣
∣

2










1/2

≤ Ck

k∑

l=1

(

M

{∣
∣
∣
∣
J [ϕl]N − J [ϕl]T,t

∣
∣
∣
∣

4
})1/4

,

where Ck is a constant.
Note that

J [ϕl]N − J [ϕl]T,t =

N−1∑

j=0

J [∆ϕl]τj+1,τj , J [∆ϕl]τj+1,τj =

τj+1∫

τj

(ϕl(τj)− ϕl(s)) dw
(il)
s .

Since J [∆ϕl]τj+1,τj are independent for various j, then [61]

M







∣
∣
∣
∣
∣
∣

N−1∑

j=0

J [∆ϕl]τj+1,τj

∣
∣
∣
∣
∣
∣

4






=

N−1∑

j=0

M

{∣
∣
∣
∣
J [∆ϕl]τj+1,τj

∣
∣
∣
∣

4
}

+

(42) +6

N−1∑

j=0

M

{∣
∣
∣
∣
J [∆ϕl]τj+1,τj

∣
∣
∣
∣

2
}

j−1
∑

q=0

M

{∣
∣
∣
∣
J [∆ϕl]τq+1,τq

∣
∣
∣
∣

2
}

.

Moreover, since J [∆ϕl]τj+1,τj is a Gaussian random variable, we have

M

{∣
∣
∣
∣
J [∆ϕl]τj+1,τj

∣
∣
∣
∣

2
}

=

τj+1∫

τj

(ϕl(τj)− ϕl(s))
2ds,

M

{∣
∣
∣
∣
J [∆ϕl]τj+1,τj

∣
∣
∣
∣

4
}

= 3






τj+1∫

τj

(ϕl(τj)− ϕl(s))
2ds






2

.

Using these relations and continuity (which means uniform continuity) of the functions ϕl(s), we
obtain

M







∣
∣
∣
∣
∣
∣

N−1∑

j=0

J [∆ϕl]τj+1,τj

∣
∣
∣
∣
∣
∣

4






≤

≤ ε4



3

N−1∑

j=0

(∆τj)
2 + 6

N−1∑

j=0

∆τj

j−1
∑

q=0

∆τq



 < 3ε4
(
δ(ε)(T − t) + (T − t)2

)
,

where ∆τj < δ(ε), j = 0, 1, . . . , N − 1 (∀ ε > 0 ∃ δ(ε) > 0 which does not depend on points of the
interval [t, T ] and such that |ϕl(τj) − ϕl(s)| < ε, s ∈ [τj , τj+1]). Then the right-hand side of the
formula (42) tends to zero when N → ∞.
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Taking into account this fact as well as (41), we obtain (40). If w
(il)
tl = tl for some l ∈ {1, . . . , k},

then the proof of Lemma 5 becomes obviously simpler and it is performed similarly. Lemma 5 is
proved.

Using Lemma 2 and (34), we obtain w. p. 1

(43) J∗[ψ(k)]T,t = J [ψ(k)]T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t = J [K∗]
(k)
T,t,

where the stochastic integral J [K∗]
(k)
T,t is defined in accordance with (31).

Let us subsitute the relation

K∗(t1, . . . , tk) =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl) +K∗(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

into (43) (here we suppose that p1, . . . , pk <∞).
Then using Lemma 5, we obtain

(44) J∗[ψ(k)]T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

+ J [Rp1...pk
]
(k)
T,t w. p. 1,

where the stochastic integral J [Rp1...pk
]
(k)
T,t is defined in accordance with (31) and

(45) Rp1...pk
(t1, . . . , tk) = K∗(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl),

ζ
(il)
jl

=

T∫

t

φjl(s)dw
(il)
s .

According to Lemma 1, we obtain

(46) lim
p1→∞

. . . lim
pk→∞

Rp1...pk
(t1, . . . , tk) = 0 when (t1, . . . , tk) ∈ (t, T )k,

where the left-hand side of (46) is bounded on [t, T ]k.

Lemma 6. Under the conditions of Theorem 1 the following equality is correct

lim
p1→∞

lim
p2→∞

. . . lim
pk→∞

M

{∣
∣
∣J [Rp1...pk

]
(k)
T,t

∣
∣
∣

2n
}

= 0, n ∈ N.

Proof. At first let us analize in detail the cases k = 2, 3, 4. Using (80) (see below), we have w. p. 1
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J [Rp1p2 ]
(2)
T,t = l.i.m.

N→∞

N−1∑

l2=0

N−1∑

l1=0

Rp1p2(τl1 , τl2)∆w(i1)
τl1

∆w(i2)
τl2

=

= l.i.m.
N→∞

N−1∑

l2=0

l2−1∑

l1=0

Rp1p2(τl1 , τl2)∆w(i1)
τl1

∆w(i2)
τl2

+ l.i.m.
N→∞

N−1∑

l1=0

l1−1∑

l2=0

Rp1p2(τl1 , τl2)∆w(i1)
τl1

∆w(i2)
τl2

+

+l.i.m.
N→∞

N−1∑

l1=0

Rp1p2(τl1 , τl1)∆w(i1)
τl1

∆w(i2)
τl1

=

=

T∫

t

t2∫

t

Rp1p2(t1, t2)dw
(i1)
t1 dw

(i2)
t2 +

T∫

t

t1∫

t

Rp1p2(t1, t2)dw
(i2)
t2 dw

(i1)
t1 +

(47) +1{i1=i2 6=0}

T∫

t

Rp1p2(t1, t1)dt1,

where

(48) Rp1p2(t1, t2) = K∗(t1, t2)−
p1∑

j1=0

p2∑

j2=0

Cj2j1φj1(t1)φj2 (t2), p1, p2 <∞.

Using Lemma 4, we obtain

M

{∣
∣
∣J [Rp1p2 ]

(2)
T,t

∣
∣
∣

2n
}

≤ Cn





T∫

t

t2∫

t

(Rp1p2(t1, t2))
2n dt1dt2+

(49) +

T∫

t

t1∫

t

(Rp1p2(t1, t2))
2n dt2dt1 + 1{i1=i2 6=0}

T∫

t

(Rp1p2(t1, t1))
2n dt1



 ,

where constant Cn <∞ depends on n and T − t (n = 1, 2, . . .).
Further, we have

T∫

t

t2∫

t

(Rp1p2(t1, t2))
2n
dt1dt2 +

T∫

t

t1∫

t

(Rp1p2(t1, t2))
2n
dt2dt1 =

(50) =

T∫

t

t2∫

t

(Rp1p2(t1, t2))
2n
dt1dt2 +

T∫

t

T∫

t2

(Rp1p2(t1, t2))
2n
dt1dt2 =

∫

[t,T ]2

(Rp1p2(t1, t2))
2n
dt1dt2.

Combining (49) and (50), we obtain

M

{∣
∣
∣J [Rp1p2 ]

(2)
T,t

∣
∣
∣

2n
}

≤
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(51) ≤ Cn






∫

[t,T ]2

(Rp1p2(t1, t2))
2n
dt1dt2 + 1{i1=i2 6=0}

T∫

t

(Rp1p2(t1, t1))
2n
dt1




 ,

where constant Cn <∞ depends on n and T − t (n = 1, 2, . . .).
Since the integrals on the right-hand side of (51) exist as Riemann integrals, then they are equal

to the corresponding Lebesgue integrals. Moreover,

(52) lim
p1→∞

lim
p2→∞

(Rp1p2(t1, t2))
2n

= 0 when (t1, t2) ∈ (t, T )2,

where n ∈ N, the left-hand side is bounded on [t, T ]2.
According to (9)–(11) and (48), we obtain

Rp1p2(t1, t2) =



K∗(t1, t2)−
p1∑

j1=0

Cj1(t2)φj1(t1)



+

(53) +





p1∑

j1=0



Cj1 (t2)−
p2∑

j2=0

Cj2j1φj2 (t2)



φj1(t1)



 .

Then, applying two times (we mean an iterated passage to the limit lim
p1→∞

lim
p2→∞

) the Lebesgue’s

Dominated Convergence Theorem, we get

(54) lim
p1→∞

lim
p2→∞

∫

[t,T ]2

(Rp1p2(t1, t2))
2n
dt1dt2 = 0, lim

p1→∞
lim

p2→∞

T∫

t

(Rp1p2(t1, t1))
2n
dt1 = 0.

We will discuss the choice of integrable majorants when applying Lebesgue’s Dominated Conver-
gence Theorem when we consider the case of arbitrary k ∈ N later in this section.

From (51) and (54) we obtain

lim
p1→∞

lim
p2→∞

M

{∣
∣
∣J [Rp1p2 ]

(2)
T,t

∣
∣
∣

2n
}

= 0, n ∈ N.

Let us consider the case k = 3. Using (81) (see below), we have w. p. 1

J [Rp1p2p3 ]
(3)
T,t = l.i.m.

N→∞

N−1∑

l3=0

N−1∑

l2=0

N−1∑

l1=0

Rp1p2p3(τl1 , τl2 , τl3)∆w(i1)
τl1

∆w(i2)
τl2

∆w(i3)
τl3

=

= l.i.m.
N→∞

N−1∑

l3=0

l3−1∑

l2=0

l2−1∑

l1=0

(

Rp1p2p3(τl1 , τl2 , τl3)∆w(i1)
τl1

∆w(i2)
τl2

∆w(i3)
τl3

+
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+Rp1p2p3(τl1 , τl3 , τl2)∆w(i1)
τl1

∆w(i2)
τl3

∆w(i3)
τl2

+Rp1p2p3(τl2 , τl1 , τl3)∆w(i1)
τl2

∆w(i2)
τl1

∆w(i3)
τl3

+

+Rp1p2p3(τl2 , τl3 , τl1)∆w(i1)
τl2

∆w(i2)
τl3

∆w(i3)
τl1

+Rp1p2p3(τl3 , τl2 , τl1)∆w(i1)
τl3

∆w(i2)
τl2

∆w(i3)
τl1

+

+Rp1p2p3(τl3 , τl1 , τl2)∆w(i1)
τl3

∆w(i2)
τl1

∆w(i3)
τl2

)

+

+l.i.m.
N→∞

N−1∑

l3=0

l3−1∑

l2=0

(

Rp1p2p3(τl2 , τl2 , τl3)∆w(i1)
τl2

∆w(i2)
τl2

∆w(i3)
τl3

+

+Rp1p2p3(τl2 , τl3 , τl2)∆w(i1)
τl2

∆w(i2)
τl3

∆w(i3)
τl2

+Rp1p2p3(τl3 , τl2 , τl2)∆w(i1)
τl3

∆w(i2)
τl2

∆w(i3)
τl2

)

+

+l.i.m.
N→∞

N−1∑

l3=0

l3−1∑

l1=0

(

Rp1p2p3(τl1 , τl3 , τl3)∆w(i1)
τl1

∆w(i2)
τl3

∆w(i3)
τl3

+

+Rp1p2p3(τl3 , τl1 , τl3)∆w(i1)
τl3

∆w(i2)
τl1

∆w(i3)
τl3

+Rp1p2p3(τl3 , τl3 , τl1)∆w(i1)
τl3

∆w(i2)
τl3

∆w(i3)
τl1

)

+

+l.i.m.
N→∞

N−1∑

l3=0

Rp1p2p3(τl3 , τl3 , τl3)∆w(i1)
τl3

∆w(i2)
τl3

∆w(i3)
τl3

=

=

T∫

t

t3∫

t

t2∫

t

Rp1p2p3(t1, t2, t3)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 +

T∫

t

t3∫

t

t2∫

t

Rp1p2p3(t1, t3, t2)dw
(i1)
t1 dw

(i3)
t2 dw

(i2)
t3 +

+

T∫

t

t3∫

t

t2∫

t

Rp1p2p3(t2, t1, t3)dw
(i2)
t1 dw

(i1)
t2 dw

(i3)
t3 +

T∫

t

t3∫

t

t2∫

t

Rp1p2p3(t2, t3, t1)dw
(i3)
t1 dw

(i1)
t2 dw

(i2)
t3 +

+

T∫

t

t3∫

t

t2∫

t

Rp1p2p3(t3, t2, t1)dw
(i3)
t1 dw

(i2)
t2 dw

(i1)
t3 +

T∫

t

t3∫

t

t2∫

t

Rp1p2p3(t3, t1, t2)dw
(i2)
t1 dw

(i3)
t2 dw

(i1)
t3 +

+1{i1=i2 6=0}

T∫

t

t3∫

t

Rp1p2p3(t2, t2, t3)dt2dw
(i3)
t3 + 1{i1=i3 6=0}

T∫

t

t3∫

t

Rp1p2p3(t2, t3, t2)dt2dw
(i2)
t3 +

+1{i2=i3 6=0}

T∫

t

t3∫

t

Rp1p2p3(t3, t2, t2)dt2dw
(i1)
t3 + 1{i2=i3 6=0}

T∫

t

t3∫

t

Rp1p2p3(t1, t3, t3)dw
(i1)
t1 dt3+
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(55) +1{i1=i3 6=0}

T∫

t

t3∫

t

Rp1p2p3(t3, t1, t3)dw
(i2)
t1 dt3 + 1{i1=i2 6=0}

T∫

t

t3∫

t

Rp1p2p3(t3, t3, t1)dw
(i3)
t1 dt3.

Applying Lemma 4, we obtain

M

{∣
∣
∣J [Rp1p2p3 ]

(3)
T,t

∣
∣
∣

2n
}

≤ Cn

( T∫

t

t3∫

t

t2∫

t

(

(Rp1p2p3(t1, t2, t3))
2n

+ (Rp1p2p3(t1, t3, t2))
2n

+

+(Rp1p2p3(t2, t1, t3))
2n

+ (Rp1p2p3(t2, t3, t1))
2n

+ (Rp1p2p3(t3, t2, t1))
2n

+

+(Rp1p2p3(t3, t1, t2))
2n

)

dt1dt2dt3+

+

T∫

t

t3∫

t

(

1{i1=i2 6=0}

(

(Rp1p2p3(t2, t2, t3))
2n

+ (Rp1p2p3(t3, t3, t2))
2n

)

+

+1{i1=i3 6=0}

(

(Rp1p2p3(t2, t3, t2))
2n + (Rp1p2p3(t3, t2, t3))

2n

)

+

(56) +1{i2=i3 6=0}

(

(Rp1p2p3(t3, t2, t2))
2n + (Rp1p2p3(t2, t3, t3))

2n

)

dt2dt3

)

, Cn <∞.

Further, we have

T∫

t

t3∫

t

t2∫

t

(

(Rp1p2p3(t1, t2, t3))
2n

+ (Rp1p2p3(t1, t3, t2))
2n

+ (Rp1p2p3(t2, t1, t3))
2n

+

+(Rp1p2p3(t2, t3, t1))
2n + (Rp1p2p3(t3, t2, t1))

2n + (Rp1p2p3(t3, t1, t2))
2n

)

dt1dt2dt3 =

(57) =

∫

[t,T ]3

(Rp1p2p3(t1, t2, t3))
2n
dt1dt2dt3,

T∫

t

t3∫

t

(

(Rp1p2p3(t2, t2, t3))
2n

+ (Rp1p2p3(t3, t3, t2))
2n

)

dt2dt3 =

=

T∫

t

t3∫

t

(Rp1p2p3(t2, t2, t3))
2n dt2dt3 +

T∫

t

T∫

t3

(Rp1p2p3(t2, t2, t3))
2n dt2dt3 =
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(58) =

∫

[t,T ]2

(Rp1p2p3(t2, t2, t3))
2n
dt2dt3,

T∫

t

t3∫

t

(

(Rp1p2p3(t2, t3, t2))
2n + (Rp1p2p3(t3, t2, t3))

2n

)

dt2dt3 =

=

T∫

t

t3∫

t

(Rp1p2p3(t2, t3, t2))
2n
dt2dt3 +

T∫

t

T∫

t3

(Rp1p2p3(t2, t3, t2))
2n
dt2dt3 =

(59) =

∫

[t,T ]2

(Rp1p2p3(t2, t3, t2))
2n
dt2dt3,

T∫

t

t3∫

t

(

(Rp1p2p3(t3, t2, t2))
2n + (Rp1p2p3(t2, t3, t3))

2n

)

dt2dt3 =

=

T∫

t

t3∫

t

(Rp1p2p3(t3, t2, t2))
2n
dt2dt3 +

T∫

t

T∫

t3

(Rp1p2p3(t3, t2, t2))
2n
dt2dt3 =

(60) =

∫

[t,T ]2

(Rp1p2p3(t3, t2, t2))
2n
dt2dt3.

Combining (56) and (57)–(60), we get

M

{∣
∣
∣J [Rp1p2p3 ]

(3)
T,t

∣
∣
∣

2n
}

≤ Cn






∫

[t,T ]3

(Rp1p2p3(t1, t2, t3))
2n
dt1dt2dt3+

+1{i1=i2 6=0}

∫

[t,T ]2

(Rp1p2p3(t2, t2, t3))
2n dt2dt3+

+1{i1=i3 6=0}

∫

[t,T ]2

(Rp1p2p3(t2, t3, t2))
2n dt2dt3+

(61) +1{i2=i3 6=0}

∫

[t,T ]2

(Rp1p2p3(t3, t2, t2))
2n
dt2dt3




 , Cn <∞.

Since the integrals on the right-hand side of (61) exist as Riemann integrals, then they are equal
to the corresponding Lebesgue integrals. Moreover,
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lim
p1→∞

lim
p2→∞

lim
p3→∞

Rp1p2p3(t1, t2, t3) = 0 when (t1, t2, t3) ∈ (t, T )3,

where the left-hand side is bounded on [t, T ]3.
According to the proof of Lemma 1 and (45) for k = 3, we have

Rp1p2p3(t1, t2, t3) =



K∗(t1, t2, t3)−
p1∑

j1=0

Cj1(t2, t3)φj1 (t1)



+

+





p1∑

j1=0



Cj1(t2, t3)−
p2∑

j2=0

Cj2j1(t3)φj2 (t2)



φj1(t1)



+

(62) +





p1∑

j1=0

p2∑

j2=0



Cj2j1(t3)−
p3∑

j3=0

Cj3j2j1φj3 (t3)



φj2(t2)φj1 (t1)



 ,

where

Cj1 (t2, t3) =

T∫

t

K∗(t1, t2, t3)φj1(t1)dt1, Cj2j1(t3) =

∫

[t,T ]2

K∗(t1, t2, t3)φj1 (t1)φj2(t2)dt1dt2.

Then, applying three times (we mean an iterated passage to the limit lim
p1→∞

lim
p2→∞

lim
p3→∞

) the

Lebesgue’s Dominated Convergence Theorem, we obtain

(63) lim
p1→∞

lim
p2→∞

lim
p3→∞

∫

[t,T ]3

(Rp1p2p3(t1, t2, t3))
2n
dt1dt2dt3 = 0,

(64) lim
p1→∞

lim
p2→∞

lim
p3→∞

∫

[t,T ]2

(Rp1p2p3(t2, t2, t3))
2n dt2dt3 = 0,

(65) lim
p1→∞

lim
p2→∞

lim
p3→∞

∫

[t,T ]2

(Rp1p2p3(t2, t3, t2))
2n dt2dt3 = 0,

(66) lim
p1→∞

lim
p2→∞

lim
p3→∞

∫

[t,T ]2

(Rp1p2p3(t3, t2, t2))
2n
dt2dt3 = 0.

From (61)–(66) we get

lim
p1→∞

lim
p2→∞

lim
p3→∞

M

{∣
∣
∣J [Rp1p2p3 ]

(3)
T,t

∣
∣
∣

2n
}

= 0, n ∈ N.

Let us consider the case k = 4. Using (82) (see below), we have w. p. 1
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J [Rp1p2p3p4 ]
(4)
T,t =

= l.i.m.
N→∞

N−1∑

l4=0

N−1∑

l3=0

N−1∑

l2=0

N−1∑

l1=0

Rp1p2p3p4(τl1 , τl2 , τl3 , τl4)∆w(i1)
τl1

∆w(i2)
τl2

∆w(i3)
τl3

∆w(i4)
τl4

=

= l.i.m.
N→∞

N−1∑

l4=0

l4−1∑

l3=0

l3−1∑

l2=0

l2−1∑

l1=0

∑

(l1,l2,l3,l4)

(

Rp1p2p3p4(τl1 , τl2 , τl3 , τl4)∆w(i1)
τl1

∆w(i2)
τl2

∆w(i3)
τl3

∆w(i4)
τl4

)

+

+l.i.m.
N→∞

N−1∑

l4=0

l4−1∑

l3=0

l3−1∑

l2=0

∑

(l2,l2,l3,l4)

(

Rp1p2p3p4(τl2 , τl2 , τl3 , τl4)∆w(i1)
τl2

∆w(i2)
τl2

∆w(i3)
τl3

∆w(i4)
τl4

)

+

+l.i.m.
N→∞

N−1∑

l4=0

l4−1∑

l3=0

l3−1∑

l1=0

∑

(l1,l3,l3,l4)

(

Rp1p2p3p4(τl1 , τl3 , τl3 , τl4)∆w(i1)
τl1

∆w(i2)
τl3

∆w(i3)
τl3

∆w(i4)
τl4

)

+

+l.i.m.
N→∞

N−1∑

l4=0

l4−1∑

l2=0

l2−1∑

l1=0

∑

(l1,l2,l4,l4)

(

Rp1p2p3p4(τl1 , τl2 , τl4 , τl4)∆w(i1)
τl1

∆w(i2)
τl2

∆w(i3)
τl4

∆w(i4)
τl4

)

+

+l.i.m.
N→∞

N−1∑

l4=0

l4−1∑

l3=0

∑

(l3,l3,l3,l4)

(

Rp1p2p3p4(τl3 , τl3 , τl3 , τl4)∆w(i1)
τl3

∆w(i2)
τl3

∆w(i3)
τl3

∆w(i4)
τl4

)

+

+l.i.m.
N→∞

N−1∑

l4=0

l4−1∑

l2=0

∑

(l2,l2,l4,l4)

(

Rp1p2p3p4(τl2 , τl2 , τl4 , τl4)∆w(i1)
τl2

∆w(i2)
τl2

∆w(i3)
τl4

∆w(i4)
τl4

)

+

+l.i.m.
N→∞

N−1∑

l4=0

l4−1∑

l1=0

∑

(l1,l4,l4,l4)

(

Rp1p2p3p4(τl1 , τl4 , τl4 , τl4)∆w(i1)
τl1

∆w(i2)
τl4

∆w(i3)
τl4

∆w(i4)
τl4

)

+

+l.i.m.
N→∞

N−1∑

l4=0

Rp1p2p3p4(τl4 , τl4 , τl4 , τl4)∆w(i1)
τl4

∆w(i2)
τl4

∆w(i3)
τl4

∆w(i4)
τl4

=

=

T∫

t

t4∫

t

t3∫

t

t2∫

t

∑

(t1,t2,t3,t4)

(

Rp1p2p3p4(t1, t2, t3, t4)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

)

+

+1{i1=i2 6=0}

T∫

t

t4∫

t

t3∫

t

∑

(t1,t3,t4)

(

Rp1p2p3p4(t1, t1, t3, t4)dt1dw
(i3)
t3 dw

(i4)
t4

)

+

+1{i1=i3 6=0}

T∫

t

t4∫

t

t2∫

t

∑

(t1,t2,t4)

(

Rp1p2p3p4(t1, t2, t1, t4)dt1dw
(i2)
t2 dw

(i4)
t4

)

+
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+1{i1=i4 6=0}

T∫

t

t3∫

t

t2∫

t

∑

(t1,t2,t3)

(

Rp1p2p3p4(t1, t2, t3, t1)dt1dw
(i2)
t2 dw

(i3)
t3

)

+

+1{i2=i3 6=0}

T∫

t

t4∫

t

t2∫

t

∑

(t1,t2,t4)

(

Rp1p2p3p4(t1, t2, t2, t4)dw
(i1)
t1 dt2dw

(i4)
t4

)

+

+1{i2=i4 6=0}

T∫

t

t3∫

t

t2∫

t

∑

(t1,t2,t3)

(

Rp1p2p3p4(t1, t2, t3, t2)dw
(i1)
t1 dt2dw

(i3)
t3

)

+

+1{i3=i4 6=0}

T∫

t

t3∫

t

t2∫

t

∑

(t1,t2,t3)

(

Rp1p2p3p4(t1, t2, t3, t3)dw
(i1)
t1 dw

(i2)
t2 dt3

)

+

+1{i1=i2 6=0}1{i3=i4 6=0}





T∫

t

t4∫

t

Rp1p2p3p4(t2, t2, t4, t4)dt2dt4+

+

T∫

t

t4∫

t

Rp1p2p3p4(t4, t4, t2, t2)dt2dt4



+

+1{i1=i3 6=0}1{i2=i4 6=0}





T∫

t

t4∫

t

Rp1p2p3p4(t2, t4, t2, t4)dt2dt4+

+

T∫

t

t4∫

t

Rp1p2p3p4(t4, t2, t4, t2)dt2dt4



+

+1{i1=i4 6=0}1{i2=i3 6=0}





T∫

t

t4∫

t

Rp1p2p3p4(t2, t4, t4, t2)dt2dt4+

(67) +

T∫

t

t4∫

t

Rp1p2p3p4(t4, t2, t2, t4)dt2dt4



 ,

where the expression
∑

(a1,...,ak)

means the sum with respect to all possible permutations (a1, . . . , ak). Note that an analogue of (67)
was obtained in [32], Sect. 6 (also see [18]-[21]) with using a different approach.

By analogy with (61) we obtain
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M

{∣
∣
∣J [Rp1p2p3p4 ]

(4)
T,t

∣
∣
∣

2n
}

≤ Cn






∫

[t,T ]4

(Rp1p2p3p4(t1, t2, t3, t4))
2n
dt1dt2dt3dt4+

+1{i1=i2 6=0}

∫

[t,T ]3

(Rp1p2p3p4(t2, t2, t3, t4))
2n
dt2dt3dt4+

+1{i1=i3 6=0}

∫

[t,T ]3

(Rp1p2p3p4(t2, t3, t2, t4))
2n
dt2dt3dt4+

+1{i1=i4 6=0}

∫

[t,T ]3

(Rp1p2p3p4(t2, t3, t4, t2))
2n
dt2dt3dt4+

+1{i2=i3 6=0}

∫

[t,T ]3

(Rp1p2p3p4(t3, t2, t2, t4))
2n
dt2dt3dt4+

+1{i2=i4 6=0}

∫

[t,T ]3

(Rp1p2p3p4(t3, t2, t4, t2))
2n
dt2dt3dt4+

+1{i3=i4 6=0}

∫

[t,T ]3

(Rp1p2p3p4(t3, t4, t2, t2))
2n
dt2dt3dt4+

+1{i1=i2 6=0}1{i3=i4 6=0}

∫

[t,T ]2

(Rp1p2p3p4(t2, t2, t4, t4))
2n
dt2dt4+

+1{i1=i3 6=0}1{i2=i4 6=0}

∫

[t,T ]2

(Rp1p2p3p4(t2, t4, t2, t4))
2n dt2dt4+

(68) +1{i1=i4 6=0}1{i2=i3 6=0}

∫

[t,T ]2

(Rp1p2p3p4(t2, t4, t4, t2))
2n
dt2dt4




 , Cn <∞.

Since the integrals on the right-hand side of (68) exist as Riemann integrals, then they are equal
to the corresponding Lebesgue integrals. Moreover,

lim
p1→∞

lim
p2→∞

lim
p3→∞

lim
p4→∞

Rp1p2p3p4(t1, t2, t3, t4) = 0 when (t1, t2, t3, t4) ∈ (t, T )4,

where the left-hand side is bounded on [t, T ]4.
According to the proof of Lemma 1 and (45) for k = 4, we have

Rp1p2p3p4(t1, t2, t3, t4) =



K∗(t1, t2, t3, t4)−
p1∑

j1=0

Cj1(t2, t3, t4)φj1(t1)



+
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+





p1∑

j1=0



Cj1(t2, t3, t4)−
p2∑

j2=0

Cj2j1(t3, t4)φj2 (t2)



φj1 (t1)



+

+





p1∑

j1=0

p2∑

j2=0



Cj2j1(t3, t4)−
p3∑

j3=0

Cj3j2j1(t4)φj3 (t3)



φj2 (t2)φj1 (t1)



+

+





p1∑

j1=0

p2∑

j2=0

p3∑

j3=0



Cj3j2j1(t4)−
p4∑

j4=0

Cj4j3j2j1φj4 (t4)



φj3 (t3)φj2 (t2)φj1 (t1)



 ,

where

Cj1 (t2, t3, t4) =

T∫

t

K∗(t1, t2, t3, t4)φj1 (t1)dt1,

Cj2j1(t3, t4) =

∫

[t,T ]2

K∗(t1, t2, t3, t4)φj1 (t1)φj2 (t2)dt1dt2,

Cj3j2j1(t4) =

∫

[t,T ]3

K∗(t1, t2, t3, t4)φj1 (t1)φj2 (t2)φj3(t3)dt1dt2dt3.

Then, applying four times (we mean an iterated passage to the limit lim
p1→∞

lim
p2→∞

lim
p3→∞

lim
p4→∞

) the

Lebesgue’s Dominated Convergence Theorem, we obtain

(69) lim
p1→∞

lim
p2→∞

lim
p3→∞

lim
p4→∞

∫

[t,T ]4

(Rp1p2p3p4(t1, t2, t3, t4))
2n dt1dt2dt3dt4 = 0,

(70) lim
p1→∞

lim
p2→∞

lim
p3→∞

lim
p4→∞

∫

[t,T ]3

(Rp1p2p3p4(t2, t2, t3, t4))
2n
dt2dt3dt4 = 0,

(71) lim
p1→∞

lim
p2→∞

lim
p3→∞

lim
p4→∞

∫

[t,T ]3

(Rp1p2p3p4(t2, t3, t2, t4))
2n
dt2dt3dt4 = 0,

(72) lim
p1→∞

lim
p2→∞

lim
p3→∞

lim
p4→∞

∫

[t,T ]3

(Rp1p2p3p4(t2, t3, t4, t2))
2n
dt2dt3dt4 = 0,

(73) lim
p1→∞

lim
p2→∞

lim
p3→∞

lim
p4→∞

∫

[t,T ]3

(Rp1p2p3p4(t3, t2, t2, t4))
2n
dt2dt3dt4 = 0,

(74) lim
p1→∞

lim
p2→∞

lim
p3→∞

lim
p4→∞

∫

[t,T ]3

(Rp1p2p3p4(t3, t2, t4, t2))
2n dt2dt3dt4 = 0,

620



EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 27

(75) lim
p1→∞

lim
p2→∞

lim
p3→∞

lim
p4→∞

∫

[t,T ]3

(Rp1p2p3p4(t3, t4, t2, t2))
2n
dt2dt3dt4 = 0,

(76) lim
p1→∞

lim
p2→∞

lim
p3→∞

lim
p4→∞

∫

[t,T ]3

(Rp1p2p3p4(t2, t2, t4, t4))
2n dt2dt4 = 0,

(77) lim
p1→∞

lim
p2→∞

lim
p3→∞

lim
p4→∞

∫

[t,T ]3

(Rp1p2p3p4(t2, t4, t2, t4))
2n
dt2dt4 = 0,

(78) lim
p1→∞

lim
p2→∞

lim
p3→∞

lim
p4→∞

∫

[t,T ]3

(Rp1p2p3p4(t2, t4, t4, t2))
2n
dt2dt4 = 0.

Combaining (68) with (69)–(78), we get

lim
p1→∞

lim
p2→∞

lim
p3→∞

lim
p4→∞

M

{∣
∣
∣J [Rp1p2p3p4 ]

(4)
T,t

∣
∣
∣

2n
}

= 0, n ∈ N.

Lemma 6 is proved for the case k = 4.
Let us consider the case of arbitrary k (k ∈ N). Let us analyze the stochastic integral defined

by (31) and find its representation convenient for the following consideration. In order to do it we
introduce several notations. Suppose that

S
(k)
N (a) =

N−1∑

jk=0

. . .

j2−1
∑

j1=0

∑

(j1,...,jk)

a(j1,...,jk),

Csr . . .Cs1S
(k)
N (a) =

=

N−1∑

jk=0

. . .

jsr+2−1
∑

jsr+1=0

jsr+1−1
∑

jsr−1=0

. . .

js1+2−1
∑

js1+1=0

js1+1−1
∑

js1−1=0

. . .

j2−1
∑

j1=0

∑

r
∏

l=1

Ijsl
,jsl+1

(j1,...,jk)

a r
∏

l=1

Ijsl
,jsl+1

(j1,...,jk)
,

where
r∏

l=1

Ijsl ,jsl+1(j1, . . . , jk)
def
= Ijsr ,jsr+1 . . . Ijs1 ,js1+1(j1, . . . , jk),

Cs0 . . .Cs1S
(k)
N (a) = S

(k)
N (a),

0∏

l=1

Ijsl ,jsl+1(j1, . . . , jk) = (j1, . . . , jk),

Ijl,jl+1
(jq1 , . . . , jq2 , jl, jq3 , . . . , jqk−2

, jl, jqk−1
, . . . , jqk)

def
=
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def
= (jq1 , . . . , jq2 , jl+1, jq3 , . . . , jqk−2

, jl+1, jqk−1
, . . . , jgk),

where l ∈ N, l 6= q1, . . . , q2, q3, . . . , qk−2, qk−1, . . . , qk, s1, . . . , sr = 1, . . . , k − 1, sr > . . . > s1,
a(jq1 ,...,jqk ) is a scalar value, q1, . . . , qk = 1, . . . , k, the expression

∑

(jq1 ,...,jqk )

means the sum with respect to all possible permutations (jq1 , . . . , jqk).
Using induction it is possible to prove the following equality

(79)
N−1∑

jk=0

. . .
N−1∑

j1=0

a(j1,...,jk) =
k−1∑

r=0

k−1∑

sr,...,s1=1
sr>...>s1

Csr . . .Cs1S
(k)
N (a),

where k = 2, 3, . . .
Hereinafter in this section, we will identify the following records a(j1,...,jk) = a(j1...jk) = aj1...jk . In

particular, from (79) for k = 2, 3, 4 we get the following formulas

N−1∑

j2=0

N−1∑

j1=0

a(j1,j2) = S
(2)
N (a) + C1S

(2)
N (a) =

=

N−1∑

j2=0

j2−1
∑

j1=0

∑

(j1,j2)

a(j1j2) +

N−1∑

j2=0

a(j2j2) =

N−1∑

j2=0

j2−1
∑

j1=0

(aj1j2 + aj2j1)+

(80) +

N−1∑

j2=0

aj2j2 ,

N−1∑

j3=0

N−1∑

j2=0

N−1∑

j1=0

a(j1,j2,j3) = S
(3)
N (a) + C1S

(3)
N (a) + C2S

(3)
N (a) + C2C1S

(3)
N (a) =

=

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

∑

(j1,j2,j3)

a(j1j2j3) +

N−1∑

j3=0

j3−1
∑

j2=0

∑

(j2,j2,j3)

a(j2j2j3)+

+

N−1∑

j3=0

j3−1
∑

j1=0

∑

(j1,j3,j3)

a(j1j3j3) +

N−1∑

j3=0

a(j3j3j3) =

=

N−1∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

(aj1j2j3 + aj1j3j2 + aj2j1j3 + aj2j3j1 + aj3j2j1 + aj3j1j2)+
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+

N−1∑

j3=0

j3−1
∑

j2=0

(aj2j2j3 + aj2j3j2 + aj3j2j2) +

N−1∑

j3=0

j3−1
∑

j1=0

(aj1j3j3 + aj3j1j3 + aj3j3j1)+

(81) +

N−1∑

j3=0

aj3j3j3 ,

N−1∑

j4=0

N−1∑

j3=0

N−1∑

j2=0

N−1∑

j1=0

a(j1,j2,j3,j4) = S
(4)
N (a) + C1S

(4)
N (a) + C2S

(4)
N (a)+

+C3S
(4)
N (a) + C2C1S

(4)
N (a) + C3C1S

(4)
N (a) + C3C2S

(4)
N (a) + C3C2C1S

(4)
N (a) =

=

N−1∑

j4=0

j4−1
∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

∑

(j1,j2,j3,j4)

a(j1j2j3j4) +

N−1∑

j4=0

j4−1
∑

j3=0

j3−1
∑

j2=0

∑

(j2,j2,j3,j4)

a(j2j2j3j4)

+

N−1∑

j4=0

j4−1
∑

j3=0

j3−1
∑

j1=0

∑

(j1,j3,j3,j4)

a(j1j3j3j4) +

N−1∑

j4=0

j4−1
∑

j2=0

j2−1
∑

j1=0

∑

(j1,j2,j4,j4)

a(j1j2j4j4)+

+

N−1∑

j4=0

j4−1
∑

j3=0

∑

(j3,j3,j3,j4)

a(j3j3j3j4) +

N−1∑

j4=0

j4−1
∑

j2=0

∑

(j2,j2,j4,j4)

a(j2j2j4j4)+

+
N−1∑

j4=0

j4−1
∑

j1=0

∑

(j1,j4,j4,j4)

a(j1j4j4j4) +
N−1∑

j4=0

aj4j4j4j4 =

=

N−1∑

j4=0

j4−1
∑

j3=0

j3−1
∑

j2=0

j2−1
∑

j1=0

(aj1j2j3j4 + aj1j2j4j3 + aj1j3j2j4 + aj1j3j4j2+

+aj1j4j3j2 + aj1j4j2j3 + aj2j1j3j4 + aj2j1j4j3 + aj2j4j1j3 + aj2j4j3j1 + aj2j3j1j4+

+aj2j3j4j1 + aj3j1j2j4 + aj3j1j4j2 + aj3j2j1j4 + aj3j2j4j1 + aj3j4j1j2 + aj3j4j2j1+

+aj4j1j2j3 + aj4j1j3j2 + aj4j2j1j3 + aj4j2j3j1 + aj4j3j1j2 + aj4j3j2j1)+

+

N−1∑

j4=0

j4−1
∑

j3=0

j3−1
∑

j2=0

(aj2j2j3j4 + aj2j2j4j3 + aj2j3j2j4+ aj2j4j2j3 + aj2j3j4j2 + aj2j4j3j2+

+aj3j2j2j4 + aj4j2j2j3 + aj3j2j4j2 +aj4j2j3j2 + aj4j3j2j2 + aj3j4j2j2) +

+

N−1∑

j4=0

j4−1
∑

j3=0

j3−1
∑

j1=0

(aj3j3j1j4 + aj3j3j4j1 + aj3j1j3j4+ aj3j4j3j1 + aj3j4j1j3 + aj3j1j4j3+

+aj1j3j3j4 + aj4j3j3j1 + aj4j3j1j3 +aj1j3j4j3 + aj1j4j3j3 + aj4j1j3j3) +
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+

N−1∑

j4=0

j4−1
∑

j2=0

j2−1
∑

j1=0

(aj4j4j1j2 + aj4j4j2j1 + aj4j1j4j2+ aj4j2j4j1 + aj4j2j1j4 + aj4j1j2j4+

+aj1j4j4j2 + aj2j4j4j1 + aj2j4j1j4 + aj1j4j2j4 + aj1j2j4j4 + aj2j1j4j4)+

+

N−1∑

j4=0

j4−1
∑

j3=0

(aj3j3j3j4 + aj3j3j4j3 + aj3j4j3j3 + aj4j3j3j3)+

+

N−1∑

j4=0

j4−1
∑

j2=0

(aj2j2j4j4 + aj2j4j2j4 + aj2j4j4j2+ aj4j2j2j4 + aj4j2j4j2 + aj4j4j2j2)+

+

N−1∑

j4=0

j4−1
∑

j1=0

(aj1j4j4j4 + aj4j1j4j4 + aj4j4j1j4 + aj4j4j4j1)+

(82) +

N−1∑

j4=0

aj4j4j4j4 .

Perhaps, the formula (79) for any k (k ∈ N) was found by the author for the first time [1] (1997).
Assume that

a(j1,...,jk) = Φ(τj1 , . . . , τjk)

k∏

l=1

∆w(il)
τjl
,

where Φ (t1, . . . , tk) is a nonrandom function of k variables. Then from (31) and (79) we have

J [Φ]
(k)
T,t =

[k/2]
∑

r=0

∑

(sr ,...,s1)∈Ak,r

×

× l.i.m.
N→∞

N−1∑

jk=0

. . .

jsr+2−1
∑

jsr+1=0

jsr+1−1
∑

jsr−1=0

. . .

js1+2−1
∑

js1+1=0

js1+1−1
∑

js1−1=0

. . .

j2−1
∑

j1=0

∑

r
∏

l=1

Ijsl
,jsl+1

(j1,...,jk)

×

×
[

Φ

(

τj1 , . . . , τjs1−1 , τjs1+1 , τjs1+1 , τjs1+2 , . . . , τjsr−1 , τjsr+1 , τjsr+1 , τjsr+2 , . . . , τjk

)

×

×∆w(i1)
τj1

. . .∆w
(is1−1)
τjs1−1

∆w
(is1 )
τjs1+1

∆w
(is1+1)
τjs1+1

∆w
(is1+2)
τjs1+2

. . .

. . .∆w
(isr−1)
τjsr−1

∆w
(isr )
τjsr+1

∆w
(isr+1)
τjsr+1

∆w
(isr+2)
τjsr+2

. . .∆w(ik)
τjk

]

=
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(83) =

[k/2]
∑

r=0

∑

(sr,...,s1)∈Ak,r

I[Φ]
(k)s1,...,sr
T,t w. p. 1,

where

I[Φ]
(k)s1,...,sr
T,t =

T∫

t

. . .

tsr+3∫

t

tsr+2∫

t

tsr∫

t

. . .

ts1+3∫

t

ts1+2∫

t

ts1∫

t

. . .

t2∫

t

∑

r
∏

l=1

Itsl
,tsl+1

(t1,...,tk)

×

×
[

Φ

(

t1, . . . , ts1−1, ts1+1, ts1+1, ts1+2, . . . , tsr−1, tsr+1, tsr+1, tsr+2, . . . , tk

)

×

×dw(i1)
t1 . . . dw

(is1−1)
ts1−1

dw
(is1 )
ts1+1

dw
(is1+1)
ts1+1

dw
(is1+2)
ts1+2

. . .

(84) . . . dw
(isr−1)
tsr−1

dw
(isr )
tsr+1

dw
(isr+1)
tsr+1

dw
(isr+2)
tsr+2

. . . dw
(ik)
tk

]

,

where k ≥ 2, the set Ak,r is defined by (16). We suppose that the right-hand side of (84) exists as
the Ito stochastic integral.

Remark 2. The summands on the right-hand side of (84) should be understood as follows: for

each permutation from the set

r∏

l=1

Itsl ,tsl+1(t1, . . . , tk) = (t1, . . . , ts1−1, ts1+1, ts1+1, ts1+2, . . . , tsr−1, tsr+1, tsr+1, tsr+2, . . . , tk)

it is necessary to perform replacement on the right-hand side of (84) of all pairs (their number is

equals to r) of differentials dw
(i)
tp dw

(j)
tp with similar lower indexes by the values 1{i=j 6=0}dtp.

Note that the term in (83) for r = 0 should be understood as follows

(85)

T∫

t

. . .

t2∫

t

∑

(t1,...,tk)

(

Φ (t1, . . . , tk) dw
(i1)
t1 . . . dw

(ik)
tk

)

,

where
∑

(t1,...,tk)

means the sum with respect to all possible permutations (t1, . . . , tk). At the same time permutations
(t1, . . . , tk) when summing are performed in (85) only in the expression, which is enclosed in paren-
theses (see [18], Sect. 1.1.3 for details).

Using Lemma 4, we get
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M

{∣
∣
∣J [Φ]

(k)
T,t

∣
∣
∣

2n
}

≤

(86) ≤ Cnk

[k/2]
∑

r=0

∑

(sr,...,s1)∈Ak,r

M

{∣
∣
∣I[Φ]

(k)s1,...,sr
T,t

∣
∣
∣

2n
}

,

where

M

{∣
∣
∣I[Φ]

(k)s1,...,sr
T,t

∣
∣
∣

2n
}

≤

≤ Cs1...sr
nk

T∫

t

. . .

tsr+3∫

t

tsr+2∫

t

tsr∫

t

. . .

ts1+3∫

t

ts1+2∫

t

ts1∫

t

. . .

t2∫

t

∑

r
∏

l=1

Itsl
,tsl+1

(t1,...,tk)

×

×Φ2n

(

t1, . . . , ts1−1, ts1+1, ts1+1, ts1+2, . . . , tsr−1, tsr+1, tsr+1, tsr+2, . . . , tk

)

×

(87) ×dt1 . . . dts1−1dts1+1dts1+2 . . . dtsr−1dtsr+1dtsr+2 . . . dtk,

where Cnk and Cs1...sr
nk are constants and permutations when summing in (87) are performed only in

the value

Φ2n

(

t1, . . . , ts1−1, ts1+1, ts1+1, ts1+2, . . . , tsr−1, tsr+1, tsr+1, tsr+2, . . . , tk

)

.

Consider (86), (87) for Φ(t1, . . . , tk) = Rp1...pk
(t1, . . . , tk)

M

{∣
∣
∣J [Rp1...pk

]
(k)
T,t

∣
∣
∣

2n
}

≤

(88) ≤ Cnk

[k/2]
∑

r=0

∑

(sr ,...,s1)∈Ak,r

M

{∣
∣
∣I[Rp1...pk

]
(k)s1,...,sr
T,t

∣
∣
∣

2n
}

,

M

{∣
∣
∣I[Rp1...pk

]
(k)s1,...,sr
T,t

∣
∣
∣

2n
}

≤
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≤ Cs1...sr
nk

T∫

t

. . .

tsr+3∫

t

tsr+2∫

t

tsr∫

t

. . .

ts1+3∫

t

ts1+2∫

t

ts1∫

t

. . .

t2∫

t

∑

r
∏

l=1

Itsl
,tsl+1

(t1,...,tk)

×

×R2n
p1...pk

(

t1, . . . , ts1−1, ts1+1, ts1+1, ts1+2, . . . , tsr−1, tsr+1, tsr+1, tsr+2, . . . , tk

)

×

(89) ×dt1 . . . dts1−1dts1+1dts1+2 . . . dtsr−1dtsr+1dtsr+2 . . . dtk,

where Cnk and Cs1...sr
nk are constants and permutations when summing in (89) are performed only in

the value

R2n
p1...pk

(

t1, . . . , ts1−1, ts1+1, ts1+1, ts1+2, . . . , tsr−1, tsr+1, tsr+1, tsr+2, . . . , tk

)

.

From the other hand, we can consider the generalization of the formulas (51), (61), (68) for the
case of arbitrary k (k ∈ N). In order to do this, let us consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(90) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (90) is a partition and consider the sum with respect to all possible partitions

(91)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
,

where ag1g2,...,g2r−1g2r ,q1...qk−2r
∈ R.

Below there are several examples of sums in the form (91)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

(92)
∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2,g3g4 = a12,34 + a13,24 + a23,14,
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∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

(93) = a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can generalize the formulas (51), (61), (68) for the case of arbitrary k (k ∈ N)

M

{∣
∣
∣J [Rp1...pk

]
(k)
T,t

∣
∣
∣

2n
}

≤ Cnk






∫

[t,T ]k

(Rp1...pk
(t1, . . . , tk))

2n
dt1 . . . dtk+

+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

1{ig
1
=ig

2
6=0} . . .1{ig

2r−1
=ig

2r
6=0}×

×
∫

[t,T ]k−r



Rp1...pk

(

t1, . . . , tk

)∣
∣
∣
∣
tg

1
=tg

2
,...,tg

2r−1
=tg

2r





2n

×

(94) ×
(

dt1 . . . dtk

)
∣
∣
∣
∣
∣
(dtg

1
dtg

2
)ydtg1 ,...,

(

dtg
2r−1

dtg
2r

)

ydtg
2r−1




 ,
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where Cnk is a constant,

(

t1, . . . , tk

)∣
∣
∣
∣
tg

1
=tg

2
,...,tg

2r−1
=tg

2r

means the ordered set (t1, . . . , tk) where we put tg
1
= tg

2
, . . . , tg

2r−1
= tg

2r
.

Moreover,

(

dt1 . . . dtk

)
∣
∣
∣
∣
∣
(dtg

1
dtg

2
)ydtg1 ,...,

(

dtg
2r−1

dtg
2r

)

ydtg
2r−1

means the product dt1 . . . dtk where we replace all pairs dtg
1
dtg

2
, . . . , dtg

2r−1
dtg

2r
by dtg1 , . . . , dtg2r−1

correspondingly.
Note that the estimate like (94), where all indicators 1{·} must be replaced with 1, can be obtained

from the estimates (88), (89). The comparison of (94) with the relation (5.36) in [17] (Theorem 5.2,
p. A.273) or with the relation (1.54) in [18] (Theorem 1.2, p. 60) shows a similar structure of these
formulas.

Let us consider the particular case of (94) for k = 4

M

{∣
∣
∣J [Rp1p2p3p4 ]

(4)
T,t

∣
∣
∣

2n
}

≤ Cn4






∫

[t,T ]4

(Rp1p2p3p4(t1, t2, t3, t4))
2n
dt1dt2dt3dt4+

+
∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

1{ig
1
=ig

2
6=0}

∫

[t,T ]3

(

Rp1p2p3p4

(

t1, t2, t3, t4

)∣
∣
∣
∣
tg

1
=tg

2

)2n

×

×
(

dt1dt2dt3dt4

)
∣
∣
∣
∣
∣
(dtg

1
dtg

2
)ydtg1

+

+
∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

1{ig
1
=ig

2
6=0}1{ig

3
=ig

4
6=0}

∫

[t,T ]2

(

Rp1p2p3p4

(

t1, t2, t3, t4

)∣
∣
∣
∣
tg

1
=tg

2
,tg

3
=tg

4

)2n

×

(95) ×
(

dt1dt2dt3dt4

)∣
∣
∣
∣
(dtg

1
dtg

2
)ydtg1 ,(dtg3 dtg4 )ydtg3




 .

It is not difficult to notice that (95) is consistent with (68) (see (92), (93)).
According to (7), we have the following expression for all internal points of the hypercube [t, T ]k

Rp1...pk
(t1, . . . , tk) =
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=

k∏

l=1

ψl(tl)






k−1∏

l=1

1{tl<tl+1} +

k−1∑

r=1

1

2r

k−1∑

sr,...,s1=1
sr>...>s1

r∏

l=1

1{tsl=tsl+1}

k−1∏

l=1
l 6=s1,...,sr

1{tl<tl+1}




−

(96) −
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl).

Due to (96) the function Rp1...pk
(t1, . . . , tk) is continuous in the open domains of integration of

integrals on the right-hand side of (89) and it is bounded at the boundaries of these domains for
p1, . . . , pk <∞.

Let us perform the iterated passage to the limit

lim
p1→∞

lim
p2→∞

. . . lim
pk→∞

under the integral signs in the estimate (94) (like it was performed for the 2-dimensional, 3-dimentional,
and 4-dimensional cases (see above)). Then, taking into account (46), we obtain the required result.
More precisely, since the integrals on the right-hand side of (94) exist as Riemann integrals, then they
are equal to the corresponding Lebesgue integrals. Moreover,

lim
p1→∞

. . . lim
pk→∞

Rp1...pk
(t1, . . . , tk) = 0, when (t1, . . . , tk) ∈ (t, T )k,

where the left-hand side is bounded on [t, T ]k.
According to the proof of Lemma 1 and (45), we have

Rp1...pk
(t1, . . . , tk) =

=



K∗(t1, . . . , tk)−
p1∑

j1=0

Cj1(t2, . . . , tk)φj1 (t1)



+

+





p1∑

j1=0



Cj1 (t2, . . . , tk)−
p2∑

j2=0

Cj2j1(t3, . . . , tk)φj2 (t2)



φj1 (t1)



+

. . .

(97) +





p1∑

j1=0

. . .

pk−1∑

jk−1=0



Cjk−1...j1(tk)−
pk∑

jk=0

Cjk...j1φjk(tk)



φjk−1
(tk−1) . . . φj1 (t1)



 ,

where

Cj1 (t2, . . . , tk) =

T∫

t

K∗(t1, . . . , tk)φj1 (t1)dt1,
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Cj2j1(t3, . . . , tk) =

∫

[t,T ]2

K∗(t1, . . . , tk)φj1 (t1)φj2 (t2)dt1dt2,

. . .

Cjk−1...j1(tk) =

∫

[t,T ]k−1

K∗(t1, . . . , tk)

k−1∏

l=1

φjl(tl)dt1 . . . dtk−1.

Then, applying k times (we mean an iterated passage to the limit lim
p1→∞

lim
p2→∞

. . . lim
pk→∞

) the

Lebesgue’s Dominated Convergence Theorem in the integrals on the right-hand side of (94), we
obtain

lim
p1→∞

lim
p2→∞

. . . lim
pk→∞

M

{∣
∣
∣J [Rp1...pk

]
(k)
T,t

∣
∣
∣

2n
}

= 0, n ∈ N.

Let us discuss the choice of integrable majorants when applying Lebesgue’s Dominated Convergence
Theorem in (94).

It is well known that [62]

(98)

∣
∣
∣
∣
∣

N∑

k=1

sinkx

k

∣
∣
∣
∣
∣
≤ C

for all N and x, where constant C does not depend on N and x.
Moreover,

(99)

N∑

j=1

1

j2
≤

∞∑

j=1

1

j2
=
π2

6
.

Applying double integration by parts (as in (2.28), Sect. 2.1.1 [18]), we estimate the partial sums
of one-dimensional trigonometric Fourier series

p1∑

j1=0

Cj1(t2, . . . , tk)φj1 (t1),

p2∑

j2=0

Cj2j1(t3, . . . , tk)φj2 (t2), . . .

pk∑

jk=0

Cjk...j1φjk(tk)

in (97) using (99) and (see (98))

∣
∣
∣
∣
∣

N∑

k=1

1

k
sin

2πk(x− y)

T − t

∣
∣
∣
∣
∣
≤ C,

∣
∣
∣
∣
∣

N∑

k=1

1

k
sin

2πk(x− t)

T − t

∣
∣
∣
∣
∣
≤ C

(here N ∈ N and x, y ∈ R, constant C does not depend on N and x, y) as follows

∣
∣
∣
∣
∣
∣

p1∑

j1=0

Cj1 (t2, . . . , tk)φj1(t1)

∣
∣
∣
∣
∣
∣

≤ C1,

∣
∣
∣
∣
∣
∣

p1∑

j1=0

Cj1(t2, . . . , tk)φj1 (t1)

∣
∣
∣
∣
∣
∣

≤ C2, . . .

∣
∣
∣
∣
∣
∣

pk∑

jk=0

Cjk...j1φjk (tk)

∣
∣
∣
∣
∣
∣

≤ Ck,
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where constant C1 does not depend on p1, constant C2 does not depend on p2, etc.
Moreover,

|K∗(t1, . . . , tk)| ≤ C̃1, |Cj1 (t2, . . . , tk)| ≤ C̃2, . . .
∣
∣Cjk−1...j1(tk)

∣
∣ ≤ C̃k,

where constant C̃1 does not depend on p1, constant C̃2 does not depend on p2, etc.
Further, the construction of integrable majorants when applying Lebesgue’s Dominated Conver-

gence Theorem in (94) is obvious.

For example, to pass to the limit lim
pk→∞

, the integrable majorant has the form (it is constructed on

the base of (97))

(

Rp1...pk
(t1, . . . , tk)

)2n

≤

≤
(
(

C̃1 + C1

)

+

+

p1∑

j1=0

(

C̃2 + C2

)

|φj1 (t1)|+ . . .

. . . +

p1∑

j1=0

. . .

pk−1∑

jk−1=0

(

C̃k + Ck

) ∣
∣φjk−1

(tk−1) . . . φj1 (t1)
∣
∣

)2n

≤

≤
(
(

C̃1 + C1

)

+

+

√

2

T − t
(p1 + 1)

(

C̃2 + C2

)

+ . . .

(100) . . . +

(√

2

T − t

)k−1

(p1 + 1) . . . (pk−1 + 1)
(

C̃k + Ck

)
)2n

,

where n ∈ N, the numbers p1, . . . , pk−1 are fixed and the right-hand side of (100) is independent of
pk.

Theorem 1 is proved.
It easy to notice that if we expand the function K∗(t1, . . . , tk) into the generalized Fourier series

at the interval (t, T ) at first with respect to the variable tk, after that with respect to the variable
tk−1, etc., then we will have the expansion

(101) K∗(t1, . . . , tk) =

∞∑

jk=0

. . .

∞∑

j1=0

Cjk ...j1

k∏

l=1

φjl (tl)

instead of the expansion (8).
Let us prove the expansion (101). Similarly with (12) we have the following equality

(102) ψk(tk)

(

1{tk−1<tk} +
1

2
1{tk−1=tk}

)

=

∞∑

jk=0

T∫

tk−1

ψk(tk)φjk(tk)dtkφjk(tk),
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which is fulfilled pointwise at the interval (t, T ), besides the series on the right-hand side of (102)
converges when t1 = t and t1 = T.

Let us introduce the assumption of induction

∞∑

jk=0

. . .

∞∑

j3=0

ψ2(t2)

T∫

t2

ψ3(t3)φj3(t3) . . .

T∫

tk−1

ψk(tk)φjk (tk)dtk . . . dt3

k∏

l=3

φjl(tl) =

(103) =

k∏

l=2

ψl(tl)

k−1∏

l=2

(

1{tl<tl+1} +
1

2
1{tl=tl+1}

)

.

Then

∞∑

jk=0

. . .

∞∑

j3=0

∞∑

j2=0

ψ1(t1)

T∫

t1

ψ2(t2)φj2 (t2) . . .

T∫

tk−1

ψk(tk)φjk (tk)dtk . . . dt2

k∏

l=2

φjl(tl) =

=

∞∑

jk=0

. . .

∞∑

j3=0

ψ1(t1)

(

1{t1<t2} +
1

2
1{t1=t2}

)

ψ2(t2)×

×
T∫

t2

ψ3(t3)φj3 (t3) . . .

T∫

tk−1

ψk(tk)φjk(tk)dtk . . . dt3

k∏

l=3

φjl(tl) =

= ψ1(t1)

(

1{t1<t2} +
1

2
1{t1=t2}

) ∞∑

jk=0

. . .

∞∑

j3=0

ψ2(t2)×

×
T∫

t2

ψ3(t3)φj3 (t3) . . .

T∫

tk−1

ψk(tk)φjk(tk)dtk . . . dt3

k∏

l=3

φjl(tl) =

= ψ1(t1)

(

1{t1<t2} +
1

2
1{t1=t2}

) k∏

l=2

ψl(tl)

k−1∏

l=2

(

1{tl<tl+1} +
1

2
1{tl=tl+1}

)

=

(104) =
k∏

l=1

ψl(tl)
k−1∏

l=1

(

1{tl<tl+1} +
1

2
1{tl=tl+1}

)

.

From the other hand, the left-hand side of (104) can be represented in the following form

∞∑

jk=0

. . .

∞∑

j1=0

Cjk...j1

k∏

l=1

φjl(tl)

by expanding the function
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ψ1(t1)

T∫

t1

ψ2(t2)φj2 (t2) . . .

T∫

tk−1

ψk(tk)φjk (tk)dtk . . . dt2

into the generalized Fourier series at the interval (t, T ) using the variable t1. Here we applied the
following replacement of integration order

T∫

t

ψ1(t1)

T∫

t1

ψ2(t2)φj2 (t2) . . .

T∫

tk−1

ψk(tk)φjk(tk)dtk . . . dt2dt1 =

=

T∫

t

ψk(tk)φjk (tk) . . .

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2 . . . dtk =

= Cjk...j1 .

The expansion (101) is proved. So, we can formulate the following theorem.

Theorem 2 [18] (Sect. 2.4) (also see [1] (1997), [12], [13], [16], [17], [19]-[21]. Suppose that the

conditions of Theorem 1 are fulfilled. Then

(105) J∗[ψ(k)]T,t =

∞∑

jk=0

. . .

∞∑

j1=0

Cjk ...j1

k∏

l=1

ζ
(il)
jl

,

where notations are the same as in Theorem 1.

Note that (105) means the following

lim
pk→∞

lim
pk−1→∞

. . . lim
p1→∞

M









J∗[ψ(k)]T,t −
pk∑

jk=0

. . .

p1∑

j1=0

Cjk...j1

k∏

l=1

ζ
(il)
jl





2n






= 0,

where n ∈ N.
Let us make a remark about how one can obtain an analogue of Theorem 1 for the complete

orthonormal system of Legendre polynomials in the space L2([t, T ]) and n = 1 (the case of mean-
square convergence), k = 2.

First note the well known estimate for Legendre polynomials [63]

(106) |Pj(y)| <
K√

j + 1(1− y2)1/4
, y ∈ (−1, 1), j ∈ N,

where constant K does not depend on y and j.
By analogy with (51) we have

M

{(

J [Rp1p2 ]
(2)
T,t

)2
}

≤
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(107) ≤ 2

∫

[t,T ]2

(Rp1p2(t1, t2))
2
dt1dt2 + 1{i1=i2 6=0}





T∫

t

Rp1p2(t1, t1)dt1





2

.

From Remark 1.6, Sect. 1.7.2 [18] and (1.72), (2.103) [18] we obtain for the case of Legendre
polynomials

lim
p1→∞

lim
p2→∞

∫

[t,T ]2

(Rp1p2(t1, t2))
2
dt1dt2 = 0.

Further, we have (see (53))

Rp1p2(t1, t1) =



K∗(t1, t1)−
p1∑

j1=0

Cj1(t1)φj1(t1)



+

(108) +





p1∑

j1=0



Cj1 (t1)−
p2∑

j2=0

Cj2j1φj2 (t1)



φj1(t1)



 .

Then, taking into account (52), (108) and applying two times (we mean here an iterated passage
to the limit lim

p1→∞
lim

p2→∞
) the Lebesgue’s Dominated Convergence Theorem, we obtain

lim
p1→∞

lim
p2→∞

T∫

t

Rp1p2(t1, t1)dt1 = 0.

Let us discuss the choice of integrable majorants when applying Lebesgue’s Dominated Convergence
Theorem in our case.

Using double integration by parts (as in (2.22), Sect. 2.1.1 [18]), we estimate the partial sums of
one-dimensional Fourier–Legendre series

p1∑

j1=0

Cj1 (t1)φj1 (t1),

p2∑

j2=0

Cj2j1φj2(t1)

in (108) using (106) and (99) as follows

(109)

∣
∣
∣
∣
∣
∣

p1∑

j1=0

Cj1(t1)φj1 (t1)

∣
∣
∣
∣
∣
∣

≤ K1

(

1 +
1

(1− (z(t1))2)
1/2

+
1

(1− (z(t1))2)
1/4

)

,

(110)

∣
∣
∣
∣
∣
∣

p2∑

j2=0

Cj2j1φj2(t1)

∣
∣
∣
∣
∣
∣

≤ K2

(

1 +
1

(1− (z(t1))2)
1/4

)

,

where

z(s) =

(

s− T + t

2

)
2

T − t
,
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constant K1 does not depend on p1, and constant K2 does not depend on p2.
Thus, integrable majorants in our case can be easily constracted using (108), (109) and (110) (see

the proof of Theorem 1 for details).
An analogue of Theorem 1 for the case of Legendre polynomials and n = 1 (the case of mean-square

convergence), k = 2 is obtained.

3. Examples. The Case of Legendre Polynomials

In this section, we provide some practical material (based on an analogue of Theorem 1 for the
case of Legendre polynomials and k = 2, n = 1) on expansions of iterated Stratonovich stochastic
integrals of the following form [18]-[21]

(111) I
∗(i1...ik)
(l1...lk)T,t =

∗∫

t

T

(t− tk)
lk . . .

∗∫

t

t2

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk

,

where i1, . . . , ik = 1, . . . ,m, l1, . . . , lk = 0, 1, . . .
The complete orthonormal system of Legendre polynomials in the space L2([t, T ]) looks as follows

(112) φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

, j = 0, 1, 2, . . . ,

where Pj(x) is the Legendre polynomial.
Using an analogue of Theorem 1 for the system of functions (112) and k = 2, n = 1, we obtain the

following expansions of iterated Stratonovich stochastic integrals [1]–[21], [24], [25], [27], [29]-[40]

I
∗(i1)
(0)T,t =

√
T − tζ

(i1)
0 ,

(113) I
∗(i1)
(1)T,t = − (T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

(114) I
∗(i1)
(2)T,t =

(T − t)5/2

3

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,

(115) I
∗(i1i2)
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

))

,

I
∗(i1i2)
(01)T,t = −T − t

2
I
∗(i1i2)
(00)T,t −

(T − t)2

4

(

ζ
(i1)
0 ζ

(i2)
1√
3

+

+

∞∑

i=0

(

(i + 2)ζ
(i1)
i ζ

(i2)
i+2 − (i+ 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,
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I
∗(i1i2)
(10)T,t = −T − t

2
I
∗(i1i2)
(00)T,t −

(T − t)2

4

(

ζ
(i2)
0 ζ

(i1)
1√
3

+

+
∞∑

i=0

(

(i + 1)ζ
(i2)
i+2 ζ

(i1)
i − (i+ 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

I
∗(i1i2)
(02)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t − (T − t)I

∗(i1i2)
(01)T,t +

(T − t)3

8

(

2ζ
(i2)
2 ζ

(i1)
0

3
√
5

+

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 2)(i+ 3)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 1)(i + 2)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + i− 3)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + 3i− 1)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

))

,

I
∗(i1i2)
(20)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t − (T − t)I

∗(i1i2)
(10)T,t +

(T − t)3

8

(

2ζ
(i2)
0 ζ

(i1)
2

3
√
5

+

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 1)(i+ 2)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 2)(i + 3)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + 3i− 1)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + i− 3)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

))

,

I
∗(i1i2)
(11)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t −

(T − t)

2

(

I
∗(i1i2)
(10)T,t + I

∗(i1i2)
(01)T,t

)

+

+
(T − t)3

8




1

3
ζ
(i1)
1 ζ

(i2)
1 +

∞∑

i=0




(i+ 1)(i+ 3)

(

ζ
(i2)
i+3 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+3

)

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i + 1)2

(

ζ
(i2)
i+1 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+1

)

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)







 ,

I
∗(i1)
(3)T,t = − (T − t)7/2

4

(

ζ
(i1)
0 +

3
√
3

5
ζ
(i1)
1 +

1√
5
ζ
(i1)
2 +

1

5
√
7
ζ
(i1)
3

)

,
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where

(116) ζ
(i)
j =

T∫

t

φj(s)df
(i)
s

are independent standard Gaussian random variables for various i or j (i = 1, . . . ,m).

4. Examples. The Case of Trigonometric Functions

Let us consider the Milstein expansions of the integrals I
(i1)
(1)T,t, I

∗(i1i2)
(00)T,t, I

∗(i1)
(2)T,t (see [43]-[45]) based

on the trigonometric Fourier expansion of the Brownian Bridge process (the version of the so-called
Karhunen–Loeve expansion)

(117) I
∗(i1)
(1)T,t = − (T − t)3/2

2

(

ζ
(i1)
0 −

√
2

π

∞∑

r=1

1

r
ζ
(i1)
2r−1

)

,

(118) I
∗(i1)
(2)T,t = (T − t)5/2

(

1

3
ζ
(i1)
0 +

1√
2π2

∞∑

r=1

1

r2
ζ
(i1)
2r − 1√

2π

∞∑

r=1

1

r
ζ
(i1)
2r−1

)

,

I
∗(i1i2)
(00)T,t =

1

2
(T − t)

(

ζ
(i1)
0 ζ

(i2)
0 +

(119) +
1

π

∞∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

√
2

(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

)))

,

where ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1 (i = 1, . . . ,m) are independent standard Gaussian random variables defined by

the relation (116) in which {φj(x)}∞j=0 is a complete orthonornal system of trigonometric functions

in L2([t, T ]).
It is obviously that at least (117)–(119) are significantly more complicated in comparison with

(113)–(115). Note that (117)–(119) also can be obtained using Theorem 1 [1], [2], [4]-[13], [16]-[40].

5. Further Remarks

In this section, we consider some approaches on the base of Theorem 1 for the case k = 2.
Moreover, we explain the potential difficulties associated with the use of generalized multiple Fourier
series converging almost everywhere in the hypercube [t, T ]k in the proof of Theorem 1.

First, we show how iterated series can be replaced by multiple one in Theorem 1 (the case k = 2
and n = 1) and in analogue of Theorem 1 for the case of Legendre polynomials (the case k = 2 and
n = 1).

We have
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lim
p→∞

M









J∗[ψ(2)]T,t −
p
∑

j1=0

p
∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2





2






=

= lim
p→∞

lim
q→∞

M









J∗[ψ(2)]T,t −
p
∑

j1=0

p
∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2





2






≤

≤ lim
p→∞

lim
q→∞




2M









J∗[ψ(2)]T,t −
p
∑

j1=0

q
∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2





2






+

+2M











p
∑

j1=0

q
∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

−
p
∑

j1=0

p
∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2





2









 =

= lim
p→∞

lim
q→∞

2M











p
∑

j1=0

q
∑

j2=p+1

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2





2






=

= lim
p→∞

lim
q→∞

2

p
∑

j1=0

p
∑

j′1=0

q
∑

j2=p+1

q
∑

j′2=p+1

Cj2j1Cj′2j
′
1
M

{

ζ
(i1)
j1

ζ
(i1)
j′1

}

M

{

ζ
(i2)
j2

ζ
(i2)
j′2

}

=

= 2 lim
p→∞

lim
q→∞

p
∑

j1=0

q
∑

j2=p+1

C2
j2j1 =

(120) = 2 lim
p→∞

lim
q→∞





p
∑

j1=0

q
∑

j2=0

C2
j2j1 −

p
∑

j1=0

p
∑

j2=0

C2
j2j1



 =

(121) = 2



 lim
p,q→∞

p
∑

j1=0

q
∑

j2=0

C2
j2j1 − lim

p→∞

p
∑

j1=0

p
∑

j2=0

C2
j2j1



 =

(122) =

∫

[t,T ]2

K2(t1, t2)dt1dt2 −
∫

[t,T ]2

K2(t1, t2)dt1dt2 = 0,

where the function K(t1, t2) is defined by (3) for k = 2.
Note that the transition from (120) to (121) is based on the theorem on reducing of a limit to

iterated one. Moreover, the transition from (121) to (122) is based on the Parseval equality.
Thus, we obtain the following Theorem.
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Theorem 3. Assume that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]). At the same time ψ2(τ) is a continuously dif-

ferentiable nonrandom function on [t, T ] and ψ1(τ) is twice continuously differentiable nonrandom

function on [t, T ]. Then, for the iterated Stratonovich stochastic integral (1) of multiplicity 2

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 (i1, i2 = 0, 1, . . . ,m)

the following expansion

J∗[ψ(2)]T,t = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

converging in the mean-square sense is valid, where the Fourier coefficient Cj2j1 has the form

Cj2j1 =

T∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2

and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), w
(i)
τ = f

(i)
τ are

independent standard Wiener processes (i = 1, . . . ,m) and w
(0)
τ = τ.

Note that Theorem 3 is a modification (for the case p1 = p2 = p of series summation) of Theorem
2.1 [18].

From the other hand, Theorem 1 implies the following

0 ≤

∣
∣
∣
∣
∣
∣

lim
p1→∞

lim
p2→∞

. . . lim
pk→∞

M







p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

− J∗[ψ(k)]T,t







∣
∣
∣
∣
∣
∣

≤

≤ lim
p1→∞

lim
p2→∞

. . . lim
pk→∞

∣
∣
∣
∣
∣
∣

M







p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

− J∗[ψ(k)]T,t







∣
∣
∣
∣
∣
∣

≤

≤ lim
p1→∞

lim
p2→∞

. . . lim
pk→∞

M







∣
∣
∣
∣
∣
∣

J∗[ψ(k)]T,t −
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

∣
∣
∣
∣
∣
∣






≤

(123) ≤ lim
p1→∞

lim
p2→∞

. . . lim
pk→∞




M









J∗[ψ(k)]T,t −
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl





2











1/2

= 0.
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Moreover,

lim
p1→∞

lim
p2→∞

. . . lim
pk→∞





p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1M

{
k∏

l=1

ζ
(il)
jl

}

−M

{

J∗[ψ(k)]T,t

}



 =

(124) = lim
p1→∞

lim
p2→∞

. . . lim
pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1M

{
k∏

l=1

ζ
(il)
jl

}

−M

{

J∗[ψ(k)]T,t

}

.

Combining (123) and (124), we obtain

(125) M

{

J∗[ψ(k)]T,t

}

= lim
p1→∞

lim
p2→∞

. . . lim
pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1M

{
k∏

l=1

ζ
(il)
jl

}

.

The relation (125) with k = 2 implies the following

M

{

J∗[ψ(2)]T,t

}

=
1

2
1{i1=i2 6=0}

T∫

t

ψ1(τ)ψ2(τ)dτ =

(126) = lim
p1→∞

lim
p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1M

{

ζ
(i1)
j1

ζ
(i2)
j2

}

,

where 1A is the indicator of the set A.
Since

M

{

ζ
(i1)
j1

ζ
(i2)
j2

}

= 1{i1=i2 6=0}1{j1=j2},

then from (126) we obtain

M

{

J∗[ψ(2)]T,t

}

= lim
p1→∞

lim
p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j11{j1=j2}1{i1=i2 6=0} =

(127) = 1{i1=i2 6=0} lim
p1→∞

lim
p2→∞

min{p1,p2}∑

j1=0

Cj1j1 = 1{i1=i2 6=0}

∞∑

j1=0

Cj1j1 ,

where Cj1j1 is defined by (5) for k = 2 and j1 = j2, i.e.

Cj1j1 =

T∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2.
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From (126) and (127) we obtain the following relation

(128)

∞∑

j1=0

Cj1j1 =
1

2

T∫

t

ψ1(τ)ψ2(τ)dτ.

Note that the equality (128) and existence of the limit on the left-hand side of (128) are proved in
[18] (Sect. 2.1.2, 2.1.4), [23] for the polynomial and trigonometric cases (ψ1(τ), ψ2(τ) are continuously
differentiable functions on [t, T ]) as well as for an arbitrary complete orthonormal system of functions
in L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]).

Let us address now to the following theorem on expansion of iterated Ito stochastic integrals (2).

Theorem 4 [4] (2006), [5]-[40]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom

function on the interval [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous func-

tions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(129) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(130) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the Fourier

coefficient (5), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is the partition of the interval [t, T ],

which satisfies the condition (26).

Consider transformed particular cases for k = 1, . . . , 5 of Theorem 4 [4] (2006), [5]-[40]

(131) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(132) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,
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J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(133) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(134) +1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(135) +1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

where 1A is the indicator of the set A.
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Note that in [18], [22], [80] Theorem 4 is generalized to the case of an arbitrary complete orthonor-
mal system of functions in L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) (see Theorem 11 below).

From (132) for the case of an arbitrary complete orthonormal system of functions in L2([t, T ]),
ψ1(τ), ψ2(τ) ∈ L2([t, T ]) and (128) we obtain

J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

=

= l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}

∞∑

j1=0

Cj1j1 =

(136) = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

− 1

2
1{i1=i2 6=0}

T∫

t

ψ1(τ)ψ2(τ)dτ.

Since

(137) J∗[ψ(2)]T,t = J [ψ(2)]T,t +
1

2
1{i1=i2 6=0}

T∫

t

ψ1(τ)ψ2(τ)dτ w. p. 1,

where ψ1(τ), ψ2(τ) are continuous functions on [t, T ] (this condition is related to the definition of
the Stratonovich stochastic integral that we use [43] (also see [18] (Sect. 2.1.1))), then from (136) we
finally get the following expansion

J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

.

Thus, we obtain the following theorem.

Theorem 5 [18] (Sect. 2.1.4).Assume that {φj(x)}∞j=0 is an arbitrary complete orthonormal system

of functions in the space L2([t, T ]). Moreover, ψ1(τ), ψ2(τ) are continuous nonrandom functions on

[t, T ]. Then, for the iterated Stratonovich stochastic integral (1) of multiplicity 2

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 (i1, i2 = 0, 1, . . . ,m)

the following expansion

J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

converging in the mean-square sense is valid, where the Fourier coefficient Cj2j1 has the form

Cj2j1 =

T∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2
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and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), w
(i)
τ = f

(i)
τ are

independent standard Wiener processes (i = 1, . . . ,m) and w
(0)
τ = τ.

Note that analogues of Theorem 5 for the multiplicities 3 to 6 of the iterated Stratonovich sto-
chastic integrals (1) and the systems of Legendre polynomials and trigonometric functions have been
formulated and proved in [18], [23], [26], [78], [79] (see Theorems 12–15 below).

We have

J∗[ψ(2)]p1,p2

T,t
def
= J [ψ(2)]p1,p2

T,t +
1

2
1{i1=i2 6=0}

T∫

t

ψ1(s)ψ2(s)ds =

=

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

+
1

2
1{i1=i2 6=0}

T∫

t

ψ1(s)ψ2(s)ds =

(138) =

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i1=i2 6=0}




1

2

T∫

t

ψ1(s)ψ2(s)ds −
min{p1,p2}∑

j1=0

Cj1j1



 ,

where

J [ψ(2)]p1,p2

T,t =

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

is the approximation of iterated Ito stochastic integral (2) (k = 2) based on Theorem 4 (see (132)).
Moreover, from (137) and (138) we obtain

(139) M

{(

J∗[ψ(2)]T,t − J∗[ψ(2)]p1,p2

T,t

)2n
}

= M

{(

J [ψ(2)]T,t − J [ψ(2)]p1,p2

T,t

)2n
}

→ 0

if p1, p2 → ∞ (n ∈ N), where the relation

M

{(

J [ψ(2)]T,t − J [ψ(2)]p1,p2

T,t

)2n
}

→ 0

if p1, p2 → ∞ (n ∈ N) is proved in [18] (see Sect. 1.1.9, 1.12).
Further (see (138)),

M









J∗[ψ(2)]T,t −
p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2





2n






=

= M









J∗[ψ(2)]T,t − J∗[ψ(2)]p1,p2

T,t + 1{i1=i2 6=0}




1

2

T∫

t

ψ1(s)ψ2(s)ds−
min{p1,p2}∑

j1=0

Cj1j1









2n






≤
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(140)

≤ Kn




M

{(

J∗[ψ(2)]T,t − J∗[ψ(2)]p1,p2

T,t

)2n
}

+ 1{i1=i2 6=0}




1

2

T∫

t

ψ1(s)ψ2(s)ds−
min{p1,p2}∑

j1=0

Cj1j1





2n



,

where constant Kn <∞ depends on n.
Taking into account (128), (139), and (140), we get

(141) lim
p1,p2→∞

M









J∗[ψ(2)]T,t −
p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2





2n






= 0.

Thus, we obtain the following theorem.

Theorem 6 [18] (Sect. 2.4.2). Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Le-

gendre polynomials or trigonometric functions in the space L2([t, T ]). Moreover, ψ1(τ), ψ2(τ) are

continuous nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic integral (1)
of multiplicity 2

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 (i1, i2 = 0, 1, . . . ,m)

the following expansion

J∗[ψ(2)]T,t =

∞∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

that converges in the mean of degree 2n, n ∈ N (see (141)) is valid, where the Fourier coefficient Cj2j1

is defined by (5) and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ are independent standard Wiener processes (i = 1, . . . ,m) and w

(0)
τ = τ.

Let us consider some other approaches close to the approaches outlined in this section. Now we
turn to multiple trigonometric Fourier series converging almost everywhere. Let us formulate the
well-known result from the theory of multiple trigonometric Fourier series.

Theorem 7 [64]. Suppose that

(142)

∫

[0,2π]k

|f(x1, . . . , xk)|
(
log+|f(x1, . . . , xk)|

)k
log+log+|f(x1, . . . , xk)|dx1 . . . dxk <∞.

Then, for the square partial sums

646



EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 53

p
∑

j1=0

. . .

p
∑

jk=0

Cjk ...j1

k∏

l=1

φjl(xl)

of the multiple trigonometric Fourier series we have

lim
p→∞

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

k∏

l=1

φjl(xl) = f(x1, . . . , xk)

almost everywhere in [0, 2π]k, where {φj(x)}∞j=0 is a complete orthonormal system of trigonometric

functions in the space L2([0, 2π]),

Cjk...j1 =

∫

[0,2π]k

f(x1, . . . , xk)
k∏

l=1

φjl(xl)dx1 . . . dxk

is the Fourier coefficient of the function f(x1, . . . , xk), and log+x = logmax{1, x}.
Obviously, Theorem 7 can be reformulated for the hypercube [t, T ]k instead of the hypercube

[0, 2π]k.
If we tried to apply Theorem 7 in the proof of Theorem 1, then we would encounter the following

difficulties. Note that the right-hand side of (94) contains multiple integrals over hypercubes of
various dimensions, namely over hypercubes [t, T ]k, [t, T ]k−1, etc. Obviously, the convergence almost
everywhere in [t, T ]k does not mean the convergence almost everywhere in [t, T ]k−1, [t, T ]k−2, etc.
This means that we could not apply the Lebesgue’s Dominated Convergence Theorem in the proof
of Lemma 6 and thus could not complete the proof of Theorem 1. Although multiple series are more
convenient for approximation than iterated series as in Theorem 1.

Suppose that ψ1(τ), ψ2(τ) are continuously differentiable functions on [t, T ] and {φj(x)}∞j=0 is
a complete orthonormal system of Legendre polynomials or trigonometric functions in the space
L2([t, T ]). In [18] (Sect. 2.1.2) it was shown that

(143) lim
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1φj1 (t1)φj2 (t1) =
1

2
ψ1(t1)ψ2(t1) = K∗(t1, t1), t1 ∈ (t, T ),

where Cj2j1 is defined by (5) (k = 2).
This means that we can repeat the proof of Theorem 1 for the case k = 2 and apply the Lebesgue’s

Dominated Convergence Theorem in the formula (94), since Theorem 7 and (143) implies the con-
vergence almost everywhere in [t, T ]2 and almost everywhere in [t, T ] (t1 = t2 ∈ [t, T ]) of the multiple
trigonometric Fourier series

(144) lim
p→∞

p
∑

j1=0

p
∑

j2=0

Cj2j1φj1(t1)φj2(t2), t1, t2 ∈ [t, T ]2

to the function K∗(t1, t2) (the question of finding an integrable majorant for Lebesgue’s Dominated
Convergence Theorem is omitted here). So, we can obtain the particular case of Theorem 6.

Let us consider the another approach. The following fact is well-known.

Proposition 1. Let
{
xn1,...,nk

}∞

n1,...,nk=1
be a multi-index sequence and let there exists the limit

647



54 D.F. KUZNETSOV

lim
n1,...,nk→∞

xn1,...,nk
<∞.

Moreover, let there exists the limit

lim
nk→∞

xn1,...,nk
= yn1,...,nk−1

<∞ for any n1, . . . , nk−1.

Then there exists the iterated limit

lim
n1,...,nk−1→∞

lim
nk→∞

xn1,...,nk
,

and moreover,

lim
n1,...,nk−1→∞

lim
nk→∞

xn1,...,nk
= lim

n1,...,nk→∞
xn1,...,nk

.

Denote

Cjs...j1(ts+1, . . . , tk) =

∫

[t,T ]s

K(t1, . . . , tk)

s∏

l=1

φjl(tl)dt1 . . . dts (s = 1, . . . , k − 1).

where K(t1, . . . , tk) has the form (3). For s = k we suppose that Cjk...j1 is defined by (5).
Consider the following Fourier series

(145) lim
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1(t3, . . . , tk)φj1 (t1)φj2 (t2),

(146) lim
p1,p2,p3→∞

p1∑

j1=0

p1∑

j1=0

p3∑

j3=0

Cj3j2j1(t4, . . . , tk)φj1(t1)φj2 (t2)φj3 (t3),

. . .

(147) lim
p1,...,pk−1→∞

p1∑

j1=0

. . .

pk−1∑

jk−1=0

Cjk−1...j1(tk)φj1 (t1) . . . φjk−1
(tk−1),

(148) lim
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1φj1 (t1) . . . φjk(tk),

where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or trigonometric func-
tions in the space L2([t, T ]).

The author does not know the answere to the question on existence of the limits (145)–(148) even
for the case p1 = . . . = pk and trigonometric Fourier series. Obviously, at least for the case k = 2
and ψ1(τ), ψ2(τ) ≡ 1 the answere to the above question is positive for the Fourier–Legendre series as
well as for the trigonometric Fourier series.

If we suppose the existence of the limits (145)–(148), then combining Proposition 1 and the proof
of Lemma 1 we obtain
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K∗(t1, . . . , tk) =

∞∑

j1=0

Cj1 (t2, . . . , tk)φj1 (t1) =

(149) =

∞∑

j1=0

∞∑

j2=0

Cj2j1(t3, . . . , tk)φj1 (t1)φj2 (t2) =

= lim
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1(t3, . . . , tk)φj1 (t1)φj2 (t2) =

= lim
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

∞∑

j3=0

Cj3j2j1(t4, . . . , tk)φj1 (t1)φj2 (t2)φj3 (t3) =

(150) = lim
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1(t4, . . . , tk)φj1 (t1)φj2 (t2)φj3(t3) =

(151) =

∞∑

j1=0

∞∑

j2=0

∞∑

j3=0

Cj3j2j1(t4, . . . , tk)φj1 (t1)φj2(t2)φj3 (t3) =

(152) = lim
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

∞∑

j4=0

Cj4...j1(t5, . . . , tk)φj1 (t1)φj3(t4) =

= . . . =

(153) = lim
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1φj1(t1) . . . φjk(tk).

Note that the transition from (150) to (151) is based on (149) and the proof of Lemma 1. The
transition from (151) to (152) is based on (150) and the proof of Lemma 1.

Using (153) we could get the version of Theorem 1 with multiple series instead of iterated ones.

6. Refinement of Theorems 1 and 2 for Iterated Stratonovich Stochastic Integrals

of Multiplicities 2 and 3 (i1, i2, i3 = 1, . . . ,m). The Case of Mean-Square

Convergence

In this section, it will be shown that the upper limits in Theorems 1 and 2 (the cases k = 2, k = 3
and n = 1) can be replaced by the usual limits.

Theorem 8 [18] (Sect. 2.4). Suppose that every ψl(τ) (l = 1, 2, 3) is twice continuously differen-

tiable function at the interval [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of trigonometric

functions in the space L2([t, T ]). Then, the iterated Stratonovich stochastic integrals J∗[ψ(2)]T,t and
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J∗[ψ(3)]T,t (i1, i2, i3 = 1, . . . ,m) defined by (1) are expanded into the converging in the mean-square

sense iterated series

(154) lim
p1→∞

lim
p2→∞

M









J∗[ψ(2)]T,t −
p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2





2






= 0,

(155) lim
p2→∞

lim
p1→∞

M









J∗[ψ(2)]T,t −
p2∑

j2=0

p1∑

j1=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2





2






= 0,

(156) lim
p1→∞

lim
p2→∞

lim
p3→∞

M









J∗[ψ(3)]T,t −
p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






= 0,

(157) lim
p3→∞

lim
p2→∞

lim
p1→∞

M









J∗[ψ(3)]T,t −
p3∑

j3=0

p2∑

j2=0

p1∑

j1=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






= 0,

where

ζ
(i)
j =

T∫

t

φj(s)df
(i)
s (i = 1, . . . ,m, j = 0, 1, . . .)

are independent standard Gaussian random variables for various i or j and Cj2j1 , Cj3j2j1 are defined

by (5).

Proof. We will prove the equalities (154) and (156) (the equalities (155) and (157) can be proved
similarly using the expansion (101) instead of the expansion (8)).

From (47) we have w. p. 1

J∗[ψ(2)]T,t −
p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

= J [Rp1p2 ]
(2)
T,t =

=

T∫

t

t2∫

t

Rp1p2(t1, t2)df
(i1)
t1 df

(i2)
t2 +

T∫

t

t1∫

t

Rp1p2(t1, t2)df
(i2)
t2 df

(i1)
t1 +

(158) +1{i1=i2}

T∫

t

Rp1p2(t1, t1)dt1,

where we used the same notations as in (47).
Uning (158), we obtain

M

{(

J [Rp1p2 ]
(2)
T,t

)2
}

=

T∫

t

t2∫

t

R2
p1p2

(t1, t2)dt1dt2 +

T∫

t

t1∫

t

R2
p1p2

(t1, t2)dt2dt1+
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+1{i1=i2}




2

T∫

t

t2∫

t

Rp1p2(t1, t2)Rp1p2(t2, t1)dt1dt2 +





T∫

t

Rp1p2(t1, t1)dt1





2



 =

=

T∫

t

t2∫

t

R2
p1p2

(t1, t2)dt1dt2 +

T∫

t

T∫

t2

R2
p1p2

(t1, t2)dt1dt2+

+1{i1=i2}





T∫

t

t2∫

t

Rp1p2(t1, t2)Rp1p2(t2, t1)dt1dt2+

+

T∫

t

T∫

t1

Rp1p2(t1, t2)Rp1p2(t2, t1)dt2dt1



+ 1{i1=i2}





T∫

t

Rp1p2(t1, t1)dt1





2

=

=

∫

[t,T ]2

R2
p1p2

(t1, t2)dt1dt2+

+1{i1=i2}





T∫

t

t2∫

t

Rp1p2(t1, t2)Rp1p2(t2, t1)dt1dt2+

+

T∫

t

T∫

t2

Rp1p2(t1, t2)Rp1p2(t2, t1)dt1dt2



+ 1{i1=i2}





T∫

t

Rp1p2(t1, t1)dt1





2

=

=

∫

[t,T ]2

R2
p1p2

(t1, t2)dt1dt2+

(159) +1{i1=i2}






∫

[t,T ]2

Rp1p2(t1, t2)Rp1p2(t2, t1)dt1dt2 +





T∫

t

Rp1p2(t1, t1)dt1





2



 .

Since the integrals on the right-hand side of (159) exist as Riemann integrals, then they are equal
to the corresponding Lebesgue integrals. Moreover,

lim
p1→∞

lim
p2→∞

Rp1p2(t1, t2) = 0 when (t1, t2) ∈ (t, T )2,

where the left-hand side is bounded on [t, T ]2 (see (46)).
Then, applying two times (we mean an iterated passage to the limit lim

p1→∞
lim

p2→∞
) the Lebesgue’s

Dominated Convergence Theorem and taking into account (9), (10), and (53), we obtain

(160) lim
p1→∞

lim
p2→∞

∫

[t,T ]2

R2
p1p2

(t1, t2)dt1dt2 = 0,
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(161) lim
p1→∞

lim
p2→∞

∫

[t,T ]2

Rp1p2(t1, t2)Rp1p2(t2, t1)dt1dt2 = 0,

(162) lim
p1→∞

lim
p2→∞

T∫

t

Rp1p2(t1, t1)dt1 = 0.

The relations (159)–(162) imply the following equality

lim
p1→∞

lim
p2→∞

M

{(

J [Rp1p2 ]
(2)
T,t

)2
}

= 0.

The relation (154) is proved.
Let us prove the relation (156). Using (55) and the integration order replacement technique for

iterated Ito stochastic integrals (see Chapter 3 in [18]-[21]), we get w. p. 1

J∗[ψ(3)]T,t −
p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

= J [Rp1p2p3 ]
(3)
T,t =

=

T∫

t

t3∫

t

t2∫

t

Rp1p2p3(t1, t2, t3)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 +

+

T∫

t

t3∫

t

t2∫

t

Rp1p2p3(t1, t3, t2)df
(i1)
t1 df

(i3)
t2 df

(i2)
t3 +

+

T∫

t

t3∫

t

t2∫

t

Rp1p2p3(t2, t1, t3)df
(i2)
t1 df

(i1)
t2 df

(i3)
t3 +

+

T∫

t

t3∫

t

t2∫

t

Rp1p2p3(t2, t3, t1)df
(i3)
t1 df

(i1)
t2 df

(i2)
t3 +

+

T∫

t

t3∫

t

t2∫

t

Rp1p2p3(t3, t2, t1)df
(i3)
t1 df

(i2)
t2 df

(i1)
t3 +

+

T∫

t

t3∫

t

t2∫

t

Rp1p2p3(t3, t1, t2)df
(i2)
t1 df

(i3)
t2 df

(i1)
t3 +

+1{i1=i2}

T∫

t





T∫

t

Rp1p2p3(t2, t2, t3)dt2



 df
(i3)
t3 +

+1{i2=i3}

T∫

t





T∫

t

Rp1p2p3(t1, t2, t2)dt2



 df
(i1)
t1 +
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(163) +1{i1=i3}

T∫

t





T∫

t

Rp1p2p3(t3, t2, t3)dt3



 df
(i2)
t2 .

Let us calculate the second moment of J [Rp1p2p3 ]
(3)
T,t using (163). We have

M

{(

J [Rp1p2p3 ]
(3)
T,t

)2
}

=

(164) =

T∫

t

t3∫

t

t2∫

t




∑

(t1,t2,t3)

R2
p1p2p3

(t1, t2, t3)



 dt1dt2dt3+

+2



1{i1=i2}

T∫

t

t3∫

t

t2∫

t

G(1)
p1p2p3

(t1, t2, t3)dt1dt2dt3+

+1{i1=i3}

T∫

t

t3∫

t

t2∫

t

G(2)
p1p2p3

(t1, t2, t3)dt1dt2dt3+

+1{i2=i3}

T∫

t

t3∫

t

t2∫

t

G(3)
p1p2p3

(t1, t2, t3)dt1dt2dt3+

+1{i1=i2=i3}

T∫

t

t3∫

t

t2∫

t

G(4)
p1p2p3

(t1, t2, t3)dt1dt2dt3



+

+

∫

[t,T ]3

(

1{i1=i2}Rp1p2p3(t1, t1, t3)Rp1p2p3(t2, t2, t3)+

+1{i2=i3}Rp1p2p3(t3, t1, t1)Rp1p2p3(t3, t2, t2)+

+1{i1=i3}Rp1p2p3(t1, t3, t1)Rp1p2p3(t2, t3, t2)+

+2 · 1{i1=i2=i3}

(

Rp1p2p3(t1, t1, t3)Rp1p2p3(t3, t2, t2)+

+Rp1p2p3(t1, t1, t3)Rp1p2p3(t2, t3, t2)+

(165) +Rp1p2p3(t3, t1, t1)Rp1p2p3(t2, t3, t2)

))

dt1dt2dt3,

where permutation (t1, t2, t3) when summing in (164) are performed only in the value R2
p1p2p3

(t1, t2, t3)

and the functions G
(i)
p1p2p3(t1, t2, t3) (i = 1, . . . , 4) are defined by the following relations
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G(1)
p1p2p3

(t1, t2, t3) = Rp1p2p3(t1, t2, t3)Rp1p2p3(t2, t1, t3)+

+Rp1p2p3(t1, t3, t2)Rp1p2p3(t3, t1, t2)+

+Rp1p2p3(t2, t3, t1)Rp1p2p3(t3, t2, t1),

G(2)
p1p2p3

(t1, t2, t3) = Rp1p2p3(t1, t2, t3)Rp1p2p3(t3, t2, t1)+

+Rp1p2p3(t1, t3, t2)Rp1p2p3(t2, t3, t1)+

+Rp1p2p3(t2, t1, t3)Rp1p2p3(t3, t1, t2),

G(3)
p1p2p3

(t1, t2, t3) = Rp1p2p3(t1, t2, t3)Rp1p2p3(t1, t3, t2)+

+Rp1p2p3(t2, t1, t3)Rp1p2p3(t2, t3, t1)+

+Rp1p2p3(t3, t2, t1)Rp1p2p3(t3, t1, t2),

G(4)
p1p2p3

(t1, t2, t3) = Rp1p2p3(t1, t2, t3)Rp1p2p3(t2, t3, t1)+

+Rp1p2p3(t1, t2, t3)Rp1p2p3(t3, t1, t2)+

+Rp1p2p3(t1, t3, t2)Rp1p2p3(t2, t1, t3)+

+Rp1p2p3(t1, t3, t2)Rp1p2p3(t3, t2, t1)+

+Rp1p2p3(t2, t1, t3)Rp1p2p3(t3, t2, t1)+

+Rp1p2p3(t2, t3, t1)Rp1p2p3(t3, t1, t2).

Further,

T∫

t

t3∫

t

t2∫

t




∑

(t1,t2,t3)

R2
p1p2p3

(t1, t2, t3)



 dt1dt2dt3 =

(166) =

∫

[t,T ]3

R2
p1p2p3

(t1, t2, t3)dt1dt2dt3.

We will say that the function Φ(t1, t2, t3) is symmetric if
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Φ(t1, t2, t3) = Φ(t1, t3, t2) = Φ(t2, t1, t3) = Φ(t2, t3, t1) =

= Φ(t3, t1, t2) = Φ(t3, t2, t1).

For the symmetric function Φ(t1, t2, t3), we have

T∫

t

t3∫

t

t2∫

t




∑

(t1,t2,t3)

Φ(t1, t2, t3)



 dt1dt2dt3 =

= 6

T∫

t

t3∫

t

t2∫

t

Φ(t1, t2, t3)dt1dt2dt3 =

(167) =

∫

[t,T ]3

Φ(t1, t2, t3)dt1dt2dt3.

The relation (167) implies that

(168)

T∫

t

t3∫

t

t2∫

t

Φ(t1, t2, t3)dt1dt2dt3 =
1

6

∫

[t,T ]3

Φ(t1, t2, t3)dt1dt2dt3.

It is easy to check that the functions G
(i)
p1p2p3(t1, t2, t3) (i = 1, . . . , 4) are symmetric. Using this

property as well as (165), (166), and (168), we obtain

M

{(

J [Rp1p2p3 ]
(3)
T,t

)2
}

=

∫

[t,T ]3

R2
p1p2p3

(t1, t2, t3)dt1dt2dt3+

+
1

3

∫

[t,T ]3

(

1{i1=i2}G
(1)
p1p2p3

(t1, t2, t3)dt1dt2dt3+

+1{i1=i3}G
(2)
p1p2p3

(t1, t2, t3)dt1dt2dt3+

+1{i2=i3}G
(3)
p1p2p3

(t1, t2, t3)dt1dt2dt3+

+1{i1=i2=i3}G
(4)
p1p2p3

(t1, t2, t3)dt1dt2dt3

)

dt1dt2dt3+

+

∫

[t,T ]3

(

1{i1=i2}Rp1p2p3(t1, t1, t3)Rp1p2p3(t2, t2, t3)+

+1{i2=i3}Rp1p2p3(t3, t1, t1)Rp1p2p3(t3, t2, t2)+

+1{i1=i3}Rp1p2p3(t1, t3, t1)Rp1p2p3(t2, t3, t2)+
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+2 · 1{i1=i2=i3}

(

Rp1p2p3(t1, t1, t3)Rp1p2p3(t3, t2, t2)+

+Rp1p2p3(t1, t1, t3)Rp1p2p3(t2, t3, t2)+

(169) +Rp1p2p3(t3, t1, t1)Rp1p2p3(t2, t3, t2)

))

dt1dt2dt3.

Since the integrals on the right-hand side of (169) exist as Riemann integrals, then they are equal
to the corresponding Lebesgue integrals. Moreover,

lim
p1→∞

lim
p2→∞

lim
p3→∞

Rp1p2p3(t1, t2, t3) = 0 when (t1, t2, t3) ∈ (t, T )3,

where the left-hand side is bounded on [t, T ]3 (see (46)).
Using (62) and applying three times (we mean an iterated passage to the limit lim

p1→∞
lim

p2→∞
lim

p3→∞
)

the Lebesgue’s Dominated Convergence Theorem in the equality (169), we obtain

lim
p1→∞

lim
p2→∞

lim
p3→∞

M

{(

J [Rp1p2p3 ]
(3)
T,t

)2
}

= 0.

The relation (156) is proved. Theorem 8 is proved.
Developing the approach used in the proof of Theorem 8, we can in principle prove the following

formulas

lim
p1→∞

. . . lim
pk→∞

M









J∗[ψ(k)]T,t −
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk





2






= 0,

lim
pk→∞

. . . lim
p1→∞

M









J∗[ψ(k)]T,t −
pk∑

jk=0

. . .

p1∑

j1=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk





2






= 0,

which are correct under the conditions of Theorem 1.

7. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity k. The

Case i1 = . . . = ik 6= 0 and Different Weight Functions ψ1(τ), . . . , ψk(τ)

In this section, we generalize the approach considered in [34] (also see [18], Sect. 2.1.2) to the case
i1 = . . . = ik 6= 0 and different weight functions ψ1(τ), . . . , ψk(τ) (k > 2).

Let us formulate the following theorem.

Theorem 9 [18] (Sect. 2.22). Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Le-

gendre polynomials or trigonometric functions in the space L2([t, T ]).Moreover, ψ1(τ), . . . , ψk(τ) (k ≥
2) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich

stochastic integral
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J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)df
(i1)
t1 . . . df

(i1)
tk (i1 = 1, . . . ,m)

the following equality

lim
p→∞

M









J∗[ψ(k)]T,t −
p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(i1)
jk





2n






= 0

is valid, where n ∈ N,

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient and

ζ
(i1)
j =

T∫

t

φj(τ)df
(i1)
τ (i1 = 1, . . . ,m)

are independent standard Gaussian random variables for various j.

Proof. The case k = 2 is proved in Theorem 6. Consider the case k > 2. First, consider the case
k = 3 in detail. Define the auxiliary function

K ′(t1, t2, t3) =
1

6







ψ1(t1)ψ2(t2)ψ3(t3), t1 ≤ t2 ≤ t3

ψ1(t1)ψ2(t3)ψ3(t2), t1 ≤ t3 ≤ t2

ψ1(t2)ψ2(t1)ψ3(t3), t2 ≤ t1 ≤ t3

ψ1(t2)ψ2(t3)ψ3(t1), t2 ≤ t3 ≤ t1

ψ1(t3)ψ2(t2)ψ3(t1), t3 ≤ t2 ≤ t1

ψ1(t3)ψ2(t1)ψ3(t2), t3 ≤ t1 ≤ t2

, t1, t2, t3 ∈ [t, T ].

Using Lemma 3, Remark 1, and (17), we obtain w. p. 1

J [K ′]
(3)
T,t = l.i.m.

N→∞

N−1∑

l3=0

N−1∑

l2=0

N−1∑

l1=0

K ′(τl1 , τl2 , τl3)∆f (i1)τl1
∆f (i1)τl2

∆f (i1)τl3
=

= l.i.m.
N→∞

(
N−1∑

l3=0

l3−1∑

l2=0

l2−1∑

l1=0

K ′(τl1 , τl2 , τl3)∆f (i1)τl1
∆f (i1)τl2

∆f (i1)τl3
+

+

N−1∑

l3=0

l3−1∑

l1=0

l1−1∑

l2=0

K ′(τl1 , τl2 , τl3)∆f (i1)τl1
∆f (i1)τl2

∆f (i1)τl3
+
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+

N−1∑

l2=0

l2−1∑

l1=0

l1−1∑

l3=0

K ′(τl1 , τl2 , τl3)∆f (i1)τl1
∆f (i1)τl2

∆f (i1)τl3
+

+

N−1∑

l2=0

l2−1∑

l3=0

l3−1∑

l1=0

K ′(τl1 , τl2 , τl3)∆f (i1)τl1
∆f (i1)τl2

∆f (i1)τl3
+

+
N−1∑

l1=0

l1−1∑

l2=0

l2−1∑

l3=0

K ′(τl1 , τl2 , τl3)∆f (i1)τl1
∆f (i1)τl2

∆f (i1)τl3
+

+
N−1∑

l1=0

l1−1∑

l3=0

l3−1∑

l2=0

K ′(τl1 , τl2 , τl3)∆f (i1)τl1
∆f (i1)τl2

∆f (i1)τl3
+

+

N−1∑

l2=0

l2−1∑

l1=0

K ′(τl1 , τl2 , τl1)
(

∆f (i1)τl1

)2

∆f (i1)τl2
+

N−1∑

l3=0

l3−1∑

l1=0

K ′(τl1 , τl3 , τl3)
(

∆f (i1)τl3

)2

∆f (i1)τl1
+

+

N−1∑

l1=0

l1−1∑

l2=0

K ′(τl1 , τl2 , τl2)
(

∆f (i1)τl2

)2

∆f (i1)τl1
+

N−1∑

l3=0

l3−1∑

l2=0

K ′(τl3 , τl2 , τl3)
(

∆f (i1)τl3

)2

∆f (i1)τl2
+

+

N−1∑

l3=0

l3−1∑

l2=0

K ′(τl2 , τl2 , τl3)
(

∆f (i1)τl2

)2

∆f (i1)τl3
+

N−1∑

l2=0

l2−1∑

l3=0

K ′(τl2 , τl2 , τl3)
(

∆f (i1)τl2

)2

∆f (i1)τl3

)

=

=
1

6





T∫

t

ψ3(t3)

t3∫

t

ψ2(t2)

t2∫

t

ψ1(t1)df
(i1)
t1 df

(i1)
t2 df

(i1)
t3 +

T∫

t

ψ3(t2)

t2∫

t

ψ2(t1)

t1∫

t

ψ1(t3)df
(i1)
t3 df

(i1)
t1 df

(i1)
t2 +

+

T∫

t

ψ3(t2)

t2∫

t

ψ2(t3)

t3∫

t

ψ1(t1)df
(i1)
t1 df

(i1)
t3 df

(i1)
t2 +

T∫

t

ψ3(t3)

t3∫

t

ψ2(t1)

t1∫

t

ψ1(t2)df
(i1)
t2 df

(i1)
t1 df

(i1)
t3 +

+

T∫

t

ψ3(t1)

t1∫

t

ψ2(t2)

t2∫

t

ψ1(t3)df
(i1)
t3 df

(i1)
t2 df

(i1)
t1 +

T∫

t

ψ3(t1)

t1∫

t

ψ2(t3)

t3∫

t

ψ1(t2)df
(i1)
t2 df

(i1)
t3 df

(i1)
t1 +

+

T∫

t

ψ3(t2)

t2∫

t

ψ2(t1)ψ1(t1)dt1df
(i1)
t2 +

T∫

t

ψ3(t1)

t1∫

t

ψ2(t2)ψ1(t2)dt2df
(i1)
t1 +

+

T∫

t

ψ3(t3)

t3∫

t

ψ2(t1)ψ1(t1)dt1df
(i1)
t3 +

T∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)df
(i1)
t1 dt3+
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+

T∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t2)df
(i1)
t2 dt3 +

T∫

t

ψ3(t2)ψ2(t2)

t2∫

t

ψ1(t3)df
(i1)
t3 dt2



 =

=

T∫

t

ψ3(t3)

t3∫

t

ψ2(t2)

t2∫

t

ψ1(t1)df
(i1)
t1 df

(i1)
t2 df

(i1)
t3 +

+
1

2

T∫

t

ψ3(t3)

t3∫

t

ψ2(t1)ψ1(t1)dt1df
(i1)
t3 +

1

2

T∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)df
(i1)
t1 dt3 =

(170) =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i1)
t2 df

(i1)
t3

def
= J∗[ψ(3)]T,t,

where the multiple stochastic integral J [K ′]
(3)
T,t is defined by (31) and {τj}Nj=0 is a partition of [t, T ],

which satisfies the condition (26).

For each δ > 0 let us call the exact upper edge of difference |f(t′)− f(t′′)| in the set of all points t′,

t′′ which belong to the domain D as the module of continuity of the function f(t) (t = (t1, . . . , tk)) in
the k-dimentional domain D (k ≥ 1) if the distance between t′, t′′ satisfies the condition ρ (t′, t′′) < δ.

We will say that the function of k (k ≥ 1) variables f(t) (t = (t1, . . . , tk)) belongs to the Hölder

class with the parameter α ∈ (0, 1] (f(t) ∈ Cα(D)) in the domain D if the module of continuity of the

function f(t) (t = (t1, . . . , tk)) in the domain D have the orders o(δα) (α ∈ (0, 1)) and O(δ) (α = 1).

In 1967, Zhizhiashvili L.V. proved that the rectangular sums of multiple trigonometric Fourier
series of the function of k variables in the hypercube [t, T ]k converge uniformly to this function in
the hypercube [t, T ]k if the function belongs to Cα([t, T ]k), α > 0 (definition of the Hölder class with
any parameter α > 0 can be found in the well known mathematical analysis tutorials [76]).

More precisely, the following statement is correct.

Theorem 10 [76]. If the function f(x1, . . . , xn) is periodic with period 2π with respect to each

variable and belongs in R
n to the Hölder class Cα(Rn) for any α > 0, then the rectangular partial

sums of multiple trigonometric Fourier series of the function f(x1, . . . , xn) converge to this function

uniformly in R
n.

In [34] (also see [18], Sect. 2.1.2) it was shown that the following function

K ′(t1, t2) =







ψ1(t1)ψ2(t2), t1 ≤ t2

ψ1(t2)ψ2(t1), t2 ≤ t1

, t1, t2 ∈ [t, T ]

belongs to the class C1([t, T ]2). Moreover, the following Fourier–Legendre expansion

K ′(t1, t2) = lim
p→∞

p
∑

j1=0

p
∑

j2=0

T∫

t

T∫

t

K ′(t1, t2)φj1(t1)φj2 (t2)dt1dt2 · φj1 (t1)φj2 (t2) =

659



66 D.F. KUZNETSOV

(171) = lim
p→∞

p
∑

j1=0

p
∑

j2=0

(Cj2j1 + Cj1j2)φj1 (t1)φj2 (t2)

is valid for (t1, t2) ∈ (t, T )2.
Using Theorem 10 for n = 3 and generalizing the Fourier–Legendre expansion (171) for the function

K ′(t1, t2, t3), we obtain

K ′(t1, t2, t3) = lim
p→∞

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

1

6

(

Cj3j2j1 + Cj3j1j2 + Cj2j1j3+

(172) +Cj2j3j1 + Cj1j2j3 + Cj1j3j2

)

φj1 (t1)φj2 (t2)φj3(t3),

where the multiple Fourier series (172) converges to the function K ′(t1, t2, t3) in (t, T )3 and the
partial sums of the series (172) have an integrable majorant on [t, T ]3 that does not depend on p. For
the trigonomertic case, the above statement follows from Theorem 10 (the proof that the function
K ′(t1, t2, t3) belongs to the Hölder class with parameter 1 in [t, T ]3 is omitted and can be carried out in
the same way as for the function K ′(t1, t2) in the two-dimensional case [34] (also see [18], Sect. 2.1.2)).
The proof of generalization of the Fourier–Legendre expansion (171) to the three-dimensional case
(see (172)) is omitted. The proof that the partial sums of the series (172) have an integrable majorant
on [t, T ]3 is also omitted.

Denote

R′
ppp(t1, t2, t3) = K ′(t1, t2, t3)−

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

1

6

(

Cj3j2j1 + Cj3j1j2 + Cj2j1j3+

+Cj2j3j1 + Cj1j2j3 + Cj1j3j2

)

φj1 (t1)φj2 (t2)φj3(t3).

Using Lemma 5 and (170), we get w. p. 1

J∗[ψ(3)]T,t = J [K ′]
(3)
T,t =

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

1

6

(

Cj3j2j1 + Cj3j1j2 + Cj2j1j3+

+Cj2j3j1 + Cj1j2j3 + Cj1j3j2

)

ζ
(i1)
j1

ζ
(i1)
j2

ζ
(i1)
j3

+ J [R′
ppp]

(3)
T,t =

=

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i1)
j2

ζ
(i1)
j3

+ J [R′
ppp]

(3)
T,t.

Then

M

{(

J [R′
ppp]

(3)
T,t

)2n
}

= M









J∗[ψ(3)]T,t −
p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i1)
j2

ζ
(i1)
j3





2n






,

where n ∈ N.
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Applying (we mean here the passage to the limit lim
p→∞

) the Lebesgue’s Dominated Convergence

Theorem to the integrals on the right-hand side of (94) for k = 3 and R′
ppp(t1, t2, t3) instead of

Rp1p2p3(t1, t2, t3), we obtain

lim
p→∞

M

{(

J [R′
ppp]

(3)
T,t

)2n
}

= 0.

Theorems 9 is proved for the case k = 3.
To prove Theorem 9 for the case k > 3, consider the auxiliary function

(173) K ′(t1, . . . , tk) =
1

k!







ψ1(t1) . . . ψk(tk), t1 ≤ . . . ≤ tk

. . .

ψ1(tg1 ) . . . ψk(tgk), tg1 ≤ . . . ≤ tgk

. . .

ψ1(tk) . . . ψk(t1), tk ≤ . . . ≤ t1

, t1, . . . , tk ∈ [t, T ],

where {g1, . . . , gk} = {1, . . . , k} and we take into account all possible permutations (g1, . . . , gk) on
the right-hand side of the formula (173).

Further, we have w. p. 1

(174) J [K ′]
(k)
T,t = J [ψ(k)]T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t ,

where the function K ′(t1, . . . , tk) is defined by (173); another notations are the same as in (15) and
Lemma 2 (i1 = . . . = ik 6= 0 in (15)).

From (174) and Lemma 2 we obtain w. p. 1

(175) J∗[ψ(k)]T,t = J [K ′]
(k)
T,t,

where i1 = . . . = ik 6= 0.
Generalizing the above reasoning to the case k > 3 and taking into account (175), we get

J∗[ψ(k)]T,t =

p
∑

j1=0

. . .

p
∑

jk=0

1

k!




∑

(j1,...,jk)

Cjk...j1



 ζ
(i1)
j1

. . . ζ
(i1)
jk

+ J [R′
p...p]

(k)
T,t =

=

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(i1)
jk

+ J [R′
p...p]

(k)
T,t,

where

R′
p...p(t1, . . . , tk)

def
= K ′(t1, . . . , tk)−
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−
p
∑

j1=0

. . .

p
∑

jk=0

1

k!




∑

(j1,...,jk)

Cjk ...j1



φj1 (t1) . . . φjk(tk),

the expression

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk).
Further,

M

{(

J [R′
p...p]

(k)
T,t

)2n
}

= M









J∗[ψ(k)]T,t −
p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(i1)
jk





2n






,

where n ∈ N.
Applying (we mean here the passage to the limit lim

p→∞
) the Lebesgue’s Dominated Convergence

Theorem to the integrals on the right-hand side of (94) for the function R′
p...p(t1, . . . , tk) instead of

the function Rp1...,pk
(t1, . . . , tk), we obtain

lim
p→∞

M

{(

J [R′
p...p]

(k)
T,t

)2n
}

= 0.

Theorems 9 is proved.

8. Recent Results on Expansion of Iterated Ito and Stratonovich Stochastic

Integrals

Using (91), we can write (129) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(176) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x,
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same as

in Theorem 4.

In particular, from (176) for k = 5 we obtain
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J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )
jq1

)

.

The last equality obviously agrees with (135).
Let us consider the generalization of Theorem 4 for the case of an arbitrary complete orthonormal

systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 11 [18] (Sect. 1.11), [22] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x,
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same as in Theorem 4.

It should be noted that an analogue of Theorem 11 was considered in [77]. Note that we use
another notations [18] (Sect. 1.11), [22] (Sect. 15) in comparison with [77]. Moreover, the proof of an
analogue of Theorem 11 from [77] is different from the proof given in [18] (Sect. 1.11), [22] (Sect. 15).

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [18] (Sect. 2.10–2.16), [23] (Sect. 13–19), [26] (Sect. 5–11), [78]
(Sect. 7–13), [79] (Sect. 4–9). Let us formulate four theorems that were obtained using this approach.

Theorem 12 [18], [23], [26], [78], [79]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations
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(177) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(178) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (177) and i1, i2, i3 = 1, . . . ,m in (178), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 4, 11.

Theorem 13 [18], [23], [26], [78], [79]. Let {φj(x)}∞j=0 be a complete orthonormal system of Le-

gendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ)
be continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich sto-

chastic integral of fourth multiplicity

(179) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(180) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(181) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (179), (180) and i1, . . . , i4 = 1, . . . ,m in (181), constant
C does not depend on p, ε is an arbitrary small positive real number for the case of complete or-

thonormal system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete

orthonormal system of trigonometric functions in the space L2([t, T ]),
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Cj4j3j2j1 =

=

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 12.

Theorem 14 [18], [23], [26], [78], [79]. Assume that {φj(x)}∞j=0 is a complete orthonormal sys-

tem of Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ)
are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich

stochastic integral of fifth multiplicity

(182) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(183) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(184) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (182), (183) and i1, . . . , i5 = 1, . . . ,m in (184), constant
C is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 12, 13.

Theorem 15 [18], [23], [26], [78]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(185) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion
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J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;

another notations are the same as in Theorems 12–14.

9. Theorems 3–5, 12–15 from Point of View of the Wong–Zakai Approximation

The iterated Ito stochastic integrals and solutions of Ito SDEs are complex and important functi-

onals from the independent components f
(i)
s , i = 1, . . . ,m of the multidimensional Wiener process fs,

s ∈ [0, T ]. Let f
(i)p
s , p ∈ N be some approximation of f

(i)
s , i = 1, . . . ,m. Suppose that f

(i)p
s converges

to f
(i)
s , i = 1, . . . ,m if p→ ∞ in some sense and has differentiable sample trajectories.

A natural question arises: if we replace f
(i)
s by f

(i)p
s , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
s ,

i = 1, . . . ,m of the multidimentional Wiener process fs? The answere to this question is negative in the
general case. However, in the pioneering works of Wong E. and Zakai M. [66], [67], it was shown that
under the special conditions and for some types of approximations of the Wiener process the answere
is affirmative with one peculiarity: the convergence takes place to the iterated Stratonovich stochastic
integrals and solutions of Stratonovich SDEs and not to iterated Ito stochastic integrals and solutions
of Ito SDEs. The piecewise linear approximation as well as the regularization by convolution [66]-[68]
relate the mentioned types of approximations of the Wiener process. The above approximation of
stochastic integrals and solutions of SDEs is often called the Wong–Zakai approximation.

Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [69], [70]

(186) f (i)τ − f
(i)
t =

∞∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,

where τ ∈ [t, T ], t ≥ 0, {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (186) converges for any τ ∈ [t, T ] in the mean-square sense.

Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(187) f (i)pτ − f
(i)p
t =

p
∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j .

From (187) we obtain
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(188) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral

(189)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
,

where i1, . . . , ik = 0, 1, . . . ,m, p1, . . . , pk ∈ N,

(190) dw(i)p
τ =







df
(i)p
τ for i = 1, . . . ,m

dτ for i = 0

,

and df
(i)p
τ in defined by the relation (188).

Let us substitute (188) into (189)

(191)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,

where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
s = f

(i)
s for i = 1, . . . ,m and w

(0)
s = s,

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
To best of our knowledge [66]-[68] the approximations of the Wiener process in the Wong–Zakai

approximation must satisfy fairly strong restrictions [68] (see Definition 7.1, pp. 480–481). Moreover,
approximations of the Wiener process that are similar to (187) were not considered in [66], [67] (also
see [68], Theorems 7.1, 7.2). Therefore, the proof of analogs of Theorems 7.1 and 7.2 [68] for approx-
imations of the Wiener process based on its series expansion (186) should be carried out separately.
Thus, the mean-square convergence of the right-hand side of (191) to the iterated Stratonovich sto-
chastic integral (1) does not follow from the results of the papers [66], [67] (also see [68], Theorems
7.1, 7.2).

Nevertheless, the authors of the works [43] (Sect. 5.8, pp. 202–204), [46] (pp. 438-439), [47] (pp. 82-
84), [54] (pp. 263-264) use the Wong–Zakai approximation [66]-[68] (without rigorous proof) within
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the frames of the method of expansion of iterated stochastic integrals based on the trigonometric series
expansion of the Brownian bridge process (version of the so-called Karhunen–Loeve expansion).

From the other hand, Theorems 3–5, 12–15 from this paper can be considered as the proof of the
Wong–Zakai approximation based on the iterated Riemann–Stieltjes integrals (189) of multiplicities
1 to 6 and the Wiener process approximation (187) on the base of its series expansion. At that,
the mentioned Riemann–Stieltjes integrals converge (according to Theorems 3–5, 12–15) to the ap-
propriate Stratonovich stochastic integrals (1) of multiplicities 1 to 6. Recall that {φj(x)}∞j=0 (see

(186), (187), and Theorems 3, 12–15) is a complete orthonormal system of Legendre polynomials or
trigonometric functions in the space L2([t, T ]).

To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(s), ψ2(s) ≡ 1;
i1, i2 = 1, . . . ,m.

The first example relates to the piecewise linear approximation of the multidimensional Wiener
process (these approximations were considered in [66]-[68]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the mul-

tidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i = 1, . . . ,m,

i.e.

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,

where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Note that w. p. 1

(192)
db

(i)
∆

dt
(t) =

∆f
(i)
k∆

∆
, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

Using (192) and additive property of Riemann–Stieltjes integrals, we can write w. p. 1

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

db
(i1)
∆

dτ
(τ)dτ

db
(i2)
∆

ds
(s)ds =

=
N−1∑

l=0

(l+1)∆∫

l∆






l−1∑

q=0

(q+1)∆∫

q∆

∆f
(i1)
q∆

∆
dτ +

s∫

l∆

∆f
(i1)
l∆

∆
dτ






∆f
(i2)
l∆

∆
ds =

=

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆∫

l∆

s∫

l∆

dτds =
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(193) =

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .

Using (193) and standard relation between Stratonovich and Ito stochastic integrals, it is not
difficult to show that

l.i.m.
N→∞

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T∫

0

ds =

(194) =

∗∫

0

T ∗∫

0

s

df (i1)τ df (i2)s ,

where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (194) agrees with Theorem 7.1 (see [68], p. 486).
The next example relates to the approximation of the Wiener process based on its series expansion

(186) for t = 0, where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or
trigonometric functions in the space L2([0, T ]).

Consider the following iterated Riemann–Stieltjes integral

(195)

T∫

0

s∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, . . . ,m,

where df
(i)p
τ is defined by the relation (188).

Let us substitute (188) into (195)

(196)

T∫

0

s∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where

Cj2j1 =

T∫

0

φj2(s)

s∫

0

φj1(τ)dτds

is the Fourier coefficient; another notations are the same as in (191).
As we noted above, approximations of the Wiener process that are similar to (187) were not

considered in [66], [67] (also see Theorems 7.1, 7.2 in [68]). Furthermore, the extension of the results
of Theorems 7.1 and 7.2 [68] to the case under consideration is not obvious.

On the other hand, we can apply the theory built in Chapters 1 and 2 of the monographs [18]-[21].
More precisely, using Theorems 3, 5 from this paper, we obtain from (196) the desired result

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=
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(197) =

∗∫

0

T ∗∫

0

s

df (i1)τ df (i2)s .

From the other hand, by Theorem 4 (see (132)) for the case k = 2 we obtain from (196) the
following relation

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+ 1{i1=i2}

∞∑

j1=0

Cj1j1 =

(198) =

T∫

0

s∫

0

df (i1)τ df (i2)s + 1{i1=i2}

∞∑

j1=0

Cj1j1 .

Since

∞∑

j1=0

Cj1j1 =
1

2

∞∑

j1=0





T∫

0

φj(τ)dτ





2

=
1

2





T∫

0

φ0(τ)dτ





2

=
1

2

T∫

0

ds,

then from (198) we obtain (197).
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EXPANSIONS OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS OF

MULTIPLICITIES 1 TO 4. COMBAINED APPROACH BASED ON

GENERALIZED MULTIPLE AND ITERATED FOURIER SERIES

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the expansions of iterated Stratonovich stochastic
integrals of multiplicities 1 to 4 on the base of the combined approach of generalized multiple
and iterated Fourier series. We consider two different parts of the expansion of iterated Stra-
tonovich stochastic integrals. The mean-square convergence of the first part is proved on the
base of generalized multiple Fourier series that are converge in the sense of norm in Hilbert
space L2([t, T ]

k), k = 1, 2, 3, 4. The mean-square convergence of the second part is proved on
the base of generalized iterated Fourier series that are converge pointwise. At that, we do not
use the iterated Ito stochastic integrals as a tool of the proof and directly consider the iterated
Stratonovich stochastic integrals. The cases of multiple Fourier–Legendre series and multiple
trigonometric Fourier series are considered in detail. The considered expansions contain only
one operation of the limit transition in contrast to its existing analogues. This property is
very important for the mean-square approximation of iterated stochastic integrals. The
results of the article can be applied to the numerical integration of Ito stochastic differential
equations.
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1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let f t be a standard m-dimensional Wiener stochastic process, which

is Ft-measurable for any t ∈ [0, T ].We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito stochastic differential equation (SDE) in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying the equation (1). The nonrandom func-
tions a : Rn × [0, T ] → R

n, B : Rn × [0, T ] → R
n×m guarantee the existence and uniqueness up

to stochastic equivalence of a solution of (1) [1]. The second integral on the right-hand side of (1)
is interpreted as an Ito stochastic integral. Let x0 be an n-dimensional random variable, which is

F0-measurable and M{|x0|
2
} <∞ (M denotes a mathematical expectation). We assume that x0 and

ft − f0 are independent when t > 0.
It is well known that one of the effective approaches to the numerical integration of Ito SDEs is

an approach based on the Taylor–Ito and Taylor–Stratonovich expansions [2]-[5]. The most impor-
tant feature of such expansions is a presence in them of the so-called iterated Ito and Stratonovich
stochastic integrals, which play the key role for solving the problem of numerical integration of Ito
SDEs and have the following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

(3) J∗[ψ(k)]T,t =

∗T∫

t

ψk(tk) . . .

∗t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

where every ψl(τ) (l = 1, . . . , k) is a nonrandom function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ, and

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively; i1, . . . , ik = 0, 1, . . . ,m. In this paper
we use the definition of the Stratonovich stochastic integral from [2].

Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in [2]-[5]. At the same time
ψl(τ) ≡ (t− τ)ql (l = 1, . . . , k; q1, . . . , qk = 0, 1, 2, . . .) and i1, . . . , ik = 1, . . . ,m in [6]-[24].

The construction of effective expansions (converging in the mean-square sense) for collections of
the iterated Stratonovich stochastic integrals (3) of multiplicities 1 to 6 composes the subject of this
article.

The problem of effective jointly numerical modeling (with respect to the mean-square convergence
criterion) of iterated Ito and Stratonovich stochastic integrals (2) and (3) is difficult from theoretical
and computing point of view [2]-[50]. The only exception is connected with a narrow particular case,
when i1 = . . . = ik 6= 0 and ψ1(s), . . . , ψk(s) ≡ ψ(s). This case allows the investigation with using of
the Ito formula [2]-[5].

Consider a brief review of the mean-square approximation methods for the iterated stochastic
integrals (2) and (3).
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Seems that iterated stochastic integrals can be approximated by multiple integral sums of different
types [3], [5], [47]. However, this approach implies partitioning of the interval of integration [t, T ]
of iterated stochastic integrals (the length T − t of this interval is a small value, because it is a
step of integration of numerical methods for Ito SDEs) and according to numerical experiments this
additional partitioning leads to significant computational costs [10].

In [3] (also see [2], [4], [5], [48], [49]) Milstein G.N. proposed to expand (2) or (3) into iterated
series of products of standard Gaussian random variables by representing the Brownian bridge process
as a trigonometric Fourier series with random coefficients (version of the so-called Karhunen–Loeve
expansion). To obtain the Milstein expansion of (3), the truncated Fourier expansions of components
of the Wiener process fs must be iteratively substituted in the single integrals, and the integrals
must be calculated, starting from the innermost integral. This is a complicated procedure that does
not lead to a general expansion of (3) valid for an arbitrary multiplicity k. For this reason, only
expansions of single, double, and triple stochastic integrals (2), (3) were presented in [2], [4], [48], [49]
(k = 1, 2, 3) and in [3], [5] (k = 1, 2) for the case ψ1(s), ψ2(s), ψ3(s) ≡ 1; i1, i2, i3 = 0, 1, . . . ,m.

Moreover, the authors of the works [2] (Sect. 5.8, pp. 202–204), [4] (pp. 82-84), [48] (pp. 438-439),
[49] (pp. 263-264) use the Wong–Zakai approximation [51]-[53] (without rigorous proof) within the
frames of the Milstein approach [3] based on the series expansion of the Brownian bridge process.
See discussion in Sect. 7 of this paper for details.

Note that in [50] the method (similar to the Milstein approach) of expansion of iterated (double)
Ito stochastic integrals (2) (k = 2; ψ1(s), ψ2(s) ≡ 1; i1, i2 = 1, . . . ,m) based on expansion of the
Wiener process using Haar functions and trigonometric functions has been considered.

It is necessary to note that the approach based on the Karhunen–Loeve expansion [3] excelled in
several times (or even in several orders) the methods of multiple integral sums [3], [5], [47] considering
computational costs in the sense of their diminishing.

An alternative strong approximation method was proposed for (3) in [6], [7] (also see [14]-[19],
[22], [24]-[27]), where J∗[ψ(k)]T,t was represented as the multiple stochastic integral from the certain
discontinuous nonrandom function of k variables, and the function was then expressed as the gene-
ralized iterated Fourier series by complete systems of continuously differentiable functions that are
orthonormal in the space L2([t, T ]). As a result, the general iterated series expansion of products
of standard Gaussian random variables was obtained in [6], [7] (also see [14]-[19], [22], [24]-[27])
for (3) with an arbitrary multiplicity k. Hereinafter, this method is referred to as the method of
generalized iterated Fourier series. It was shown [6], [7] (also see [14]-[19], [22], [24]-[27]) that the
method of generalized iterated Fourier series leads to the Milstein approach based on the Karhunen–
Loeve expansion [3] in the case of trigonometric system of functions and to a substantially simpler
expansions of (3) in the case of Legendre polynomial system.

As we mentioned above, the Milstein approach based on the Karhunen–Loeve expansion [3] and
the method of generalized iterated Fourier series [6], [7] (also see [14]-[19], [22], [24]-[27]) lead to
iterated application of the operation of limit transition. So, these methods may not converge in the
mean-square sense to the appropriate iterated Stratonovich stochastic integrals (3) for some methods
of series summation.

The mentioned problem (iterated application of the operation of limit transition) not appears in
the method, which is proposed for (2) in Theorems 1, 2 (see below) [10]-[22], [24]-[44]. The idea
of this method is as follows: the iterated Ito stochastic integral (2) of multiplicity k is represented
as the multiple stochastic integral from the certain discontinuous nonrandom function of k variables
defined on the hypercube [t, T ]k, where [t, T ] is the interval of integration of the iterated Ito stochastic
integral (2). Then, the nonrandom function of k variables is expanded in the hypercube [t, T ]k into
the generalized multiple Fourier series converging in the mean-square sense in the space L2([t, T ]

k).
After a number of nontrivial transformations we obtain (see Theorems 1, 2 below) the mean-square
convergening expansion of the iterated Ito stochastic integral (2) into the multiple series of products of
standard Gaussian random variables. The coefficients of this series are the coefficients of generalized
multiple Fourier series for the mentioned nonrandom function of k variables, which can be calculated
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using the explicit formula regardless of the multiplicity k of the iterated Ito stochastic integral (2).
We will call this method as the method of generalized multiple Fourier series.

2. Method of Expansion of Iterated Ito Stochastic Integrals Based on Generalized

Multiple Fourier Series

Suppose that every ψl(τ) (l = 1, . . . , k) is a nonrandom function from the space L2([t, T ]). Define
the following function on the hypercube [t, T ]k

(4) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}

∞
j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation it is well known that the

generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in the

hypercube [t, T ]k in the mean-square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(5) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k∏

l=1

φjl(tl)dt1 . . . dtk,

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}
N
j=0 of [t, T ] such that

(6) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [10] (2006), [11]-[22], [24]-[44]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continu-

ous nonrandom function on [t, T ] and {φj(x)}
∞
j=0 is a complete orthonormal system of continuous

functions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(7) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk

)

,
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where J [ψ(k)]T,t is defined by (2),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(8) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (5), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}

N
j=0 is a partition of the interval

[t, T ], which satisfies the condition (6).

It was shown [12]-[19], [22], [24]-[27], [35] that Theorem 1 is valid for convergence in the mean of
degree 2n (n ∈ N) and for convergence with probability 1 [25]-[28].

Moreover, the complete orthonormal systems of Haar and Rademacher–Walsh functions in L2([t, T ])
can also be applied in Theorem 1 [12]-[19], [22], [24]-[27], [35]. The modification of Theorem 1 for
complete orthonormal with weigth r(x) ≥ 0 systems of functions in the space L2([t, T ]) can be found
in [24]-[27], [36].

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 6 [10]-[22], [24]-[44]

(9) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(10) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(11) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+
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(12) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−

−1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−

−1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(13) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−

−1{i3=i6 6=0}1{j3=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−

−1{i5=i6 6=0}1{j5=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−

−1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−

−1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−

−1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−

−1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+
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+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−

−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−

−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−

−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−

−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−

−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−

−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−

−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−

−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−

−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−

−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−

−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−

−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−

−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(14) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,
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where 1A is the indicator of the set A.
Thus, we obtain the following useful possibilities of the method of generalized multiple Fourier

series.
1. There is the explicit formula (see (5)) for calculation of expansion coefficients of the iterated

Ito stochastic integral (2) with any fixed multiplicity k.
2. We have new possibilities for exact calculation of the mean-square approximation error for the

iterated Ito stochastic integrals (2) (see [20], [22], [24]-[27], [34]).
3. Since the used multiple Fourier series is a generalized in the sense that it is built using various

complete orthonormal systems of functions in the space L2([t, T ]), then we have new possibilities for
approximation — we can use not only trigonometric functions as in [2]-[5] but Legendre polynomials.

4. As it turned out (see [6]-[22], [24]-[44]), it is more convenient to work with the Legendre
polynomials for constructing of approximations of the iterated Ito stochastic integrals (2). Appro-
ximations based on the Legendre polynomials essentially simpler than their analogues based on the
trigonometric functions (see [6]-[22], [24]-[44]). Another advantages of the application of Legendre
polynomials in the framework of the mentioned problem are considered in [25]-[27], [39], [40].

5. The approach based on the Karhunen–Loeve expansion of the Brownian bridge process [3]
(also see [50]) leads to iterated application of the operation of limit transition (the operation of limit
transition is implemented only once in Theorem 1 and Theorem 2 (see below)) starting from the
second multiplicity (in the general case) and third multiplicity (for the case ψ1(s), ψ2(s), ψ3(s) ≡
1; i1, i2, i3 = 1, . . . ,m) of iterated Ito stochastic integrals. Multiple series (the operation of limit
transition is implemented only once) are more convenient for approximation than the iterated ones
(iterated application of the operation of limit transition), since partial sums of multiple series converge
for any possible case of convergence to infinity of their upper limits of summation (let us denote them
as p1, . . . , pk). For example, when p1 = . . . = pk = p → ∞. For iterated series, the condition
p1 = . . . = pk = p → ∞ obviously does not guarantee the convergence of this series. However, in
[2] (Sect. 5.8, pp. 202–204), [4] (pp. 82-84), [48] (pp. 438-439), [49] (pp. 263-264) the authors use
(without rigorous proof) the condition p1 = p2 = p3 = p → ∞ within the frames of the mentioned
approach based on the Karhunen–Loeve expansion of the Brownian bridge process [3] together with
the Wong–Zakai approximation [51]-[53] (see discussion in Sect. 7 of this paper for details).

For further consideration, let us consider the generalization of formulas (9)–(14) for the case of
an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (2).
In order to do this, let us introduce some notations. Consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(15) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (15) is a partition and consider the sum with respect to all possible partitions

(16)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (16)
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∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (7) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(17) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorem 1.

In particular, from (17) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+
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+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )
jq1

)

.

The last equality obviously agrees with (13).
Let us consider a generalization of Theorem 1 for the case of an arbitrary complete orthonormal

systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [25] (Sect. 1.11), [35] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}
∞
j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(18) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 2 was considered in [54]. Note that we use another
notations [25] (Sect. 1.11), [35] (Sect. 15) in comparison with [54]. Moreover, the proof of an analogue
of Theorem 2 from [54] is somewhat different from the proof given in [25] (Sect. 1.11), [35] (Sect. 15).

3. Expansions of Iterated Stratonovich Stochastic Integrals of Multiplicities 2 to

4. Some Old Results

As it turned out, Theorems 1, 2 can be adapted for the iterated Stratonovich stochastic integrals
(3) at least for multiplicities 1 to 6 (the case k = 1 obviously corresponds to (9)). Expansions of
the mentioned iterated Stratonovich stochastic integrals turned out simpler than the appropriate
expansions for the iterated Ito stochastic integrals (2) based on Theorems 1, 2. Let us formulate
some theorems on expansions of the iterated Stratonovich stochastic integrals (3) of multiplicities 2
to 4.

Theorem 3 [17]-[19], [22], [24]-[27], [43]. Suppose that {φj(x)}
∞
j=0 is a complete orthonormal

system of Legendre polynomials or trigonometric functions in the space L2([t, T ]). At the same time

ψ2(τ) is a continuously differentiable function on [t, T ] and ψ1(τ) is twice continuously differentiable

function on [t, T ]. Then, the iterated Stratonovich stochastic integral of second multiplicity

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 (i1, i2 = 0, 1, . . . ,m)

is expanded into the multiple series
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J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

converging in the mean-square sense, where

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (if i 6= 0),

Cj2j1 =

T∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2

is the Fourier coefficient.

Note that in [24]-[27], [41], [44] Theorem 3 is proved under weaker conditions.

Theorem 4 [24]-[27], [41], [44]. Suppose that the following conditions are fulfilled:
1. The functions ψ1(τ) and ψ2(τ) are continuously differentiable at the interval [t, T ].
2. {φj(x)}

∞
j=0 is a complete orthonormal system of Legendre polynomials or trigonometric func-

tions in the space L2([t, T ]).
Then, the iterated Stratonovich stochastic integral of second multiplicity

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 (i1, i2 = 0, 1, . . . ,m)

is expanded into the multiple series

J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

converging in the mean-square sense, where

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (if i 6= 0),

Cj2j1 =

T∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2

is the Fourier coefficient.

Theorem 5 [18], [19], [22], [24]-[27], [43]. Suppose that {φj(x)}
∞
j=0 is a complete orthonormal

system of Legendre polynomials or trigonometric functions in the space L2([t, T ]). At the same time

ψ2(τ) is a continuously differentiable function at the interval [t, T ] and ψ1(τ), ψ3(τ) are twice con-

tinuously differentiable functions at the interval [t, T ]. Then, for the iterated Stratonovich stochastic

integral of third multiplicity
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J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

(19) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

converging in the mean-square sense is valid, where

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2dt3,

another notations are the same as in Theorems 1, 2.

Theorem 6 [17]-[19], [22], [24]-[27], [43]. Suppose that {φj(x)}
∞
j=0 is a complete orthonormal

system of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the

iterated Stratonovich stochastic integral of fourth multiplicity

I
∗(i1i2i3i4)
T,t =

∗∫

t

T ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 (i1, i2, i3, i4 = 0, 1, . . . ,m)

the following expansion

I
∗(i1i2i3i4)
T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

converging in the mean-square sense is valid, where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0),

Cj4j3j2j1 =

T∫

t

φj4(t4)

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4,

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Note that in [17]-[19], [22], [24]-[27], [43] the expansions (9)–(12) have been applied for the proof
of Theorems 3–6. In this article, we will prove Theorems 4–6 by an another approach. This approach
will be called as the combined approach. More precisely, we will use the scheme of the proof of
Theorem 1 from this paper (see [10]–[19], [22], [24]-[27], [35] for details) for the iterated Stratonovich
stochastic integrals (3) of multiplicities 2 to 4. As a result, we will obtain two different parts of
the expansion of iterated Stratonovich stochastic integrals. The mean-square convergence of the
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first part will be proved on the base of generalized multiple Fourier series converging in L2([t, T ]
k)

(k = 2, 3, 4). At the same time, the mean-square convergence of the second part will be proved on the
base of generalized iterated Fourier series converging pointwise. At that, we do not use the iterated
Ito stochastic integrals (2) as a tool of the proof and directly consider the iterated Stratonovich
stochastic integrals (3).

4. Auxiliary Lemmas

In this section, we collected several lemmas, which will be used for the proof of Theorems 4–6.
Consider the partition {τj}

N
j=0 of the interval [t, T ] such that

(20) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Lemma 1 [10]–[19], [22], [24]-[27], [35]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous

nonrandom function at the interval [t, T ]. Then

(21) J [ψ(k)]T,t = l.i.m.
N→∞

N−1∑

jk=0

. . .

j2−1
∑

j1=0

k∏

l=1

ψl(τjl )∆w
(il)
τjl

w. p. 1,

where J [ψ(k)]T,t has the form (2), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}

N
j=0 is a partition of

the interval [t, T ] satisfying the condition (20); hereinafter w. p. 1 means with probability 1.

Remark 1. It is easy to see that if ∆w
(il)
τjl

in (21) for some l ∈ {1, . . . , k} is replaced with
(

∆w
(il)
τjl

)p

(p = 2, il 6= 0), then the differential dw
(il)
tl in the integral J [ψ(k)]T,t will be replaced with

dtl. If p = 3, 4, . . . , then the right-hand side of the formula (21) will become zero w. p. 1. If we replace

∆w
(il)
τjl

in (21) for some l ∈ {1, . . . , k} with (∆τjl)
p
(p = 2, 3, . . .), then the right-hand side of the

formula (21) will also be equal to zero w. p. 1.

Let us define the following multiple stochastic integral

(22) l.i.m.
N→∞

N−1∑

j1,...,jk=0

Φ (τj1 , . . . , τjk)

k∏

l=1

∆w
(il)
τjl

def
= J [Φ]

(k)
T,t,

where Φ(t1, . . . , tk) : [t, T ]k → R is a nonrandom function (the properties of this function will be

specified further), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}

N
j=0 is a partition of the interval [t, T ]

satisfying the condition (20).
Denote

(23) Dk = {(t1, . . . , tk) : t ≤ t1 < . . . < tk ≤ T }.

We will use the same symbol Dk to denote the open and closed domains corresponding to the
domain Dk defined by (23). However, we always specify what domain we consider (open or closed).

Also we will write Φ(t1, . . . , tk) ∈ C(Dk) if Φ(t1, . . . , tk) is a continuous nonrandom function of k
variables in the closed domain Dk.

Let us consider the iterated Ito stochastic integral
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I[Φ]
(k)
T,t

def
=

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

,

where Φ(t1, . . . , tk) ∈ C(Dk).

Lemma 2 [10]–[19], [22], [24]-[27], [35]. Suppose that Φ(t1, . . . , tk) ∈ C(Dk) or Φ(t1, . . . , tk) is a

continuous nonrandom function in the open domain Dk and bounded at its boundary. Then

(24) I[Φ]
(k)
T,t = l.i.m.

N→∞

N−1∑

jk=0

. . .

j2−1
∑

j1=0

Φ(τj1 , . . . , τjk)

k∏

l=1

∆w
(il)
τjl

w. p. 1,

where ∆w
(i)
τj = w

(i)
τj+1 − w

(i)
τj (i = 0, 1, . . . ,m), {τj}

N
j=0 is a partition of the interval [t, T ] satisfying

the condition (20).

Lemma 3 [10]–[19], [22], [24]-[27], [35]. Suppose that every ϕi(τ) (i = 1, . . . , k) is a continuous

nonrandom function at the interval [t, T ]. Then

(25)

k∏

l=1

J [ϕl]T,t = J [Φ]
(k)
T,t w. p. 1,

where

J [ϕl]T,t =

T∫

t

ϕl(s)dw
(il)
s , Φ(t1, . . . , tk) =

k∏

l=1

ϕl(tl)

and the integral J [Φ]
(k)
T,t is defined by the equality (22).

Let us introduce the following notations

J [ψ(k)]sl,...,s1T,t
def
=

l∏

p=1

1{isp=isp+1 6=0} ×

×

T∫

t

ψk(tk) . . .

tsl+3∫

t

ψsl+2(tsl+2)

tsl+2∫

t

ψsl(tsl+1)ψsl+1(tsl+1) ×

×

tsl+1∫

t

ψsl−1(tsl−1) . . .

ts1+3∫

t

ψs1+2(ts1+2)

ts1+2∫

t

ψs1(ts1+1)ψs1+1(ts1+1) ×

×

ts1+1∫

t

ψs1−1(ts1−1) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(is1−1)
ts1−1

dts1+1dw
(is1+2)
ts1+2

. . .

(26) . . . dw
(isl−1)
tsl−1

dtsl+1dw
(isl+2)
tsl+2

. . . dw
(ik)
tk

,

where

(27) Ak,l =

{

(sl, . . . , s1) : sl > sl−1 + 1, . . . , s2 > s1 + 1, sl, . . . , s1 = 1, . . . , k − 1

}

,
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(sl, . . . , s1) ∈ Ak,l, l = 1, . . . , [k/2] , is = 0, 1, . . . ,m, s = 1, . . . , k, [x] is an integer part of a real
number x, 1A is the indicator of the set A.

Lemma 4 [6] (1997), [7], [10]-[19], [22], [24]-[27], [30]. Suppose that every ψl(τ)(l = 1, . . . , k) is

a continuous nonrandom function at the interval [t, T ]. Then, the following relation between iterated

Stratonovich and Ito stochastic integrals is correct

(28) J∗[ψ(k)]T,t = J [ψ(k)]T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t w. p. 1,

where
∑

∅

is supposed to be equal to zero.

Let us define the function K∗(t1, . . . , tk) on the hypercube [t, T ]k (k ≥ 2) by the following relation

K∗(t1, . . . , tk) =

k∏

l=1

ψl(tl)

k−1∏

l=1

(

1{tl<tl+1} +
1

2
1{tl=tl+1}

)

=

(29) =

k∏

l=1

ψl(tl)






k−1∏

l=1

1{tl<tl+1} +

k−1∑

r=1

1

2r

k−1∑

sr,...,s1=1
sr>...>s1

r∏

l=1

1{tsl=tsl+1}

k−1∏

l=1
l 6=s1,...,sr

1{tl<tl+1}




 ,

where 1A is the indicator of the set A.

Lemma 5 [6], [7], [14]-[19], [22], [24]-[27], [30]. Under the conditions of Lemma 4 the following

relation is correct

(30) J [K∗]
(k)
T,t = J∗[ψ(k)]T,t w. p. 1,

where J [K∗]
(k)
T,t is defined by the equality (22).

Proof. Substituting (29) into (22) and using Lemmas 1, 2, 4 with Remark 1, it is easy to notice
that w. p. 1

(31) J [K∗]
(k)
T,t = J [ψ(k)]T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr,...,s1T,t = J∗[ψ(k)]T,t.

Let us consider the following generalized multiple Fourier sum

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl),

where Cjk...j1 is the Fourier coefficient of the form

(32) Cjk...j1 =

∫

[t,T ]k

K∗(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk.
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Let us subsitute the relation

K∗(t1, . . . , tk) =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl (tl) +K∗(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

k∏

l=1

φjl (tl)

into J [K∗]
(k)
T,t (here p1, . . . , pk <∞).

Then, using Lemma 3, we obtain

(33) J∗[ψ(k)]T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

+ J [Rp1...pk
]
(k)
T,t w. p. 1,

where the stochastic integral J [Rp1...pk
]
(k)
T,t is defined in accordance with (22) and

(34) Rp1...pk
(t1, . . . , tk) = K∗(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl),

where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s .

5. Proof of Theorem 4 Using the Combined Approach

From (33) we obtain

(35) J∗[ψ(2)]T,t =

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

+ J [Rp1p2 ]
(2)
T,t w. p. 1,

where

J [Rp1p2 ]
(2)
T,t =

T∫

t

t2∫

t

Rp1p2(t1, t2)dw
(i1)
t1 dw

(i2)
t2 +

T∫

t

t1∫

t

Rp1p2(t1, t2)dw
(i2)
t2 dw

(i1)
t1 +

+1{i1=i2 6=0}

T∫

t

Rp1p2(t1, t1)dt1,

Rp1p2(t1, t2) = K∗(t1, t2)−

p1∑

j1=0

p2∑

j2=0

Cj2j1φj1(t1)φj2 (t2) (p1, p2 <∞),

K∗(t1, t2) = K(t1, t2) +
1

2
1{t1=t2}ψ1(t1)ψ2(t1),

690



EXPANSIONS OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 17

where

K(t1, t2) =







ψ1(t1)ψ2(t2), t1 < t2

0, otherwise

, t1, t2 ∈ [t, T ].

Let us consider the case i1, i2 6= 0 (another cases can be considered absolutely analogously). Using
standard estimates for moments of stochastic integrals [1], we get

M

{(

J [Rp1p2 ]
(2)
T,t

)2
}

=

= M











T∫

t

t2∫

t

Rp1p2(t1, t2)dw
(i1)
t1 dw

(i2)
t2 +

T∫

t

t1∫

t

Rp1p2(t1, t2)dw
(i2)
t2 dw

(i1)
t1





2






+

+1{i1=i2 6=0}





T∫

t

Rp1p2(t1, t1)dt1





2

≤

≤ 2





T∫

t

t2∫

t

(Rp1p2(t1, t2))
2
dt1dt2 +

T∫

t

t1∫

t

(Rp1p2(t1, t2))
2
dt2dt1



+

+1{i1=i2 6=0}





T∫

t

Rp1p2(t1, t1)dt1





2

=

(36) = 2

∫

[t,T ]2

(Rp1p2(t1, t2))
2
dt1dt2 + 1{i1=i2 6=0}





T∫

t

Rp1p2(t1, t1)dt1





2

.

Moreover, we have
∫

[t,T ]2

(Rp1p2(t1, t2))
2 dt1dt2 =

=

∫

[t,T ]2

(

K∗(t1, t2)−

p1∑

j1=0

p2∑

j2=0

Cj2j1φj1 (t1)φj2 (t2)

)2

dt1dt2 =

=

∫

[t,T ]2

(

K(t1, t2)−

p1∑

j1=0

p2∑

j2=0

Cj2j1φj1 (t1)φj2 (t2)

)2

dt1dt2.

The function K(t1, t2) is piecewise continuous in the square [t, T ]2. At this situation it is well
known that the generalized multiple Fourier series of the function K(t1, t2) ∈ L2([t, T ]

2) is converging
to this function in the square [t, T ]2 in the mean-square sense, i.e.
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lim
p1,p2→∞

∥
∥
∥
∥
∥
K(t1, t2)−

p1∑

j1=0

pk∑

j2=0

Cj2j1

2∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]2)

= 0,

where

‖f‖L2([t,T ]2) =






∫

[t,T ]2

f2(t1, t2)dt1dt2






1/2

.

So, we obtain

(37) lim
p1,p2→∞

∫

[t,T ]2

(Rp1p2(t1, t2))
2
dt1dt2 = 0.

Note that

T∫

t

Rp1p2(t1, t1)dt1 =

=

T∫

t

(

1

2
ψ1(t1)ψ2(t1)−

p1∑

j1=0

p2∑

j2=0

Cj2j1φj1(t1)φj2 (t1)

)

dt1 =

=
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 −

p1∑

j1=0

p2∑

j2=0

Cj2j1

T∫

t

φj1 (t1)φj2 (t1)dt1 =

=
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 −

p1∑

j1=0

p2∑

j2=0

Cj2j11{j1=j2} =

(38) =
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 −

min{p1,p2}∑

j1=0

Cj1j1 .

In [19] (Theorem 3, p. A.59), [24] (Theorem 5.3, p. A.294), [25]-[27] (Theorems 2.1, 2.2), [43]
(Theorem 2), [44] (Theorem 6) the following equality

(39)
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 =

∞∑

j1=0

Cj1j1

is proved. Note that the existence of the limit on the right-hand side of (39) is proved in [25]-[27],
[43] for the polynomial and trigonometric cases.

From (36)–(39) it follows that

lim
p1,p2→∞

M

{(

J [Rp1p2 ]
(2)
T,t

)2
}

= 0.
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Theorem 4 is proved.

6. Proof of Theorem 5 Using the Combined Approach

Let us consider (33) for k = 3 and p1 = p2 = p3 = p

(40) J∗[ψ(3)]T,t =

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+ J [Rppp]
(3)
T,t w. p. 1,

where

J [Rppp]
(3)
T,t = l.i.m.

N→∞

N−1∑

l3=0

N−1∑

l2=0

N−1∑

l1=0

Rppp(τl1 , τl2 , τl3)∆f
(i1)
τl1

∆f
(i2)
τl2

∆f
(i3)
τl3

,

Rppp(t1, t2, t3)
def
= K∗(t1, t2, t3)−

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j1φj1(t1)φj2 (t2)φj3 (t3),

K∗(t1, t2, t3) =

3∏

l=1

ψl(tl)

(

1{t1<t2}1{t2<t3} +
1

2
1{t1=t2}1{t2<t3}+

+
1

2
1{t1<t2}1{t2=t3} +

1

4
1{t1=t2}1{t2=t3}

)

.

Furthermore, we have w. p. 1

J [Rppp]
(3)
T,t = l.i.m.

N→∞

N−1∑

l3=0

N−1∑

l2=0

N−1∑

l1=0

Rppp(τl1 , τl2 , τl3)∆f
(i1)
τl1

∆f
(i2)
τl2

∆f
(i3)
τl3

=

= l.i.m.
N→∞

N−1∑

l3=0

l3−1∑

l2=0

l2−1∑

l1=0

(

Rppp(τl1 , τl2 , τl3)∆f
(i1)
τl1

∆f
(i2)
τl2

∆f
(i3)
τl3

+

+Rppp(τl1 , τl3 , τl2)∆f
(i1)
τl1

∆f
(i2)
τl3

∆f
(i3)
τl2

+

+Rppp(τl2 , τl1 , τl3)∆f
(i1)
τl2

∆f
(i2)
τl1

∆f
(i3)
τl3

+

+Rppp(τl2 , τl3 , τl1)∆f
(i1)
τl2

∆f
(i2)
τl3

∆f
(i3)
τl1

+

+Rppp(τl3 , τl2 , τl1)∆f
(i1)
τl3

∆f
(i2)
τl2

∆f
(i3)
τl1

+
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+Rppp(τl3 , τl1 , τl2)∆f
(i1)
τl3

∆f
(i2)
τl1

∆f
(i3)
τl2

)

+

+l.i.m.
N→∞

N−1∑

l3=0

l3−1∑

l2=0

(

Rppp(τl2 , τl2 , τl3)∆f
(i1)
τl2

∆f
(i2)
τl2

∆f
(i3)
τl3

+

+Rppp(τl2 , τl3 , τl2)∆f
(i1)
τl2

∆f
(i2)
τl3

∆f
(i3)
τl2

+

+Rppp(τl3 , τl2 , τl2)∆f
(i1)
τl3

∆f
(i2)
τl2

∆f
(i3)
τl2

)

+

+l.i.m.
N→∞

N−1∑

l3=0

l3−1∑

l1=0

(

Rppp(τl1 , τl3 , τl3)∆f
(i1)
τl1

∆f
(i2)
τl3

∆f
(i3)
τl3

+

+Rppp(τl3 , τl1 , τl3)∆f
(i1)
τl3

∆f
(i2)
τl1

∆f
(i3)
τl3

+

+Rppp(τl3 , τl3 , τl1)∆f
(i1)
τl3

∆f
(i2)
τl3

∆f
(i3)
τl1

)

+

+l.i.m.
N→∞

N−1∑

l3=0

Rppp(τl3 , τl3 , τl3)∆f
(i1)
τl3

∆f
(i2)
τl3

∆f
(i3)
τl3

=

= R
(1)ppp
T,t +R

(2)ppp
T,t ,

where

R
(1)ppp
T,t =

=

T∫

t

t3∫

t

t2∫

t

Rppp(t1, t2, t3)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 +

T∫

t

t3∫

t

t2∫

t

Rppp(t1, t3, t2)df
(i1)
t1 df

(i3)
t2 df

(i2)
t3 +

+

T∫

t

t3∫

t

t2∫

t

Rppp(t2, t1, t3)df
(i2)
t1 df

(i1)
t2 df

(i3)
t3 +

T∫

t

t3∫

t

t2∫

t

Rppp(t2, t3, t1)df
(i3)
t1 df

(i1)
t2 df

(i2)
t3 +

+

T∫

t

t3∫

t

t2∫

t

Rppp(t3, t2, t1)df
(i3)
t1 df

(i2)
t2 df

(i1)
t3 +

T∫

t

t3∫

t

t2∫

t

Rppp(t3, t1, t2)df
(i2)
t1 df

(i3)
t2 df

(i1)
t3 ,

R
(2)ppp
T,t =
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= 1{i1=i2 6=0}

T∫

t

t3∫

t

Rppp(t2, t2, t3)dt2df
(i3)
t3 + 1{i1=i3 6=0}

T∫

t

t3∫

t

Rppp(t2, t3, t2)dt2df
(i2)
t3 +

+1{i2=i3 6=0}

T∫

t

t3∫

t

Rppp(t3, t2, t2)dt2df
(i1)
t3 + 1{i2=i3 6=0}

T∫

t

t3∫

t

Rppp(t1, t3, t3)df
(i1)
t1 dt3+

+1{i1=i3 6=0}

T∫

t

t3∫

t

Rppp(t3, t1, t3)df
(i2)
t1 dt3 + 1{i1=i2 6=0}

T∫

t

t3∫

t

Rppp(t3, t3, t1)df
(i3)
t1 dt3.

Moreover, we obtain

(41) M

{(

J [Rppp]
(3)
T,t

)2
}

≤ 2M

{(

R
(1)ppp
T,t

)2
}

+ 2M

{(

R
(2)ppp
T,t

)2
}

.

Now, using standard estimates for moments of stochastic integrals [1], we obtain the following
inequality

M

{(

R
(1)ppp
T,t

)2
}

≤

≤ 6

T∫

t

t3∫

t

t2∫

t

(

(Rp1p2p3(t1, t2, t3))
2
+ (Rp1p2p3(t1, t3, t2))

2
+(Rp1p2p3(t2, t1, t3))

2
+

+(Rp1p2p3(t2, t3, t1))
2
+ (Rp1p2p3(t3, t2, t1))

2
+ (Rp1p2p3(t3, t1, t2))

2

)

dt1dt2dt3 =

= 6

∫

[t,T ]3

(Rppp(t1, t2, t3))
2
dt1dt2dt3.

We have

∫

[t,T ]3

(Rppp(t1, t2, t3))
2
dt1dt2dt3 =

=

∫

[t,T ]3

(

K∗(t1, t2, t3)−

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j1φj1 (t1)φj2 (t2)φj3(t3)

)2

dt1dt2dt3 =

=

∫

[t,T ]3

(

K(t1, t2, t3)−

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j1φj1(t1)φj2(t2)φj3 (t3)

)2

dt1dt2dt3,
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where

K(t1, t2, t3) =







ψ1(t1)ψ2(t2)ψ3(t3), t1 < t2 < t3

0, otherwise

, t1, t2, t3 ∈ [t, T ].

So, we get

lim
p→∞

M

{(

R
(1)ppp
T,t

)2
}

≤

(42) ≤ 6 lim
p→∞

∫

[t,T ]3

(

K(t1, t2, t3)−

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j1φj1(t1)φj2(t2)φj3 (t3)

)2

dt1dt2dt3 = 0,

where K(t1, t2, t3) ∈ L2([t, T ]
3).

After the integration order replacement in iterated Ito stochastic integrals [46] (also see [19], [24]

or Chapter 3 in [25]-[27]) from R
(2)ppp
T,t we obtain w. p. 1

R
(2)ppp
T,t =

= 1{i1=i2 6=0}





T∫

t

t3∫

t

Rppp(t2, t2, t3)dt2df
(i3)
t3 +

T∫

t

t3∫

t

Rppp(t3, t3, t1)df
(i3)
t1 dt3



+

+1{i2=i3 6=0}





T∫

t

t3∫

t

Rppp(t3, t2, t2)dt2df
(i1)
t3 +

T∫

t

t3∫

t

Rppp(t1, t3, t3)df
(i1)
t1 dt3



+

+1{i1=i3 6=0}





T∫

t

t3∫

t

Rppp(t2, t3, t2)dt2df
(i2)
t3 +

T∫

t

t3∫

t

Rppp(t3, t1, t3)df
(i2)
t1 dt3



 =

= 1{i1=i2 6=0}





T∫

t

t1∫

t

Rppp(t2, t2, t1)dt2df
(i3)
t1 +

T∫

t

T∫

t1

Rppp(t2, t2, t1)dt2df
(i3)
t1



+

+1{i2=i3 6=0}





T∫

t

t1∫

t

Rppp(t1, t2, t2)dt2df
(i1)
t1 +

T∫

t

T∫

t1

Rppp(t1, t2, t2)dt2df
(i1)
t1



+

+1{i1=i3 6=0}





T∫

t

t1∫

t

Rppp(t2, t1, t2)dt2df
(i2)
t1 +

T∫

t

T∫

t1

Rppp(t2, t1, t2)dt2df
(i2)
t1



 =
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= 1{i1=i2 6=0}

T∫

t





T∫

t

Rppp(t2, t2, t3)dt2



 df
(i3)
t3 +

+1{i2=i3 6=0}

T∫

t





T∫

t

Rppp(t1, t2, t2)dt2



 df
(i1)
t1 +

+1{i1=i3 6=0}

T∫

t





T∫

t

Rppp(t3, t2, t3)dt3



 df
(i2)
t2 =

= 1{i1=i2 6=0}

T∫

t

T∫

t

((

1

2
1{t2<t3} +

1

4
1{t2=t3}

)

ψ1(t2)ψ2(t2)ψ3(t3)−

−

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j1φj1 (t2)φj2 (t2)φj3 (t3)

)

dt2df
(i3)
t3 +

+1{i2=i3 6=0}

T∫

t

T∫

t

((

1

2
1{t1<t2} +

1

4
1{t1=t2}

)

ψ1(t1)ψ2(t2)ψ3(t2)−

−

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j1φj1 (t1)φj2 (t2)φj3 (t2)

)

dt2df
(i1)
t1 +

+1{i1=i3 6=0}

T∫

t

T∫

t

(

1

4
1{t2=t3}ψ1(t3)ψ2(t2)ψ3(t3)−

−

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j1φj1(t3)φj2(t2)φj3 (t3)

)

dt3df
(i2)
t2 =

= 1{i1=i2 6=0}

T∫

t




1

2
ψ3(t3)

t3∫

t

ψ1(t2)ψ2(t2)dt2−

p
∑

j1=0

p
∑

j3=0

Cj3j1j1φj3 (t3)



 df
(i3)
t3 +

+1{i2=i3 6=0}

T∫

t




1

2
ψ1(t1)

T∫

t1

ψ2(t2)ψ3(t2)dt2−

p
∑

j1=0

p
∑

j3=0

Cj3j3j1φj1(t1)



 df
(i1)
t1 +

+1{i1=i3 6=0}

T∫

t

(−1)

p
∑

j1=0

p
∑

j2=0

Cj1j2j1φj2 (t2)df
(i2)
t2 =

697



24 D.F. KUZNETSOV

= 1{i1=i2 6=0}




1

2

T∫

t

ψ3(t3)

t3∫

t

ψ1(t2)ψ2(t2)dt2df
(i3)
t3 −

p
∑

j1=0

p
∑

j3=0

Cj3j1j1ζ
(i3)
j3



+

+1{i2=i3 6=0}




1

2

T∫

t

ψ1(t1)

T∫

t1

ψ2(t2)ψ3(t2)dt2df
(i1)
t1 −

p
∑

j1=0

p
∑

j3=0

Cj3j3j1ζ
(i1)
j1



−

−1{i1=i3 6=0}

p
∑

j1=0

p
∑

j3=0

Cj1j3j1ζ
(i2)
j3

.

From [19] (Theorem 6, pp. A.116–A.117), [24] (Theorem 5.5’, p. A.371), [25]-[27] (Chapter 2), [43]
(Theorem 3) we obtain

M

{(

R
(2)ppp
T,t

)2
}

≤

≤ 3




1{i1=i2 6=0}M










1

2

T∫

t

ψ3(t3)

t3∫

t

ψ1(t2)ψ2(t2)dt2df
(i3)
t3 −

p
∑

j1=0

p
∑

j3=0

Cj3j1j1ζ
(i3)
j3





2






+

+1{i1=i3 6=0}M











p
∑

j1=0

p
∑

j3=0

Cj1j3j1ζ
(i2)
j3





2






+

(43) +1{i2=i3 6=0}M










1

2

T∫

t

ψ1(t1)

T∫

t1

ψ2(t2)ψ3(t2)dt2df
(i1)
t1 −

p
∑

j1=0

p
∑

j3=0

Cj3j3j1ζ
(i1)
j1





2









 → 0

if p→ ∞. Using (40)–(43), we obtain the expansion (19). Theorem 5 is proved.

7. Proof of Theorem 6 Using the Combined Approach

Let us consider (33) for the case k = 4, p1 = p2 = p3 = p4 = p, and ψ1(τ), ψ2(τ), ψ3(τ), ψ4(τ) ≡ 1

∗∫

t

T ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 =

(44) =

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

p
∑

j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

+ J [Rpppp]
(4)
T,t w. p. 1,
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where

J [Rpppp]
(4)
T,t = l.i.m.

N→∞

N−1∑

l4=0

N−1∑

l3=0

N−1∑

l2=0

N−1∑

l1=0

Rpppp(τl1 , τl2 , τl3 , τl4)∆w
(i1)
τl1

∆w
(i2)
τl2

∆w
(i3)
τl3

∆w
(i4)
τl4

,

Rpppp(t1, t2, t3, t4)
def
= K∗(t1, t2, t3, t4)−

−

p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

p
∑

j4=0

Cj4j3j2j1φj1(t1)φj2 (t2)φj3 (t3)φj4 (t4),

K∗(t1, t2, t3, t4)
def
=

3∏

l=1

(

1{tl<tl+1} +
1

2
1{tl=tl+1}

)

=

= 1{t1<t2<t3<t4} +
1

2
1{t1=t2<t3<t4} +

1

2
1{t1<t2=t3<t4}+

+
1

4
1{t1=t2=t3<t4} +

1

2
1{t1<t2<t3=t4} +

1

4
1{t1=t2<t3=t4}+

+
1

4
1{t1<t2=t3=t4} +

1

8
1{t1=t2=t3=t4}.

Moreover, we have

(45) J [Rpppp]
(4)
T,t =

7∑

i=0

R
(i)pppp
T,t w. p. 1,

where

R
(0)pppp
T,t = l.i.m.

N→∞

N−1∑

l4=0

l4−1∑

l3=0

l3−1∑

l2=0

l2−1∑

l1=0

∑

(l1,l2,l3,l4)

(

Rpppp(τl1 , τl2 , τl3 , τl4)×

×∆w
(i1)
τl1

∆w
(i2)
τl2

∆w
(i3)
τl3

∆w
(i4)
τl4

)

,

where permutations (l1, l2, l3, l4) when summing are performed only in the expression, which is en-
closed in parentheses,

R
(1)pppp
T,t = 1{i1=i2 6=0} l.i.m.

N→∞

N−1∑

l4,l3,l1=0
l1 6=l3,l1 6=l4,l3 6=l4

Rpppp(τl1 , τl1 , τl3 , τl4)∆τl1∆w
(i3)
τl3

∆w
(i4)
τl4

,

R
(2)pppp
T,t = 1{i1=i3 6=0} l.i.m.

N→∞

N−1∑

l4,l2,l1=0
l1 6=l2,l1 6=l4,l2 6=l4

Rpppp(τl1 , τl2 , τl1 , τl4)∆τl1∆w
(i2)
τl2

∆w
(i4)
τl4

,
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R
(3)pppp
T,t = 1{i1=i4 6=0} l.i.m.

N→∞

N−1∑

l3,l2,l1=0
l1 6=l2,l1 6=l3,l2 6=l3

Rpppp(τl1 , τl2 , τl3 , τl1)∆τl1∆w
(i2)
τl2

∆w
(i3)
τl3

,

R
(4)pppp
T,t = 1{i2=i3 6=0} l.i.m.

N→∞

N−1∑

l4,l2,l1=0
l1 6=l2,l1 6=l4,l2 6=l4

Rpppp(τl1 , τl2 , τl2 , τl4)∆w
(i1)
τl1

∆τl2∆w
(i4)
τl4

,

R
(5)pppp
T,t = 1{i2=i4 6=0} l.i.m.

N→∞

N−1∑

l3,l2,l1=0
l1 6=l2,l1 6=l3,l2 6=l3

Rpppp(τl1 , τl2 , τl3 , τl2)∆w
(i1)
τl1

∆τl2∆w
(i3)
τl3

,

R
(6)pppp
T,t = 1{i3=i4 6=0} l.i.m.

N→∞

N−1∑

l3,l2,l1=0
l1 6=l2,l1 6=l3,l2 6=l3

Rpppp(τl1 , τl2 , τl3 , τl3)∆w
(i1)
τl1

∆w
(i2)
τl2

∆τl3 ,

R
(7)pppp
T,t = 1{i1=i2 6=0}1{i3=i4 6=0} lim

N→∞

N−1∑

l4,l2=0
l2 6=l4

Rpppp(τl2 , τl2 , τl4 , τl4)∆τl2∆τl4+

+1{i1=i3 6=0}1{i2=i4 6=0} lim
N→∞

N−1∑

l4,l2=0
l2 6=l4

Rpppp(τl2 , τl4 , τl2 , τl4)∆τl2∆τl4+

+1{i1=i4 6=0}1{i2=i3 6=0} lim
N→∞

N−1∑

l4,l2=0
l2 6=l4

Rpppp(τl2 , τl4 , τl4 , τl2)∆τl2∆τl4 .

The relations (44) and (45) imply that Theorem 6 will be proved if

lim
p→∞

M

{(

R
(i)pppp
T,t

)2
}

= 0, i = 0, 1, . . . , 7.

We have (see (24))

R
(0)pppp
T,t =

T∫

t

t4∫

t

t3∫

t

t2∫

t

∑

(t1,t2,t3,t4)

(

Rpppp(t1, t2, t3, t4)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

)

,

where permutations (t1, t2, t3, t4) when summing are performed only in the expression, which is en-
closed in parentheses.

From the other hand [19], [24]-[27], [35]

R
(0)pppp
T,t =

∑

(t1,t2,t3,t4)

T∫

t

t4∫

t

t3∫

t

t2∫

t

Rpppp(t1, t2, t3, t4)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 ,

700



EXPANSIONS OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 27

where permutations (t1, . . . , t4) when summing are performed only in the values dw
(i1)
t1 . . . dw

(i4)
t4 . At

the same time, the indexes near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , t4), then ir swapped
with iq in the permutations (i1, . . . , i4).

So, we obtain

M

{(

R
(0)pppp
T,t

)2
}

≤ 24
∑

(t1,t2,t3,t4)

T∫

t

t4∫

t

t3∫

t

t2∫

t

(Rpppp(t1, t2, t3, t4))
2
dt1dt2dt3dt4 =

= 24

∫

[t,T ]4

(Rpppp(t1, t2, t3, t4)))
2
dt1dt2dt3dt4 → 0

if p→ ∞, where K∗(t1, t2, t3, t4) ∈ L2([t, T ]
4).

Let us consider R
(1)pppp
T,t

R
(1)pppp
T,t = 1{i1=i2 6=0} l.i.m.

N→∞

N−1∑

l4,l3,l1=0
l1 6=l3,l1 6=l4,l3 6=l4

Rpppp(τl1 , τl1 , τl3 , τl4)∆τl1∆w
(i3)
τl3

∆w
(i4)
τl4

=

= 1{i1=i2 6=0} l.i.m.
N→∞

N−1∑

l4,l3,l1=0
l3 6=l4

Rpppp(τl1 , τl1 , τl3 , τl4)∆τl1∆w
(i3)
τl3

∆w
(i4)
τl4

=

= 1{i1=i2 6=0} l.i.m.
N→∞

N−1∑

l4,l3,l1=0
l3 6=l4

(

1

2
1{τl1<τl3<τl4}

+

+
1

4
1{τl1=τl3<τl4}

+
1

4
1{τl1<τl3=τl4}

+
1

8
1{τl1=τl3=τl4}

−

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1φj1 (τl1)φj2 (τl1)φj3 (τl3)φj4 (τl4)

)

∆τl1∆w
(i3)
τl3

∆w
(i4)
τl4

=

= 1{i1=i2 6=0} l.i.m.
N→∞

N−1∑

l4,l3,l1=0
l3 6=l4

(

1

2
1{τl1<τl3<τl4}

−

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1φj1 (τl1)φj2 (τl1)φj3 (τl3)φj4 (τl4)

)

∆τl1∆w
(i3)
τl3

∆w
(i4)
τl4

=

= 1{i1=i2 6=0} l.i.m.
N→∞

N−1∑

l4=0

N−1∑

l3=0

N−1∑

l1=0

(

1

2
1{τl1<τl3<τl4}

−

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1φj1(τl1)φj2 (τl1)φj3 (τl3)φj4 (τl4)

)

∆τl1∆w
(i3)
τl3

∆w
(i4)
τl4

−
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−1{i1=i2 6=0}1{i3=i4 6=0} l.i.m.
N→∞

N−1∑

l4=0

N−1∑

l1=0

(

0−

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1φj1 (τl1)φj2 (τl1)φj3 (τl4)φj4(τl4 )

)

∆τl1∆τl4 =

= 1{i1=i2 6=0}




1

2

T∫

t

t4∫

t

t3∫

t

dt1dw
(i3)
t3 dw

(i4)
t4 −

p
∑

j4,j3,j1=0

Cj4j3j1j1ζ
(i3)
j3

ζ
(i4)
j4



+

+1{i1=i2 6=0}1{i3=i4 6=0}

p
∑

j4,j1=0

Cj4j4j1j1 w. p. 1.

In [19] (see the proof of Theorem 8, p. A.135), [24] (see the proof of Theorem 5.7, p. A.388),
[25]-[27] (see Chapter 2), [43] (see the proof of Theorem 4) we have proved that

lim
p→∞

p
∑

j4,j1=0

Cj4j4j1j1 =
1

4

T∫

t

t2∫

t

dt1dt2,

l.i.m.
p→∞

p
∑

j4,j3,j1=0

Cj4j3j1j1ζ
(i3)
j3

ζ
(i4)
j4

=
1

2

T∫

t

t4∫

t

t3∫

t

dt1dw
(i3)
t3 dw

(i4)
t4 +

+1{i3=i4 6=0}
1

4

T∫

t

t2∫

t

dt1dt2 w. p. 1.

Then

lim
p→∞

M

{(

R
(1)pppp
T,t

)2
}

= 0.

Let us consider R
(2)pppp
T,t

R
(2)pppp
T,t = 1{i1=i3 6=0} l.i.m.

N→∞

N−1∑

l4,l2,l1=0
l1 6=l2,l1 6=l4,l2 6=l4

Gpppp(τl1 , τl2 , τl1 , τl4)∆τl1∆w
(i2)
τl2

∆w
(i4)
τl4

=

= 1{i1=i3 6=0} l.i.m.
N→∞

N−1∑

l4,l2,l1=0
l2 6=l4

Gpppp(τl1 , τl2 , τl1 , τl4)∆τl1∆w
(i2)
τl2

∆w
(i4)
τl4

=

= 1{i1=i3 6=0} l.i.m.
N→∞

N−1∑

l4,l2,l1=0
l2 6=l4

(

1

4
1{τl1=τl2<τl4}

+
1

8
1{τl1=τl2=τl4}

−
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−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1φj1 (τl1)φj2 (τl2)φj3 (τl1)φj4 (τl4)

)

∆τl1∆w
(i2)
τl2

∆w
(i4)
τl4

=

= 1{i1=i3 6=0} l.i.m.
N→∞

N−1∑

l4=0

N−1∑

l2=0

N−1∑

l1=0

(−1)

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1×

×φj1 (τl1)φj2(τl2 )φj3(τl1)φj4 (τl4)∆τl1∆w
(i2)
τl2

∆w
(i4)
τl4

−

−1{i1=i3 6=0}1{i2=i4 6=0} l.i.m.
N→∞

N−1∑

l4=0

N−1∑

l1=0

(−1)

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1×

×φj1(τl1)φj2 (τl4)φj3 (τl1)φj4 (τl4)∆τl1∆τl4 =

= −1{i1=i3 6=0}

p
∑

j4,j2,j1=0

Cj4j1j2j1ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i1=i3 6=0}1{i2=i4 6=0}

p
∑

j4,j1=0

Cj4j1j4j1 w. p. 1.

In [19] (see the proof of Theorem 8, p. A.135), [24] (see the proof of Theorem 5.7, p. A.388),
[25]-[27] (see Chapter 2), [43] (see the proof of Theorem 4) we have proved that

l.i.m.
p→∞

p
∑

j4,j2,j1=0

Cj4j1j2j1ζ
(i2)
j2

ζ
(i4)
j4

= 0 w. p. 1,

lim
p→∞

p
∑

j4,j1=0

Cj4j1j4j1 = 0.

Then

lim
p→∞

M

{(

R
(2)pppp
T,t

)2
}

= 0.

Let us consider R
(3)pppp
T,t

R
(3)pppp
T,t = 1{i1=i4 6=0} l.i.m.

N→∞

N−1∑

l3,l2,l1=0
l1 6=l2,l1 6=l3,l2 6=l3

Gpppp(τl1 , τl2 , τl3 , τl1)∆τl1∆w
(i2)
τl2

∆w
(i3)
τl3

=

= 1{i1=i4 6=0} l.i.m.
N→∞

N−1∑

l3,l2,l1=0
l2 6=l3

Gpppp(τl1 , τl2 , τl3 , τl1)∆τl1∆w
(i2)
τl2

∆w
(i3)
τl3

=
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= 1{i1=i4 6=0} l.i.m.
N→∞

N−1∑

l3,l2,l1=0
l2 6=l3

(

1

8
1{τl1=τl2=τl3}

−

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1φj1 (τl1)φj2 (τl2)φj3 (τl3)φj4 (τl1)

)

∆τl1∆w
(i2)
τl2

∆w
(i3)
τl3

=

= 1{i1=i4 6=0} l.i.m.
N→∞

N−1∑

l3=0

N−1∑

l2=0

N−1∑

l1=0

(−1)

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1×

×φj1 (τl1)φj2(τl2 )φj3(τl3)φj4 (τl1)∆τl1∆w
(i2)
τl2

∆w
(i3)
τl3

−

−1{i1=i4 6=0}1{i2=i3 6=0} l.i.m.
N→∞

N−1∑

l3=0

N−1∑

l1=0

(−1)

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1×

×φj1(τl1)φj2 (τl3)φj3 (τl3)φj4 (τl1)∆τl1∆τl3 =

= −1{i1=i4 6=0}

p
∑

j4,j3,j2=0

Cj4j3j2j4ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i4 6=0}1{i2=i3 6=0}

p
∑

j4,j2=0

Cj4j2j2j4 w. p. 1.

In [19] (see the proof of Theorem 8, p. A.135), [24] (see the proof of Theorem 5.7, p. A.388),
[25]-[27] (see Chapter 2), [43] (see the proof of Theorem 4) we have proved that

l.i.m.
p→∞

p
∑

j4,j3,j2=0

Cj4j3j2j4ζ
(i2)
j2

ζ
(i3)
j3

= 0 w. p. 1,

lim
p→∞

p
∑

j4,j2=0

Cj4j2j2j4 = 0.

Then

lim
p→∞

M

{(

R
(3)pppp
T,t

)2
}

= 0.

Let us consider R
(4)pppp
T,t

R
(4)pppp
T,t = 1{i2=i3 6=0} l.i.m.

N→∞

N−1∑

l4,l2,l1=0
l1 6=l2,l1 6=l4,l2 6=l4

Gpppp(τl1 , τl2 , τl2 , τl4)∆w
(i1)
τl1

∆τl2∆w
(i4)
τl4

=
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= 1{i2=i3 6=0} l.i.m.
N→∞

N−1∑

l4,l2,l1=0
l1 6=l4

Gpppp(τl1 , τl2 , τl2 , τl4)∆w
(i1)
τl1

∆τl2∆w
(i4)
τl4

=

= 1{i2=i3 6=0} l.i.m.
N→∞

N−1∑

l4,l2,l1=0
l1 6=l4

(

1

2
1{τl1<τl2<τl4}

+

+
1

4
1{τl1=τl2<τl4}

+
1

4
1{τl1<τl2=τl4}

+
1

8
1{τl1=τl2=τl4}

−

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1φj1 (τl1)φj2 (τl2)φj3 (τl2)φj4 (τl4)

)

∆w
(i1)
τl1

∆τl2∆w
(i4)
τl4

=

= 1{i2=i3 6=0} l.i.m.
N→∞

N−1∑

l4,l2,l1=0
l1 6=l4

(

1

2
1{τl1<τl2<τl4}

−

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1φj1 (τl1)φj2 (τl2)φj3 (τl2)φj4 (τl4)

)

∆w
(i1)
τl1

∆τl2∆w
(i4)
τl4

=

= 1{i2=i3 6=0} l.i.m.
N→∞

N−1∑

l4=0

N−1∑

l2=0

N−1∑

l1=0

(

1

2
1{τl1<τl2<τl4}

−

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1φj1(τl1)φj2 (τl2)φj3 (τl2)φj4 (τl4)

)

∆w
(i1)
τl1

∆τl2∆w
(i4)
τl4

−

−1{i2=i3 6=0}1{i1=i4 6=0} l.i.m.
N→∞

N−1∑

l4=0

N−1∑

l2=0

(−1)

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1×

×φj1(τl4)φj2 (τl2)φj3 (τl2)φj4 (τl4)∆τl2∆τl4 =

= 1{i2=i3 6=0}




1

2

T∫

t

t4∫

t

t2∫

t

dw
(i1)
t1 dt2dw

(i4)
t4 −

p
∑

j4,j2,j1=0

Cj4j2j2j1ζ
(i1)
j1

ζ
(i4)
j4



+

+1{i2=i3 6=0}1{i1=i4 6=0}

p
∑

j4,j2=0

Cj4j2j2j4 w. p. 1.

In [19] (see the proof of Theorem 8, p. A.135), [24] (see the proof of Theorem 5.7, p. A.388),
[25]-[27] (see Chapter 2), [43] (see the proof of Theorem 4) we have proved that

lim
p→∞

p
∑

j4,j2=0

Cj4j2j2j4 = 0,
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l.i.m.
p→∞

p
∑

j4,j2,j1=0

Cj4j2j2j1ζ
(i1)
j1

ζ
(i4)
j4

=
1

2

T∫

t

t4∫

t

t2∫

t

dw
(i1)
t1 dt2dw

(i4)
t4 w. p. 1.

Then

lim
p→∞

M

{(

R
(4)pppp
T,t

)2
}

= 0.

Let us consider R
(5)pppp
T,t

R
(5)pppp
T,t = 1{i2=i4 6=0} l.i.m.

N→∞

N−1∑

l3,l2,l1=0
l1 6=l2,l1 6=l3,l2 6=l3

Gpppp(τl1 , τl2 , τl3 , τl2)∆w
(i1)
τl1

∆τl2∆w
(i3)
τl3

=

= 1{i2=i4 6=0} l.i.m.
N→∞

N−1∑

l3,l2,l1=0
l1 6=l3

Gpppp(τl1 , τl2 , τl3 , τl2)∆w
(i1)
τl1

∆τl2∆w
(i3)
τl3

=

= 1{i2=i4 6=0} l.i.m.
N→∞

N−1∑

l3,l2,l1=0
l1 6=l3

(

1

4
1{τl1<τl2=τl3}

+
1

8
1{τl1=τl2=τl3}

−

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1φj1 (τl1)φj2 (τl2)φj3 (τl3)φj4 (τl2)

)

∆w
(i1)
τl1

∆τl2∆w
(i3)
τl3

=

= 1{i2=i4 6=0} l.i.m.
N→∞

N−1∑

l3,l2,l1=0
l1 6=l3

(−1)

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1×

×φj1(τl1)φj2 (τl2)φj3 (τl3)φj4 (τl2)∆w
(i1)
τl1

∆τl2∆w
(i3)
τl3

=

= −1{i2=i4 6=0}

p
∑

j4,j3,j1=0

Cj4j3j4j1ζ
(i1)
j1

ζ
(i3)
j3

−

−1{i2=i4 6=0}1{i1=i3 6=0} l.i.m.
N→∞

N−1∑

l3=0

N−1∑

l2=0

(−1)

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1×

×φj1(τl3)φj2 (τl2)φj3 (τl3)φj4 (τl2)∆τl2∆τl3 =

= −1{i2=i4 6=0}

p
∑

j4,j3,j1=0

Cj4j3j4j1ζ
(i1)
j1

ζ
(i3)
j3

+
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+1{i2=i4 6=0}1{i1=i3 6=0}

p
∑

j4,j1=0

Cj4j1j4j1 w. p. 1.

In [19] (see the proof of Theorem 8, p. A.135), [24] (see the proof of Theorem 5.7, p. A.388),
[25]-[27] (see Chapter 2), [43] (see the proof of Theorem 4) we have proved that

l.i.m.
p→∞

p
∑

j4,j3,j1=0

Cj4j3j4j1ζ
(i1)
j1

ζ
(i3)
j3

= 0 w. p. 1,

lim
p→∞

p
∑

j4,j1=0

Cj4j1j4j1 = 0.

Then

lim
p→∞

M

{(

R
(5)pppp
T,t

)2
}

= 0.

Let us consider R
(6)pppp
T,t

R
(6)pppp
T,t = 1{i3=i4 6=0} l.i.m.

N→∞

N−1∑

l3,l2,l1=0
l1 6=l2,l1 6=l3,l2 6=l3

Gpppp(τl1 , τl2 , τl3 , τl3)∆w
(i1)
τl1

∆w
(i2)
τl2

∆τl3 =

= 1{i3=i4 6=0} l.i.m.
N→∞

N−1∑

l3,l2,l1=0
l1 6=l2

Gpppp(τl1 , τl2 , τl3 , τl3)∆w
(i1)
τl1

∆w
(i2)
τl2

∆τl3 =

= 1{i3=i4 6=0} l.i.m.
N→∞

N−1∑

l3,l2,l1=0
l1 6=l2

(

1

2
1{τl1<τl2<τl3}

+

+
1

4
1{τl1=τl2<τl3}

+
1

4
1{τl1<τl2=τl3}

+
1

8
1{τl1=τl2=τl3}

−

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1φj1 (τl1)φj2 (τl2)φj3 (τl3)φj4 (τl3)

)

∆w
(i1)
τl1

∆w
(i2)
τl2

∆τl3 =

= 1{i3=i4 6=0} l.i.m.
N→∞

N−1∑

l3,l2,l1=0
l1 6=l2

(

1

2
1{τl1<τl2<τl3}

−

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1φj1 (τl1)φj2 (τl2)φj3 (τl3)φj4 (τl3)

)

∆w
(i1)
τl1

∆w
(i2)
τl2

∆τl3 =

= 1{i3=i4 6=0}




1

2

T∫

t

t3∫

t

t2∫

t

dw
(i1)
t1 dw

(i2)
t2 dt3 −

p
∑

j4,j2,j1=0

Cj4j4j2j1ζ
(i1)
j1

ζ
(i2)
j2



−
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−1{i3=i4 6=0}1{i1=i2 6=0} l.i.m.
N→∞

N−1∑

l3=0

N−1∑

l1=0

(−1)

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1×

×φj1(τl1)φj2 (τl1)φj3 (τl3)φj4 (τl3)∆τl1∆τl3 =

= 1{i3=i4 6=0}




1

2

T∫

t

t3∫

t

t2∫

t

dw
(i1)
t1 dw

(i2)
t2 dt3 −

p
∑

j4,j2,j1=0

Cj4j4j2j1ζ
(i1)
j1

ζ
(i2)
j2



+

+1{i1=i2 6=0}1{i3=i4 6=0}

p
∑

j4,j1=0

Cj4j4j1j1 =

= 1{i3=i4 6=0}




1

2

T∫

t

t3∫

t

t2∫

t

dw
(i1)
t1 dw

(i2)
t2 dt3 +

1

4
1{i1=i2 6=0}

T∫

t

t3∫

t

dt1dt3−

−

p
∑

j4,j2,j1=0

Cj4j4j2j1ζ
(i1)
j1

ζ
(i2)
j2



+

+1{i1=i2 6=0}1{i3=i4 6=0}





p
∑

j4,j1=0

Cj4j4j1j1 −
1

4

T∫

t

t3∫

t

dt1dt3



 w. p. 1.

In [19] (see the proof of Theorem 8, p. A.135), [24] (see the proof of Theorem 5.7, p. A.388),
[25]-[27] (see Chapter 2), [43] (see the proof of Theorem 4) we have proved that

lim
p→∞

p
∑

j4,j1=0

Cj4j4j1j1 =
1

4

T∫

t

t3∫

t

dt1dt3,

l.i.m.
p→∞

p
∑

j4,j2,j1=0

Cj4j4j2j1ζ
(i1)
j1

ζ
(i2)
j2

=
1

2

T∫

t

t3∫

t

t2∫

t

w
(i1)
t1 dw

(i2)
t2 dt3+

+1{i1=i2 6=0}
1

4

T∫

t

t3∫

t

dt1dt3 w. p. 1.

Then

lim
p→∞

M

{(

R
(6)pppp
T,t

)2
}

= 0.

Let us consider R
(7)pppp
T,t
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R
(7)pppp
T,t = 1{i1=i2 6=0}1{i3=i4 6=0} l.i.m.

N→∞

N−1∑

l4,l2=0
l2 6=l4

Gpppp(τl2 , τl2 , τl4 , τl4)∆τl2∆τl4+

+1{i1=i3 6=0}1{i2=i4 6=0} l.i.m.
N→∞

N−1∑

l4,l2=0
l2 6=l4

Gpppp(τl2 , τl4 , τl2 , τl4)∆τl2∆τl4+

+1{i1=i4 6=0}1{i2=i3 6=0} l.i.m.
N→∞

N−1∑

l4,l2=0
l2 6=l4

Gpppp(τl2 , τl4 , τl4 , τl2)∆τl2∆τl4 =

= 1{i1=i2 6=0}1{i3=i4 6=0} l.i.m.
N→∞

N−1∑

l4=0

N−1∑

l2=0

Gpppp(τl2 , τl2 , τl4 , τl4)∆τl2∆τl4+

+1{i1=i3 6=0}1{i2=i4 6=0} l.i.m.
N→∞

N−1∑

l4=0

N−1∑

l2=0

Gpppp(τl2 , τl4 , τl2 , τl4)∆τl2∆τl4+

+1{i1=i4 6=0}1{i2=i3 6=0} l.i.m.
N→∞

N−1∑

l4=0

N−1∑

l2=0

Gpppp(τl2 , τl4 , τl4 , τl2)∆τl2∆τl4 =

= 1{i1=i2 6=0}1{i3=i4 6=0} l.i.m.
N→∞

N−1∑

l4=0

N−1∑

l2=0

(

1

4
1{τl2<τl4}

+
1

8
1{τl2=τl4}

−

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1φj1(τl2)φj2 (τl2)φj3 (τl4)φj4 (τl4)

)

∆τl2∆τl4+

+1{i1=i3 6=0}1{i2=i4 6=0} l.i.m.
N→∞

N−1∑

l4=0

N−1∑

l2=0

(

1

8
1{τl2=τl4}

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1×

×φj1 (τl2)φj2(τl4 )φj3(τl2)φj4 (τl4)

)

∆τl2∆τl4+

+1{i1=i4 6=0}1{i2=i3 6=0} l.i.m.
N→∞

N−1∑

l4=0

N−1∑

l2=0

(

1

8
1{τl2=τl4}

−

p
∑

j4,j3,j2,j1=0

Cj4j3j2j1×

×φj1(τl2)φj2 (τl4)φj3 (τl4)φj4 (τl2)

)

∆τl2∆τl4 =

= 1{i1=i2 6=0}1{i3=i4 6=0}




1

4

T∫

t

t4∫

t

dt2dt4 −

p
∑

j4,j1=0

Cj4j4j1j1



−

−1{i1=i3 6=0}1{i2=i4 6=0}

p
∑

j4,j1=0

Cj4j1j4j1−
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−1{i1=i4 6=0}1{i2=i3 6=0}

p
∑

j4,j2=0

Cj4j2j2j4 .

In [19] (see the proof of Theorem 8, p. A.135), [24] (see the proof of Theorem 5.7, p. A.388),
[25]-[27] (see Chapter 2), [43] (see the proof of Theorem 4) we have proved that

lim
p→∞

p
∑

j4,j1=0

Cj4j4j1j1 =
1

4

T∫

t

t4∫

t

dt2dt4,

lim
p→∞

p
∑

j4,j1=0

Cj4j1j4j1 = 0,

lim
p→∞

p
∑

j4,j2=0

Cj4j2j2j4 = 0.

Then

lim
p→∞

R
(7)pppp
T,t = 0.

Theorem 6 is proved.

8. Theorems 1–6 from Point of View of the Wong–Zakai Approximation

The iterated Ito stochastic integrals and solutions of Ito SDEs are complex and important functi-

onals from the independent components f
(i)
s , i = 1, . . . ,m of the multidimensional Wiener process fs,

s ∈ [0, T ]. Let f
(i)p
s , p ∈ N be some approximation of f

(i)
s , i = 1, . . . ,m. Suppose that f

(i)p
s converges

to f
(i)
s , i = 1, . . . ,m if p→ ∞ in some sense and has differentiable sample trajectories.

A natural question arises: if we replace f
(i)
s by f

(i)p
s , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
s ,

i = 1, . . . ,m of the multidimentional Wiener process fs? The answere to this question is negative in the
general case. However, in the pioneering works of Wong E. and Zakai M. [51], [52], it was shown that
under the special conditions and for some types of approximations of the Wiener process the answere
is affirmative with one peculiarity: the convergence takes place to the iterated Stratonovich stochastic
integrals and solutions of Stratonovich SDEs and not to iterated Ito stochastic integrals and solutions
of Ito SDEs. The piecewise linear approximation as well as the regularization by convolution [51]-[53]
relate the mentioned types of approximations of the Wiener process. The above approximation of
stochastic integrals and solutions of SDEs is often called the Wong–Zakai approximation.

Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [55], [56]

(46) f
(i)
τ − f

(i)
t =

∞∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,
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where τ ∈ [t, T ], t ≥ 0, {φj(x)}
∞
j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (46) converges for any τ ∈ [t, T ] in the mean-square sense.

Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(47) f
(i)p
τ − f

(i)p
t =

p
∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j .

From (47) we obtain

(48) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral

(49)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
,

where i1, . . . , ik = 0, 1, . . . ,m, p1, . . . , pk ∈ N,

(50) dw(i)p
τ =







df
(i)p
τ for i = 1, . . . ,m

dτ for i = 0

,

and df
(i)p
τ in defined by the relation (48).

Let us substitute (48) into (49)

(51)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,

where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
s = f

(i)
s for i = 1, . . . ,m and w

(0)
s = s,

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
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To best of our knowledge [51]-[53] the approximations of the Wiener process in the Wong–Zakai
approximation must satisfy fairly strong restrictions [53] (see Definition 7.1, pp. 480–481). Moreover,
approximations of the Wiener process that are similar to (47) were not considered in [51], [52] (also
see [53], Theorems 7.1, 7.2). Therefore, the proof of analogs of Theorems 7.1 and 7.2 [53] for approx-
imations of the Wiener process based on its series expansion (46) should be carried out separately.
Thus, the mean-square convergence of the right-hand side of (51) to the iterated Stratonovich sto-
chastic integral (3) does not follow from the results of the papers [51], [52] (also see [53], Theorems
7.1, 7.2).

From the other hand, Theorems 1–6 and Theorems 7–10 (see below) from this paper can be
considered as the proof of the Wong–Zakai approximation for the iterated Stratonovich stochastic
integrals (3) of multiplicities 1 to 6 based on the Riemann–Stieltjes integrals (49) and approximation
(47) of the Wiener process. At that, the mentioned Riemann–Stieltjes integrals converge (according
to Theorems 1–6 and Theorems 7–10 (see below)) to the appropriate Stratonovich stochastic integrals
(3). Recall that {φj(x)}

∞
j=0 (see (46), (47), and Theorems 3–10) is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]).
To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(s), ψ2(s) ≡ 1;

i1, i2 = 1, . . . ,m.
The first example relates to the piecewise linear approximation of the multidimensional Wiener

process (these approximations were considered in [51]-[53]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the mul-

tidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i = 1, . . . ,m,

i.e.

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,

where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Note that w. p. 1

(52)
db

(i)
∆

dt
(t) =

∆f
(i)
k∆

∆
, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

Using (52) and additive property of the Riemann–Stieltjes integral, we can write w. p. 1

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

db
(i1)
∆

dτ
(τ)dτ

db
(i2)
∆

ds
(s)ds =

=

N−1∑

l=0

(l+1)∆∫

l∆






l−1∑

q=0

(q+1)∆∫

q∆

∆f
(i1)
q∆

∆
dτ +

s∫

l∆

∆f
(i1)
l∆

∆
dτ






∆f
(i2)
l∆

∆
ds =
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=

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆∫

l∆

s∫

l∆

dτds =

(53) =
N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .

Using (53), it is not difficult to show that

l.i.m.
N→∞

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T∫

0

ds =

(54) =

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s ,

where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (54) agrees with Theorem 7.1 (see [53], p. 486).
The next example relates to the approximation of the Wiener process based on its series expansion

(46) for t = 0, where {φj(x)}
∞
j=0 is a complete orthonormal system of Legendre polynomials or

trigonometric functions in the space L2([0, T ]).
Consider the following iterated Riemann–Stieltjes integral

(55)

T∫

0

s∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, . . . ,m,

where df
(i)p
τ is defined by the relation (48).

Let us substitute (48) into (55)

(56)

T∫

0

s∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where

Cj2j1 =

T∫

0

φj2(s)

s∫

0

φj1(τ)dτds

is the Fourier coefficient; another notations are the same as in (51).
As we noted above, approximations of the Wiener process that are similar to (47) were not con-

sidered in [51], [52] (also see Theorems 7.1, 7.2 in [53]). Furthermore, the extension of the results of
Theorems 7.1 and 7.2 [53] to the case under consideration is not obvious.

On the other hand, we can apply the theory built in Chapters 1 and 2 of the monographs [25]-[27].
More precisely, using Theorems 3, 4 from this paper, we obtain from (56) the desired result
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l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

(57) =

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s .

From the other hand, by Theorems 1, 2 (see (10)) for the case k = 2 we obtain from (56) the
following relation

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+ 1{i1=i2}

∞∑

j1=0

Cj1j1 =

(58) =

T∫

0

s∫

0

df (i1)τ df (i2)s + 1{i1=i2}

∞∑

j1=0

Cj1j1 .

Since

∞∑

j1=0

Cj1j1 =
1

2

∞∑

j1=0





T∫

0

φj(τ)dτ





2

=
1

2





T∫

0

φ0(τ)dτ





2

=
1

2

T∫

0

ds,

then from standard relation between Ito and Stratonovich stochastic integrals and (58) we obtain
(57).

9. Recent Results on Expansions of Iterated Stratonovich Stochastic Integrals of

Multiplicities 3 to 6

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [25] (Sect. 2.10–2.16), [32] (Sect. 5–11), [33] (Sect. 7–13), [43]
(Sect. 13–19), [63] (Sect. 4–9), [64]. Let us formulate four theorems that were obtained using this
approach.

Theorem 7 [25], [32], [33], [43], [63]. Suppose that {φj(x)}
∞
j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

714



EXPANSIONS OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 41

the following relations

(59) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(60) M









J∗[ψ(3)]T,t −

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤
C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (59) and i1, i2, i3 = 1, . . . ,m in (60), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 1, 2.

Theorem 8 [25], [32], [33], [43], [63]. Let {φj(x)}
∞
j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

(61) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(62) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(63) M









J∗[ψ(4)]T,t −

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤
C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (61), (62) and i1, . . . , i4 = 1, . . . ,m in (63), constant C
does not depend on p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),
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Cj4j3j2j1 =

=

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 7.

Theorem 9 [25], [32], [33], [43], [63]. Assume that {φj(x)}
∞
j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity

(64) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(65) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(66) M









J∗[ψ(5)]T,t −

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤
C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (64), (65) and i1, . . . , i5 = 1, . . . ,m in (66), constant C
is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 7, 8.

Theorem 10 [25], [32], [33], [43], [64]. Suppose that {φj(x)}
∞
j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(67) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion
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J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;

another notations are the same as in Theorems 7–9.
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EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS OF

MULTIPLICITY 2. COMBINED APPROACH BASED ON GENERALIZED

MULTIPLE AND ITERATED FOURIER SERIES

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the expansion of iterated Stratonovich stochastic
integrals of multiplicity 2 on the base of the combined approach of generalized multiple and
iterated Fourier series. We consider two different parts of the expansion of iterated Stra-
tonovich stochastic integrals. The mean-square convergence of the first part is proved on
the base of generalized multiple Fourier series converging in the sense of norm in Hilbert
space L2([t, T ]

2). The mean-square convergence of the second part is proved on the base
of generalized iterated (double) Fourier series converging pointwise. At that, we prove
the iterated limit transition for the second part of the expansion on the base of Lebesgue’s
Dominated Convergence Theorem. The results of the article can be applied to the numerical
integration of Ito stochastic differential equations.
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1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let ft be a standard m-dimensional Wiener stochastic process, which is

Ft-measurable for any t ∈ [0, T ]. We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent.
Let us consider the following collections of iterated Stratonovich and Ito stochastic integrals

Mathematics Subject Classification: 60H05, 60H10, 42B05, 42C10.

Keywords: Iterated Stratonovich stochastic integral, Iterated Ito stochastic integral, Generalized

multiple Fourier series, Generalized iterated Fourier series, Legendre polynomial, Trigonometric func-

tions, Mean-square approximation, Expansion.
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(1) J∗[ψ(2)]T,t =

∗
∫

t

T

ψ2(t2)

∗
∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 ,

(2) J [ψ(2)]T,t =

T
∫

t

ψ2(t2)

t2
∫

t

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 ,

where every ψl(τ) (l = 1, 2) is a nonrandom function at the interval [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m

and w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m,

∗
∫

and

∫

denote Stratonovich and Ito stochastic integrals, respectively (in this paper, we use the definition of
the Stratonovich stochastic integral from [1]).

Further, we will denote as {φj(x)}
∞
j=0 the complete orthonormal systems of Legendre polynomials

and trigonometric functions in the space L2([t, T ]). Also we will pay a special attention on the
following well-known facts connecting to these two systems of functions [2].

Suppose that the function f(x) is bounded at the interval [t, T ]. Moreover, its derivative f ′(x) is

a continuous function at the interval [t, T ] except may be the finite number of points of the finite

discontinuity. Then the Fourier series

∞
∑

j=0

Cjφj(x), Cj =

T
∫

t

f(x)φj(x)dx

converges at any internal point x of the interval [t, T ] to the value (f(x+ 0) + f(x− 0)) /2 and con-

verges uniformly to f(x) on any closed interval of continuity of the function f(x) laying inside [t, T ].
At the same time, the Fourier–Legendre series converges if x = t and x = T to f(t + 0) and

f(T − 0) correspondently, and the trigonometric Fourier series converges if x = t and x = T to

(f(t+ 0) + f(T − 0)) /2 in the case of periodic continuation of the function f(x).

2. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 2

The use of generalized multiple and iterated Fourier series by various complete orthonormal systems
of functions in the space L2([t, T ]) for the expansion of iterated Ito and Stratonovich stochastic inte-
grals is reflected in a number of works of the author [3]-[44]. In these papers, several new approaches
to the mean-square approximation of iterated stochastic integrals were proposed and developed.
One of the mentioned approaches (the so-called combined approach) for the expansion of iterated
Stratonovich stochastic integrals of multiplicities 1 to 4 based on generalized multiple and iterated
Fourier series has been considered in [4]. In this article, we consider the case of second multiplicity
of iterated Stratonovich stochastic integrals. At that, we prove the mean-square convergence of the
expansion of iterated Stratonovich stochastic integrals using the another method in comparison with
the method from [4].

Theorem 1 [3] (2013) (also see [8] (Sect. 2.1.1) and references therein). Suppose that {φj(x)}
∞
j=0

is a complete orthonormal system of Legendre polynomials or trigonometric functions in the space

L2([t, T ]). At the same time ψ2(τ) is a continuously differentiable nonrandom function on [t, T ] and
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ψ1(τ) is twice continuously differentiable nonrandom function on [t, T ]. Then the iterated Stratonovich

stochastic integral of the second multiplicity

J∗[ψ(2)]T,t =

∗
∫

t

T

ψ2(t2)

∗
∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 (i1, i2 = 0, 1, . . . ,m)

is expanded into the multiple series

J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1
∑

j1=0

p2
∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

that converges in the mean-square sense, where l.i.m. is a limit in the mean-square sense,

ζ
(i)
j =

T
∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (if i 6= 0),

Cj2j1 =

T
∫

t

ψ2(t2)φj2 (t2)

t2
∫

t

ψ1(t1)φj1 (t1)dt1dt2

is the Fourier coefficient.

Remark 1. It should be noted that Theorem 1 is proved in [3] (2013) (also see [8] (Sect. 2.1.1)
and references therein). The proof from [3], [8] (Sect. 2.1.1) is based on double integration by parts.

Below we consider another proof of Theorem 1.

Proof. Let us consider some auxiliary lemmas from [3] (also see [8] and references therein). At
that, we will consider the particular case of these lemmas for k = 2.

Consider the partition {τj}
N
j=0 of the interval [t, T ] such that

(3) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Lemma 1 [3] (also see [8] and references therein). Suppose that every ψl(τ) (l = 1, 2) is a

continuous nonrandom function at the interval [t, T ]. Then

(4) J [ψ(2)]T,t = l.i.m.
N→∞

N−1
∑

j2=0

j2−1
∑

j1=0

ψ1(τj1)ψ2(τj2)∆w
(i1)
τj1

∆w
(i2)
τj2

w. p. 1,

where J [ψ(2)]T,t is the iterated Ito stochastic integral (2), ∆w
(i)
τj = w

(i)
τj+1 − w

(i)
τj (i = 0, 1, . . . ,m),

{τj}
N
j=0 is the partition of the interval [t, T ] satisfying the condition (3); hereinafter w. p. 1 means

with probability 1.

Let us define the following multiple stochastic integral

(5) l.i.m.
N→∞

N−1
∑

j1,j2=0

Φ (τj1 , τj2)∆w
(i1)
τj1

∆w
(i2)
τj2

def
= J [Φ]

(2)
T,t,
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where Φ(t1, t2) : [t, T ]2 → R is a nonrandom function (the properties of this function will be specified

further), ∆w
(i)
τj = w

(i)
τj+1

−w
(i)
τj (i = 0, 1, . . . ,m), {τj}

N
j=0 is the partition of the interval [t, T ] satisfying

the condition (3).
Denote

(6) D2 = {(t1, t2) : t ≤ t1 < t2 ≤ T }.

We will use the same symbol D2 to denote the open and closed domains corresponding to the
domain D2 defined by (6). However, we always specify what domain we consider (open or closed).

Also we will write Φ(t1, t2) ∈ C(D2) if Φ(t1, t2) is a continuous nonrandom function of two variables
in the closed domain D2.

Let us consider the iterated Ito stochastic integral

I[Φ]
(2)
T,t

def
=

T
∫

t

t2
∫

t

Φ(t1, t2)dw
(i1)
t1 dw

(i2)
t2 ,

where Φ(t1, t2) ∈ C(D2).

Lemma 2 [3] (also see [8] and references therein). Suppose that Φ(t1, t2) ∈ C(D2) or Φ(t1, t2) is

a continuous nonrandom function in the open domain D2 and bounded at its boundary. Then

(7) I[Φ]
(2)
T,t = l.i.m.

N→∞

N−1
∑

jk=0

j2−1
∑

j1=0

Φ(τj1 , τj2 )∆w
(i1)
τj1

∆w
(i2)
τj2

w. p. 1,

where ∆w
(i)
τj = w

(i)
τj+1

−w
(i)
τj (i = 0, 1, . . . ,m), {τj}

N
j=0 is the partition of the interval [t, T ] satisfying

the condition (3).

Lemma 3 [3] (also see [8] and references therein). Suppose that every ϕl(τ) (l = 1, 2) is a

continuous nonrandom function at the interval [t, T ]. Then

(8) J [ϕ1]T,tJ [ϕ2]T,t = J [Φ]
(2)
T,t w. p. 1,

where

Φ(t1, t2) = ϕ1(t1)ϕ2(t2), J [ϕl]T,t =

T
∫

t

ϕl(τ)dw
(il)
τ (l = 1, 2)

and the stochastic integral J [Φ]
(2)
T,t is defined by the equality (5), i1, i2 = 0, 1, . . . ,m.

In accordance to the standard relations between Stratonovich and Ito stochastic integrals we have
w. p. 1 [1]

(9) J∗[ψ(2)]T,t = J [ψ(2)]T,t +
1

2
1{i1=i2 6=0}

T
∫

t

ψ1(t1)ψ2(t1)dt1,

where 1A is the indicator of the set A.
Let us define the function K∗(t1, t2) at the square [t, T ]2 as follows

(10) K∗(t1, t2) = ψ1(t1)ψ2(t2)

(

1{t1<t2} +
1

2
1{t1=t2}

)

= K(t1, t2) +
1

2
1{t1=t2}ψ1(t1)ψ2(t2),
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where

K(t1, t2) =











ψ1(t1)ψ2(t2), t1 < t2

0, otherwise

, t1, t2 ∈ [t, T ]

and 1A is the indicator of the set A.

Lemma 4 [3] (also see [8] and references therein). Under the conditions of Theorem 1 the following

relation

(11) J [K∗]
(2)
T,t = J∗[ψ(2)]T,t

is valid w. p. 1, where J [K∗]
(2)
T,t is defined by the equality (5).

Proof. Substituting (10) into (5) and using Lemmas 1 and 2, it is easy to see that

(12) J [K∗]
(2)
T,t = J [ψ(2)]T,t +

1

2
1{i1=i2 6=0}

T
∫

t

ψ1(t1)ψ2(t1)dt1 = J∗[ψ(2)]T,t w. p. 1.

Let us consider the following generalized double Fourier sum

p1
∑

j1=0

p2
∑

j2=0

Cj2j1φj1 (t1)φj2 (t2),

where Cj2j1 is the Fourier coefficient of the form

(13) Cj2j1 =

∫

[t,T ]2

K∗(t1, t2)φj1 (t1)φj2 (t2)dt1dt2.

Substitute the relation

K∗(t1, t2) =

p1
∑

j1=0

p2
∑

j2=0

Cj2j1φj1 (t1)φj2 (t2) +K∗(t1, t2)−

p1
∑

j1=0

p2
∑

j2=0

Cj2j1φj1(t1)φj2 (t2)

with finite p1 and p2 into J [K∗]
(2)
T,t. Then, using Lemma 3, we obtain

(14) J∗[ψ(2)]T,t =

p1
∑

j1=0

p2
∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

+ J [Rp1p2
]
(2)
T,t w. p. 1,

where the stochastic integral J [Rp1p2
]
(2)
T,t is defined in accordance with (5) and

(15) Rp1p2
(t1, t2) = K∗(t1, t2)−

p1
∑

j1=0

p2
∑

j2=0

Cj2j1φj1(t1)φj2 (t2),
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ζ
(i)
j =

T
∫

t

φj(τ)dw
(i)
τ ,

J [Rp1p2
]
(2)
T,t =

T
∫

t

t2
∫

t

Rp1p2
(t1, t2)dw

(i1)
t1 dw

(i2)
t2 +

T
∫

t

t1
∫

t

Rp1p2
(t1, t2)dw

(i2)
t2 dw

(i1)
t1 +

+1{i1=i2 6=0}

T
∫

t

Rp1p2
(t1, t1)dt1.

Let us consider the case i1, i2 6= 0 (another cases can be considered absolutely analogously). Using
standard estimates for moments of stochastic integrals [23], we obtain

M

{

(

J [Rp1p2
]
(2)
T,t

)2
}

=

= M















T
∫

t

t2
∫

t

Rp1p2
(t1, t2)dw

(i1)
t1 dw

(i2)
t2 +

T
∫

t

t1
∫

t

Rp1p2
(t1, t2)dw

(i2)
t2 dw

(i1)
t1





2










+

+1{i1=i2 6=0}





T
∫

t

Rp1p2
(t1, t1)dt1





2

≤

≤ 2





T
∫

t

t2
∫

t

(Rp1p2
(t1, t2))

2 dt1dt2 +

T
∫

t

t1
∫

t

(Rp1p2
(t1, t2))

2 dt2dt1



+

+1{i1=i2 6=0}





T
∫

t

Rp1p2
(t1, t1)dt1





2

=

(16) = 2

∫

[t,T ]2

(Rp1p2
(t1, t2))

2 dt1dt2 + 1{i1=i2 6=0}





T
∫

t

Rp1p2
(t1, t1)dt1





2

.

We have
∫

[t,T ]2

(Rp1p2
(t1, t2))

2
dt1dt2 =

=

∫

[t,T ]2

(

K∗(t1, t2)−

p1
∑

j1=0

p2
∑

j2=0

Cj2j1φj1 (t1)φj2 (t2)

)2

dt1dt2 =

=

∫

[t,T ]2

(

K(t1, t2)−

p1
∑

j1=0

p2
∑

j2=0

Cj2j1φj1 (t1)φj2 (t2)

)2

dt1dt2.
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The function K(t1, t2) is piecewise continuous in the square [t, T ]2. At this situation it is well-
known that the generalized multiple Fourier series of the function K(t1, t2) ∈ L2([t, T ]

2) is converging
to this function in the square [t, T ]2 in the mean-square sense, i.e.

lim
p1,p2→∞

∥

∥

∥

∥

∥

K(t1, t2)−

p1
∑

j1=0

p2
∑

j2=0

Cj2j1

2
∏

l=1

φjl(tl)

∥

∥

∥

∥

∥

L2([t,T ]2)

= 0,

where

‖f‖L2([t,T ]2) =







∫

[t,T ]2

f2(t1, t2)dt1dt2







1/2

.

So, we obtain

(17) lim
p1,p2→∞

∫

[t,T ]2

(Rp1p2
(t1, t2))

2
dt1dt2 = 0.

Note that

T
∫

t

Rp1p2
(t1, t1)dt1 =

=

T
∫

t





1

2
ψ1(t1)ψ2(t1)−

p1
∑

j1=0

p2
∑

j2=0

Cj2j1φj1(t1)φj2 (t1)



 dt1 =

=
1

2

T
∫

t

ψ1(t1)ψ2(t1)dt1 −

p1
∑

j1=0

p2
∑

j2=0

Cj2j1

T
∫

t

φj1 (t1)φj2 (t1)dt1 =

=
1

2

T
∫

t

ψ1(t1)ψ2(t1)dt1 −

p1
∑

j1=0

p2
∑

j2=0

Cj2j11{j1=j2} =

(18) =
1

2

T
∫

t

ψ1(t1)ψ2(t1)dt1 −

min{p1,p2}
∑

j1=0

Cj1j1 .

From (18) we obtain

(19) lim
p1→∞

lim
p2→∞

T
∫

t

Rp1p2
(t1, t1)dt1 =

=
1

2

T
∫

t

ψ1(t1)ψ2(t1)dt1 − lim
p1→∞

p1
∑

j1=0

Cj1j1 =
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=
1

2

T
∫

t

ψ1(t1)ψ2(t1)dt1 −
∞
∑

j1=0

Cj1j1 =

(20) = lim
p1,p2→∞

T
∫

t

Rp1p2
(t1, t1)dt1.

Note that the existence of the limit

lim
p1→∞

p1
∑

j1=0

Cj1j1

is proved in [8] (Sect. 2.1.1, 2.1.2) for the polynomial and trigonometric cases.
If we prove the following relation

(21) lim
p1→∞

lim
p2→∞

T
∫

t

Rp1p2
(t1, t1)dt1 = 0,

then from (20) we get

(22)
1

2

T
∫

t

ψ1(t1)ψ2(t1)dt1 =

∞
∑

j1=0

Cj1j1 ,

(23) lim
p1,p2→∞

T
∫

t

Rp1p2
(t1, t1)dt1 = 0.

From (16), (17), and (23) we obtain

lim
p1,p2→∞

M

{

(

J [Rp1p2
]
(2)
T,t

)2
}

= 0

and Theorem 1 will be proved.
Let us expand the function K∗(t1, t2) (see (10)) using the variable t1, when t2 is fixed, into the

generalized Fourier series at the interval (t, T )

(24) K∗(t1, t2) =

∞
∑

j1=0

Cj1 (t2)φj1 (t1) (t1 6= t, T ),

where

Cj1(t2) =

T
∫

t

K∗(t1, t2)φj1 (t1)dt1 = ψ2(t2)

t2
∫

t

ψ1(t1)φj1 (t1)dt1.
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The equality (24) is satisfied pointwise in each point of the interval (t, T ) with respect to the
variable t1, when t2 ∈ [t, T ] is fixed, due to a piecewise smoothness of the function K∗(t1, t2) with
respect to the variable t1 ∈ [t, T ] (t2 is fixed).

Note also that due to well-known properties of the Fourier–Legendre series and trigonometric
Fourier series, the series (24) converges when t1 = t and t1 = T .

Obtaining (24), we also used the fact that the right-hand side of (24) converges when t1 = t2 (point
of a finite discontinuity of the function K(t1, t2)) to the value

1

2
(K(t2 − 0, t2) +K(t2 + 0, t2)) =

1

2
ψ1(t2)ψ2(t2) = K∗(t2, t2).

The function Cj1(t2) is a continuously differentiable one at the interval [t, T ]. Let us expand it
into the generalized Fourier series at the interval (t, T )

(25) Cj1(t2) =

∞
∑

j2=0

Cj2j1φj2(t2) (t2 6= t, T ),

where

Cj2j1 =

T
∫

t

Cj1(t2)φj2(t2)dt2 =

T
∫

t

ψ2(t2)φj2 (t2)

t2
∫

t

ψ1(t1)φj1 (t1)dt1dt2

and the equality (25) is satisfied pointwise at any point of the interval (t, T ) (the right-hand side of
(25) converges when t2 = t and t1 = T ).

Let us substitute (25) into (24)

(26) K∗(t1, t2) =

∞
∑

j1=0

∞
∑

j2=0

Cj2j1φj1(t1)φj2 (t2), (t1, t2) ∈ (t, T )2.

Futhermore, the series on the right-hand side of (26) converges at the boundary of the square
[t, T ]2.

From (15) and (26) we obtain

(27) lim
p1→∞

lim
p2→∞

Rp1p2
(t1, t1) = 0 when t1 ∈ (t, T ).

Since the integral

(28)

T
∫

t

Rp1p2
(t1, t1)dt1

exists as Riemann integral, then this integral equals to the corresponding Lebesgue integral. Moreover,

(29) lim
p1→∞

lim
p2→∞

Rp1p2
(t1, t1) = 0 when t1 ∈ (t, T ),

where the left-hand side of (29) is bounded on [t, T ].
According to (15), (24)–(26), we have
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Rp1p2
(t1, t2) =



K∗(t1, t2)−

p1
∑

j1=0

Cj1(t2)φj1(t1)



+

+





p1
∑

j1=0



Cj1 (t2)−

p2
∑

j2=0

Cj2j1φj2 (t2)



φj1(t1)



 .

Then, appling two times (we mean here an iterated passage to the limit lim
p1→∞

lim
p2→∞

) the Lebesgue’s

Dominated Convergence Theorem to the integral (28), we obtain

lim
p1→∞

lim
p2→∞

T
∫

t

Rp1p2
(t1, t1)dt1 = 0.

For a discussion of the choice of integrable majorants when applying Lebesgue’s Dominated Con-
vergence Theorem to the integral (28) for the polynomial and trigonometric cases, see [8] (Sect. 2.4.1),
[43] (Sect. 2).

Note that the developement of the approach from this article can be found in [8] (Sect. 2.4), [43].

3. Some Recent Results on Expansion of Iterated Stratonovich Stochastic

Integrals of Multiplicities 2 to 6

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [8] (Sect. 2.10–2.16), [13] (Sect. 13–19), [34] (Sect. 5–11), [35]
(Sect. 7–13), [64] (Sect. 4–9). Let us formulate four theorems that were obtained using this approach.

Theorem 2 [8], [13], [34], [35], [64]. Suppose that {φj(x)}
∞
j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗
∫

t

T

ψ3(t3)

∗
∫

t

t3

ψ2(t2)

∗
∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations

(30) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(31) M













J∗[ψ(3)]T,t −

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2










≤
C

p
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are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (30) and i1, i2, i3 = 1, . . . ,m in (31), constant C is

independent of p,

Cj3j2j1 =

T
∫

t

ψ3(t3)φj3 (t3)

t3
∫

t

ψ2(t2)φj2 (t2)

t2
∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T
∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorem 1.

Theorem 3 [8], [13], [34], [35], [64]. Let {φj(x)}
∞
j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

(32) J∗[ψ(4)]T,t =

∗
∫

t

T

ψ4(t4)

∗
∫

t

t4

ψ3(t3)

∗
∫

t

t3

ψ2(t2)

∗
∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(33) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(34) M













J∗[ψ(4)]T,t −

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2










≤
C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (32), (33) and i1, . . . , i4 = 1, . . . ,m in (34), constant C
does not depend on p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj4j3j2j1 =

=

T
∫

t

ψ4(t4)φj4(t4)

t4
∫

t

ψ3(t3)φj3(t3)

t3
∫

t

ψ2(t2)φj2 (t2)

t2
∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 2.
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Theorem 4 [8], [13], [34], [35], [64]. Assume that {φj(x)}
∞
j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity

(35) J∗[ψ(5)]T,t =

∗
∫

t

T

ψ5(t5) . . .

∗
∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(36) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(37) M













J∗[ψ(5)]T,t −

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2










≤
C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (35), (36) and i1, . . . , i5 = 1, . . . ,m in (37), constant C
is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T
∫

t

ψ5(t5)φj5 (t5) . . .

t2
∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 2, 3.

Theorem 5 [8], [13], [34], [35]. Suppose that {φj(x)}
∞
j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated Stra-

tonovich stochastic integral of sixth multiplicity

(38) J
∗(i1...i6)
T,t =

∗
∫

t

T

. . .

∗
∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T
∫

t

φj6(t6) . . .

t2
∫

t

φj1 (t1)dt1 . . . dt6;
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another notations are the same as in Theorems 2–4.

Recently the equality (22) was proved in [66] (also see [8] (Sect. 2.1.4)) for the case of an arbitrary
complete orthonormal system of functions in L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]). This means that
we have the following generalizaion of Theorem 1.

Theorem 6 [8] (Sect. 2.1.4). Suppose that {φj(x)}
∞
j=0 is an arbitrary complete orthonormal system

of functions in the space L2([t, T ]) and ψ1(τ), ψ2(τ) are continuous functions on [t, T ]. Then the

iterated Stratonovich stochastic integral of the second multiplicity

J∗[ψ(2)]T,t =

∗
∫

t

T

ψ2(t2)

∗
∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 (i1, i2 = 0, 1, . . . ,m)

is expanded into the multiple series

J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1
∑

j1=0

p2
∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

that converges in the mean-square sense; where notations are the same as in Theorem 1.

The condition of continuity of the functions ψ1(τ), ψ2(τ) is related to the definition of the Stratonovich
stochastic integral that we use (see [1]).

4. Theorems 1–6 from Point of View of the Wong–Zakai Approximation

The iterated Ito stochastic integrals and solutions of Ito SDEs are complex and important function-

als from the independent components f
(i)
s , i = 1, . . . ,m of the multidimensional Wiener process fs,

s ∈ [0, T ]. Let f
(i)p
s , p ∈ N be some approximation of f

(i)
s , i = 1, . . . ,m. Suppose that f

(i)p
s converges

to f
(i)
s , i = 1, . . . ,m if p→ ∞ in some sense and has differentiable sample trajectories.

A natural question arises: if we replace f
(i)
s by f

(i)p
s , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
s ,

i = 1, . . . ,m of the multidimentional Wiener process fs? The answere to this question is negative in the
general case. However, in the pioneering works of Wong E. and Zakai M. [50], [51], it was shown that
under the special conditions and for some types of approximations of the Wiener process the answere
is affirmative with one peculiarity: the convergence takes place to the iterated Stratonovich stochastic
integrals and solutions of Stratonovich SDEs and not to iterated Ito stochastic integrals and solutions
of Ito SDEs. The piecewise linear approximation as well as the regularization by convolution [50]-[52]
relate the mentioned types of approximations of the Wiener process. The above approximation of
stochastic integrals and solutions of SDEs is often called the Wong–Zakai approximation.

Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [53], [54]

(39) f
(i)
τ − f

(i)
t =

∞
∑

j=0

τ
∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T
∫

t

φj(τ)df
(i)
τ ,

where τ ∈ [t, T ], t ≥ 0, {φj(x)}
∞
j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (39) converges for any τ ∈ [t, T ] in the mean-square sense.
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Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(40) f
(i)p
τ − f

(i)p
t =

p
∑

j=0

τ
∫

t

φj(s)ds ζ
(i)
j .

From (40) we obtain

(41) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral

(42)

T
∫

t

ψk(tk) . . .

t2
∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk ,

where i1, . . . , ik = 0, 1, . . . ,m, p1, . . . , pk ∈ N,

(43) dw(i)p
τ =















df
(i)p
τ for i = 1, . . . ,m

dτ for i = 0

,

and df
(i)p
τ in defined by the relation (41).

Let us substitute (41) into (42)

(44)

T
∫

t

ψk(tk) . . .

t2
∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
=

p1
∑

j1=0

. . .

pk
∑

jk=0

Cjk...j1

k
∏

l=1

ζ
(il)
jl

,

where

ζ
(i)
j =

T
∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
s = f

(i)
s for i = 1, . . . ,m and w

(0)
s = s,

Cjk...j1 =

T
∫

t

ψk(tk)φjk(tk) . . .

t2
∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
Consider the following iterated Stratonovich stochastic integrals

(45) J∗[ψ(k)]T,t =

∗
∫

t

T

ψk(tk) . . .

∗
∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,
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where every ψl(τ) (l = 1, . . . , k) is a continuously differentiable nonrandom function at the interval
[t, T ]; another notations are the same as in (1).

To best of our knowledge [50]-[52] the approximations of the Wiener process in the Wong–Zakai
approximation must satisfy fairly strong restrictions [52] (see Definition 7.1, pp. 480–481). More-
over, approximations of the Wiener process that are similar to (40) were not considered in [50], [51]
(also see [52], Theorems 7.1, 7.2). Therefore, the proof of analogs of Theorems 7.1 and 7.2 [52] for
approximations of the Wiener process based on its series expansion (39) should be carried out sepa-
rately. Thus, the mean-square convergence of the right-hand side of (44) to the appropriate iterated
Stratonovich stochastic integral (45) does not follow from the results of the papers [50], [51] (also see
[52], Theorems 7.1, 7.2).

However, in [1] (Sect. 5.8, pp. 202–204), [55] (pp. 82-84), [56] (pp. 438-439), [57] (pp. 263-264) the
authors use (without rigorous proof) the Wong–Zakai approximation [50]-[52] within the frames of the
method of approximation of iterated Stratonovich stochastic integrals based on the Karhunen–Loeve
expansion of the Brownian bridge process [58].

From the other hand, Theorems 1–6 from this paper can be considered as the proof of the Wong–
Zakai approximation for the iterated Stratonovich stochastic integrals (45) of multiplicities 2 to 6
based on the approximation (40) of the Wiener process. At that, the Riemann–Stieltjes integrals (42)
of multiplicities 2 to 6 converge in the mean-square sense to the appropriate Stratonovich stochastic
integrals (45). Recall that {φj(x)}

∞
j=0 (see (39), (40), and Theorems 1–5) is a complete orthonormal

system of Legendre polynomials or trigonometric functions in the space L2([t, T ]).
To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(τ), ψ2(τ) ≡ 1;

i1, i2 = 1, . . . ,m.
The first example relates to the piecewise linear approximation of the multidimensional Wiener

process (these approximations were considered in [50]-[52]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the mul-

tidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i = 1, . . . ,m,

i.e.

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,

where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Note that w. p. 1

(46)
db

(i)
∆

dt
(t) =

∆f
(i)
k∆

∆
, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral

T
∫

0

s
∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

Using (46) and additive property of the Riemann–Stieltjes integral, we can write w. p. 1

T
∫

0

s
∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T
∫

0

s
∫

0

db
(i1)
∆

dτ
(τ)dτ

db
(i2)
∆

ds
(s)ds =
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=

N−1
∑

l=0

(l+1)∆
∫

l∆







l−1
∑

q=0

(q+1)∆
∫

q∆

∆f
(i1)
q∆

∆
dτ +

s
∫

l∆

∆f
(i1)
l∆

∆
dτ







∆f
(i2)
l∆

∆
ds =

=

N−1
∑

l=0

l−1
∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1
∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆
∫

l∆

s
∫

l∆

dτds =

(47) =

N−1
∑

l=0

l−1
∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1
∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .

Using (47), it is not difficult to show that

(48) l.i.m.
N→∞

T
∫

0

s
∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T
∫

0

s
∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T
∫

0

ds =

∗
∫

0

T ∗
∫

0

s

df (i1)τ df (i2)s ,

where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (48) agrees with Theorem 7.1 (see [52], p. 486).
The next example relates to the approximation of the Wiener process based on its series expansion

(39) for t = 0, where {φj(x)}
∞
j=0 is a complete orthonormal system of Legendre polynomials or

trigonometric functions in the space L2([0, T ]).
Consider the following iterated Riemann–Stieltjes integral

(49)

T
∫

0

s
∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, . . . ,m,

where df
(i)p
τ is defined by the relation (41).

Let us substitute (41) into (49)

(50)

T
∫

0

s
∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where

Cj2j1 =

T
∫

0

φj2(s)

s
∫

0

φj1(τ)dτds

is the Fourier coefficient; another notations are the same as in (44).
As we noted above, approximations of the Wiener process that are similar to (40) were not con-

sidered in [50], [51] (also see Theorems 7.1, 7.2 in [52]). Furthermore, the extension of the results of
Theorems 7.1 and 7.2 [52] to the case under consideration is not obvious.

On the other hand, we can apply Theorem 1 from this paper and obtain from (50) the desired
result
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(51) l.i.m.
p→∞

T
∫

0

s
∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

∗
∫

0

T ∗
∫

0

s

df (i1)τ df (i2)s .
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EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS OF

FIFTH AND SIXTH MULTIPLICITY BASED ON GENERALIZED MULTIPLE

FOURIER SERIES

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the construction of expansions of iterated Stratonovich
stochastic integrals of fifth and sixth multiplicities based on the method of generalized
multiple Fourier series converging in the sense of norm in Hilbert space L2([t, T ]

k), k ∈ N.

Specifically, we use multiple Fourier–Legendre series and multiple trigonometric Fourier
series. Expansions of iterated Sratonovich stochastic integrals of multiplicities 1–4 were
obtained in previous works of the author. The considered expansions converges in the
mean-square sense and contain only one operation of the limit transition in contrast to its
existing analogues. Expansions of iterated Stratonovich stochastic integrals turned out much
simpler than appropriate expansions of iterated Ito stochastic integrals. We use expansions
of the latter as a tool of the proof of expansions for iterated Stratonovich stochastic integrals.
Iterated Stratonovich stochastic integrals are the part of the Taylor–Stratonovich expansion
of solutions of Ito stochastic differential equations. That is why the results of the article can
be applied to the numerical integrations of Ito stochastic differential equations.

Contents

1. Introduction 2

2. Expansion of Iterated Ito Stochastic Integrals of Arbitrary Multiplicity k Based on

Generalized Multiple Fourier Series Converging in the Mean 4

3. The Hypothesis on Expansion of Iterated Stratonovich Stochastic Integrals of Arbitrary

Multiplicity k 12

4. Expansions of Iterated Stratonovich Stochastc Integrals of Multiplicities 2 to 4. Some Old

Results 14

5. Proof of Hypothesis 1 Under the Condition of Convergence of Trace Series 18

6. Weakening of the Conditions of Theorem 10. Simple Proof Based on Theorem 12 53

7. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 4 for the Case of

Smooth Weight Functions ψ1(τ), . . . , ψ4(τ). Simple Proof Based on Theorem 12 58

8. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 5. The Case

p1 = . . . = p5 → ∞ and Continuously Differentiable Weight Functions ψ1(τ), . . . , ψ5(τ)

(The Cases of Legendre Polynomials and Trigonometric Functions) 69

9. Estimates for the Mean-Square Approximation Error of Expansions of Iterated

Stratonovich Stochastic Integrals of Multiplicity k in Theorems 12, 14 83

10. Rate of the Mean-Square Convergence of Expansions of Iterated Stratonovich Stochastic

Integrals of Multiplicities 3–5 in Theorems 15–17 86

Mathematics Subject Classification: 60H05, 60H10, 42B05, 42C10.
Keywords: Iterated Ito stochastic integral, Iterated Stratonovich stochastic integral, Generalized

Multiple Fourier series, Multiple Fourier–Legendre series, Multiple trigonometric Fourier series, Le-
gendre polynomial, Mean-square approximation, Expansion.

1

741

http://arxiv.org/abs/1802.00643v23


2 D.F. KUZNETSOV

11. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 6. The Case

p1 = . . . = p6 → ∞ and ψ1(τ), . . . , ψ6(τ) ≡ 1 (The Cases of Legendre Polynomials and

Trigonometric Functions) 88

12. Generalization of Theorem 15. The Case p1, p2, p3 → ∞ and Continuously Differetiable

Weight Functions (The Cases of Legendre Polynomials and Trigonometric Functions) 116

13. Theorems 1, 2, 5-12, 15-17, 22, 23 from Point of View of the Wong–Zakai Approximation121

14. Generalization of Theorem 12 for Complete Orthonormal Systems of Functions in

L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) such that the Condition (369) is Satisfied 126

15. Modification of Condition 3 of Theorem 12 Using Parseval’s Equality 135

References 146

1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let ft be a standard m-dimensional Wiener stochastic process, which is

Ft-measurable for any t ∈ [0, T ]. We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent.
Let us consider the following iterated Ito and Stratonovich stochastic integrals

(1) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

(2) J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where ψ1(τ), . . . , ψk(τ) are nonrandom functions on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ,

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively; i1, . . . , ik = 0, 1, . . . ,m. Note that in
this paper we use the definition of the Stratonovich stochastic integral from [1].

The problem of effective jointly numerical modeling (in accordance to the mean-square convergence
criterion) of iterated Ito and Stratonovich stochastic integrals (1) and (2) arises when solving the
problem of numerical integration of Ito stochastic differential equations (SDEs) [1]-[4]. It is well known
that this problem is difficult from theoretical and computing point of view [1]-[54]. The only exception
is connected with a narrow particular case, when i1 = . . . = ik 6= 0 and ψ1(τ), . . . , ψk(τ) ≡ ψ(τ).
This case allows the investigation with using the Ito formula [1]-[4]. Note that even for the mentioned
coincidence (i1 = . . . = ik 6= 0), but for different functions ψ1(τ), . . . , ψk(τ) the mentioned difficulties
persist, and relatively simple families of iterated Ito and Stratonovich stochastic integrals, which can
be often met in the applications, cannot be represented effectively in a finite form (for the mean-square
approximation) using the system of standard Gaussian random variables.
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Note that for a number of special types of Ito SDEs the problem of approximation of iterated
stochastic integrals can be simplified but cannot be solved. The equations with additive vector noise,
with additive scalar noise, with non-additive scalar noise, with a small parameter are related to such
types of equations [1]-[4]. For the mentioned types of equations, simplifications are connected with the
fact that some coefficient functions from stochastic analogues of the Taylor formula identically equal
to zero or due to the presence of a small parameter we may neglect some members from stochastic
analogues of the Taylor formula, which include difficult for approximation iterated stochastic integrals
[1]-[3].

There are several approaches to solution of the problem of jointly numerical modeling (in accor-
dance to the mean-square convergence criterion) of iterated Ito and Stratonovich stochastic integrals
(1) and (2) [1]-[55].

One of the most effective methods of this problem solving is the method based on generalized
multiple Fourier series, which is proposed and developed by the author in a lot of publications [7]-[45]
(see Theorems 1, 2 below). It is important to note that the operation of limit transition is implemented
only once in the method [7]-[45]. At the same time the existing analogues of the method [7]-[45] lead
to iterated application of the operation of limit transition [1]-[6], [54].

For example, the authors of the works [1] (Sect. 5.8, pp. 202–204), [4] (pp. 82-84), [5] (pp. 438-
439), [6] (pp. 263-264) use the Wong–Zakai approximation [58]-[60] (without rigorous proof) within
the frames of the method of expansion of iterated stochastic integrals [2] (1988) based on the series
expansion of the Brownian bridge process (version of the so-called Karhunen-Loeve expansion). See
discussion in Sect. 13 of this paper for details.

The idea of the method [7]-[45] (see Theorems 1, 2 below) is as follows: the iterated Ito stochastic
integral (1) of multiplicity k (k ∈ N) is represented as the multiple stochastic integral from the
certain discontinuous nonrandom function of k variables defined on the hypercube [t, T ]k = [t, T ]×
. . .×[t, T ] (k times), where [t, T ] is the interval of integration of the iterated Ito stochastic integral (1).
Then, the mentioned nonrandom function is expanded in the hypercube [t, T ]k into the generalized
multiple Fourier series converging in the mean-square sense in the space L2([t, T ]

k). After a number
of nontrivial transformations we come (see Theorems 1, 2 below) to the mean-square convergening
expansion of the iterated Ito stochastic integral (1) into the multiple series of products of standard
Gaussian random variables. The coefficients of this series are the coefficients of the generalized
multiple Fourier series for the mentioned nonrandom function of k variables, which can be calculated
using the explicit formula regardless of the multiplicity k of the iterated Ito stochastic integral (1).
Hereinafter, this method is referred to as the method of generalized multiple Fourier series.

As it turned out [8]-[15], [20]-[22], [28], [32], [35]-[42] the adaptation of Theorem 1 for the iterated
Stratonovich stochastic integrals (2) of multiplicities 1 to 4 leads to relatively simple expansions
compared to expansions for the appropriate iterated Ito stochastic integrals (1) (see (8)–(13) below).
The developement of the mentioned adaptation for the iterated Stratonovich stochastic integrals (2)
of multiplicities 5 and 6 composes the subject of this article.

In Sect. 2, we formulate Theorem 1 on expansion of iterated Ito stochastic integrals of arbitrary
multiplicity k (k ∈ N) based on generalized multiple Fourier series [7] (2006) (see also [8]-[45]). The
particular cases k = 5, 6 of Theorem 1 will be used for the proof of main results (Theorems 17,
22 (Sect. 8, 11)). Sect. 3 is devoted to the hypothesis (Hypothesis 1) on expansion of the iterated
Stratonovich stochastic integrals (2) of arbitrary multiplicity k [12]-[15], [36]. As mentioned above, the
proof of Hypothesis 1 for the cases k = 5, 6 composes the subject of the article. In Sect. 4, we consider
several theorems (some old results), which were formulated and proved by the author. These theorems
are particular cases of Hypothesis 1 for k = 2, 3, 4 [8]-[15], [20]-[22], [28], [32], [35]-[42]. In Sect 5,
we give the proof of Hypothesis 1 under the condition of convergence of trace series. Expansions of
iterated Stratonovich stochastic integrals of multiplicities 3 and 4 are considered in Sect. 6, 7. Rate of
the mean-square convergence of expansions of iterated Stratonovich stochastic integrals is considered
in Sect. 9, 10. Sect. 13 is devoted to a discussion of the connection between Theorems 1, 2, 5-12,
15-17, 22 and the Wong–Zakai approximation of the iterated Stratonovich stochastic integrals (2)
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4 D.F. KUZNETSOV

based on the series expansion of the Wiener process with using the complete orthonormal systems of
Legendre polynomials and trigonometric functions in the space L2([t, T ]). In Sect. 12, 14 we consider
generalizations of the results from Sect. 5, 6.

2. Expansion of Iterated Ito Stochastic Integrals of Arbitrary Multiplicity k
Based on Generalized Multiple Fourier Series Converging in the Mean

Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function on [t, T ] (the case
ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) will be considered in Theorem 2 (see below)). Define the following
function on the hypercube [t, T ]k

(3) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) is piecewise continuous in the hypercube [t, T ]k. At this situation it is
well known that the generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]

k) is converging to
K(t1, . . . , tk) in the hypercube [t, T ]k in the mean-square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k

= 0,

where

(4) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient,

‖f‖L2([t,T ]k =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

(5) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [7] (2006) [8]-[45]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom

function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous functions in the

space L2([t, T ]). Then
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J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(6) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where J [ψ(k)]T,t is defined by (1),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(7) ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (4), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval

[t, T ], which satisfies the condition (5).

It was shown in [17]-[22] that Theorem 1 is valid for convergence in the mean of degree 2n (n ∈ N)
and for convergence with probability 1 [12]-[15], [45]. Moreover, the complete orthonormal systems of
Haar and Rademacher–Walsh functions in L2([t, T ]) can also be applied in Theorem 1 [7]-[22]. The
modification of Theorem 1 for complete orthonormal with weigth r(x) ≥ 0 systems of functions in
the space L2([t, T ]) can be found in [11]-[15], [43]. The generalization of Theorem 1 for the case of an
arbitrary complete orthonormal systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈
L2([t, T ]) is given in [12] (Sect. 1.11), [33] (Sect. 15).

Thus, we obtain the following useful possibilities of the method of generalized multiple Fourier
series.

1. There is the explicit formula (see (4)) for calculation of expansion coefficients of the iterated
Ito stochastic integral (1) with any fixed multiplicity k.

2. We have possibilities for explicit calculation of the mean-square approximation error of the
iterated Ito stochastic integral (1) (see [10]-[15], [23], [34]).

3. Since the used multiple Fourier series is a generalized in the sense that it is built using various
complete orthonormal systems of functions in the space L2([t, T ]), then we have new possibilities for
approximation — we can use not only trigonometric functions as in [1]-[3] but Legendre polynomials.

4. As it turned out (see [7]-[51]), it is more convenient to work with Legendre polynomials for
constructing the approximations of iterated Ito and Stratonovich stochastic integrals. Approximations
based on the Legendre polynomials essentially simpler than their analogues based on the trigonometric
functions. Another advantages of the application of Legendre polynomials in the framework of the
mentioned problem are considered in [12]-[15], [27], [31].

5. The approach based on the Karhunen–Loeve expansion of the Brownian bridge process [1],
[2] (also see [54]) leads to iterated application of the operation of limit transition (the operation of
limit transition is implemented only once in Theorem 1) starting from the second multiplicity (in
the general case) and third multiplicity (for the case ψ1(τ), ψ2(τ), ψ3(τ) ≡ 1; i1, i2, i3 = 1, . . . ,m) of
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6 D.F. KUZNETSOV

the iterated Ito and Stratonovich stochastic integrals (1), (2). Multiple series (the operation of limit
transition is implemented only once) are more convenient for approximation than the iterated ones
(iterated application of the operation of limit transition) since partial sums of multiple series converge
for any possible case of convergence to infinity of their upper limits of summation (let us denote them
as p1, . . . , pk). For example, when p1 = . . . = pk = p → ∞. For iterated series, the condition
p1 = . . . = pk = p → ∞ obviously does not guarantee the convergence of this series. However,
in [1] (Sect. 5.8, pp. 202–204), [4] (pp. 82-84), [5] (pp. 438-439), [6] (pp. 263-264) the authors use
(without rigorous proof) the condition p1 = p2 = p3 = p → ∞ within the frames of the mentioned
approach based on the Karhunen–Loeve expansion of the Brownian bridge process [2] together with
the Wong–Zakai approximation [58]-[60].

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 6 [7]-[43]

(8) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(9) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(10) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(11) +1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
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−1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(12) +1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i3=i6 6=0}1{j3=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i5=i6 6=0}1{j5=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+
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+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(13) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,

where 1A is the indicator of the set A.
For further consideration, let us consider the generalization of formulas (8)–(13) for the case of

an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (1).
In order to do this, let us introduce some notations. Consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(14) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},
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braces mean an unordered set, and parentheses mean an ordered set.
We will say that (14) is a partition and consider the sum with respect to all possible partitions

(15)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
,

where ag1g2,...,g2r−1g2r ,q1...qk−2r
∈ R.

Below there are several examples of sums in the form (15)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2,g3g4 = a12,34 + a13,24 + a23,14,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (6) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(16) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,
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where [x] is an integer part of a real number x and
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same

as in Theorem 1.
In particular, from (16) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )
jq1

)

.

The last equality obviously agrees with (12).
Let us consider the generalization of Theorem 1 for the case of an arbitrary complete orthonormal

systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [12] (Sect. 1.11), [33] (Sect. 15), [55]. Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and
{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(17) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x and
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 2 was considered in [56]. Note that we use another
notations [12] (Sect. 1.11), [33] (Sect. 15) in comparison with [56]. Moreover, the proof of an analogue
of Theorem 2 from [56] is somewhat different from the proof given in [12] (Sect. 1.11), [33] (Sect. 15).

Note that for the integrals J [ψ(k)]T,t defined by (1) the mean-square approximation error can be
calculated exactly and estimated efficiently.

Assume that J [ψ(k)]p1...pk

T,t is the approximation of (1), which is the expression on the right-hand

side of (17) before passing to the limit

J [ψ(k)]p1...pk

T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,
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where [x] is an integer part of a real number x; another notations are the same as in Theorems 1, 2.
Let us denote

Ep1,...,pk

k
def
= M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2
}

,

Ep1,...,pk

k

def
= Ep

k if p1 = . . . = pk = p,

Ik
def
= ‖K‖2L2([t,T ]k) =

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk.

In [10]-[15], [33], [34] it was shown that

(18) Eq
k ≤ k!

(

Ik −
q
∑

j1,...,jk=0

C2
jk...j1

)

for the following two cases:

1. i1, . . . , ik = 1, . . . ,m and T − t ∈ (0,+∞),

2. i1, . . . , ik = 0, 1, . . . ,m and T − t ∈ (0, 1).

The value Ep
k can be calculated exactly.

Theorem 3 [12] (Sect. 1.12), [34] (Sect. 6). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik =
1, . . . ,m. Then

(19) Ep
k = Ik −

p
∑

j1,...,jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






,

where i1, . . . , ik = 1, . . . ,m; the expression

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another
notations are the same as in Theorems 1, 2.

Note that

M






J [ψ(k)]T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






= Cjk...j1 .

Then from Theorem 3 for pairwise different i1, . . . , ik and for i1 = . . . = ik we obtain

Ep
k = Ik −

p
∑

j1,...,jk=0

C2
jk...j1 ,
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12 D.F. KUZNETSOV

Ep
k = Ik −

p
∑

j1,...,jk=0

Cjk...j1

(
∑

(j1,...,jk)

Cjk...j1

)

.

Another examples of the calculation of Ep
k can be found in [12], [34].

3. The Hypothesis on Expansion of Iterated Stratonovich Stochastic Integrals of
Arbitrary Multiplicity k

Note that three hypotheses on expansion of the iterated Stratonovich stochastic integrals (2) of
arbitrary multiplicity k has been formulated by the author in [8]-[15], [36]. Let us consider one of the
mentioned hypotheses.

Hypothesis 1 [8]-[15], [36]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Moreover, every ψl(τ) (l = 1, 2, . . . , k)
is an enough smooth nonrandom function on [t, T ]. Then, for the iterated Stratonovich stochastic

integral (2) of kth multiplicity

(20) J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk (i1, . . . , ik = 0, 1, . . . ,m)

the following expansion

(21) J∗[ψ(k)]T,t = l.i.m.
p→∞

p
∑

j1,...jk=0

Cjk ...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

converging in the mean-square sense is valid, where the Fourier coefficient Cjk...j1 has the form

Cjk...j1 =

T∫

t

ψk(tk)φjk (tk) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtk,

l.i.m. is a limit in the mean-square sense,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (if i 6= 0), w
(i)
τ = f

(i)
τ are

independent standard Wiener processes (i = 1, . . . ,m) and w
(0)
τ = τ.

Hypothesis 1 allows us to approximate the iterated Stratonovich stochastic integral J∗[ψ(k)]T,t by
the sum

(22) J∗[ψ(k)]pT,t =

p
∑

j1,...jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

,
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where

lim
p→∞

M







(

J∗[ψ(k)]T,t − J∗[ψ(k)]pT,t

)2





= 0.

The iterated Stratonovich stochastic integrals (20) are part of the Taylor–Stratonovich expansion
[1]-[3] (also see [7]-[15], [57]). It means that the approximations (22) can be useful for the numerical
integration of Ito SDEs.

The expansion (21) has only one operation of the limit transition and by this reason is suitable for
approximation of iterated Stratonovich stochastic integrals.

Let us consider the idea of the proof of Hypothesis 1. Introduce the following notations

J [ψ(k)]sl,...,s1T,t
def
=

l∏

p=1

1{isp=isp+1 6=0}×

×
T∫

t

ψk(tk) . . .

tsl+3∫

t

ψsl+2(tsl+2)

tsl+2∫

t

ψsl(tsl+1)ψsl+1(tsl+1)×

×
tsl+1∫

t

ψsl−1(tsl−1) . . .

ts1+3∫

t

ψs1+2(ts1+2)

ts1+2∫

t

ψs1(ts1+1)ψs1+1(ts1+1)×

×
ts1+1∫

t

ψs1−1(ts1−1) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(is1−1)
ts1−1

dts1+1dw
(is1+2)
ts1+2

. . .

(23) . . . dw
(isl−1)
tsl−1

dtsl+1dw
(isl+2)
tsl+2

. . . dw
(ik)
tk ,

where (sl, . . . , s1) ∈ Ak,l,

(24) Ak,l = {(sl, . . . , s1) : sl > sl−1 + 1, . . . , s2 > s1 + 1; sl, . . . , s1 = 1, . . . , k − 1} ,

where l = 1, . . . , [k/2] , is = 0, 1, . . . ,m, s = 1, . . . , k, [x] is an integer part of a real number x, 1A

is the indicator of the set A.
Let us formulate the statement on connection between iterated Ito and Stratonovich stochastic

integrals (1) and (2) of arbitrary multiplicity k.

Theorem 4 [46] (1997) (also see [7]-[15]). Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous

nonrandom function at the interval [t, T ]. Then, the following relation between iterated Ito and Stra-

tonovich stochastic integrals (1) and (2) is correct

(25) J∗[ψ(k)]T,t = J [ψ(k)]T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t w. p. 1,

where
∑

∅

is supposed to be equal to zero, here and further w. p. 1 means with probability 1.
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14 D.F. KUZNETSOV

Note that the condition of continuity of the functions ψ1(τ), . . . , ψk(τ) is related to the definition
[1] of the Stratonovich stochastic integral that we use.

According to (6), we have

l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

g=1

ζ
(ig)
jg

= J [ψ(k)]T,t+

(26) + l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1 l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

k∏

g=1

φjg (τlg )∆w(ig)
τlg

.

From (3) and (25) it follows that

(27) J∗[ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

g=1

ζ
(ig)
jg

if
[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t =

= l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1 l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

k∏

g=1

φjg (τlg )∆w(ig)
τlg

w. p. 1.

In the following section we consider some theorems prooving Hypothesis 1 for the cases k = 2, 3, 4.
The case k = 1 obviously follows from Theorem 1 (see (8)). The cases k = 5, 6 (see Theorems 17, 22)
will be proved in Sect. 8, 11.

4. Expansions of Iterated Stratonovich Stochastc Integrals of Multiplicities 2 to
4. Some Old Results

As it turned out, approximations of the iterated Stratonovich stochastic integrals (2) (see Theorems
5–11 below) are essentially simpler than their analogues for the iterated Ito stochastic integrals (1)
based on Theorems 1, 2. For the first time this fact was mentioned in [7] (2006).

We begin the consideration from the multiplicity k = 2 since according to (8) the expansions for
iterated Ito and Stratonovich stochastic integrals (1), (2) of first multiplicity are equal to each other
w. p. 1.

The following theorems adapt Theorems 1, 2 for the integrals (2) of multiplicity 2 (Hypothesis 1
for the case k = 2).

Theorem 5 [8]-[15], [20]-[22], [37]. Suppose that the following conditions are fulfulled:
1. The function ψ2(τ) is continuously differentiable at the interval [t, T ] and the function ψ1(τ) is

twice continuously differentiable at the interval [t, T ].
2. {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or trigonometric func-

tions in the space L2([t, T ]).
Then, the iterated Stratonovich stochastic integral of second multiplicity
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J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 (i1, i2 = 0, 1, . . . ,m)

is expanded into the converging in the mean-square sense double series

J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where the meaning of the notations introduced in the formulation of Theorem 1 is saved.

Prooving Theorem 5 [8]-[15], [20]-[22], [37] we used Theorem 1 and double integration by parts.
This procedure leads to the condition of double continuously differentiability of the function ψ1(τ)
at the interval [t, T ]. The mentioned condition can be weakened. As a result, we have the following
theorem.

Theorem 6 [11]-[15], [28], [40]. Suppose that the following conditions are fulfilled:
1. Every ψl(τ) (l = 1, 2) is a continuously differentiable function at the interval [t, T ].
2. {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or trigonometric func-

tions in the space L2([t, T ]).
Then, the iterated Stratonovich stochastic integral of second multiplicity

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 (i1, i2 = 0, 1, . . . ,m)

is expanded into the converging in the mean-square sense double series

J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where the meaning of the notations introduced in the formulation of Theorem 1 is saved.

Note that the another approaches to the proof of Theorem 6 can be found in the monographs
[12]-[15] (see Chapter 2).

The following four theorems (Theorems 7–10) adapt Theorems 1, 2 for the iterated Stratonovich
stochastic integrals (2) of multiplicity 3 (Hypothesis 1 for the case k = 3). The notations used in
Theorems 7–10 are the same as in Theorems 1, 2.

Theorem 7 [8]-[15], [20]-[22], [39]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of third multiplicity

∗∫

t

T ∗∫

t

t3 ∗∫

t

t2

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion
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∗∫

t

T ∗∫

t

t3 ∗∫

t

t2

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 = l.i.m.

p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that is converges in the mean-square sense is valid, where

Cj3j2j1 =

T∫

t

φj3 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3.

Theorem 8 [8]-[15], [20]-[22], [39]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic integral

of third multiplicity

I
∗(i1i2i3)
l1l2l3T,t

=

∗∫

t

T

(t− t3)
l3

∗∫

t

t3

(t− t2)
l2

∗∫

t

t2

(t− t1)
l1df

(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

I
∗(i1i2i3)
l1l2l3T,t

= l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that is converges in the mean-square sense is valid for each of the following cases

1. i1 6= i2, i2 6= i3, i1 6= i3 and l1, l2, l3 = 0, 1, 2, . . .

2. i1 = i2 6= i3 and l1 = l2 6= l3 and l1, l2, l3 = 0, 1, 2, . . .

3. i1 6= i2 = i3 and l1 6= l2 = l3 and l1, l2, l3 = 0, 1, 2, . . .

4. i1, i2, i3 = 1, . . . ,m; l1 = l2 = l3 = l and l = 0, 1, 2, . . . ,

where

Cj3j2j1 =

T∫

t

(t− t3)
l3φj3(t3)

t3∫

t

(t− t2)
l2φj2(t2)

t2∫

t

(t− t1)
l1φj1(t1)dt1dt2dt3.

Theorem 9 [8]-[15], [20]-[22]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Le-

gendre polynomials or trigonometric functions in the space L2([t, T ]) and ψl(τ) (l = 1, 2, 3) are con-

tinuously differentiable functions at the interval [t, T ]. Then, for the iterated Stratonovich stochastic

integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion
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(28) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that is converges in the mean-square sense is valid for each of the following cases

1. i1 6= i2, i2 6= i3, i1 6= i3,

2. i1 = i2 6= i3 and ψ1(τ) ≡ ψ2(τ),

3. i1 6= i2 = i3 and ψ2(τ) ≡ ψ3(τ),

4. i1, i2, i3 = 1, . . . ,m and ψ1(τ) ≡ ψ2(τ) ≡ ψ3(τ),

where

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2dt3.

Theorem 10 [9]-[15], [22], [37]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonomertic functions in the space L2([t, T ]). Furthermore, let the function

ψ2(τ) is continuously differentiable at the interval [t, T ] and the functions ψ1(τ), ψ3(τ) are twice

continuously differentiable at the interval [t, T ]. Then, for the iterated Stratonovich stochastic integral

of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

(29) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that is converges in the mean-square sense is valid, where

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2dt3.

The following theorem adapts Theorems 1, 2 for the iterated Stratonovich stochastic integrals (2)
of multiplicity 4 (Hypothesis 1 for the case k = 4).

Theorem 11 [9]-[15], [22], [37]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated Stra-

tonovich stochastic integral of fourth multiplicity

I
∗(i1i2i3i4)
T,t =

∗∫

t

T ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 (i1, i2, i3, i4 = 0, 1, . . . ,m)
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the following expansion

I
∗(i1i2i3i4)
T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

that is converges in the mean-square sense is valid, where

Cj4j3j2j1 =

T∫

t

φj4(t4)

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4,

w
(i)
τ = f

(i)
τ (i = 1, . . . ,m) are independent standard Wiener processes and w

(0)
τ = τ ; another notations

are the same as in Theorems 1, 2.

5. Proof of Hypothesis 1 Under the Condition of Convergence of Trace Series

In this section, we prove the expansion of iterated Stratonovich stochastic integrals of arbitrary
multiplicity k (k ∈ N) under the condition of convergence of trace series. Let us recall some notations.

Consider the unordered set {1, 2, . . . , k} and separate it into two parts: the first part consists of
r unordered pairs (sequence order of these pairs is also unimportant) and the second one consists of
the remaining k − 2r numbers. So, we have

(30) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
Consider the sum with respect to all possible partitions (30)

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r

and the Fourier coefficient

(31) Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

corresponding to the function (3), where {φj(x)}∞j=0 is a complete orthonormal system of functions

in the space L2([t, T ]). At that we suppose φ0(x) = 1/
√
T − t.

Denote

(32) Cjk...jl+1jljljl−2...j1

∣
∣
∣
∣
(jljl)y(·)

def
=
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def
=

T∫

t

ψk(tk)φjk (tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

tl+1∫

t

ψl(tl)ψl−1(tl)×

×
tl∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtl−2dtltl+1 . . . dtk =

=
√
T − t

T∫

t

ψk(tk)φjk (tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

tl+1∫

t

ψl(tl)ψl−1(tl)φ0(tl)×

×
tl∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtl−2dtltl+1 . . . dtk =

=
√
T − tĈjk ...jl+10jl−2...j1 ,

i.e.
√
T − tĈjk...jl+10jl−2...j1 is again the Fourier coefficient of type Cjk...j1 but with a new shorter

multi-index jk . . . jl+10jl−2 . . . j1 and new weight functions ψ1(τ), . . . , ψl−2(τ),
√
T − tψl−1(τ)ψl(τ),

ψl+1(τ), . . . , ψk(τ) (also we suppose that {l, l− 1} is one of the pairs {g1, g2}, . . . , {g2r−1, g2r}).
Let

Cjk...jl+1jljljl−2...j1

∣
∣
∣
∣
(jljl)yjm

def
=

def
=

T∫

t

ψk(tk)φjk (tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

tl+1∫

t

ψl(tl)ψl−1(tl)φjm(tl)×

(33) ×
tl∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtl−2dtltl+1 . . . dtk =

= C̄jk ...jl+1jmjl−2...j1 ,

i.e. C̄jk ...jl+1jmjl−2...j1 is again the Fourier coefficient of type Cjk...j1 but with a new shorter multi-
index jk . . . jl+1jmjl−2 . . . j1 and new weight functions ψ1(τ), . . . , ψl−2(τ), ψl−1(τ)ψl(τ), ψl+1(τ), . . . ,
ψk(τ) (also we suppose that {l− 1, l} is one of the pairs {g1, g2}, . . . , {g2r−1, g2r}).

Denote

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

def
=

(34)
def
=

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

.

Introduce the following notation
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Sl

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
=

1

2
1{g2l=g2l−1+1}

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

(35) . . .

∞∑

jg2l+1
=p+1

∞∑

jg2l−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg2l jg2l−1

)y(·),jg1=jg2 ,...,jg2r−1
=jg2r

.

Note that the operation Sl (l = 1, 2, . . . , r) acts on the value

(36) C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

as follows: Sl multiplies (36) by 1{g2l=g2l−1+1}/2, removes the summation

∞∑

jg2l−1
=p+1

,

and replaces

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

with

(37) Cjk ...j1

∣
∣
∣
∣
(jg2l jg2l−1

)y(·),jg1=jg2 ,...,jg2r−1
=jg2r

.

Note that we write

Cjk...j1

∣
∣
∣
∣
(jg1 jg2 )y(·),jg1=jg2

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )y(·),jg1=jg2

,

Cjk ...j1

∣
∣
∣
∣
(jg1 jg2 )yjm,jg1=jg2

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm,jg1=jg2

,

Cjk ...j1

∣
∣
∣
∣
(jg1 jg2 )y(·),(jg3jg4 )y(·),jg1=jg2 ,jg3=jg4

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )y(·)(jg3jg3 )y(·),jg1=jg2 ,jg3=jg4

, . . .

Since (37) is again the Fourier coefficient, then the action of superposition SlSm on (37) is obvious.
For example, for r = 3

S3S2S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

=

=
1

23

3∏

s=1

1{g2s=g2s−1+1}Cjk...j1

∣
∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·)(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6

,
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S3S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

=

=
1

22
1{g6=g5+1}1{g2=g1+1}

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
∣
(jg2 jg1 )y(·)(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6

,

S2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

=

=
1

2
1{g4=g3+1}

∞∑

jg1=p+1

∞∑

jg5=p+1

Cjk...j1

∣
∣
∣
∣
∣
(jg4 jg3 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6

.

Theorem 12 [12], [36], [37], [51]. Assume that the continuously differentiable functions ψl(τ)
(l = 1, . . . , k) and the complete orthonormal system {φj(x)}∞j=0 of continuous functions (φ0(x) =

1/
√
T − t) in the space L2([t, T ]) are such that the following conditions are satisfied:

1. The equality

(38)
1

2

s∫

t

Φ1(t1)Φ2(t1)dt1 =
∞∑

j1=0

s∫

t

Φ2(t2)φj1 (t2)

t2∫

t

Φ1(t1)φj1 (t1)dt1dt2

holds for all s ∈ (t, T ], where the nonrandom functions Φ1(τ), Φ2(τ) are continuously differentiable

on [t, T ] and the series on the right-hand side of (38) converges absolutely.

2. The estimates

∣
∣
∣
∣
∣
∣

s∫

t

φj(τ)Φ1(τ)dτ

∣
∣
∣
∣
∣
∣

≤ Ψ1(s)

j1/2+α
,

∣
∣
∣
∣
∣
∣

T∫

s

φj(τ)Φ2(τ)dτ

∣
∣
∣
∣
∣
∣

≤ Ψ1(s)

j1/2+α
,

∣
∣
∣
∣
∣
∣

∞∑

j=p+1

s∫

t

Φ2(τ)φj(τ)

τ∫

t

Φ1(θ)φj(θ)dθdτ

∣
∣
∣
∣
∣
∣

≤ Ψ2(s)

pβ

hold for all s ∈ (t, T ) and for some α, β > 0, where Φ1(τ), Φ2(τ) are continuously differentiable

nonrandom functions on [t, T ], j, p ∈ N, and

T∫

t

Ψ2
1(τ)dτ <∞,

T∫

t

|Ψ2(τ)| dτ <∞.

3. The condition

lim
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(

Sl1Sl2 . . . Sld

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

= 0

761



22 D.F. KUZNETSOV

holds for all possible g1, g2, . . . , g2r−1, g2r (see (30)) and l1, l2, . . . , ld such that l1, l2, . . . , ld ∈ {1, 2,
. . . , r}, l1 > l2 > . . . > ld, d = 0, 1, 2, . . . , r − 1, where r = 1, 2, . . . , [k/2] and

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
= C̄

(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

for d = 0.
Then, for the iterated Stratonovich stochastic integral of arbitrary multiplicity k

(39) J∗[ψ(k)]
(i1...ik)
T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion

(40) J∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where

(41) Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient, l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. First note that (38) is fulfilled (see [12], Sect. 2.1.4 or [75]). The proof of Theorem 12 will
consist of several steps.

Step 1. Let us find a representation of the quantity

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that will be convenient for further consideration.
Let us consider the following multiple stochastic integral

(42) l.i.m.
N→∞

N−1∑

j1,...,jk=0
jq 6=jr ; q 6=r; q,r=1,...,k

Φ (τj1 , . . . , τjk)
k∏

l=1

∆w(il)
τjl

def
= J ′[Φ]

(i1...ik)
T,t ,

where for simplicity we assume that Φ(t1, . . . , tk) : [t, T ]k → R is a continuous nonrandom function

on [t, T ]k. Moreover, ∆w
(i)
τj = w

(i)
τj+1 − w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of [t, T ], which

satisfies the condition (5), i1, . . . , ik = 0, 1, . . . ,m.
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The stochastic integral with respect to the scalar standard Wiener process (i1 = . . . = ik 6= 0) and
similar to (42) was considered in [67] (1951) and is called the multiple Wiener stochastic integral [67].

Note that the following well known estimate

(43) M

{(

J ′[Φ]
(i1...ik)
T,t

)2
}

≤ Ck

∫

[t,T ]k

Φ2(t1, . . . , tk)dt1 . . . dtk

is true for the multiple Wiener stochastic integral, where J ′[Φ]
(i1...ik)
T,t is defined by (42) and Ck is a

constant.
From the proof of Theorem 1 (see the proof of Theorem 5.1 in the original paper [7] (2006) in

Russian or proof of Theorems 1.1, 1.16 in the monograph [12] in English) it follows that (6), (17) can
be written as

(44) J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t ,

where J ′[φj1 . . . φjk ]
(i1...ik)
T,t is the multiple Wiener stochatic integral defined by (42) and J [ψ(k)]

(i1...ik)
T,t

is the iterated Ito stochastic integral (1), i.e.

J [ψ(k)]
(i1...ik)
T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk .

Consider the following multiple stochastic integral

(45) l.i.m.
N→∞

N−1∑

j1,...,jk=0

Φ (τj1 , . . . , τjk)

k∏

l=1

∆w(il)
τjl

def
= J [Φ]

(i1...ik)
T,t ,

where we assume that Φ(t1, . . . , tk) : [t, T ]k → R is a continuous nonrandom function on [t, T ]k.
Another notations are the same as in (42).

The stochastic integral with respect to the scalar standard Wiener process (i1 = . . . = ik 6= 0) and
similar to (45) (the function Φ(t1, . . . , tk) is assumed to be symmetric on the hypercube [t, T ]k) has
been considered in the literature (see, for example, Remark 1.5.7 [68]). The integral (45) is sometimes
called the multiple Stratonovich stochastic integral. This is due to the fact that the following rule of
the classical integral calculus holds for this integral

J [Φ]
(i1...ik)
T,t = J [ϕ1]

(i1)
T,t . . . J [ϕk]

(ik)
T,t w. p. 1,

where Φ(t1, . . . , tk) = ϕ1(t1) . . . ϕk(tk) and

J [ϕl]
(il)
T,t =

T∫

t

ϕl(τ)dw
(il)
τ (l = 1, . . . , k).

Theorem 13 [12], [14]. Suppose that Φ(t1, . . . , tk) : [t, T ]k → R is a continuous nonrandom

function on [t, T ]k. Furthermore, let {φj(x)}∞j=0 is a complete orthonormal system of functions in the

space L2([t, T ]), each function φj(x) of which for finite j is continuous at the interval [t, T ] except

763



24 D.F. KUZNETSOV

may be for the finite number of points of the finite discontinuity as well as φj(x) is right-continuous

at the interval [t, T ]. Then the following expansion

J ′[Φ]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t =

= l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(46) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where J ′[Φ]
(i1...ik)
T,t is the multiple Wiener stochatic

integral defined by (42),

(47) Cjk ...j1 =

∫

[t,T ]k

Φ(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient. Another notations are the same as in Theorems 1, 2.

From (17) and (44) we conclude that

J ′[φj1 . . . φjk ]
(i1...ik)
T,t =

k∏

l=1

ζ
(il)
jl

+

(48) +

[k/2]
∑

r=1

(−1)r
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

w. p. 1, where notations are the same as in Theorem 2 and J ′[φj1 . . . φjk ]
(i1...ik)
T,t is the multiple Wiener

stochastic integral (42).
Using (48), we obtain

k∏

l=1

ζ
(il)
jl

= J ′[φj1 . . . φjk ]
(i1...ik)
T,t −

(49) −
[k/2]
∑

r=1

(−1)r
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

w. p. 1.
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By iteratively applying the formula (49) (also see (9)–(13)), we obtain the following representation
of the product

k∏

l=1

ζ
(il)
jl

as the sum of some constant value and multiple Wiener stochastic integrals of multiplicities not
exceeding k

k∏

l=1

ζ
(il)
jl

= J ′[φj1 . . . φjk ]
(i1...ik)
T,t +

+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(50) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t w. p. 1,

where J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t
def
= 1 for k = 2r.

Multiplying both sides of the equality (50) by Cjk...j1 and summing over j1, . . . , jk, we get w. p. 1

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t +

+

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(51) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t w. p. 1.

Denote

(52) Kp1...pk
(t1, . . . , tk) =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl),

Kg1...g2r ,q1...qk−2r
p1...pk

(tq1 , . . . , tqk−2r
) =

(53) =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

φjql (tql),

where Cjk...j1 is defined by (41) and
∏

∅

def
= 1.

The equality (51) can be written as
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J [Kp1...pk
]
(i1...ik)
T,t = J ′[Kp1...pk

]
(i1...ik)
T,t +

(54) +

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0} J
′[Kg1...g2r ,q1...qk−2r

p1...pk
]
(iq1 ...iqk−2r

)

T,t

w. p. 1, where Kp1...pk
(t1, . . . , tk) and K

g1...g2r ,q1...qk−2r
p1...pk (tq1 , . . . , tqk−2r

) have the form (52), (53),

J [Kp1...pk
]
(i1...ik)
T,t is the multiple Stratonovich stochastic integral defined by (45), J ′[Kp1...pk

]
(i1...ik)
T,t

and J ′[K
g1...g2r ,q1...qk−2r
p1...pk ]

(iq1 ...iqk−2r
)

T,t are multiple Wiener stochastic integrals defined by (42).

Passing to the limit l.i.m.
p1,...,pk→∞

(p1 = . . . = pk = p) in (51) or (54), we get w. p. 1 (see (44))

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

= J [ψ(k)]
(i1...ik)
T,t +

+l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(55) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =

= J [ψ(k)]
(i1...ik)
T,t + l.i.m.

p→∞

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(56) ×J ′[Kg1...g2r ,q1...qk−2r
p1...pk

]
(iq1 ...iqk−2r

)

T,t

w. p. 1, where J [ψ(k)]
(i1...ik)
T,t is the iterated Ito stochastic integral (1).

If we prove that w. p. 1

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t =

= l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(57) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t ,

then (see (55), (57), and Theorem 4)
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(58)

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

= J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t = J∗[ψ(k)]
(i1...ik)
T,t

w. p. 1, where notations in (58) are the same as in Theorem 4. Thus Theorem 12 will be proved.

From (54) we have that the multiple Stratonovich stochastic integral J [Kp1...pk
]
(i1...ik)
T,t of mul-

tiplicity k is expressed as a sum of some constant value and multiple Wiener stochastic integrals

J ′[Kp1...pk
]
(i1...ik)
T,t and J [K

g1...g2r ,q1...qk−2r
p1...pk ]

(iq1 ...iqk−2r
)

T,t of multiplicities k, k − 2, k − 4, . . . , k − 2[k/2]

(r = 1, 2, . . . , [k/2]).
The formulas (51), (54) can be considered as new representations of the Hu-Meyer formula for the

case of a multidimensional Wiener process [69] (also see [68], [70]) and kernel Kp1...pk
(t1, . . . , tk) (see

(52)).
Note that the equality (54) can be obtained from (46) if we consider (46) for Φ(t1, . . . , tk) =

Kp1...pk
(t1, . . . , tk) and without passing to the limit l.i.m.

p1,...,pk→∞

For k = 2, 3, 4, 5, 6 from (51) we have w. p. 1

(59)

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

= J ′[Kp1p2 ]
(i1i2)
T,t +

p1∑

j1=0

p2∑

j2=0

Cj2j11{i1=i2 6=0}1{j1=j2},

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

= J ′[Kp1p2p3 ]
(i1i2i3)
T,t +

+

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

1{i1=i2 6=0}1{j1=j2}J
′[φj3 ]

(i3)
T,t + 1{i2=i3 6=0}1{j2=j3}J

′[φj1 ]
(i1)
T,t +

(60) +1{i1=i3 6=0}1{j1=j3}J
′[φj2 ]

(i2)
T,t

)

,

p1∑

j1=0

. . .

p4∑

j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

= J ′[Kp1p2p3p4 ]
(i1i2i3i4)
T,t +

+

p1∑

j1=0

. . .

p4∑

j4=0

Cj4j3j2j1

(

1{i1=i2 6=0}1{j1=j2}J
′[φj3φj4 ]

(i3i4)
T,t +

+1{i1=i3 6=0}1{j1=j3}J
′[φj2φj4 ]

(i2i4)
T,t + 1{i1=i4 6=0}1{j1=j4}J

′[φj2φj3 ]
(i2i3)
T,t +

+1{i2=i3 6=0}1{j2=j3}J
′[φj1φj4 ]

(i1i4)
T,t + 1{i2=i4 6=0}1{j2=j4}J

′[φj1φj3 ]
(i1i3)
T,t +

+1{i3=i4 6=0}1{j3=j4}J
′[φj1φj2 ]

(i1i2)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(61) +1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,
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p1∑

j1=0

. . .

p5∑

j5=0

Cj5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

= J ′[Kp1p2p3p4p5 ]
(i1i2i3i4i5)
T,t +

+

p1∑

j1=0

. . .

p5∑

j5=0

Cj5j4j3j2j1

(

1{i1=i2 6=0}1{j1=j2}J
′[φj3φj4φj5 ]

(i3i4i5)
T,t +

+1{i1=i3 6=0}1{j1=j3}J
′[φj2φj4φj5 ]

(i2i4i5)
T,t + 1{i1=i4 6=0}1{j1=j4}J

′[φj2φj3φj5 ]
(i2i3i5)
T,t +

+1{i1=i5 6=0}1{j1=j5}J
′[φj2φj3φj4 ]

(i2i3i4)
T,t + 1{i2=i3 6=0}1{j2=j3}J

′[φj1φj4φj5 ]
(i1i4i5)
T,t +

+1{i2=i4 6=0}1{j2=j4}J
′[φj1φj3φj5 ]

(i1i3i5)
T,t + 1{i2=i5 6=0}1{j2=j5}J

′[φj1φj3φj4 ]
(i1i3i4)
T,t +

+1{i3=i4 6=0}1{j3=j4}J
′[φj1φj2φj5 ]

(i1i2i5)
T,t + 1{i3=i5 6=0}1{j3=j5}J

′[φj1φj2φj4 ]
(i1i2i4)
T,t +

+1{i4=i5 6=0}1{j4=j5}J
′[φj1φj2φj3 ]

(i1i2i3)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}J
′[φj5 ]

(i5)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}J
′[φj4 ]

(i4)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}J
′[φj3 ]

(i3)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}J
′[φj5 ]

(i5)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}J
′[φj4 ]

(i4)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj2 ]

(i2)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}J
′[φj5 ]

(i5)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}J
′[φj3 ]

(i3)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj2 ]

(i2)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}J
′[φj4 ]

(i4)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}J
′[φj3 ]

(i3)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj2 ]

(i2)
T,t +

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj1 ]

(i1)
T,t +

+1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj1 ]

(i1)
T,t +

(62) +1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj1 ]

(i1)
T,t

)

,

p1∑

j1=0

. . .

p6∑

j6=0

Cj6j5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

= J ′[Kp1p2p3p4p5p6 ]
(i1i2i3i4i5i6)
T,t +

+

p1∑

j1=0

. . .

p6∑

j6=0

Cj6j5j4j3j2j1

(

1{i1=i6 6=0}1{j1=j6}J
′[φj2φj3φj4φj5 ]

(i2i3i4i5)
T,t +

+1{i2=i6 6=0}1{j2=j6}J
′[φj1φj3φj4φj5 ]

(i1i3i4i5)
T,t + 1{i3=i6 6=0}1{j3=j6}J

′[φj1φj2φj4φj5 ]
(i1i2i4i5)
T,t +

+1{i4=i6 6=0}1{j4=j6}J
′[φj1φj2φj3φj5 ]

(i1i2i3i5)
T,t + 1{i5=i6 6=0}1{j5=j6}J

′[φj1φj2φj3φj4 ]
(i1i2i3i4)
T,t +

+1{i1=i2 6=0}1{j1=j2}J
′[φj3φj4φj5φj6 ]

(i3i4i5i6)
T,t + 1{i1=i3 6=0}1{j1=j3}J

′[φj2φj4φj5φj6 ]
(i2i4i5i6)
T,t +
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+1{i1=i4 6=0}1{j1=j4}J
′[φj2φj3φj5φj6 ]

(i2i3i5i6)
T,t + 1{i1=i5 6=0}1{j1=j5}J

′[φj2φj3φj4φj6 ]
(i2i3i4i6)
T,t +

+1{i2=i3 6=0}1{j2=j3}J
′[φj1φj4φj5φj6 ]

(i1i4i5i6)
T,t + 1{i2=i4 6=0}1{j2=j4}J

′[φj1φj3φj5φj6 ]
(i1i3i5i6)
T,t +

+1{i2=i5 6=0}1{j2=j5}J
′[φj1φj3φj4φj6 ]

(i1i3i4i6)
T,t + 1{i3=i4 6=0}1{j3=j4}J

′[φj1φj2φj5φj6 ]
(i1i2i5i6)
T,t +

+1{i3=i5 6=0}1{j3=j5}J
′[φj1φj2φj4φj6 ]

(i1i2i4i6)
T,t + 1{i4=i5 6=0}1{j4=j5}J

′[φj1φj2φj3φj6 ]
(i1i2i3i6)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}J
′[φj5φj6 ]

(i5i6)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}J
′[φj4φj6 ]

(i4i6)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}J
′[φj3φj6 ]

(i3i6)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}J
′[φj5φj6 ]

(i5i6)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}J
′[φj4φj6 ]

(i4i6)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj2φj6 ]

(i2i6)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}J
′[φj5φj6 ]

(i5i6)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}J
′[φj3φj6 ]

(i3i6)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj2φj6 ]

(i2i6)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}J
′[φj4φj6 ]

(i4i6)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}J
′[φj3φj6 ]

(i3i6)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj2φj6 ]

(i2i6)
T,t +

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj1φj6 ]

(i1i6)
T,t +

+1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj1φj6 ]

(i1i6)
T,t +

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj1φj6 ]

(i1i6)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}J
′[φj2φj5 ]

(i2i5)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}J
′[φj2φj4 ]

(i2i4)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}J
′[φj3φj4 ]

(i3i4)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}J
′[φj3φj5 ]

(i3i5)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}J
′[φj2φj3 ]

(i2i3)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}J
′[φj4φj5 ]

(i4i5)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}J
′[φj1φj4 ]

(i1i4)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}J
′[φj1φj3 ]

(i1i3)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}J
′[φj1φj5 ]

(i1i5)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}J
′[φj3φj4 ]

(i3i4)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}J
′[φj3φj5 ]

(i3i5)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}J
′[φj4φj5 ]

(i4i5)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}J
′[φj1φj4 ]

(i1i4)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj1φj2 ]

(i1i2)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}J
′[φj1φj5 ]

(i1i5)
T,t +
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+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}J
′[φj2φj4 ]

(i2i4)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}J
′[φj2φj5 ]

(i2i5)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}J
′[φj4φj5 ]

(i4i5)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj1φj2 ]

(i1i2)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}J
′[φj1φj3 ]

(i1i3)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}J
′[φj1φj5 ]

(i1i5)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}J
′[φj2φj3 ]

(i2i3)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}J
′[φj2φj5 ]

(i2i5)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}J
′[φj3φj5 ]

(i3i5)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj1φj2 ]

(i1i2)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}J
′[φj1φj3 ]

(i1i3)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}J
′[φj1φj4 ]

(i1i4)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}J
′[φj2φj3 ]

(i2i3)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}J
′[φj2φj4 ]

(i2i4)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}J
′[φj3φj4 ]

(i3i4)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}+

+1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}+

+1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}+

+1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}+

+1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

(63) +1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

.

Note that the relation (61) can be written in the following form

p1∑

j1=0

. . .

p4∑

j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

=
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=

p1∑

j1=0

. . .

p4∑

j4=0

Cj4j3j2j1J
′[φj1φj2φj3φj4 ]

(i1i2i3i4)
T,t +

+1{i1=i2 6=0}

p3∑

j3=0

p4∑

j4=0





min{p1,p2}∑

j1=0

Cj4j3j1j1



J ′[φj3φj4 ]
(i3i4)
T,t +

+1{i1=i3 6=0}

p2∑

j2=0

p4∑

j4=0





min{p1,p3}∑

j3=0

Cj4j3j2j3



J ′[φj2φj4 ]
(i2i4)
T,t +

+1{i1=i4 6=0}

p2∑

j2=0

p3∑

j3=0





min{p1,p4}∑

j4=0

Cj4j3j2j4



J ′[φj2φj3 ]
(i2i3)
T,t +

+1{i2=i3 6=0}

p1∑

j1=0

p4∑

j4=0





min{p2,p3}∑

j3=0

Cj4j3j3j1



J ′[φj1φj4 ]
(i1i4)
T,t +

+1{i2=i4 6=0}

p1∑

j1=0

p3∑

j3=0





min{p2,p4}∑

j4=0

Cj4j3j4j1



J ′[φj1φj3 ]
(i1i3)
T,t +

+1{i3=i4 6=0}

p1∑

j1=0

p2∑

j2=0





min{p3,p4}∑

j4=0

Cj4j4j2j1



J ′[φj1φj2 ]
(i1i2)
T,t +

+1{i2=i3 6=0}1{i1=i4 6=0}

min{p2,p3}∑

j2=0

min{p1,p4}∑

j4=0

Cj4j2j2j4+

+1{i2=i4 6=0}1{i1=i3 6=0}

min{p1,p3}∑

j3=0

min{p2,p4}∑

j4=0

Cj4j3j4j3+

+1{i3=i4 6=0}1{i1=i2 6=0}

min{p1,p2}∑

j2=0

min{p3,p4}∑

j4=0

Cj4j4j2j2 w. p. 1.

Step 2. Let us prove that

(64)

∞∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 = 0

or

(65)

p
∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 = −
∞∑

jl=p+1

Cjk...jl+1jljl−1...js+1jljs−1...j1 ,

where l − 1 ≥ s+ 1.
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Our further proof will not fundamentally depend on the weight functions ψ1(τ), . . . , ψk(τ). There-
fore, sometimes in subsequent consideration we assume that ψ1(τ), . . . , ψk(τ) ≡ 1.

We have

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

=

T∫

t

φjk (tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .

. . .

ts+2∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

. . .

t2∫

t

φj1(t1)dt1 . . . dts−1dtsdts+1 . . . dtl−1dtldtl+1 . . . dtk =

=

T∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

t2∫

t

φj1(t1)dt1 . . . dts−1dts×

×






T∫

ts+1

φjs+2(ts+2) . . .

T∫

tl−2

φjl−1
(tl−1)

T∫

tl−1

φjl(tl)

T∫

tl

φjl+1
(tl+1) . . .

. . .

T∫

tk−1

φjk(tk)dtk . . . dtl+1dtldtl−1 . . . dts+2




 dts+1 =

=

T∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

t2∫

t

φj1(t1)dt1 . . . dts−1

︸ ︷︷ ︸

Gjs−1...j1 (ts)

dts×

×
T∫

ts+1

φjl(tl)

T∫

tl

φjl+1
(tl+1) . . .

T∫

tk−1

φjk (tk)dtk . . . dtl+1

︸ ︷︷ ︸

Hjk...jl+1
(tl)

×

×












tl∫

ts+1

φjl−1
(tl−1) . . .

ts+3∫

ts+1

φjs+2(ts+2)dts+2 . . . dtl−1

︸ ︷︷ ︸

Qjl−1...js+2
(tl,ts+1)

dtl












dts+1 =

=

T∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)Gjs−1...j1(ts)dts×
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(66) ×
T∫

ts+1

φjl (tl)Hjk...jl+1
(tl)Qjl−1...js+2(tl, ts+1)dtldts+1.

Using the additive property of the integral, we obtain

Qjl−1...js+2(tl, ts+1) =

=

tl∫

ts+1

φjl−1
(tl−1) . . .

ts+3∫

ts+1

φjs+2(ts+2)dts+2 . . . dtl−1 =

=

tl∫

ts+1

φjl−1
(tl−1) . . .

ts+4∫

ts+1

φjs+3(ts+3)

ts+3∫

t

φjs+2(ts+2)dts+2dts+3 . . . dtl−1−

−
tl∫

ts+1

φjl−1
(tl−1) . . .

ts+4∫

ts+1

φjs+3(ts+3)dts+3 . . . dtl−1

ts+1∫

t

φjs+2(ts+2)dts+2 =

. . .

(67) =

d∑

m=1

h
(m)
jl−1...js+2

(tl)q
(m)
jl−1...js+2

(ts+1), d <∞.

Combining (66) and (67), we have

p
∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

=
d∑

m=1





T∫

t

φjs+1(ts+1)q
(m)
jl−1...js+2

(ts+1)

p
∑

jl=0

ts+1∫

t

φjl (ts)Gjs−1...j1(ts)dts×

(68) ×
T∫

ts+1

φjl(tl)Hjk...jl+1
(tl)h

(m)
jl−1...js+2

(tl)dtldts+1



 .

Using the generalized Parseval equality, we obtain

∞∑

jl=0

ts+1∫

t

φjl(ts)Gjs−1...j1(ts)dts

T∫

ts+1

φjl(tl)Hjk ...jl+1
(tl)h

(m)
jl−1...js+2

(tl)dtl =

(69) =

T∫

t

1{τ<ts+1}Gjs−1...j1(τ) · 1{τ>ts+1}Hjk...jl+1
(τ)h

(m)
jl−1...js+2

(τ)dτ = 0.
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From (68) and (69) we get

p
∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

= −
d∑

m=1





T∫

t

φjs+1(ts+1)q
(m)
jl−1...js+2

(ts+1)

∞∑

jl=p+1

ts+1∫

t

φjl(ts)Gjs−1...j1(ts)dts×

(70) ×
T∫

ts+1

φjl(tl)Hjk...jl+1
(tl)h

(m)
jl−1...js+2

(tl)dtldts+1



 .

Combining Condition 2 of Theorem 12 and (66)–(68), (70), we have

p
∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

= −
∞∑

jl=p+1

d∑

m=1





T∫

t

φjs+1(ts+1)q
(m)
jl−1...js+2

(ts+1)

ts+1∫

t

φjl(ts)Gjs−1...j1(ts)dts×

×
T∫

ts+1

φjl(tl)Hjk...jl+1
(tl)h

(m)
jl−1...js+2

(tl)dtldts+1



 =

= −
∞∑

jl=p+1

T∫

t

φjk(tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .

. . .

ts+2∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

. . .

t2∫

t

φj1(t1)dt1 . . . dts−1dtsdts+1 . . . dtl−1dtldtl+1 . . . dtk =

(71) = −
∞∑

jl=p+1

Cjk...jl+1jljl−1...js+1jljs−1...j1 .

The equality (71) implies (64), (65).

Step 3. Using Conditions 1 and 2 of Theorem 12, we obtain

p
∑

jl=0

Cjk...jl+1jljljl−2...j1 =
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=

T∫

t

ψk(tk)φjk (tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)×

×
p
∑

jl=0

tl+1∫

t

ψl(tl)φjl (tl)

tl∫

t

ψl−1(tl−1)φjl(tl−1)×

×
tl−1∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtl−2dtl−1dtldtl+1 . . . dtk =

=

T∫

t

ψk(tk)φjk (tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)×

×
∞∑

jl=0

tl+1∫

t

ψl(tl)φjl (tl)

tl∫

t

ψl−1(tl−1)φjl(tl−1)×

×
tl−1∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtl−2dtl−1dtldtl+1 . . . dtk−

−
∞∑

jl=p+1

Cjk...jl+1jljljl−2...j1 =

(72) =
1

2
Cjk...j1

∣
∣
∣
∣
(jljl)y(·)

−
∞∑

jl=p+1

Cjk...jl+1jljljl−2...j1 .

Step 4. Passing to the limit l.i.m.
p→∞

(p1 = . . . = pk = p) in (51), we have (see (44))

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

= J [ψ(k)]
(i1...ik)
T,t +

+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(73) ×l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t w. p. 1.

Taking into account (65) and (72), we obtain for r = 1

775



36 D.F. KUZNETSOV

1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j11{jg
1
= jg

2
}J

′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

= −1{ig
1
= ig

2
6=0}l.i.m.

p→∞

∞∑

jg1=p+1

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2

1{g2>g1+1}×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t +

+1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0
q 6=g1,g2

1

2
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2

1{g2=g1+1}×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t −

−1{ig
1
= ig

2
6=0}l.i.m.

p→∞

∞∑

jg1=p+1

p
∑

j1,...,jq ,...,jk=0
q 6=g1,g2

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2

1{g2=g1+1}×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

= −1{ig
1
= ig

2
6=0}l.i.m.

p→∞

∞∑

jg1=p+1

p
∑

j1,...,jq,...,jk=0
q 6=g1,g2

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2

×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t +

+1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

1

2
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2

1{g2=g1+1}×

(74) ×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

(75) =
1

2
1{g2=g1+1}J [ψ

(k)]g1T,t + 1{ig
1
= ig

2
6=0}l.i.m.

p→∞
R

(p)1,g1,g2
T,t w. p. 1,

where J [ψ(k)]g1T,t (g1 = 1, 2, . . . , k − 1) is defined by (23),

R
(p)1,g1,g2
T,t = −

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2

J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t .
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Let us explain the transition from (74) to (75). We have for g2 = g1 + 1

1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0
q 6=g1,g2

1

2
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2

×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

=
1

2
1{ig

1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y0,jg

1
= jg

2

×

×ζ(0)0 J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

=
1

2
1{ig

1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

p
∑

jm1=0

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1 = jg

2

×

×ζ(0)jm1
J ′[φjq1 . . . φjqk−2

]
(iq1 ...iqk−2

)

T,t =

=
1

2
1{ig

1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

p
∑

jm1=0

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1 = jg

2

×

(76) ×J ′[φjm1
φjq1 . . . φjqk−2

]
(0iq1 ...iqk−2

)

T,t =

(77) =
1

2
J [ψ(k)]g1T,t w. p. 1,

where

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1 = jg

2
,g2=g1+1

=

=

T∫

t

ψk(tk)φjk(tk) . . .

tg1+3∫

t

ψl(tg1+2)φjg1+2(tg1+2)

tg1+2∫

t

ψg1+1(tg1)ψg1(tg1)φjm1
(tg1)×

×
tg1∫

t

ψl(tg1−1)φjg1−1(tg1−1) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtg1−1dtg1dtg1+2 . . . dtk,

ζ
(0)
jm1

=

T∫

t

φjm1
(τ)dw(0)

τ =

T∫

t

φjm1
(τ)dτ =







√
T − t if jm1 = 0

0 if jm1 6= 0
,
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φ0(τ) =
1√
T − t

.

The transition from (76) to (77) is based on (44).
By Condition 3 of Theorem 12 we have (also see the property (43) of multiple Wiener stochastic

integral)

lim
p→∞

M

{(

R
(p)1,g1,g2
T,t

)2
}

≤ K lim
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2

(

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2

)2

= 0,

where constant K does not depend on p.
Thus

1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j11{jg
1
= jg

2
}J

′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

=
1

2
1{g2=g1+1}J [ψ

(k)]g1T,t w. p. 1.

Involving into consideration the second pair {g3, g4} (the first pair is {g1, g2}), we obtain from (74)
for r = 2

2∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

2∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t =

=

2∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

(

1

4
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

2∏

s=1

1{g2s=g2s−1+1}−

−1

2

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

1{g4=g3+1}−

−1

2

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2
,jg

3
= jg

4

1{g2=g1+1}+

(78) +

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,jg

3
= jg

4

)

J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t =
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(79) =
1

4

2∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]s2,s1T,t +

2∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

R
(p)2,g1,g2,g3,g4
T,t

w. p. 1, where g3
def
= s2, g1

def
= s1, (s2, s1) ∈ Ak,2, J [ψ

(k)]s2,s1T,t is defined by (23) and Ak,2 is defined by

(24),

R
(p)2,g1,g2,g3,g4
T,t =

p
∑

j1,...,jq,...,jk=0
q 6=g1,g2,g3,g4

(

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

−

−S1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

}

−S2

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

})

×

×J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t .

Let us explain the transition from (78) to (79). We have for g2 = g1 + 1, g4 = g3 + 1

l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

1

4
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

×

×
2∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−4

]
(iq1 ...iqk−4

)

T,t =

=
1

4
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y0(jg4 jg3 )y0,jg

1
= jg

2
,jg

3
= jg

4

×

×
2∏

s=1

1{ig
2s−1

= ig
2s

6=0}ζ
(0)
0 ζ

(0)
0 J ′[φjq1 . . . φjqk−4

]
(iq1 ...iqk−4

)

T,t =

=
1

4
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0
q 6=g1,g2,g3,g4

p
∑

jm1 ,jm3=0

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 (jg4 jg3 )yjm3 ,jg1 = jg

2
,jg

3
= jg

4

×

×
2∏

s=1

1{ig
2s−1

= ig
2s

6=0}ζ
(0)
jm1

ζ
(0)
jm3

J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t =
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=
1

4
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

p
∑

jm1 ,jm3=0

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 (jg4 jg3 )yjm3 ,jg1 = jg

2
,jg

3
= jg

4

×

(80) ×
2∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjm1

φjm3
φjq1 . . . φjqk−4

]
(00iq1 ...iqk−4

)

T,t =

(81) =
1

4
J [ψ(k)]s2,s1T,t w. p. 1.

The transition from (80) to (81) is based on (44).
Note that

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1 = jg

2

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm1 ,jg1 = jg

2

is the Fourier coefficient, where g2 = g1 + 1. Therefore, the value

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 (jg4 jg3 )yjm3 ,jg1 = jg

2
,jg

3
= jg

4

=

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm1 (jg3 jg3 )yjm3 ,jg1 = jg

2
,jg

3
= jg

4

is determined recursively using (33) in an obvious way for g2 = g1 + 1 and g4 = g3 + 1.
By Condition 3 of Theorem 12 we have (also see the property (43) of multiple Wiener stochastic

integral)

lim
p→∞

M

{(

R
(p)2,g1,g2,g3,g4
T,t

)2
}

≤ K lim
p→∞

p
∑

j1,...,jq ,...,jk=0
q 6=g1,g2,g3,g4





(

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

)2

+

+

(

S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

})2

+

(

S2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

})2


 = 0,

where constant K is independent of p.
Thus

2∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

2∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t =
1

4

2∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]s2,s1T,t w. p. 1,
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where g3
def
= s2, g1

def
= s1, (s2, s1) ∈ Ak,2, J [ψ

(k)]s2,s1T,t is defined by (23) and Ak,2 is defined by (24).

Involving into consideration the third pair {g6, g5} ({g1, g2} is the first pair and {g4, g3} is the
second pair), we obtain from (78) for r = 3

3∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

3∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−6
]
(iq1 ...iqk−6

)

T,t =
3∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4,g5,g6

(

1

23
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4jg3 )y(·)(jg6jg5 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

×

×
3∏

s=1

1{g2s=g2s−1+1}−

− 1

22

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg4 jg3 )y(·)(jg6 jg5 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g4=g3+1}1{g6=g5+1}−

− 1

22

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg6 jg5 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g2=g1+1}1{g6=g5+1}−

− 1

22

∞∑

jg5=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g2=g1+1}1{g4=g3+1}+

+
1

2

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg6 jg5 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g6=g5+1}+

+
1

2

∞∑

jg5=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g4=g3+1}+

+
1

2

∞∑

jg5=p+1

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g2=g1+1}−

−
∞∑

jg5=p+1

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6



×

×J ′[φjq1 . . . φjqk−6
]
(iq1 ...iqk−6

)

T,t =
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=
1

23

3∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]s3,s2,s1T,t +

3∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

R
(p)3,g1,g2,...,g5,g6
T,t

w. p. 1, where g2i−1
def
= si; i = 1, 2, 3, (s3, s2, s1) ∈ Ak,3, J [ψ

(k)]s3,s2,s1T,t is defined by (23) and Ak,3 is

defined by (24),

R
(p)3,g1,g2,...,g5,g6
T,t =

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g5,g6

(

−C̄(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

+

+S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

+ S2

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

+

+S3

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

−

−S3S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

− S3S2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

−

−S2S1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})

J ′[φjq1 . . . φjqk−6
]
(iq1 ...iqk−6

)

T,t .

By Condition 3 of Theorem 12 we have (also see the property (43) of multiple Wiener stochastic
integral)

lim
p→∞

M

{(

R
(p)3,g1,g2,...,g5,g6
T,t

)2
}

≤ K lim
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g5,g6





(

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

)2

+

+

(

S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

(

S2

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

+

(

S3

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

+

(

S3S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

(

S3S2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+
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+

(

S2S1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2


 = 0,

where constant K does not depend on p.
Thus

l.i.m.
p→∞

3∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

3∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−6
]
(iq1 ...iqk−6

)

T,t =
1

23

3∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]s3,s2,s1T,t w. p. 1,

where g2i−1
def
= si; i = 1, 2, 3, (s3, s2, s1) ∈ Ak,3, J [ψ

(k)]s3,s2,s1T,t is defined by (23) and Ak,3 is defined

by (24).
Repeating the previous steps, we obtain for an arbitrary r (r = 1, 2, . . . , [k/2])

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t =

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

1

2r
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{g2s=g2s−1+1}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t +

(82) +

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

R
(p)r,g1,g2,...,g2r−1,g2r
T,t =

(83) =
1

2r

r∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]sr ,...,s1T,t +

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

w. p. 1, where g2i−1
def
= si; i = 1, 2, . . . , r; r = 1, 2, . . . , [k/2] , (sr, . . . , s1) ∈ Ak,r , J [ψ

(k)]sr,...,s1T,t is

defined by (23) and Ak,r is defined by (24),
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R
(p)r,g1,g2,...,g2r−1,g2r
T,t =

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(

(−1)rC̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

+

+(−1)r−1
r∑

l1=1

Sl1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

+

+(−1)r−2
r∑

l1,l2=1
l1>l2

Sl1Sl2

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

+

. . .

+(−1)1
r∑

l1,l2,...,lr−1=1

l1>l2>...>lr−1

Sl1Sl2 . . . Slr−1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}







×

(84) ×J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t .

Let us explain the transition from (82) to (83). We have for g2 = g1 + 1, . . . , g2r = g2r−1 + 1

l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

1

2r
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =

=
1

2r
l.i.m.
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

Cjk ...j1

∣
∣
∣
∣
(jg2 jg1 )y0...(jg2r jg2r−1

)y0,jg
1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}

(

ζ
(0)
0

)r

J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t =

=
1

2r
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

p
∑

jm1 ,jm3 ...,jm2r−1
=0

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ...(jg2r jg2r−1

)yjm2r−1
,jg

1
= jg

2
,...,jg

2r−1
= jg

2r

×
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×ζ(0)jm1
ζ
(0)
jm3

. . . ζ
(0)
jm2r−1

J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t =

=
1

2r
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

p
∑

jm1 ,jm3 ...,jm2r−1
=0

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ...(jg2r jg2r−1

)yjm2r−1
,jg

1
= jg

2
,...,jg

2r−1
= jg

2r

×

(85) ×J ′[φjm1
φjm3

. . . φjm2r−1
φjq1 . . . φjqk−2r

]
(00...0iq1 ...iqk−2r

)

T,t =

(86) =
1

2r
J [ψ(k)]sr ,...,s1T,t w. p. 1.

The transition from (85) to (86) is based on (44).
Note that

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1

= jg
2

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm1 ,jg1

= jg
2

is the Fourier coefficient, where g2 = g1 + 1. Therefore, the value

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ...(jg2d jg2d−1

)yjm2d−1
,jg

1
= jg

2
,...,jg

2d−1
= jg

2d

=

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm1 ...(jg2d−1

jg2d−1
)yjm2d−1

,jg
1
= jg

2
,...,jg

2d−1
= jg

2d

is determined recursively using (33) in an obvious way for g2 = g1 + 1, . . . , g2d = g2d−1 + 1 and
d = 2, . . . , r.

By Condition 3 of Theorem 12 we have (also see the property (43) of multiple Wiener stochastic
integral)

lim
p→∞

M

{(

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

)2
}

≤

≤ K lim
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r





(

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

)2

+

+

r∑

l1=1

(

Sl1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

+
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+

r∑

l1,l2=1
l1>l2

(

Sl1Sl2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

+

. . .

+
r∑

l1,l2,...,lr−1=1

l1>l2>...>lr−1

(

Sl1Sl2 . . . Slr−1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2







= 0,

where constant K does not depend on p.
So we have

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t =

(87) =
1

2r

r∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]sr,...,s1T,t w. p. 1,

where g2i−1
def
= si; i = 1, 2, . . . , r; r = 1, 2, . . . , [k/2] , (sr, . . . , s1) ∈ Ak,r, J [ψ

(k)]sr ,...,s1T,t is defined by

(23) and Ak,r is defined by (24).
Note that

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

∣
∣
∣
∣
∣
g2=g1+1,g3=g2+1,...,g2r=g2r−1+1

Ag1,g3,...,g2r−1 =

(88) =
∑

(sr ,...,s1)∈Ak,r

As1,s2,...,sr ,

where Ag1,g3,...,g2r−1 , As1,s2,...,sr are scalar values, g2i−1 = si; i = 1, 2, . . . , r; r = 1, 2, . . . , [k/2] , Ak,r

is defined by (24):

Ak,r =
{
(sr, . . . , s1) : sr > sr−1 + 1, . . . , s2 > s1 + 1, sr, . . . , s1 = 1, . . . , k − 1

}
.

Using (73), (87), (88), and Theorem 4, we finally get

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

= l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

=
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(89) = J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t = J∗[ψ(k)]
(i1...ik)
T,t

w. p. 1, where (see (23))

J [ψ(k)]sr ,...,s1T,t
def
=

r∏

p=1

1{isp=isp+1 6=0} ×

×
T∫

t

ψk(tk) . . .

tsr+3∫

t

ψsr+2(tsr+2)

tsr+2∫

t

ψsr (tsr+1)ψsr+1(tsr+1)×

×
tsr+1∫

t

ψsr−1(tsr−1) . . .

ts1+3∫

t

ψs1+2(ts1+2)

ts1+2∫

t

ψs1(ts1+1)ψs1+1(ts1+1)×

×
ts1+1∫

t

ψs1−1(ts1−1) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(is1−1)
ts1−1

dts1+1dw
(is1+2)
ts1+2

. . .

(90) . . . dw
(isr−1)
tsr−1

dtsr+1dw
(isr+2)
tsr+2

. . . dw
(ik)
tk

.

Theorem 12 is proved.

Let us make a number of remarks about Theorem 12. An expansion similar to (40) was obtained
in [69], where the author used the definition (387) of the Stratonovich stochastic integral, which
differs from the definition we use in this article [1]. The proof from [69] is somewhat simpler than
the proof proposed in this work. However, the results from [69] were obtained under the condition of
convergence of trace series. The verification of this condition for the kernel (3) is a separate problem.
In our proof, we essentially use the structure of the Fourier coefficients (31) corresponding to the kernel
K(t1, . . . , tk) of the form (3). This circumstance actually made it possible to prove Theorem 12 using
not the condition of finiteness of trace series, but using the condition of convergence to zero of explicit
expressions for the remainders of the mentioned series. This leaves hope that it is possible to prove
analog of Theorems 2.35–2.37 [12], [14] on the rate of the mean-square convergence of approximations
of iterated Stratonovich stochastic integrals for the case of arbitrary k (k ∈ N).

Note that under the conditions of Theorem 12 (also see (65), (72)) the sequential order of the
series

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

is not important.
We also note that the first and second conditions of Theorem 12 are satisfied for complete or-

thonormal systems of Legendre polynomials and trigonometric functions in the space L2([t, T ]) (see
the proofs of Theorems 5–11 (Theorems 2.1–2.8 in [12]-[15])). It is easy to see that in the proofs
of Theorems 5–11 (Theorems 2.1–2.8 in [12]-[15]) the conditions of Theorem 12 are verified for var-
ious special cases of iterated Stratonovich stochastic integrals of multiplicities 2–4 with respect to
components of the multidimensional Wiener process.
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It should be noted that (see (84))

(−1)rC̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

+

+(−1)r−1
r∑

l1=1

Sl1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

+

+(−1)r−2
r∑

l1,l2=1
l1>l2

Sl1Sl2

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

+

. . .

+(−1)1
r∑

l1,l2,...,lr−1=1

l1>l2>...>lr−1

Sl1Sl2 . . . Slr−1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

=

=

p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk ...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(91) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

,

where the meaning of the notations used in (84) is preserved.
For example, from (91) for the case r = 2 we get

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,jg

3
= jg

4

−

−1

2
1{g4=g3+1}

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

−

−1

2
1{g2=g1+1}

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2
,jg

3
= jg

4

=

=

p
∑

jg1=0

p
∑

jg3=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4

−

−1

4
1{g2=g1+1}1{g4=g3+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

.

As a result, Condition 3 of Theorem 12 can be replaced by a weaker condition
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lim
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(92) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

= 0,

where r = 1, 2, . . . , [k/2].
However, Condition 3 of Theorem 12 itself contains a way of proving of the condition (92), which

is partially realized in the proof of Theorems 15–17, 22 (see below).
In fact, when proving Theorem 17 (the case r = 3 is proved in Theorem 22 for ψ1(τ), . . . , ψ6(τ) ≡ 1),

we proved the following equality

lim
p→∞

p
∑

jg1=0

p
∑

jg3=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4

=

=
1

4
1{g2=g1+1}1{g4=g3+1}Cjk ...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

.

On the other hand, iterative application of (72) gives

∞∑

jg1=0

. . .

∞∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

=
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

,

where r = 1, 2, . . . , [k/2].
Taking into account the generalization of Theorem 1 for the case of integration interval [t, s]

(s ∈ (t, T ]) of iterated Ito stochastic integrals (see Theorems 1.11, 1.24 in [12]), we can formulate an
analogue of Theorem 12 for the case of integration interval [t, s] (s ∈ (t, T ]) of iterated Stratonovich
stochastic integrals of multiplicity k (k ∈ N).

Denote

C̄
(p)
jk...jq...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

def
=

def
=

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1(s)

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

and introduce the following notation
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Sl

{

C̄
(p)
jk...jq ...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
=

1

2
1{g2l=g2l−1+1}

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

. . .

∞∑

jg2l+1
=p+1

∞∑

jg2l−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1(s)

∣
∣
∣
∣
(jg2l jg2l−1

)y(·),jg1=jg2 ,...,jg2r−1
=jg2r

,

where l = 1, 2, . . . , r,

Cjk ...j1(s)

∣
∣
∣
∣
∣
(jg2l jg2l−1

)y(·)

is defined by analogy with (32),

(93) Cjk...j1(s) =

s∫

t

ψk(tk)φjk (tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk.

Theorem 14 [12], [36], [37], [51]. Assume that the continuously differentiable functions ψl(τ)
(l = 1, . . . , k) and the complete orthonormal system {φj(x)}∞j=0 of continuous functions (φ0(x) =

1/
√
T − t) in the space L2([t, T ]) are such that the following conditions are satisfied:

1. The equality

(94)
1

2

s∫

t

Φ1(t1)Φ2(t1)dt1 =
∞∑

j1=0

s∫

t

Φ2(t2)φj1 (t2)

t2∫

t

Φ1(t1)φj1 (t1)dt1dt2

holds for all s ∈ (t, T ], where the nonrandom functions Φ1(τ), Φ2(τ) are continuously differentiable

on [t, T ] and the series on the right-hand side of (94) converges absolutely.

2. The estimates
∣
∣
∣
∣
∣
∣

s∫

t

φj(τ)Φ1(τ)dτ

∣
∣
∣
∣
∣
∣

≤ Ψ1(s)

j1/2+α
,

∣
∣
∣
∣
∣
∣

s∫

τ

φj(θ)Φ2(θ)dθ

∣
∣
∣
∣
∣
∣

≤ Ψ2(s, τ)

j1/2+α
,

∣
∣
∣
∣
∣
∣

∞∑

j=p+1

s∫

t

Φ2(τ)φj(τ)

τ∫

t

Φ1(θ)φj(θ)dθdτ

∣
∣
∣
∣
∣
∣

≤ Ψ3(s)

pβ

hold for all s, τ such that t < τ < s < T and for some α, β > 0, where Φ1(τ), Φ2(τ) are continuously

differentiable nonrandom functions on [t, T ], j, p ∈ N, and

s∫

t

|Ψ1(τ)Ψ2(s, τ)| dτ <∞,

s∫

t

|Ψ3(τ)| dτ <∞

for all s ∈ (t, T ).

3. The condition
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lim
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

= 0

holds for all possible g1, g2, . . . , g2r−1, g2r (see (30)) and l1, l2, . . . , ld such that l1, l2, . . . , ld ∈ {1, 2,
. . . , r}, l1 > l2 > . . . > ld, d = 0, 1, 2, . . . , r − 1, where r = 1, 2, . . . , [k/2] and

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq ...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
= C̄

(p)
jk...jq ...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

for d = 0.

Then, for the iterated Stratonovich stochastic integral of arbitrary multiplicity k

(95) J∗[ψ(k)]
(i1...ik)
s,t =

∗∫

t

s

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion

J∗[ψ(k)]
(i1...ik)
s,t = l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j1(s)

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where Cjk...j1(s) is the Fourier coefficient (93), l.i.m.
is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m, s ∈ (t, T ),

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

In Sect. 2.1.2 of the monograpths [12]–[15], the following formula is proved

(96)
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 =
∞∑

j1=0

Cj1j1 ,

where

Cj1j1 =

T∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2,

{φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or trigonometric functions in
the space L2([t, T ]), the functions ψ1(τ), ψ2(τ) are continuously differentiable at the interval [t, T ].

Moreover (see Sect. 2.1.2 of the monograpths [12]–[15]), the following estimate
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(97)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j1

∣
∣
∣
∣
∣
∣

≤ C

p
,

holds under the above assumptions, where constant C does not depend on p.
The relations (96) and (97) have been modified for the Legendre polynomial system as follows (see

Sect. 2.8, 2.13 of the monograpth [14])

(98)
1

2

s∫

t

ψ1(t1)ψ2(t1)dt1 =

∞∑

j1=0

Cj1j1(s),

(99)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j1(s)

∣
∣
∣
∣
∣
∣

≤ C

p

(

1

(1− z2(s))
1/4

+ 1

)

,

where s ∈ (t, T ) (s is fixed, the case s = T corresponds to (96) and (97)), constant C does not depend
on p, the functions ψ1(τ), ψ2(τ) are continuously differentiable at the interval [t, T ],

Cj1j1(s) =

s∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2,

(100) z(s) =

(

s− T + t

2

)
2

T − t
.

For the trigonometric case, the estimate (99) is replaced by

(101)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j1(s)

∣
∣
∣
∣
∣
∣

≤ C

p
,

where s ∈ [t, T ], constant C does not depend p.
Note the well known estimate for the Legendre polynomials

(102) |Pj(y)| <
K√

j + 1(1− y2)1/4
, y ∈ (−1, 1), j ∈ N,

where Pj(y) is the Legendre polynomial, constant K does not depend on y and j.
We also note the following useful estimates for the case of Legendre polynomials ([12]-[15], Chapters

1, 2)

(103)

∣
∣
∣
∣
∣
∣

x∫

t

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
C

j

(

1

(1 − (z(x))2)1/4
+ 1

)

,

(104)

∣
∣
∣
∣
∣
∣

T∫

x

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
C

j

(

1

(1 − (z(x))2)1/4
+ 1

)

,
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(105)

∣
∣
∣
∣
∣
∣

x∫

v

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
C

j

(

1

(1− (z(x))2)1/4
+

1

(1− (z(v))2)1/4
+ 1

)

,

where j ∈ N, z(x), z(v) ∈ (−1, 1), x, v ∈ (t, T ), the function ψ(τ) is continuously differentiable at the
interval [t, T ], constant C does not depend on j.

For the case of trigonometric functions we note the following obvious estimates

(106)

∣
∣
∣
∣
∣
∣

x∫

t

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
C

j
,

(107)

∣
∣
∣
∣
∣
∣

T∫

x

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
C

j
,

(108)

∣
∣
∣
∣
∣
∣

x∫

v

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
C

j
,

where j ∈ N, x, v ∈ [t, T ], the function ψ(τ) is continuously differentiable at the interval [t, T ],
constant C is independent of j.

It is easy to see that the estimates (99), (101), (103), (105), (106), (108) imply the fulfillment of
Condition 2 of Theorem 14 for complete orthonormal systems of Legendre polynomials and trigono-
metric functions in the space L2([t, T ]). Also the equality (98) and its analogue for the trigonometric
case as well as the equatily (96) guarantee the fulfillment of Condition 1 of Theorems 12, 14 for
complete orthonormal systems of Legendre polynomials and trigonometric functions in the space
L2([t, T ]) (see the proof of Theorems 2.27, 2.38 [14]). Furthermore, Condition 2 of Theorem 12 follow
from (97), (103), (104), (106), (107).

Recently, the equality (96) is proved for the case of an arbitrary complete orthonormal system of
functions in L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]) in [75] or [12] (Sect. 2.1.4).

6. Weakening of the Conditions of Theorem 10. Simple Proof Based on Theorem 12

In this section, we present a simple proof of Theorem 10 based on Theorem 12. In this case, the
conditions of Theorem 10 will be weakened.

First, consider the following equalities

(109)
1

2

t2∫

t1

Φ1(τ)Φ2(τ)dτ =

∞∑

j=0

t2∫

t1

Φ2(τ)φj(τ)

τ∫

t1

Φ1(θ)φj(θ)dθdτ,

(110)
1

2

t2∫

t1

Φ1(τ)Φ2(τ)dτ =
∞∑

j=0

t2∫

t1

Φ1(θ)φj(θ)

t2∫

θ

Φ2(τ)φj(τ)dτdθ
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that will be used further, where t ≤ t1 < t2 ≤ T, Φ1(τ),Φ2(τ) ∈ L2([t, T ]), {φj(x)}∞j=0 is an arbitrary

complete orthonormal system of funtions in L2([t, T ]).
The equality (110) is proved in Sect. 2.7.2 [12]. Using (110) and Fubini’s Theorem, we get (109).

Theorem 15 [12], [36], [37], [51]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

(111) J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3

the following expansion

J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that converges in the mean-square sense is valid, where i1, i3, i3 = 0, 1, . . . ,m,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. As noted above (see Sect. 5), Conditions 1 and 2 of Theorem 12 are satisfied for complete
orthonormal systems of Legendre polynomials and trigonometric functions in the space L2([t, T ]). Let
us verify Condition 3 of Theorem 12 for the iterated Stratonovich stochastic integral (111). Thus, we
have to check the following conditions

(112) lim
p→∞

p
∑

j3=0





∞∑

j1=p+1

Cj3j1j1





2

= 0,

(113) lim
p→∞

p
∑

j1=0





∞∑

j3=p+1

Cj3j3j1





2

= 0,

(114) lim
p→∞

p
∑

j2=0





∞∑

j1=p+1

Cj1j2j1





2

= 0.
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We have
p
∑

j3=0





∞∑

j1=p+1

Cj3j1j1





2

=

(115) =

p
∑

j3=0





∞∑

j1=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

=

(116) =

p
∑

j3=0





T∫

t

ψ3(t3)φj3 (t3)

∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

≤

(117) ≤
∞∑

j3=0





T∫

t

ψ3(t3)φj3 (t3)

∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

=

(118) =

T∫

t

ψ2
3(t3)





∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2





2

dt3 ≤

(119) ≤ K

p2
→ 0

if p→ ∞, where constant K does not depend on p.
Note that the transition from (115) to (116) is based on the estimate (99) for the polynomial case

and its analogue (101) for the trigonometric case, the transition from (117) to (118) is based on the
Parseval equality, and the transition from (118) to (119) is also based on the estimate (99) and its
analogue (101) for the trigonometric case.

By analogy with the previous case we have

p
∑

j1=0





∞∑

j3=p+1

Cj3j3j1





2

=

=

p
∑

j1=0





∞∑

j3=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj3 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

=

(120) =

p
∑

j1=0





∞∑

j3=p+1

T∫

t

ψ1(t1)φj1 (t1)

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ3(t3)φj3 (t3)dt3dt2dt1





2

=

(121) =

p
∑

j1=0





T∫

t

ψ1(t1)φj1 (t1)
∞∑

j3=p+1

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ3(t3)φj3 (t3)dt3dt2dt1





2

≤
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≤
∞∑

j1=0





T∫

t

ψ1(t1)φj1 (t1)

∞∑

j3=p+1

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ3(t3)φj3 (t3)dt3dt2dt1





2

=

(122) =

T∫

t

ψ2
1(t1)





∞∑

j3=p+1

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ1(t3)φj3 (t3)dt3dt2





2

dt1 ≤

(123) ≤ K

p2
→ 0

if p→ ∞, where constant K is independent of p.
The transition from (120) to (121) is based on analogues of the estimates (99), (101) for the value

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ3(t3)φj3 (t3)dt3dt2

∣
∣
∣
∣
∣
∣

for the polynomial and trigonometric cases, the transition from (122) to (123) is also based on the
mentioned analogues of the estimates (99), (101).

Further, we have

p
∑

j2=0





∞∑

j1=p+1

Cj1j2j1





2

=

=

p
∑

j2=0





∞∑

j1=p+1

T∫

t

ψ3(t3)φj1 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

=

(124) =

p
∑

j2=0





∞∑

j1=p+1

T∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t2

ψ3(t3)φj1 (t3)dt3dt2





2

=

(125) =

p
∑

j2=0





T∫

t

ψ2(t2)φj2 (t2)

∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t2

ψ3(t3)φj1 (t3)dt3dt2





2

≤

≤
∞∑

j2=0





T∫

t

ψ2(t2)φj2 (t2)

∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t2

ψ3(t3)φj1 (t3)dt3dt2





2

=

(126) =

T∫

t

ψ2
2(t2)





∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t2

ψ3(t3)φj1 (t3)dt3





2

dt2.
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The transition from (124) to (125) is based on the estimates (103), (104) and its obvious analogues
(106), (107) for the trigonometric case. However, the estimates (103), (104) cannot be used to estimate
the right-hand side of (126), since we get the divergent integral. For this reason, we will obtain new
estimate based on the relation [12]-[15]

x∫

t

ψ(s)φj1 (s)ds =

√
T − t

√
2j1 + 1

2

z(x)∫

−1

Pj1(y)ψ(u(y))dy =

=

√
T − t

2
√
2j1 + 1

(

(Pj1+1(z(x))− Pj1−1(z(x)))ψ(x)−

(127) −T − t

2

z(x)∫

−1

((Pj1+1(y)− Pj1−1(y))ψ
′(u(y))dy

)

,

where x ∈ (t, T ), j1 ≥ p + 1, z(x) is defined by (100), Pj(x) is the Legendre polynomial, ψ′ is a
derivative of the continuously differentiable function ψ(τ) with respect to the variable u(y),

u(y) =
T − t

2
y +

T + t

2
.

From (102) and the estimate |Pj(y)| ≤ 1, y ∈ [−1, 1] we obtain

(128) |Pj(y)| = |Pj(y)|ε · |Pj(y)|1−ε ≤ |Pj(y)|1−ε
<

C

j1/2−ε/2(1− y2)1/4−ε/4
,

where y ∈ (−1, 1), j ∈ N, and ε is an arbitrary small positive real number.
Combining (127) and (128), we have the following estimate

(129)

∣
∣
∣
∣
∣
∣

s∫

t

ψ1(τ)φj1 (τ)dτ

∣
∣
∣
∣
∣
∣

<
C

(j1)1−ε/2

(

1

(1 − z2(s))1/4−ε/4
+ 1

)

,

where s ∈ (t, T ), z(s) is defined by (100), constant C does not depend on j1.
Similarly to (129) we obtain

(130)

∣
∣
∣
∣
∣
∣

T∫

s

ψ3(τ)φj1 (τ)dτ

∣
∣
∣
∣
∣
∣

<
C

(j1)1−ε/2

(

1

(1 − z2(s))1/4−ε/4
+ 1

)

,

where s ∈ (t, T ), constant C is independent of j1.
Combining (103) and (130), we have

∣
∣
∣
∣
∣
∣

s∫

t

ψ1(τ)φj1 (τ)dτ

T∫

s

ψ3(τ)φj1 (τ)dτ

∣
∣
∣
∣
∣
∣

<
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(131) <
L

(j1)2−ε/2

(

1

(1− z2(s))1/4−ε/4
+ 1

)(

1

(1− z2(s))1/4
+ 1

)

,

where s ∈ (t, T ), z(s) is defined by (100), constant L does not depend on j1.
Observe that

(132)

∞∑

j1=p+1

1

(j1)2−ε/2
≤

∞∫

p

dx

x2−ε/2
=

1

(1− ε/2)p1−ε/2
.

Applying (131) and (132) to estimate the right-hand side of (126) gives

(133)

p
∑

j2=0





∞∑

j1=p+1

Cj1j2j1





2

≤ K

p2−ε
→ 0

if p→ ∞, where ε is an arbitrary small positive real number, constant K is independent of p.
The estimation of the right-hand side of (126) for the trigonometric case is carried out using the

estimates (106), (107). At that we obtain the estimate (133) with ε = 0. Theorem 15 is proved.

7. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 4 for
the Case of Smooth Weight Functions ψ1(τ), . . . , ψ4(τ). Simple Proof Based on

Theorem 12

Theorem 16 [12], [36], [37], [51]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . ,
ψ4(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of fourth multiplicity

(134) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following expansion

J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

that converges in the mean-square sense is valid, where i1, i3, i3, i4 = 0, 1, . . . ,m,

Cj4j3j2j1 =

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4
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and

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. As noted above (see Sect. 5), Conditions 1 and 2 of Theorem 12 are satisfied for complete
orthonormal systems of Legendre polynomials and trigonometric functions in the space L2([t, T ]). Let
us verify Condition 3 of Theorem 12 for the iterated Stratonovich stochastic integral (134). Thus, we
have to check the following conditions

(135) lim
p→∞

p
∑

j3,j4=0





∞∑

j1=p+1

Cj4j3j1j1





2

= 0,

(136) lim
p→∞

p
∑

j2,j4=0





∞∑

j1=p+1

Cj4j1j2j1





2

= 0,

(137) lim
p→∞

p
∑

j2,j3=0





∞∑

j1=p+1

Cj1j3j2j1





2

= 0,

(138) lim
p→∞

p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2

= 0,

(139) lim
p→∞

p
∑

j1,j3=0





∞∑

j2=p+1

Cj2j3j2j1





2

= 0,

(140) lim
p→∞

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2

= 0,

(141) lim
p→∞





∞∑

j2=p+1

∞∑

j1=p+1

Cj2j1j2j1





2

= 0,

(142) lim
p→∞





∞∑

j2=p+1

∞∑

j1=p+1

Cj1j2j2j1





2

= 0,

(143) lim
p→∞





∞∑

j3=p+1

∞∑

j1=p+1

Cj3j3j1j1





2

= 0,
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(144) lim
p→∞





∞∑

j3=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j1j1)y(·)





2

= 0,

(145) lim
p→∞





∞∑

j1=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j3j3)y(·)





2

= 0,

(146) lim
p→∞





∞∑

j1=p+1

Cj1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)





2

= 0,

where in (144)–(146) we use the notation (32).
Applying arguments similar to those we used in the proof of Theorem 15, we obtain for (135)

p
∑

j3,j4=0





∞∑

j1=p+1

Cj4j3j1j1





2

=

=

p
∑

j3,j4=0





∞∑

j1=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

(147) ×
t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j3,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

(148) ×
∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

≤

≤
∞∑

j3,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

(149) ×
∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

(150) =

∫

[t,T ]2

1{t3<t4}ψ
2
4(t4)ψ

2
3(t3)





∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1(t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2





2

dt3dt4 ≤

(151) ≤ K

p2
→ 0
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if p→ ∞, where constant K is independent of p.
Note that the transition from (147) to (148) is based on the estimate (99) for the polynomial case

and its analogue for the trigonometric case, the transition from (149) to (150) is based on the Parseval
equality, and the transition from (150) to (151) is also based on the estimate (99) and its analogue
for the trigonometric case.

Further, we have for (136)

p
∑

j2,j4=0





∞∑

j1=p+1

Cj4j1j2j1





2

=

=

p
∑

j2,j4=0





∞∑

j1=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj1 (t3)×

(152) ×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j2,j4=0





∞∑

j1=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ2(t2)φj2 (t2)×

(153) ×
t2∫

t

ψ1(t1)φj1 (t1)dt1

t4∫

t2

ψ3(t3)φj1 (t3)dt3dt2dt4





2

=

=

p
∑

j2,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ2(t2)φj2 (t2)×

×
∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

t4∫

t2

ψ3(t3)φj1 (t3)dt3dt2dt4





2

≤

≤
∞∑

j2,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ2(t2)φj2 (t2)×

×
∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

t4∫

t2

ψ3(t3)φj1 (t3)dt3dt2dt4





2

=

=

∫

[t,T ]2

1{t2<t4}ψ
2
4(t4)ψ

2
2(t2)





∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

t4∫

t2

ψ3(t3)φj1(t3)dt3





2

dt2dt4 ≤

(154) ≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for
the trigonometric case, constant K does not depend on p.
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The relation (154) was obtained by the same method as (151). Note that in obtaining (154) we
used the estimates (105), (129) for the polynomial case and (106), (108) for the trigonometric case.
We also used the integration order replacement in the iterated Riemann integrals (see (152), (153)).

Repeating the previous steps for (137) and (138), we get

p
∑

j2,j3=0





∞∑

j1=p+1

Cj1j3j2j1





2

=

=

p
∑

j2,j3=0





∞∑

j1=p+1

T∫

t

ψ4(t4)φj1 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j2,j3=0





∞∑

j1=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)×

×
t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t3

ψ4(t4)φj1 (t4)dt4dt2dt3





2

=

=

p
∑

j2,j3=0





T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)×

×
∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t3

ψ4(t4)φj1 (t4)dt4dt2dt3





2

≤

≤
∞∑

j2,j3=0





T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)×

×
∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t3

ψ4(t4)φj1 (t4)dt4dt2dt3





2

=

=

∫

[t,T ]2

1{t2<t3}ψ
2
3(t3)ψ

2
2(t2)





∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t3

ψ4(t4)φj1(t4)dt4





2

dt2dt3 ≤

(155) ≤ K

p2
→ 0

if p→ ∞, where constant K does not depend on p;

p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2

=
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=

p
∑

j1,j4=0





∞∑

j2=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj2 (t3)×

×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j1,j4=0





∞∑

j2=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ1(t1)φj1 (t1)×

×
t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2 (t3)dt3dt2dt1dt4





2

=

=

p
∑

j1,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ1(t1)φj1 (t1)×

×
∞∑

j2=p+1

t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2 (t3)dt3dt2dt1dt4





2

≤

≤
∞∑

j1,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ1(t1)φj1 (t1)×

×
∞∑

j2=p+1

t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2 (t3)dt3dt2dt1dt4





2

=

(156) =

∫

[t,T ]2

1{t1<t4}ψ
2
4(t4)ψ

2
1(t1)





∞∑

j2=p+1

t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2 (t3)dt3dt2





2

dt1dt4.

Note that, by virtue of the additivity property of the integral, we have

(157)

∞∑

j2=p+1

t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2(t3)dt3dt2 =

=

∞∑

j2=p+1

t4∫

t

ψ3(t3)φj2 (t3)

t3∫

t

ψ2(t2)φj2 (t2)dt2dt3−

−
∞∑

j2=p+1

t1∫

t

ψ3(t3)φj2 (t3)

t3∫

t

ψ2(t2)φj2 (t2)dt2dt3−

(158) −
∞∑

j2=p+1

t4∫

t1

ψ3(t3)φj2 (t3)dt3

t1∫

t

ψ2(t2)φj2(t2)dt2.
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However, all three series on the right-hand side of (158) have already been evaluated in (151) and
(154). From (156) and (158) we finally obtain

(159)

p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2

≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for
the trigonometric case, constant K does not depend on p.

In complete analogy with (154), we have for (139)

p
∑

j1,j3=0





∞∑

j2=p+1

Cj2j3j2j1





2

=

=

p
∑

j1,j3=0





∞∑

j2=p+1

T∫

t

ψ4(t4)φj2 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j1,j3=0





∞∑

j2=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)×

×
t2∫

t

ψ1(t1)φj1 (t1)dt1dt2

T∫

t3

ψ4(t4)φj2 (t4)dt4dt3





2

=

=

p
∑

j1,j3=0





∞∑

j2=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ1(t1)φj1 (t1)×

×
t3∫

t1

ψ2(t2)φj2 (t2)dt2dt1

T∫

t3

ψ4(t4)φj2 (t4)dt4dt3





2

=

=

p
∑

j1,j3=0





T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ1(t1)φj1 (t1)×

×
∞∑

j2=p+1

t3∫

t1

ψ2(t2)φj2 (t2)dt2dt1

T∫

t3

ψ4(t4)φj2 (t4)dt4dt3





2

≤

≤
∞∑

j1,j3=0





T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ1(t1)φj1 (t1)×

×
∞∑

j2=p+1

t3∫

t1

ψ2(t2)φj2 (t2)dt2

T∫

t3

ψ4(t4)φj2 (t4)dt4dt1dt3





2

=
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=

∫

[t,T ]2

1{t1<t3}ψ
2
3(t3)ψ

2
1(t1)





∞∑

j2=p+1

t3∫

t1

ψ2(t2)φj2 (t2)dt2

T∫

t3

ψ4(t4)φj2(t4)dt4





2

dt1dt3 ≤

(160) ≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for
the trigonometric case, constant K does not depend on p.

We have for (140)

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2

=

=

p
∑

j1,j2=0





∞∑

j3=p+1

T∫

t

ψ4(t4)φj3 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j1,j2=0





∞∑

j3=p+1

T∫

t

ψ1(t1)φj1 (t1)

T∫

t1

ψ2(t2)φj2 (t2)×

×
T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3dt2dt1





2

=

=

p
∑

j1,j2=0





T∫

t

ψ1(t1)φj1 (t1)

T∫

t1

ψ2(t2)φj2 (t2)×

×
∞∑

j3=p+1

T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3dt2dt1





2

≤

≤
∞∑

j1,j2=0





T∫

t

ψ1(t1)φj1 (t1)

T∫

t1

ψ2(t2)φj2 (t2)×

×
∞∑

j3=p+1

T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3dt2dt1





2

=

(161) =

∫

[t,T ]2

1{t1<t2}ψ
2
1(t1)ψ

2
2(t2)





∞∑

j3=p+1

T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3





2

dt2dt1.

It is easy to see that the integral (see (161))
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T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3

is similar to the integral from the formula (157) if in the last integral we substitute t4 = T. Therefore,
by analogy with (159), we obtain

(162)

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2

≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for
the trigonometric case, constant K does not depend on p.

Now consider (141)–(143). We have for (141) (see Step 2 in the proof of Theorem 12)





∞∑

j2=p+1

∞∑

j1=p+1

Cj2j1j2j1





2

=





p
∑

j1=0

∞∑

j2=p+1

Cj2j1j2j1





2

≤

(163) ≤ (p+ 1)

p
∑

j1=0





∞∑

j2=p+1

Cj2j1j2j1





2

.

Consider (139) and (160). We have

p
∑

j1=0





∞∑

j2=p+1

Cj2j1j2j1





2

=

p
∑

j1,j3=0





∞∑

j2=p+1

Cj2j3j2j1





2 ∣
∣
∣
∣
∣
j1=j3

≤

(164) ≤
p
∑

j1,j3=0





∞∑

j2=p+1

Cj2j3j2j1





2

≤ K

p2−ε
,

where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for the trigono-
metric case, constant K does not depend on p. Combining (163) and (164), we obtain





∞∑

j2=p+1

∞∑

j1=p+1

Cj2j1j2j1





2

≤ (p+ 1)K

p2−ε
≤ K1

p1−ε
→ 0

if p→ ∞, where constant K1 does not depend on p.
Similarly for (142) we have (see (138), (159))





∞∑

j2=p+1

∞∑

j1=p+1

Cj1j2j2j1





2

=





p
∑

j1=0

∞∑

j2=p+1

Cj1j2j2j1





2

≤

(165) ≤ (p+ 1)

p
∑

j1=0





∞∑

j2=p+1

Cj1j2j2j1





2

,
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p
∑

j1=0





∞∑

j2=p+1

Cj1j2j2j1





2

=

p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2 ∣
∣
∣
∣
∣
j1=j4

≤

(166) ≤
p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2

≤ K

p2−ε
,

where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for the trigono-
metric case, constant K does not depend on p. Combining (165) and (166), we obtain





∞∑

j2=p+1

∞∑

j1=p+1

Cj1j2j2j1





2

≤ (p+ 1)K

p2−ε
≤ K1

p1−ε
→ 0

if p→ ∞, where constant K1 does not depend on p.
Consider (143). Using (72), we obtain

∞∑

j3=p+1

∞∑

j1=p+1

Cj3j3j1j1 =

∞∑

j3=p+1

∞∑

j1=0

Cj3j3j1j1 −
∞∑

j3=p+1

p
∑

j1=0

Cj3j3j1j1 =

(167) =
1

2

∞∑

j3=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j1j1)y(·)

−
∞∑

j3=p+1

p
∑

j1=0

Cj3j3j1j1 ,

where (see (32))

Cj3j3j1j1

∣
∣
∣
∣
(j1j1)y(·)

=

=

T∫

t

ψ4(t4)φj3 (t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)ψ1(t2)dt2dt3dt4.

From the estimate (97) for the polynomial and trigonometric cases we get

(168)

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j1j1)y(·)

∣
∣
∣
∣
∣
∣

≤ C

p
,

where constant C is independent of p.
Further, we have (see (162))





p
∑

j1=0

∞∑

j3=p+1

Cj3j3j1j1





2

≤ (p+ 1)

p
∑

j1=0





∞∑

j3=p+1

Cj3j3j1j1





2

=

= (p+ 1)

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2 ∣
∣
∣
∣
∣
j1=j2

≤
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(169) ≤ (p+ 1)

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2

≤ (p+ 1)K

p2−ε
≤ K1

p1−ε
,

where constant K1 does not depend on p.
Combining (167)–(169), we obtain





∞∑

j3=p+1

∞∑

j1=p+1

Cj3j3j1j1





2

≤ K2

p1−ε
→ 0

if p→ ∞, where constant K2 does not depend on p.
Let us prove (144)–(146). It is not difficult to see that the estimate (168) proves (144).
Using the integration order replacement, we obtain

∞∑

j1=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j3j3)y(·)

=

=

∞∑

j1=p+1

T∫

t

ψ4(t4)ψ3(t4)

t4∫

t

ψ2(t2)φj1(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2dt4 =

(170) =

∞∑

j1=p+1

T∫

t



ψ2(t2)

T∫

t2

ψ4(t4)ψ3(t4)dt4



φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2,

∞∑

j1=p+1

Cj1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

=

=

∞∑

j1=p+1

T∫

t

ψ4(t4)φj1(t4)

t4∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)φj1(t1)dt1dt3dt4 =

=

∞∑

j1=p+1

T∫

t

ψ4(t4)φj1(t4)

t4∫

t

ψ1(t1)φj1 (t1)

t4∫

t1

ψ3(t3)ψ2(t3)dt3dt1dt4 =

=
∞∑

j1=p+1

T∫

t

ψ4(t4)φj1 (t4)

t4∫

t

ψ1(t1)φj1 (t1)





t4∫

t

−
t1∫

t



ψ3(t3)ψ2(t3)dt3dt1dt4 =

(171) =

∞∑

j1=p+1

T∫

t



ψ4(t4)

t4∫

t

ψ3(t3)ψ2(t3)dt3



φj1 (t4)

t4∫

t

ψ1(t1)φj1 (t1)dt1dt4−
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(172) −
∞∑

j1=p+1

T∫

t

ψ4(t4)φj1 (t4)

t4∫

t



ψ1(t1)

t1∫

t

ψ3(t3)ψ2(t3)dt3



φj1 (t1)dt1dt4.

Applying the estimate (97) (polynomial and trigonometric cases) to the right-hand sides of (170)–
(172), we get

(173)

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j3j3)y(·)

∣
∣
∣
∣
∣
∣

≤ C

p
,

(174)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

∣
∣
∣
∣
∣
∣

≤ C

p
,

where constant C is independent of p. The estimates (173), (174) prove (145), (146).
The relations (135)–(146) are proved. Theorem 16 is proved.

8. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 5. The
Case p1 = . . . = p5 → ∞ and Continuously Differentiable Weight Functions ψ1(τ),
. . . , ψ5(τ) (The Cases of Legendre Polynomials and Trigonometric Functions)

Theorem 17 [12], [36], [37], [51]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . ,
ψ5(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of fifth multiplicity

(175) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following expansion

J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

that converges in the mean-square sense is valid, where i1, . . . , i5 = 0, 1, . . . ,m,

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dt5

and

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ
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are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. Note that in this proof we write k instead of 5 when this is true for an arbitrary k (k ∈ N).
As noted before (see Sect. 5), Conditions 1 and 2 of Theorem 12 are satisfied for complete orthonormal
systems of Legendre polynomials and trigonometric functions in the space L2([t, T ]). Let us verify
Condition 3 of Theorem 12 for the iterated Stratonovich stochastic integral (175). Thus, we have to
check the following conditions

(176) lim
p→∞

p
∑

jq1 ,jq2 ,jq3=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2





2

= 0,

(177) lim
p→∞

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

= 0,

(178) lim
p→∞

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg1=jg2 ,jg3=jg4 ,g2=g1+1





2

= 0,

where ({g1, g2}, {g3, g4}, {q1}) and ({g1, g2}, {q1, q2, q3}) are partitions of the set {1, 2, . . . , 5} that is
{g1, g2, g3, g4, q1} = {g1, g2, q1, q2, q3} = {1, 2, . . . , 5}; braces mean an unordered set, and parentheses
mean an ordered set.

Let us find a representation for Cjk...j1

∣
∣
jg1=jg2 , g2>g1+1

that will be convenient for further consid-

eration.
Using the integration order replacement in the Riemann integrals, we obtain

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl(tl)

tl∫

t

hl−1(tl−1) . . .

t2∫

t

h1(t1)dt1 . . .

. . . dtl−1dtldtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−2

hl−1(tl−1)

tl+1∫

tl−1

hl(tl)dtl×

×dtl−1 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−2

hl−1(tl−1)×

×dtl−1 . . . dt2dt1dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−2

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl



×

810



EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 71

×dtl−1 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

hl−1(tl−1) . . .

. . .

t2∫

t

h1(t1)dt1 . . . dtl−1dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl





tl−1∫

t

hl−2(tl−2) . . .

(179) . . .

t2∫

t

h1(t1)dt1 . . . dtl−2dtl−1dtl+1 . . . dtk,

where 1 < l < k and h1(τ), . . . , hk(τ) are continuous functions on the interval [t, T ]. By analogy with
(179) we have for l = k

T∫

t

hl(tl)

tl∫

t

hl−1(tl−1) . . .

t2∫

t

h1(t1)dt1 . . . dtl−1dtl =

=

T∫

t

h1(t1)

T∫

t1

h2(t2) . . .

T∫

tl−2

hl−1(tl−1)

T∫

tl−1

hl(tl)dtldtl−1 . . . dt2dt1 =

=





T∫

t

hl(tl)dtl





T∫

t

h1(t1)

T∫

t1

h2(t2) . . .

T∫

tl−2

hl−1(tl−1)dtl−1 . . . dt2dt1−

−
T∫

t

h1(t1)

T∫

t1

h2(t2) . . .

T∫

tl−2

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl



 dtl−1 . . . dt2dt1 =

=





T∫

t

hl(tl)dtl





T∫

t

hl−1(tl−1) . . .

t2∫

t

h1(t1)dt1 . . . dtl−1−

(180) −
T∫

t

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl





tl−1∫

t

hl−2(tl−2) . . .

t2∫

t

h1(t1)dt1 . . . dtl−1.

The formulas (179), (180) will be used further.
Our further proof will not fundamentally depend on the weight functions ψ1(τ), . . . , ψk(τ). There-

fore, sometimes in subsequent consideration we assume for simplicity that ψ1(τ), . . . , ψk(τ) ≡ 1.
Let us continue the proof. Applying (179) to Cjk...jl+1jljl−1...js+1jljs−1...j1 (more precisely to hs(ts)

= ψs(ts)φjl (ts)), we obtain for l+ 1 ≤ k, s− 1 ≥ 1, l − 1 ≥ s+ 1
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(181)
∞∑

jl=p+1

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

=
∞∑

jl=p+1

T∫

t

φjk(tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .

. . .

ts+2∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

. . .

t2∫

t

φj1(t1)dt1 . . . dts−1dtsdts+1 . . . dtl−1dtldtl+1 . . . dtk =

=
∞∑

jl=p+1

T∫

t

φjk(tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .

. . .

ts+2∫

t

φjs+1(ts+1)





ts+1∫

t

φjl(ts)dts





ts+1∫

t

φjs−1 (ts−1) . . .

. . .

t2∫

t

φj1(t1)dt1 . . . dts−1dts+1 . . . dtl−1dtldtl+1 . . . dtk−

−
∞∑

jl=p+1

T∫

t

φjk(tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .

. . .

ts+2∫

t

φjs+1(ts+1)

ts+1∫

t

φjs−1(ts−1)





ts−1∫

t

φjl(ts)dts





ts−1∫

t

φjs−2(ts−2) . . .

. . .

t2∫

t

φj1 (t1)dt1 . . . dts−2dts−1dts+1 . . . dtl−1dtldtl+1 . . . dtk =

=
∞∑

jl=p+1

Ajk...jl+1jljl−1...js+1jljs−1...j1 −
∞∑

jl=p+1

Bjk...jl+1jljl−1...js+1jljs−1...j1 .

Now we apply the formula (179) to Ajk...jl+1jljl−1...js+1jljs−1...j1 , Bjk...jl+1jljl−1...js+1jljs−1...j1 (more
precisely to hl(tl) = ψl(tl)φjl (tl)). Then we have for l+ 1 ≤ k, s− 1 ≥ 1, l − 1 ≥ s+ 1

∞∑

jl=p+1

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

=

∫

[t,T ]k−2

4∑

d=1

F (d)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk)×
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×
k∏

g=1
g 6=l,s

ψg(tg)φjg (tg)dt1 . . . dts−1dts+1 . . . dtl−1dtl+1 . . . dtk =

(182) =

4∑

d=1

C
∗(d)
jk ...jl+1jl−1...js+1js−1...j1

=

4∑

d=1

C
∗(d)
jk...jq ...j1

∣
∣
∣
∣
q 6=l,s

,

where

F (1)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk) =

(183) = 1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

ts+1∫

t

ψs(τ)φjl (τ)dτ

tl+1∫

t

ψl(τ)φjl (τ)dτ,

F (2)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk) =

(184) = 1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

ts−1∫

t

ψs(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ,

F (3)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk) =

(185) = −1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

ts−1∫

t

ψs(τ)φjl (τ)dτ

tl+1∫

t

ψl(τ)φjl (τ)dτ,

F (4)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk) =

(186) = −1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

ts+1∫

t

ψs(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ.

By analogy with (182) we can consider the expressions

(187)
∞∑

jl=p+1

Cjljk−1...j2jl ,

(188)

∞∑

jl=p+1

Cjk...jl+1jljl−1...j2jl (l + 1 ≤ k),

(189)

∞∑

jl=p+1

Cjljk−1...js+1jljs−1...j1 (s− 1 ≥ 1).

Then we have for (187)–(189) (see (179), (180))
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(190)

∞∑

jl=p+1

Cjljk−1...j2jl =

∫

[t,T ]k−2

2∑

d=1

G(d)
p (t2, . . . , tk−1)

k−1∏

g=2

ψg(tg)φjg (tg)dt2 . . . dtk−1,

∞∑

jl=p+1

Cjk...jl+1jljl−1...j2jl =

∫

[t,T ]k−2

2∑

d=1

E(d)
p (t2, . . . , tl−1, tl+1, . . . , tk)×

(191) ×
k∏

g=2
g 6=l

ψg(tg)φjg (tg)dt2 . . . dtl−1dtl+1 . . . dtk,

∞∑

jl=p+1

Cjljk−1...js+1jljs−1...j1 =

∫

[t,T ]k−2

4∑

d=1

D(d)
p (t1, . . . , ts−1, ts+1, . . . , tk−1)×

(192) ×
k−1∏

g=1
g 6=s

ψg(tg)φjg (tg)dt1 . . . dts−1dts+1 . . . dtk−1,

where

G(1)
p (t2, . . . , tk−1) = 1{t2<...<tk−1}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

t2∫

t

ψ1(τ)φjl (τ)dτ,

G(2)
p (t2, . . . , tk−1) = −1{t2<...<tk−1}

∞∑

jl=p+1

tk−1∫

t

ψk(τ)φjl (τ)dτ

t2∫

t

ψ1(τ)φjl (τ)dτ,

E(1)
p (t2, . . . , tl−1, tl+1, . . . , tk) =

= 1{t2<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

tl+1∫

t

ψl(τ)φjl (τ)dτ

t2∫

t

ψ1(τ)φjl (τ)dτ,

E(2)
p (t2, . . . , tl−1, tl+1, . . . , tk) =

= −1{t2<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

tl−1∫

t

ψl(τ)φjl (τ)dτ

t2∫

t

ψ1(τ)φjl (τ)dτ,

D(1)
p (t1, . . . , ts−1, ts+1, . . . , tk−1) =

= 1{t1<...<ts−1<ts+1<...<tk−1}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

ts+1∫

t

ψs(τ)φjl (τ)dτ,

D(2)
p (t1, . . . , ts−1, ts+1, . . . , tk−1) =
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= −1{t1<...<ts−1<ts+1<...<tk−1}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

ts−1∫

t

ψs(τ)φjl (τ)dτ,

D(3)
p (t1, . . . , ts−1, ts+1, . . . , tk−1) =

= −1{t1<...<ts−1<ts+1<...<tk−1}

∞∑

jl=p+1

tk−1∫

t

ψk(τ)φjl (τ)dτ

ts+1∫

t

ψs(τ)φjl (τ)dτ,

D(4)
p (t1, . . . , ts−1, ts+1, . . . , tk−1) =

= 1{t1<...<ts−1<ts+1<...<tk−1}

∞∑

jl=p+1

tk−1∫

t

ψk(τ)φjl (τ)dτ

ts−1∫

t

ψs(τ)φjl (τ)dτ.

Now let us consider the value Cjk...j1

∣
∣
jg1=jg2 , g2=g1+1

. To do this, we will make the following

transformations

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl(tl)

tl∫

t

hl(tl−1)

tl−1∫

t

hl−2(tl−2) . . .

t2∫

t

h1(t1)dt1 . . .

. . . dtl−2dtl−1dtldtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−3

hl−2(tl−2)×

×





tl+1∫

t

−
tl−2∫

t



hl(tl−1)





tl+1∫

t

−
tl−1∫

t



 hl(tl)dtldtl−1dtl−2 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl

tl+1∫

t

hl(tl−1)dtl−1





tl+1∫

t

h1(t1)×

×
tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−3

hl−2(tl−2)dtl−2 . . . dt2dt1dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

. . .

tl+1∫

tl−3

hl−2(tl−2)





tl−2∫

t

hl(tl−1)dtl−1



 dtl−2 . . . dt2dt1dtl+1 . . . dtk−
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−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl−1)

tl−1∫

t

hl(tl)dtldtl−1





tl+1∫

t

h1(t1)×

×
tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−3

hl−2(tl−2)dtl−2 . . . dt2dt1dtl+1 . . . dtk+

+

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−3

hl−2(tl−2)×

×





tl−2∫

t

hl(tl−1)

tl−1∫

t

hl(tl)dtldtl−1



 dtl−2 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl

tl+1∫

t

hl(tl−1)dtl−1





tl+1∫

t

hl−2(tl−2)×

×
tl−2∫

t

hl−3(tl−3) . . .

t2∫

t

h1(t1)dt1 . . . dtl−3dtl−2dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

hl−2(tl−2)×

×





tl−2∫

t

hl(tl−1)dtl−1





tl−2∫

t

hl−3(tl−3) . . .

t2∫

t

h1(t1)dt1 . . . dtl−3dtl−2dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl−1)

tl−1∫

t

hl(tl)dtldtl−1



×

×
tl+1∫

t

hl−2(tl−2)

tl−2∫

t

hl−3(tl−3) . . .

t2∫

t

h1(t1)dt1 . . . dtl−3dtl−2dtl+1 . . . dtk+

+

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl−2(tl−2)





tl−2∫

t

hl(tl−1)

tl−1∫

t

hl(tl)dtldtl−1



×

(193) ×
tl−2∫

t

hl−3(tl−3) . . .

t2∫

t

h1(t1)dt1 . . . dtl−3dtl−2dtl+1 . . . dtk,

where l + 1 ≤ k, l− 2 ≥ 1, and h1(τ), . . . , hk(τ) are continuous functions on the interval [t, T ].
Applying (193) to Cjk...jl+1jljljl−2......j1 , we obtain for l + 1 ≤ k, l − 2 ≥ 1
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∞∑

jl=p+1

Cjk...jl+1jljljl−2......j1 =

=

∫

[t,T ]k−2

4∑

d=1

H(d)
p (t1, . . . , tl−2, tl+1, . . . , tk)×

×
k∏

g=1
g 6=l−1,l

ψg(tg)φjg (tg)dt1 . . . dtl−2dtl+1 . . . dtk =

(194) =

4∑

d=1

C
∗∗(d)
jk...jl+1jl−2...j1

=

4∑

d=1

C
∗∗(d)
jk...jq ...j1

∣
∣
∣
∣
q 6=l−1,l

,

where

H(1)
p (t1, . . . , tl−2, tl+1, . . . , tk) =

(195) = 1{t1<...<tl−2<tl+1<...<tk}

∞∑

jl=p+1

tl+1∫

t

ψl(τ)φjl (τ)dτ

tl+1∫

t

ψl−1(τ)φjl (τ)dτ,

H(2)
p (t1, . . . , tl−2, tl+1, . . . , tk) =

(196) = −1{t1<...<tl−2<tl+1<...<tk}

∞∑

jl=p+1

tl+1∫

t

ψl(τ)φjl (τ)dτ

tl−2∫

t

ψl−1(τ)φjl (τ)dτ,

H(3)
p (t1, . . . , tl−2, tl+1, . . . , tk) =

(197) = −1{t1<...<tl−2<tl+1<...<tk}

∞∑

jl=p+1

tl+1∫

t

ψl−1(τ)φjl (τ)

τ∫

t

ψl(θ)φjl (θ)dθdτ,

H(4)
p (t1, . . . , tl−2, tl+1, . . . , tk) =

(198) = 1{t1<...<tl−2<tl+1<...<tk}

∞∑

jl=p+1

tl−2∫

t

ψl−1(τ)φjl (τ)

τ∫

t

ψl(θ)φjl (θ)dθdτ.

By analogy with (194) we can consider the expressions

(199)

∞∑

jl=p+1

Cjk...jl+1jljl ,

(200)

∞∑

jl=p+1

Cjljljk−2...j1 .
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Then we have for (199), (200) (see (193) and its analogue for tl+1 = T )

(201)
∞∑

jl=p+1

Cjk...jl+1jljl =

∫

[t,T ]k−2

Lp(t3, . . . , tk)
k∏

g=3

ψg(tg)φjg (tg)dt3 . . . dtk,

(202)

∞∑

jl=p+1

Cjljljk−2...j1 =

∫

[t,T ]k−2

4∑

d=1

M (d)
p (t1, . . . , tk−2)

k−2∏

g=1

ψg(tg)φjg (tg)dt1 . . . dtk−2,

where

Lp(t3, . . . , tk) = 1{t3<...<tk}

∞∑

jl=p+1

t3∫

t

ψ2(τ)φjl (τ)

τ∫

t

ψ1(θ)φjl (θ)dθdτ,

M (1)
p (t1, . . . , tk−2) =

= 1{t1<...<tk−2}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

T∫

t

ψk−1(τ)φjl (τ)dτ,

M (2)
p (t1, . . . , tk−2) =

= −1{t1<...<tk−2}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

tk−2∫

t

ψk−1(τ)φjl (τ)dτ,

M (3)
p (t1, . . . , tk−2) =

= −1{t1<...<tk−2}

∞∑

jl=p+1

T∫

t

ψk−1(τ)φjl (τ)

τ∫

t

ψk(θ)φjl (θ)dθdτ,

M (4)
p (t1, . . . , tk−2) =

= 1{t1<...<tk−2}

∞∑

jl=p+1

tk−2∫

t

ψk−1(τ)φjl (τ)

τ∫

t

ψk(θ)φjl (θ)dθdτ.

It is important to note that C
∗(d)
jk...jl+1jl−2...j1

, C
∗∗(d)
jk ...jl+1jl−2...j1

(d = 1, . . . , 4) are Fourier coefficients

(see (182), (194)), that is, we can use Parseval’s equality in the further proof.
Combining the equalities (182)–(186) (the case g2 > g1+1), using Parseval’s equality and applying

the estimates for integrals from basis functions that we used in the proof of Theorems 15, 16, we
obtain for (182)

p
∑

jq1 ,...,jqk−2
=0





∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,g2>g1+1





2

=
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=

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2





∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,g2>g1+1





2

=

=

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2

(
4∑

d=1

C
∗(d)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2

)2

≤
∞∑

j1,...,jq,...,jk=0

q 6=g1,g2

(
4∑

d=1

C
∗(d)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2

)2

=

=

∞∑

j1,...,jq,...,jk=0

q 6=g1,g2






∫

[t,T ]k−2

4∑

d=1

F (d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2−1, tg2+1, . . . , tk)×

×
k∏

q=1
q 6=g1,g2

ψq(tq)φjq (tq)dt1 . . . dtg1−1dtg1+1 . . . dtg2−1dtg2+1 . . . dtk






2

=

=

∫

[t,T ]k−2






4∑

d=1

F (d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2−1, tg2+1, . . . , tk)

k∏

q=1
q 6=g1,g2

ψq(tq)






2

×

×dt1 . . . dtg1−1dtg1+1 . . . dtg2−1dtg2+1 . . . dtk ≤

≤ 4

4∑

d=1

∫

[t,T ]k−2




F

(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2−1, tg2+1, . . . , tk)

k∏

q=1
q 6=g1,g2

ψq(tq)






2

×

×dt1 . . . dtg1−1dtg1+1 . . . dtg2−1dtg2+1 . . . dtk ≤

(203) ≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0
for the trigonometric case, constant K does not depend on p. The cases (187)–(189) are considered
analogously.

Absolutely similarly (see (203)) combining the equalities (194)–(198) (the case g2 = g1 + 1), using
Parseval’s equality and applying the estimates for integrals from basis functions that we used in the
proof of Theorems 15, 16, we get for (194)

p
∑

jq1 ,...,jqk−2
=0





∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,g2=g1+1





2

=

=

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2





∞∑

jg1=p+1

Cjk ...j1

∣
∣
∣
∣
jg1=jg2 ,g2=g1+1





2

=
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=

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2

(
4∑

d=1

C
∗∗(d)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2

)2

≤
∞∑

j1,...,jq,...,jk=0

q 6=g1,g2

(
4∑

d=1

C
∗∗(d)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2

)2

=

=

∞∑

j1,...,jq ,...,jk=0

q 6=g1,g2






∫

[t,T ]k−2

4∑

d=1

H(d)
p (t1, . . . , tg1−1, tg1+2, . . . , tk)×

×
k∏

q=1
q 6=g1,g2

ψq(tq)φjq (tq)dt1 . . . dtg1−1dtg1+2 . . . dtk






2

=

=

∫

[t,T ]k−2






4∑

d=1

H(d)
p (t1, . . . , tg1−1, tg1+2, . . . , tk)

k∏

q=1
q 6=g1,g2

ψq(tq)






2

dt1 . . . dtg1−1dtg1+2 . . . . . . dtk ≤

≤ 4

4∑

d=1

∫

[t,T ]k−2




H

(d)
p (t1, . . . , tg1−1, tg1+2, . . . , tk)

k∏

q=1
q 6=g1,g2

ψq(tq)






2

dt1 . . . dtg1−1dtg1+2 . . . dtk ≤

(204) ≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0
for the trigonometric case, constant K does not depend on p. The cases (199), (200) are considered
analogously.

From (203), (204) and their analogues for the cases (187)–(189), (199), (200) we obtain

(205)

p
∑

jq1 ,...,jqk−2
=0





∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2





2

≤ K

p2−ε
,

where constant K is independent of p. Thus the equality (176) is proved.
Let us prove the equality (177). Consider the following cases

1. g2 > g1 + 1, g4 = g3 + 1, 2. g2 = g1 + 1, g4 > g3 + 1,

3. g2 > g1 + 1, g4 > g3 + 1, 4. g2 = g1 + 1, g4 = g3 + 1.

The proof for Cases 1–3 will be similar. Consider, for example, Case 2. Using (71), we obtain

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

=

820
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=

p
∑

jq1=0





∞∑

jg1=p+1

p
∑

jg3=0

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

=

(206) =

p
∑

jq1=0





p
∑

jg3=0

∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

≤

≤ (p+ 1)

p
∑

jq1=0

p
∑

jg3=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

=

= (p+ 1)

p
∑

jq1=0

p
∑

jg3 ,jg4=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,g4>g3+1,g2=g1+1





2 ∣
∣
∣
∣
∣
jg3=jg4

≤

(207) ≤ (p+ 1)

p
∑

jq1=0

p
∑

jg3 ,jg4=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,g4>g3+1,g2=g1+1





2

.

It is easy to see that the expression (207) (without the multiplier p + 1) is a particular case
(g4 > g3 + 1, g2 = g1 + 1) of the left-hand side of (205). Combining (205) and (207), we have

(208)

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

≤ (p+ 1)K

p2−ε
≤ K1

p1−ε
→ 0

if p→ ∞, where constant K1 does not depend on p.
Consider Case 4 (g2 = g1 + 1, g4 = g3 + 1). We have (see (72))

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

=

=

p
∑

jq1=0





∞∑

jg1=p+1





∞∑

jg3=0

−
p
∑

jg3=0



Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

=

=

p
∑

jq1=0




1

2

∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3 jg3 )y(·)

−
p
∑

jg3=0

∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

≤

(209) ≤ 1

2

p
∑

jq1=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3 jg3 )y(·)





2

+

821
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(210) +2

p
∑

jq1=0





p
∑

jg3=0

∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

.

An expression similar to (210) was estimated (see (206)–(208)). Let us estimate (209). We have

p
∑

jq1=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3 jg3 )y(·)





2

=

= (T − t)

p
∑

jq1=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3 jg3 )y0





2

≤

(211) ≤ (T − t)

p
∑

jq1=0

p
∑

jg3=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3jg3 )yjg3





2

,

where the notations are the same as in the proof of Theorem 12.
The expression (211) without the multiplier T − t is an expression of type (135)–(140) before

passing to the limit lim
p→∞

(the only difference is the replacement of one of the weight functions

ψ1(τ), . . . , ψ4(τ) in (135)–(140) by the product ψl+1(τ)ψl(τ) (l = 1, . . . , 4). Therefore, for Case 4
(g2 = g1 + 1, g4 = g3 + 1), we obtain the estimate

(212)

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4=g3+1,g2=g1+1





2

≤ K

p1−ε
,

where constant K is independent of p.
The estimates (208), (212) prove (177). Let us prove (178). By analogy with (211) we have

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg1=jg2 ,jg3=jg4 ,g2=g1+1





2

=

=

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg1 jg1 )y(·),jg3=jg4 ,g2=g1+1





2

=

= (T − t)

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg1 jg1 )y0,jg3=jg4 ,g2=g1+1





2

≤

(213) ≤ (T − t)

p
∑

jq1=0

p
∑

jg1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg1 jg1 )yjg1 ,jg3=jg4 ,g2=g1+1





2

.

Thus, we obtain the estimate (see (211) and the proof of Theorem 16)
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(214)

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg1=jg2 ,jg3=jg4 ,g2=g1+1





2

≤ K

p2−ε
,

where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for the trigono-
metric case, constant K does not depend on p.

The estimate (214) proves (178). Theorem 17 is proved.

9. Estimates for the Mean-Square Approximation Error of Expansions of Iterated
Stratonovich Stochastic Integrals of Multiplicity k in Theorems 12, 14

In this section, we estimate the mean-square approximation error for iterated Stratonovich sto-
chastic integrals of multiplicity k (k ∈ N) in Theorems 12, 14.

Theorem 18 [12], [36], [37], [51]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuously dif-

ferentiable nonrandom function at the interval [t, T ]. Furthermore, let {φj(x)}∞j=0 is a complete or-

thonormal system of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then
the following estimates

M









J∗[ψ(k)]
(i1...ik)
T,t −

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl





2






≤

(215) ≤ K1







1

p
+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

M

{(

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

)2
}






,

M









J∗[ψ(k)]
(i1...ik)
s,t −

p
∑

j1,...,jk=0

Cjk...j1(s)

k∏

l=1

ζ
(il)
jl





2






≤

(216) ≤ K2(s)







1

p
+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

M

{(

R
(p)r,g1,g2,...,g2r−1,g2r
s,t

)2
}







hold, where s ∈ (t, T ] (s is fixed), i1, . . . , ik = 1, . . . ,m,

R
(p)r,g1,g2,...,g2r−1,g2r
s,t = R

(p)r,g1,g2,...,g2r−1,g2r
T,t

∣
∣
∣
∣
T=s

,

R
(p)r
T,t is defined by (84), J∗[ψ(k)]

(i1...ik)
T,t and J∗[ψ(k)]

(i1...ik)
s,t are iterated Stratonovich stochastic inte-

grals (39) and (95), Cjk...j1 and Cjk...j1(s) are Fourier coefficients (31) and (93), constants K1 and

K2(s) are independent of p; another notations are the same as in Theorems 1, 12, 14.
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Proof. Note that Conditions 1 and 2 of Theorems 12, 14 are satisfied under the conditions of
Theorem 18 (see Remark 2.4 in [12] or see Sect. 5 from this paper). Then from the proof of Theorem 12
it follows that the expression (89) before passing to limit l.i.m.

p→∞
has the form

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

= J [ψ(k)]
(i1...ik)p
T,t +

+

[k/2]
∑

r=1

(

1

2r

∑

(sr,...,s1)∈Ak,r

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t +

(217) +
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

)

,

where J [ψ(k)]
(i1...ik)p
T,t is the approximation for the iterated Ito stochastic integral (1), which is obtained

using Theorem 1 (see (16)), i.e. (see Theorem 1.2 in [12]-[15] for details)

J [ψ(k)]
(i1...ik)p
T,t =

p
∑

j1,...,jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(218) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t is the approximation obtained using (218) for the iterated Ito

stochastic integral J [ψ(k)]sr ,...,s1T,t (see (23)).

Using (217) and Theorem 4, we have

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

= J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t +

+

(

J [ψ(k)]
(i1...ik)p
T,t − J [ψ(k)]

(i1...ik)
T,t

)

+

+

[k/2]
∑

r=1

∑

(sr ,...,s1)∈Ak,r

1

2r

(

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t − I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t

)

+

+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

R
(p)r,g1,g2,...,g2r−1,g2r
T,t =
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= J∗[ψ(k)]
(i1...ik)
T,t +

(

J [ψ(k)]
(i1...ik)p
T,t − J [ψ(k)]

(i1...ik)
T,t

)

+

+

[k/2]
∑

r=1

∑

(sr ,...,s1)∈Ak,r

1

2r

(

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t − I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t

)

+

(219) +

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

w. p. 1, where we denote J [ψ(k)]sr ,...,s1T,t as I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t .

In [12] (Sect. 1.7.2, Remark 1.7) it is shown that under the conditions of Theorem 18 the following
estimate

(220) M

{(

J [ψ(k)]
(i1...ik)
T,t − J [ψ(k)]

(i1...ik)p
T,t

)2
}

≤ C

p

holds, where J [ψ(k)]
(i1...ik)
T,t is defined by (1), J [ψ(k)]

(i1...ik)p
T,t has the form (218), i1, . . . , ik = 0, 1, . . . ,m,

constant C depends only on k and T − t.
Applying (220), we obtain the following estimates

(221) M

{(

J [ψ(k)]
(i1...ik)p
T,t − J [ψ(k)]

(i1...ik)
T,t

)2
}

≤ C

p
,

M







(

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t − I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t

)2





≤

(222) ≤ C

p
,

where constant C does not depend on p.
From (219)–(222) and the elementary inequality

(a1 + a2 + . . .+ an)
2 ≤ n

(
a21 + a22 + . . .+ a2n

)
, n ∈ N

we obtain (215).
The estimate (216) is obtained similarly to the estimate (215) using Theorem 1.11 in [12], Theo-

rem 14 and the estimate [12] (Sect. 1.8.1, Remark 1.12)

M

{(

J [ψ(k)]
(i1...ik)
s,t − J [ψ(k)]

(i1...ik)p
s,t

)2
}

≤ C

p
,

where
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J [ψ(k)]
(i1...ik)
s,t =

s∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)df
(i1)
t1 . . . df

(ik)
tk

,

J [ψ(k)]
(i1...ik)p
s,t =

p
∑

j1,...,jk=0

Cjk...j1(s)

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where s ∈ (t, T ] (s is fixed), Cjk...j1(s) is the Fourier coefficient (93), i1, . . . , ik = 0, 1, . . . ,m, constant
C depends only on k and s− t; another notations are the same as in Theorems 2, 13.

Theorem 18 is proved.

10. Rate of the Mean-Square Convergence of Expansions of Iterated Stratonovich
Stochastic Integrals of Multiplicities 3–5 in Theorems 15–17

In this section, we consider the rate of convergence of approximations of iterated Stratonovich
stochastic integrals in Theorems 15–17. It is easy to see that in Theorems 15–17 the second term in
parentheses on the right-hand side of (215) is estimated. Combining these results with Theorem 18,
we obtain the following theorems.

Theorem 19 [12], [36], [37], [51]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3

the following estimate

M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

is fulfilled, where i1, i2, i3 = 1, . . . ,m, constant C is independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3
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and

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j.

Theorem 20 [12], [36], [37], [51]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 df

(i4)
t4

the following estimate

M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

holds, where i1, i2, i3, i4 = 1, . . . ,m, constant C does not depend on p, ε is an arbitrary small posi-

tive real number for the case of complete orthonormal system of Legendre polynomials in the space

L2([t, T ]) and ε = 0 for the case of complete orthonormal system of trigonometric functions in the

space L2([t, T ]),

Cj4j3j2j1 =

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1×

×dt2dt3dt4;

another notations are the same as in Theorem 19.

Theorem 21 [12], [36], [37], [51]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity

J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)df
(i1)
t1 . . . df

(i5)
t5

the following estimate

M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

is valid, where i1, . . . , i5 = 1, . . . ,m, constant C is independent of p, ε is an arbitrary small positive real

number for the case of complete orthonormal system of Legendre polynomials in the space L2([t, T ])
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and ε = 0 for the case of complete orthonormal system of trigonometric functions in the space

L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorem 19, 20.

11. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 6. The
Case p1 = . . . = p6 → ∞ and ψ1(τ), . . . , ψ6(τ) ≡ 1 (The Cases of Legendre

Polynomials and Trigonometric Functions)

Theorem 22 [12], [36], [37], [61]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(223) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6 (t6) . . .

t2∫

t

φj1(t1)dt1 . . . dt6

and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof.As noted in Sect. 5, Conditions 1 and 2 of Theorem 12 are satisfied for complete orthonormal
systems of Legendre polynomials and trigonometric functions in the space L2([t, T ]). Let us verify
Condition 3 of Theorem 12 for the iterated Stratonovich stochastic integral (223). Thus, we have to
check the following conditions

(224) lim
p→∞

p
∑

jq1 ,jq2 ,jq3 ,jq4=0





∞∑

jg1=p+1

Cj6...j1

∣
∣
∣
∣
jg1=jg2





2

= 0,
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(225) lim
p→∞

p
∑

jq1 ,jq2=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj6...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

= 0,

(226) lim
p→∞

p
∑

jq1 ,jq2=0





∞∑

jg1=p+1

Cj6...j1

∣
∣
∣
∣
(jg4 jg3 )y(·),jg1=jg2 ,jg3=jg4 ,g4=g3+1





2

= 0,

(227) lim
p→∞





∞∑

jg1=p+1

∞∑

jg3=p+1

∞∑

jg5=p+1

Cj6...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,jg5=jg6





2

= 0,

(228) lim
p→∞





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj6...j1

∣
∣
∣
∣
(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6 ,g6=g5+1





2

= 0,

(229) lim
p→∞





∞∑

jg1=p+1

Cj6...j1

∣
∣
∣
∣
(jg4 jg3 )y(·)(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6 ,g4=g3+1,g6=g5+1





2

= 0,

where the expressions

({g1, g2}, {g3, g4}, {g5, g6}}) , ({g1, g2}, {g3, g4}, {q1, q2}}) , ({g1, g2}, {q1, q2, q3, q4})

are partitions of the set {1, 2, . . . , 6} that is {g1, g2, g3, g4, g5, g6} = {g1, g2, g3, g4, q1, q2} = {g1, g2, q1,
q2, q3, q4} = {1, 2, . . . , 6}; braces mean an unordered set, and parentheses mean an ordered set.

The equalities (224), (226) were proved earlier (see the proof of equalities (205), (211)). The
relation (229) follows from the estimate (97) for the polynomial case and its analogue for the trigono-
metric case. It is easy to see that the equalities (225) and (228) are proved in complete analogy with
the proof of (177), (211).

Thus, we have to prove the relation (227). The equality (227) is equivalent to the following
equalities

(230) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j1j3j2j1 = 0,

(231) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj1j3j2j3j2j1 = 0,

(232) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j3j1j2j1 = 0,

(233) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj1j2j3j3j2j1 = 0,
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(234) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj1j2j2j3j3j1 = 0,

(235) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 = 0,

(236) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j2j1j1 = 0,

(237) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j3j2j1j1 = 0,

(238) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j1j2j1 = 0,

(239) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j1j2j2j1 = 0,

(240) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j1j3j3j2j1 = 0,

(241) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j2j3j2j1 = 0,

(242) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j1j3j2j1 = 0,

(243) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j3j2j2j1 = 0,

(244) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j1j2j1 = 0.

Consider in detail the case of Legendre polynomials (the case of trigonometric functions is consid-
ered in complete analogy).

First, we prove the following equality for the Fourier coefficients for the case ψ1(τ), . . . , ψ6(τ) ≡ 1

Cj6j5j4j3j2j1 + Cj1j2j3j4j5j6 = Cj6Cj5j4j3j2j1 − Cj5j6Cj4j3j2j1+

(245) +Cj4j5j6Cj3j2j1 − Cj3j4j5j6Cj2j1 + Cj2j3j4j5j6Cj1 .

Using the integration order replacement, we have
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Cj6j5j4j3j2j1 =

=

T∫

t

φj6 (t6)

t6∫

t

φj5 (t5) . . .

t2∫

t

φj1(t1)dt1 . . . dt5dt6 =

=

T∫

t

φj6(t6)

T∫

t

φj5(t5)

t5∫

t

φj4(t4) . . .

t2∫

t

φj1 (t1)dt1 . . . dt4dt5dt6−

−
T∫

t

φj6 (t6)

T∫

t6

φj5 (t5)

t5∫

t

φj4 (t4) . . .

t2∫

t

φj1 (t1)dt1 . . . dt4dt5dt6 =

= Cj6Cj5j4j3j2j1−

−
T∫

t

φj6(t6)

T∫

t6

φj5(t5)

T∫

t

φj4(t4)

t4∫

t

φj3(t3) . . .

t2∫

t

φj1 (t1)dt1 . . . dt3dt4dt5dt6+

+

T∫

t

φj6 (t6)

T∫

t6

φj5 (t5)

T∫

t5

φj4 (t4)

t4∫

t

φj3 (t3) . . .

t2∫

t

φj1(t1)dt1 . . . dt3dt4dt5dt6 =

= Cj6Cj5j4j3j2j1−

−
T∫

t

φj6(t6)

T∫

t6

φj5(t5)dt5dt6 Cj4j3j2j1+

+

T∫

t

φj6 (t6)

T∫

t6

φj5 (t5)

T∫

t5

φj4 (t4)

t4∫

t

φj3 (t3) . . .

t2∫

t

φj1(t1)dt1 . . . dt3dt4dt5dt6 =

= Cj6Cj5j4j3j2j1 − Cj5j6Cj4j3j2j1+

+

T∫

t

φj6 (t6)

T∫

t6

φj5 (t5)

T∫

t5

φj4 (t4)

t4∫

t

φj3 (t3) . . .

t2∫

t

φj1(t1)dt1 . . . dt3dt4dt5dt6 =

. . .

= Cj6Cj5j4j3j2j1 − Cj5j6Cj4j3j2j1 + Cj4j5j6Cj3j2j1 − Cj3j4j5j6Cj2j1 + Cj2j3j4j5j6Cj1−

−
T∫

t

φj6(t6)

T∫

t6

φj5(t5) . . .

T∫

t2

φj1 (t1)dt1 . . . dt5dt6 =
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= Cj6Cj5j4j3j2j1 − Cj5j6Cj4j3j2j1 + Cj4j5j6Cj3j2j1−

(246) −Cj3j4j5j6Cj2j1 + Cj2j3j4j5j6Cj1 − Cj1j2j3j4j5j6 .

The equality (246) completes the proof of the relation (245).
Let us consider (230). From (65) we obtain

(247)

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j1j3j2j1 = −
p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j1j3j2j1 .

Applying (245), we get

p
∑

j1,j2,j3=0

Cj3j2j1j3j2j1 +

p
∑

j1,j2,j3=0

Cj1j2j3j1j2j3 = 2

p
∑

j1,j2,j3=0

Cj3j2j1j3j2j1 =

=

p
∑

j1,j2,j3=0

(

Cj3Cj2j1j3j2j1 − Cj2j3Cj1j3j2j1 + Cj1j2j3Cj3j2j1−

(248) −Cj3j1j2j3Cj2j1 + Cj2j3j1j2j3Cj1

)

.

The complete orthonormal system of Legendre polynomials in the space L2([t, T ]) looks as follows

(249) φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

, j = 0, 1, 2, . . . ,

where

Pj(x) =
1

2jj!

dj

dxj
(
x2 − 1

)j

is the Legendre polynomial.
Note that

Cj2j1 =

T∫

t

φj2(τ)

τ∫

t

φj1 (θ)dθdτ =

(250) =
T − t

2







1/
√

(2j1 + 1)(2j1 + 3) if j2 = j1 + 1, j1 = 0, 1, 2, . . .

−1/
√

4j21 − 1 if j2 = j1 − 1, j1 = 1, 2, . . .

1 if j1 = j2 = 0

0 otherwise

,
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(251) Cj1 =

T∫

t

φj1 (τ)dτ =







√
T − t if j1 = 0

0 if j1 6= 0
.

Moreover, the generalized Parseval equality gives

lim
p→∞

p
∑

j1,j2,j3=0

Cj1j2j3Cj3j2j1 =

= lim
p→∞

p
∑

j1,j2,j3=0

T∫

t

φj1 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj3 (t1)dt1dt2dt3×

×
T∫

t

φj3 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3 =

= lim
p→∞

p
∑

j1,j2,j3=0

T∫

t

φj3 (t3)

T∫

t3

φj2 (t2)

T∫

t2

φj1 (t1)dt1dt2dt3×

×
T∫

t

φj3 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3 =

= lim
p→∞

p
∑

j1,j2,j3=0

∫

[t,T ]3

1{t3<t2<t1}

3∏

l=1

φjl(tl)dt1dt2dt3×

×
∫

[t,T ]3

1{t1<t2<t3}

3∏

l=1

φjl(tl)dt1dt2dt3 =

(252) =

∫

[t,T ]3

1{t3<t2<t1}1{t1<t2<t3}dt1dt2dt3 = 0.

Using the above arguments and also (65), (247), and (248), we get

− lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j1j3j2j1 = lim
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1j3j2j1 =

=
1

2
lim
p→∞

p
∑

j1,j2,j3=0

(

Cj3Cj2j1j3j2j1 − Cj2j3Cj1j3j2j1−

−Cj3j1j2j3Cj2j1 + Cj2j3j1j2j3Cj1

)

=

833



94 D.F. KUZNETSOV

= lim
p→∞

p
∑

j1,j2,j3=0

(

Cj3Cj2j1j3j2j1 − Cj3j1j2j3Cj2j1

)

=

=
√
T − t lim

p→∞

p
∑

j1,j2=0

Cj2j10j2j1 − lim
p→∞

p
∑

j1,j2,j3=0

Cj3j1j2j3Cj2j1 =

(253) =
√
T − t lim

p→∞

p
∑

j1,j2=0

Cj2j10j2j1 + lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j1j2j3Cj2j1 .

By analogy with the proof of (141) (see the proof of Theorem 16) we obtain

(254) lim
p→∞

p
∑

j1,j2=0

Cj2j10j2j1 = lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

Cj2j10j2j1 = 0,

where we used the following representation

Cj2j10j2j1 =

=
1√
T − t

T∫

t

φj2 (t5)

t5∫

t

φj1 (t4)

t4∫

t

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3dt4dt5 =

=
1√
T − t

T∫

t

φj2 (t5)

t5∫

t

φj1 (t4)

t4∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1

t4∫

t2

dt3dt2dt4dt5 =

=
1√
T − t

T∫

t

φj2(t5)

t5∫

t

φj1(t4)(t4 − t)

t4∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt4dt5+

+
1√
T − t

T∫

t

φj2(t5)

t5∫

t

φj1(t4)

t4∫

t

φj2(t2)(t− t2)

t2∫

t

φj1 (t1)dt1dt2dt4dt5
def
=

def
= C̄j2j1j2j1 + C̃j2j1j2j1 .

Further, we have (see (250))

lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j1j2j3Cj2j1 = lim
p→∞

∞∑

j3=p+1

(

C00Cj300j3+

(255) +

p
∑

j1=1

Cj1−1,j1Cj3j1,j1−1,j3 +

p−1
∑

j1=1

Cj1+1,j1Cj3j1,j1+1,j3 + C1,0Cj301j3

)

.
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Observe that

(256) |Cj1−1,j1 |+ |Cj1+1,j1 | ≤
K

j1
(j1 = 1, . . . , p),

(257) |Cj300j3 |+ |Cj3j1,j1−1,j3 |+ |Cj3j1,j1+1,j3 |+ |Cj301j3 | ≤
K1

j23
(j3 ≥ p+ 1),

where constants K,K1 do not depend on j1, j3.
The estimate (256) follow from (250). At the same time, the estimate (257) can be obtained using

the following reasoning. First note that the integration order replacement gives

Cj3j1j2j3 =

T∫

t

φj3(t4)

t4∫

t

φj1(t3)

t3∫

t

φj2(t2)

t2∫

t

φj3(t1)dt1dt2dt3dt4 =

(258) =

T∫

t

φj1(t3)

t3∫

t

φj2(t2)





t2∫

t

φj3 (t1)dt1



 dt2





T∫

t3

φj3 (t4)dt4



 dt3.

Consider the well-known estimate for Legendre polynomials

(259) |Pj(y)| <
K√

j + 1(1− y2)1/4
, y ∈ (−1, 1), j ∈ N,

where constant K does not depend on y and j.
The estimate (259) can be rewritten for the function φj(x) (see (249)) in the following form

(260) |φj(x)| <
√

2j + 1

j + 1

K√
T − t

1

(1− z2(x))
1/4

<
K1√
T − t

1

(1− z2(x))
1/4

,

where K1 = K
√
2, x ∈ (t, T ), j ∈ N,

z(x) =

(

x− T + t

2

)
2

T − t
.

Note analogues of the estimates (103), (104)

(261)

∣
∣
∣
∣
∣
∣

x∫

t

φj1(s)ds

∣
∣
∣
∣
∣
∣

<
C

j1(1− (z(x))2)1/4
,

∣
∣
∣
∣
∣
∣

T∫

x

φj1 (s)ds

∣
∣
∣
∣
∣
∣

<
C

j1(1− (z(x))2)1/4
, x ∈ (t, T ),

where j1 > 0, constant C does not depend on j1.
Applying the estimates (260) and (261) to (258) gives the estimate (257). Using (255), (256), and

(257), we obtain

∣
∣
∣
∣
∣
∣

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j1j2j3Cj2j1

∣
∣
∣
∣
∣
∣

≤ K

∞∑

j3=p+1

1

j23



1 +

p
∑

j1=1

1

j1



 ≤
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(262) ≤ K

∞∫

p

dx

x2



2 +

p∫

1

dx

x



 =
K(2 + lnp)

p
→ 0

if p→ ∞, where constant K is independent of p. Thus, the equality (230) is proved (see (253), (254),
(262)).

The relation (231) is proved in complete analogy with the proof of equality (230). For (231) we
have (see (245))

lim
p→∞





p
∑

j1,j2,j3=0

Cj1j3j2j3j2j1 +

p
∑

j1,j2,j3=0

Cj1j2j3j2j3j1



 = 2 lim
p→∞

p
∑

j1,j2,j3=0

Cj1j3j2j3j2j1 =

= lim
p→∞

p
∑

j1,j2,j3=0

(

Cj1Cj3j2j3j2j1 − Cj3j1Cj2j3j2j1 + Cj2j3j1Cj3j2j1−

−Cj3j2j3j1Cj2j1 + Cj2j3j2j3j1Cj1

)

=

= 2 lim
p→∞




√
T − t

p
∑

j2,j3=0

Cj3j2j3j20 −
p
∑

j1,j2,j3=0

Cj2j1Cj3j2j3j1



 =

= −2 lim
p→∞

p
∑

j1,j2,j3=0

Cj2j1Cj3j2j3j1 .

To estimate the Fourier coefficient Cj3j2j3j1 , we use the following (see the proof of (230) for more
details)

Cj3j2j3j1 =

T∫

t

φj3(t4)

t4∫

t

φj2(t3)

t3∫

t

φj3(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=

T∫

t

φj3(t4)

t4∫

t

φj2(t3)

t3∫

t

φj1(t1)

t3∫

t1

φj3(t2)dt2dt1dt3dt4 =

=

T∫

t

φj3(t4)

t4∫

t

φj2(t3)





t3∫

t

φj3 (t2)dt2





t3∫

t

φj1 (t1)dt1dt3dt4−

−
T∫

t

φj3(t4)

t4∫

t

φj2(t3)

t3∫

t

φj1 (t1)





t1∫

t

φj3 (t2)dt2



 dt1dt3dt4 =

=

T∫

t

φj2 (t3)





t3∫

t

φj3(t2)dt2





t3∫

t

φj1(t1)dt1





T∫

t3

φj3(t4)dt4



 dt3−
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−
T∫

t

φj2 (t3)

t3∫

t

φj1 (t1)





t1∫

t

φj3(t2)dt2



 dt1





T∫

t3

φj3(t4)dt4



 dt3.

Let us prove (232). From (65) we obtain

(263)

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j3j1j2j1 = −
p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j3j1j2j1 .

Applying (245) and (263), we get (we replaced j3 by j4)

p
∑

j1,j2,j4=0

Cj4j2j4j1j2j1 +

p
∑

j1,j2,j4=0

Cj1j2j1j4j2j4 = 2

p
∑

j1,j2,j4=0

Cj4j2j4j1j2j1 =

=

p
∑

j1,j2,j4=0

(

Cj4Cj2j4j1j2j1 − Cj2j4Cj4j1j2j1 + Cj4j2j4Cj1j2j1−

−Cj1j4j2j4Cj2j1 + Cj2j1j4j2j4Cj1

)

=

= 2

p
∑

j1,j2,j4=0

(

Cj2j1j4j2j4Cj1 − Cj1j4j2j4Cj2j1

)

+

(264) +

p
∑

j1,j2,j4=0

Cj4j2j4Cj1j2j1 .

Further, we have (see (65))

lim
p→∞

p
∑

j1,j2,j4=0

Cj4j2j4Cj1j2j1 = lim
p→∞

p
∑

j2=0





p
∑

j1=0

Cj1j2j1





2

=

(265) = lim
p→∞

p
∑

j2=0





∞∑

j1=p+1

Cj1j2j1





2

= 0,

where we applied the equality (114).
Furthermore, by analogy with the proof of (230), we have

(266) lim
p→∞

p
∑

j1,j2,j4=0

(

Cj2j1j4j2j4Cj1 − Cj1j4j2j4Cj2j1

)

= 0.

To estimate the Fourier coefficient Cj1j4j2j4 in (266), we use the following (see the proof of (230)
for more details)
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Cj1j4j2j4 =

T∫

t

φj1 (t4)

t4∫

t

φj4 (t3)

t3∫

t

φj2 (t2)





t2∫

t

φj4(t1)dt1



 dt2dt3dt4 =

=

T∫

t

φj1 (t4)

t4∫

t

φj2 (t2)





t2∫

t

φj4(t1)dt1





t4∫

t2

φj4(t3)dt3dt2dt4 =

=

T∫

t

φj1 (t4)





t4∫

t

φj4(t3)dt3





t4∫

t

φj2(t2)





t2∫

t

φj4 (t1)dt1



 dt2dt4−

−
T∫

t

φj1 (t4)

t4∫

t

φj2 (t2)





t2∫

t

φj4(t3)dt3









t2∫

t

φj4 (t1)dt1



 dt2dt4.

The relations (263)–(266) complete the proof of equality (232).
Let us prove (233). Using (65), we get

(267)

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj1j2j3j3j2j1 =

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

Cj1j2j3j3j2j1 .

Applying (245) and (267), we obtain

2

p
∑

j1,j2=0

∞∑

j3=p+1

Cj1j2j3j3j2j1 =

=

p
∑

j1,j2=0

∞∑

j3=p+1

(

Cj1Cj2j3j3j2j1 − Cj2j1Cj3j3j2j1 + (Cj3j2j1)
2 −

−Cj3j3j2j1Cj2j1 + Cj2j3j3j2j1Cj1

)

=

= 2

p
∑

j1,j2=0

∞∑

j3=p+1

(

Cj1Cj2j3j3j2j1 − Cj2j1Cj3j3j2j1

)

+

(268) +

p
∑

j1,j2=0

∞∑

j3=p+1

(Cj3j2j1)
2
.

In [12] (Sect. 1.7.2) the following estimate

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 ≤

838
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(269) ≤ Lk

∞∑

js=p+1

1

j2s
≤ Lk

∞∫

p

dx

x2
=
Lk

p

is proved for the polynomial and trigonometric cases, where s = 1, . . . , k, constant Lk depends on k
and T − t.

Using the estimate (269), we get

(270) lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

(Cj3j2j1)
2
= 0.

By analogy with the proof of (230), we have

(271) lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

(

Cj1Cj2j3j3j2j1 − Cj2j1Cj3j3j2j1

)

= 0,

where we applied the equality (142). To estimate the Fourier coefficient Cj3j3j2j1 in (271), we used
the following (see the proof of (230) for more details)

Cj3j3j2j1 =

T∫

t

φj3(t4)

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=

T∫

t

φj1(t1)

T∫

t1

φj2(t2)

T∫

t2

φj3(t3)

T∫

t3

φj3(t4)dt4dt3dt2dt1 =

(272) =
1

2

T∫

t

φj1(t1)

T∫

t1

φj2(t2)





T∫

t2

φj3 (t3)dt3





2

dt2dt1.

Combining the equalities (267)–(271), we obtain (233).
Let us prove (234) (we replace j2 by j4 and j3 by j2 in (234)). As noted in Sect. 5, the sequential

order of the series
∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j4=p+1

is not important. This follows directly from the formulas (72) and (65).
Applying the mentioned property and (65), we get

(273)

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j4=p+1

Cj1j4j4j2j2j1 = −
p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

Cj1j4j4j2j2j1 .

Observe that (see the above reasoning)
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(274)

∞∑

j2=p+1

∞∑

j4=p+1

Cj1j4j4j2j2j1 =

∞∑

j4=p+1

∞∑

j2=p+1

Cj1j4j4j2j2j1 .

Using (245) and (274), we obtain

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

(

Cj1j4j4j2j2j1 + Cj1j2j2j4j4j1

)

= 2

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

Cj1j4j4j2j2j1 =

=

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

(

Cj1Cj4j4j2j2j1 − Cj4j1Cj4j2j2j1 + Cj4j4j1Cj2j2j1−

−Cj2j4j4j1Cj2j1 + Cj2j2j4j4j1Cj1

)

=

=

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

(

Cj1Cj4j4j2j2j1 − Cj4j1Cj4j2j2j1 − Cj2j4j4j1Cj2j1 + Cj2j2j4j4j1Cj1

)

+

(275) +

p
∑

j1=0





∞∑

j2=p+1

Cj2j2j1





2

.

The equality

(276) lim
p→∞

p
∑

j1=0





∞∑

j2=p+1

Cj2j2j1





2

= 0

follows from the relation (113).
By analogy with the proof of equality (230) we obtain

lim
p→∞

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

(

Cj1Cj4j4j2j2j1 − Cj4j1Cj4j2j2j1−

(277) −Cj2j4j4j1Cj2j1 + Cj2j2j4j4j1Cj1

)

= 0,

where we applied the equality (143). To estimate the Fourier coefficient Cj2j4j4j1 in (277), we used
the following (see the proof of (230) for more details)

Cj2j4j4j1 =

T∫

t

φj2(t4)

t4∫

t

φj4(t3)

t3∫

t

φj4(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=

T∫

t

φj2(t4)

t4∫

t

φj1(t1)

t4∫

t1

φj4(t2)

t4∫

t2

φj4(t3)dt3dt2dt1dt4 =
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=
1

2

T∫

t

φj2 (t4)

t4∫

t

φj1 (t1)





t4∫

t1

φj4(t2)dt2





2

dt1dt4 =

=
1

2

T∫

t

φj2(t4)





t4∫

t

φj4 (t2)dt2





2 t4∫

t

φj1(t1)dt1dt4+

+
1

2

T∫

t

φj2 (t4)

t4∫

t

φj1 (t1)





t1∫

t

φj4(t2)dt2





2

dt1dt4−

−
T∫

t

φj2 (t4)





t4∫

t

φj4(t2)dt2





t4∫

t

φj1(t1)





t1∫

t

φj4 (t2)dt2



 dt1dt4.

The relation (234) follows from (273), (275)–(277).
Consider (235). Using the integration order replacement, we obtain

Cj3j3j2j2j1j1 =

=
1

2

T∫

t

φj3(t6)

t6∫

t

φj3(t5)

t5∫

t

φj2(t4)

t4∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2

dt3dt4dt5dt6 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj2(t4)

T∫

t4

φj3(t5)

T∫

t5

φj3(t6)dt6dt5dt4dt3 =

(278) =
1

4

T∫

t

φj2 (t3)





t3∫

t

φj1(t1)dt1





2 T∫

t3

φj2 (t4)





T∫

t4

φj3(t5)dt5





2

dt4dt3.

Applying the estimates (261) to (278) gives the following estimate

(279) |Cj3j3j2j2j1j1 | ≤
K

j21j
2
3

(j1, j3 > 0, j2 ≥ 0),

where constant K does not depend on j1, j2, j3.
Further, we get (see (72))

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 =

∞∑

j1=p+1

∞∑

j3=p+1

∞∑

j2=p+1

Cj3j3j2j2j1j1 =

(280) =
1

2

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1

∣
∣
∣
∣
(j2j2)y(·)

−
p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 ,
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where

Cj3j3j2j2j1j1

∣
∣
∣
∣
(j2j2)y(·)

=

=

T∫

t

φj3 (t6)

t6∫

t

φj3 (t5)

t5∫

t

t4∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt4dt5dt6 =

=

T∫

t

φj3 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj1 (t2)

t2∫

t

φj1 (t1)dt1

t5∫

t2

dt4dt2dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj3(t5)(t5 − t)

t5∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt5dt6+

+

T∫

t

φj3(t6)

t6∫

t

φj3 (t5)

t5∫

t

φj1 (t2)(t− t2)

t2∫

t

φj1(t1)dt1dt2dt5dt6
def
=

(281)
def
= C′

j3j3j1j1 + C′′
j3j3j1j1 .

Let us substitute (281) into (280)

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 =
1

2

∞∑

j1=p+1

∞∑

j3=p+1

C′
j3j3j1j1+

(282) +
1

2

∞∑

j1=p+1

∞∑

j3=p+1

C′′
j3j3j1j1 −

p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 .

The relation (143) implies that

(283) lim
p→∞

∞∑

j1=p+1

∞∑

j3=p+1

C′
j3j3j1j1 = 0, lim

p→∞

∞∑

j1=p+1

∞∑

j3=p+1

C′′
j3j3j1j1 = 0.

From the estimate (279) we get

∣
∣
∣
∣
∣
∣

p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1

∣
∣
∣
∣
∣
∣

≤ K(p+ 1)

∞∑

j1=p+1

1

j21

∞∑

j3=p+1

1

j23
≤

(284) ≤ K(p+ 1)





∞∫

p

dx

x2





2

≤ K(p+ 1)

p2
→ 0

if p→ ∞, where constant K is independent of p.
The relations (282)–(284) complete the proof of (235).

842



EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 103

Let us prove (236). Using the integration order replacement, we get

Cj2j3j3j2j1j1 =

=
1

2

T∫

t

φj2(t6)

t6∫

t

φj3(t5)

t5∫

t

φj3(t4)

t4∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2

dt3dt4dt5dt6 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj3(t4)

T∫

t4

φj3(t5)

T∫

t5

φj2(t6)dt6dt5dt4dt3 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj3(t5)

T∫

t5

φj2(t6)dt6

t5∫

t3

φj3 (t4)dt4dt5dt3 =

=
1

2

T∫

t

φj2 (t3)





t3∫

t

φj1(t1)dt1





2 T∫

t3

φj3 (t5)





T∫

t5

φj2(t6)dt6









t5∫

t

φj3 (t4)dt4



 dt5dt3−

(285) −1

2

T∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2



t3∫

t

φj3(t4)dt4





T∫

t3

φj3(t5)





T∫

t5

φj2 (t6)dt6



 dt5dt3.

Applying (65) and (72), we obtain

−
∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j2j1j1 = −
∞∑

j1=p+1

∞∑

j3=p+1

∞∑

j2=p+1

Cj2j3j3j2j1j1 =

=

p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj2j3j3j2j1j1 =

=
1

2

p
∑

j2=0

∞∑

j1=p+1

Cj2j3j3j2j1j1

∣
∣
∣
∣
(j3j3)y(·)

−
p
∑

j2=0

p
∑

j3=0

∞∑

j1=p+1

Cj2j3j3j2j1j1 =

=
1

2

p
∑

j2=0

∞∑

j1=p+1

Cj2j3j3j2j1j1

∣
∣
∣
∣
(j3j3)y(·)

−
∞∑

j1=p+1

C0000j1j1−

−
p
∑

j3=1

∞∑

j1=p+1

C0j3j30j1j1 −
p
∑

j2=1

∞∑

j1=p+1

Cj200j2j1j1−

(286) −
p
∑

j2=1

p
∑

j3=1

∞∑

j1=p+1

Cj2j3j3j2j1j1 .
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The equality

(287) lim
p→∞

1

2

p
∑

j2=0

∞∑

j1=p+1

Cj2j3j3j2j1j1

∣
∣
∣
∣
(j3j3)y(·)

= 0

follows from the inequality similar to (169) (see the proof of Theorem 16), where we used the following
representation

Cj2j3j3j2j1j1

∣
∣
∣
∣
(j3j3)y(·)

=

=

T∫

t

φj2 (t6)

t6∫

t

t4∫

t

φj2(t3)

t3∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4dt6 =

=

T∫

t

φj2 (t6)

t6∫

t

φj2 (t3)

t3∫

t

φj1 (t2)

t2∫

t

φj1 (t1)dt1dt2

t6∫

t3

dt4dt3dt6 =

+

T∫

t

φj2(t6)(t6 − t)

t6∫

t

φj2 (t3)

t3∫

t

φj1 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3dt6+

+

T∫

t

φj2(t6)

t6∫

t

φj2 (t3)(t− t3)

t3∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt6
def
=

(288)
def
= C∗

j2j2j1j1 + C∗∗
j2j2j1j1 .

Applying the estimates (261) and (129) (ε = 1/2) to (285) gives the following estimates

(289) |Cj2j3j3j2j1j1 | ≤
K

j21j2j
3/4
3

(j1, j2, j3 > 0),

(290) |Cj200j2j1j1 | ≤
K

j21j2
(j1, j2 > 0),

(291) |C0j3j30j1j1 | ≤
K

j21j3
(j1, j3 > 0),

(292) |C0000j1j1 | ≤
K

j21
(j1 > 0).

Using the estimate (289), we have

∣
∣
∣
∣
∣
∣

p
∑

j2=1

p
∑

j3=1

∞∑

j1=p+1

Cj2j3j3j2j1j1

∣
∣
∣
∣
∣
∣

≤ K

∞∑

j1=p+1

1

j21

p
∑

j2=1

1

j2

p
∑

j3=1

1

j
3/4
3

≤
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(293) ≤ K

∞∫

p

dx

x2



1 +

p∫

1

dx

x







1 +

p∫

1

dx

x3/4



 ≤ K1
1 + lnp

p3/4
→ 0

if p→ ∞, where constants K,K1 do not depend on p.
Similarly we get (see (290)–(292))

(294)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

C0000j1j1

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣

p
∑

j3=1

∞∑

j1=p+1

C0j3j30j1j1

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣

p
∑

j2=1

∞∑

j1=p+1

Cj200j2j1j1

∣
∣
∣
∣
∣
∣

→ 0

if p→ ∞.
The relations (286), (287), (293), (294) prove (236).
Consider (237). Using the integration order replacement, we get

Cj3j2j3j2j1j1 =

=
1

2

T∫

t

φj3(t6)

t6∫

t

φj2(t5)

t5∫

t

φj3(t4)

t4∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2

dt3dt4dt5dt6 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj3(t4)

T∫

t4

φj2(t5)

T∫

t5

φj3(t6)dt6dt5dt4dt3 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj2(t5)

T∫

t5

φj3(t6)dt6

t5∫

t3

φj3 (t4)dt4dt5dt3 =

=
1

2

T∫

t

φj2 (t3)





t3∫

t

φj1(t1)dt1





2 T∫

t3

φj2 (t5)





t5∫

t

φj3(t4)dt4









T∫

t5

φj3 (t6)dt6



 dt5dt3−

(295) −1

2

T∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2



t3∫

t

φj3(t4)dt4





T∫

t3

φj2(t5)





T∫

t5

φj3 (t6)dt6



 dt5dt3.

Applying (65), we obtain

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j3j2j1j1 =

∞∑

j1=p+1

∞∑

j3=p+1

∞∑

j2=p+1

Cj3j2j3j2j1j1 =

(296) = −
p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j2j3j2j1j1 .
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Further proof of the equality (237) is based on the relations (295), (296) and is similar to the proof
of the formula (236).

Let us prove (238). Applying the integration order replacement, we obtain

Cj3j3j2j1j2j1 =

=

T∫

t

φj3 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj2 (t4)

t4∫

t

φj1 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3dt4dt5dt6 =

=

T∫

t

φj1 (t1)

T∫

t1

φj2 (t2)

T∫

t2

φj1 (t3)

T∫

t3

φj2 (t4)

T∫

t4

φj3 (t5)

T∫

t5

φj3 (t6)dt6dt5dt4dt3dt2dt1 =

=
1

2

T∫

t

φj1(t1)

T∫

t1

φj2(t2)

T∫

t2

φj1(t3)

T∫

t3

φj2(t4)





T∫

t4

φj3(t5)dt5





2

dt4dt3dt2dt1 =

=
1

2

T∫

t

φj2(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj1(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=
1

2

T∫

t

φj2(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1

t4∫

t2

φj1 (t3)dt3dt2dt4 =

=
1

2

T∫

t

φj2 (t4)





T∫

t4

φj3(t5)dt5





2



t4∫

t

φj1(t3)dt3





t4∫

t

φj2(t2)





t2∫

t

φj1 (t1)dt1



 dt2dt4−

(297) −1

2

T∫

t

φj2(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj2(t2)





t2∫

t

φj1 (t1)dt1





2

dt2dt4.

Using (65), we get

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j1j2j1 =

∞∑

j1=p+1

∞∑

j3=p+1

∞∑

j2=p+1

Cj3j3j2j1j2j1 =

(298) = −
p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j1j2j1 .

Further proof of the equality (238) is based on the relations (297), (298) and is similar to the proof
of the relations (236), (237).

Consider (239). Using the integration order replacement, we have

Cj3j3j1j2j2j1 =
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=

T∫

t

φj3 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj1 (t4)

t4∫

t

φj2 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3dt4dt5dt6 =

=

T∫

t

φj1 (t1)

T∫

t1

φj2 (t2)

T∫

t2

φj2 (t3)

T∫

t3

φj1 (t4)

T∫

t4

φj3 (t5)

T∫

t5

φj3 (t6)dt6dt5dt4dt3dt2dt1 =

=
1

2

T∫

t

φj1(t1)

T∫

t1

φj2(t2)

T∫

t2

φj2(t3)

T∫

t3

φj1(t4)





T∫

t4

φj3(t5)dt5





2

dt4dt3dt2dt1 =

=
1

2

T∫

t

φj1(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj2(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=
1

2

T∫

t

φj1(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1

t4∫

t2

φj2 (t3)dt3dt2dt4 =

=
1

2

T∫

t

φj1 (t4)





T∫

t4

φj3(t5)dt5





2



t4∫

t

φj2(t3)dt3





t4∫

t

φj2(t2)





t2∫

t

φj1 (t1)dt1



 dt2dt4−

(299) −1

2

T∫

t

φj1(t4)





T∫

t4

φj3(t5)dt5





2 t4∫

t

φj2(t2)





t2∫

t

φj1(t1)dt1









t2∫

t

φj2 (t3)dt3



 dt2dt4.

Applying (65) and (72), we obtain

−
∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j1j2j2j1 = −
∞∑

j2=p+1

∞∑

j3=p+1

∞∑

j1=p+1

Cj2j3j1j2j2j1 =

=

p
∑

j1=0

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j1j2j2j1 =

p
∑

j1=0

∞∑

j3=p+1

∞∑

j2=p+1

Cj2j3j1j2j2j1 =

(300) =
1

2

p
∑

j1=0

∞∑

j3=p+1

Cj3j3j1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

−
p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

Cj3j3j1j2j2j1 .

The equality

(301) lim
p→∞

1

2

p
∑

j1=0

∞∑

j3=p+1

Cj3j3j1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

= 0

follows from the inequality (169), where we proceed similarly to the proof of equality (287) (see (288)).
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The relation

(302) lim
p→∞

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

Cj3j3j1j2j2j1 = 0

is proved on the basis of (299) and similarly with the proof of (236). The equalities (300)–(302) prove
(239).

Let us prove (240). Using (65) and (72), we get

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j1j3j3j2j1 =

∞∑

j3=p+1

p
∑

j1,j2=0

Cj2j1j3j3j2j1 =

(303) =
1

2

p
∑

j1,j2=0

Cj2j1j3j3j2j1

∣
∣
∣
∣
(j3j3)y(·)

−
p
∑

j1,j2,j3=0

Cj2j1j3j3j2j1 .

Using the equality (141) we have

(304) lim
p→∞

1

2

p
∑

j1,j2=0

Cj2j1j3j3j2j1

∣
∣
∣
∣
(j3j3)y(·)

= 0,

where we proceed similarly to the proof of equality (287) (see (288)).
Further, we will prove the following relation

(305) lim
p→∞

p
∑

j1,j2,j3=0

Cj2j1j3j3j2j1 = 0

using the equality (245). From (245) we have

p
∑

j1,j2,j3=0

Cj2j1j3j3j2j1 =
1

2

p
∑

j1,j2,j3=0

(

Cj2j1j3j3j2j1 + Cj1j2j3j3j1j2

)

=

=
1

2

p
∑

j1,j2,j3=0

(

Cj2Cj1j3j3j2j1 − Cj1j2Cj3j3j2j1 + Cj3j1j2Cj3j2j1−

−Cj3j3j1j2Cj2j1 + Cj2j3j3j1j2Cj1

)

=

=

p
∑

j1,j2,j3=0

(

Cj2j3j3j1j2Cj1 − Cj3j3j1j2Cj2j1

)

+

(306) +
1

2

p
∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1 .

The generalized Parseval equality gives (by analogy with (252))
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(307) lim
p→∞

1

2

p
∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1 = 0.

Let us prove the following equality

(308) lim
p→∞

p
∑

j1,j2,j3=0

(

Cj2j3j3j1j2Cj1 − Cj3j3j1j2Cj2j1

)

= 0.

The relation

(309) lim
p→∞

p
∑

j1,j2,j3=0

Cj2j3j3j1j2Cj1 = 0

is proved by the same methods as in the proof of equality (230) and also using Theorem 16 and (72).
Further, we have (see (72))

(310)

p
∑

j3=0

Cj3j3j1j2 =
1

2
Cj3j3j1j2

∣
∣
∣
∣
(j3j3)y(·)

−
∞∑

j3=p+1

Cj3j3j1j2 .

Moreover,

Cj3j3j1j2

∣
∣
∣
∣
(j3j3)y(·)

=

T∫

t

t3∫

t

φj1(t2)

t2∫

t

φj2(t1)dt1dt2dt3 =

=

T∫

t

φj1(t2)

t2∫

t

φj2(t1)dt1

T∫

t2

dt3dt2 =

T∫

t

(T − t2)φj1 (t2)

t2∫

t

φj2 (t1)dt1dt2 =

=

T∫

t

φj2(t1)

T∫

t1

(T − t2)φj1 (t2)dt2dt1 =

T∫

t

φj2(t2)

T∫

t2

(T − t1)φj1 (t1)dt1dt2 =

(311) =

∫

[t,T ]2

(T − t1)1{t2<t1}φj1(t1)φj2 (t2)dt1dt2
def
= C̃j2j1 .

Using (310), (311), and the generalized Parseval equality, we obtain

lim
p→∞

p
∑

j1,j2,j3=0

Cj3j3j1j2Cj2j1 =
1

2
lim
p→∞

p
∑

j1,j2=0

Cj2j1C̃j2j1−

(312) − lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j3j1j2Cj2j1 = − lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j3j1j2Cj2j1 .
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We have (see (272))

(313) Cj3j3j1j2 =
1

2

T∫

t

φj2(t1)

T∫

t1

φj1(t2)





T∫

t2

φj3 (t3)dt3





2

dt2dt1.

By analogy with (262) and also using (313), we get

(314) lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j3j1j2Cj2j1 = 0.

Combining (312) and (314), we obtain

(315) lim
p→∞

p
∑

j1,j2,j3=0

Cj3j3j1j2Cj2j1 = 0.

The relation (308) follows from (309) and (315). From (306)–(308) we get (305). The equalities
(303)–(305) complete the proof of (240).

For the proof of (241)–(244) we will use a new idea. More precisely, we will consider the sums of
expressions (241)–(244) with the expressions already studied throughout this proof.

Let us begin from (241). Applying the integration order replacement, we obtain

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2 =

=

T∫

t

φj3 (t6)

t6∫

t

φj1 (t5)

t5∫

t

φj2 (t4)

t4∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3dt4dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj1(t5)

t5∫

t

φj3(t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





t5∫

t3

φj2 (t4)dt4dt3dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj1(t5)





t5∫

t

φj2(t4)dt4





t5∫

t

φj3(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1



 dt3dt5dt6−

−
T∫

t

φj3 (t6)

t6∫

t

φj1 (t5)

t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2





2



t3∫

t

φj1(t1)dt1



 dt3dt5dt6 =

=

T∫

t

φj1 (t5)





t5∫

t

φj2 (t4)dt4





t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3





T∫

t5

φj3 (t6)dt6



 dt5−
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(316) −
T∫

t

φj1 (t5)

t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2





2



t3∫

t

φj1(t1)dt1



 dt3





T∫

t5

φj3(t6)dt6



 dt5.

Using (65), we get

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2

)

=

(317) =

p
∑

j1=0

p
∑

j3=0

∞∑

j2=p+1

(

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2

)

.

Further, by analogy with the proof of equality (236) and using (316), we obtain

(318) lim
p→∞

p
∑

j1=0

p
∑

j3=0

∞∑

j2=p+1

(

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2

)

= 0.

From (317) and (318) we get

(319) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2

)

= 0.

Moreover (see (230)),

(320) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j2j3j1j2 = 0.

Combining (319) and (320), we have

lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j2j3j2j1 = 0.

The equality (241) is proved.
Consider (242). Using the integration order replacement, we have

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2 =

=

T∫

t

φj2 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj1 (t4)

t4∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3dt4dt5dt6 =
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=

T∫

t

φj2(t6)

t6∫

t

φj3(t5)

t5∫

t

φj3(t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





t5∫

t3

φj1 (t4)dt4dt3dt5dt6 =

=

T∫

t

φj2(t6)

t6∫

t

φj3(t5)





t5∫

t

φj1(t4)dt4





t5∫

t

φj3(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1



 dt3dt5dt6−

−
T∫

t

φj2 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





2

dt3dt5dt6 =

=

T∫

t

φj3 (t5)





t5∫

t

φj1 (t4)dt4





t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3





T∫

t5

φj2 (t6)dt6



 dt5−

(321) −
T∫

t

φj3 (t5)

t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1(t1)dt1





2

dt3





T∫

t5

φj2(t6)dt6



 dt5.

Using (65), we obtain

−
∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2

)

=

(322) =

p
∑

j3=0

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2

)

.

By analogy with the proof of (236) and applying (321), we get

(323) lim
p→∞

p
∑

j3=0

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2

)

= 0.

From (322) and (323) we have

(324) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2

)

= 0.

Moreover (see (231)),

(325) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j1j3j1j2 = 0.

Combining (324) and (325), we finally obtain
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lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j1j3j2j1 = 0.

The equality (242) is proved.
Now consider (243). Using the integration order replacement, we obtain

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2 =

=

T∫

t

φj3 (t6)

t6∫

t

φj1 (t5)

t5∫

t

φj3 (t4)

t4∫

t

φj2 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3dt4dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj1(t5)

t5∫

t

φj2(t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





t5∫

t3

φj3 (t4)dt4dt3dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj1(t5)





t5∫

t

φj3(t4)dt4





t5∫

t

φj2(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1



 dt3dt5dt6−

−
T∫

t

φj3(t6)

t6∫

t

φj1(t5)

t5∫

t

φj2(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1 (t1)dt1









t3∫

t

φj3(t4)dt4



 dt3dt5dt6 =

=

T∫

t

φj1 (t5)





t5∫

t

φj3 (t4)dt4





t5∫

t

φj2 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3





T∫

t5

φj3 (t6)dt6



 dt5−

(326)

−
T∫

t

φj1(t5)

t5∫

t

φj2(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1









t3∫

t

φj3(t4)dt4



 dt3





T∫

t5

φj3(t6)dt6



 dt5.

Applying (65) and (72), we obtain

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

=

= −
p
∑

j1=0

∞∑

j3=p+1

∞∑

j2=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

=

=

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

−
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(327) −1

2

p
∑

j1=0

∞∑

j3=p+1

Cj3j1j3j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

.

The equality

(328) lim
p→∞

1

2

p
∑

j1=0

∞∑

j3=p+1

Cj3j1j3j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

= 0

follows from the equality (141), where we proceed similarly to the proof of equality (287) (see (288)).
By analogy with the proof of (236) and applying (326), we get

(329) lim
p→∞

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

= 0.

From (327)–(329) we have

(330) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

= 0.

Moreover (see (232)),

(331) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j3j2j1j2 = 0.

Combining (330) and (331), we finally obtain

lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j3j2j2j1 = 0.

The equality (243) is proved.
Finally consider (244). Using the integration order replacement, we have

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2 =

=

T∫

t

φj2 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj3 (t4)

t4∫

t

φj1 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3dt4dt5dt6 =

=

T∫

t

φj2(t6)

t6∫

t

φj3(t5)

t5∫

t

φj1(t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





t5∫

t3

φj3 (t4)dt4dt3dt5dt6 =
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=

T∫

t

φj2(t6)

t6∫

t

φj3(t5)





t5∫

t

φj3(t4)dt4





t5∫

t

φj1(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1



 dt3dt5dt6−

−
T∫

t

φj2(t6)

t6∫

t

φj3(t5)

t5∫

t

φj1(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1 (t1)dt1









t3∫

t

φj3(t4)dt4



 dt3dt5dt6 =

=

T∫

t

φj3 (t5)





t5∫

t

φj3 (t4)dt4





t5∫

t

φj1 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3





T∫

t5

φj2 (t6)dt6



 dt5−

(332)

−
T∫

t

φj3(t5)

t5∫

t

φj1(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1









t3∫

t

φj3(t4)dt4



 dt3





T∫

t5

φj2(t6)dt6



 dt5.

Using (65) and (72), we get

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

=

=
1

2

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j3j1j2j1

∣
∣
∣
∣
(j3j3)y(·)

+ Cj2j3j3j1j1j2

∣
∣
∣
∣
(j3j3)y(·)

)

−

−
p
∑

j3=0

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

=

=
1

2

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j3j1j2j1

∣
∣
∣
∣
(j3j3)y(·)

+ Cj2j3j3j1j1j2

∣
∣
∣
∣
(j3j3)y(·)

)

+

+

p
∑

j1=0

p
∑

j3=0

∞∑

j2=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

−

(333) −1

2

p
∑

j3=0

∞∑

j2=p+1

Cj2j3j3j1j1j2

∣
∣
∣
∣
(j1j1)y(·)

.

The equalities

(334) lim
p→∞

1

2

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j3j1j2j1

∣
∣
∣
∣
(j3j3)y(·)

+ Cj2j3j3j1j1j2

∣
∣
∣
∣
(j3j3)y(·)

)

= 0,
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lim
p→∞

1

2

p
∑

j3=0

∞∑

j2=p+1

Cj2j3j3j1j1j2

∣
∣
∣
∣
(j1j1)y(·)

=

= lim
p→∞

1

4

∞∑

j2=p+1

Cj2j3j3j1j1j2

∣
∣
∣
∣
(j1j1)y(·)(j3j3)y(·)

−

(335) − lim
p→∞

1

2

∞∑

j3=p+1

∞∑

j2=p+1

Cj2j3j3j1j1j2

∣
∣
∣
∣
(j1j1)y(·)

= 0

follows from the equalities (141), (142), where we used the same technique as in (288). When proving
(335), we also applied (72) and (97).

By analogy with the proof of (236) and applying (332), we obtain

(336) lim
p→∞

p
∑

j1=0

p
∑

j3=0

∞∑

j2=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

= 0.

From (333)–(336) we have

(337) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

= 0.

Furthermore (see (234)),

(338) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j1j1j2 = 0.

Combining (337) and (338), we finally obtain

lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j1j2j1 = 0.

The equality (244) is proved. Theorem 22 is proved.

12. Generalization of Theorem 15. The Case p1, p2, p3 → ∞ and Continuously
Differetiable Weight Functions (The Cases of Legendre Polynomials and

Trigonometric Functions)

This section is devoted to the following theorem.

Theorem 23 [12], [36], [37]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ), ψ3(τ)
are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich

stochastic integral of third multiplicity
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J∗[ψ(3)]
(i1i2i3)
T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3

the following expansion

(339) J∗[ψ(3)]
(i1i2i3)
T,t = l.i.m.

p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that converges in the mean-square sense is valid, where i1, i2, i3 = 0, 1, . . . ,m,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. Let us consider the case of Legendre polynomials (the trigonometric case is simpler and
can be considered similarly). Applying (60), we obtain

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

= J ′[Kp1p2p3 ]
(i1i2i3)
T,t +

+1{i1=i2 6=0}

p3∑

j3=0

min{p1,p2}∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t +

+1{i2=i3 6=0}

p1∑

j1=0

min{p2,p3}∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t +

(340) +1{i1=i3 6=0}

p2∑

j2=0

min{p1,p3}∑

j1=0

Cj1j2j1J
′[φj2 ]

(i2)
T,t

w. p. 1, where notations are the same as in (60).
Using Theorem 4 (see (25) for the case k = 3), Theorem 1 (see (44)) as well as (77) (see the

derivation of (77)) and (72), we get

J∗[ψ(3)]
(i1i2i3)
T,t = J [ψ(3)]

(i1i2i3)
T,t +

1

2
1{i1=i2 6=0}

T∫

t

ψ3(t3)

t3∫

t

ψ2(t2)ψ1(t2)dt2dw
(i3)
t3 +

+
1

2
1{i2=i3 6=0}

T∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)dw
(i1)
t1 dt3 =
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= J [ψ(3)]
(i1i2i3)
T,t +

1

2
J [ψ(3)]1T,t +

1

2
J [ψ(3)]2T,t =

= l.i.m.
p1,p2,p3→∞

J ′[Kp1p2p3 ]
(i1i2i3)
T,t +

+1{i1=i2 6=0} l.i.m.
p3→∞

1

2

p3∑

j3=0

Cj3j2j1

∣
∣
∣
∣
(j2j1)y(·),j1=j2

J ′[φj3 ]
(i3)
T,t +

+1{i2=i3 6=0} l.i.m.
p1→∞

1

2

p1∑

j1=0

Cj3j2j1

∣
∣
∣
∣
(j3j2)y(·),j2=j3

J ′[φj1 ]
(i1)
T,t =

= l.i.m.
p1,p2,p3→∞

J ′[Kp1p2p3 ]
(i1i2i3)
T,t +

+1{i1=i2 6=0} l.i.m.
p3→∞

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t +

(341) +1{i2=i3 6=0} l.i.m.
p1→∞

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

w. p. 1.
Using (340), (341) and the elementary inequality

(a+ b+ c+ d)2 ≤ 4
(
a2 + b2 + c2 + d2

)
,

we obtain

M









J∗[ψ(3)]
(i1i2i3)
T,t −

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤

≤ 4M

{(

J [ψ(3)]
(i1i2i3)
T,t − J ′[Kp1p2p3 ]

(i1i2i3)
T,t

)2
}

+

+4 · 1{i1=i2 6=0}×

×M









 l.i.m.
p3→∞

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

min{p1,p2}∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t





2






+

+4 · 1{i2=i3 6=0}×
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×M









 l.i.m.
p1→∞

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

min{p2,p3}∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t





2






+

+4 · 1{i1=i3 6=0}M











p2∑

j2=0

min{p1,p3}∑

j1=0

Cj1j2j1J
′[φj2 ]

(i2)
T,t





2






=

(342) = 4Ap1p2p3 + 4 · 1{i1=i2 6=0}Bp1p2p3 + 4 · 1{i2=i3 6=0}Cp1p2p3 + 4 · 1{i1=i3 6=0}Dp1p2p3 .

Theorem 1 gives (see (44))

(343) lim
p1,p2,p3→∞

Ap1p2p3 = 0.

Further, in complete analogy with (133) and using (65), we obtain

Dp1p2p3 =

p2∑

j2=0





min{p1,p3}∑

j1=0

Cj1j2j1





2

=

p2∑

j2=0





∞∑

j1=min{p1,p3}+1

Cj1j2j1





2

≤

(344) ≤
∞∑

j2=0





∞∑

j1=min{p1,p3}+1

Cj1j2j1





2

≤ K

(min{p1, p3})2−ε → 0

if p1, p2, p3 → ∞, where ε is an arbitrary small positive real number, constant K is independent of p.
We have

Bp1p2p3 = M







((

l.i.m.
p3→∞

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t

)

+

+

(
p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

min{p1,p2}∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t

))2





≤

(345) ≤ 2Ep3 + 2Fp1p2p3 ,

where

Ep3 = M







(

l.i.m.
p3→∞

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t

)2





,
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Fp1p2p3 = M







(
p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

min{p1,p2}∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t

)2





=

= M







(
p3∑

j3=0

∞∑

j1=min{p1,p2}+1

Cj3j1j1J
′[φj3 ]

(i3)
T,t

)2





=

(346) =

p3∑

j3=0

(
∞∑

j1=min{p1,p2}+1

Cj3j1j1

)2

.

By analogy with (119) we get

p3∑

j3=0

(
∞∑

j1=min{p1,p2}+1

Cj3j1j1

)2

≤
∞∑

j3=0

(
∞∑

j1=min{p1,p2}+1

Cj3j1j1

)2

≤

(347) ≤ K

(min{p1, p2})2
→ 0

if p1, p2, p3 → ∞, where constant K does not depend on p.
Moreover,

(348) lim
p3→∞

Ep3 = lim
p1,p2,p3→∞

Ep3 = 0.

Combining (345)–(348), we obtain

(349) lim
p1,p2,p3→∞

Bp1p2p3 = 0.

Consider Cp1p2p3 . We have

Cp1p2p3 = M







((

l.i.m.
p1→∞

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

)

+

+

(
p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

min{p2,p3}∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

))2





≤

(350) ≤ 2Gp1 + 2Hp1p2p3 ,

where

860



EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 121

Gp1 = M







(

l.i.m.
p1→∞

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

)2





,

Hp1p2p3 = M







(
p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

min{p2,p3}∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

)2





=

= M







(
p1∑

j1=0

∞∑

j3=min{p2,p3}+1

Cj3j3j1J
′[φj1 ]

(i1)
T,t

)2





=

(351) =

p1∑

j1=0

(
∞∑

j3=min{p2,p3}+1

Cj3j3j1

)2

.

By analogy with (123) we get

p1∑

j1=0

(
∞∑

j3=min{p2,p3}+1

Cj3j3j1

)2

≤
∞∑

j1=0

(
∞∑

j3=min{p2,p3}+1

Cj3j3j1

)2

≤

(352) ≤ K

(min{p2, p3})2
→ 0

if p1, p2, p3 → ∞, where constant K does not depend on p.
Moreover,

(353) lim
p1→∞

Gp1 = lim
p1,p2,p3→∞

Gp1 = 0.

Combining (350)–(353), we obtain

(354) lim
p1,p2,p3→∞

Cp1p2p3 = 0.

The relations (342)–(344), (349), (354) complete the proof of Theorem 23. Theorem 23 is proved.

13. Theorems 1, 2, 5-12, 15-17, 22, 23 from Point of View of the Wong–Zakai
Approximation

The iterated Ito stochastic integrals and solutions of Ito SDEs are complex and important function-

als from the independent components f
(i)
s , i = 1, . . . ,m of the multidimensional Wiener process fs,

s ∈ [0, T ]. Let f
(i)p
s , p ∈ N be some approximation of f

(i)
s , i = 1, . . . ,m. Suppose that f

(i)p
s converges

to f
(i)
s , i = 1, . . . ,m if p→ ∞ in some sense and has differentiable sample trajectories.
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A natural question arises: if we replace f
(i)
s by f

(i)p
s , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
s ,

i = 1, . . . ,m of the multidimentional Wiener process fs? The answere to this question is negative in
the general case. However, in the pioneering works of Wong E. and Zakai M. [58], [59], it was shown
that under the special conditions and for some types of approximations of the Wiener process the
answere is affirmative with one peculiarity: the convergence takes place to the iterated Stratonovich
stochastic integrals and solutions of Stratonovich SDEs and not to the iterated Ito stochastic inte-
grals and solutions of Ito SDEs. The piecewise linear approximation as well as the regularization
by convolution [58]-[60] relate the mentioned types of approximations of the Wiener process. The
above approximation of stochastic integrals and solutions of SDEs is often called the Wong–Zakai
approximation.

Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [62], [63]

(355) f (i)τ − f
(i)
t =

∞∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,

where τ ∈ [t, T ], t ≥ 0, {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (355) converges for any τ ∈ [t, T ] in the mean-square sense.

Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(356) f (i)pτ − f
(i)p
t =

p
∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j .

From (356) we obtain

(357) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral

(358)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
,

where p1, . . . , pk ∈ N, i1, . . . , ik = 0, 1, . . . ,m,

(359) dw(i)p
τ =







df
(i)p
τ for i = 1, . . . ,m

dτ for i = 0

,

and df
(i)p
τ in defined by the relation (357).

Let us substitute (357) into (358)
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(360)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,

where

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
s = f

(i)
s for i = 1, . . . ,m and w

(0)
s = s,

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
To best of our knowledge [58]-[60] the approximations of the Wiener process in the Wong–Zakai

approximation must satisfy fairly strong restrictions [60] (see Definition 7.1, pp. 480–481). Moreover,
approximations of the Wiener process that are similar to (356) were not considered in [58], [59] (also
see [60], Theorems 7.1, 7.2). Therefore, the proof of analogs of Theorems 7.1 and 7.2 [60] for approx-
imations of the Wiener process based on its series expansion (355) should be carried out separately.
Thus, the mean-square convergence of the right-hand side of (360) to the iterated Stratonovich sto-
chastic integral (2) does not follow from the results of the papers [58], [59] (also see [60], Theorems
7.1, 7.2).

From the other hand, Theorems 1, 2, 5-12, 15-17, 22, 23 from this paper can be considered
as the proof of the Wong–Zakai approximation for the iterated Stratonovich stochastic integrals
(2) of multiplicities 1 to 6 (or of multiplicity k under the condition of convergence of trace series
(Theorem 12)) based on the approximation (356) of the Wiener process. At that, the Riemann–
Stieltjes integrals (358) converge (according to Theorems 5-12, 15-17, 22, 23) to the appropriate
Stratonovich stochastic integrals (2). Recall that {φj(x)}∞j=0 (see (355), (356), and Theorems 5-12,
15-17, 22, 23) is a complete orthonormal system of Legendre polynomials or trigonometric functions
in the space L2([t, T ]).

To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(s), ψ2(s) ≡ 1;
i1, i2 = 1, . . . ,m.

The first example relates to the piecewise linear approximation of the multidimensional Wiener
process (these approximations were considered in [58]-[60]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the mul-

tidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i = 1, . . . ,m,

i.e.

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,

where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Note that w. p. 1
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(361)
db

(i)
∆

dt
(t) =

∆f
(i)
k∆

∆
, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

Using (361) and additive property of Riemann–Stieltjes integrals, we can write w. p. 1

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

db
(i1)
∆

dτ
(τ)dτ

db
(i2)
∆

ds
(s)ds =

=

N−1∑

l=0

(l+1)∆∫

l∆






l−1∑

q=0

(q+1)∆∫

q∆

∆f
(i1)
q∆

∆
dτ +

s∫

l∆

∆f
(i1)
l∆

∆
dτ






∆f
(i2)
l∆

∆
ds =

=

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆∫

l∆

s∫

l∆

dτds =

(362) =

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .

Using (362) and Theorem 4, it is not difficult to show that

l.i.m.
N→∞

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T∫

0

ds =

(363) =

∗∫

0

T ∗∫

0

s

df (i1)τ df (i2)s ,

where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (363) agrees with Theorem 7.1 (see [60], p. 486).
The next example relates to the approximation of the Wiener process based on its series expansion

(355) for t = 0, where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or
trigonometric functions in the space L2([0, T ]).

Consider the following iterated Riemann–Stieltjes integral
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(364)

T∫

0

s∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, . . . ,m,

where df
(i)p
τ is defined by the relation (357).

Let us substitute (357) into (364)

(365)

T∫

0

s∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where

Cj2j1 =

T∫

0

φj2(s)

s∫

0

φj1(τ)dτds

is the Fourier coefficient; another notations are the same as in (360).
As we noted above, approximations of the Wiener process that are similar to (356) were not

considered in [58], [59] (also see Theorems 7.1, 7.2 in [60]). Furthermore, the extension of the results
of Theorems 7.1 and 7.2 [60] to the case under consideration is not obvious.

On the other hand, we can apply the theory built in Chapters 1 and 2 of the monographs [12]-[15].
More precisely, using Theorems 5, 6, we obtain from (365) the desired result

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

(366) =

∗∫

0

T ∗∫

0

s

df (i1)τ df (i2)s .

From the other hand, by Theorems 1, 2 (see (9)) for the case k = 2 we obtain from (365) the
following relation

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+ 1{i1=i2}

∞∑

j1=0

Cj1j1 =

(367) =

T∫

0

s∫

0

df (i1)τ df (i2)s + 1{i1=i2}

∞∑

j1=0

Cj1j1 .

Since
∞∑

j1=0

Cj1j1 =
1

2

∞∑

j1=0





T∫

0

φj(τ)dτ





2

=
1

2





T∫

0

φ0(τ)dτ





2

=
1

2

T∫

0

ds,
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then from Theorem 4 (k = 2) and (367) we obtain (366).

14. Generalization of Theorem 12 for Complete Orthonormal Systems of Functions
in L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) such that the Condition (369) is

Satisfied

First, note that (see the proof of Thorem 12 and (86))

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk ...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =

= l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =

= l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,...,jg

2r−1
= jg

2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t +

+l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

1

2r
Cjk ...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}

r∏

s=1

1{g2s=g2s−1+1}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =

= l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,...,jg

2r−1
= jg

2r

−
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− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t +

(368) +
1

2r

r∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]sr ,...,s1T,t w. p. 1.

Using (368) and the condition (92), we obtain (87). This means that we get (89). Thus the
expansion (40) is proved.

Analyzing the proof of Theorems 12 and 4 and taking into account the above arguments, it is easy
to see that the following theorem is true.

Theorem 24 [12], [36]. Assume that the continuous functions ψ1(τ), . . . , ψk(τ) at the interval

[t, T ] and the complete orthonormal system {φj(x)}∞j=0 of functions (φ0(x) = 1/
√
T − t) in the space

L2([t, T ]) are such that the following condition

lim
p1,...,pk→∞

p1∑

j1=0

. . .

pq∑

jq=0

. . .

pk∑

jk=0

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

×

×
( min{pg1 ,pg2}∑

jg1=0

. . .

min{pg2r−1
,pg2r}∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(369) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

= 0

is satisfied for all r = 1, 2, . . . , [k/2]. Then, for the iterated Stratonovich stochastic integral of arbitrary

multiplicity k

J∗[ψ(k)]
(i1...ik)
T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion

J∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where
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Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient, l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Further in this section, we generalize Theorems 12, 24 to the case of complete orthonormal systems
of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) such that the condition (369) is
satisfied.

Let (Ω,F,P) be a complete probability space and let f(t, ω)
def
= ft : [0, T ]×Ω→ R be the standard

Wiener process defined on the probability space (Ω,F,P).
Let us consider the family of σ-algebras {Ft, t ∈ [0, T ]} defined on the probability space (Ω,F,P)

and connected with the Wiener process ft in such a way that

1. Fs ⊂ Ft ⊂ F for s < t.

2. The Wiener process ft is Ft-measurable for all t ∈ [0, T ].

3. The process ft+∆ − ft for all t ≥ 0, ∆ > 0 is independent with the events of σ-algebra Ft.

Let ξ(τ, ω)
def
= ξτ : [0, T ]× Ω → R be some random process, which is measurable with respect to

the pair of variables (τ, ω) and satisfies to the following condition

T∫

t

|ξτ |dτ <∞ w. p. 1 (t ≥ 0).

Let τ
(N)
j , j = 0, 1, . . . , N be a partition of the interval [t, T ], t ≥ 0 such that

(370) t = τ
(N)
0 < τ

(N)
1 < . . . < τ

(N)
N = T, max

0≤j≤N−1

∣
∣
∣τ

(N)
j+1 − τ

(N)
j

∣
∣
∣→ 0 if N → ∞.

Further, for simplicity, we write τj instead of τ
(N)
j .

Consider the definition of the Stratonovich stochastic integral, which differs from the definition
given in [1] (recall that we use definition [1] above in this article).

The mean-square limit (if it exists)

(371) l.i.m.
N→∞

N−1∑

j=0

1

τj+1 − τj

τj+1∫

τj

ξsds
(
fτj+1 − fτj

) def
=

T∫

t

ξτ ◦ dfτ

is called [71] the Stratonovich stochastic integral of the process ξτ , τ ∈ [t, T ], where τj , j = 0, 1, . . . , N
is a partition of the interval [t, T ] satisfying the condition (370).
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We also denote by
τ∫

t

ξs ◦ dfs

the Stratonovich stochastic integral like (371) (if it exists) of ξs1{s∈[t,τ ]} for τ ∈ [t, T ], t ≥ 0.
It is known [71] (Lemma A.2) that the following iterated Stratonovich stochastic integral

(372) JS [ψ(k)]
(i1...ik)
τ,t =

τ∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1) ◦ dw(i1)
t1 . . . ◦ dw(ik)

tk

exists for the case i1 = . . . = ik 6= 0, where τ ∈ [t, T ], ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik =

0, 1, . . . ,m, w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ , f

(i)
τ (i = 1, . . . ,m) are independent standard

Wiener processes defined as above in this section.
In [72] (2021) an analogue of Theorem 4 (1997) is proved for the case i1 = . . . = ik 6= 0 and

ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).
Let us denote

(373) J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t
def
= J̄∗[ψ(k)]

(i1...ik)
T,t ,

where ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), ψl(τ)ψl−1(τ) ∈ L2([t, T ]) (l = 2, 3, . . . , k), J [ψ(k)]
(i1...ik)
T,t is the

iterated Ito stochastic integral (376),
∑

∅

is supposed to be equal to zero; another notations are the

same as in Theorem 4.
Further, by analogy with (51), (54) and using the version of (48) for the case of an arbitrary

complete orthonormal system of functions in the space L2([t, T ]) (see [12] or [15], Sect. 1.11) instead
of (48), we obtain the following generalization of (51) to the case of an arbitrary complete orthonormal
system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ])

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t +

+

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(374) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t w. p. 1,

where J ′[φj1 . . . φjk ]
(i1...ik)
T,t , J ′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t are multiple Wiener stochastic integrals de-

fined as in [67] (1951). Note that in [67] the case of a scalar Wiener process has been considered.
It should be noted that Theorem 1.16 [12] (Sect. 1.11) and Theorem 2 can be reformulated as

follows (also see [33], Sect. 15)
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(375) J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t w. p. 1,

where J ′[φj1 . . . φjk ]
(i1...ik)
T,t is the multiple Wiener stochastic integral defined as in [67] (1951) and

J [ψ(k)]
(i1...ik)
T,t is the iterated Ito stochastic integral

(376) J [ψ(k)]
(i1...ik)
T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ;

another notations are the same as in Theorem 2.
Passing to the limit l.i.m.

p1,...,pk→∞
in (374) and using the equality (375), we get w. p. 1 the following

equality

l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

= J [ψ(k)]
(i1...ik)
T,t +

+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(377) × l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t ,

where J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t is the multiple Wiener stochastic integral defined as in [67] (1951)

and J [ψ(k)]
(i1...ik)
T,t is the iterated Ito stochastic integral (376).

Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in L2([t, T ])

and Φ1(τ),Φ2(τ) ∈ L2([t, T ]). Then we have

∞∑

j=0

∣
∣
∣
∣
∣
∣

s∫

t

φj(τ)Φ1(τ)dτ

T∫

s

φj(τ)Φ2(τ)dτ

∣
∣
∣
∣
∣
∣

≤

≤ 1

2

∞∑

j=0










T∫

t

1{τ<s}φj(τ)Φ1(τ)dτ





2

+





T∫

t

1{τ>s}φj(τ)Φ2(τ)dτ





2



 =

(378) =
1

2





s∫

t

Φ2
1(τ)dτ +

T∫

s

Φ2
2(τ)dτ



 ≤ 1

2

(

‖Φ1‖2L2([t,T ]) + ‖Φ2‖2L2([t,T ])

)

<∞,
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i.e. the series
∞∑

j=0

s∫

t

φj(τ)Φ1(τ)dτ

T∫

s

φj(τ)Φ2(τ)dτ

converges absolutely.
By interpreting the integrals in (66)–(69) as Lebesgue integrals, using Fubini’s theorem in (66) and

Lebesgue’s Dominated Convergence Theorem in (68), we obtain (64) (see (69), (378)) for the case of
an arbitrary complete orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈
L2([t, T ]).

Using the equality (38) for the case of an arbitrary complete orthonormal system of functions in
the space L2([t, T ]) and Φ1(τ),Φ2(τ) ∈ L2([t, T ]) as well as absolute convergence of the series on
the right-hand side of (38) for this case (see [75] or [12], Sect. 2.1.4), we obtain [73] (Sect. 3.5.2,
Theorem 3.5.2) the generalization of (72) for the case of an arbitrary complete orthonormal system
of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Repeating the steps of the proof of Theorem 12 below the formula (73) using (373), (377) or steps of
the proof of Theorem 24 using (373), (377), we obtain for complete orthonormal systems {φj(x)}∞j=0

(φ0(x) = 1/
√
T − t) in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), ψl(τ)ψl−1(τ) ∈ L2([t, T ])

(l = 2, 3, . . . , k) (for which the condition (369) is satisfied) the following equality

l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

=

(379) = J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t = J̄∗[ψ(k)]
(i1...ik)
T,t

w. p. 1, where notations in (379) are the same as in Theorem 4 and J̄∗[ψ(k)]
(i1...ik)
T,t is defined by (373).

Thus the following two theorems are proved.

Theorem 25 [12], [15], [36]. Assume that the complete orthonormal system {φj(x)}∞j=0 (φ0(x) =

1/
√
T − t) in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), ψl(τ)ψl−1(τ) ∈ L2([t, T ]) (l =

2, 3, . . . , k) are such that the folowing condition

lim
p1,...,pk→∞

p1∑

j1=0

. . .

pq∑

jq=0

. . .

pk∑

jk=0

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

×

×
( min{pg1 ,pg2}∑

jg1=0

. . .

min{pg2r−1
,pg2r}∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(380) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

= 0

is satisfied for all r = 1, 2, . . . , [k/2]. Then, for the sum J̄∗[ψ(k)]
(i1...ik)
T,t of iterated Ito stochastic

integrals defined by (373) the following expansion
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(381) J̄∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient, l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Theorem 26 [12], [36]. Assume that the complete orthonormal system {φj(x)}∞j=0 (φ0(x) =

1/
√
T − t) in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), ψl(τ)ψl−1(τ) ∈ L2([t, T ]) (l =

2, 3, . . . , k) are such that the condition

lim
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(

Sl1Sl2 . . . Sld

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

= 0

holds for all possible g1, g2, . . . , g2r−1, g2r (see (30)) and l1, l2, . . . , ld such that l1, l2, . . . , ld ∈ {1, 2, . . . ,
r}, l1 > l2 > . . . > ld, d = 0, 1, 2, . . . , r − 1, where r = 1, 2, . . . , [k/2] and

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
= C̄

(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

for d = 0. Then, for the sum J̄∗[ψ(k)]
(i1...ik)
T,t of iterated Ito stochastic integrals defined by (373) the

following expansion

J̄∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient, l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ
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are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Note that in Theorems 25, 26 (the case k = 2) the condition ψ1(τ)ψ2(τ) ∈ L2([t, T ]) can be
omitted.

Using Theorem 4 together with Proposition 3.1 [72] and the proof of Lemma A.2 [71], we can

write J̄∗[ψ(k)]
(i1...ik)
T,t = JS [ψ(k)]

(i1...ik)
T,t w. p. 1 and reformulate Theorems 25, 26 for JS [ψ(k)]

(i1...ik)
T,t

(JS [ψ(k)]
(i1...ik)
T,t is defined by (372)).

Let us consider the special case k = 2 of Theorem 25 in more detail. In this case, the condition
(380) takes the following form (compare with (96))

(382)

∞∑

j1=0

Cj1j1 =
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1.

Recall that the equality (382) is valid for the case of an arbitrary complete orthonormal system of
functions in L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]) (see [75] or [12], Sect. 2.1.4).

From Proposition 3.1 [72] for the case k = 2 we obtain

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1) ◦ dw(i)
t1 ◦ dw(i)

t2 =

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(i)
t1 dw

(i)
t2 +

(383) +
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1

w. p. 1, where ψ1(τ), ψ2(τ) ∈ L2([t, T ]), i = 1, . . . ,m,

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1) ◦ dw(i)
t1 ◦ dw(i)

t2

is defined by (371), (372) and

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(i)
t1 dw

(i)
t2

is the iterated Ito stochastic integral of the form (1) (k = 2).
On the other hand, it is not difficult to show that

(384)

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1) ◦ dw(i)
t1 ◦ dw(j)

t2 =

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(i)
t1 dw

(j)
t2

w. p. 1, where ψ1(τ), ψ2(τ) ∈ L2([t, T ]), i 6= j (i, j = 1, . . . ,m), another notations are the same as in
(383).

Combining (383) and (384), we get (see (373))
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T∫

t

ψ2(t2)

t2∫

t

ψ1(t1) ◦ dw(i1)
t1 ◦ dw(i2)

t2 =

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 +

(385) +
1

2
1{i1=i2}

T∫

t

ψ1(t1)ψ2(t1)dt1
def
= J̄∗[ψ(2)]

(i1i2)
T,t

w. p. 1, where ψ1(τ), ψ2(τ) ∈ L2([t, T ]), i1, i2 = 1, . . . ,m.
It is easy to see that the condition φ0(x) = 1/

√
T − t can be omitted in Theorems 25, 26 for the

case k = 2 (see the proof of Theorem 12).
Summing up the above arguments, we obtain the following generalization of Theorem 5 to the case

of an arbitrary complete orthonormal system of functions in L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]).

Theorem 27 [12]. Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal system of func-

tions in the space L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]). Then, for the iterated Stratonovich sto-

chastic integral

JS [ψ(2)]
(i1i2)
T,t =

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1) ◦ df (i1)t1 ◦ df (i2)t2 (i1, i2 = 1, . . . ,m)

the following expansion

(386) JS [ψ(2)]
(i1i2)
T,t = l.i.m.

p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

that converges in the mean-square sence is valid, where the notations are the same as in Theorems 5,

6 and JS [ψ(2)]
(i1i2)
T,t is defined by (372).

In this section, it is also appropriate to mention the so-called multiple Stratonovich stochastic
integral [71] (also see [68]).

The mean-square limit (if it exists)

l.i.m.
N→∞

N−1∑

l1=0

. . .

N−1∑

lk=0

1

∆τl1 . . .∆τlk

∫

[τl1 ,τl1+1]×...×[τlk ,τlk+1]

K(t1, . . . , tk)dt1 . . . dtk ∆w(i1)
τl1

. . .∆w(ik)
τlk

def
=

(387)
def
= J̄S [K]

(i1...ik)
T,t

is called [71] the multiple Stratonovich stochastic integral of the function K(t1, . . . , tk) ∈ L2([t, T ]
k),

where ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), ∆τj = τj+1 − τj , {τj}Nj=0 is a partition of the interval

[t, T ] satisfying the condition (370), i1, . . . , ik = 0, 1, . . . ,m, w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ ,

f
(i)
τ (i = 1, . . . ,m) are independent standard Wiener processes defined as above in this section.

Note that in [71] the case i1 = . . . = ik 6= 0 was considered. We also denote by J̄S [K]
(i1...ik)
s,t the mul-

tiple Stratonovich stochastic integral (387) (if it exists) of the function K(t1, . . . , tk)1{(t1,...,tk)∈[t,s]k},

where K(t1, . . . , tk) ∈ L2([t, T ]
k), s ∈ [t, T ], t ≥ 0.

Let the function K(t1, . . . , tk) be chosen as follows
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(388) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 ≤ . . . ≤ tk

0, otherwise

,

where ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
We will denote the multiple Stratonovich stochastic integral (387) of the function (388) as follows

J̄S [ψ(k)]
(i1...ik)
T,t . It is known [71] (Lemma A.2) that the Stratonovich stochastic integrals JS [ψ(k)]

(i1...ik)
T,t

and J̄S [ψ(k)]
(i1...ik)
T,t exist for the case i1 = . . . = ik 6= 0. Moreover, JS [ψ(k)]

(i1...ik)
T,t = J̄S [ψ(k)]

(i1...ik)
T,t

w. p. 1 for this case [71] (Lemma A.2).
Recall that an expansion similar to (40) was obtained in [69] for the multiple Stratonovich stochastic

integral (387) under the condition of convergence of trace series.
Recently, another approach to the expansion of integral (387) has been proposed (assuming that

the integral (387) exists), where multiple Fourier–Walsh and Fourier–Haar series (k ∈ N) have been
applied [77]. The convergence was proved with respect to the special subsequence (p1 = . . . = pk =
p = 2m, m→ ∞ in a formula similar to (381) [77]).

15. Modification of Condition 3 of Theorem 12 Using Parseval’s Equality

Let us make some remarks about the development of the approach based on Theorem 12 and
describe the algorithm of the verification of Condition 3 of Theorem 12. First, consider the case
k = 2n + 1, n = 3, 4, . . . (k is the multiplicity of the iterated Stratonovich stochastic integral (39)).
Let Conditions 1 and 2 of Theorem 12 be satisfied. Consider the equality (91). The right-hand side
of (91) has the form

p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

.

Iterated application of the formulas (179), (180), (193) separately to the values

p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

and

1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

(g1, g2, . . . , g2r−1, g2r as in (30), r = 1, 2, . . . , [k/2], 2r < k) gives the following representation (see
(92))
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p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

≤

≤
∞∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

=

=
∞∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r






∫

[t,T ]k−2r

Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)×

(389) ×
k∏

q=1
q 6=g1,g2,...,g2r−1,g2r

ψq(tq)φjq (tq) dt1 . . . dtg1−1dtg1+1 . . . dtg2r−1dtg2r+1 . . . dtk






2

,

where

Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk) =

=

4r∑

d=1

R̄(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)−

−
2r∑

d=1

R̃(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk) ∈ L2([t, T ]

k−2r)

and ∫

[t,T ]k−2r

Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)×

×
k∏

q=1
q 6=g1,g2,...,g2r−1,g2r

ψq(tq)φjq (tq) dt1 . . . dtg1−1dtg1+1 . . . dtg2r−1dtg2r+1 . . . dtk
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is the Fourier coefficient of

R̂p(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk) =

= Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)

k∏

q=1
q 6=g1,g2,...,g2r−1,g2r

ψq(tq).

Also note that some of the functions

R̄(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)

and

R̃(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)

can be identically equal to zero.
Obviously, we could use another representation for the function

(390) Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)

based on the left-hand side of the equality (91) and (179), (180), (193) (see Sect. 5, 8 for details). In
Sect. 8, we considered the function (390) in detail for the case k ≥ 5, r = 1.

Parseval’s equality gives

∞∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r






∫

[t,T ]k−2r

Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)×

×
k∏

q=1
q 6=g1,g2,...,g2r−1,g2r

ψq(tq)φjq (tq) dt1 . . . dtg1−1dtg1+1 . . . dtg2r−1dtg2r+1 . . . dtk






2

=

=

∫

[t,T ]k−2r

(

R̂p(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)
)2

×

×dt1 . . . dtg1−1dtg1+1 . . . dtg2r−1dtg2r+1 . . . dtk =

(391) =
∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
.

Combining (389) and (391), we obtain
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p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

≤

(392) ≤
∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
.

Assume that we have succeeded in proving the following equality

(393) lim
p→∞

∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
= 0.

Applying (392) and (393), we get (compare with (92))

lim
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(394) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

= 0.

As noted in Sect. 5, Condition 3 of Theorem 12 can be replaced by a weaker condition (92) (or
(394)). Also Condition 3 of Theorem 12 can be replaced by (393). From (394) we obviously obtain

lim
p→∞

p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

(395) =
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

.

According to (91), the equality (395) will be satisfied if

(396) lim
p→∞

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

= 0,

where g1, g2, . . . , g2r−1, g2r as in (30), l1, l2, . . . , ld such that l1, l2, . . . , ld ∈ {1, 2, . . . , r}, l1 > l2 >
. . . > ld, d = 0, 1, 2, . . . , r − 1, r = 1, 2, . . . , [k/2],
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Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
= C̄

(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

for d = 0, where

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

, Sl

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

are defined by (34), (35), l = 1, 2, . . . , r (see Sect. 5 for details).
Let us make some remarks about the function (390) for the case k > 5, r = 2. In this case, using

the left-hand side of the equality (91) and (179), (180), (193), we represent the function (390) as the
sum of several functions. In particular, among these functions will be the following functions

Qp(t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tq−1, tq+1, . . . , tg−1, tg+1, . . . , tk) =

= 1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tq−1<tq+1<...<tg−1<tg+1<...<tk}×

×
∞∑

jl=p+1

ts+1∫

t

ψs(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ×

(397) ×
∞∑

jq=p+1

tq+1∫

t

ψq(τ)φjq (τ)dτ

tg−1∫

t

ψg(τ)φjq (τ)dτ,

Q̄p(t1, . . . , tl−2, tl+3, . . . , tk) = 1{t1<...<tl−2<tl+3<...<tk}×

×
∞∑

jl=p+1





tl−2∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

(398) ×
∞∑

jq=p+1





tl−2∫

t

ψl+1(θ)φjq (θ)

θ∫

t

ψl+2(u)φjq (u)dudθ



 ,

Q̃p(t1, . . . , tl−2, tl+3, . . . , tk) = 1{t1<...<tl−2<tl+3<...<tk}×

×
∞∑

jl=p+1

∞∑

jq=p+1

tl+3∫

t

ψl+1(τ)φjq (τ)





τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

(399) ×
τ∫

t

ψl+2(u)φjq (u)dudτ,
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Q̂p(t1, . . . , tl−1, tl+2, . . . , tq−1, tq+2, . . . , tk) =

= 1{t1<...<tl−1<tl+2<...<tq−1<tq+2<...<tk}×

×
∞∑

jl=p+1

∞∑

jl+1=p+1





tl+2∫

t

ψl+1(θ)φjl+1
(θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

(400) ×





tq+2∫

t

ψq+1(θ)φjl+1
(θ)

θ∫

t

ψq(u)φjl(u)dudθ



 .

Note that the pairs (g1, g2), (g3, g4) for the functions (398) and (399) have the property: g2 = g1+1,
g4 = g3 + 1, g3 = g2 + 1. At the same time, the pairs (g1, g2), (g3, g4) for the function (397) have the
following property: g2 > g1 + 1, g4 > g3 + 1, g3 ≥ g2 + 1. For the function (400), the pairs (g1, g2),
(g3, g4) chosen as follows: g2 > g1 + 1, g4 > g3 + 1, g4 = g2 + 1, g3 = g1 + 1. Generally speaking, all
possible pairs (g1, g2), (g3, g4) must be considered. We consider the functions (397)–(400) only as an
example.

Suppose that s + 1 = l − 1, l + 1 = q − 1, q + 1 = g − 1 in (397). Let us show that (we consider
the case of Legendre polynomials; the trigonometric case is simpler and can be considered similarly)

(401) lim
p→∞

∥
∥Qp

∥
∥
2

L2([t,T ]k−4)
= 0,

(402) lim
p→∞

∥
∥Q̄p

∥
∥
2

L2([t,T ]k−4)
= 0,

(403) lim
p→∞

∥
∥Q̃p

∥
∥
2

L2([t,T ]k−4)
= 0,

(404) lim
p→∞

∥
∥Q̂p

∥
∥
2

L2([t,T ]k−4)
= 0.

First consider the proof of (401). We have (s+ 1 = l − 1, l+ 1 = q − 1, q + 1 = g − 1)

(Qp(t1, . . . , tl−3, tl−1, tl+1, tl+3, tl+5, . . . , tk))
2
=

= 1{t1<...<tl−3<tl−1<tl+1<tl+3<tl+5<...<tk}×

×





∞∑

jl=p+1

tl−1∫

t

ψl−2(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ×

(405) ×
∞∑

jq=p+1

tl+3∫

t

ψl+2(τ)φjq (τ)dτ

tl+3∫

t

ψl+4(τ)φjq (τ)dτ





2

.
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Using the estimate (129), we obtain

(406)

∣
∣
∣
∣
∣
∣

s∫

t

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
K

j1−ε/2(1− z2(s))1/4−ε/4
,

where j ∈ N, s ∈ (t, T ), z(s) is defined by (100), ε ∈ (0, 1), constant K does not depend on j,
{φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials in the space L2([t, T ]), ψ(τ)
is a continuously differentiable nonrandom function on [t, T ].

Applying (406) and (132) (we take ε instead of ε/2 in (132)), we get





∞∑

jl=p+1

tl−1∫

t

ψl−2(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ×

×
∞∑

jq=p+1

tl+3∫

t

ψl+2(τ)φjq (τ)dτ

tl+3∫

t

ψl+4(τ)φjq (τ)dτ





2

≤

(407) ≤ K1

p4(1−ε)(1− z2(tl−1))1−ε(1− z2(tl+3))1−ε
,

where tl−1, tl+3 ∈ (t, T ), constant K1 is independent of p. Combining (405) and (407), we have (401).
Let us prove (402). The following equality is proved in Sect. 12 [37] (also see Sect. 2.9 [12]) for the

case of Legendre polynomials (n > m; n,m ∈ N)

n∑

j=m+1

Cjj(s) =

n∑

j=m+1

s∫

t

ψ2(θ)φj(θ)

θ∫

t

ψ1(τ)φj(τ)dτdθ =

=
T − t

4

z(s)∫

−1

ψ1(u(x))ψ2(u(x)) (Pn+1(x)Pn(x)− Pm+1(x)Pm(x)) dx−

− (T − t)2

8

n∑

j=m+1

1

2j + 1

z(s)∫

−1

(Pj+1(y)− Pj−1(y))ψ
′
1(u(y))×

×
(

(Pj+1(z(s))− Pj−1(z(s)))ψ2(s)− (Pj+1(y)− Pj−1(y))ψ2(u(y))−

(408) −T − t

2

z(s)∫

y

(Pj+1(x) − Pj−1(x))ψ
′
2(u(x))dx

)

dy,

where s ∈ (t, T ),

Cjj(s) =

s∫

t

ψ2(τ)φj(τ)

τ∫

t

ψ1(θ)φj(θ)dθdτ,
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u(y) =
T − t

2
y +

T + t

2
, z(s) =

(

s− T + t

2

)
2

T − t
,

and ψ′
1, ψ

′
2 are derivatives of the functions ψ1(τ), ψ2(τ) with respect to the variable u(y).

Applying the estimate (128) in (408) and taking into account the boundedness of the functions
ψ1(τ), ψ2(τ) and their derivatives, we obtain

∣
∣
∣
∣
∣
∣

n∑

j=m+1

Cjj(s)

∣
∣
∣
∣
∣
∣

≤ C1

(
1

n1−ε
+

1

m1−ε

) z(s)∫

−1

dx

(1− x2)
1/2−ε/2

+

+C2

n∑

j=m+1

1

j2−ε






z(s)∫

−1

dy

(1− y2)
1/2−ε/2

+
1

(1− z2(s))
1/4−ε/4

z(s)∫

−1

dy

(1− y2)
1/4−ε/4

+

(409) +

z(s)∫

−1

1

(1− y2)
1/4−ε/4

z(s)∫

y

dx

(1− x2)
1/4−ε/4

dy




 ,

where s ∈ (t, T ), constants C1, C2 do not depend on n and m.
From (409) we have

(410)

∣
∣
∣
∣
∣
∣

∞∑

j=m+1

Cjj(s)

∣
∣
∣
∣
∣
∣

≤ K1

m1−ε
+K2

∞∑

j=m+1

1

j2−ε

(

1 +
1

(1− z2(s))
1/4−ε/4

)

,

where s ∈ (t, T ), constants K1,K2 do not depend on m.
Applying (132) (we take ε instead of ε/2 in (132)) in (410), we get

(411)

∣
∣
∣
∣
∣
∣

∞∑

j=m+1

Cjj(s)

∣
∣
∣
∣
∣
∣

≤ K

m1−ε (1− z2(s))
1/4−ε/4

,

where s ∈ (t, T ), constant K is independent of m.
Using the estimate (411), we obtain (see (398))

(
Q̄p(t1, . . . , tl−2, tl+3, . . . , tk)

)2
= 1{t1<...<tl−2<tl+3<...<tk}×

×





∞∑

jl=p+1





tl−2∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

×
∞∑

jq=p+1





tl−2∫

t

ψl+1(θ)φjq (θ)

θ∫

t

ψl+2(u)φjq (u)dudθ









2

≤
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(412) ≤ K1

p4(1−ε)(1 − z2(tl−2))1−ε
,

where tl−2 ∈ (t, T ), constant K1 is independent of p. The inequality (412) completes the proof of
(402).

Let us prove (403). The following equality is proved in Sect. 12 [37] (also see Sect. 2.9 [12]) for the
cases of Legendre polynomials and trigonometric functions

(413)
1

2

s∫

t

ψ1(t1)ψ2(t1)dt1 −
p
∑

j1=0

Cj1j1(s) =
∞∑

j1=p+1

Cj1j1(s),

where s ∈ (t, T ) and

Cjj(s) =

s∫

t

ψ2(τ)φj(τ)

τ∫

t

ψ1(θ)φj(θ)dθdτ.

Applying (413) in (399), we get

(

Q̃p(t1, . . . , tl−2, tl+3, . . . , tk)
)2

≤

≤





∞∑

jl=p+1

∞∑

jq=p+1

tl+3∫

t

ψl+1(τ)φjq (τ)





τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

×
τ∫

t

ψl+2(u)φjq (u)dudτ





2

=

=




1

2

∞∑

jl=p+1

tl+3∫

t

ψl+1(τ)





τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



ψl+2(τ)dτ−

−
p
∑

jq=0

tl+3∫

t

ψl+1(τ)φjq (τ)

∞∑

jl=p+1





τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

×
τ∫

t

ψl+2(u)φjq (u)dudτ





2

=

(414) = (a− b)2 ≤ 2(|a|2 + |b|2).

Further, we have
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(415) |a| ≤ 1

2

tl+3∫

t

|ψl+1(τ)|

∣
∣
∣
∣
∣
∣

∞∑

jl=p+1

τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl (u)dudθ

∣
∣
∣
∣
∣
∣

|ψl+2(τ)| dτ,

|b| ≤
p
∑

jq=0

tl+3∫

t

∣
∣ψl+1(τ)φjq (τ)

∣
∣

∣
∣
∣
∣
∣
∣

∞∑

jl=p+1

τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ

∣
∣
∣
∣
∣
∣

×

(416) ×

∣
∣
∣
∣
∣
∣

τ∫

t

ψl+2(u)φjq (u)du

∣
∣
∣
∣
∣
∣

dτ.

Combining (411) and (415), we obtain

(417) |a| ≤ C

p1−ε
,

where constant C is independent of p.
Separating in (416) the term with the number jq = 0 and then applying (260), (103), (411), we

obtain

|b| ≤ K

p1−ε





tl+3∫

t

dτ

(1− z2(τ))
1/2−ε/4

+

p
∑

jq=1

1

jq

tl+3∫

t

dτ

(1− z2(τ))
3/4−ε/4



 ≤

≤ K1

p1−ε



1 +

p
∑

jq=1

1

jq



 ≤ K1

p1−ε



2 +

p∫

1

dx

x



 =

(418) =
K1 (2 + lnp)

p1−ε
→ 0

if p→ ∞. The estimates (414), (417), (418) complete the proof of (403).
Finally, consider the proof of (404). Using the elementary inequality |ab| ≤ (a2 + b2)/2 and

Parseval’s equality, we have

(

Q̂p(t1, . . . , tl−1, tl+2, . . . , tq−1, tq+2, . . . , tk)
)2

≤

≤





∞∑

jl=p+1

∞∑

jl+1=p+1

∣
∣
∣
∣
∣
∣

tl+2∫

t

ψl+1(θ)φjl+1
(θ)

θ∫

t

ψl(u)φjl(u)dudθ

∣
∣
∣
∣
∣
∣

×

×

∣
∣
∣
∣
∣
∣

tq+2∫

t

ψq+1(θ)φjl+1
(θ)

θ∫

t

ψq(u)φjl (u)dudθ

∣
∣
∣
∣
∣
∣





2

≤
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≤ 1

4






∞∑

jl=p+1

∞∑

jl+1=p+1





tl+2∫

t

ψl+1(θ)φjl+1
(θ)

θ∫

t

ψl(u)φjl(u)dudθ





2

+

+

∞∑

jl=p+1

∞∑

jl+1=p+1





tq+2∫

t

ψq+1(θ)φjl+1
(θ)

θ∫

t

ψq(u)φjl(u)dudθ





2





2

≤

≤ 1

4






∞∑

jl=p+1

∞∑

jl+1=0





tl+2∫

t

ψl+1(θ)φjl+1
(θ)

θ∫

t

ψl(u)φjl(u)dudθ





2

+

+

∞∑

jl=p+1

∞∑

jl+1=0





tq+2∫

t

ψq+1(θ)φjl+1
(θ)

θ∫

t

ψq(u)φjl(u)dudθ





2





2

≤

≤ 1

4






∞∑

jl=p+1

tl+2∫

t

ψ2
l+1(θ)





θ∫

t

ψl(u)φjl (u)du





2

dθ+

(419) +
∞∑

jl=p+1

tq+2∫

t

ψ2
q+1(θ)





θ∫

t

ψq(u)φjl (u)du





2

dθ






2

.

Note that

(420)

∞∑

j=p+1

1

j2
≤

∞∫

p

dx

x2
=

1

p
.

From (419) and (420), (103) we obtain

(

Q̂p(t1, . . . , tl−1, tl+2, . . . , tq−1, tq+2, . . . , tk)
)2

≤

≤ K

p2
→ 0

if p→ ∞, where constant K does not depend on p. Thus the equalities (401)–(404) are proved.
Recall that the function (390) (this function is defined using the left-hand side of the equality (91))

for the case k > 5, r = 2 is represented as the sum of several functions. Four of them, namely Qp,

Q̄p, Q̃p, Q̂p (these functions correspond to the particular case of choosing the pairs (g1, g2), (g3, g4);
generally speaking, all possible pairs (g1, g2), (g3, g4) must be considered), have been studied above.
Absolutely similarly, we can consider the remaining functions (for all possible pairs (g1, g2), (g3, g4))
whose sum is the function (390) for the case k > 5, r = 2. As a result, we will have

lim
p→∞

∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
= 0 (k > 5, r = 2).
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After that, we can go to the function (390) for the case k > 5, r = 3, 2r < k (this function is
defined using the left-hand side of the equality (91)) and follow the same steps as above. This will
lead us to the following equality

lim
p→∞

∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
= 0 (k > 5, r = 3, 2r < k).

Then we can move on to the next step and so on. As a result, we get the equality (393) (r =
1, 2, . . . , [k/2]). Thus the condition (92) is satisfied for the case k = 2n+ 1, n = 3, 4, . . . (recall that
the condition (92) is weaker than Condition 3 of Theorem 12 and the condition (92) can be used in
Theorem 12 instead of Condition 3).

For the case k = 2n, n = 3, 4, . . . we follow the above steps for r = 1, 2, . . . , [k/2]− 1 (2r ≤ k − 2).
For 2r = k we use the same technique as in the proof of the equalities (141)–(143). Recall that we
used (65), (72) and Parseval’s equality in the proof of (141)–(143).

The obvious disadvantage of the proposed algorithm is the drastic increase of complexity of the
proof when moving from r = 1 to r = 2, r = 2 to r = 3 and so on.

The proofs of Theorems 16 and 17 contain a rather simple trick of passing from r = 1 to r = 2.
Unfortunately, this procedure cannot be applied already at the transition from r = 2 to r = 3.

Note that the case k = 6, r = 3 was successfully considered in Theorem 22 under the following
simplifying assumption: ψ1(τ), . . . , ψ6(τ) ≡ 1.

Nevertheless, the results obtained in this paper are quite sufficient for practical needs (see Chap-
ters 4 and 5 [12] for details).
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EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS OF

MULTIPLICITY 2 BASED ON DOUBLE FOURIER–LEGENDRE SERIES

SUMMARIZED BY PRINGSHEIM METHOD

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the expansion of iterated Stratonovich stochastic

integrals of second multiplicity into the double series of products of standard Gaussian

random variables. The proof of expansion is based on the application of double Fourier–

Legendre series and double trigonometric Fourier series summarized by Pringsheim method.

The results of the article are generalized to the case of an arbitrary complete orthonormal

system of functions in the space L2([t, T ]) and ψ1(τ ), ψ2(τ ) ∈ L2([t, T ]), where ψ1(τ ), ψ2(τ )
are weight functions of the iterated Stratonovich stochastic integral of second multiplicity.

The considered expansion can be applied to the numerical integration of Ito stochastic

differential equations. Some recent results on the expansion of iterated Stratonovich stochastic

integrals of multiplicities 3 to 6 are given.
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1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let ft be a standard m-dimensional Wiener stochastic process, which is

Ft-measurable for any t ∈ [0, T ]. We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito stochastic differential equation (SDE) in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying the equation (1). The nonrandom functions
a : Rn× [0, T ] → R

n, B : Rn× [0, T ] → R
n×m guarantee the existence and uniqueness up to stochastic

equivalence of a solution of the Ito SDE (1) [1]. The second integral on the right-hand side of (1)
is interpreted as an Ito stochastic integral. Let x0 be an n-dimensional random variable, which is
F0-measurable and M

{
|x0|2

}
<∞ (M denotes a mathematical expectation). We assume that x0 and

ft − f0 are independent when t > 0.
It is well known that one of the effective approaches to the numerical integration of Ito SDEs is

an approach based on the Taylor–Ito and Taylor–Stratonovich expansions [2]-[5]. Moreover, one of
the most important features of such expansions is a presence in them of the so-called iterated Ito
and Stratonovich stochastic integrals, which play the key role for solving the problem of numerical
integration of Ito SDEs and have the following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

(3) J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

where every ψl(τ) (l = 1, . . . , k) is a nonrandom function at the interval [t, T ], w
(i)
τ = f

(i)
τ for

i = 1, . . . ,m and w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m,

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively. In this paper we use the definition of
the Stratonovich stochastic integral from [3].

Note that usually in applications the functions ψl(τ) ≡ 1 (l = 1, . . . , k) are equal to 1 or have a
binomial form. More precisely, ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in [2]-[6]. At the
same time ψl(τ) ≡ (t− τ)ql (l = 1, . . . , k, q1, . . . , qk = 0, 1, 2, . . .) and i1, . . . , ik = 1, . . . ,m in [7]-[42].

Effective solution of the problem of combined mean-square approximation for collections of iterated
Stratonovich stochastic integrals (3) of second multiplicity composes the subject of this article.

It is well known that the mean-square approximation of iterated Ito and Stratonovich stochastic
integrals (2), (3) using multiple integral sums requires significant computational costs [11] since this
approach implies the partitioning of the integration interval [t, T ] of the iterated stochastic integrals
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(2), (3) into parts (T − t is already a sufficiently small value since T − t plays the role of an integration
step in numerical methods for solving Ito SDEs).

More efficient approximation methods for the iterated stochastic integrals (2), (3) use Fourier series,
and they do not require the interval [t, T ] to be subdivided into smaller parts. One such method was
proposed in [2] and elaborated in [3], [4]. This method, which received widespread use, is based on the
Karhunen–Loeve expansion of the Brownian bridge process [2] in the eigenfunctions of its covariance,
which form a complete orthonormal trigonometric basis in the space L2([t, T ]).

Note that in [11] (2006) the more general and effective method (the so-called method of generalized
multiple Fourier series) for the mean-square approximation of iterated Ito stochastic integrals (2) was
proposed. This method is based on the generalized multiple Fourier series that converge in the sense
of norm in Hilbert space L2([t, T ]

k), where [t, T ]k is the hypercube [t, T ]× . . .× [t, T ] (k times) and k
is the multiplicity of the iterated Ito stochastic integral. The method of generalized multiple Fourier
series was developed in [12]-[41], [43]-[61].

An important feature of the method of generalized multiple Fourier series is that various complete
orthonormal systems of functions in the space L2(t, T ]) can be used (the method proposed in [2]
admits only the trigonometric system of functions). Hence, we can state the problem of comparing
the efficiency of using different complete orthonormal systems of functions in the space L2(t, T ]) in
the context of numerical solution of Ito SDEs. This problem has been solved in [37], [38] (also see
[25]-[28]). In particular, in [25]-[28], [37], [38] it was shown that the optimal system of basis functions
in the framework of numerical solution of Ito SDEs is the system of Legendre polynomials. This fact
is true at least for high-order strong numerical methods with orders of convergence 1.5, 2.0, . . . That is
why the part of this article is devoted to the expansions of iterated Stratonovich stochastic integrals
with multiplicity 2 based on multiple Fourier–Legendre series.

Usage of Fourier series with respect to the system of Legendre polynomials for approximation of
iterated stochastic integrals took place for the first time in [7] (1997), [8] (1998), [9] (also see [10]-[41],
[43]-[60]).

The results of [7] (also see [8]-[41], [43]-[59]) convincingly testify that there is a doubtless relation
between multiplier factor 1/2, which is typical for Stratonovich stochastic integral and included into
the sum connecting Stratonovich and Ito stochastic integrals, and the fact that in the point of finite
discontinuity of piecewise smooth function f(x) its Fourier series converges to the value

f(x+ 0) + f(x− 0)

2
.

In addition, in [7], [8], [16]-[20], [23]-[29], [31], [33], [35], [39], [49]-[51], [54], [58] several theorems
on expansion of iterated Stratonovich stochastic integrals were formulated and proved. As shown in
these papers, the final formulas for expansions of iterated Stratonovich stochastic integrals are more
compact than their analogues for iterated Ito stochastic integrals.

This paper continues the study of the relationships between generalized multiple Fourier series and
iterated stochastic integrals. We use the double Fourier–Legendre series and double trigonometric
Fourier series (summarized by Pringsheim method) for the proof of Theorem 5.3 [24] or Theorem 2.1
[25] (also see [26], [28]). As shown below the conditions of these theorems can be weakened.

Moreover, the mentioned theorems are generalized to the case of an arbitrary complete orthonormal
system of functions in the space L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]).

2. Method of Generalized Multiple Fourier Series

Let us consider an approach to the expansion of iterated Ito stochastic integrals [11]-[41], [43]-[61]
(the so-called method of generalized multiple Fourier series).

893



4 D.F. KUZNETSOV

Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Define the following function on the hypercube [t, T ]k

(4) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1), t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation it is well-known that the

generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in the

hypercube [t, T ]k in the mean-square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(5) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk,

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of the interval [t, T ] such that

(6) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [11] (2006) (also see [12]-[41], [43]-[61]). Suppose that every ψl(τ) (l = 1, . . . , k) is

a continuous nonrandom function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of

continuous functions in L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(7) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk

)

,

where J [ψ(k)]T,t is defined by (2),

Gk = Hk\Lk, Hk =
{
(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1

}
,

Lk =
{
(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k

}
,
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l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(8) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (5), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval

[t, T ], which satisfies the condition (6).

Note that the condition of continuity of the functions φj(x) (j = 0, 1, . . .) can be weakened (see
[11]-[20], [23]-[28]). Another versions and generalizations of Theorem 1 can be found in [12]-[41],
[43]-[61].

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 5 [11]-[41], [43]-[59]

(9) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(10) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(11) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(12) +1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−
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−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(13) +1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

where 1A is the indicator of the set A.
For further consideration, let us consider the generalization of formulas (9)–(13) for the case of

an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (2).
In order to do this, let us introduce some notations. Consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(14) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (14) is a partition and consider the sum with respect to all possible partitions

(15)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
,

where ag1g2,...,g2r−1g2r ,q1...qk−2r
∈ R.

Below there are several examples of sums in the form (15)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,
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∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (7) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(16) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x,
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same as

in Theorem 1.

In particular, from (16) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−
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−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )

jq1

)

.

The last equality obviously agrees with (13).
Let us consider the generalization of Theorem 1 for the case of an arbitrary complete orthonormal

systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [25] (Sect. 1.11), [46] (Sect. 15), [61]. Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x,
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 2 was considered in [62] using Hermite polynomials.
Note that we use another notations [25] (Sect. 1.11), [46] (Sect. 15), [61] in comparison with [62].
Moreover, the proof from [62] is different from the proof given in [25] (Sect. 1.11), [46] (Sect. 15),
[61]. The results of [62], as well as the results of [25] (Sect. 1.11), [46] (Sect. 15), [61] are based on our
idea [11] (2006) on the expansion of the kernel (4) (or Φ(t1, . . . , tk) ∈ L2([t, T ]

k)) into a generalized
multiple Fourier series (see [11], Chapter 5, Theorem 5.1, pp. 235-245 or [25], Chapter 1 for details).

3. Theorem on Expansion of Iterated Stratonovich Stochastic Integrals of Second
Multiplicity. Some Old Results

In a number of works of the author [16]-[20], [23]-[29], [31], [33], [35], [49], [51], [54], [58] Theorems 1,
2 have been adapted for iterated Stratonovich stochastic integrals (3) of multiplicities 2 to 6 (also see
the case of multiplicity k (k ∈ N) in [25] (Sect. 2.10), [29], [33], [47]). For example, we can formulate
the following theorem for iterated Stratonovich stochastic integrals of second multiplicity.

Theorem 3 [16]-[20], [23]-[29], [49], [51], [54], [58]. Suppose that {φj(x)}∞j=0 is a complete orthonormal

system of Legendre polynomials or trigonometric functions in the space L2([t, T ]). At the same time

ψ2(τ) is a continuously differentiable function on [t, T ] and ψ1(τ) is twice continuously differentiable

functions on [t, T ]. Then
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(17) J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

(i1, i2 = 1, . . . ,m),

where J∗[ψ(2)]T,t is defined by (3); another notations are the same as in Theorem 1.

Note that the proof of Theorem 3 is based on the proof of the following equality

(18)
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 =
∞∑

j1=0

Cj1j1 ,

where Cj1j1 is defined by (5) for k = 2 and j1 = j2; {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]).
According to the standard relation between Ito and Stratonovich stochastic integrals, we can write

w. p. 1 (with probability 1)

(19) J∗[ψ(2)]T,t = J [ψ(2)]T,t +
1

2
1{i1=i2 6=0}

T∫

t

ψ1(t1)ψ2(t1)dt1,

where we assume that the functions ψ1(τ), ψ2(τ) are continuous at the interval [t, T ]. This condition
is related to the definition of the Stratonovich stochastic integral that we use [3] (also see Sect. 2.1.1
[25]).

From the other hand according to (10), we obtain

J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

=

(20) = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}

∞∑

j1=0

Cj1j1 .

From (18)–(20) we get (17). Note that the existence of the limit on the right-hand side of (18) will
be proved below (see Lemma 2 and Theorem 7).

The proof of Theorem 3 [16]-[20], [23]-[29], [31], [33], [35], [49], [51], [54], [58] is based on double
(iterated ) Fourier–Legendre series and analogous trigonometric Fourier series. This proof uses double
integration by parts, which leads to the requirement of double continuous differentiability of the
function ψ1(τ) at the interval [t, T ].

In this article, we formulate and prove the analogue of Theorem 3 (Theorem 6, see below) but under
the weakened conditions: the functions ψ1(τ), ψ2(τ) are assumed to be continuously differentiable
only one time at the interval [t, T ]. At that we will use double Fourier–Legendre series and double
trigonometric Fourier series summarized by Pringsheim method for the proof of Theorem 6 (see
below).

In Sect. 5 (see Theorem 7), we generalize the equality (18) to the case of an arbitrary complete
orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]).
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4. Proof of the Equality (18). The Case of Legendre Polynomials and
Trigonometric Functions as well as Continuously Differentiable Functions

ψ1(τ), ψ2(τ)

Let Pj(x) (j = 0, 1, 2, . . .) be the Legendre polynomial. Consider the function f(x, y) defined for
(x, y) ∈ [−1, 1]2.

Consider the double Fourier–Legendre series summarized by Pringsheim method and corresponding
to the function f(x, y)

lim
n,m→∞

n∑

j=0

m∑

i=0

√

(2j + 1)(2i+ 1)

2
C∗

ijPi(x)Pj(y)
def
=

(21)
def
=

∞∑

i,j=0

√

(2j + 1)(2i+ 1)

2
C∗

ijPi(x)Pj(y),

where

(22) C∗
ij =

√

(2j + 1)(2i+ 1)

2

∫

[−1,1]2

f(x, y)Pi(x)Pj(y)dxdy.

Let us consider the generalization for the case of two variables [63] of the theorem on equiconvergence
for the Fourier–Legendre series [64].

Theorem 4 [63]. Let f(x, y) ∈ L2([−1, 1]2) and the function

f(x, y)(1− x2)−1/4(1− y2)−1/4

is integrable on the square [−1, 1]2. Moreover, let

|f(x, y)− f(u, v)| ≤ G(y)|x − u|+H(x)|y − v|,

where G(y), H(x) are bounded functions on the square [−1, 1]2. Then for all (x, y) ∈ (−1, 1)2 the

following equality is satisfied

lim
n,m→∞

(
n∑

j=0

m∑

i=0

√

(2j + 1)(2i+ 1)

2
C∗

ijPi(x)Pj(y)−

(23) −(1− x2)−1/4(1− y2)−1/4Snm(arccosx, arccosy, F )

)

= 0,

where Snm(θ, ϕ, F ) is a partial sum of the double trigonometric Fourier series of the auxiliary function

F (θ, ϕ) =
√

|sinθ|
√

|sinϕ|f(cosθ, cosϕ), θ, ϕ ∈ [0, π],
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the Fourier coefficient C∗
ij has the form (22). At that, the convergence in (23) is uniform on the

rectangle

[−1 + ε, 1− ε]× [−1 + δ, 1− δ] for any ε, δ > 0.

From Theorem 4, for example, follows that for all (x, y) ∈ (−1, 1)2 the following equality is fulfilled

(24) lim
n,m→∞

(
n∑

j=0

m∑

i=0

√

(2j + 1)(2i+ 1)

2
C∗

ijPi(x)Pj(y)− f(x, y)

)

= 0

and convergence in (24) is uniform on the rectangle

[−1 + ε, 1− ε]× [−1 + δ, 1− δ] for any ε, δ > 0

if the corresponding conditions of convergence of the double trigonometric Fourier series of the
auxiliary function

(25) g(x, y) = f(x, y)(1− x2)1/4(1− y2)1/4

are satisfied.
Note that Theorem 4 does not imply any conclusions on the behavior of the double Fourier–

Legendre series on the boundary of the square [−1, 1]2.

For each δ > 0 let us call the exact upper edge of the difference |f(t′) − f(t′′)| in the set of

all points t
′, t

′′ (which belong to the domain D) as the module of continuity of the function f(t)
(t = (t1, . . . , tk)) in the k-dimentional domain D (k ≥ 1) if the distance ρ(t′, t′′) between t and t

′′

satisfies the condition ρ(t′, t′′) < δ.

We will say that the function of k (k ≥ 1) variables f(t) (t = (t1, . . . , tk)) belongs to the Hölder

class with the parameter α ∈ (0, 1] (f(t) ∈ Cα(D)) in the domain D if the module of continuity of

the function f(t) (t = (t1, . . . , tk)) in the domain D has orders o(δα) (α ∈ (0, 1)) and O(δ) (α = 1).

In 1967, Zhizhiashvili L.V. proved that the rectangular sums of multiple trigonometric Fourier
series of the function of k variables in the hypercube [t, T ]k converge uniformly in the hypercube
[t, T ]k to this function if it belongs to the class Cα([t, T ]k), α > 0 (definition of the Holder class
with the parameter α > 0 can be found in the well-known mathematical analysis tutorials; see, for
example, [65]). More precisely, the following theorem is correct.

Theorem 5 [65]. If the function f(x1, . . . , xn) is periodic with period 2π with respect to each

variable and belongs in R
n to the Holder class Cα for any α > 0, then the rectangular partial sums

of the multiple trigonometric Fourier series of the function f(x1, . . . , xn) converge to this function

uniformly in R
n.

Lemma 1. Let the function f(x, y) satisfies to the following condition

|f(x, y)− f(x1, y1)| ≤ C1|x− x1|+ C2|y − y1|,

where C1, C2 <∞ and (x, y), (x1, y1) ∈ [−1, 1]2. Then the following inequality is fulfilled

(26) |g(x, y)− g(x1, y1)| ≤ Kρ1/4,
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where g(x, y) has the form (25),

ρ =
√

(x− x1)2 + (y − y1)2,

(x, y) and (x1, y1) ∈ [−1, 1]2, K <∞.

Proof. First, we assume that x 6= x1, y 6= y1. In this case we have

|g(x, y)− g(x1, y1)| = |(1 − x2)1/4(1− y2)1/4(f(x, y)− f(x1, y1))+

+f(x1, y1)((1 − x2)1/4(1 − y2)1/4 − (1− x21)
1/4(1 − y21)

1/4)| ≤ C1|x− x1|+ C2|y − y1|+

(27) +C3|(1 − x2)1/4(1− y2)1/4 − (1 − x21)
1/4(1− y21)

1/4|, C3 <∞.

Moreover,

|(1− x2)1/4(1 − y2)1/4 − (1− x21)
1/4(1 − y21)

1/4| =

= |(1− x2)1/4((1 − y2)1/4 − (1− y21)
1/4) + (1− y21)

1/4((1 − x2)1/4 − (1− x21)
1/4)| ≤

(28) ≤ |(1 − y2)1/4 − (1− y21)
1/4|+ |(1− x2)1/4 − (1− x21)

1/4|,

|(1− x2)1/4 − (1− x21)
1/4| =

= |((1 − x)1/4 − (1− x1)
1/4)(1 + x)1/4 + (1− x1)

1/4((1 + x)1/4 − (1 + x1)
1/4)| ≤

(29) ≤ K1(|(1− x)1/4 − (1− x1)
1/4|+ |(1 + x)1/4 − (1 + x1)

1/4|), K1 <∞.

It is not difficult to see that

|(1± x)1/4 − (1± x1)
1/4| =

=
|(1 ± x)− (1± x1)|

((1± x)1/2 + (1± x1)1/2)((1 ± x)1/4 + (1± x1)1/4)
=

(30) = |x1 − x|1/4 |x1 − x|1/2
(1 ± x)1/2 + (1± x1)1/2

· |x1 − x|1/4
(1± x)1/4 + (1 ± x1)1/4

≤ |x1 − x|1/4.

The last inequality follows from the obvious inequalities
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|x1 − x|1/2
(1 ± x)1/2 + (1± x1)1/2

≤ 1,

|x1 − x|1/4
(1 ± x)1/4 + (1± x1)1/4

≤ 1.

From (27)–(30) we obtain

|g(x, y)− g(x1, y1)| ≤ C1|x− x1|+ C2|y − y1|+ C4(|x1 − x|1/4 + |y1 − y|1/4) ≤

≤ C5ρ+ C6ρ
1/4 ≤ Kρ1/4,

where C5, C6,K <∞.
The cases x = x1, y 6= y1 and x 6= x1, y = y1 can be considered analogously to the case x 6= x1, y 6=

y1. At that, the consideration begins from the inequalities

|g(x, y)− g(x1, y1)| ≤ K2|(1− y2)1/4f(x, y)− (1− y21)
1/4f(x1, y1)|

(x = x1, y 6= y1) and

|g(x, y)− g(x1, y1)| ≤ K2|(1 − x2)1/4f(x, y)− (1− x21)
1/4f(x1, y1)|

(x 6= x1, y = y1), where K2 <∞. Lemma 1 is proved.

Lemma 1 and Theorem 5 imply that rectangular partial sums of the double trigonometric Fourier
series of the function g(x, y) (in the case of periodic continuation of the function g(x, y)) converge
uniformly in the square [−1, 1]2 to the function g(x, y). This means that the equality (24) holds.

Theorem 6 [25]-[28], [39], [50]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Moreover, ψ1(τ), ψ2(τ) are

continuously differentiable functions on [t, T ]. Then for the iterated Stratonovich stochastic integral

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 (i1, i2 = 1, . . . ,m)

the following expansion

(31) J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

that converges in the mean-square sence is valid, where the notations are the same as in Theorem 3.

Proof. Let us prove the equality

1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 =

∞∑

j1=0

Cj1j1 ,
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where Cj1j1 is defined by the formula (5) for k = 2 and j1 = j2. At that {φj(x)}∞j=0 is a complete

orthonormal system of Legendre polynomials or trigonometric functions in the space L2([t, T ]).
Consider the auxiliary function

K ′(t1, t2) =







ψ2(t1)ψ1(t2), t1 ≥ t2

ψ1(t1)ψ2(t2), t1 ≤ t2

, t1, t2 ∈ [t, T ]

and prove that

(32) |K ′(t1, t2)−K ′(t∗1, t
∗
2)| ≤ L(|t1 − t∗1|+ |t2 − t∗2|),

where L <∞, and (t1, t2), (t1, t2) ∈ [t, T ]2.
By the Lagrange formula for the functions ψ1(t

∗
1), ψ2(t

∗
1) at the interval [min{t1, t∗1},max{t1, t∗1}]

and for the functions ψ1(t
∗
2), ψ2(t

∗
2) at the interval [min{t2, t∗2},max{t2, t∗2}] we obtain

|K ′(t1, t2)−K ′(t∗1, t
∗
2)| ≤

∣
∣
∣
∣
∣
∣
∣
∣







ψ2(t1)ψ1(t2), t1 ≥ t2

ψ1(t1)ψ2(t2), t1 ≤ t2

−







ψ2(t1)ψ1(t2), t
∗
1 ≥ t∗2

ψ1(t1)ψ2(t2), t∗1 ≤ t∗2

∣
∣
∣
∣
∣
∣
∣
∣

+

(33) +L1|t1 − t∗1|+ L2|t2 − t∗2|, L1, L2 <∞.

We have







ψ2(t1)ψ1(t2), t1 ≥ t2

ψ1(t1)ψ2(t2), t1 ≤ t2

−







ψ2(t1)ψ1(t2), t∗1 ≥ t∗2

ψ1(t1)ψ2(t2), t∗1 ≤ t∗2

=

(34) =







0, t1 ≥ t2, t
∗
1 ≥ t∗2 or t1 ≤ t2, t

∗
1 ≤ t∗2

ψ2(t1)ψ1(t2)− ψ1(t1)ψ2(t2), t1 ≥ t2, t
∗
1 ≤ t∗2

ψ1(t1)ψ2(t2)− ψ2(t1)ψ1(t2), t1 ≤ t2, t
∗
1 ≥ t∗2

.

By the Lagrange formula for the functions ψ1(t2), ψ2(t2) at the interval [min{t1, t2},max{t1, t2}]
we get the estimate

∣
∣
∣
∣
∣
∣
∣
∣







ψ2(t1)ψ1(t2), t1 ≥ t2

ψ1(t1)ψ2(t2), t1 ≤ t2

−







ψ2(t1)ψ1(t2), t∗1 ≥ t∗2

ψ1(t1)ψ2(t2), t∗1 ≤ t∗2

∣
∣
∣
∣
∣
∣
∣
∣

≤
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(35) ≤ L3|t2 − t1|







0, t1 ≥ t2, t
∗
1 ≥ t∗2 or t1 ≤ t2, t

∗
1 ≤ t∗2

1, t1 ≤ t2, t
∗
1 ≥ t∗2 or t1 ≥ t2, t

∗
1 ≤ t∗2

, L3 <∞.

Let us show that if t1 ≤ t2, t
∗
1 ≥ t∗2 or t1 ≥ t2, t

∗
1 ≤ t∗2, then the following inequality is satisfied

(36) |t2 − t1| ≤ |t∗1 − t1|+ |t∗2 − t2|.

First, consider the case t1 ≥ t2, t
∗
1 ≤ t∗2. For this case

t2 + (t∗1 − t∗2) ≤ t2 ≤ t1.

Then

(t∗1 − t1)− (t∗2 − t2) ≤ t2 − t1 ≤ 0

and (36) is satisfied.
For the case t1 ≤ t2, t

∗
1 ≥ t∗2 we have

t1 + (t∗2 − t∗1) ≤ t1 ≤ t2.

Then

(t1 − t∗1)− (t2 − t∗2) ≤ t1 − t2 ≤ 0

and (36) is also satisfied.
From (35) and (36) we obtain

∣
∣
∣
∣
∣
∣
∣
∣







ψ2(t1)ψ1(t2), t1 ≥ t2

ψ1(t1)ψ2(t2), t1 ≤ t2

−







ψ2(t1)ψ1(t2), t∗1 ≥ t∗2

ψ1(t1)ψ2(t2), t∗1 ≤ t∗2

∣
∣
∣
∣
∣
∣
∣
∣

≤

≤ L3(|t∗1 − t1|+ |t∗2 − t2|)







0, t1 ≥ t2, t
∗
1 ≥ t∗2 or t1 ≤ t2, t

∗
1 ≤ t∗2

1, t1 ≤ t2, t
∗
1 ≥ t∗2 or t1 ≥ t2, t

∗
1 ≤ t∗2

≤

≤ L3(|t∗1 − t1|+ |t∗2 − t2|)







1, t1 ≥ t2, t
∗
1 ≥ t∗2 or t1 ≤ t2, t

∗
1 ≤ t∗2

1, t1 ≤ t2, t
∗
1 ≥ t∗2 or t1 ≥ t2, t

∗
1 ≤ t∗2

=

(37) = L3(|t∗1 − t1|+ |t∗2 − t2|).
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From (33) and (37) we get (32). Let

t1 =
T − t

2
x+

T + t

2
, t2 =

T − t

2
y +

T + t

2
,

where x, y ∈ [−1, 1]. Then

K ′(t1, t2) ≡ K∗(x, y) =







ψ2 (h(x))ψ1 (h(y)) , x ≥ y

ψ1 (h(x))ψ2 (h(y)) , x ≤ y

,

where x, y ∈ [−1, 1] and

(38) h(x) =
T − t

2
x+

T + t

2
.

Inequality (32) can be written in the form

(39) |K∗(x, y)−K∗(x∗, y∗)| ≤ L∗(|x− x∗|+ |y − y∗|),

where L∗ <∞ and (x, y), (x∗, y∗) ∈ [−1, 1]2.
Thus, the function K∗(x, y) satisfies the conditions of Lemma 1 and hence for the function

K∗(x, y)(1 − x2)1/4(1 − y2)1/4

the inequality (26) is fulfilled.
Due to the continuous differentiability of the functions ψ1 (h(x)) and ψ2 (h(x)) at the interval

[−1, 1] we have K∗(x, y) ∈ L2([−1, 1]2). In addition

∫

[−1,1]2

K∗(x, y)dxdy

(1 − x2)1/4(1− y2)1/4
≤ C





1∫

−1

1

(1− x2)1/4

x∫

−1

1

(1− y2)1/4
dydx+

+

1∫

−1

1

(1 − x2)1/4

1∫

x

1

(1− y2)1/4
dydx



 <∞, C <∞.

Thus, the conditions of Theorem 4 are fulfilled for the function K∗(x, y). Note that the mentioned
properties of the function K∗(x, y), x, y ∈ [−1, 1] also correct for the function K ′(t1, t2), t1, t2 ∈ [t, T ].

Remark 1. On the basis of (32) it can be argued that the function K ′(t1, t2) belongs to the

Holder class with parameter 1 in [t, T ]2. Hence by Theorem 5 this function can be expanded into

the uniformly convergent double trigonometric Fourier series in the square [t, T ]2, which summarized

by Pringsheim method. However, the expansions of iterated stochastic integrals obtained by using the

system of Legendre polynomials are essentially simpler than their analogues obtained by using the

trigonometric system of functions (see Sect. 7).
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Let us expand the function K ′(t1, t2) into a double Fourier–Legendre series or double trigonometric
Fourier series in the square [t, T ]2. This series is summable by the method of rectangular sums
(Pringsheim method), i.e.

K ′(t1, t2) = lim
n1,n2→∞

n1∑

j1=0

n2∑

j2=0

T∫

t

T∫

t

K ′(t1, t2)φj1(t1)φj2 (t2)dt1dt2 · φj1 (t1)φj2 (t2) =

= lim
n1,n2→∞

n1∑

j1=0

n2∑

j2=0





T∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2+

+

T∫

t

ψ1(t2)φj2(t2)

T∫

t2

ψ2(t1)φj1 (t1)dt1



 dt2φj1(t1)φj2(t2) =

(40) = lim
n1,n2→∞

n1∑

j1=0

n2∑

j2=0

(Cj2j1 + Cj1j2)φj1 (t1)φj2 (t2), (t1, t2) ∈ (t, T )2.

Moreover, the convergence of the series (40) is uniform on the rectangle

[t+ ε, T − ε]× [t+ δ, T − δ] for any ε, δ > 0 (in particular, we can choose ε = δ).

In addition, the series (40) converges to K ′(t1, t2) at any inner point of the square [t, T ]2. Note
that Theorem 4 does not answer the question of convergence of the series (40) on a boundary of the
square [t, T ]2. In obtaining (40) we replaced the order of integration in the second iterated integral.

Let us substitute t1 = t2 into (40). After that, let us rewrite the limit on the right-hand side of
(40) as two limits. Let us replace j1 with j2, j2 with j1, n1 with n2, and n2 with n1 in the second
limit. Thus, we get

(41) lim
n1,n2→∞

n1∑

j1=0

n2∑

j2=0

Cj2j1φj1(t1)φj2(t1) =
1

2
ψ1(t1)ψ2(t1), t1 ∈ (t, T ).

According to the above reasoning, the equality (41) holds uniformly on the interval [t + ε, T − ε]
for any ε > 0. Additionally, (41) holds at each interior point of the interval [t, T ].

Let us fix ε > 0 and integrate the equality (41) at the interval [t + ε, T − ε]. Due to the uniform
convergence of the series (41) we can swap the series and the integral

(42) lim
n1,n2→∞

n1∑

j1=0

n2∑

j2=0

Cj2j1

T−ε∫

t+ε

φj1 (t1)φj2 (t1)dt1 =
1

2

T−ε∫

t+ε

ψ1(t1)ψ2(t1)dt1.

Lemma 2. Under the conditions of Theorem 6 the following limit

lim
n→∞

n∑

j1=0

Cj1j1
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exists and is finite, where Cj1j1 is defined by (5) for k = 2 and j1 = j2, i.e.

Cj1j1 =

T∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2.

The proof of Lemma 2 will be given further in this section. Using the equality (42) for n1 = n2 = n
and Lemma 2, we get

1

2

T−ε∫

t+ε

ψ1(t1)ψ2(t1)dt1 = lim
n→∞

n∑

j1,j2=0

Cj2j1

T−ε∫

t+ε

φj1(t1)φj2 (t1)dt1 =

= lim
n→∞

n∑

j1,j2=0

Cj2j1





T∫

t

φj1(t1)φj2(t1)dt1 −
t+ε∫

t

φj1 (t1)φj2 (t1)dt1−

−
T∫

T−ε

φj1(t1)φj2 (t1)dt1



 =

= lim
n→∞

n∑

j1,j2=0

Cj2j1

(

1{j1=j2} −
(

φj1(θ)φj2 (θ) + φj1(λ)φj2 (λ)

)

ε

)

=

(43) = lim
n→∞

n∑

j1=0

Cj1j1 − ε lim
n→∞

n∑

j1,j2=0

Cj2j1

(

φj1(θ)φj2 (θ) + φj1(λ)φj2 (λ)

)

,

where θ ∈ [t, t+ ε], λ ∈ [T − ε, T ]. In obtaining (43) we used the theorem on the mean value for the
Riemann integral and orthonormality of the functions φj(x) for j = 0, 1, 2 . . .

Applying (43), we obtain

ε lim
n→∞

n∑

j1,j2=0

Cj2j1

(

φj1(θ)φj2 (θ) + φj1(λ)φj2 (λ)

)

=

= lim
n→∞

n∑

j1=0

Cj1j1 − lim
n→∞

n∑

j1,j2=0

Cj2j1

T−ε∫

t+ε

φj1(t1)φj2 (t1)dt1,

where the limits

lim
n→∞

n∑

j1=0

Cj1j1 , lim
n→∞

n∑

j1,j2=0

Cj2j1

T−ε∫

t+ε

φj1(t1)φj2 (t1)dt1

exist and are finite (see Lemma 2 and the equality (42)). This means that the limit

ε lim
n→∞

n∑

j1,j2=0

Cj2j1

(

φj1 (θ)φj2 (θ) + φj1(λ)φj2 (λ)

)

also exists and is finite.
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Suppose that the following relations

(44)

∣
∣
∣
∣
∣
∣

n∑

j1,j2=0

Cj2j1φj2 (T )φj1(T )

∣
∣
∣
∣
∣
∣

≤ K <∞,

∣
∣
∣
∣
∣
∣

n∑

j1,j2=0

Cj2j1φj2 (t)φj1 (t)

∣
∣
∣
∣
∣
∣

≤ K <∞

are satisfied (the relations (44) will be proved further in this section); constant K does not depend
on n.

Note that
∣
∣
∣
∣
∣
∣

ε lim
n→∞

n∑

j1,j2=0

Cj2j1

(

φj1(θ)φj2 (θ) + φj1(λ)φj2 (λ)

)
∣
∣
∣
∣
∣
∣

=

(45) = lim
n→∞

ε

∣
∣
∣
∣
∣
∣

n∑

j1,j2=0

Cj2j1φj1 (θ)φj2 (θ) +

n∑

j1,j2=0

Cj2j1φj1 (λ)φj2 (λ)

∣
∣
∣
∣
∣
∣

.

Using (41) (n1 = n2 = n) and (44), we obtain

ε

∣
∣
∣
∣
∣
∣

n∑

j1,j2=0

Cj2j1φj1(θ)φj2 (θ) +

n∑

j1,j2=0

Cj2j1φj1 (λ)φj2 (λ)

∣
∣
∣
∣
∣
∣

≤

(46) ≤ ε





∣
∣
∣
∣
∣
∣

n∑

j1,j2=0

Cj2j1φj1 (θ)φj2 (θ)

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣

n∑

j1,j2=0

Cj2j1φj1 (λ)φj2 (λ)

∣
∣
∣
∣
∣
∣



 ≤ 2εK1 → 0

if ε→ +0, where θ ∈ [t, t+ ε], λ ∈ [T − ε, T ], constant K1 is independent on n.
Performing the passage to the limit lim

ε→+0
in the equality (43) and taking into account (45), (46),

we get

(47)
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 =
∞∑

j1=0

Cj1j1 .

Thus, to complete the proof of Theorem 6, it is necessary to prove (44) and Lemma 2. To prove
(44) and Lemma 2, as well as for further consideration, we need some well known properties of the
Legendre polynomials [64], [67].

The complete orthonormal system of Legendre polynomials in the space L2([t, T ]) looks as follows

(48) φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

, j = 0, 1, 2, . . . ,

where Pj(x) is the Legendre polynomial.
It is known that the Legendre polynomial Pj(x) is represented, for example, as

Pj(x) =
1

2jj!

dj

dxj
(
x2 − 1

)j
.
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At the boundary points of the interval of orthogonality the Legendre polynomials satisfy the
following relations

Pj(1) = 1, Pj(−1) = (−1)j ,

Pj+1(1)− Pj−1(1) = 0, Pj+1(−1)− Pj−1(−1) = 0,

Pj+1(1)− Pj(1) = 0, Pj+1(−1) + Pj(−1) = 0,

where j = 0, 1, 2, . . .
Relation of the Legendre polynomial Pj(x) with derivatives of the Legendre polynomials Pj+1(x)

and Pj−1(x) is expressed by the following equality

(49) Pj(x) =
1

2j + 1

(

P
′

j+1(x) − P
′

j−1(x)
)

, j = 1, 2, . . .

The recurrent relation has the form

xPj(x) =
(j + 1)Pj+1(x) + jPj−1(x)

2j + 1
, j = 1, 2, . . .

Orthogonality of Legendre polynomial Pj(x) to any polynomial Qk(x) of lesser degree we write in
the following form

1∫

−1

Qk(x)Pj(x)dx = 0, k = 0, 1, 2, . . . , j − 1.

From the property

1∫

−1

Pk(x)Pj(x)dx =







0 if k 6= j

2/(2j + 1) if k = j

it follows that the orthonormal on the interval [−1, 1] Legendre polynomials determined by the relation

P ∗
j (x) =

√

2j + 1

2
Pj(x), j = 0, 1, 2, . . .

It is well known that there is an estimate

(50) |Pj(y)| <
K√

j + 1(1 − y2)1/4
, y ∈ (−1, 1), j = 1, 2, . . . ,

where constant K does not depends on y and j.
Moreover,

(51) |Pj(x)| ≤ 1, x ∈ [−1, 1], j = 0, 1, . . .
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The Christoffel–Darboux formula has the form

(52)

n∑

j=0

(2j + 1)Pj(x)Pj(y) = (n+ 1)
Pn(x)Pn+1(y)− Pn+1(x)Pn(y)

y − x
.

Let us prove (44). From (52) for x = ±1 we obtain

(53)

n∑

j=0

(2j + 1)Pj(y) = (n+ 1)
Pn+1(y)− Pn(y)

y − 1
,

(54)

n∑

j=0

(2j + 1)(−1)jPj(y) = (n+ 1)(−1)n
Pn+1(y) + Pn(y)

y + 1
.

From the other hand (see (49))

n∑

j=0

(2j + 1)Pj(y) = 1 +

n∑

j=1

(2j + 1)Pj(y) =

= 1 +
n∑

j=1

(P
′

j+1(y)− P
′

j−1(y)) = 1 +

( n∑

j=1

(Pj+1(y)− Pj−1(y))

)′

=

(55) = 1 + (Pn+1(x) + Pn(x) − x− 1)′ = (Pn(x) + Pn+1(x))
′

and
n∑

j=0

(2j + 1)(−1)jPj(y) = 1 +

n∑

j=1

(−1)j(2j + 1)Pj(y) =

= 1 +

n∑

j=1

(−1)j(P
′

j+1(y)− P
′

j−1(y)) = 1 +

( n∑

j=1

(−1)j(Pj+1(y)− Pj−1(y))

)′

=

(56) = 1 + ((−1)n(Pn+1(x)− Pn(x))− x+ 1)′ = (−1)n(Pn+1(x)− Pn(x))
′.

Applying (53)–(56), we get

(57) (n+ 1)
Pn+1(y)− Pn(y)

y − 1
= (Pn(x) + Pn+1(x))

′,

(58) (n+ 1)
Pn+1(y) + Pn(y)

y + 1
= (Pn+1(x) − Pn(x))

′.

Let us prove the boundedness of the first sum in (44). We have

n∑

j1,j2=0

Cj2j1φj2 (T )φj1(T ) =
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=
1

4

n∑

j2=0

n∑

j1=0

(2j2 + 1)(2j1 + 1)

1∫

−1

ψ2(h(y))Pj2 (y)

y∫

−1

ψ1(h(y1))Pj1 (y1)dy1dy =

=
1

4

1∫

−1

ψ2(h(y))

n∑

j2=0

(2j2 + 1)Pj2(y)

y∫

−1

ψ1(h(y1))

n∑

j1=0

(2j1 + 1)Pj1(y1)dy1dy =

=
1

4

1∫

−1

ψ2(h(y))





y∫

−1

ψ1(h(y1))d(Pn+1(y1) + Pn(y1))



 d(Pn+1(y) + Pn(y)) =

=
1

4

1∫

−1

ψ1(h(y))





y∫

−1

ψ1(h(y1))d(Pn+1(y1) + Pn(y1))



 d(Pn+1(y) + Pn(y))+

+
1

4

1∫

−1

∆(h(y))





y∫

−1

ψ1(h(y1))d(Pn+1(y1) + Pn(y1))



 d(Pn+1(y) + Pn(y)) =

=
1

4
I1 +

1

4
I2,

where

(59) ∆(h(y)) = ψ2(h(y))− ψ1(h(y)), h(y) =
T − t

2
y +

T + t

2
.

Further,

I1 =
1

2

( 1∫

−1

ψ1(h(y))d(Pn+1(y) + Pn(y))

)2

=

=
1

2

(

2ψ1(T )−
1∫

−1

(Pn+1(y) + Pn(y))ψ
′
1(h(y))

T − t

2
dy

)2

< C1 <∞,

where ψ′
1 is a derivative of the function ψ1 with respect to the variable y, constant C1 does not depend

on n.
By the Lagrange formula we obtain

∆(h(y)) = ψ2

(
1

2
(T − t)(y − 1) + T

)

− ψ1

(
1

2
(T − t)(y − 1) + T

)

=

= ψ2(T )− ψ1(T ) + (y − 1)

(

ψ′
2(ξy)− ψ′

1(θy)

)
1

2
(T − t) =

(60) = C1 + αy(y − 1),

where |αy| <∞ and C1 = ψ2(T )− ψ1(T ).
Let us substitute (60) into the integral I2
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I2 = I3 + I4,

where

I3 =

1∫

−1

αy(y − 1)





y∫

−1

ψ1(h(y1))d(Pn+1(y1) + Pn(y1))



 d(Pn+1(y) + Pn(y)),

I4 = C1

1∫

−1





y∫

−1

ψ1(h(y1))d(Pn+1(y1) + Pn(y1))



 d(Pn+1(y) + Pn(y)).

Integrating by parts and using (57), we obtain

I3 =

1∫

−1

αy(y − 1)(n+ 1)(Pn+1(y)− Pn(y))

y − 1

(

ψ1(h(y))(Pn+1(y) + Pn(y))−

−
y∫

−1

(Pn+1(y1) + Pn(y1))ψ
′
1(h(y1))

1

2
(T − t)dy1

)

dy.

Applying the etimate (50) and taking into account the boundedness of αy and ψ′
1(h(y1)), we have

that |I3| <∞.
Using the integration order replacement in I4, we get

I4 = C1

1∫

−1

ψ1(h(y1))





1∫

y1

d(Pn+1(y) + Pn(y))



 d(Pn+1(y1) + Pn(y1)) =

= C1

1∫

−1

ψ1(h(y1))d(Pn+1(y1) + Pn(y1))

1∫

−1

d(Pn+1(y) + Pn(y))−

−C1

1∫

−1

ψ1(h(y1))





y1∫

−1

d(Pn+1(y) + Pn(y))



 d(Pn+1(y1) + Pn(y1)) =

= I5 − I6.

Consider I5

I5 = 2C1

1∫

−1

ψ1(h(y1))d(Pn+1(y1) + Pn(y1)) =

= 2C1



2ψ1(T )−
1∫

−1

(Pn+1(y1) + Pn(y1))ψ
′
1(h(y1))

1

2
(T − t)dy1



 .

Applying the estimate (51) and using the boundedness of ψ′
1(h(y1)), we obtain that |I5| <∞.
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Since (see (60))

ψ1(h(y)) = ψ1

(
1

2
(T − t)(y − 1) + T

)

=

= ψ1(T ) + (y − 1)ψ′
1(θy)

1

2
(T − t) = C2 + βy(y − 1),

where |βy| <∞ and C2 = ψ1(T ), then

I6 = C3

1∫

−1





y1∫

−1

d(Pn+1(y) + Pn(y))



 d(Pn+1(y1) + Pn(y1))+

+C1

1∫

−1

βy1(y1 − 1)





y1∫

−1

d(Pn+1(y) + Pn(y))



 d(Pn+1(y1) + Pn(y1)) =

=
C3

2





1∫

−1

d(Pn+1(y) + Pn(y))





2

+

+C1

1∫

−1

βy1(y1 − 1)(n+ 1)(Pn+1(y1)− Pn(y1))

y1 − 1





y1∫

−1

d(Pn+1(y) + Pn(y))



 dy1 =

= 2C3 + C1

1∫

−1

βy1(n+ 1)(Pn+1(y1)− Pn(y1))(Pn+1(y1) + Pn(y1))dy1.

Using the estimate (50) and taking into account the bounedness of βy1 , we obtain that |I6| < ∞.
Thus, the boundedness of the first sum in (44) is proved.

Let us prove the boundedness of the second sum in (44). We have

n∑

j1,j2=0

Cj2j1φj2 (t)φj1 (t) =

=
1

4

n∑

j2=0

n∑

j1=0

(2j2 + 1)(2j1 + 1)(−1)j1+j2

1∫

−1

ψ2(h(y))Pj2 (y)

y∫

−1

ψ1(h(y1))Pj1(y1)dy1dy =

=
1

4

1∫

−1

ψ2(h(y))

n∑

j2=0

(2j2 + 1)Pj2(y)(−1)j2

y∫

−1

ψ1(h(y1))

n∑

j1=0

(2j1 + 1)Pj1(y1)(−1)j1dy1dy =

=
(−1)2n

4

1∫

−1

ψ2(h(y))





y∫

−1

ψ1(h(y1))d(Pn+1(y1)− Pn(y1))



 d(Pn+1(y)− Pn(y)) =

=
1

4

1∫

−1

ψ1(h(y))





y∫

−1

ψ1(h(y1))d(Pn+1(y1)− Pn(y1))



 d(Pn+1(y)− Pn(y))+
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+
1

4

1∫

−1

∆(h(y))





y∫

−1

ψ1(h(y1))d(Pn+1(y1)− Pn(y1))



 d(Pn+1(y)− Pn(y)) =

=
1

4
J1 +

1

4
J2,

where ∆(h(y)), h(y) are defined by (59).
Further,

J1 =
1

2





1∫

−1

ψ1(h(y))d(Pn+1(y)− Pn(y))





2

=

(61) =
1

2



2(−1)nψ1(t)−
1∫

−1

(Pn+1(y)− Pn(y))ψ
′
1(h(y))

T − t

2
dy





2

< K1 <∞,

where ψ′
1 is a derivative of the function ψ1 with respect to the variable y, constant K1 is independent

of n.
By the Lagrange formula we obtain

∆(h(y)) = ψ2

(
1

2
(T − t)(y + 1) + t

)

− ψ1

(
1

2
(T − t)(y + 1) + t

)

=

= ψ2(t)− ψ1(t) + (y + 1)

(

ψ′
2(µy)− ψ′

1(ρy)

)
1

2
(T − t) =

(62) = K2 + γy(y + 1),

where |γy| <∞ and K2 = ψ2(t)− ψ1(t).
Consider J2

J2 =

1∫

−1

∆(h(y))d(Pn+1(y)− Pn(y))

1∫

−1

ψ1(h(y1))d(Pn+1(y1)− Pn(y1))−

−
1∫

−1

∆(h(y))





1∫

y

ψ1(h(y1))d(Pn+1(y1)− Pn(y1))



 d(Pn+1(y)− Pn(y)) =

= J3J4 − J5.

The integral J4 was considered earlier (see J1 and (61)), i.e. it has already been shown that
|J4| <∞. Analogously, we have that |J3| <∞.

Let us substitute (62) into the integral J5

J5 = J6 + J7,
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where

J6 =

1∫

−1

γy(y + 1)





1∫

y

ψ1(h(y1))d(Pn+1(y1)− Pn(y1))



 d(Pn+1(y)− Pn(y)),

J7 = K2

1∫

−1





1∫

y

ψ1(h(y1))d(Pn+1(y1)− Pn(y1))



 d(Pn+1(y)− Pn(y)).

Integrating by parts and using (58), we get

J6 =

1∫

−1

γy(y + 1)(n+ 1)(Pn+1(y) + Pn(y))

y + 1

(

−ψ1(h(y))(Pn+1(y)− Pn(y))−

−
1∫

y

(Pn+1(y1)− Pn(y1))ψ
′
1(h(y1))

1

2
(T − t)dy1

)

dy.

Applying the etimate (50) and taking into account the boundedness of γy and ψ′
1(h(y1)), we have

that |J6| <∞.
Using the integration order replacement in J7, we obtain

J7 = K2

1∫

−1

ψ1(h(y1))





y1∫

−1

d(Pn+1(y)− Pn(y))



 d(Pn+1(y1)− Pn(y1)) =

= K2

1∫

−1

ψ1(h(y1))d(Pn+1(y1)− Pn(y1))

1∫

−1

d(Pn+1(y)− Pn(y))−K2J8 =

= K2J42(−1)n −K2J8,

where

J8 =

1∫

−1

ψ1(h(y1))





1∫

y1

d(Pn+1(y)− Pn(y))



 d(Pn+1(y1)− Pn(y1)).

Since (see (62))

ψ1(h(y)) = ψ1

(
1

2
(T − t)(y + 1) + t

)

=

(63) = ψ1(t) + (y + 1)ψ′
1(ρy)

1

2
(T − t) = K3 + εy(y + 1),

where |εy| <∞ and K3 = ψ1(t), then

J8 = K3

1∫

−1





1∫

y1

d(Pn+1(y)− Pn(y))



 d(Pn+1(y1)− Pn(y1))+
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+

1∫

−1

εy(y + 1)





1∫

y1

d(Pn+1(y)− Pn(y))



 d(Pn+1(y1)− Pn(y1)) =

=
K3

2





1∫

−1

d(Pn+1(y)− Pn(y))





2

+

+

1∫

−1

εy1(y1 + 1)(n+ 1)(Pn+1(y1) + Pn(y1))

y1 + 1
(Pn(y1)− Pn+1(y1))dy =

(64) = 2K3 +

1∫

−1

εy1(n+ 1)(Pn+1(y1) + Pn(y1))(Pn(y1)− Pn+1(y1))dy.

When obtaining the equality (64), we used (58). Applying the estimate (50) and taking into account
the bounedness of εy1 , we obtain that |J8| <∞. Thus, the boundedness of the second sum in (44) is
proved. The relations (44) are proved.

Let us prove Lemma 2. We will prove that

n∑

j1=0

Cj1j1

is the Cauchy sequence for the cases of Legendre polynomials and trigonometric functions.
Consider the case of Legendre polynomials and fix n > m (n,m ∈ N). We have

n∑

j1=m+1

Cj1j1 =

n∑

j1=m+1

T∫

t

ψ2(s)φj1 (s)

s∫

t

ψ1(τ)φj1 (τ)dτds =

=
T − t

4

n∑

j1=m+1

(2j1 + 1)

1∫

−1

ψ2(h(x))Pj1 (x)

x∫

−1

ψ1(h(y))Pj1 (y)dydx =

=
T − t

4

n∑

j1=m+1

1∫

−1

ψ1(h(x))ψ2(h(x)) (Pj1+1(x)Pj1 (x) − Pj1(x)Pj1−1(x)) dx−

− (T − t)2

8

n∑

j1=m+1

1∫

−1

ψ2(h(x))Pj1 (x)

x∫

−1

(Pj1+1(y)− Pj1−1(y))ψ
′
1(h(y))dydx =

=
T − t

4

1∫

−1

ψ1(h(x))ψ2(h(x))

n∑

j1=m+1

(Pj1+1(x)Pj1 (x) − Pj1(x)Pj1−1(x)) dx−
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− (T − t)2

8

n∑

j1=m+1

1∫

−1

(Pj1+1(y)− Pj1−1(y))ψ
′
1(h(y))

1∫

y

Pj1 (x)ψ2(h(x))dxdy =

=
T − t

4

1∫

−1

ψ1(h(x))ψ2(h(x)) (Pn+1(x)Pn(x) − Pm+1(x)Pm(x)) dx+

+
(T − t)2

8

n∑

j1=m+1

1

2j1 + 1

1∫

−1

(Pj1+1(y)− Pj1−1(y))ψ
′
1(h(y))×

×
(

(Pj1+1(y)− Pj1−1(y))ψ2(h(y))+

(65) +
T − t

2

1∫

y

(Pj1+1(x)− Pj1−1(x))ψ
′
2(h(x))dx

)

dy,

where ψ′
1, ψ

′
2 are derivatives of the functions ψ1(τ), ψ2(τ) with respect to the variable h(y) (see (38)).

Applying the estimate (50) and taking into account the boundedness of the functions ψ1(τ), ψ2(τ)
and their derivatives, we finally obtain

∣
∣
∣
∣
∣
∣

n∑

j1=m+1

Cj1j1

∣
∣
∣
∣
∣
∣

≤ C1

(
1

n
+

1

m

) 1∫

−1

dx

(1− x2)
1/2

+

+C2

n∑

j1=m+1

1

j21





1∫

−1

dy

(1− y2)
1/2

+

1∫

−1

1

(1− y2)
1/4

1∫

y

dx

(1− x2)
1/4

dy



 ≤

(66) ≤ C3




1

n
+

1

m
+

n∑

j1=m+1

1

j21



→ 0

if n,m→ ∞ (n > m), where constants C1, C2, C3 do not depend on n and m.
Consider the trigonometric case. Below in this section we write lim

n,m→∞
instead of lim

n,m→∞
n>m

. Fix

n > m (n,m ∈ N). Denote

Sn,m
def
=

n∑

j1=m+1

Cj1j1 =

n∑

j1=m+1

T∫

t

ψ2(t2)φj1(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2.

By analogy with (65) we obtain
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S2n,2m =

2n∑

j1=2m+1

T∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2 =

=
2

T − t

n∑

j1=m+1





T∫

t

ψ2(t2)sin
2πj1(t2 − t)

T − t

t2∫

t

ψ1(t1)sin
2πj1(t1 − t)

T − t
dt1dt2+

+

T∫

t

ψ2(t2)cos
2πj1(t2 − t)

T − t

t2∫

t

ψ1(t1)cos
2πj1(t1 − t)

T − t
dt1dt2



 =

=
T − t

2π2

n∑

j1=m+1

1

j21



ψ1(t)



ψ2(t)− ψ2(T ) +

T∫

t

ψ′
2(t2)cos

2πj1(t2 − t)

T − t
dt2



−

−
T∫

t

ψ′
1(t1)cos

2πj1(t1 − t)

T − t

(

ψ2(T )− ψ2(t1)cos
2πj1(t1 − t)

T − t
−

−
T∫

t1

ψ′
2(t2)cos

2πj1(t2 − t)

T − t
dt2

)

dt1+

+

T∫

t

ψ′
1(t1)sin

2πj1(t1 − t)

T − t

(

ψ2(t1)sin
2πj1(t1 − t)

T − t
+

(67) +

T∫

t1

ψ′
2(t2)sin

2πj1(t2 − t)

T − t
dt2

)

dt1



 ,

where ψ′
1(τ), ψ

′
2(τ) are derivatives of the functions ψ1(τ), ψ2(τ) with respect to the variable τ .

From (67) we get

(68) |S2n,2m| ≤ C

n∑

j1=m+1

1

j21
→ 0

if n,m→ ∞ (n > m), where constant C does not depend on n and m.
Further,

S2n−1,2m = S2n,2m−

(69) − 2

T − t

T∫

t

ψ2(t2)cos
2πn(t2 − t)

T − t

t2∫

t

ψ1(t1)cos
2πn(t1 − t)

T − t
dt1dt2,
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S2n,2m−1 = S2n,2m+

(70) +
2

T − t

T∫

t

ψ2(t2)cos
2πm(t2 − t)

T − t

t2∫

t

ψ1(t1)cos
2πm(t1 − t)

T − t
dt1dt2,

S2n−1,2m−1 = S2n,2m−1−

− 2

T − t

T∫

t

ψ2(t2)cos
2πn(t2 − t)

T − t

t2∫

t

ψ1(t1)cos
2πn(t1 − t)

T − t
dt1dt2 =

= S2n,2m +
2

T − t

T∫

t

ψ2(t2)cos
2πm(t2 − t)

T − t

t2∫

t

ψ1(t1)cos
2πm(t1 − t)

T − t
dt1dt2−

(71) − 2

T − t

T∫

t

ψ2(t2)cos
2πn(t2 − t)

T − t

t2∫

t

ψ1(t1)cos
2πn(t1 − t)

T − t
dt1dt2.

Integrating by parts in (69)–(71), we obtain

(72) |S2n−1,2m| ≤ |S2n,2m|+ C1

n
,

(73) |S2n,2m−1| ≤ |S2n,2m|+ C1

m
,

(74) |S2n−1,2m−1| ≤ |S2n,2m|+ C1

(
1

m
+

1

n

)

,

where constant C1 does not depend on n and m.
The relations (68), (72)–(74) imply that

(75) lim
n,m→∞

|S2n,2m| = lim
n,m→∞

|S2n−1,2m| = lim
n,m→∞

|S2n,2m−1| = lim
n,m→∞

|S2n−1,2m−1| = 0.

From (75) we get

(76) lim
n,m→∞

|Sn,m| = 0.

Lemma 2 is proved. Theorem 6 is proved.
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5. Proof of the Equality (18). The Case of an Arbitrary Complete Orthonormal
System of Functions in the Space L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ])

Theorem 7. Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions

in the space L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]). Then the following equality

(77)
∞∑

j=0

T∫

t

ψ2(t2)φj(t2)

t2∫

t

ψ1(t1)φj(t1)dt1dt2 =
1

2

T∫

t

ψ1(τ)ψ2(τ)dτ

is fulfilled.

Proof. First consider the case ψ1(τ) ≡ ψ2(τ) or

(78) ψ1(τ) = ψ2(τ)

τ∫

t

g(θ)dθ,

where τ ∈ [t, T ] and ψ1(τ), ψ2(τ), g(τ) ∈ L2([t, T ]).
First suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]) such that φj(x) for j < ∞ is continuous at the interval [t, T ] except may be for the
finite number of points of the finite discontinuity. Furthermore, let ψ1(τ) ≡ ψ2(τ) or the equality (78)
is satisfied. Here we suppose that ψ1(τ), ψ2(τ), g(τ) are continuous functions at the interval [t, T ].

Using the integration order replacement and the Parseval equality, we have (see (78))

∞∑

j=0

T∫

t

ψ2(t2)φj(t2)

t2∫

t

ψ1(t1)φj(t1)dt1dt2 =

=

∞∑

j=0

T∫

t

ψ2(t2)φj(t2)

t2∫

t

ψ2(t1)φj(t1)

t1∫

t

g(τ)dτdt1dt2 =

=

∞∑

j=0

T∫

t

g(τ)

T∫

τ

ψ2(t1)φj(t1)

T∫

t1

ψ2(t2)φj(t2)dt2dt1dτ =

(79) =
1

2

∞∑

j=0

T∫

t

g(τ)





T∫

τ

ψ2(t1)φj(t1)dt1





2

dτ =

(80) =
1

2

T∫

t

g(τ)
∞∑

j=0





T∫

t

1{τ<t1}ψ2(t1)φj(t1)dt1





2

dτ =

=
1

2

T∫

t

g(τ)

T∫

t

1{τ<t1}ψ
2
2(t1)dt1dτ =
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=
1

2

T∫

t

g(τ)

T∫

τ

ψ2
2(t1)dt1dτ =

(81) =
1

2

T∫

t

ψ2
2(t1)

t1∫

t

g(τ)dτdt1 =

(82) =
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1,

where the transition from (79) to (80) is based on the Dini Theorem (using the continuity of the
functions uq(τ) (see below), the nondecreasing property of the functional sequence

uq(τ) =

q
∑

j=0





T∫

τ

ψ2(t1)φj(t1)dt1





2

,

and the continuity of the limit function

u(τ) =

T∫

τ

ψ2
2(t1)dt1

according to Dini’s Theorem, we have the uniform convergence uq(τ) to u(τ) at the interval [t, T ]).
From the other hand, using the integration order replacement and the generalized Parseval equality

as well as (81), we get

∞∑

j=0

T∫

t

ψ1(t2)φj(t2)

t2∫

t

ψ2(t1)φj(t1)dt1dt2 =

=

∞∑

j=0

T∫

t

ψ2(t2)φj(t2)

t2∫

t

g(τ)dτ

t2∫

t

ψ2(t1)φj(t1)dt1dt2 =

=

∞∑

j=0

T∫

t

ψ2(t1)φj(t1)

T∫

t1

ψ2(t2)φj(t2)

t2∫

t

g(τ)dτdt2dt1 =

=

∞∑

j=0

T∫

t

ψ2(t1)φj(t1)dt1

T∫

t

ψ2(t2)φj(t2)

t2∫

t

g(τ)dτdt2−

−
∞∑

j=0

T∫

t

ψ2(t1)φj(t1)

t1∫

t

ψ2(t2)φj(t2)

t2∫

t

g(τ)dτdt2dt1 =
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=

T∫

t

ψ2(t1) · ψ2(t1)

t1∫

t

g(τ)dτdt1 −
1

2

T∫

t

ψ2
2(t1)

t1∫

t

g(τ)dτdt1 =

(83) =
1

2

T∫

t

ψ2
2(t1)

t1∫

t

g(τ)dτdt1 =
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1.

In addition, for the case ψ1(τ) ≡ ψ2(τ), using the Parseval equality, we obtain

∞∑

j=0

T∫

t

ψ1(t2)φj(t2)

t2∫

t

ψ1(t1)φj(t1)dt1dt2 =

=
1

2

∞∑

j=0





T∫

t

ψ1(t1)φj(t1)dt1





2

=

(84) =
1

2

T∫

t

ψ2
1(t1)dt1.

By interpreting the integrals in the above formulas as Lebesgue integrals, using Fubini’s theorem
and Lebesgue’s Dominated Convergence Theorem in the above reasoning, we get the equality (77)
for the case of an arbitrary complete orthonormal system of functions in the space L2([t, T ]) and
ψ1(τ), ψ2(τ), g(τ) ∈ L2([t, T ]).

Suppose that

ψ2(τ) = (τ − t)l, g(τ) = k(τ − t)k−1,

where l = 0, 1, 2, . . . , k = 1, 2, . . .
From (78) we have

ψ1(τ) = ψ2(τ)

τ∫

t

g(θ)dθ = k(τ − t)l
τ∫

t

(θ − t)k−1dθ = (τ − t)l+k.

Taking into account (82)–(84), we obtain

∞∑

j=0

T∫

t

(t2 − t)lφj(t2)

t2∫

t

(t1 − t)l+kφj(t1)dt1dt2 =

=

∞∑

j=0

T∫

t

(t2 − t)l+kφj(t2)

t2∫

t

(t1 − t)lφj(t1)dt1dt2 =

(85) =
1

2

T∫

t

(τ − t)2l+kdτ,
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where k, l = 0, 1, 2, . . .
The equality similar to (85) was obtained in [68] using other arguments. In addition, the formula

similar to (85) was used in [68] to generalize the equality (77) to the case of an arbitrary complete
orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]). Consider this
approach [68] in more detail.

Let us rewrite the equality (85) in the following form

(86)
∞∑

j=0

T∫

t

(t2 − t)lφj(t2)

t2∫

t

(t1 − t)mφj(t1)dt1dt2 =
1

2

T∫

t

(τ − t)l(τ − t)mdτ,

where l,m = 0, 1, 2, . . .
Since the equality (86) is valid for monomials with respect to τ − t (τ ∈ [t, T ]), it will obviously

also be valid for Legendre polynomials that form a complete orthonormal system of functions in the
space L2([t, T ] and finite linear combinations of Legendre polynomials.

Let ψ1(τ), ψ2(τ) ∈ L2([t, T ]) and ψ
(p)
1 (τ), ψ

(q)
2 (τ) be approximations of the functions ψ1(τ), ψ2(τ),

respectively, which are partial sums of the corresponding Fourier–Legendre series. Then we have (see
(86))

(87)

∞∑

j=0

T∫

t

ψ
(q)
2 (t2)φj(t2)

t2∫

t

ψ
(p)
1 (τ)φj(t1)dt1dt2 =

1

2

T∫

t

ψ
(p)
1 (τ)ψ

(q)
2 (τ)dτ,

where p, q ∈ N, the series converges absolutly and its sum does not depend on a basis system
{φj(x)}∞j=0.

Let us fix q in (87). The right-hand side of (87) for a fixed q defines (as a scalar product in
L2([t, T ])) a linear bounded (and therefore continuous) functional in L2([t, T ]), which is given by the

function ψ
(q)
2 . The left-hand side of the equality (87) has the same properties. Let us implement the

passage to the limit lim
p→∞

in (87)

(88)
∞∑

j=0

T∫

t

ψ
(q)
2 (t2)φj(t2)

t2∫

t

ψ1(τ)φj(t1)dt1dt2 =
1

2

T∫

t

ψ1(τ)ψ
(q)
2 (τ)dτ,

where q ∈ N. The equality (88) defines a linear bounded functional in L2([t, T ]) given by the function
ψ1. Let us implement the passage to the limit lim

q→∞
in (88)

∞∑

j=0

T∫

t

ψ2(t2)φj(t2)

t2∫

t

ψ1(τ)φj(t1)dt1dt2 =
1

2

T∫

t

ψ1(τ)ψ2(τ)dτ,

where {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ])

and ψ1(τ), ψ2(τ) ∈ L2([t, T ]).
Thus we have the following theorem.

Theorem 8 [25]. Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions

in the space L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]). Then for the iterated Stratonovich stochastic

integral
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J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 (i1, i2 = 1, . . . ,m)

the following expansion

(89) J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

that converges in the mean-square sence is valid, where the notations are the same as in Theorem 3.

6. Some Recent Results on Expansions of Iterated Stratonovich Stochastic
Integrals of Multiplicities 3 to 6

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [25] (Sect. 2.10–2.16), [29] (Sect. 13–19), [33] (Sect. 5–11), [47]
(Sect. 7–13), [48]. Let us formulate four theorems that were obtained using this approach.

Theorem 9 [25], [29], [33], [47]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then for the iterated Stratonovich

stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations

(90) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(91) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (90) and i1, i2, i3 = 1, . . . ,m in (91), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3
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and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 1, 2.

Theorem 10 [25], [29], [33], [47]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then for the iterated Stratonovich stochastic

integral of fourth multiplicity

(92) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(93) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(94) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (92), (93) and i1, . . . , i4 = 1, . . . ,m in (94), constant C
does not depend on p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj4j3j2j1 =

=

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 9.

Theorem 11 [25], [29], [33], [47]. Assume that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are

continuously differentiable nonrandom functions on [t, T ]. Then for the iterated Stratonovich stochastic

integral of fifth multiplicity

(95) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations
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(96) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(97) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (95), (96) and i1, . . . , i5 = 1, . . . ,m in (97), constant C
is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 9, 10.

Theorem 12 [25], [29], [33], [47]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(98) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;

another notations are the same as in Theorems 9–11.

7. Expansions of Iterated Stratonovich Stochastic Integrals of First and Second
Multiplicity Based on Multiple Fourier–Legendre Series

We will use the following notations for iterated Stratonovich stochastic integrals of first and second
multiplicities
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(99) I
∗(i1)
(l1)T,t =

∗∫

t

T

(t− t1)
l1df

(i1)
t1 ,

(100) I
∗(i1i2)
(l1l2)T,t =

∗∫

t

T

(t− t2)
l2

∗∫

t

t2

(t− t1)
l1df

(i1)
t1 df

(i2)
t2 ,

where l1, l2 = 0, 1, . . . ; i1, . . . , ik = 1, . . . ,m.
Note that together with the iterated Stratonovich stochastic integrals of higher multiplicities than

the second, the stochastic integrals (99) and (100) are included in the so-called unified Taylor–
Stratonovich expansion [42] (also see [25]-[26]). This expansion can be used for construction of
high-order strong numerical methods for Ito SDEs (definition of a strong numerical method see,
for example, in [3]).

Consider the expansions of some stochastic integrals (99) and (100) obtained by using Theorems
6, 8 (see (31) or (89))

I
∗(i1)
(0)T,t =

√
T − tζ

(i1)
0 ,

(101) I
∗(i1)
(1)T,t = − (T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

(102) I
∗(i1)
(2)T,t =

(T − t)5/2

3

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,

(103) I
∗(i1i2)
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

,

I
∗(i1i2)
(01)T,t = −T − t

2
I
∗(i1i2)
(00)T,t −

(T − t)2

4

(

ζ
(i1)
0 ζ

(i2)
1√
3

+

+
∞∑

i=0

(

(i + 2)ζ
(i1)
i ζ

(i2)
i+2 − (i+ 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

I
∗(i1i2)
(10)T,t = −T − t

2
I
∗(i1i2)
(00)T,t −

(T − t)2

4

(

ζ
(i2)
0 ζ

(i1)
1√
3

+

(104) +

∞∑

i=0

(

(i + 1)ζ
(i2)
i+2 ζ

(i1)
i − (i+ 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,
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I
∗(i1i2)
(02)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t − (T − t)I

∗(i1i2)
(01)T,t +

(T − t)3

8

(

2ζ
(i2)
2 ζ

(i1)
0

3
√
5

+

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 2)(i+ 3)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 1)(i + 2)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + i− 3)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + 3i− 1)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

))

,

I
∗(i1i2)
(20)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t − (T − t)I

∗(i1i2)
(10)T,t +

(T − t)3

8

(

2ζ
(i2)
0 ζ

(i1)
2

3
√
5

+

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 1)(i+ 2)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 2)(i + 3)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + 3i− 1)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + i− 3)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

))

,

I
∗(i1i2)
(11)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t −

(T − t)

2

(

I
∗(i1i2)
(10)T,t + I

∗(i1i2)
(01)T,t

)

+

+
(T − t)3

8




1

3
ζ
(i1)
1 ζ

(i2)
1 +

∞∑

i=0




(i+ 1)(i+ 3)

(

ζ
(i2)
i+3 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+3

)

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i + 1)2

(

ζ
(i2)
i+1 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+1

)

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)







 ,

I
∗(i1)
(3)T,t = − (T − t)7/2

4

(

ζ
(i1)
0 +

3
√
3

5
ζ
(i1)
1 +

1√
5
ζ
(i1)
2 +

1

5
√
7
ζ
(i1)
3

)

,

where

(105) ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ (i = 1, . . . ,m)

are independent standard Gaussian random variables for various i or j.
Note the simplicity of the formulas (101), (102). For comparison, we present analogs of the formulas

(101), (102) obtained in [4] (also see [3]) using the method proposed in [2]
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(106) I
(i1)q
(1)T,t = − (T − t)

3/2

2

(

ζ
(i1)
0 −

√
2

π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

I
(i1)q
(2)T,t = (T − t)5/2

(

1

3
ζ
(i1)
0 +

1√
2π2

(
q
∑

r=1

1

r2
ζ
(i1)
2r +

√

βqµ
(i1)
q

)

−

(107) − 1√
2π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

where ζ
(i)
j is defined by the formula (105), φj(s) is a complete orthonormal system of trigonometric

functions in the space L2([t, T ]), and ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1, ξ

(i)
q , µ

(i)
q (r = 1, . . . , q, i = 1, . . . ,m) are

independent standard Gaussian random variables, i1 = 1, . . . ,m,

ξ(i)q =
1

√
αq

∞∑

r=q+1

1

r
ζ
(i)
2r−1, αq =

π2

6
−

q
∑

r=1

1

r2
,

µ(i)
q =

1
√
βq

∞∑

r=q+1

1

r2
ζ
(i)
2r , βq =

π4

90
−

q
∑

r=1

1

r4
.

Another example of obvious advantage of the Legendre polynomials over the trigonometric functions
(in the framework of the considered problem) is the truncated expansion of the iterated Stratonovich

stochastic integral I
∗(i1i2)
(10)T,t obtained by Theorems 6, 8 in which instead of the double Fourier–Legendre

series is taken the double trigonometric Fourier series

I
∗(i1i2)q
(10)T,t = −(T − t)2

(

1

6
ζ
(i1)
0 ζ

(i2)
0 − 1

2
√
2π

√
αqξ

(i2)
q ζ

(i1)
0 +

+
1

2
√
2π2

√

βq

(

µ(i2)
q ζ

(i1)
0 − 2µ(i1)

q ζ
(i2)
0

)

+

+
1

2
√
2

q
∑

r=1

(

− 1

πr
ζ
(i2)
2r−1ζ

(i1)
0 +

1

π2r2

(

ζ
(i2)
2r ζ

(i1)
0 − 2ζ

(i1)
2r ζ

(i2)
0

)
)

−

− 1

2π2

q
∑

r,l=1
r 6=l

1

r2 − l2

(

ζ
(i1)
2r ζ

(i2)
2l +

l

r
ζ
(i1)
2r−1ζ

(i2)
2l−1

)

+

+

q
∑

r=1

(

1

4πr

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r

)

+

(108) +
1

8π2r2

(

3ζ
(i1)
2r−1ζ

(i2)
2r−1 + ζ

(i2)
2r ζ

(i1)
2r

)
))

,
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where the meaning of notations included in (106), (7) is saved.
An analogue of the formula (108) (for the case of Legendre polynomials) is (according to (103) and

(104)) the following representation

I
∗(i1i2)q
(10)T,t = −T − t

2
I
∗(i1i2)q
(00)T,t − (T − t)2

4

(

ζ
(i2)
0 ζ

(i1)
1√
3

+

(109) +

q
∑

i=0

(

(i + 1)ζ
(i2)
i+2 ζ

(i1)
i − (i+ 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

where

I
∗(i1i2)q
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

,

which is obviously substantially simpler than (108).
Here it is necessary to pay a special attention on the fact that the representation (109) includes

a single sum with the upper summation limit q while the representation (108) includes the double
sum with the same summation limit. In numerical simulation, obviously, the formula (109) is more
economical in terms of computational cost than its analogue (108).

There is another feature that should be noted in connection with the formula (108). This formula
was first obtained in [4] by the method from [2]. As we noted in Sect. 1, the method [2] of approximation
of iterated stochastic integrals is based on the trigonometric series expansion of the Brownian bridge
process. So, this method leads to iterated application of the operation of limit transition (in contrast to
Theorems 1, 2, 6, and 8–12 in which limit transition is performed only once). This means, generally

speaking, that the mean-square convergence of I
∗(i1i2)q
(10)T,T (see (108)) to I

∗(i1i2)
(10)T,T does not follow if

q → ∞ for the method [2]. The same applies to some others approximations of iterated Stratonovich
stochastic integrals obtained in [4] by the method [2] (see discussion in Sect. 8 for details).

The validity of the formula

lim
q→∞

M

{(

I
∗(i1i2)
(10)T,t − I

∗(i1i2)q
(10)T,t

)2
}

= 0,

where I
∗(i1i2)q
(10)T,T is defined by (108), follows from Theorems 3, 6, and 8.

8. Theorems 1, 2, 6, 8–12 from Point of View of the Wong–Zakai Approximation

The iterated Ito stochastic integrals and solutions of Ito SDEs are complex and important functionals

from the independent components f
(i)
s , i = 1, . . . ,m of the multidimensional Wiener process fs,

s ∈ [0, T ]. Let f
(i)p
s , p ∈ N be some approximation of f

(i)
s , i = 1, . . . ,m. Suppose that f

(i)p
s converges

to f
(i)
s , i = 1, . . . ,m if p→ ∞ in some sense and has differentiable sample trajectories.

A natural question arises: if we replace f
(i)
s by f

(i)p
s , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
s ,

i = 1, . . . ,m of the multidimentional Wiener process fs? The answere to this question is negative in the
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general case. However, in the pioneering works of Wong E. and Zakai M. [69], [70], it was shown that
under the special conditions and for some types of approximations of the Wiener process the answere
is affirmative with one peculiarity: the convergence takes place to the iterated Stratonovich stochastic
integrals and solutions of Stratonovich SDEs and not to iterated Ito stochastic integrals and solutions
of Ito SDEs. The piecewise linear approximation as well as the regularization by convolution [69]-[71]
relate the mentioned types of approximations of the Wiener process. The above approximation of
stochastic integrals and solutions of SDEs is often called the Wong–Zakai approximation.

Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [72], [73]

(110) f
(i)
τ − f

(i)
t =

∞∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,

where τ ∈ [t, T ], t ≥ 0, {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (110) converges for any τ ∈ [t, T ] in the mean-square sense.

Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(111) f
(i)p
τ − f

(i)p
t =

p
∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j .

From (111) we obtain

(112) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral

(113)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk ,

where p1, . . . , pk ∈ N, i1, . . . , ik = 0, 1, . . . ,m,

(114) dw(i)p
τ =







df
(i)p
τ for i = 1, . . . ,m

dτ for i = 0

,

and df
(i)p
τ in defined by the relation (112).

Let us substitute (112) into (113)

(115)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,
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where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
s = f

(i)
s for i = 1, . . . ,m and w

(0)
s = s,

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
To best of our knowledge [69]-[71] the approximations of the Wiener process in the Wong–Zakai

approximation must satisfy fairly strong restrictions [71] (see Definition 7.1, pp. 480–481). Moreover,
approximations of the Wiener process that are similar to (111) were not considered in [69], [70]
(also see [71], Theorems 7.1, 7.2). Therefore, the proof of analogs of Theorems 7.1 and 7.2 [71]
for approximations of the Wiener process based on its series expansion (110) should be carried
out separately. Thus, the mean-square convergence of the right-hand side of (115) to the iterated
Stratonovich stochastic integral (3) does not follow from the results of the papers [69], [70] (also see
[71], Theorems 7.1, 7.2).

From the other hand, Theorems 1, 2, 6, 8–12 can be considered as the proof of the Wong–
Zakai approximation for the iterated Stratonovich stochastic integrals (3) of multiplicities 1–5 and k
(k ∈ N) based on the approximation (111) of the Wiener process. At that, the Riemann–Stieltjes
integrals (113) converge (according to Theorems 1, 2, 6, 8–12) to the appropriate Stratonovich
stochastic integrals (3). Recall that {φj(x)}∞j=0 (see (110), (111), and Theorems 6, 9–12) is a complete

orthonormal system of Legendre polynomials or trigonometric functions in the space L2([t, T ]).
To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(s), ψ2(s) ≡ 1;

i1, i2 = 1, . . . ,m.
The first example relates to the piecewise linear approximation of the multidimensional Wiener

process (these approximations were considered in [69]-[71]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the

multidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i =

1, . . . ,m, i.e.

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,

where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Note that w. p. 1

(116)
db

(i)
∆

dt
(t) =

∆f
(i)
k∆

∆
, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral
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T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

Using (116) and additive property of the Riemann–Stieltjes integral, we can write w. p. 1

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

db
(i1)
∆

dτ
(τ)dτ

db
(i2)
∆

ds
(s)ds =

=

N−1∑

l=0

(l+1)∆∫

l∆






l−1∑

q=0

(q+1)∆∫

q∆

∆f
(i1)
q∆

∆
dτ +

s∫

l∆

∆f
(i1)
l∆

∆
dτ






∆f
(i2)
l∆

∆
ds =

=

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆∫

l∆

s∫

l∆

dτds =

(117) =

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .

Using (117) and (19) it is not difficult to show that

l.i.m.
N→∞

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T∫

0

ds =

(118) =

∗∫

0

T ∗∫

0

s

df (i1)τ df (i2)s ,

where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (118) agrees with Theorem 7.1 (see [71], p. 486).
The next example relates to the approximation of the Wiener process based on its series expansion

(110) for t = 0, where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or

trigonometric functions in the space L2([0, T ]).
Consider the following iterated Riemann–Stieltjes integral

(119)

T∫

0

s∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, . . . ,m,

where df
(i)p
τ is defined by the relation (112).

Let us substitute (112) into (119)
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(120)

T∫

0

s∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where

Cj2j1 =

T∫

0

φj2(s)

s∫

0

φj1(τ)dτds

is the Fourier coefficient; another notations are the same as in (115).
As we noted above, approximations of the Wiener process that are similar to (111) were not

considered in [69], [70] (also see Theorems 7.1, 7.2 in [71]). Furthermore, the extension of the results
of Theorems 7.1 and 7.2 [71] to the case under consideration is not obvious.

However, the authors of the works [3] (Sect. 5.8, pp. 202–204), [4] (pp. 438-439), [74] (pp. 82-84),
[75] (pp. 263-264) use the Wong–Zakai approximation [69]-[71] (without rigorous proof) within the
frames of the approach [2] based on the series expansion of the Brownian bridge process.

On the other hand, we can apply the theory built in Chapters 1 and 2 of the monographs [25]-[26].
More precisely, using Theorem 6 from this paper we obtain from (120) the desired result

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

(121) =

∗∫

0

T ∗∫

0

s

df (i1)τ df (i2)s .

From the other hand, by Theorems 1, 2 (see (10)) for the case k = 2 we obtain from (120) the
following relation

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+ 1{i1=i2}

∞∑

j1=0

Cj1j1 =

(122) =

T∫

0

s∫

0

df (i1)τ df (i2)s + 1{i1=i2}

∞∑

j1=0

Cj1j1 .

Since
∞∑

j1=0

Cj1j1 =
1

2

∞∑

j1=0





T∫

0

φj(τ)dτ





2

=

=
1

2





T∫

0

φ0(τ)dτ





2

=
1

2

T∫

0

ds,
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then from (19) and (122) we obtain (121).
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Generalized Multiple Fourier Series. Application to Numerical Integration of Itô SDEs and Semilinear SPDEs
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THE HYPOTHESES ON EXPANSION OF ITERATED STRATONOVICH

STOCHASTIC INTEGRALS OF ARBITRARY MULTIPLICITY AND THEIR

PARTIAL PROOF

DMITRIY F. KUZNETSOV

Abstract. In this article we collected more than ten theorems on expansions of iterated
Ito and Stratonovich stochastic integrals, which have been formulated and proved by the
author. These theorems open up a new direction for study of iterated Ito and Stratonovich
stochastic integrals. The expansions based on multiple Fourier–Legendre series as well as on
multiple trigonomectic Fourier series are presented in the article. Some of these theorems are
connected with the iterated stochastic integrals of multiplicities 1 to 6. Also we consider two
theorems on expansions of iterated Ito stochastic integrals of arbitrary multiplicity k (k ∈ N)
based on generalized multiple Fourier series converging in the sense of norm in Hilbert
space L2([t, T ]

k) as well as two theorems on expansions of iterated Stratonovich stochastic
integrals of arbitrary multiplicity k (k ∈ N) based on iterated trigonometric Fourier series
converging pointwise. On the base of the presented theorems we formulate 3 hypotheses on
expansions of iterated Stratonovich stochastic integrals of arbitrary multiplicity k (k ∈ N)
based on generalized multiple Fourier series converging in the sense of norm in Hilbert
space L2([t, T ]

k). The proof of one of these hypotheses (Hypothesis 2) is given under the
condition of convergence of trace series. The mentioned iterated Stratonovich stochastic
integrals are part of the Taylor–Stratonovich expansion. Moreover, most of the considered
expansions of iterated Stratonovich stochastic integrals contain only one operation of the
limit transition and substantially simpler than their analogues for iterated Ito stochastic
integrals. Therefore, the results of the article can be applied to numerical integration of Ito
stochastic differential equations. Also, the results of the article were reformulated in the
form of theorems of the Wong–Zakai type for iterated Stratonovich stochastic integrals.
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1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let ft be a standard m-dimensional Wiener stochastic process, which is

Ft-measurable for any t ∈ [0, T ]. We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito stochastic differential equation (SDE) in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying the equation (1). The nonrandom func-
tions a : Rn × [0, T ] → R

n, B : Rn × [0, T ] → R
n×m guarantee the existence and uniqueness up to

stochastic equivalence of a solution of the equation (1) [1]. The second integral on the right-hand
side of (1) is interpreted as the Ito stochastic integral. Let x0 be an n-dimensional random variable,

which is F0-measurable and M
{
|x0|2

}
< ∞ (M denotes a mathematical expectation). We assume

that x0 and ft − f0 are independent when t > 0.
It is well known [2]-[5] that Ito SDEs are adequate mathematical models of dynamic systems of

various physical nature under the influence of random disturbances. One of the effective approaches to
the numerical integration of Ito SDEs is an approach based on the Taylor–Ito and Taylor–Stratonovich
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expansions [2]-[18]. The most important feature of such expansions is a presence in them of the so-
called iterated Ito and Stratonovich stochastic integrals, which play the key role for solving the
problem of numerical integration of Ito SDEs and have the following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

(3) J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

where ψ1(τ), . . . , ψk(τ) are nonrandom functions on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ,

i1, . . . , ik = 0, 1, . . . ,m,

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively. In this paper we use the definition of
the Stratonovich stochastic integral from [2].

Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in [2]-[7]. At the same time
ψl(τ) ≡ (t− τ)ql (l = 1, . . . , k, q1, . . . , qk = 0, 1, . . .) and i1, . . . , ik = 1, . . . ,m in [8]-[18].

Effective solution of the problem of combined mean-square approximation for collections of iterated
Ito and Stratonovich stochastic integrals (2) and (3) composes the subject of the article.

We want to mention in short that there are two main criteria of numerical methods convergence
for Ito SDEs [2]-[4]: a strong or mean-square criterion and a weak criterion where the subject of
approximation is not the solution of Ito SDE, simply stated, but the distribution of Ito SDE solution.

Using the strong numerical methods, we may build sample pathes of Ito SDEs numerically.
These methods require the combined mean-square approximation for collections of iterated Ito and
Stratonovich stochastic integrals (2) and (3). The strong numerical methods are used when build-
ing new mathematical models on the basis of Ito SDEs and solving various mathematical problems
connected with Ito SDEs. Among these problems we mention signal filtering in the background of
random noise, stochastic optimal control, stochastic stability, evaluating the parameters of stochastic
systems, etc. [2]-[5].

The problem of effective jointly numerical modeling (in accordance to the mean-square convergence
criterion) of iterated Ito and Stratonovich stochastic integrals (2) and (3) is difficult from theoretical
and computing point of view [2]-[5], [10]-[65].

The only exception is connected with a narrow particular case, when i1 = . . . = ik 6= 0 and
ψ1(τ), . . . , ψk(τ) ≡ ψ(τ). This case allows the investigation with using of the Ito formula [2]-[4].

Note that even for the mentioned coincidence (i1 = . . . = ik 6= 0), but for different functions
ψ1(τ), . . . , ψk(τ) the mentioned difficulties persist, and relatively simple families of iterated Ito and
Stratonovich stochastic integrals, which can be often met in the applications, cannot be represented
effectively in a finite form (within the framework of the mean-square approximation) using the system
of standard Gaussian random variables.

Note that for a number of special types of Ito SDEs the problem of approximation of iterated Ito
and Stratonovich stochastic integrals may be simplified but cannot be solved. The equations with
additive scalar noise, with additive vector noise, with non-additive scalar noise, with a small parameter
are related to such types of equations [2]-[4]. For the mentioned types of equations, simplifications are
connected to the fact that some members from stochastic Taylor expansions (Taylor–Ito and Taylor–
Stratonovich expansions) are equal to zero or we may neglect some members (which include difficult
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4 D.F. KUZNETSOV

for approximation iterated stochastic integrals) from these expansions due to the presence of a small
parameter [2]-[4]. In this article, we consider Ito SDEs with multidimentional and non-additive noise
(non-commutative case).

Consider a brief overview of existing methods of the mean-square approximation of iterated Ito
and Stratonovich stochastic integrals.

Seems that iterated stochastic integrals may be approximated by multiple integral sums [3], [4],
[64]. However, this approach implies the partitioning of the interval of integration [t, T ] for iterated
stochastic integrals. The length T − t of this interval is already fairly small (because it is a step of
integration of numerical methods for Ito SDEs) and does not need to be partitioned. Computational
experiments show that the application of numerical simulation for iterated stochastic integrals (in
which the interval of integration is partitioned) leads to unacceptably high computational cost and
accumulation of computation errors [10].

In [3] (also see [2], [4]) Milstein G.N. proposed to expand the integral (2) of multiplicity 2 (ψ1(τ),
ψ2(τ) ≡ 1 and i1, i2 = 1, . . . ,m) into the iterated series of products of standard Gaussian random
variables by representing the Brownian bridge process as the trigonometric Fourier series with random
coefficients (the version of the so-called Karhunen–Loeve expansion for the Brownian bridge process).
To obtain the Milstein expansion of (2) or (3), the truncated Fourier expansions of components of
the Wiener process fs must be iteratively substituted in the single integrals, and the integrals must
be calculated, starting from the innermost integral. This is a complicated procedure that does not
lead to general expansions of the integrals (2), (3) of arbitrary multiplicity k. For this reason, only
expansions of single, double, and triple stochastic integrals were presented in [2] (k = 1, 2, 3) and in
[3], [4] (k = 1, 2) for the simplest case ψ1(τ), ψ2(τ), ψ3(τ) ≡ 1 and i1, i2, i3 = 0, 1, . . . ,m. Moreover,
the authors of the works [2] (Sect. 5.8, pp. 202–204), [5] (pp. 82-84), [67] (pp. 438-439), [68] (pp. 263-
264) use the Wong–Zakai approximation [69], [70], [74] (without rigorous proof) within the frames of
the Milstein approach [3] based on the series expansion of the Brownian bridge process. See discussion
in Sect. 15 of this paper for details.

Note that in [65] the method of approximation of the double Ito stochastic integral (2) (ψ1(τ),
ψ2(τ) ≡ 1 and i1, i2 = 1, . . . ,m) based on expansion of the Wiener process using Haar functions
and trigonometric functions has been considered. The restrictions of the method [65] as well as the
Milstein approach [3] are connected with the iterated application of the operation of limit transition at
least starting from the second (in general case) and third multiplicity of iterated stochastic integrals.

It is necessary to note that the Milstein approach [3] excelled in several times or even in sev-
eral orders the methods of multiple integral sums [3], [4], [64] (we mean here the diminishing of
computational costs).

An alternative strong approximation method (see Theorems 1 and 2 below) was proposed for (3)
in [15] (Sect. 2.4) (also see [14], [16]-[18], [22]-[25], [36] (1997), [37] (1998), [52]), where J∗[ψ(k)]T,t was
represented as the multiple stochastic integral from the certain discontinuous nonrandom function
of k variables, and the function was then expressed as the generalized iterated Fourier series in a
complete systems of continuous functions that are orthonormal in the space L2([t, T ]). As a result,
an iterated series expansion of the integral (3) in terms of products of standard Gaussian random
variables was obtained in [15] (Sect. 2.4) (also see [14], [16]-[18], [22]-[25], [36] (1997), [37] (1998), [52])
for an arbitrary multiplicity k. Hereinafter, this method is referred to as the method of generalized
iterated Fourier series.

It was shown in [15] (also see [14], [16]-[18], [22]-[25], [36] (1997), [37] (1998), [52]) that the method
of generalized iterated Fourier series leads to the Milstein expansion [3] of the integral (3) in the case
of trigonometric system and to the substantially simpler expansion of the integral (3) in the case of
Legendre polynomials system (at least for the case of multiplicity k = 2 of the integral (3), i1 6= i2).

Note that the method of generalized iterated Fourier series as well as the Milstein approach [3] leads
to iterated application of the operation of limit transition. As mentioned above, this problem appears
for triple stochastic integrals (i1, i2, i3 = 1, . . . ,m) or even for some double stochastic integrals in the
case, when ψ1(τ), ψ2(τ) 6≡ 1 (i1, i2 = 1, . . . ,m) [10].
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The mentioned problem (iterated application of the operation of limit transition) not appears in
the method, which is considered for the integrals (2) in Theorems 3, 4 (see below) [10] (2006) [11]-
[34], [40]-[49], [51], [53]-[55]. The idea of this method is as follows: the iterated Ito stochastic integral
(2) of multiplicity k is represented as the multiple stochastic integral from the certain discontinuous
nonrandom function of k variables defined on the hypercube [t, T ]k, where [t, T ] is the interval of
integration of the iterated Ito stochastic integral (2). Then, the indicated nonrandom function is
expanded in the hypercube [t, T ]k into the generalized multiple Fourier series converging in the mean-
square sense in the space L2([t, T ]

k). After a number of nontrivial transformations we come (see
Theorems 3, 4 below) to the mean-square convergening expansion of the iterated Ito stochastic integral
(2) into the multiple series of products of standard Gaussian random variables. The coefficients of this
series are the coefficients of generalized multiple Fourier series for the mentioned nonrandom function
of k variables, which can be calculated using the explicit formula regardless of the multiplicity k
of the iterated Ito stochastic integral (2). Hereinafter, this method is referred to as the method of
generalized multiple Fourier series.

Thus, we obtain the following useful possibilities of the method of generalized multiple Fourier
series.

1. There is the explicit formula (see (13)) for calculation of expansion coefficients of the iterated
Ito stochastic integral (2) with any fixed multiplicity k.

2. We have new possibilities for exact calculation of the mean-square error of approximation of
the iterated Ito stochastic integral (2) [12]-[18], [26], [44].

3. Since the used multiple Fourier series is generalized in the sense that it is built using various
complete orthonormal systems of functions in the space L2([t, T ]), then we have new possibilities
for approximation — we can use not only the trigonometric functions as in [2]-[4] but the Legendre
polynomials as well as the systems of Haar and Rademacher–Walsh functions.

4. As it turned out [10]-[34], [40]-[49], [51], [53]-[55] it is more convenient to work with the Legendre
polynomials for approximation of the iterated Ito stochastic integrals (2). Approximations based
on the Legendre polynomials essentially simpler than their analogues based on the trigonometric
functions. Another advantages of the application of Legendre polynomials in the framework of the
mentioned direction are considered in [31], [40] (also see [15]-[18]).

5. The approach based on the Karhunen–Loeve expansion of the Brownian bridge process (also
see [65]) leads to iterated application of the operation of limit transition (the operation of limit
transition is implemented only once in Theorems 3, 4 (see below)) starting from the second or third
multiplicity of the iterated Ito stochastic integrals (2). Multiple series (the operation of limit transition
is implemented only once) are more convenient for approximation than the iterated ones (iterated
application of the operation of limit transition), since partial sums of multiple series converge for
any possible case of convergence to infinity of their upper limits of summation (let us denote them
as p1, . . . , pk). For example, when p1 = . . . = pk = p → ∞. For iterated series, the condition
p1 = . . . = pk = p → ∞ obviously does not guarantee the convergence of this series. However, in
[2] (Sect. 5.8, pp. 202–204), [5] (pp. 82-84), [67] (pp. 438-439), [68] (pp. 263-264) the authors use
(without rigorous proof) the condition p1 = p2 = p3 = p → ∞ within the frames of the mentioned
approach based on the Karhunen–Loeve expansion of the Brownian bridge process [3] together with
the Wong–Zakai approximation [69], [70], [74] (see Sect. 15 for details).

6. As it turned out, the method of generalized multiple Fourier series can be adapted for the
iterated Stratonovich stochastic integrals (3) at least for multiplicities 1 to 6 [11]-[18], [23]-[25], [32],
[36], [37], [41], [47]-[49], [52], [55]. Expansions of these iterated Stratonovich stochastic integrals
turned out to be simpler (see Theorems 6–13, 15–18, 23 below) than the appropriate expansions of
the iterated Ito stochastic integrals (2) from Theorems 3, 4.

In this article, we collect more than ten theorems formulated and proved by the author that develop
the mentioned direction of investigations. Moreover, on the base of the presented theorems, we
formulate 3 hypotheses (Hypotheses 1–3) on expansions of iterated Stratonovich stochastic integrals
of arbitrary multiplicity k. The results of the article prove (the cases of Legendre polynomials and
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6 D.F. KUZNETSOV

trigonometric functions) Hypothesis 1 for k = 1, . . . , 6, Hypothesis 2 for k = 1, . . . , 5 and Hypothesis
3 for k = 1, . . . , 3. Moreover, the proof of Hypotheses 2 and 3 is given for an arbitrary k under the
condition of convergence of trace series.

2. Hypotheses on Expansions of Iterated Stratonovich Stochastic Integrals of
Arbitrary Multiplicity k

Taking into account Theorems 1–13, 15–18, 23 (see below), let us formulate the following hypothe-
ses on expansions of iterated Stratonovich stochastic integrals of arbitrary multiplicity k.

Hypothesis 1 [11]-[18]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated Stratonovich

stochastic integral of kth multiplicity

(4) I
∗(i1...ik)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(ik)
tk

(i1, . . . , ik = 0, 1, . . . ,m)

the following expansion

(5) I
∗(i1...ik)
T,t = l.i.m.

p→∞

p
∑

j1,...jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

converging in the mean-square sense is valid, where the Fourier coefficient Cjk...j1 has the form

Cjk...j1 =

T∫

t

φjk(tk) . . .

t2∫

t

φj1 (t1)dt1 . . . dtk,

l.i.m. is a limit in the mean-square sense,

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), w
(i)
τ = f

(i)
τ are

independent standard Wiener processes (i = 1, . . . ,m) and w
(0)
τ = τ.

Hypothesis 1 allows to approximate the iterated Stratonovich stochastic integral I
∗(i1...ik)
T,t by the

sum

(6) I
∗(i1...ik)p
T,t =

p
∑

j1,...jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

,

where

lim
p→∞

M







(

I
∗(i1...ik)
T,t − I

∗(i1...ik)p
T,t

)2





= 0.
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The integrals (4) are integrals from the Taylor–Stratonovich expansion [2]. It means that the
approximations (6) can be very useful for the numerical integration of Ito SDEs. The expansion (5)
contains only one operation of the limit transition and by this reason is convenient for approximation
of iterated Stratonovich stochastic integrals. Moreover, the author supposes that the analogue of
Hypothesis 1 will be valid for the iterated Stratonovich stochastic integrals (3).

Hypothesis 2 [14]-[18]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Moreover, every ψl(τ) (l = 1, . . . , k)
is an enough smooth nonrandom function on [t, T ]. Then, for the iterated Stratonovich stochastic

integral (3) of kth multiplicity

J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

(i1, . . . , ik = 0, 1, . . . ,m)

the following expansion

(7) J∗[ψ(k)]T,t = l.i.m.
p→∞

p
∑

j1,...jk=0

Cjk ...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

converging in the mean-square sense is valid, where the Fourier coefficient Cjk...j1 has the form

Cjk...j1 =

T∫

t

ψk(tk)φjk (tk) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtk,

l.i.m. is a limit in the mean-square sense,

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), w
(i)
τ = f

(i)
τ are

independent standard Wiener processes (i = 1, . . . ,m) and w
(0)
τ = τ.

Hypothesis 2 allows to approximate the iterated Stratonovich stochastic integral J∗[ψ(k)]T,t by the
sum

(8) J∗[ψ(k)]pT,t =

p
∑

j1,...jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

,

where

lim
p→∞

M







(

J∗[ψ(k)]T,t − J∗[ψ(k)]pT,t

)2





= 0.

Let us consider the more general statement, then Hypotheses 1 and 2.
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Hypothesis 3 [15]-[18]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Moreover, every ψl(τ) (l = 1, . . . , k)
is an enough smooth nonrandom function on [t, T ]. Then, for the iterated Stratonovich stochastic

integral (3) of kth multiplicity

J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

(i1, . . . , ik = 0, 1, . . . ,m)

the following expansion

(9) J∗[ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

converging in the mean-square sense is valid, where the Fourier coefficient Cjk...j1 has the form

Cjk...j1 =

T∫

t

ψk(tk)φjk (tk) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtk,

l.i.m. is a limit in the mean-square sense,

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), w
(i)
τ = f

(i)
τ are

independent standard Wiener processes (i = 1, . . . ,m) and w
(0)
τ = τ.

In the next section, we consider two theorems on expansions of iterated Stratonovich stochastic
integrals of arbitrary multiplicity k. Expansions from Theorems 1 and 2 (see below) contain an iter-
ated operation of the limit transition in comparison with Hypotheses 1–3. This feature creates some
difficulties when estimating the mean-square approximation error of iterated Stratonovich stochas-
tic integrals. On the other hand, Theorems 1 and 2 contain the same expansion terms of iterated
Stratonovich stochastic integrals as in Hypotheses 1–3.

3. Expansions of Iterated Stratonovich Stochastic Integrals of Arbitrary
Multiplicity Based on Iterated Fourier Series

Converging Pointwise

Let us formulate the following theorem.

Theorem 1 [15] (Sect. 2.4) (also see [14], [16]-[18], [22]-[25], [36] (1997), [37] (1998), [52]). Suppose
that the functions ψ1(τ), . . . , ψk(τ) are twice continuously differentiable at the interval [t, T ] and

{φj(x)}∞j=0 is a complete orthonormal system of trigonometric functions in the space L2([t, T ]). Then,
the iterated Stratonovich stochastic integral
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J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk (i1, . . . , ik = 0, 1, . . . ,m)

is expanded into the converging in the mean of degree 2n (n ∈ N) iterated series

(10) J∗[ψ(k)]T,t =

∞∑

j1=0

. . .

∞∑

jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

,

i.e.

lim
p1→∞

lim
p2→∞

. . . lim
pk→∞

M







(

J∗[ψ(k)]T,t −
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

)2n





= 0,

where lim means lim sup,

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), the Fourier coeffi-

cient Cjk...j1 has the form

Cjk...j1 =

∫

[t,T ]k

K∗(t1, . . . , tk)

k∏

l=1

φjl (tl)dt1 . . . dtk =

=

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk,

where

K∗(t1, . . . , tk) =

k∏

l=1

ψl(tl)

k−1∏

l=1

(

1{tl<tl+1} +
1

2
1{tl=tl+1}

)

, t1, . . . , tk ∈ [t, T ]

for k ≥ 2 and K∗(t1) ≡ ψ1(t1) for t1 ∈ [t, T ]. Here 1A is the indicator of the set A.

Let us consider the following theorem.

Theorem 2 [15] (Sect. 2.4) (also see [14], [16]-[18], [25] (2013), [52]). Suppose that the func-

tions ψ1(τ), . . . , ψk(τ) are twice continuously differentiable at the interval [t, T ] and {φj(x)}∞j=0 is a

complete orthonormal system of trigonometric functions in the space L2([t, T ]). Then, the iterated

Stratonovich stochastic integral

J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk (i1, . . . , ik = 0, 1, . . . ,m)

is expanded into the converging in the mean of degree 2n (n ∈ N) iterated series
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(11) J∗[ψ(k)]T,t =
∞∑

jk=0

. . .
∞∑

j1=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

,

i.e.

lim
pk→∞

lim
pk−1→∞

. . . lim
p1→∞

M







(

J∗[ψ(k)]T,t −
pk∑

jk=0

. . .

p1∑

j1=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

)2n





= 0;

another notations are the same as in Theorem 1.

It is not difficult to see that the members of expansions (7), (10), and (11) are the same. However,
as mentioned before, the expansion (7) contains only one operation of the limit transition. At the
same time the expansions (10), (11) contain an iterated operation of the limit transiton.

In [15] (Sect. 2.4.1) it is shown that Theorems 1 and 2 will remain valid for the case when {φj(x)}∞j=0

is a complete orthonormal system of Legendre polynomials in the space L2([t, T ]), k = 2, and 2n = 2
(the case of mean-square convergence). In this case the function ψ2(τ) is continuously differentiable
at the interval [t, T ] and the function ψ1(τ) is twice continuously differentiable at the interval [t, T ].

As it tured out, the approach considered in the next section gives the key to the proof of Hypotheses
1–3.

4. Expansion of Iterated Ito Stochastic Integrals of Arbitrary Multiplicity k
Based on Generalized Multiple Fourier Series Converging in the Mean

Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function on [t, T ] (the case
ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) will be considered in Theorem 4 (see below)). Define the following
function on the hypercube [t, T ]k

(12) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), for t1 < . . . < tk

0, otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) is piecewise continuous in the hypercube [t, T ]k. At this situation it is
well known that the generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]

k) is converging to
K(t1, . . . , tk) in the hypercube [t, T ]k in the mean-square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(13) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

949



THE HYPOTHESES ON EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 11

is the Fourier coefficient,

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

(14) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 3 [10] (2006), [11]-[34], [40]-[49], [51], [53]-[55]. Suppose that every ψl(τ) (l = 1, . . . , k)
is a continuous nonrandom function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of

continuous functions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(15) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where J [ψ(k)]T,t is defined by (2),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (13), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval

[t, T ], which satisfies the condition (14).

Let us consider the transformed particular cases of Theorem 3 (see (15)) for k = 1–6 [10]-[34],
[40]-[49], [51], [53]-[55] (the case k = 7 can be found in [11]-[18], [42])

(16) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(17) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,
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J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(18) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(19) +1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(20) +1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−
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−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i3=i6 6=0}1{j3=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i5=i6 6=0}1{j5=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−

952



14 D.F. KUZNETSOV

−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(21) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,

where 1A is the indicator of the set A.
It was shown that Theorem 3 is valid for convergence in the mean of degree 2n (n ∈ N) [11]-

[25], [42]. Moreover, the convergence with probability 1 (further w. p. 1) is proved in Theorem
3 for iterated Ito stochastic integrals of multiplicity k for the cases of Legendre polynomials and
trigonometric functions [42]-[45], [57], [58] (also see [15]-[18]).

As it turned out, Theorem 3 remains valid for some discontinuous complete orthonormal systems
of functions in the space L2([t, T ]). For example, Theorem 3 is true for the system of Haar functions
as well as for the system of Rademacher–Walsh functions [10]-[25], [42].

In [11]-[25], [54] we demonstrate that approach to expansion of iterated Ito stochastic integrals
considered in Theorem 3 is essentially general and allows some modifications for other types of
iterated stochastic integrals. Versions of Theorem 3 for iterated stochastic integrals with respect
to martingale Poisson measures and for iterated stochastic integrals with respect to martingales are
obtained in [11]-[25], [54]. The mentioned theorems are sufficiently natural according to general
properties of martingales. Another modification of Theorem 3 can be found in [15]-[18], [42], [54],
where complete orthonormal with weight r(x) ≥ 0 systems of functions in the space L2([t, T ]) were
considered.

A generalization of Theorem 3 (see Theorem 4 below) for the case of an arbitrary complete or-
thonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) is given in
[15] (Sect. 1.11), [42] (Sect. 15), [43]. Moreover, Theorems 3 and 4 allow us to calculate exactly the
mean-square approximation error for the iterated Ito stochastic integral (2) of arbitrary multiplicity
k (see [14], [15]-[18], [44]). Here we consider an approxination as the expression before passing to the
limit in (15) or (24) (see below).

Application of Theorem 3 and Theorem 4 (see below) for the mean-square approximation of iterated
stochastic integrals with respect to the infinite-dimensional Q-Wiener process can be found in the
monographs [15]-[18] (Chapter 7) and in [33]-[35].

Consider the generalization of formulas (16)–(21) for the case of an arbitrary multiplicity k of the
stochastic integral J [ψ(k)]T,t as well as for the case of an arbitrary complete orthonormal systems of
functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). In order to do this, let us consider
the unordered set {1, 2, . . . , k} and separate it into two parts: the first part consists of r unordered
pairs (sequence order of these pairs is also unimportant) and the second one consists of the remaining
k − 2r numbers. So, we have

(22) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),
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THE HYPOTHESES ON EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 15

where {g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k}, braces mean an unordered set, and paren-
theses mean an ordered set.

We will say that (22) is a partition and consider the sum with respect to all possible partitions

(23)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
,

where ag1g2,...,g2r−1g2r ,q1...qk−2r
∈ R.

Below there are several examples of sums in the form (23)
∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 = a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 = a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 = a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2 + a52,34,1 + a53,24,1 + a54,23,1.

Now we can generalize Theorem 3.

Theorem 4 [15] (Sect. 1.11), [42] (Sect. 15), [43]. Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and
{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(24) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

that converges in the mean-square sense is valid, where [x] is an integer part of a real number x and
∏

∅

def
= 1,

∑

∅

def
= 0; another notations are the same as in Theorem 3.
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In particular from (24) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(

ζ
(i1)
j1

. . . ζ
(i5)
j5

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )

jq1

)

.

The last equality obviously agrees with (20).
It should be noted that an analogue of Theorem 4 for multiple Ito stochastic integrals was consid-

ered in [66]. Note that we use another notations in comparison with [66]. Moreover, the proof of an
analogue of Theorem 4 from [66] is different from the proof given in [15] (Sect. 1.11), [42] (Sect. 15),
[43].

5. The Idea of the Proof of Hypotheses 1, 2, and 3

Let us consider the idea of the proof of Hypotheses 1–3. Introduce the following notations

J [ψ(k)]sl,...,s1T,t
def
=

l∏

p=1

1{isp=isp+1 6=0} ×

×
T∫

t

ψk(tk) . . .

tsl+3∫

t

ψsl+2(tsl+2)

tsl+2∫

t

ψsl(tsl+1)ψsl+1(tsl+1)×

×
tsl+1∫

t

ψsl−1(tsl−1) . . .

ts1+3∫

t

ψs1+2(ts1+2)

ts1+2∫

t

ψs1(ts1+1)ψs1+1(ts1+1)×

×
ts1+1∫

t

ψs1−1(ts1−1) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(is1−1)
ts1−1

dts1+1dw
(is1+2)
ts1+2

. . .

(25) . . . dw
(isl−1)
tsl−1

dtsl+1dw
(isl+2)
tsl+2

. . . dw
(ik)
tk

,

where (sl, . . . , s1) ∈ Ak,l,

(26) Ak,l = {(sl, . . . , s1) : sl > sl−1 + 1, . . . , s2 > s1 + 1; sl, . . . , s1 = 1, . . . , k − 1} ,

l = 1, 2, . . . , [k/2] , is = 0, 1, . . . ,m, s = 1, . . . , k, [x] is an integer part of a real number x, 1A is
the indicator of the set A.
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Let us formulate the statement on connection between iterated Ito and Stratonovich stochastic
integrals (2) and (3) of arbitrary multiplicity k.

Theorem 5 [36] (1997) (also see [10]-[18]). Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous

nonrandom function at the interval [t, T ]. Then, the following relation between iterated Ito and Stra-

tonovich stochastic integrals (2) and (3) is correct

(27) J∗[ψ(k)]T,t = J [ψ(k)]T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t w. p. 1,

where
∑

∅

is supposed to be equal to zero.

Note that the condition of continuity of the functions ψ1(τ), . . . , ψk(τ) is related to the definition
[2] of the Stratonovich stochastic integral that we use.

According to (15), we have

l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

g=1

ζ
(ig)
jg

= J [ψ(k)]T,t+

(28) + l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1 l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

k∏

g=1

φjg (τlg )∆w(ig)
τlg

.

From (5) and (27) it follows that

(29) J∗[ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

g=1

ζ
(ig)
jg

if

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t =

= l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1 l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

k∏

g=1

φjg (τlg )∆w(ig)
τlg

w. p. 1.

In the case p1 = . . . = pk = p and ψl(τ) ≡ 1 (l = 1, . . . , k) from (29) we obtain the statement of
Hypothesis 1 (see (5)).

If p1 = . . . = pk = p and every ψl(τ) (l = 1, . . . , k) is an enough smooth nonrandom function on
[t, T ], then from (29) we obtain the statement of Hypothesis 2 (see (7)).

In the case when every ψl(τ) (l = 1, . . . , k) is an enough smooth nonrandom function on [t, T ] from
(29) we obtain the statement of Hypothesis 3 (see (9)).

In the following sections we consider some theorems proving Hypothesis 1 for k = 1, . . . , 6, Hy-
pothesis 2 for k = 1, . . . , 5 and Hypothesis 3 for k = 1, . . . , 3. Moreover, the proof of Hypotheses 2
and 3 is given for an arbitrary k under the condition of convergence of trace series. The case k = 1
obviously directly follows from Theorem 3 (see (16)).
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6. Expansions of Iterated Stratonovich Stochastc Integrals of Multiplicity 2–4.
Some Old Results

As it turned out, approximations of the iterated Stratonovich stochastic integrals (3) are essentially
simpler than the appropriate approximations of the iterated Ito stochastic integrals (2) based on
Theorems 3 and 4. For the first time this fact was mentioned in [10] (2006).

According to the standard connection between Ito and Stratonovich stochastic integrals, the iter-
ated Ito and Stratonovich stochastic integrals (2) and (3) of first multiplicity are equal to each other
w. p. 1. So, we begin the consideration from the multiplicity k = 2.

The following theorems adapt Theorems 3, 4 for the integrals (3) of multiplicities 2–4.

Theorem 6 [11]-[18], [23]-[25], [47]. Suppose that the following conditions are fulfilled:
1. The function ψ2(τ) is continuously differentiable at the interval [t, T ] and the function ψ1(τ) is

twice continuously differentiable at the interval [t, T ].
2. {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or trigonometric func-

tions in the space L2([t, T ]).
Then, the iterated Stratonovich stochastic integral of second multiplicity

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 (i1, i2 = 0, 1, . . . ,m)

is expanded into the converging in the mean-square sense double series

J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where notations are the same as in Theorems 3, 4.

Proving Theorem 6 [11]-[18], [23]-[25], [47], we used Theorem 3 and double integration by parts.
This procedure leads to the condition of double continuously differentiability of the function ψ1(τ)
at the interval [t, T ]. The mentioned condition can be weakened, but the proof becomes more com-
plicated. As a result, we have the following theorem.

Theorem 7 [15]-[18], [32], [49]. Suppose that the following conditions are fulfilled:
1. Every ψl(τ) (l = 1, 2) is a continuously differentiable function at the interval [t, T ].
2. {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or trigonometric func-

tions in the space L2([t, T ]).
Then, the iterated Stratonovich stochastic integral of second multiplicity

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 (i1, i2 = 0, 1, . . . ,m)

is expanded into the converging in the mean-square sense double series

J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where notations are the same as in Theorems 3, 4.
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The proof of Theorem 7 [15]-[18], [32], [49] is based on Theorem 3 and double Fourier–Legendre
series as well as double trigonometric Fourier series summarized by Pringsheim method at the square
[t, T ]2.

Recently, Theorem 7 has been generalized to the case of an arbitrary complete orthonormal system
of functions in the space L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]) (see [15], Sect. 2.18) or Theorem 42
below.

The following 4 theorems (Theorems 8–11) adapt Theorems 3, 4 for the integrals (3) of multiplicity
3.

Theorem 8 [11]-[18], [23]-[25], [48]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of third multiplicity

∗∫

t

T ∗∫

t

t3 ∗∫

t

t2

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

∗∫

t

T ∗∫

t

t3 ∗∫

t

t2

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 = l.i.m.

p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

def
=

(30)
def
=

∞∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that converges in the mean-square sense is valid, where

Cj3j2j1 =

T∫

t

φj3 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3;

another notations are the same as in Theorems 3, 4.

Obviously, that Theorem 8 proves Hypothesis 3 for the case k = 3 and ψl(τ) ≡ 1 (l = 1, 2, 3).
Let us consider the generalization of Theorem 8 (the case of Legendre polynomials) for the binomial

weight functions.

Theorem 9 [11]-[18], [23]-[25], [48]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic integral

of third multiplicity

I
∗(i1i2i3)
l1l2l3T,t

=

∗∫

t

T

(t− t3)
l3

∗∫

t

t3

(t− t2)
l2

∗∫

t

t2

(t− t1)
l1df

(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

I
∗(i1i2i3)
l1l2l3T,t

= l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

def
=
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(31)
def
=

∞∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that converges in the mean-square sense is valid for each of the following cases

1. i1 6= i2, i2 6= i3, i1 6= i3 and l1, l2, l3 = 0, 1, 2, . . .
2. i1 = i2 6= i3 and l1 = l2 6= l3 and l1, l2, l3 = 0, 1, 2, . . .
3. i1 6= i2 = i3 and l1 6= l2 = l3 and l1, l2, l3 = 0, 1, 2, . . .
4. i1, i2, i3 = 1, . . . ,m; l1 = l2 = l3 = l and l = 0, 1, 2, . . . ,

where

Cj3j2j1 =

T∫

t

(t− t3)
l3φj3(t3)

t3∫

t

(t− t2)
l2φj2(t2)

t2∫

t

(t− t1)
l1φj1(t1)dt1dt2dt3;

another notations are the same as in Theorems 3, 4.

We can introduce the weight functions ψl(τ) (l = 1, 2, 3) with some properties of smoothness.
However, we consider in this case the more specific method of series summation (p1 = p2 = p3 = p→
∞).

Theorem 10 [11]-[18], [23]-[25]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψl(τ) (l = 1, 2, 3) are

continuously differentiable functions at the interval [t, T ]. Then, for the iterated Stratonovich sto-

chastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

(32) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that converges in the mean-square sense is valid for each of the following cases

1. i1 6= i2, i2 6= i3, i1 6= i3,
2. i1 = i2 6= i3 and ψ1(τ) ≡ ψ2(τ),
3. i1 6= i2 = i3 and ψ2(τ) ≡ ψ3(τ),
4. i1, i2, i3 = 1, . . . ,m and ψ1(τ) ≡ ψ2(τ) ≡ ψ3(τ),

where

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2dt3;

another notations are the same as in Theorems 3, 4.
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We can omit Cases 1–4 in Theorem 10 in the case when the functions ψ1(τ) and ψ3(τ) are twice
continuously differentiable.

Theorem 11 [12]-[18], [25], [47]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonomertic functions in the space L2([t, T ]). Furthermore, let the function

ψ2(τ) is continuously differentiable at the interval [t, T ] and the functions ψ1(τ), ψ3(τ) are twice

continuously differentiable at the interval [t, T ]. Then, for the iterated Stratonovich stochastic integral

of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

(33) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that converges in the mean-square sense is valid, where

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2dt3;

another notations are the same as in Theorems 3, 4.
The following theorem adapts Theorems 3, 4 for the integrals (3) (ψl(τ) ≡ 1, l = 1, . . . , 4) of

multiplicity 4.

Theorem 12 [12]-[18], [25], [47]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated Stra-

tonovich stochastic integral of fourth multiplicity

I
∗(i1i2i3i4)
T,t =

∗∫

t

T ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 (i1, i2, i3, i4 = 0, 1, . . . ,m)

the following expansion

I
∗(i1i2i3i4)
T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

that converges in the mean-square sense is valid, where

Cj4j3j2j1 =

T∫

t

φj4(t4)

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4,

w
(i)
τ = f

(i)
τ (i = 1, . . . ,m) are independent standard Wiener processes and w

(0)
τ = τ.

It is obvious that Theorem 12 prove Hypothesis 1 for the case k = 4.
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7. Expansion of Iterated Stratonovich Stochastic Integrals of Arbitrary
Multiplicity k (k ∈ N). Proof of Hypothesis 2 Under the Condition of

Convergence of Trace Series

In this section, we prove the expansion of iterated Stratonovich stochastic integrals of arbitrary
multiplicity k (k ∈ N) under the condition of convergence of trace series.

Let us introduce some notations and formulate some auxiliary results.
Consider the unordered set {1, 2, . . . , k} and separate it into two parts: the first part consists of

r unordered pairs (sequence order of these pairs is also unimportant) and the second one consists of
the remaining k − 2r numbers. So, we have

(34) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
Recall that the expression (34) is called the partition. Let us consider the sum with respect to all

possible partitions
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
,

where ag1g2,...,g2r−1g2r ,q1...qk−2r
∈ R.

Consider the Fourier coefficient

(35) Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

corresponding to the function (12), where {φj(x)}∞j=0 is a complete orthonormal system of functions

in the space L2([t, T ]). At that we suppose φ0(x) = 1/
√
T − t.

Denote

Cjk...jl+1jljljl−2...j1

∣
∣
∣
∣
(jljl)y(·)

def
=

def
=

T∫

t

ψk(tk)φjk (tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

tl+1∫

t

ψl(tl)ψl−1(tl)×

(36) ×
tl∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtl−2dtltl+1 . . . dtk =

=
√
T − t

T∫

t

ψk(tk)φjk (tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

tl+1∫

t

ψl(tl)ψl−1(tl)φ0(tl)×
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×
tl∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtl−2dtltl+1 . . . dtk =

=
√
T − tĈjk ...jl+10jl−2...j1 ,

i.e.
√
T − tĈjk...jl+10jl−2...j1 is again the Fourier coefficient of type Cjk...j1 but with a new shorter

multi-index jk . . . jl+10jl−2 . . . j1 and new weight functions ψ1(τ), . . . , ψl−2(τ),
√
T − tψl−1(τ)ψl(τ),

ψl+1(τ), . . . , ψk(τ) (also we suppose that {l, l− 1} is one of the pairs {g1, g2}, . . . , {g2r−1, g2r}).
Let

Cjk...jl+1jljljl−2...j1

∣
∣
∣
∣
(jljl)yjm

def
=

def
=

T∫

t

ψk(tk)φjk (tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

tl+1∫

t

ψl(tl)ψl−1(tl)φjm(tl)×

(37) ×
tl∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtl−2dtltl+1 . . . dtk =

= C̄jk ...jl+1jmjl−2...j1 ,

i.e. C̄jk ...jl+1jmjl−2...j1 is again the Fourier coefficient of type Cjk...j1 but with a new shorter multi-
index jk . . . jl+1jmjl−2 . . . j1 and new weight functions ψ1(τ), . . . , ψl−2(τ), ψl−1(τ)ψl(τ), ψl+1(τ), . . . ,
ψk(τ) (also we suppose that {l− 1, l} is one of the pairs {g1, g2}, . . . , {g2r−1, g2r}).

Denote

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

def
=

(38)
def
=

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

.

Introduce the following notation

Sl

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
=

1

2
1{g2l=g2l−1+1}

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

(39) . . .

∞∑

jg2l+1
=p+1

∞∑

jg2l−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg2l jg2l−1

)y(·),jg1=jg2 ,...,jg2r−1
=jg2r

.

Note that the operation Sl (l = 1, 2, . . . , r) acts on the value
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(40) C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

as follows: Sl multiplies (40) by 1{g2l=g2l−1+1}/2, removes the summation

∞∑

jg2l−1
=p+1

,

and replaces

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

with

(41) Cjk ...j1

∣
∣
∣
∣
(jg2l jg2l−1

)y(·),jg1=jg2 ,...,jg2r−1
=jg2r

.

Note that we write

Cjk...j1

∣
∣
∣
∣
(jg1 jg2 )y(·),jg1=jg2

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )y(·),jg1=jg2

,

Cjk ...j1

∣
∣
∣
∣
(jg1 jg2 )yjm,jg1=jg2

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm,jg1=jg2

,

Cjk ...j1

∣
∣
∣
∣
(jg1 jg2 )y(·),(jg3jg4 )y(·),jg1=jg2 ,jg3=jg4

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )y(·)(jg3jg3 )y(·),jg1=jg2 ,jg3=jg4

, . . .

Since (41) is again the Fourier coefficient, then the action of superposition SlSm on (41) is obvious.
For example, for r = 3

S3S2S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

=

=
1

23

3∏

s=1

1{g2s=g2s−1+1}Cjk...j1

∣
∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·)(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6

,

S3S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

=

=
1

22
1{g6=g5+1}1{g2=g1+1}

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
∣
(jg2 jg1 )y(·)(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6

,
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S2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

=

=
1

2
1{g4=g3+1}

∞∑

jg1=p+1

∞∑

jg5=p+1

Cjk...j1

∣
∣
∣
∣
∣
(jg4 jg3 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6

.

Theorem 13 [15], [46], [47], [55], [62]. Assume that the continuously differentiable functions ψl(τ)
(l = 1, . . . , k) and the complete orthonormal system {φj(x)}∞j=0 of continuous functions (φ0(x) =

1/
√
T − t) in the space L2([t, T ]) are such that the following conditions are satisfied:

1. The equality

(42)
1

2

s∫

t

Φ1(t1)Φ2(t1)dt1 =

∞∑

j1=0

s∫

t

Φ2(t2)φj1 (t2)

t2∫

t

Φ1(t1)φj1 (t1)dt1dt2

holds for all s ∈ (t, T ], where the nonrandom functions Φ1(τ), Φ2(τ) are continuously differentiable

on [t, T ] and the series on the right-hand side of (42) converges absolutely.

2. The estimates
∣
∣
∣
∣
∣
∣

s∫

t

φj(τ)Φ1(τ)dτ

∣
∣
∣
∣
∣
∣

≤ Ψ1(s)

j1/2+α
,

∣
∣
∣
∣
∣
∣

T∫

s

φj(τ)Φ2(τ)dτ

∣
∣
∣
∣
∣
∣

≤ Ψ1(s)

j1/2+α
,

∣
∣
∣
∣
∣
∣

∞∑

j=p+1

s∫

t

Φ2(τ)φj(τ)

τ∫

t

Φ1(θ)φj(θ)dθdτ

∣
∣
∣
∣
∣
∣

≤ Ψ2(s)

pβ

hold for all s ∈ (t, T ) and for some α, β > 0, where Φ1(τ), Φ2(τ) are continuously differentiable

nonrandom functions on [t, T ], j, p ∈ N, and

T∫

t

Ψ2
1(τ)dτ <∞,

T∫

t

|Ψ2(τ)| dτ <∞.

3. The condition

lim
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(

Sl1Sl2 . . . Sld

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

= 0

holds for all possible g1, g2, . . . , g2r−1, g2r (see (34)) and l1, l2, . . . , ld such that l1, l2, . . . , ld ∈ {1, 2,
. . . , r}, l1 > l2 > . . . > ld, d = 0, 1, 2, . . . , r − 1, where r = 1, 2, . . . , [k/2] and

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
= C̄

(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

for d = 0.
Then, for the iterated Stratonovich stochastic integral of arbitrary multiplicity k

964



26 D.F. KUZNETSOV

(43) J∗[ψ(k)]
(i1...ik)
T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion

(44) J∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where

(45) Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient, l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. First note that (42) is fulfilled (see [15], Sect. 2.1.4 or [94]). The proof of Theorem 13 will
consist of several steps.

Step 1. Let us find a representation of the quantity

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that will be convenient for further consideration.
Let us consider the following multiple stochastic integral

(46) l.i.m.
N→∞

N−1∑

j1,...,jk=0
jq 6=jr ; q 6=r; q,r=1,...,k

Φ (τj1 , . . . , τjk)

k∏

l=1

∆w(il)
τjl

def
= J ′[Φ]

(i1...ik)
T,t ,

where for simplicity we assume that Φ(t1, . . . , tk) : [t, T ]k → R is a continuous nonrandom function

on [t, T ]k. Moreover, ∆w
(i)
τj = w

(i)
τj+1 − w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of [t, T ], which

satisfies the condition (14), i1, . . . , ik = 0, 1, . . . ,m.
The stochastic integral with respect to the scalar standard Wiener process (i1 = . . . = ik 6= 0) and

similar to (46) was considered in [85] (1951) and is called the multiple Wiener stochastic integral [85].
Note that the following well known estimate

(47) M

{(

J ′[Φ]
(i1...ik)
T,t

)2
}

≤ Ck

∫

[t,T ]k

Φ2(t1, . . . , tk)dt1 . . . dtk

is true for the multiple Wiener stochastic integral, where J ′[Φ]
(i1...ik)
T,t is defined by (46) and Ck is a

constant.
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From the proof of Theorem 3 (see the proof of Theorem 5.1 in the original paper [10] (2006) in
Russian or proof of Theorem 1.1 in the monographs [15]-[18] in English) it follows that (15) can be
written as

(48) J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t ,

where J ′[φj1 . . . φjk ]
(i1...ik)
T,t is the multiple Wiener stochatic integral defined by (46) and J [ψ(k)]

(i1...ik)
T,t

is the iterated Ito stochastic integral (2), i.e.

(49) J [ψ(k)]
(i1...ik)
T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

.

Let us consider the following multiple stochastic integral

(50) l.i.m.
N→∞

N−1∑

j1,...,jk=0

Φ (τj1 , . . . , τjk)

k∏

l=1

∆w(il)
τjl

def
= J [Φ]

(i1...ik)
T,t ,

where we assume that Φ(t1, . . . , tk) : [t, T ]k → R is a continuous nonrandom function on [t, T ]k.
Another notations are the same as in (46).

The stochastic integral with respect to the scalar standard Wiener process (i1 = . . . = ik 6= 0) and
similar to (50) (the function Φ(t1, . . . , tk) is assumed to be symmetric on the hypercube [t, T ]k) has
been considered in literature (see, for example, Remark 1.5.7 [86]). The integral (50) is sometimes
called the multiple Stratonovich stochastic integral. This is due to the fact that the following rule of
the classical integral calculus holds for this integral

J [Φ]
(i1...ik)
T,t = J [ϕ1]

(i1)
T,t . . . J [ϕk]

(ik)
T,t w. p. 1,

where Φ(t1, . . . , tk) = ϕ1(t1) . . . ϕk(tk) and

J [ϕl]
(il)
T,t =

T∫

t

ϕl(s)dw
(il)
s (l = 1, . . . , k).

Theorem 14 [15], [18]. Suppose that Φ(t1, . . . , tk) : [t, T ]k → R is a continuous nonrandom

function on [t, T ]k. Furthermore, {φj(x)}∞j=0 is a complete orthonormal system of functions in the

space L2([t, T ]), each function φj(x) of which for finite j is continuous at the interval [t, T ] except
may be for the finite number of points of the finite discontinuity as well as φj(x) right-continuous at

the interval [t, T ]. Then the following expansion

J ′[Φ]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(51) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)
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converging in the mean-square sense is valid, where J ′[Φ]
(i1...ik)
T,t is the multiple Wiener stochatic

integral defined by (46),

(52) Cjk ...j1 =

∫

[t,T ]k

Φ(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient. Another notations are the same as in Theorems 3, 4.

From (24) and (48) we conclude that

J ′[φj1 . . . φjk ]
(i1...ik)
T,t =

k∏

l=1

ζ
(il)
jl

+

(53) +

[k/2]
∑

r=1

(−1)r
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

w. p. 1, where notations are the same as in Theorem 4 and J ′[φj1 . . . φjk ]
(i1...ik)
T,t is the multiple Wiener

stochastic integral (46). For a more detailed derivation of (53), see [43] (also see [15])).
Using (53), we obtain

k∏

l=1

ζ
(il)
jl

= J ′[φj1 . . . φjk ]
(i1...ik)
T,t −

(54) −
[k/2]
∑

r=1

(−1)r
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

w. p. 1.
By iteratively applying the formula (54) (also see (17)–(21)), we obtain the following representation

of the product
k∏

l=1

ζ
(il)
jl

as the sum of some constant value and multiple Wiener stochastic integrals of multiplicities not
exceeding k

k∏

l=1

ζ
(il)
jl

= J ′[φj1 . . . φjk ]
(i1...ik)
T,t +

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(55) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t w. p. 1,

where J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t
def
= 1 for k = 2r.

Multiplying both sides of the equality (55) by Cjk...j1 and summing over j1, . . . , jk, we get w. p. 1
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p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t +

+

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(56) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t w. p. 1.

Denote

(57) Kp1...pk
(t1, . . . , tk) =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl),

(58) Kg1...g2r ,q1...qk−2r
p1...pk

(tq1 , . . . , tqk−2r
) =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

φjql (tql),

where Cjk...j1 is defined by (45) and
∏

∅

def
= 1.

The equality (56) can be written as

J [Kp1...pk
]
(i1...ik)
T,t = J ′[Kp1...pk

]
(i1...ik)
T,t +

(59) +

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0} J
′[Kg1...g2r ,q1...qk−2r

p1...pk
]
(iq1 ...iqk−2r

)

T,t

w. p. 1, where Kp1...pk
(t1, . . . , tk) and K

g1...g2r ,q1...qk−2r
p1...pk

(tq1 , . . . , tqk−2r
) have the form (57), (58),

J [Kp1...pk
]
(i1...ik)
T,t is the multiple Stratonovich stochastic integral defined by (50), J ′[Kp1...pk

]
(i1...ik)
T,t

and J ′[K
g1...g2r ,q1...qk−2r
p1...pk

]
(iq1 ...iqk−2r

)

T,t are multiple Wiener stochastic integrals defined by (46).

Passing to the limit l.i.m.
p1,...,pk→∞

(p1 = . . . = pk = p) in (56) or (59), we get w. p. 1 (see (48))

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

= J [ψ(k)]
(i1...ik)
T,t +

+l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(60) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =
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= J [ψ(k)]
(i1...ik)
T,t + l.i.m.

p→∞

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(61) ×J ′[Kg1...g2r ,q1...qk−2r
p...p ]

(iq1 ...iqk−2r
)

T,t

w. p. 1, where J [ψ(k)]
(i1...ik)
T,t is the iterated Ito stochastic integral (49).

If we prove that w. p. 1

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t =

= l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(62) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t ,

then (see (60), (62), and Theorem 5)

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

=

(63) = J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t = J∗[ψ(k)]
(i1...ik)
T,t

w. p. 1, where notations in (63) are the same as in Theorem 5. Thus Theorem 13 will be proved.

From (59) we have that the multiple Stratonovich stochastic integral J [Kp1...pk
]
(i1...ik)
T,t of mul-

tiplicity k is expressed as a sum of some constant value and multiple Wiener stochastic integrals

J ′[Kp1...pk
]
(i1...ik)
T,t and J ′[K

g1...g2r ,q1...qk−2r
p1...pk

]
(iq1 ...iqk−2r

)

T,t of multiplicities k, k− 2, k− 4, . . . , k− 2[k/2]

(r = 1, 2, . . . , [k/2]).
The formulas (56), (59) can be considered as new representations of the Hu-Meyer formula for the

case of a multidimensional Wiener process [87] (also see [86], [88]) and kernel Kp1...pk
(t1, . . . , tk) (see

(57)).
Note that the equality (59) can be obtained from (51) if we consider (51) for Φ(t1, . . . , tk) =

Kp1...pk
(t1, . . . , tk) and without passing to the limit l.i.m.

p1,...,pk→∞

For example, for k = 2, 3, 4, 5, 6 we have from (56) w. p. 1

(64)

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

= J ′[Kp1p2 ]
(i1i2)
T,t +

p1∑

j1=0

p2∑

j2=0

Cj2j11{i1=i2 6=0}1{j1=j2},
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p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

= J ′[Kp1p2p3 ]
(i1i2i3)
T,t +

+

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

1{i1=i2 6=0}1{j1=j2}J
′[φj3 ]

(i3)
T,t + 1{i2=i3 6=0}1{j2=j3}J

′[φj1 ]
(i1)
T,t +

(65) +1{i1=i3 6=0}1{j1=j3}J
′[φj2 ]

(i2)
T,t

)

,

p1∑

j1=0

. . .

p4∑

j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

= J ′[Kp1p2p3p4 ]
(i1i2i3i4)
T,t +

+

p1∑

j1=0

. . .

p4∑

j4=0

Cj4j3j2j1

(

1{i1=i2 6=0}1{j1=j2}J
′[φj3φj4 ]

(i3i4)
T,t +

+1{i1=i3 6=0}1{j1=j3}J
′[φj2φj4 ]

(i2i4)
T,t + 1{i1=i4 6=0}1{j1=j4}J

′[φj2φj3 ]
(i2i3)
T,t +

+1{i2=i3 6=0}1{j2=j3}J
′[φj1φj4 ]

(i1i4)
T,t + 1{i2=i4 6=0}1{j2=j4}J

′[φj1φj3 ]
(i1i3)
T,t +

+1{i3=i4 6=0}1{j3=j4}J
′[φj1φj2 ]

(i1i2)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(66) +1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

p1∑

j1=0

. . .

p5∑

j5=0

Cj5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

= J ′[Kp1p2p3p4p5 ]
(i1i2i3i4i5)
T,t +

+

p1∑

j1=0

. . .

p5∑

j5=0

Cj5j4j3j2j1

(

1{i1=i2 6=0}1{j1=j2}J
′[φj3φj4φj5 ]

(i3i4i5)
T,t +

+1{i1=i3 6=0}1{j1=j3}J
′[φj2φj4φj5 ]

(i2i4i5)
T,t + 1{i1=i4 6=0}1{j1=j4}J

′[φj2φj3φj5 ]
(i2i3i5)
T,t +

+1{i1=i5 6=0}1{j1=j5}J
′[φj2φj3φj4 ]

(i2i3i4)
T,t + 1{i2=i3 6=0}1{j2=j3}J

′[φj1φj4φj5 ]
(i1i4i5)
T,t +

+1{i2=i4 6=0}1{j2=j4}J
′[φj1φj3φj5 ]

(i1i3i5)
T,t + 1{i2=i5 6=0}1{j2=j5}J

′[φj1φj3φj4 ]
(i1i3i4)
T,t +

+1{i3=i4 6=0}1{j3=j4}J
′[φj1φj2φj5 ]

(i1i2i5)
T,t + 1{i3=i5 6=0}1{j3=j5}J

′[φj1φj2φj4 ]
(i1i2i4)
T,t +

+1{i4=i5 6=0}1{j4=j5}J
′[φj1φj2φj3 ]

(i1i2i3)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}J
′[φj5 ]

(i5)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}J
′[φj4 ]

(i4)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}J
′[φj3 ]

(i3)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}J
′[φj5 ]

(i5)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}J
′[φj4 ]

(i4)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj2 ]

(i2)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}J
′[φj5 ]

(i5)
T,t +
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+1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}J
′[φj3 ]

(i3)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj2 ]

(i2)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}J
′[φj4 ]

(i4)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}J
′[φj3 ]

(i3)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj2 ]

(i2)
T,t +

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj1 ]

(i1)
T,t +

+1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj1 ]

(i1)
T,t +

(67) +1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj1 ]

(i1)
T,t

)

,

p1∑

j1=0

. . .

p6∑

j6=0

Cj6j5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

= J ′[Kp1p2p3p4p5p6 ]
(i1i2i3i4i5i6)
T,t +

+

p1∑

j1=0

. . .

p6∑

j6=0

Cj6j5j4j3j2j1

(

1{i1=i6 6=0}1{j1=j6}J
′[φj2φj3φj4φj5 ]

(i2i3i4i5)
T,t +

+1{i2=i6 6=0}1{j2=j6}J
′[φj1φj3φj4φj5 ]

(i1i3i4i5)
T,t + 1{i3=i6 6=0}1{j3=j6}J

′[φj1φj2φj4φj5 ]
(i1i2i4i5)
T,t +

+1{i4=i6 6=0}1{j4=j6}J
′[φj1φj2φj3φj5 ]

(i1i2i3i5)
T,t + 1{i5=i6 6=0}1{j5=j6}J

′[φj1φj2φj3φj4 ]
(i1i2i3i4)
T,t +

+1{i1=i2 6=0}1{j1=j2}J
′[φj3φj4φj5φj6 ]

(i3i4i5i6)
T,t + 1{i1=i3 6=0}1{j1=j3}J

′[φj2φj4φj5φj6 ]
(i2i4i5i6)
T,t +

+1{i1=i4 6=0}1{j1=j4}J
′[φj2φj3φj5φj6 ]

(i2i3i5i6)
T,t + 1{i1=i5 6=0}1{j1=j5}J

′[φj2φj3φj4φj6 ]
(i2i3i4i6)
T,t +

+1{i2=i3 6=0}1{j2=j3}J
′[φj1φj4φj5φj6 ]

(i1i4i5i6)
T,t + 1{i2=i4 6=0}1{j2=j4}J

′[φj1φj3φj5φj6 ]
(i1i3i5i6)
T,t +

+1{i2=i5 6=0}1{j2=j5}J
′[φj1φj3φj4φj6 ]

(i1i3i4i6)
T,t + 1{i3=i4 6=0}1{j3=j4}J

′[φj1φj2φj5φj6 ]
(i1i2i5i6)
T,t +

+1{i3=i5 6=0}1{j3=j5}J
′[φj1φj2φj4φj6 ]

(i1i2i4i6)
T,t + 1{i4=i5 6=0}1{j4=j5}J

′[φj1φj2φj3φj6 ]
(i1i2i3i6)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}J
′[φj5φj6 ]

(i5i6)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}J
′[φj4φj6 ]

(i4i6)
T,t +

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}J
′[φj3φj6 ]

(i3i6)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}J
′[φj5φj6 ]

(i5i6)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}J
′[φj4φj6 ]

(i4i6)
T,t +

+1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj2φj6 ]

(i2i6)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}J
′[φj5φj6 ]

(i5i6)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}J
′[φj3φj6 ]

(i3i6)
T,t +

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj2φj6 ]

(i2i6)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}J
′[φj4φj6 ]

(i4i6)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}J
′[φj3φj6 ]

(i3i6)
T,t +

+1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj2φj6 ]

(i2i6)
T,t +

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj1φj6 ]

(i1i6)
T,t +
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+1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj1φj6 ]

(i1i6)
T,t +

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj1φj6 ]

(i1i6)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}J
′[φj2φj5 ]

(i2i5)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}J
′[φj2φj4 ]

(i2i4)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}J
′[φj3φj4 ]

(i3i4)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}J
′[φj3φj5 ]

(i3i5)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}J
′[φj2φj3 ]

(i2i3)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}J
′[φj4φj5 ]

(i4i5)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}J
′[φj1φj4 ]

(i1i4)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}J
′[φj1φj3 ]

(i1i3)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}J
′[φj1φj5 ]

(i1i5)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}J
′[φj3φj4 ]

(i3i4)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}J
′[φj3φj5 ]

(i3i5)
T,t +

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}J
′[φj4φj5 ]

(i4i5)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}J
′[φj1φj4 ]

(i1i4)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}J
′[φj1φj2 ]

(i1i2)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}J
′[φj1φj5 ]

(i1i5)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}J
′[φj2φj4 ]

(i2i4)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}J
′[φj2φj5 ]

(i2i5)
T,t +

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}J
′[φj4φj5 ]

(i4i5)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}J
′[φj1φj2 ]

(i1i2)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}J
′[φj1φj3 ]

(i1i3)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}J
′[φj1φj5 ]

(i1i5)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}J
′[φj2φj3 ]

(i2i3)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}J
′[φj2φj5 ]

(i2i5)
T,t +

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}J
′[φj3φj5 ]

(i3i5)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}J
′[φj1φj2 ]

(i1i2)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}J
′[φj1φj3 ]

(i1i3)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}J
′[φj1φj4 ]

(i1i4)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}J
′[φj2φj3 ]

(i2i3)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}J
′[φj2φj4 ]

(i2i4)
T,t +

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}J
′[φj3φj4 ]

(i3i4)
T,t +

+1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}+
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+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}+

+1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}+

+1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}+

+1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}+

+1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

(68) +1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

.

Note that the relation (66) can be written in the following form

p1∑

j1=0

. . .

p4∑

j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

=

p1∑

j1=0

. . .

p4∑

j4=0

Cj4j3j2j1J
′[φj1φj2φj3φj4 ]

(i1i2i3i4)
T,t +

+1{i1=i2 6=0}

p3∑

j3=0

p4∑

j4=0





min{p1,p2}∑

j1=0

Cj4j3j1j1



J ′[φj3φj4 ]
(i3i4)
T,t +

+1{i1=i3 6=0}

p2∑

j2=0

p4∑

j4=0





min{p1,p3}∑

j3=0

Cj4j3j2j3



J ′[φj2φj4 ]
(i2i4)
T,t +

+1{i1=i4 6=0}

p2∑

j2=0

p3∑

j3=0





min{p1,p4}∑

j4=0

Cj4j3j2j4



J ′[φj2φj3 ]
(i2i3)
T,t +

+1{i2=i3 6=0}

p1∑

j1=0

p4∑

j4=0





min{p2,p3}∑

j3=0

Cj4j3j3j1



J ′[φj1φj4 ]
(i1i4)
T,t +

+1{i2=i4 6=0}

p1∑

j1=0

p3∑

j3=0





min{p2,p4}∑

j4=0

Cj4j3j4j1



J ′[φj1φj3 ]
(i1i3)
T,t +

+1{i3=i4 6=0}

p1∑

j1=0

p2∑

j2=0





min{p3,p4}∑

j4=0

Cj4j4j2j1



J ′[φj1φj2 ]
(i1i2)
T,t +

+1{i2=i3 6=0}1{i1=i4 6=0}

min{p2,p3}∑

j2=0

min{p1,p4}∑

j4=0

Cj4j2j2j4+
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+1{i2=i4 6=0}1{i1=i3 6=0}

min{p1,p3}∑

j3=0

min{p2,p4}∑

j4=0

Cj4j3j4j3+

+1{i3=i4 6=0}1{i1=i2 6=0}

min{p1,p2}∑

j2=0

min{p3,p4}∑

j4=0

Cj4j4j2j2 w. p. 1.

Further, we will use the representation (56) for p1 = . . . = pk = p, i.e.

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

=

p
∑

j1,...,jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t +

+

p
∑

j1,...,jk=0

Cjk...j1

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(69) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t w. p. 1.

Step 2. Let us prove that

(70)
∞∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 = 0

or

(71)

p
∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 = −
∞∑

jl=p+1

Cjk...jl+1jljl−1...js+1jljs−1...j1 ,

where l − 1 ≥ s+ 1.
Our further proof will not fundamentally depend on the weight functions ψ1(τ), . . . , ψk(τ). There-

fore, sometimes in subsequent consideration we assume that ψ1(τ), . . . , ψk(τ) ≡ 1.
We have

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

=

T∫

t

φjk (tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .

. . .

ts+2∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

. . .

t2∫

t

φj1(t1)dt1 . . . dts−1dtsdts+1 . . . dtl−1dtldtl+1 . . . dtk =
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=

T∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

t2∫

t

φj1(t1)dt1 . . . dts−1dts×

×






T∫

ts+1

φjs+2(ts+2) . . .

T∫

tl−2

φjl−1
(tl−1)

T∫

tl−1

φjl(tl)

T∫

tl

φjl+1
(tl+1) . . .

. . .

T∫

tk−1

φjk(tk)dtk . . . dtl+1dtldtl−1 . . . dts+2




 dts+1 =

=

T∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

t2∫

t

φj1(t1)dt1 . . . dts−1

︸ ︷︷ ︸

Gjs−1...j1 (ts)

dts×

×
T∫

ts+1

φjl(tl)

T∫

tl

φjl+1
(tl+1) . . .

T∫

tk−1

φjk (tk)dtk . . . dtl+1

︸ ︷︷ ︸

Hjk...jl+1
(tl)

×

×












tl∫

ts+1

φjl−1
(tl−1) . . .

ts+3∫

ts+1

φjs+2(ts+2)dts+2 . . . dtl−1

︸ ︷︷ ︸

Qjl−1...js+2
(tl,ts+1)

dtl












dts+1 =

=

T∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)Gjs−1...j1(ts)dts×

(72) ×
T∫

ts+1

φjl (tl)Hjk...jl+1
(tl)Qjl−1...js+2(tl, ts+1)dtldts+1.

Using the additive property of the integral, we obtain

Qjl−1...js+2(tl, ts+1) =

=

tl∫

ts+1

φjl−1
(tl−1) . . .

ts+3∫

ts+1

φjs+2(ts+2)dts+2 . . . dtl−1 =

=

tl∫

ts+1

φjl−1
(tl−1) . . .

ts+4∫

ts+1

φjs+3(ts+3)

ts+3∫

t

φjs+2(ts+2)dts+2dts+3 . . . dtl−1−
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−
tl∫

ts+1

φjl−1
(tl−1) . . .

ts+4∫

ts+1

φjs+3(ts+3)dts+3 . . . dtl−1

ts+1∫

t

φjs+2(ts+2)dts+2 =

. . .

(73) =

d∑

m=1

h
(m)
jl−1...js+2

(tl)q
(m)
jl−1...js+2

(ts+1), d <∞.

Combining (72) and (73), we have

p
∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

=
d∑

m=1





T∫

t

φjs+1(ts+1)q
(m)
jl−1...js+2

(ts+1)

p
∑

jl=0

ts+1∫

t

φjl (ts)Gjs−1...j1(ts)dts×

(74) ×
T∫

ts+1

φjl(tl)Hjk...jl+1
(tl)h

(m)
jl−1...js+2

(tl)dtldts+1



 .

Using the generalized Parseval equality, we obtain

∞∑

jl=0

ts+1∫

t

φjl(ts)Gjs−1...j1(ts)dts

T∫

ts+1

φjl(tl)Hjk ...jl+1
(tl)h

(m)
jl−1...js+2

(tl)dtl =

(75) =

T∫

t

1{τ<ts+1}Gjs−1...j1(τ) · 1{τ>ts+1}Hjk...jl+1
(τ)h

(m)
jl−1...js+2

(τ)dτ = 0.

From (74) and (75) we get

p
∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

= −
d∑

m=1





T∫

t

φjs+1(ts+1)q
(m)
jl−1...js+2

(ts+1)

∞∑

jl=p+1

ts+1∫

t

φjl(ts)Gjs−1...j1(ts)dts×

(76) ×
T∫

ts+1

φjl(tl)Hjk...jl+1
(tl)h

(m)
jl−1...js+2

(tl)dtldts+1



 .

Combining Condition 2 of Theorem 13 and (72)–(74), (76), we have

p
∑

jl=0

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

976
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= −
∞∑

jl=p+1

d∑

m=1





T∫

t

φjs+1(ts+1)q
(m)
jl−1...js+2

(ts+1)

ts+1∫

t

φjl(ts)Gjs−1...j1(ts)dts×

×
T∫

ts+1

φjl(tl)Hjk...jl+1
(tl)h

(m)
jl−1...js+2

(tl)dtldts+1



 =

= −
∞∑

jl=p+1

T∫

t

φjk(tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .

. . .

ts+2∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

. . .

t2∫

t

φj1(t1)dt1 . . . dts−1dtsdts+1 . . . dtl−1dtldtl+1 . . . dtk =

(77) = −
∞∑

jl=p+1

Cjk...jl+1jljl−1...js+1jljs−1...j1 .

The equality (77) implies (70), (71).

Step 3. Using Conditions 1 and 2 of Theorem 13, we obtain

p
∑

jl=0

Cjk...jl+1jljljl−2...j1 =

=

T∫

t

ψk(tk)φjk(tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

p
∑

jl=0

tl+1∫

t

ψl(tl)φjl(tl)

tl∫

t

ψl−1(tl−1)φjl (tl−1)×

×
tl−1∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtl−2dtl−1dtldtl+1 . . . dtk =

=

T∫

t

ψk(tk)φjk(tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

∞∑

jl=0

tl+1∫

t

ψl(tl)φjl(tl)

tl∫

t

ψl−1(tl−1)φjl (tl−1)×

×
tl−1∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtl−2dtl−1dtldtl+1 . . . dtk−

−
∞∑

jl=p+1

Cjk...jl+1jljljl−2...j1 =
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(78) =
1

2
Cjk...j1

∣
∣
∣
∣
(jljl)y(·)

−
∞∑

jl=p+1

Cjk...jl+1jljljl−2...j1 .

Step 4. Passing to the limit l.i.m.
p→∞

in (69), we have (see (48))

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

= J [ψ(k)]
(i1...ik)
T,t +

+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(79) ×l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t w. p. 1.

Taking into account (71) and (78), we obtain for r = 1

1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j11{jg
1
= jg

2
}J

′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

= −1{ig
1
= ig

2
6=0}l.i.m.

p→∞

∞∑

jg1=p+1

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2

1{g2>g1+1}×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t +

+1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

1

2
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2

1{g2=g1+1}×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t −

−1{ig
1
= ig

2
6=0}l.i.m.

p→∞

∞∑

jg1=p+1

p
∑

j1,...,jq ,...,jk=0
q 6=g1,g2

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2

1{g2=g1+1}×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

= −1{ig
1
= ig

2
6=0}l.i.m.

p→∞

∞∑

jg1=p+1

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2

×

978



40 D.F. KUZNETSOV

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t +

+1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

1

2
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2

1{g2=g1+1}×

(80) ×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

(81) =
1

2
1{g2=g1+1}J [ψ

(k)]g1T,t + 1{ig
1
= ig

2
6=0}l.i.m.

p→∞
R

(p)1,g1,g2
T,t w. p. 1,

where J [ψ(k)]g1T,t (g1 = 1, 2, . . . , k − 1) is defined by (25),

R
(p)1,g1,g2
T,t = −

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2

J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t .

Let us explain the transition from (80) to (81). We have for g2 = g1 + 1

1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

1

2
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2

×

×J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

=
1

2
1{ig

1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y0,jg

1
= jg

2

×

×ζ(0)0 J ′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

=
1

2
1{ig

1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

p
∑

jm1=0

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1 = jg

2

×

×ζ(0)jm1
J ′[φjq1 . . . φjqk−2

]
(iq1 ...iqk−2

)

T,t =

=
1

2
1{ig

1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2

p
∑

jm1=0

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1 = jg

2

×

(82) ×J ′[φjm1
φjq1 . . . φjqk−2

]
(0iq1 ...iqk−2

)

T,t =
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(83) =
1

2
J [ψ(k)]g1T,t w. p. 1,

where

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1 = jg

2
,g2=g1+1

=

=

T∫

t

ψk(tk)φjk(tk) . . .

tg1+3∫

t

ψl(tg1+2)φjg1+2(tg1+2)

tg1+2∫

t

ψg1+1(tg1)ψg1(tg1)φjm1
(tg1)×

×
tg1∫

t

ψl(tg1−1)φjg1−1(tg1−1) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtg1−1dtg1dtg1+2 . . . dtk,

ζ
(0)
jm1

=

T∫

t

φjm1
(τ)dw(0)

τ =

T∫

t

φjm1
(τ)dτ =







√
T − t if jm1 = 0

0 if jm1 6= 0
,

φ0(τ) =
1√
T − t

.

The transition from (82) to (83) is based on (48).
By Condition 3 of Theorem 13 we have (also see the property (47) of multiple Wiener stochastic

integral)

lim
p→∞

M

{(

R
(p)1,g1,g2
T,t

)2
}

≤ K lim
p→∞

p
∑

j1,...,jq ,...,jk=0
q 6=g1,g2

(

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2

)2

= 0,

where constant K does not depend on p.
Thus

1{ig
1
= ig

2
6=0}l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j11{jg
1
= jg

2
}J

′[φjq1 . . . φjqk−2
]
(iq1 ...iqk−2

)

T,t =

=
1

2
1{g2=g1+1}J [ψ

(k)]g1T,t w. p. 1.

Involving into consideration the second pair {g3, g4} (the first pair is {g1, g2}), we obtain from (80)
for r = 2

2∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

2∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t =

980
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=
2∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

(

1

4
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

2∏

s=1

1{g2s=g2s−1+1}−

−1

2

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

1{g4=g3+1}−

−1

2

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2
,jg

3
= jg

4

1{g2=g1+1}+

(84) +

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,jg

3
= jg

4

)

J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t =

(85) =
1

4

2∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]s2,s1T,t +

2∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

R
(p)2,g1,g2,g3,g4
T,t

w. p. 1, where g3
def
= s2, g1

def
= s1, (s2, s1) ∈ Ak,2, J [ψ

(k)]s2,s1T,t is defined by (25) and Ak,2 is defined by

(26),

R
(p)2,g1,g2,g3,g4
T,t =

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

(

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

−

−S1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

}

−S2

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

})

×

×J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t .

Let us explain the transition from (84) to (85). We have for g2 = g1 + 1, g4 = g3 + 1

l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

1

4
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

×

×
2∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−4

]
(iq1 ...iqk−4

)

T,t =

981
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=
1

4
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y0(jg4 jg3 )y0,jg

1
= jg

2
,jg

3
= jg

4

×

×
2∏

s=1

1{ig
2s−1

= ig
2s

6=0}ζ
(0)
0 ζ

(0)
0 J ′[φjq1 . . . φjqk−4

]
(iq1 ...iqk−4

)

T,t =

=
1

4
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

p
∑

jm1 ,jm3=0

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 (jg4 jg3 )yjm3 ,jg1 = jg

2
,jg

3
= jg

4

×

×
2∏

s=1

1{ig
2s−1

= ig
2s

6=0}ζ
(0)
jm1

ζ
(0)
jm3

J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t =

=
1

4
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4

p
∑

jm1 ,jm3=0

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 (jg4 jg3 )yjm3 ,jg1 = jg

2
,jg

3
= jg

4

×

(86) ×
2∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjm1

φjm3
φjq1 . . . φjqk−4

]
(00iq1 ...iqk−4

)

T,t =

(87) =
1

4
J [ψ(k)]s2,s1T,t w. p. 1.

The transition from (86) to (87) is based on (48).
Note that

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1 = jg

2

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm1 ,jg1 = jg

2

is the Fourier coefficient, where g2 = g1 + 1. Therefore, the value

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 (jg4 jg3 )yjm3 ,jg1 = jg

2
,jg

3
= jg

4

=

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm1 (jg3 jg3 )yjm3 ,jg1 = jg

2
,jg

3
= jg

4

is determined recursively using (37) in an obvious way for g2 = g1 + 1 and g4 = g3 + 1.
By Condition 3 of Theorem 13 we have (also see the property (47) of multiple Wiener stochastic

integral)
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lim
p→∞

M

{(

R
(p)2,g1,g2,g3,g4
T,t

)2
}

≤ K lim
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,g3,g4





(

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

)2

+

+

(

S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

})2

+

(

S2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,g3,g4

})2


 = 0,

where constant K is independent of p.
Thus

2∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

2∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−4
]
(iq1 ...iqk−4

)

T,t =
1

4

2∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]s2,s1T,t w. p. 1,

where g3
def
= s2, g1

def
= s1, (s2, s1) ∈ Ak,2, J [ψ

(k)]s2,s1T,t is defined by (25) and Ak,2 is defined by (26).

Involving into consideration the third pair {g6, g5} ({g1, g2} is the first pair and {g4, g3} is the
second pair), we obtain from (84) for r = 3

3∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

3∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−6
]
(iq1 ...iqk−6

)

T,t =

3∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,g3,g4,g5,g6

(

1

23
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4jg3 )y(·)(jg6jg5 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

×

×
3∏

s=1

1{g2s=g2s−1+1}−

− 1

22

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg4 jg3 )y(·)(jg6 jg5 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g4=g3+1}1{g6=g5+1}−

− 1

22

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg6 jg5 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g2=g1+1}1{g6=g5+1}−

− 1

22

∞∑

jg5=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g2=g1+1}1{g4=g3+1}+
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+
1

2

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg6 jg5 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g6=g5+1}+

+
1

2

∞∑

jg5=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g4=g3+1}+

+
1

2

∞∑

jg5=p+1

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6

1{g2=g1+1}−

−
∞∑

jg5=p+1

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,jg

3
= jg

4
,jg

5
= jg

6



×

×J ′[φjq1 . . . φjqk−6
]
(iq1 ...iqk−6

)

T,t =

=
1

23

3∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]s3,s2,s1T,t +

3∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

R
(p)3,g1,g2,...,g5,g6
T,t

w. p. 1, where g2i−1
def
= si; i = 1, 2, 3, (s3, s2, s1) ∈ Ak,3, J [ψ

(k)]s3,s2,s1T,t is defined by (25) and Ak,3 is

defined by (26),

R
(p)3,g1,g2,...,g5,g6
T,t =

p
∑

j1,...,jq ,...,jk=0
q 6=g1,g2,...,g5,g6

(

−C̄(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

+

+S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

+ S2

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

+

+S3

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

−

−S3S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

− S3S2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

−

−S2S1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})

J ′[φjq1 . . . φjqk−6
]
(iq1 ...iqk−6

)

T,t .

By Condition 3 of Theorem 13 we have (also see the property (47) of multiple Wiener stochastic
integral)
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lim
p→∞

M

{(

R
(p)3,g1,g2,...,g5,g6
T,t

)2
}

≤ K lim
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g5,g6





(

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

)2

+

+

(

S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

(

S2

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

+

(

S3

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

+

(

S3S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

(

S3S2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2

+

+

(

S2S1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

})2


 = 0,

where constant K does not depend on p.
Thus

l.i.m.
p→∞

3∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

3∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−6
]
(iq1 ...iqk−6

)

T,t =
1

23

3∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]s3,s2,s1T,t w. p. 1,

where g2i−1
def
= si; i = 1, 2, 3, (s3, s2, s1) ∈ Ak,3, J [ψ

(k)]s3,s2,s1T,t is defined by (25) and Ak,3 is defined

by (26).
Repeating the previous steps, we obtain for an arbitrary r (r = 1, 2, . . . , [k/2])

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t =

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

1

2r
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

×
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×
r∏

s=1

1{g2s=g2s−1+1}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t +

(88) +

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

R
(p)r,g1,g2,...,g2r−1,g2r
T,t =

(89) =
1

2r

r∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]sr ,...,s1T,t +

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

w. p. 1, where g2i−1
def
= si; i = 1, 2, . . . , r; r = 1, 2, . . . , [k/2] , (sr, . . . , s1) ∈ Ak,r , J [ψ

(k)]sr,...,s1T,t is

defined by (25) and Ak,r is defined by (26),

R
(p)r,g1,g2,...,g2r−1,g2r
T,t =

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(

(−1)rC̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

+

+(−1)r−1
r∑

l1=1

Sl1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

+

+(−1)r−2
r∑

l1,l2=1
l1>l2

Sl1Sl2

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

+

. . .

+(−1)1
r∑

l1,l2,...,lr−1=1

l1>l2>...>lr−1

Sl1Sl2 . . . Slr−1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}







×

(90) ×J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t .

Let us explain the transition from (88) to (89). We have for g2 = g1 + 1, . . . , g2r = g2r−1 + 1

l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

1

2r
Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =
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=
1

2r
l.i.m.
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

Cjk ...j1

∣
∣
∣
∣
(jg2 jg1 )y0...(jg2r jg2r−1

)y0,jg
1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}

(

ζ
(0)
0

)r

J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t =

=
1

2r
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

p
∑

jm1 ,jm3 ...,jm2r−1
=0

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ...(jg2r jg2r−1

)yjm2r−1
,jg

1
= jg

2
,...,jg

2r−1
= jg

2r

×

×ζ(0)jm1
ζ
(0)
jm3

. . . ζ
(0)
jm2r−1

J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t =

=
1

2r
l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

p
∑

jm1 ,jm3 ...,jm2r−1
=0

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

×Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ...(jg2r jg2r−1

)yjm2r−1
,jg

1
= jg

2
,...,jg

2r−1
= jg

2r

×

(91) ×J ′[φjm1
φjm3

. . . φjm2r−1
φjq1 . . . φjqk−2r

]
(00...0iq1 ...iqk−2r

)

T,t =

(92) =
1

2r
J [ψ(k)]sr ,...,s1T,t w. p. 1.

The transition from (91) to (92) is based on (48).
Note that

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ,jg1 = jg

2

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm1 ,jg1 = jg

2

is the Fourier coefficient, where g2 = g1 + 1. Therefore, the value

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )yjm1 ...(jg2d jg2d−1

)yjm2d−1
,jg

1
= jg

2
,...,jg

2d−1
= jg

2d

=
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= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )yjm1 ...(jg2d−1

jg2d−1
)yjm2d−1

,jg
1
= jg

2
,...,jg

2d−1
= jg

2d

is determined recursively using (37) in an obvious way for g2 = g1 + 1, . . . , g2d = g2d−1 + 1 and
d = 2, . . . , r.

By Condition 3 of Theorem 13 we have (also see the property (47) of multiple Wiener stochastic
integral)

lim
p→∞

M

{(

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

)2
}

≤

≤ K lim
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r





(

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

)2

+

+

r∑

l1=1

(

Sl1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

+

+

r∑

l1,l2=1
l1>l2

(

Sl1Sl2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

+

. . .

+

r∑

l1,l2,...,lr−1=1

l1>l2>...>lr−1

(

Sl1Sl2 . . . Slr−1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2







= 0,

where constant K does not depend on p.
So we have

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}×

×J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t =

(93) =
1

2r

r∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]sr,...,s1T,t w. p. 1,

where g2i−1
def
= si; i = 1, 2, . . . , r; r = 1, 2, . . . , [k/2] , (sr, . . . , s1) ∈ Ak,r, J [ψ

(k)]sr ,...,s1T,t is defined by

(25) and Ak,r is defined by (26).
Note that
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∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

∣
∣
∣
∣
∣
g2=g1+1,g3=g2+1,...,g2r=g2r−1+1

Ag1,g3,...,g2r−1 =

(94) =
∑

(sr ,...,s1)∈Ak,r

As1,s2,...,sr ,

where Ag1,g3,...,g2r−1 , As1,s2,...,sr are scalar values, g2i−1 = si; i = 1, 2, . . . , r; r = 1, 2, . . . , [k/2] , Ak,r

is defined by (26):

Ak,r =
{
(sr, . . . , s1) : sr > sr−1 + 1, . . . , s2 > s1 + 1, sr, . . . , s1 = 1, . . . , k − 1

}
.

Using (79), (93), (94), and Theorem 5, we finally get

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

= l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

=

(95) = J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t = J∗[ψ(k)]
(i1...ik)
T,t

w. p. 1, where (see (25))

J [ψ(k)]sr ,...,s1T,t
def
=

r∏

p=1

1{isp=isp+1 6=0} ×

×
T∫

t

ψk(tk) . . .

tsr+3∫

t

ψsr+2(tsr+2)

tsr+2∫

t

ψsr (tsr+1)ψsr+1(tsr+1)×

×
tsr+1∫

t

ψsr−1(tsr−1) . . .

ts1+3∫

t

ψs1+2(ts1+2)

ts1+2∫

t

ψs1(ts1+1)ψs1+1(ts1+1)×

×
ts1+1∫

t

ψs1−1(ts1−1) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(is1−1)
ts1−1

dts1+1dw
(is1+2)
ts1+2

. . .

(96) . . . dw
(isr−1)
tsr−1

dtsr+1dw
(isr+2)
tsr+2

. . . dw
(ik)
tk

.

Theorem 13 is proved.
Let us make a number of remarks about Theorem 13. An expansion similar to (44) was obtained

in [87], where the author used the definition (394) of the Stratonovich stochastic integral, which
differs from the definition we use in this article [2]. The proof from [87] is somewhat simpler than
the proof proposed in this work. However, the results from [87] were obtained under the condition
of convergence of trace series. The verification of this condition for the kernel (12) is a separate
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problem. In our proof, we essentially use the structure of the Fourier coefficients (45) corresponding
to the kernel K(t1, . . . , tk) of the form (12). This circumstance actually made it possible to prove
Theorem 13 using not the condition of finiteness of trace series, but using the condition of convergence
to zero of explicit expressions for the remainders of the mentioned series. This leaves hope that it is
possible to estimate the rate of convergence in Theorem 13 (see Theorems 19–22 below).

Note that under the conditions of Theorem 13 the sequential order of the series (also see (71),
(78))

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

is not important.
We also note that the first and second conditions of Theorem 13 are satisfied for complete or-

thonormal systems of Legendre polynomials and trigonometric functions in the space L2([t, T ]) (see
the proofs of Theorems 16–18 below). Moreover, the equality (42) is true for an arbitrary basis in
L2([t, T ]) (see [15], Sect. 2.1.4 or [94]). Note that in the proofs of Theorems 6–12, 16–18, 23 the condi-
tions of Theorem 13 are verified for various special cases of iterated Stratonovich stochastic integrals
of multiplicities 2–6 with respect to the components of the multidimensional Wiener process.

It should be noted that (see (90))

(−1)rC̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

+

+(−1)r−1
r∑

l1=1

Sl1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

+

+(−1)r−2
r∑

l1,l2=1
l1>l2

Sl1Sl2

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

+

. . .

+(−1)1
r∑

l1,l2,...,lr−1=1

l1>l2>...>lr−1

Sl1Sl2 . . . Slr−1

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

=

=

p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk ...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(97) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

,

where the meaning of the notations used in (90) is preserved.
For example, from (97) for the case r = 2 we get

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,jg

3
= jg

4

−
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−1

2
1{g4=g3+1}

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

−

−1

2
1{g2=g1+1}

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg

1
= jg

2
,jg

3
= jg

4

=

=

p
∑

jg1=0

p
∑

jg3=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4

−

−1

4
1{g2=g1+1}1{g4=g3+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

.

As a result, Condition 3 of Theorem 13 can be replaced by a weaker condition

lim
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(98) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

= 0,

where r = 1, 2, . . . , [k/2].
However, Condition 3 of Theorem 13 itself contains a way of proving of the condition (98), which

is partially realized in the proof of Theorems 16–18, 23 (see below).
In fact, when proving Theorem 18 (the case r = 3 is proved in Theorem 23 for ψ1(τ), . . . , ψ6(τ) ≡ 1),

we proved the following equality

lim
p→∞

p
∑

jg1=0

p
∑

jg3=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4

=

=
1

4
1{g2=g1+1}1{g4=g3+1}Cjk ...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4jg3 )y(·),jg

1
= jg

2
,jg

3
= jg

4

.

On the other hand, iterative application of (78) gives

∞∑

jg1=0

. . .

∞∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

=
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

,
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where r = 1, 2, . . . , [k/2].
Taking into account the modification of Theorem 3 for the case of integration interval [t, s] (s ∈

(t, T ]) of iterated Ito stochastic integrals (see Theorem 1.11 in [15], [17] or Theorem 1.24 in [15]),
we can formulate an analogue of Theorem 13 for the case of integration interval [t, s] (s ∈ (t, T ]) of
iterated Stratonovich stochastic integrals of multiplicity k (k ∈ N).

Denote

C̄
(p)
jk...jq...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

def
=

def
=

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1(s)

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

and introduce the following notation

Sl

{

C̄
(p)
jk...jq ...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
=

1

2
1{g2l=g2l−1+1}

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

. . .
∞∑

jg2l+1
=p+1

∞∑

jg2l−3
=p+1

. . .
∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1(s)

∣
∣
∣
∣
(jg2l jg2l−1

)y(·),jg1=jg2 ,...,jg2r−1
=jg2r

,

where l = 1, 2, . . . , r,

Cjk ...j1(s)

∣
∣
∣
∣
∣
(jg2l jg2l−1

)y(·)

is defined by analogy with (36),

(99) Cjk...j1(s) =

s∫

t

ψk(tk)φjk (tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk.

Theorem 15 [15], [47], [55], [62]. Assume that the continuously differentiable functions ψl(τ)
(l = 1, . . . , k) and the complete orthonormal system {φj(x)}∞j=0 of continuous functions (φ0(x) =

1/
√
T − t) in the space L2([t, T ]) are such that the following conditions are satisfied:

1. The equality

(100)
1

2

s∫

t

Φ1(t1)Φ2(t1)dt1 =

∞∑

j1=0

s∫

t

Φ2(t2)φj1 (t2)

t2∫

t

Φ1(t1)φj1 (t1)dt1dt2

holds for all s ∈ (t, T ], where the nonrandom functions Φ1(τ), Φ2(τ) are continuously differentiable

on [t, T ] and the series on the right-hand side of (100) converges absolutely.

2. The estimates
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∣
∣
∣
∣
∣
∣

s∫

t

φj(τ)Φ1(τ)dτ

∣
∣
∣
∣
∣
∣

≤ Ψ1(s)

j1/2+α
,

∣
∣
∣
∣
∣
∣

s∫

τ

φj(θ)Φ2(θ)dθ

∣
∣
∣
∣
∣
∣

≤ Ψ2(s, τ)

j1/2+α
,

∣
∣
∣
∣
∣
∣

∞∑

j=p+1

s∫

t

Φ2(τ)φj(τ)

τ∫

t

Φ1(θ)φj(θ)dθdτ

∣
∣
∣
∣
∣
∣

≤ Ψ3(s)

pβ

hold for all s, τ such that t < τ < s < T and for some α, β > 0, where Φ1(τ), Φ2(τ) are continuously

differentiable nonrandom functions on [t, T ], j, p ∈ N, and

s∫

t

|Ψ1(τ)Ψ2(s, τ)| dτ <∞,

s∫

t

|Ψ3(τ)| dτ <∞

for all s ∈ (t, T ).

3. The condition

lim
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

= 0

holds for all possible g1, g2, . . . , g2r−1, g2r (see (34)) and l1, l2, . . . , ld such that l1, l2, . . . , ld ∈ {1, 2,
. . . , r}, l1 > l2 > . . . > ld, d = 0, 1, 2, . . . , r − 1, where r = 1, 2, . . . , [k/2] and

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq ...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
= C̄

(p)
jk...jq ...j1

(s)

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

for d = 0.

Then, for the iterated Stratonovich stochastic integral of arbitrary multiplicity k

(101) J∗[ψ(k)]
(i1...ik)
s,t =

∗∫

t

s

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion

J∗[ψ(k)]
(i1...ik)
s,t = l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j1(s)

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where Cjk...j1(s) is the Fourier coefficient (99), l.i.m.
is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m, s ∈ (t, T ),

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s
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are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

The results presented below in this section show that Conditions 1 and 2 of Theorem 13 are satisfied
for complete orthonormal systems of Legendre polynomials and trigonometric functions in the space
L2([t, T ]). Note that Condition 1 of Theorem 13 is fulfilled for an arbitrary complete orthonormal
system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) (see recent publications
[15] (Sect. 2.1.4) or [94]).

In Sect. 2.1.2 of the monograpths [15]–[18], the following formula is proved

(102)
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1 =

∞∑

j1=0

Cj1j1 ,

where

Cj1j1 =

T∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2,

{φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or trigonometric functions in
the space L2([t, T ]), the functions ψ1(τ), ψ2(τ) are continuously differentiable at the interval [t, T ].

Moreover (see Sect. 2.1.2 of the monograpths [15]–[18]), the following estimate

(103)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j1

∣
∣
∣
∣
∣
∣

≤ C

p
,

holds under the above assumptions, where constant C does not depend on p.
The relations (102) and (103) have been modified for the Legendre polynomial system as follows

(see Sect. 2.8, 2.13 of the monograpth [17])

(104)
1

2

s∫

t

ψ1(t1)ψ2(t1)dt1 =

∞∑

j1=0

Cj1j1(s),

(105)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j1(s)

∣
∣
∣
∣
∣
∣

≤ C

p

(

1

(1− z2(s))
1/4

+ 1

)

,

where s ∈ (t, T ) (s is fixed, the case s = T corresponds to (102) and (103)), constant C does not
depend p, the functions ψ1(τ), ψ2(τ) are continuously differentiable at the interval [t, T ],

Cj1j1(s) =

s∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2,

(106) z(s) =

(

s− T + t

2

)
2

T − t
.

For the trigonometric case, the estimate (105) is replaced by [15], [17]

(107)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j1(s)

∣
∣
∣
∣
∣
∣

≤ C

p
,
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where s ∈ [t, T ], constant C does not depend on p.
Note the well known estimate for the Legendre polynomials

(108) |Pj(y)| <
K√

j + 1(1− y2)1/4
, y ∈ (−1, 1), j ∈ N,

where Pj(y) is the Legendre polynomial, constant K does not depend on y and j.
We also note the following useful estimates for the case of Legendre polynomials ([15]-[18], Chapters

1, 2)

(109)

∣
∣
∣
∣
∣
∣

x∫

t

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
C

j

(

1

(1 − (z(x))2)1/4
+ 1

)

,

(110)

∣
∣
∣
∣
∣
∣

T∫

x

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
C

j

(

1

(1 − (z(x))2)1/4
+ 1

)

,

(111)

∣
∣
∣
∣
∣
∣

x∫

v

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
C

j

(

1

(1− (z(x))2)1/4
+

1

(1− (z(v))2)1/4
+ 1

)

,

where j ∈ N, z(x), z(v) ∈ (−1, 1), x, v ∈ (t, T ), the function ψ(τ) is continuously differentiable at the
interval [t, T ], constant C does not depend on j.

For the case of trigonometric functions we note the following obvious estimates

(112)

∣
∣
∣
∣
∣
∣

x∫

t

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
C

j
,

(113)

∣
∣
∣
∣
∣
∣

T∫

x

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
C

j
,

(114)

∣
∣
∣
∣
∣
∣

x∫

v

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
C

j
,

where j ∈ N, x, v ∈ [t, T ], the function ψ(τ) is continuously differentiable at the interval [t, T ],
constant C does not depend on j.

8. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 3. The
Case p1 = p2 = p3 → ∞ and Continuously Differentiable Weight Functions ψ1(τ),
ψ2(τ), ψ3(τ) (The Cases of Legendre Polynomials and Trigonometric Functions)

In this section, we present a simple proof of Theorem 11 based on Theorem 13. In this case, the
conditions of Theorem 11 will be weakened.
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First, consider the following equalities

(115)
1

2

t2∫

t1

Φ1(τ)Φ2(τ)dτ =
∞∑

j=0

t2∫

t1

Φ2(τ)φj(τ)

τ∫

t1

Φ1(θ)φj(θ)dθdτ,

(116)
1

2

t2∫

t1

Φ1(τ)Φ2(τ)dτ =

∞∑

j=0

t2∫

t1

Φ1(θ)φj(θ)

t2∫

θ

Φ2(τ)φj(τ)dτdθ

that will be used further, where t ≤ t1 < t2 ≤ T, Φ1(τ),Φ2(τ) ∈ L2([t, T ]), {φj(x)}∞j=0 is an arbitrary

complete orthonormal system of funtions in L2([t, T ]). The equality (116) has been proved in [15]
(Sect. 2.7.2). Using (116) and Fubini’s Theorem, we get (115).

Theorem 16 [15], [47], [55], [62]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

(117) J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3

the following expansion

J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that converges in the mean-square sense is valid, where i1, i2, i3 = 0, 1, . . . ,m,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. As follows from Sect. 7, Conditions 1 and 2 of Theorem 13 are satisfied for complete
orthonormal systems of Legendre polynomials and trigonometric functions in the space L2([t, T ]).
Let us verify Condition 3 of Theorem 13 for the iterated Stratonovich stochastic integral (117).
Thus, we have to check the following conditions

(118) lim
p→∞

p
∑

j3=0





∞∑

j1=p+1

Cj3j1j1





2

= 0,
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(119) lim
p→∞

p
∑

j1=0





∞∑

j3=p+1

Cj3j3j1





2

= 0,

(120) lim
p→∞

p
∑

j2=0





∞∑

j1=p+1

Cj1j2j1





2

= 0.

We have
p
∑

j3=0





∞∑

j1=p+1

Cj3j1j1





2

=

(121) =

p
∑

j3=0





∞∑

j1=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

=

(122) =

p
∑

j3=0





T∫

t

ψ3(t3)φj3 (t3)

∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

≤

(123) ≤
∞∑

j3=0





T∫

t

ψ3(t3)φj3 (t3)
∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

=

(124) =

T∫

t

ψ2
3(t3)





∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2





2

dt3 ≤

(125) ≤ K

p2
→ 0

if p→ ∞, where constant K does not depend on p.
Note that the transition from (121) to (122) is based on the estimate (105) for the polynomial case

and its analogue (107) for the trigonometric case, the transition from (123) to (124) is based on the
Parseval equality, and the transition from (124) to (125) is also based on the estimate (105) and its
analogue (107) for the trigonometric case.

By analogy with the previous case we have

p
∑

j1=0





∞∑

j3=p+1

Cj3j3j1





2

=

=

p
∑

j1=0





∞∑

j3=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj3 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

=
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(126) =

p
∑

j1=0





∞∑

j3=p+1

T∫

t

ψ1(t1)φj1 (t1)

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ3(t3)φj3 (t3)dt3dt2dt1





2

=

(127) =

p
∑

j1=0





T∫

t

ψ1(t1)φj1 (t1)

∞∑

j3=p+1

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ3(t3)φj3 (t3)dt3dt2dt1





2

≤

≤
∞∑

j1=0





T∫

t

ψ1(t1)φj1 (t1)
∞∑

j3=p+1

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ3(t3)φj3 (t3)dt3dt2dt1





2

=

(128) =

T∫

t

ψ2
1(t1)





∞∑

j3=p+1

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ1(t3)φj3 (t3)dt3dt2





2

dt1 ≤

(129) ≤ K

p2
→ 0

if p→ ∞, where constant K is independent of p.
The transition from (126) to (127) is based on analogues of the estimates (105), (107) for the value

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

T∫

t1

ψ2(t2)φj3 (t2)

T∫

t2

ψ3(t3)φj3 (t3)dt3dt2

∣
∣
∣
∣
∣
∣

for the polynomial and trigonometric cases, the transition from (128) to (129) is also based on the
mentioned analogues of the estimates (105), (107).

Further, we have

p
∑

j2=0





∞∑

j1=p+1

Cj1j2j1





2

=

=

p
∑

j2=0





∞∑

j1=p+1

T∫

t

ψ3(t3)φj1 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3





2

=

(130) =

p
∑

j2=0





∞∑

j1=p+1

T∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t2

ψ3(t3)φj1 (t3)dt3dt2





2

=

(131) =

p
∑

j2=0





T∫

t

ψ2(t2)φj2 (t2)
∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t2

ψ3(t3)φj1 (t3)dt3dt2





2

≤
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≤
∞∑

j2=0





T∫

t

ψ2(t2)φj2 (t2)

∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t2

ψ3(t3)φj1 (t3)dt3dt2





2

=

(132) =

T∫

t

ψ2
2(t2)





∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t2

ψ3(t3)φj1 (t3)dt3





2

dt2.

The transition from (130) to (131) is based on the estimates (109), (110) and its obvious analogues
(112), (113) for the trigonometric case. However, the estimates (109), (110) cannot be used to estimate
the right-hand side of (132), since we get the divergent integral. For this reason, we will obtain a new
estimate based on the relation [15]-[18]

x∫

t

ψ(s)φj1 (s)ds =

√
T − t

√
2j1 + 1

2

z(x)∫

−1

Pj1(y)ψ(u(y))dy =

=

√
T − t

2
√
2j1 + 1

(

(Pj1+1(z(x))− Pj1−1(z(x)))ψ(x)−

(133) −T − t

2

z(x)∫

−1

((Pj1+1(y)− Pj1−1(y))ψ
′(u(y))dy

)

,

where x ∈ (t, T ), j1 ≥ p + 1, z(x) is defined by (106), Pj(x) is the Legendre polynomial, ψ′ is a
derivative of the continuously differentiable function ψ(s) with respect to the variable u(y),

u(y) =
T − t

2
y +

T + t

2
.

From (108) and the estimate |Pj(y)| ≤ 1, y ∈ [−1, 1] we obtain

(134) |Pj(y)| = |Pj(y)|ε · |Pj(y)|1−ε ≤ |Pj(y)|1−ε
<

C

j1/2−ε/2(1− y2)1/4−ε/4
,

where y ∈ (−1, 1), j ∈ N, and ε is an arbitrary small positive real number.
Combining (133) and (134), we have the following estimate

(135)

∣
∣
∣
∣
∣
∣

s∫

t

ψ1(τ)φj1 (τ)dτ

∣
∣
∣
∣
∣
∣

<
C

(j1)1−ε/2

(

1

(1 − z2(s))1/4−ε/4
+ 1

)

,

where s ∈ (t, T ), z(s) is defined by (106), constant C does not depend on j1.
Similarly to (135) we obtain

(136)

∣
∣
∣
∣
∣
∣

T∫

s

ψ3(τ)φj1 (τ)dτ

∣
∣
∣
∣
∣
∣

<
C

(j1)1−ε/2

(

1

(1 − z2(s))1/4−ε/4
+ 1

)

,
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where s ∈ (t, T ), constant C is independent of j1.
Combining (109) and (136), we have

∣
∣
∣
∣
∣
∣

s∫

t

ψ1(τ)φj1 (τ)dτ

T∫

s

ψ3(τ)φj1 (τ)dτ

∣
∣
∣
∣
∣
∣

<

(137) <
L

(j1)2−ε/2

(

1

(1− z2(s))1/4−ε/4
+ 1

)(

1

(1− z2(s))1/4
+ 1

)

,

where s ∈ (t, T ), z(s) is defined by (106), constant L does not depend on j1.
Observe that

(138)

∞∑

j1=p+1

1

(j1)2−ε/2
≤

∞∫

p

dx

x2−ε/2
=

1

(1− ε/2)p1−ε/2
.

Applying (137) and (138) to estimate the right-hand side of (132) gives

(139)

p
∑

j2=0





∞∑

j1=p+1

Cj1j2j1





2

≤ K

p2−ε
→ 0

if p→ ∞, where ε is an arbitrary small positive real number, constant K is independent of p.
The estimation of the right-hand side of (132) for the trigonometric case is carried out using the

estimates (112), (113). At that we obtain the estimate (139) with ε = 0. Theorem 16 is proved.

9. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 4. The
Case p1 = . . . = p4 → ∞ and Continuously Differentiable Weight Functions ψ1(τ),
. . . , ψ4(τ) (The Cases of Legendre Polynomials and Trigonometric Functions)

Theorem 17 [15], [47], [55], [62]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . ,
ψ4(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of fourth multiplicity

(140) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following expansion

J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

that converges in the mean-square sense is valid, where i1, i2, i3, i4 = 0, 1, . . . ,m,
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Cj4j3j2j1 =

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1×

×dt2dt3dt4

and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. As follows from Sect. 7, Conditions 1 and 2 of Theorem 13 are satisfied for complete
orthonormal systems of Legendre polynomials and trigonometric functions in the space L2([t, T ]).
Let us verify Condition 3 of Theorem 13 for the iterated Stratonovich stochastic integral (140).
Thus, we have to check the following conditions

(141) lim
p→∞

p
∑

j3,j4=0





∞∑

j1=p+1

Cj4j3j1j1





2

= 0,

(142) lim
p→∞

p
∑

j2,j4=0





∞∑

j1=p+1

Cj4j1j2j1





2

= 0,

(143) lim
p→∞

p
∑

j2,j3=0





∞∑

j1=p+1

Cj1j3j2j1





2

= 0,

(144) lim
p→∞

p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2

= 0,

(145) lim
p→∞

p
∑

j1,j3=0





∞∑

j2=p+1

Cj2j3j2j1





2

= 0,

(146) lim
p→∞

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2

= 0,

(147) lim
p→∞





∞∑

j2=p+1

∞∑

j1=p+1

Cj2j1j2j1





2

= 0,

(148) lim
p→∞





∞∑

j2=p+1

∞∑

j1=p+1

Cj1j2j2j1





2

= 0,

1001



THE HYPOTHESES ON EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 63

(149) lim
p→∞





∞∑

j3=p+1

∞∑

j1=p+1

Cj3j3j1j1





2

= 0,

(150) lim
p→∞





∞∑

j3=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j1j1)y(·)





2

= 0,

(151) lim
p→∞





∞∑

j1=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j3j3)y(·)





2

= 0,

(152) lim
p→∞





∞∑

j1=p+1

Cj1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)





2

= 0,

where we use the notation (36) in (150)–(152).
Applying arguments similar to those we used in the proof of Theorem 16, we obtain for (141)

p
∑

j3,j4=0





∞∑

j1=p+1

Cj4j3j1j1





2

=

p
∑

j3,j4=0





∞∑

j1=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

(153) ×
t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j3,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

(154) ×
∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

≤

≤
∞∑

j3,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

(155) ×
∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

(156) =

∫

[t,T ]2

1{t3<t4}ψ
2
4(t4)ψ

2
3(t3)





∞∑

j1=p+1

t3∫

t

ψ2(t2)φj1(t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2





2

dt3dt4 ≤

(157) ≤ K

p2
→ 0
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if p→ ∞, where constant K is independent of p.
Note that the transition from (153) to (154) is based on the estimate (105) for the polynomial

case and its analogue for the trigonometric case, the transition from (155) to (156) is based on the
Parseval equality, and the transition from (156) to (157) is also based on the estimate (105) and its
analogue for the trigonometric case.

Further, we have for (142)

p
∑

j2,j4=0





∞∑

j1=p+1

Cj4j1j2j1





2

=

p
∑

j2,j4=0





∞∑

j1=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj1 (t3)×

(158) ×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j2,j4=0





∞∑

j1=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ2(t2)φj2 (t2)×

(159) ×
t2∫

t

ψ1(t1)φj1 (t1)dt1

t4∫

t2

ψ3(t3)φj1 (t3)dt3dt2dt4





2

=

=

p
∑

j2,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ2(t2)φj2 (t2)×

×
∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

t4∫

t2

ψ3(t3)φj1 (t3)dt3dt2dt4





2

≤

≤
∞∑

j2,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ2(t2)φj2 (t2)×

×
∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

t4∫

t2

ψ3(t3)φj1 (t3)dt3dt2dt4





2

=

=

∫

[t,T ]2

1{t2<t4}ψ
2
4(t4)ψ

2
2(t2)





∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

t4∫

t2

ψ3(t3)φj1(t3)dt3





2

dt2dt4 ≤

(160) ≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for
the trigonometric case, constant K does not depend on p.

The relation (160) was obtained by the same method as (157). Note that in obtaining (160) we
used the estimates (111), (135) for the polynomial case and (112), (114) for the trigonometric case.
We also used the integration order replacement in the iterated Riemann integrals (see (158), (159)).

Repeating the previous steps for (143) and (144), we get
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p
∑

j2,j3=0





∞∑

j1=p+1

Cj1j3j2j1





2

=

p
∑

j2,j3=0





∞∑

j1=p+1

T∫

t

ψ4(t4)φj1 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j2,j3=0





∞∑

j1=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)×

×
t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t3

ψ4(t4)φj1 (t4)dt4dt2dt3





2

=

=

p
∑

j2,j3=0





T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)×

×
∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t3

ψ4(t4)φj1 (t4)dt4dt2dt3





2

≤

≤
∞∑

j2,j3=0





T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)×

×
∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t3

ψ4(t4)φj1 (t4)dt4dt2dt3





2

=

=

∫

[t,T ]2

1{t2<t3}ψ
2
3(t3)ψ

2
2(t2)





∞∑

j1=p+1

t2∫

t

ψ1(t1)φj1 (t1)dt1

T∫

t3

ψ4(t4)φj1(t4)dt4





2

dt2dt3 ≤

(161) ≤ K

p2
→ 0

if p→ ∞, where constant K does not depend on p;

p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2

=

p
∑

j1,j4=0





∞∑

j2=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj2 (t3)×

×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j1,j4=0





∞∑

j2=p+1

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ1(t1)φj1 (t1)×
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×
t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2 (t3)dt3dt2dt1dt4





2

=

=

p
∑

j1,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ1(t1)φj1 (t1)×

×
∞∑

j2=p+1

t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2 (t3)dt3dt2dt1dt4





2

≤

≤
∞∑

j1,j4=0





T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ1(t1)φj1 (t1)×

×
∞∑

j2=p+1

t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2 (t3)dt3dt2dt1dt4





2

=

(162) =

∫

[t,T ]2

1{t1<t4}ψ
2
4(t4)ψ

2
1(t1)





∞∑

j2=p+1

t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2 (t3)dt3dt2





2

dt1dt4.

Note that, by virtue of the additivity property of the integral, we have

(163)

∞∑

j2=p+1

t4∫

t1

ψ2(t2)φj2 (t2)

t4∫

t2

ψ3(t3)φj2(t3)dt3dt2 =

=

∞∑

j2=p+1

t4∫

t

ψ3(t3)φj2 (t3)

t3∫

t

ψ2(t2)φj2 (t2)dt2dt3−

−
∞∑

j2=p+1

t1∫

t

ψ3(t3)φj2 (t3)

t3∫

t

ψ2(t2)φj2 (t2)dt2dt3−

(164) −
∞∑

j2=p+1

t4∫

t1

ψ3(t3)φj2 (t3)dt3

t1∫

t

ψ2(t2)φj2(t2)dt2.

However, all three series on the right-hand side of (164) have already been evaluated in (157) and
(160). From (162) and (164) we finally obtain

(165)

p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2

≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for
the trigonometric case, constant K does not depend on p.
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In complete analogy with (160), we have for (145)

p
∑

j1,j3=0





∞∑

j2=p+1

Cj2j3j2j1





2

=

p
∑

j1,j3=0





∞∑

j2=p+1

T∫

t

ψ4(t4)φj2 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j1,j3=0





∞∑

j2=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)×

×
t2∫

t

ψ1(t1)φj1 (t1)dt1dt2

T∫

t3

ψ4(t4)φj2 (t4)dt4dt3





2

=

=

p
∑

j1,j3=0





∞∑

j2=p+1

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ1(t1)φj1 (t1)×

×
t3∫

t1

ψ2(t2)φj2 (t2)dt2dt1

T∫

t3

ψ4(t4)φj2 (t4)dt4dt3





2

=

=

p
∑

j1,j3=0





T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ1(t1)φj1 (t1)×

×
∞∑

j2=p+1

t3∫

t1

ψ2(t2)φj2 (t2)dt2dt1

T∫

t3

ψ4(t4)φj2 (t4)dt4dt3





2

≤

≤
∞∑

j1,j3=0





T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ1(t1)φj1 (t1)×

×
∞∑

j2=p+1

t3∫

t1

ψ2(t2)φj2 (t2)dt2

T∫

t3

ψ4(t4)φj2 (t4)dt4dt1dt3





2

=

=

∫

[t,T ]2

1{t1<t3}ψ
2
3(t3)ψ

2
1(t1)





∞∑

j2=p+1

t3∫

t1

ψ2(t2)φj2 (t2)dt2

T∫

t3

ψ4(t4)φj2(t4)dt4





2

dt1dt3 ≤

(166) ≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for
the trigonometric case, constant K does not depend on p.

We have for (146)
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p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2

=

p
∑

j1,j2=0





∞∑

j3=p+1

T∫

t

ψ4(t4)φj3 (t4)

t4∫

t

ψ3(t3)φj3 (t3)×

×
t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4





2

=

=

p
∑

j1,j2=0





∞∑

j3=p+1

T∫

t

ψ1(t1)φj1 (t1)

T∫

t1

ψ2(t2)φj2 (t2)×

×
T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3dt2dt1





2

=

=

p
∑

j1,j2=0





T∫

t

ψ1(t1)φj1 (t1)

T∫

t1

ψ2(t2)φj2 (t2)×

×
∞∑

j3=p+1

T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3dt2dt1





2

≤

≤
∞∑

j1,j2=0





T∫

t

ψ1(t1)φj1 (t1)

T∫

t1

ψ2(t2)φj2 (t2)×

×
∞∑

j3=p+1

T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3dt2dt1





2

=

(167) =

∫

[t,T ]2

1{t1<t2}ψ
2
1(t1)ψ

2
2(t2)





∞∑

j3=p+1

T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3





2

dt2dt1.

It is easy to see that the integral (see (167))

T∫

t2

ψ3(t3)φj3 (t3)

T∫

t3

ψ4(t4)φj3 (t4)dt4dt3

is similar to the integral from the formula (163) if in the last integral we substitute t4 = T. Therefore,
by analogy with (165), we obtain

(168)

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2

≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for
the trigonometric case, constant K does not depend on p.

Now consider (147)–(149). We have for (147) (see Step 2 in the proof of Theorem 13)
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∞∑

j2=p+1

∞∑

j1=p+1

Cj2j1j2j1





2

=





p
∑

j1=0

∞∑

j2=p+1

Cj2j1j2j1





2

≤

(169) ≤ (p+ 1)

p
∑

j1=0





∞∑

j2=p+1

Cj2j1j2j1





2

.

Consider (145) and (166). We have

p
∑

j1=0





∞∑

j2=p+1

Cj2j1j2j1





2

=

p
∑

j1,j3=0





∞∑

j2=p+1

Cj2j3j2j1





2 ∣
∣
∣
∣
∣
j1=j3

≤

(170) ≤
p
∑

j1,j3=0





∞∑

j2=p+1

Cj2j3j2j1





2

≤ K

p2−ε
,

where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for the trigono-
metric case, constant K does not depend on p. Combining (169) and (170), we obtain





∞∑

j2=p+1

∞∑

j1=p+1

Cj2j1j2j1





2

≤ (p+ 1)K

p2−ε
≤ K1

p1−ε
→ 0

if p→ ∞, where constant K1 does not depend on p.
Similarly for (148) we have (see (144), (165))





∞∑

j2=p+1

∞∑

j1=p+1

Cj1j2j2j1





2

=





p
∑

j1=0

∞∑

j2=p+1

Cj1j2j2j1





2

≤

(171) ≤ (p+ 1)

p
∑

j1=0





∞∑

j2=p+1

Cj1j2j2j1





2

,

p
∑

j1=0





∞∑

j2=p+1

Cj1j2j2j1





2

=

p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2 ∣
∣
∣
∣
∣
j1=j4

≤

(172) ≤
p
∑

j1,j4=0





∞∑

j2=p+1

Cj4j2j2j1





2

≤ K

p2−ε
,

where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for the trigono-
metric case, constant K does not depend on p. Combining (171) and (172), we obtain





∞∑

j2=p+1

∞∑

j1=p+1

Cj1j2j2j1





2

≤ (p+ 1)K

p2−ε
≤ K1

p1−ε
→ 0
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if p→ ∞, where constant K1 does not depend on p.
Consider (149). Using (78), we get

∞∑

j3=p+1

∞∑

j1=p+1

Cj3j3j1j1 =
∞∑

j3=p+1

∞∑

j1=0

Cj3j3j1j1 −
∞∑

j3=p+1

p
∑

j1=0

Cj3j3j1j1 =

(173) =
1

2

∞∑

j3=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j1j1)y(·)

−
∞∑

j3=p+1

p
∑

j1=0

Cj3j3j1j1 ,

where (see (36))

Cj3j3j1j1

∣
∣
∣
∣
(j1j1)y(·)

=

=

T∫

t

ψ4(t4)φj3 (t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)ψ1(t2)dt2dt3dt4.

From the estimate (103) for the polynomial and trigonometric cases we get

(174)

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j1j1)y(·)

∣
∣
∣
∣
∣
∣

≤ C

p
,

where constant C is independent of p.
Further, we have (see (168))





p
∑

j1=0

∞∑

j3=p+1

Cj3j3j1j1





2

≤ (p+ 1)

p
∑

j1=0





∞∑

j3=p+1

Cj3j3j1j1





2

=

= (p+ 1)

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2 ∣
∣
∣
∣
∣
j1=j2

≤

(175) ≤ (p+ 1)

p
∑

j1,j2=0





∞∑

j3=p+1

Cj3j3j2j1





2

≤ (p+ 1)K

p2−ε
≤ K1

p1−ε
,

where constant K1 does not depend on p.
Combining (173)–(175), we obtain





∞∑

j3=p+1

∞∑

j1=p+1

Cj3j3j1j1





2

≤ K2

p1−ε
→ 0

if p→ ∞, where constant K2 does not depend on p.
Let us prove (150)–(152). It is not difficult to see that the estimate (174) proves (150).
Using the integration order replacement, we have

∞∑

j1=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j3j3)y(·)

=
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=
∞∑

j1=p+1

T∫

t

ψ4(t4)ψ3(t4)

t4∫

t

ψ2(t2)φj1(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2dt4 =

(176) =
∞∑

j1=p+1

T∫

t



ψ2(t2)

T∫

t2

ψ4(t4)ψ3(t4)dt4



φj1 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2,

∞∑

j1=p+1

Cj1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

=

=

∞∑

j1=p+1

T∫

t

ψ4(t4)φj1(t4)

t4∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)φj1(t1)dt1dt3dt4 =

=

∞∑

j1=p+1

T∫

t

ψ4(t4)φj1(t4)

t4∫

t

ψ1(t1)φj1 (t1)

t4∫

t1

ψ3(t3)ψ2(t3)dt3dt1dt4 =

=

∞∑

j1=p+1

T∫

t

ψ4(t4)φj1 (t4)

t4∫

t

ψ1(t1)φj1 (t1)





t4∫

t

−
t1∫

t



ψ3(t3)ψ2(t3)dt3dt1dt4 =

(177) =

∞∑

j1=p+1

T∫

t



ψ4(t4)

t4∫

t

ψ3(t3)ψ2(t3)dt3



φj1 (t4)

t4∫

t

ψ1(t1)φj1 (t1)dt1dt4−

(178) −
∞∑

j1=p+1

T∫

t

ψ4(t4)φj1 (t4)

t4∫

t



ψ1(t1)

t1∫

t

ψ3(t3)ψ2(t3)dt3



φj1 (t1)dt1dt4.

Applying the estimate (103) (polynomial and trigonometric cases) to the right-hand sides of (176)–
(178), we get

(179)

∣
∣
∣
∣
∣
∣

∞∑

j3=p+1

Cj3j3j1j1

∣
∣
∣
∣
(j3j3)y(·)

∣
∣
∣
∣
∣
∣

≤ C

p
,

(180)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

Cj1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

∣
∣
∣
∣
∣
∣

≤ C

p
,

where constant C is independent of p. The estimates (179), (180) prove (151), (152).
The relations (141)–(152) are proved. Theorem 17 is proved.
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10. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 5. The
Case p1 = . . . = p5 → ∞ and Continuously Differentiable Weight Functions ψ1(τ),
. . . , ψ5(τ) (The Cases of Legendre Polynomials and Trigonometric Functions)

Theorem 18 [15], [47], [55], [62]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . ,
ψ5(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of fifth multiplicity

(181) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following expansion

J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

that converges in the mean-square sense is valid, where i1, . . . , i5 = 0, 1, . . . ,m,

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dt5

and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. Note that in this proof we write k instead of 5 when this is true for an arbitrary k (k ∈ N).
As follows from Sect. 7, Conditions 1 and 2 of Theorem 13 are satisfied for complete orthonormal
systems of Legendre polynomials and trigonometric functions in the space L2([t, T ]). Let us verify
Condition 3 of Theorem 13 for the iterated Stratonovich stochastic integral (181). Thus, we have to
check the following conditions

(182) lim
p→∞

p
∑

jq1 ,jq2 ,jq3=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2





2

= 0,

(183) lim
p→∞

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

= 0,

(184) lim
p→∞

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg1=jg2 ,jg3=jg4 ,g2=g1+1





2

= 0,
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where ({g1, g2}, {g3, g4}, {q1}) and ({g1, g2}, {q1, q2, q3}) are partitions of the set {1, 2, . . . , 5} that is
{g1, g2, g3, g4, q1} = {g1, g2, q1, q2, q3} = {1, 2, . . . , 5}; braces mean an unordered set, and parentheses
mean an ordered set.

Let us find a representation for Cjk...j1

∣
∣
jg1=jg2 , g2>g1+1

that will be convenient for further consid-

eration.
Using the integration order replacement in the Riemann integrals, we obtain

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl(tl)

tl∫

t

hl−1(tl−1) . . .

t2∫

t

h1(t1)dt1 . . .

. . . dtl−1dtldtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−2

hl−1(tl−1)

tl+1∫

tl−1

hl(tl)dtl×

×dtl−1 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−2

hl−1(tl−1)×

×dtl−1 . . . dt2dt1dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−2

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl



×

×dtl−1 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

hl−1(tl−1) . . .

. . .

t2∫

t

h1(t1)dt1 . . . dtl−1dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl





tl−1∫

t

hl−2(tl−2) . . .

(185) . . .

t2∫

t

h1(t1)dt1 . . . dtl−2dtl−1dtl+1 . . . dtk,

where 1 < l < k and h1(τ), . . . , hk(τ) are continuous functions on the interval [t, T ]. By analogy with
(185) we have for l = k
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T∫

t

hl(tl)

tl∫

t

hl−1(tl−1) . . .

t2∫

t

h1(t1)dt1 . . . dtl−1dtl =

=

T∫

t

h1(t1)

T∫

t1

h2(t2) . . .

T∫

tl−2

hl−1(tl−1)

T∫

tl−1

hl(tl)dtldtl−1 . . . dt2dt1 =

=





T∫

t

hl(tl)dtl





T∫

t

h1(t1)

T∫

t1

h2(t2) . . .

T∫

tl−2

hl−1(tl−1)dtl−1 . . . dt2dt1−

−
T∫

t

h1(t1)

T∫

t1

h2(t2) . . .

T∫

tl−2

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl



 dtl−1 . . . dt2dt1 =

=





T∫

t

hl(tl)dtl





T∫

t

hl−1(tl−1) . . .

t2∫

t

h1(t1)dt1 . . . dtl−1−

(186) −
T∫

t

hl−1(tl−1)





tl−1∫

t

hl(tl)dtl





tl−1∫

t

hl−2(tl−2) . . .

t2∫

t

h1(t1)dt1 . . . dtl−1.

The formulas (185), (186) will be used further.
Our further proof will not fundamentally depend on the weight functions ψ1(τ), . . . , ψk(τ). There-

fore, sometimes in subsequent consideration we assume for simplicity that ψ1(τ), . . . , ψk(τ) ≡ 1.
Let us continue the proof. Applying (185) to Cjk...jl+1jljl−1...js+1jljs−1...j1 (more precisely to hs(ts)

= ψs(ts)φjl (ts)), we obtain for l+ 1 ≤ k, s− 1 ≥ 1, l − 1 ≥ s+ 1

(187)

∞∑

jl=p+1

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

=

∞∑

jl=p+1

T∫

t

φjk(tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .

. . .

ts+2∫

t

φjs+1(ts+1)

ts+1∫

t

φjl(ts)

ts∫

t

φjs−1(ts−1) . . .

. . .

t2∫

t

φj1(t1)dt1 . . . dts−1dtsdts+1 . . . dtl−1dtldtl+1 . . . dtk =

=

∞∑

jl=p+1

T∫

t

φjk(tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .
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. . .

ts+2∫

t

φjs+1(ts+1)





ts+1∫

t

φjl(ts)dts





ts+1∫

t

φjs−1 (ts−1) . . .

. . .

t2∫

t

φj1(t1)dt1 . . . dts−1dts+1 . . . dtl−1dtldtl+1 . . . dtk−

−
∞∑

jl=p+1

T∫

t

φjk(tk) . . .

tl+2∫

t

φjl+1
(tl+1)

tl+1∫

t

φjl(tl)

tl∫

t

φjl−1
(tl−1) . . .

. . .

ts+2∫

t

φjs+1(ts+1)

ts+1∫

t

φjs−1(ts−1)





ts−1∫

t

φjl(ts)dts





ts−1∫

t

φjs−2(ts−2) . . .

. . .

t2∫

t

φj1 (t1)dt1 . . . dts−2dts−1dts+1 . . . dtl−1dtldtl+1 . . . dtk =

=

∞∑

jl=p+1

Ajk...jl+1jljl−1...js+1jljs−1...j1 −
∞∑

jl=p+1

Bjk...jl+1jljl−1...js+1jljs−1...j1 .

Now we apply the formula (185) to Ajk...jl+1jljl−1...js+1jljs−1...j1 , Bjk...jl+1jljl−1...js+1jljs−1...j1 (more
precisely to hl(tl) = ψl(tl)φjl (tl)). Then we have for l+ 1 ≤ k, s− 1 ≥ 1, l − 1 ≥ s+ 1

∞∑

jl=p+1

Cjk...jl+1jljl−1...js+1jljs−1...j1 =

=

∫

[t,T ]k−2

4∑

d=1

F (d)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk)×

×
k∏

g=1
g 6=l,s

ψg(tg)φjg (tg)dt1 . . . dts−1dts+1 . . . dtl−1dtl+1 . . . dtk =

(188) =
4∑

d=1

C
∗(d)
jk ...jl+1jl−1...js+1js−1...j1

=
4∑

d=1

C
∗(d)
jk...jq ...j1

∣
∣
∣
∣
q 6=l,s

,

where

F (1)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk) =

(189) = 1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

ts+1∫

t

ψs(τ)φjl (τ)dτ

tl+1∫

t

ψl(τ)φjl (τ)dτ,

F (2)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk) =
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(190) = 1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

ts−1∫

t

ψs(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ,

F (3)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk) =

(191) = −1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

ts−1∫

t

ψs(τ)φjl (τ)dτ

tl+1∫

t

ψl(τ)φjl (τ)dτ,

F (4)
p (t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tk) =

(192) = −1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

ts+1∫

t

ψs(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ.

By analogy with (188) we can consider the expressions

(193)

∞∑

jl=p+1

Cjljk−1...j2jl ,

(194)

∞∑

jl=p+1

Cjk...jl+1jljl−1...j2jl (l + 1 ≤ k),

(195)

∞∑

jl=p+1

Cjljk−1...js+1jljs−1...j1 (s− 1 ≥ 1).

Then we have for (193)–(195) (see (185), (186))

(196)

∞∑

jl=p+1

Cjljk−1...j2jl =

∫

[t,T ]k−2

2∑

d=1

G(d)
p (t2, . . . , tk−1)

k−1∏

g=2

ψg(tg)φjg (tg)dt2 . . . dtk−1,

∞∑

jl=p+1

Cjk...jl+1jljl−1...j2jl =

∫

[t,T ]k−2

2∑

d=1

E(d)
p (t2, . . . , tl−1, tl+1, . . . , tk)×

(197) ×
k∏

g=2
g 6=l

ψg(tg)φjg (tg)dt2 . . . dtl−1dtl+1 . . . dtk,

∞∑

jl=p+1

Cjljk−1...js+1jljs−1...j1 =

∫

[t,T ]k−2

4∑

d=1

D(d)
p (t1, . . . , ts−1, ts+1, . . . , tk−1)×
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(198) ×
k−1∏

g=1
g 6=s

ψg(tg)φjg (tg)dt1 . . . dts−1dts+1 . . . dtk−1,

where

G(1)
p (t2, . . . , tk−1) = 1{t2<...<tk−1}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

t2∫

t

ψ1(τ)φjl (τ)dτ,

G(2)
p (t2, . . . , tk−1) = −1{t2<...<tk−1}

∞∑

jl=p+1

tk−1∫

t

ψk(τ)φjl (τ)dτ

t2∫

t

ψ1(τ)φjl (τ)dτ,

E(1)
p (t2, . . . , tl−1, tl+1, . . . , tk) =

= 1{t2<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

tl+1∫

t

ψl(τ)φjl (τ)dτ

t2∫

t

ψ1(τ)φjl (τ)dτ,

E(2)
p (t2, . . . , tl−1, tl+1, . . . , tk) =

= −1{t2<...<tl−1<tl+1<...<tk}

∞∑

jl=p+1

tl−1∫

t

ψl(τ)φjl (τ)dτ

t2∫

t

ψ1(τ)φjl (τ)dτ,

D(1)
p (t1, . . . , ts−1, ts+1, . . . , tk−1) =

= 1{t1<...<ts−1<ts+1<...<tk−1}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

ts+1∫

t

ψs(τ)φjl (τ)dτ,

D(2)
p (t1, . . . , ts−1, ts+1, . . . , tk−1) =

= −1{t1<...<ts−1<ts+1<...<tk−1}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

ts−1∫

t

ψs(τ)φjl (τ)dτ,

D(3)
p (t1, . . . , ts−1, ts+1, . . . , tk−1) =

= −1{t1<...<ts−1<ts+1<...<tk−1}

∞∑

jl=p+1

tk−1∫

t

ψk(τ)φjl (τ)dτ

ts+1∫

t

ψs(τ)φjl (τ)dτ,

D(4)
p (t1, . . . , ts−1, ts+1, . . . , tk−1) =

= 1{t1<...<ts−1<ts+1<...<tk−1}

∞∑

jl=p+1

tk−1∫

t

ψk(τ)φjl (τ)dτ

ts−1∫

t

ψs(τ)φjl (τ)dτ.
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Now let us consider the value Cjk...j1

∣
∣
jg1=jg2 , g2=g1+1

. To do this, we will make the following

transformations

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl(tl)

tl∫

t

hl(tl−1)

tl−1∫

t

hl−2(tl−2) . . .

t2∫

t

h1(t1)dt1 . . .

. . . dtl−2dtl−1dtldtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−3

hl−2(tl−2)×

×





tl+1∫

t

−
tl−2∫

t



hl(tl−1)





tl+1∫

t

−
tl−1∫

t



 hl(tl)dtldtl−1dtl−2 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl

tl+1∫

t

hl(tl−1)dtl−1





tl+1∫

t

h1(t1)×

×
tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−3

hl−2(tl−2)dtl−2 . . . dt2dt1dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

. . .

tl+1∫

tl−3

hl−2(tl−2)





tl−2∫

t

hl(tl−1)dtl−1



 dtl−2 . . . dt2dt1dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl−1)

tl−1∫

t

hl(tl)dtldtl−1





tl+1∫

t

h1(t1)×

×
tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−3

hl−2(tl−2)dtl−2 . . . dt2dt1dtl+1 . . . dtk+

+

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

h1(t1)

tl+1∫

t1

h2(t2) . . .

tl+1∫

tl−3

hl−2(tl−2)×

×





tl−2∫

t

hl(tl−1)

tl−1∫

t

hl(tl)dtldtl−1



 dtl−2 . . . dt2dt1dtl+1 . . . dtk =

=

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl

tl+1∫

t

hl(tl−1)dtl−1





tl+1∫

t

hl−2(tl−2)×
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×
tl−2∫

t

hl−3(tl−3) . . .

t2∫

t

h1(t1)dt1 . . . dtl−3dtl−2dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl)dtl





tl+1∫

t

hl−2(tl−2)×

×





tl−2∫

t

hl(tl−1)dtl−1





tl−2∫

t

hl−3(tl−3) . . .

t2∫

t

h1(t1)dt1 . . . dtl−3dtl−2dtl+1 . . . dtk−

−
T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)





tl+1∫

t

hl(tl−1)

tl−1∫

t

hl(tl)dtldtl−1



×

×
tl+1∫

t

hl−2(tl−2)

tl−2∫

t

hl−3(tl−3) . . .

t2∫

t

h1(t1)dt1 . . . dtl−3dtl−2dtl+1 . . . dtk+

+

T∫

t

hk(tk) . . .

tl+2∫

t

hl+1(tl+1)

tl+1∫

t

hl−2(tl−2)





tl−2∫

t

hl(tl−1)

tl−1∫

t

hl(tl)dtldtl−1



×

(199) ×
tl−2∫

t

hl−3(tl−3) . . .

t2∫

t

h1(t1)dt1 . . . dtl−3dtl−2dtl+1 . . . dtk,

where l + 1 ≤ k, l− 2 ≥ 1, and h1(τ), . . . , hk(τ) are continuous functions on the interval [t, T ].
Applying (199) to Cjk...jl+1jljljl−2......j1 , we obtain for l + 1 ≤ k, l − 2 ≥ 1

∞∑

jl=p+1

Cjk...jl+1jljljl−2......j1 =

=

∫

[t,T ]k−2

4∑

d=1

H(d)
p (t1, . . . , tl−2, tl+1, . . . , tk)×

×
k∏

g=1
g 6=l−1,l

ψg(tg)φjg (tg)dt1 . . . dtl−2dtl+1 . . . dtk =

(200) =

4∑

d=1

C
∗∗(d)
jk...jl+1jl−2...j1

=

4∑

d=1

C
∗∗(d)
jk...jq ...j1

∣
∣
∣
∣
q 6=l−1,l

,

where

H(1)
p (t1, . . . , tl−2, tl+1, . . . , tk) =

(201) = 1{t1<...<tl−2<tl+1<...<tk}

∞∑

jl=p+1

tl+1∫

t

ψl(τ)φjl (τ)dτ

tl+1∫

t

ψl−1(τ)φjl (τ)dτ,
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H(2)
p (t1, . . . , tl−2, tl+1, . . . , tk) =

(202) = −1{t1<...<tl−2<tl+1<...<tk}

∞∑

jl=p+1

tl+1∫

t

ψl(τ)φjl (τ)dτ

tl−2∫

t

ψl−1(τ)φjl (τ)dτ,

H(3)
p (t1, . . . , tl−2, tl+1, . . . , tk) =

(203) = −1{t1<...<tl−2<tl+1<...<tk}

∞∑

jl=p+1

tl+1∫

t

ψl−1(τ)φjl (τ)

τ∫

t

ψl(θ)φjl (θ)dθdτ,

H(4)
p (t1, . . . , tl−2, tl+1, . . . , tk) =

(204) = 1{t1<...<tl−2<tl+1<...<tk}

∞∑

jl=p+1

tl−2∫

t

ψl−1(τ)φjl (τ)

τ∫

t

ψl(θ)φjl (θ)dθdτ.

By analogy with (200) we can consider the expressions

(205)

∞∑

jl=p+1

Cjk...jl+1jljl ,

(206)

∞∑

jl=p+1

Cjljljk−2...j1 .

Then we have for (205), (206) (see (199) and its analogue for tl+1 = T )

(207)

∞∑

jl=p+1

Cjk...jl+1jljl =

∫

[t,T ]k−2

Lp(t3, . . . , tk)

k∏

g=3

ψg(tg)φjg (tg)dt3 . . . dtk,

(208)
∞∑

jl=p+1

Cjljljk−2...j1 =

∫

[t,T ]k−2

4∑

d=1

M (d)
p (t1, . . . , tk−2)

k−2∏

g=1

ψg(tg)φjg (tg)dt1 . . . dtk−2,

where

Lp(t3, . . . , tk) = 1{t3<...<tk}

∞∑

jl=p+1

t3∫

t

ψ2(τ)φjl (τ)

τ∫

t

ψ1(θ)φjl (θ)dθdτ,

M (1)
p (t1, . . . , tk−2) =

= 1{t1<...<tk−2}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

T∫

t

ψk−1(τ)φjl (τ)dτ,
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M (2)
p (t1, . . . , tk−2) =

= −1{t1<...<tk−2}

∞∑

jl=p+1

T∫

t

ψk(τ)φjl (τ)dτ

tk−2∫

t

ψk−1(τ)φjl (τ)dτ,

M (3)
p (t1, . . . , tk−2) =

= −1{t1<...<tk−2}

∞∑

jl=p+1

T∫

t

ψk−1(τ)φjl (τ)

τ∫

t

ψk(θ)φjl (θ)dθdτ,

M (4)
p (t1, . . . , tk−2) =

= 1{t1<...<tk−2}

∞∑

jl=p+1

tk−2∫

t

ψk−1(τ)φjl (τ)

τ∫

t

ψk(θ)φjl (θ)dθdτ.

It is important to note that C
∗(d)
jk...jl+1jl−2...j1

, C
∗∗(d)
jk ...jl+1jl−2...j1

(d = 1, . . . , 4) are Fourier coefficients

(see (188), (200)), that is, we can use Parseval’s equality in the further proof.
Combining the equalities (188)–(192) (the case g2 > g1+1), using Parseval’s equality and applying

the estimates for integrals from basis functions that we used in the proof of Theorems 16, 17, we
obtain for (188)

p
∑

jq1 ,...,jqk−2
=0





∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,g2>g1+1





2

=

=

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2





∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,g2>g1+1





2

=

=

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2

(
4∑

d=1

C
∗(d)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2

)2

≤
∞∑

j1,...,jq,...,jk=0

q 6=g1,g2

(
4∑

d=1

C
∗(d)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2

)2

=

=

∞∑

j1,...,jq,...,jk=0

q 6=g1,g2






∫

[t,T ]k−2

4∑

d=1

F (d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2−1, tg2+1, . . . , tk)×

×
k∏

q=1
q 6=g1,g2

ψq(tq)φjq (tq)dt1 . . . dtg1−1dtg1+1 . . . dtg2−1dtg2+1 . . . dtk






2

=

=

∫

[t,T ]k−2






4∑

d=1

F (d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2−1, tg2+1, . . . , tk)

k∏

q=1
q 6=g1,g2

ψq(tq)






2

×

×dt1 . . . dtg1−1dtg1+1 . . . dtg2−1dtg2+1 . . . dtk ≤
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≤ 4

4∑

d=1

∫

[t,T ]k−2




F

(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2−1, tg2+1, . . . , tk)

k∏

q=1
q 6=g1,g2

ψq(tq)






2

×

×dt1 . . . dtg1−1dtg1+1 . . . dtg2−1dtg2+1 . . . dtk ≤

(209) ≤ K

p2−ε
→ 0

if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0
for the trigonometric case, constant K does not depend on p. The cases (193)–(195) are considered
analogously.

Absolutely similarly (see (209)) combining the equalities (200)–(204) (the case g2 = g1 + 1), using
Parseval’s equality and applying the estimates for integrals from basis functions that we used in the
proof of Theorems 16, 17, we get for (200)

p
∑

jq1 ,...,jqk−2
=0





∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,g2=g1+1





2

=

=

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2





∞∑

jg1=p+1

Cjk ...j1

∣
∣
∣
∣
jg1=jg2 ,g2=g1+1





2

=

=

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2

(
4∑

d=1

C
∗∗(d)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2

)2

≤
∞∑

j1,...,jq,...,jk=0

q 6=g1,g2

(
4∑

d=1

C
∗∗(d)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2

)2

=

=

∞∑

j1,...,jq ,...,jk=0
q 6=g1,g2






∫

[t,T ]k−2

4∑

d=1

H(d)
p (t1, . . . , tg1−1, tg1+2, . . . , tk)×

×
k∏

q=1
q 6=g1,g2

ψq(tq)φjq (tq)dt1 . . . dtg1−1dtg1+2 . . . dtk






2

=

=

∫

[t,T ]k−2






4∑

d=1

H(d)
p (t1, . . . , tg1−1, tg1+2, . . . , tk)

k∏

q=1
q 6=g1,g2

ψq(tq)






2

dt1 . . . dtg1−1dtg1+2 . . . . . . dtk ≤

≤ 4
4∑

d=1

∫

[t,T ]k−2




H

(d)
p (t1, . . . , tg1−1, tg1+2, . . . , tk)

k∏

q=1
q 6=g1,g2

ψq(tq)






2

dt1 . . . dtg1−1dtg1+2 . . . dtk ≤

(210) ≤ K

p2−ε
→ 0
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if p → ∞, where ε is an arbitrary small positive real number for the polynomial case and ε = 0
for the trigonometric case, constant K does not depend on p. The cases (205), (206) are considered
analogously.

From (209), (210) and their analogues for the cases (193)–(195), (205), (206) we obtain

(211)

p
∑

jq1 ,...,jqk−2
=0





∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2





2

≤ K

p2−ε
,

where constant K is independent of p. Thus the equality (182) is proved.
Let us prove the equality (183). Consider the following cases

1. g2 > g1 + 1, g4 = g3 + 1, 2. g2 = g1 + 1, g4 > g3 + 1,

3. g2 > g1 + 1, g4 > g3 + 1, 4. g2 = g1 + 1, g4 = g3 + 1.

The proof for Cases 1–3 will be similar. Consider, for example, Case 2. Using (77), we obtain

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

=

=

p
∑

jq1=0





∞∑

jg1=p+1

p
∑

jg3=0

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

=

(212) =

p
∑

jq1=0





p
∑

jg3=0

∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

≤

≤ (p+ 1)

p
∑

jq1=0

p
∑

jg3=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

=

= (p+ 1)

p
∑

jq1=0

p
∑

jg3 ,jg4=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,g4>g3+1,g2=g1+1





2 ∣
∣
∣
∣
∣
jg3=jg4

≤

(213) ≤ (p+ 1)

p
∑

jq1=0

p
∑

jg3 ,jg4=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,g4>g3+1,g2=g1+1





2

.

It is easy to see that the expression (213) (without the multiplier p + 1) is a particular case
(g4 > g3 + 1, g2 = g1 + 1) of the left-hand side of (211). Combining (211) and (213), we have

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4>g3+1,g2=g1+1





2

≤

(214) ≤ (p+ 1)K

p2−ε
≤ K1

p1−ε
→ 0
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if p→ ∞, where constant K1 does not depend on p.
Consider Case 4 (g2 = g1 + 1, g4 = g3 + 1). We have (see (78))

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

=

=

p
∑

jq1=0





∞∑

jg1=p+1





∞∑

jg3=0

−
p
∑

jg3=0



Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

=

=

p
∑

jq1=0




1

2

∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3 jg3 )y(·)

−
p
∑

jg3=0

∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

≤

(215) ≤ 1

2

p
∑

jq1=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3 jg3 )y(·)





2

+

(216) +2

p
∑

jq1=0





p
∑

jg3=0

∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

.

An expression similar to (216) was estimated (see (212)–(214)). Let us estimate (215). We have

p
∑

jq1=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3 jg3 )y(·)





2

=

= (T − t)

p
∑

jq1=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3 jg3 )y0





2

≤

(217) ≤ (T − t)

p
∑

jq1=0

p
∑

jg3=0





∞∑

jg1=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,(jg3jg3 )yjg3





2

,

where the notations are the same as in the proof of Theorem 13.
The expression (217) without the multiplier T − t is an expression of type (141)–(146) before

passing to the limit lim
p→∞

(the only difference is the replacement of one of the weight functions

ψ1(τ), . . . , ψ4(τ) in (141)–(146) by the product ψl+1(τ)ψl(τ) (l = 1, . . . , 4). Therefore, for Case 4
(g2 = g1 + 1, g4 = g3 + 1), we obtain the estimate

p
∑

jq1=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,g4=g3+1,g2=g1+1





2

≤

(218) ≤ K

p1−ε
,
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where constant K is independent of p.
The estimates (214), (218) prove (183). Let us prove (184). By analogy with (217) we have

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg1=jg2 ,jg3=jg4 ,g2=g1+1





2

=

=

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg1 jg1 )y(·),jg3=jg4 ,g2=g1+1





2

=

= (T − t)

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg1 jg1 )y0,jg3=jg4 ,g2=g1+1





2

≤

(219) ≤ (T − t)

p
∑

jq1=0

p
∑

jg1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg1 jg1 )yjg1 ,jg3=jg4 ,g2=g1+1





2

.

Thus, we obtain the estimate (see (217) and the proof of Theorem 17)

p
∑

jq1=0





∞∑

jg3=p+1

Cj5...j1

∣
∣
∣
∣
(jg2 jg1 )y(·),jg1=jg2 ,jg3=jg4 ,g2=g1+1





2

≤

(220) ≤ K

p2−ε
,

where ε is an arbitrary small positive real number for the polynomial case and ε = 0 for the trigono-
metric case, constant K does not depend on p.

The estimate (220) proves (184). Theorem 18 is proved.

11. Estimates for the Mean-Square Approximation Error of Expansions of Iterated
Stratonovich Stochastic Integrals of Multiplicity k in Theorems 13, 15

In this section, we estimate the mean-square approximation error for iterated Stratonovich sto-
chastic integrals of multiplicity k (k ∈ N) in Theorems 13, 15.

Theorem 19 [15], [47], [55], [62]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuously dif-

ferentiable nonrandom function at the interval [t, T ]. Furthermore, let {φj(x)}∞j=0 is a complete or-

thonormal system of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then
the following estimates

M









J∗[ψ(k)]
(i1...ik)
T,t −

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl





2






≤
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(221) ≤ K1







1

p
+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

M

{(

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

)2
}






,

M









J∗[ψ(k)]
(i1...ik)
s,t −

p
∑

j1,...,jk=0

Cjk...j1(s)
k∏

l=1

ζ
(il)
jl





2






≤

(222) ≤ K2(s)







1

p
+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

M

{(

R
(p)r,g1,g2,...,g2r−1,g2r
s,t

)2
}







hold, where s ∈ (t, T ] (s is fixed), i1, . . . , ik = 1, . . . ,m,

R
(p)r,g1,g2,...,g2r−1,g2r
s,t = R

(p)r,g1,g2,...,g2r−1,g2r
T,t

∣
∣
∣
∣
T=s

,

R
(p)r,g1,g2,...,g2r−1,g2r
T,t is defined by (90), J∗[ψ(k)]

(i1...ik)
T,t and J∗[ψ(k)]

(i1...ik)
s,t are iterated Stratonovich

stochastic integrals (43) and (101), Cjk...j1 and Cjk...j1(s) are Fourier coefficients (35) and (99),
constants K1, K2(s) are independent of p; another notations are the same as in Theorems 3, 13, 15.

Proof. As follows from Sect. 7 and 8, Conditions 1 and 2 of Theorems 13, 15 are satisfied under
the conditions of Theorem 19. Then from the proof of Theorem 13 it follows that the expression (95)
before passing to limit l.i.m.

p→∞
has the form

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

= J [ψ(k)]
(i1...ik)p
T,t +

+

[k/2]
∑

r=1

(

1

2r

∑

(sr,...,s1)∈Ak,r

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t +

(223) +
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

)

,

where J [ψ(k)]
(i1...ik)p
T,t is the approximation for the iterated Ito stochastic integral (2), which is obtained

using Theorem 4, i.e.

J [ψ(k)]
(i1...ik)p
T,t =

p
∑

j1,...,jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(224) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,
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I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t is the approximation obtained using (224) for the iterated Ito

stochastic integral J [ψ(k)]sr ,...,s1T,t (see (96)).

Using (223) and Theorem 5, we have

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

= J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t +

+

(

J [ψ(k)]
(i1...ik)p
T,t − J [ψ(k)]

(i1...ik)
T,t

)

+

+

[k/2]
∑

r=1

∑

(sr ,...,s1)∈Ak,r

1

2r

(

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t − I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t

)

+

+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

R
(p)r,g1,g2,...,g2r−1,g2r
T,t =

= J∗[ψ(k)]
(i1...ik)
T,t +

(

J [ψ(k)]
(i1...ik)p
T,t − J [ψ(k)]

(i1...ik)
T,t

)

+

+

[k/2]
∑

r=1

∑

(sr ,...,s1)∈Ak,r

1

2r

(

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t − I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t

)

+

(225) +

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

R
(p)r,g1,g2,...,g2r−1,g2r
T,t

w. p. 1, where we denote J [ψ(k)]sr ,...,s1T,t as I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t .

In [15] (Sect. 1.7.2, Remark 1.7) it is shown that under the conditions of Theorem 19 the following
estimate

(226) M

{(

J [ψ(k)]
(i1...ik)
T,t − J [ψ(k)]

(i1...ik)p
T,t

)2
}

≤ C

p
,

holds, where J [ψ(k)]
(i1...ik)
T,t is defined by (2), J [ψ(k)]

(i1...ik)p
T,t has the form (224), i1, . . . , ik = 0, 1, . . . ,m,

constant C depends only on k and T − t.
Applying (226), we obtain the following estimates

(227) M

{(

J [ψ(k)]
(i1...ik)p
T,t − J [ψ(k)]

(i1...ik)
T,t

)2
}

≤ C

p
,
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M







(

I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)p

T,t − I[ψ(k)]
(i1...is1−1is1+2...isr−1isr+2...ik)

T,t

)2





≤

(228) ≤ C

p
,

where constant C does not depend on p.
From (225)–(228) and the elementary inequality

(a1 + a2 + . . .+ an)
2 ≤ n

(
a21 + a22 + . . .+ a2n

)
, n ∈ N

we obtain (221).
The estimate (222) is obtained similarly to the estimate (221) using Theorems 1.11, 1.24 in [15],

Theorem 15 and the estimate [15] (Sect. 1.8.1, Remark 1.12)

M

{(

J [ψ(k)]
(i1...ik)
s,t − J [ψ(k)]

(i1...ik)p
s,t

)2
}

≤ C

p
,

where

J [ψ(k)]
(i1...ik)
s,t =

s∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)df
(i1)
t1 . . . df

(ik)
tk

,

J [ψ(k)]
(i1...ik)p
s,t =

p
∑

j1,...,jk=0

Cjk...j1(s)

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where s ∈ (t, T ] (s is fixed), Cjk...j1(s) is the Fourier coefficient (99), i1, . . . , ik = 0, 1, . . . ,m, constant
C depends only on k and s− t; another notations are the same as in Theorem 4, 15. Theorem 19 is
proved.

12. Rate of the Mean-Square Convergence of Expansions of Iterated Stratonovich
Stochastic Integrals of Multiplicities 3–5 in Theorems 16–18

In this section, we consider the rate of convergence of approximations of iterated Stratonovich
stochastic integrals in Theorems 16–18. It is easy to see that in Theorems 16–18 the second term in
parentheses on the right-hand side of (221) is estimated. Combining these results with Theorem 19,
we obtain the following theorems.

Theorem 20 [15], [47], [55], [62]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity
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J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3

the following estimate

M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

is fulfilled, where i1, i2, i3 = 1, . . . ,m, constant C is independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(s)df
(i)
s

are independent standard Gaussian random variables for various i or j.

Theorem 21 [15], [47], [55], [62]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 df

(i4)
t4

the following estimate

M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

holds, where i1, i2, i3, i4 = 1, . . . ,m, constant C does not depend on p, ε is an arbitrary small posi-

tive real number for the case of complete orthonormal system of Legendre polynomials in the space

L2([t, T ]) and ε = 0 for the case of complete orthonormal system of trigonometric functions in the

space L2([t, T ]),

Cj4j3j2j1 =

T∫

t

ψ4(t4)φj4 (t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1×

×dt2dt3dt4;

another notations are the same as in Theorem 20.
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Theorem 22 [15], [47], [55], [62]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity

J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)df
(i1)
t1 . . . df

(i5)
t5

the following estimate

M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

is valid, where i1, . . . , i5 = 1, . . . ,m, constant C is independent of p, ε is an arbitrary small positive real

number for the case of complete orthonormal system of Legendre polynomials in the space L2([t, T ])
and ε = 0 for the case of complete orthonormal system of trigonometric functions in the space

L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorem 20, 21.

13. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicity 6. The
Case p1 = . . . = p6 → ∞ and ψ1(τ), . . . , ψ6(τ) ≡ 1 (The Cases of Legendre

Polynomials and Trigonometric Functions)

Theorem 23 [15], [47], [55], [63]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(229) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6 (t6) . . .

t2∫

t

φj1(t1)dt1 . . . dt6
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and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof.As noted in Sect. 7, Conditions 1 and 2 of Theorem 13 are satisfied for complete orthonormal
systems of Legendre polynomials and trigonometric functions in the space L2([t, T ]). Let us verify
Condition 3 of Theorem 13 for the iterated Stratonovich stochastic integral (229). Thus, we have to
check the following conditions

(230) lim
p→∞

p
∑

jq1 ,jq2 ,jq3 ,jq4=0





∞∑

jg1=p+1

Cj6...j1

∣
∣
∣
∣
jg1=jg2





2

= 0,

(231) lim
p→∞

p
∑

jq1 ,jq2=0





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj6...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4





2

= 0,

(232) lim
p→∞

p
∑

jq1 ,jq2=0





∞∑

jg1=p+1

Cj6...j1

∣
∣
∣
∣
(jg4 jg3 )y(·),jg1=jg2 ,jg3=jg4 ,g4=g3+1





2

= 0,

(233) lim
p→∞





∞∑

jg1=p+1

∞∑

jg3=p+1

∞∑

jg5=p+1

Cj6...j1

∣
∣
∣
∣
jg1=jg2 ,jg3=jg4 ,jg5=jg6





2

= 0,

(234) lim
p→∞





∞∑

jg1=p+1

∞∑

jg3=p+1

Cj6...j1

∣
∣
∣
∣
(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6 ,g6=g5+1





2

= 0,

(235) lim
p→∞





∞∑

jg1=p+1

Cj6...j1

∣
∣
∣
∣
(jg4 jg3 )y(·)(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6 ,g4=g3+1,g6=g5+1





2

= 0,

where the expressions

({g1, g2}, {g3, g4}, {g5, g6}}) , ({g1, g2}, {g3, g4}, {q1, q2}}) , ({g1, g2}, {q1, q2, q3, q4})

are partitions of the set {1, 2, . . . , 6} that is {g1, g2, g3, g4, g5, g6} = {g1, g2, g3, g4, q1, q2} = {g1, g2, q1,
q2, q3, q4} = {1, 2, . . . , 6}; braces mean an unordered set, and parentheses mean an ordered set.

The equalities (230), (232) were proved earlier (see the proof of equalities (211), (217)). The rela-
tion (235) follows from the estimate (103) for the polynomial case and its analogue for the trigono-
metric case. It is easy to see that the equalities (231) and (234) are proved in complete analogy with
the proof of (183), (217).
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Thus, we have to prove the relation (233). The equality (233) is equivalent to the following
equalities

(236) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j1j3j2j1 = 0,

(237) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj1j3j2j3j2j1 = 0,

(238) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j3j1j2j1 = 0,

(239) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj1j2j3j3j2j1 = 0,

(240) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj1j2j2j3j3j1 = 0,

(241) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 = 0,

(242) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j2j1j1 = 0,

(243) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j3j2j1j1 = 0,

(244) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j1j2j1 = 0,

(245) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j1j2j2j1 = 0,

(246) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j1j3j3j2j1 = 0,

(247) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j2j3j2j1 = 0,

(248) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j1j3j2j1 = 0,

(249) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j3j2j2j1 = 0,
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(250) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j1j2j1 = 0.

Consider in detail the case of Legendre polynomials (the case of trigonometric functions is consid-
ered in complete analogy).

First, we prove the following equality for the Fourier coefficients for the case ψ1(τ), . . . , ψ6(τ) ≡ 1

Cj6j5j4j3j2j1 + Cj1j2j3j4j5j6 = Cj6Cj5j4j3j2j1 − Cj5j6Cj4j3j2j1+

(251) +Cj4j5j6Cj3j2j1 − Cj3j4j5j6Cj2j1 + Cj2j3j4j5j6Cj1 .

Using the integration order replacement, we have

Cj6j5j4j3j2j1 =

=

T∫

t

φj6 (t6)

t6∫

t

φj5 (t5) . . .

t2∫

t

φj1(t1)dt1 . . . dt5dt6 =

=

T∫

t

φj6(t6)

T∫

t

φj5(t5)

t5∫

t

φj4(t4) . . .

t2∫

t

φj1 (t1)dt1 . . . dt4dt5dt6−

−
T∫

t

φj6 (t6)

T∫

t6

φj5 (t5)

t5∫

t

φj4 (t4) . . .

t2∫

t

φj1 (t1)dt1 . . . dt4dt5dt6 =

= Cj6Cj5j4j3j2j1−

−
T∫

t

φj6(t6)

T∫

t6

φj5(t5)

T∫

t

φj4(t4)

t4∫

t

φj3(t3) . . .

t2∫

t

φj1 (t1)dt1 . . . dt3dt4dt5dt6+

+

T∫

t

φj6 (t6)

T∫

t6

φj5 (t5)

T∫

t5

φj4 (t4)

t4∫

t

φj3 (t3) . . .

t2∫

t

φj1(t1)dt1 . . . dt3dt4dt5dt6 =

= Cj6Cj5j4j3j2j1−

−
T∫

t

φj6(t6)

T∫

t6

φj5(t5)dt5dt6 Cj4j3j2j1+

+

T∫

t

φj6 (t6)

T∫

t6

φj5 (t5)

T∫

t5

φj4 (t4)

t4∫

t

φj3 (t3) . . .

t2∫

t

φj1(t1)dt1 . . . dt3dt4dt5dt6 =

1032



94 D.F. KUZNETSOV

= Cj6Cj5j4j3j2j1 − Cj5j6Cj4j3j2j1+

+

T∫

t

φj6 (t6)

T∫

t6

φj5 (t5)

T∫

t5

φj4 (t4)

t4∫

t

φj3 (t3) . . .

t2∫

t

φj1(t1)dt1 . . . dt3dt4dt5dt6 =

. . .

= Cj6Cj5j4j3j2j1 − Cj5j6Cj4j3j2j1 + Cj4j5j6Cj3j2j1 − Cj3j4j5j6Cj2j1 + Cj2j3j4j5j6Cj1−

−
T∫

t

φj6(t6)

T∫

t6

φj5(t5) . . .

T∫

t2

φj1 (t1)dt1 . . . dt5dt6 =

= Cj6Cj5j4j3j2j1 − Cj5j6Cj4j3j2j1 + Cj4j5j6Cj3j2j1−

(252) −Cj3j4j5j6Cj2j1 + Cj2j3j4j5j6Cj1 − Cj1j2j3j4j5j6 .

The equality (252) completes the proof of the relation (251).
Let us consider (236). From (71) we obtain

(253)

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j1j3j2j1 = −
p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j1j3j2j1 .

Applying (251), we get

p
∑

j1,j2,j3=0

Cj3j2j1j3j2j1 +

p
∑

j1,j2,j3=0

Cj1j2j3j1j2j3 = 2

p
∑

j1,j2,j3=0

Cj3j2j1j3j2j1 =

=

p
∑

j1,j2,j3=0

(

Cj3Cj2j1j3j2j1 − Cj2j3Cj1j3j2j1 + Cj1j2j3Cj3j2j1−

(254) −Cj3j1j2j3Cj2j1 + Cj2j3j1j2j3Cj1

)

.

The complete orthonormal system of Legendre polynomials in the space L2([t, T ]) looks as follows

(255) φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

, j = 0, 1, 2, . . . ,

where

Pj(x) =
1

2jj!

dj

dxj
(
x2 − 1

)j

is the Legendre polynomial.
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Note that

Cj2j1 =

T∫

t

φj2(τ)

τ∫

t

φj1 (θ)dθdτ =

(256) =
T − t

2







1/
√

(2j1 + 1)(2j1 + 3) if j2 = j1 + 1, j1 = 0, 1, 2, . . .

−1/
√

4j21 − 1 if j2 = j1 − 1, j1 = 1, 2, . . .

1 if j1 = j2 = 0

0 otherwise

,

(257) Cj1 =

T∫

t

φj1 (τ)dτ =







√
T − t if j1 = 0

0 if j1 6= 0
.

Moreover, the generalized Parseval equality gives

lim
p→∞

p
∑

j1,j2,j3=0

Cj1j2j3Cj3j2j1 =

= lim
p→∞

p
∑

j1,j2,j3=0

T∫

t

φj1 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj3 (t1)dt1dt2dt3×

×
T∫

t

φj3 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3 =

= lim
p→∞

p
∑

j1,j2,j3=0

T∫

t

φj3 (t3)

T∫

t3

φj2 (t2)

T∫

t2

φj1 (t1)dt1dt2dt3×

×
T∫

t

φj3 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3 =

= lim
p→∞

p
∑

j1,j2,j3=0

∫

[t,T ]3

1{t3<t2<t1}

3∏

l=1

φjl(tl)dt1dt2dt3×

×
∫

[t,T ]3

1{t1<t2<t3}

3∏

l=1

φjl(tl)dt1dt2dt3 =

(258) =

∫

[t,T ]3

1{t3<t2<t1}1{t1<t2<t3}dt1dt2dt3 = 0.
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Using the above arguments and also (71), (253), and (254), we get

− lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j1j3j2j1 = lim
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1j3j2j1 =

=
1

2
lim
p→∞

p
∑

j1,j2,j3=0

(

Cj3Cj2j1j3j2j1 − Cj2j3Cj1j3j2j1−

−Cj3j1j2j3Cj2j1 + Cj2j3j1j2j3Cj1

)

=

= lim
p→∞

p
∑

j1,j2,j3=0

(

Cj3Cj2j1j3j2j1 − Cj3j1j2j3Cj2j1

)

=

=
√
T − t lim

p→∞

p
∑

j1,j2=0

Cj2j10j2j1 − lim
p→∞

p
∑

j1,j2,j3=0

Cj3j1j2j3Cj2j1 =

(259) =
√
T − t lim

p→∞

p
∑

j1,j2=0

Cj2j10j2j1 + lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j1j2j3Cj2j1 .

By analogy with the proof of (147) (see the proof of Theorem 17) we obtain

(260) lim
p→∞

p
∑

j1,j2=0

Cj2j10j2j1 = lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

Cj2j10j2j1 = 0,

where we used the following representation

Cj2j10j2j1 =

=
1√
T − t

T∫

t

φj2 (t5)

t5∫

t

φj1 (t4)

t4∫

t

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3dt4dt5 =

=
1√
T − t

T∫

t

φj2 (t5)

t5∫

t

φj1 (t4)

t4∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1

t4∫

t2

dt3dt2dt4dt5 =

=
1√
T − t

T∫

t

φj2(t5)

t5∫

t

φj1(t4)(t4 − t)

t4∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt4dt5+

+
1√
T − t

T∫

t

φj2(t5)

t5∫

t

φj1(t4)

t4∫

t

φj2(t2)(t− t2)

t2∫

t

φj1 (t1)dt1dt2dt4dt5
def
=

def
= C̄j2j1j2j1 + C̃j2j1j2j1 .
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Further, we have (see (256))

lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j1j2j3Cj2j1 = lim
p→∞

∞∑

j3=p+1

(

C00Cj300j3+

(261) +

p
∑

j1=1

Cj1−1,j1Cj3j1,j1−1,j3 +

p−1
∑

j1=1

Cj1+1,j1Cj3j1,j1+1,j3 + C1,0Cj301j3

)

.

Observe that

(262) |Cj1−1,j1 |+ |Cj1+1,j1 | ≤
K

j1
(j1 = 1, . . . , p),

(263) |Cj300j3 |+ |Cj3j1,j1−1,j3 |+ |Cj3j1,j1+1,j3 |+ |Cj301j3 | ≤
K1

j23
(j3 ≥ p+ 1),

where constants K,K1 do not depend on j1, j3.
The estimate (262) follow from (256). At the same time, the estimate (263) can be obtained using

the following reasoning. First note that the integration order replacement gives

Cj3j1j2j3 =

T∫

t

φj3(t4)

t4∫

t

φj1(t3)

t3∫

t

φj2(t2)

t2∫

t

φj3(t1)dt1dt2dt3dt4 =

(264) =

T∫

t

φj1(t3)

t3∫

t

φj2(t2)





t2∫

t

φj3 (t1)dt1



 dt2





T∫

t3

φj3 (t4)dt4



 dt3.

Consider the well-known estimate for Legendre polynomials

(265) |Pj(y)| <
K√

j + 1(1− y2)1/4
, y ∈ (−1, 1), j ∈ N,

where constant K does not depend on y and j.
The estimate (265) can be rewritten for the function φj(x) (see (255)) in the following form

(266) |φj(x)| <
√

2j + 1

j + 1

K√
T − t

1

(1− z2(x))
1/4

<
K1√
T − t

1

(1− z2(x))
1/4

,

where K1 = K
√
2, x ∈ (t, T ), j ∈ N,

z(x) =

(

x− T + t

2

)
2

T − t
.

Note analogues of the estimates (109), (110)
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(267)

∣
∣
∣
∣
∣
∣

x∫

t

φj1(s)ds

∣
∣
∣
∣
∣
∣

<
C

j1(1− (z(x))2)1/4
,

∣
∣
∣
∣
∣
∣

T∫

x

φj1 (s)ds

∣
∣
∣
∣
∣
∣

<
C

j1(1− (z(x))2)1/4
, x ∈ (t, T ),

where j1 > 0, constant C does not depend on j1.
Applying the estimates (266) and (267) to (264) gives the estimate (263). Using (261), (262), and

(263), we obtain

∣
∣
∣
∣
∣
∣

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j1j2j3Cj2j1

∣
∣
∣
∣
∣
∣

≤ K

∞∑

j3=p+1

1

j23



1 +

p
∑

j1=1

1

j1



 ≤

(268) ≤ K

∞∫

p

dx

x2



2 +

p∫

1

dx

x



 =
K(2 + lnp)

p
→ 0

if p→ ∞, where constant K is independent of p. Thus, the equality (236) is proved (see (259), (260),
(268)).

The relation (237) is proved in complete analogy with the proof of equality (236). For (237) we
have (see (251))

lim
p→∞





p
∑

j1,j2,j3=0

Cj1j3j2j3j2j1 +

p
∑

j1,j2,j3=0

Cj1j2j3j2j3j1



 = 2 lim
p→∞

p
∑

j1,j2,j3=0

Cj1j3j2j3j2j1 =

= lim
p→∞

p
∑

j1,j2,j3=0

(

Cj1Cj3j2j3j2j1 − Cj3j1Cj2j3j2j1 + Cj2j3j1Cj3j2j1−

−Cj3j2j3j1Cj2j1 + Cj2j3j2j3j1Cj1

)

=

= 2 lim
p→∞




√
T − t

p
∑

j2,j3=0

Cj3j2j3j20 −
p
∑

j1,j2,j3=0

Cj2j1Cj3j2j3j1



 =

= −2 lim
p→∞

p
∑

j1,j2,j3=0

Cj2j1Cj3j2j3j1 .

To estimate the Fourier coefficient Cj3j2j3j1 , we use the following (see the proof of (236) for more
details)

Cj3j2j3j1 =

T∫

t

φj3(t4)

t4∫

t

φj2(t3)

t3∫

t

φj3(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=

T∫

t

φj3(t4)

t4∫

t

φj2(t3)

t3∫

t

φj1(t1)

t3∫

t1

φj3(t2)dt2dt1dt3dt4 =
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=

T∫

t

φj3(t4)

t4∫

t

φj2(t3)





t3∫

t

φj3 (t2)dt2





t3∫

t

φj1 (t1)dt1dt3dt4−

−
T∫

t

φj3(t4)

t4∫

t

φj2(t3)

t3∫

t

φj1 (t1)





t1∫

t

φj3 (t2)dt2



 dt1dt3dt4 =

=

T∫

t

φj2 (t3)





t3∫

t

φj3(t2)dt2





t3∫

t

φj1(t1)dt1





T∫

t3

φj3(t4)dt4



 dt3−

−
T∫

t

φj2 (t3)

t3∫

t

φj1 (t1)





t1∫

t

φj3(t2)dt2



 dt1





T∫

t3

φj3(t4)dt4



 dt3.

Let us prove (238). From (71) we obtain

(269)

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j3j1j2j1 = −
p
∑

j1=0

p
∑

j2=0

p
∑

j3=0

Cj3j2j3j1j2j1 .

Applying (251) and (269), we get (we replaced j3 by j4)

p
∑

j1,j2,j4=0

Cj4j2j4j1j2j1 +

p
∑

j1,j2,j4=0

Cj1j2j1j4j2j4 = 2

p
∑

j1,j2,j4=0

Cj4j2j4j1j2j1 =

=

p
∑

j1,j2,j4=0

(

Cj4Cj2j4j1j2j1 − Cj2j4Cj4j1j2j1 + Cj4j2j4Cj1j2j1−

−Cj1j4j2j4Cj2j1 + Cj2j1j4j2j4Cj1

)

=

= 2

p
∑

j1,j2,j4=0

(

Cj2j1j4j2j4Cj1 − Cj1j4j2j4Cj2j1

)

+

(270) +

p
∑

j1,j2,j4=0

Cj4j2j4Cj1j2j1 .

Further, we have (see (71))

lim
p→∞

p
∑

j1,j2,j4=0

Cj4j2j4Cj1j2j1 = lim
p→∞

p
∑

j2=0





p
∑

j1=0

Cj1j2j1





2

=
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(271) = lim
p→∞

p
∑

j2=0





∞∑

j1=p+1

Cj1j2j1





2

= 0,

where we applied the equality (120).
Furthermore, by analogy with the proof of (236), we have

(272) lim
p→∞

p
∑

j1,j2,j4=0

(

Cj2j1j4j2j4Cj1 − Cj1j4j2j4Cj2j1

)

= 0.

To estimate the Fourier coefficient Cj1j4j2j4 in (272), we use the following (see the proof of (236)
for more details)

Cj1j4j2j4 =

T∫

t

φj1 (t4)

t4∫

t

φj4 (t3)

t3∫

t

φj2 (t2)





t2∫

t

φj4(t1)dt1



 dt2dt3dt4 =

=

T∫

t

φj1 (t4)

t4∫

t

φj2 (t2)





t2∫

t

φj4(t1)dt1





t4∫

t2

φj4(t3)dt3dt2dt4 =

=

T∫

t

φj1 (t4)





t4∫

t

φj4(t3)dt3





t4∫

t

φj2(t2)





t2∫

t

φj4 (t1)dt1



 dt2dt4−

−
T∫

t

φj1 (t4)

t4∫

t

φj2 (t2)





t2∫

t

φj4(t3)dt3









t2∫

t

φj4 (t1)dt1



 dt2dt4.

The relations (269)–(272) complete the proof of equality (238).
Let us prove (239). Using (71), we get

(273)

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj1j2j3j3j2j1 =

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

Cj1j2j3j3j2j1 .

Applying (251) and (273), we obtain

2

p
∑

j1,j2=0

∞∑

j3=p+1

Cj1j2j3j3j2j1 =

=

p
∑

j1,j2=0

∞∑

j3=p+1

(

Cj1Cj2j3j3j2j1 − Cj2j1Cj3j3j2j1 + (Cj3j2j1)
2 −

−Cj3j3j2j1Cj2j1 + Cj2j3j3j2j1Cj1

)

=
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= 2

p
∑

j1,j2=0

∞∑

j3=p+1

(

Cj1Cj2j3j3j2j1 − Cj2j1Cj3j3j2j1

)

+

(274) +

p
∑

j1,j2=0

∞∑

j3=p+1

(Cj3j2j1)
2 .

In [15] (Sect. 1.7.2) the following estimate

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1

≤

(275) ≤ Lk

∞∑

js=p+1

1

j2s
≤ Lk

∞∫

p

dx

x2
=
Lk

p

is proved for the polynomial and trigonometric cases, where s = 1, . . . , k, constant Lk depends on k
and T − t.

Using the estimate (275), we get

(276) lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

(Cj3j2j1)
2
= 0.

By analogy with the proof of (236), we have

(277) lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

(

Cj1Cj2j3j3j2j1 − Cj2j1Cj3j3j2j1

)

= 0,

where we applied the equality (148). To estimate the Fourier coefficient Cj3j3j2j1 in (277), we used
the following (see the proof of (236) for more details)

Cj3j3j2j1 =

T∫

t

φj3(t4)

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=

T∫

t

φj1(t1)

T∫

t1

φj2(t2)

T∫

t2

φj3(t3)

T∫

t3

φj3(t4)dt4dt3dt2dt1 =

(278) =
1

2

T∫

t

φj1(t1)

T∫

t1

φj2(t2)





T∫

t2

φj3 (t3)dt3





2

dt2dt1.

Combining the equalities (273)–(277), we obtain (239).
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Let us prove (240) (we replace j2 by j4 and j3 by j2 in (240)). As noted in Sect. 7, the sequential
order of the series

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j4=p+1

is not important. This follows directly from the formulas (78) and (71).
Applying the mentioned property and (71), we get

(279)

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j4=p+1

Cj1j4j4j2j2j1 = −
p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

Cj1j4j4j2j2j1 .

Observe that (see the above reasoning)

(280)

∞∑

j2=p+1

∞∑

j4=p+1

Cj1j4j4j2j2j1 =

∞∑

j4=p+1

∞∑

j2=p+1

Cj1j4j4j2j2j1 .

Using (251) and (280), we obtain

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

(

Cj1j4j4j2j2j1 + Cj1j2j2j4j4j1

)

= 2

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

Cj1j4j4j2j2j1 =

=

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

(

Cj1Cj4j4j2j2j1 − Cj4j1Cj4j2j2j1 + Cj4j4j1Cj2j2j1−

−Cj2j4j4j1Cj2j1 + Cj2j2j4j4j1Cj1

)

=

=

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

(

Cj1Cj4j4j2j2j1 − Cj4j1Cj4j2j2j1 − Cj2j4j4j1Cj2j1 + Cj2j2j4j4j1Cj1

)

+

(281) +

p
∑

j1=0





∞∑

j2=p+1

Cj2j2j1





2

.

The equality

(282) lim
p→∞

p
∑

j1=0





∞∑

j2=p+1

Cj2j2j1





2

= 0

follows from the relation (119).
By analogy with the proof of equality (236) we obtain

lim
p→∞

p
∑

j1=0

∞∑

j2=p+1

∞∑

j4=p+1

(

Cj1Cj4j4j2j2j1 − Cj4j1Cj4j2j2j1−
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(283) −Cj2j4j4j1Cj2j1 + Cj2j2j4j4j1Cj1

)

= 0,

where we applied the equality (149). To estimate the Fourier coefficient Cj2j4j4j1 in (283), we used
the following (see the proof of (236) for more details)

Cj2j4j4j1 =

T∫

t

φj2(t4)

t4∫

t

φj4(t3)

t3∫

t

φj4(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=

T∫

t

φj2(t4)

t4∫

t

φj1(t1)

t4∫

t1

φj4(t2)

t4∫

t2

φj4(t3)dt3dt2dt1dt4 =

=
1

2

T∫

t

φj2 (t4)

t4∫

t

φj1 (t1)





t4∫

t1

φj4(t2)dt2





2

dt1dt4 =

=
1

2

T∫

t

φj2(t4)





t4∫

t

φj4 (t2)dt2





2 t4∫

t

φj1(t1)dt1dt4+

+
1

2

T∫

t

φj2 (t4)

t4∫

t

φj1 (t1)





t1∫

t

φj4(t2)dt2





2

dt1dt4−

−
T∫

t

φj2 (t4)





t4∫

t

φj4(t2)dt2





t4∫

t

φj1(t1)





t1∫

t

φj4 (t2)dt2



 dt1dt4.

The relation (240) follows from (279), (281)–(283).
Consider (241). Using the integration order replacement, we obtain

Cj3j3j2j2j1j1 =

=
1

2

T∫

t

φj3(t6)

t6∫

t

φj3(t5)

t5∫

t

φj2(t4)

t4∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2

dt3dt4dt5dt6 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj2(t4)

T∫

t4

φj3(t5)

T∫

t5

φj3(t6)dt6dt5dt4dt3 =

(284) =
1

4

T∫

t

φj2 (t3)





t3∫

t

φj1(t1)dt1





2 T∫

t3

φj2 (t4)





T∫

t4

φj3(t5)dt5





2

dt4dt3.

Applying the estimates (267) to (284) gives the following estimate
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(285) |Cj3j3j2j2j1j1 | ≤
K

j21j
2
3

(j1, j3 > 0, j2 ≥ 0),

where constant K does not depend on j1, j2, j3.
Further, we get (see (78))

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 =
∞∑

j1=p+1

∞∑

j3=p+1

∞∑

j2=p+1

Cj3j3j2j2j1j1 =

(286) =
1

2

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1

∣
∣
∣
∣
(j2j2)y(·)

−
p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 ,

where

Cj3j3j2j2j1j1

∣
∣
∣
∣
(j2j2)y(·)

=

=

T∫

t

φj3 (t6)

t6∫

t

φj3 (t5)

t5∫

t

t4∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt4dt5dt6 =

=

T∫

t

φj3 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj1 (t2)

t2∫

t

φj1 (t1)dt1

t5∫

t2

dt4dt2dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj3(t5)(t5 − t)

t5∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt5dt6+

+

T∫

t

φj3(t6)

t6∫

t

φj3 (t5)

t5∫

t

φj1 (t2)(t− t2)

t2∫

t

φj1(t1)dt1dt2dt5dt6
def
=

(287)
def
= C′

j3j3j1j1 + C′′
j3j3j1j1 .

Let us substitute (287) into (286)

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 =
1

2

∞∑

j1=p+1

∞∑

j3=p+1

C′
j3j3j1j1+

(288) +
1

2

∞∑

j1=p+1

∞∑

j3=p+1

C′′
j3j3j1j1 −

p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1 .

The relation (149) implies that
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(289) lim
p→∞

∞∑

j1=p+1

∞∑

j3=p+1

C′
j3j3j1j1 = 0, lim

p→∞

∞∑

j1=p+1

∞∑

j3=p+1

C′′
j3j3j1j1 = 0.

From the estimate (285) we get

∣
∣
∣
∣
∣
∣

p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j2j1j1

∣
∣
∣
∣
∣
∣

≤ K(p+ 1)

∞∑

j1=p+1

1

j21

∞∑

j3=p+1

1

j23
≤

(290) ≤ K(p+ 1)





∞∫

p

dx

x2





2

≤ K(p+ 1)

p2
→ 0

if p→ ∞, where constant K is independent of p.
The relations (288)–(290) complete the proof of (241).
Let us prove (242). Using the integration order replacement, we get

Cj2j3j3j2j1j1 =

=
1

2

T∫

t

φj2(t6)

t6∫

t

φj3(t5)

t5∫

t

φj3(t4)

t4∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2

dt3dt4dt5dt6 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj3(t4)

T∫

t4

φj3(t5)

T∫

t5

φj2(t6)dt6dt5dt4dt3 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj3(t5)

T∫

t5

φj2(t6)dt6

t5∫

t3

φj3 (t4)dt4dt5dt3 =

=
1

2

T∫

t

φj2 (t3)





t3∫

t

φj1(t1)dt1





2 T∫

t3

φj3 (t5)





T∫

t5

φj2(t6)dt6









t5∫

t

φj3 (t4)dt4



 dt5dt3−

(291) −1

2

T∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2



t3∫

t

φj3(t4)dt4





T∫

t3

φj3(t5)





T∫

t5

φj2 (t6)dt6



 dt5dt3.

Applying (71) and (78), we obtain

−
∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j2j1j1 = −
∞∑

j1=p+1

∞∑

j3=p+1

∞∑

j2=p+1

Cj2j3j3j2j1j1 =
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=

p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj2j3j3j2j1j1 =

=
1

2

p
∑

j2=0

∞∑

j1=p+1

Cj2j3j3j2j1j1

∣
∣
∣
∣
(j3j3)y(·)

−
p
∑

j2=0

p
∑

j3=0

∞∑

j1=p+1

Cj2j3j3j2j1j1 =

=
1

2

p
∑

j2=0

∞∑

j1=p+1

Cj2j3j3j2j1j1

∣
∣
∣
∣
(j3j3)y(·)

−
∞∑

j1=p+1

C0000j1j1−

−
p
∑

j3=1

∞∑

j1=p+1

C0j3j30j1j1 −
p
∑

j2=1

∞∑

j1=p+1

Cj200j2j1j1−

(292) −
p
∑

j2=1

p
∑

j3=1

∞∑

j1=p+1

Cj2j3j3j2j1j1 .

The equality

(293) lim
p→∞

1

2

p
∑

j2=0

∞∑

j1=p+1

Cj2j3j3j2j1j1

∣
∣
∣
∣
(j3j3)y(·)

= 0

follows from the inequality similar to (175) (see the proof of Theorem 17), where we used the following
representation

Cj2j3j3j2j1j1

∣
∣
∣
∣
(j3j3)y(·)

=

=

T∫

t

φj2 (t6)

t6∫

t

t4∫

t

φj2(t3)

t3∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4dt6 =

=

T∫

t

φj2 (t6)

t6∫

t

φj2 (t3)

t3∫

t

φj1 (t2)

t2∫

t

φj1 (t1)dt1dt2

t6∫

t3

dt4dt3dt6 =

+

T∫

t

φj2(t6)(t6 − t)

t6∫

t

φj2 (t3)

t3∫

t

φj1 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3dt6+

+

T∫

t

φj2(t6)

t6∫

t

φj2 (t3)(t− t3)

t3∫

t

φj1(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt6
def
=

(294)
def
= C∗

j2j2j1j1 + C∗∗
j2j2j1j1 .

Applying the estimates (267) and (135) (ε = 1/2) to (291) gives the following estimates
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(295) |Cj2j3j3j2j1j1 | ≤
K

j21j2j
3/4
3

(j1, j2, j3 > 0),

(296) |Cj200j2j1j1 | ≤
K

j21j2
(j1, j2 > 0),

(297) |C0j3j30j1j1 | ≤
K

j21j3
(j1, j3 > 0),

(298) |C0000j1j1 | ≤
K

j21
(j1 > 0).

Using the estimate (295), we have

∣
∣
∣
∣
∣
∣

p
∑

j2=1

p
∑

j3=1

∞∑

j1=p+1

Cj2j3j3j2j1j1

∣
∣
∣
∣
∣
∣

≤ K

∞∑

j1=p+1

1

j21

p
∑

j2=1

1

j2

p
∑

j3=1

1

j
3/4
3

≤

(299) ≤ K

∞∫

p

dx

x2



1 +

p∫

1

dx

x







1 +

p∫

1

dx

x3/4



 ≤ K1
1 + lnp

p3/4
→ 0

if p→ ∞, where constants K,K1 do not depend on p.
Similarly we get (see (296)–(298))

(300)

∣
∣
∣
∣
∣
∣

∞∑

j1=p+1

C0000j1j1

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣

p
∑

j3=1

∞∑

j1=p+1

C0j3j30j1j1

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣

p
∑

j2=1

∞∑

j1=p+1

Cj200j2j1j1

∣
∣
∣
∣
∣
∣

→ 0

if p→ ∞.
The relations (292), (293), (299), (300) prove (242).
Consider (243). Using the integration order replacement, we get

Cj3j2j3j2j1j1 =

=
1

2

T∫

t

φj3(t6)

t6∫

t

φj2(t5)

t5∫

t

φj3(t4)

t4∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2

dt3dt4dt5dt6 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj3(t4)

T∫

t4

φj2(t5)

T∫

t5

φj3(t6)dt6dt5dt4dt3 =

=
1

2

T∫

t

φj2(t3)





t3∫

t

φj1 (t1)dt1





2 T∫

t3

φj2(t5)

T∫

t5

φj3(t6)dt6

t5∫

t3

φj3 (t4)dt4dt5dt3 =
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=
1

2

T∫

t

φj2 (t3)





t3∫

t

φj1(t1)dt1





2 T∫

t3

φj2 (t5)





t5∫

t

φj3(t4)dt4









T∫

t5

φj3 (t6)dt6



 dt5dt3−

(301) −1

2

T∫

t

φj2(t3)





t3∫

t

φj1(t1)dt1





2



t3∫

t

φj3(t4)dt4





T∫

t3

φj2(t5)





T∫

t5

φj3 (t6)dt6



 dt5dt3.

Applying (71), we obtain

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j2j3j2j1j1 =

∞∑

j1=p+1

∞∑

j3=p+1

∞∑

j2=p+1

Cj3j2j3j2j1j1 =

(302) = −
p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j2j3j2j1j1 .

Further proof of the equality (243) is based on the relations (301), (302) and is similar to the proof
of the formula (242).

Let us prove (244). Applying the integration order replacement, we obtain

Cj3j3j2j1j2j1 =

=

T∫

t

φj3 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj2 (t4)

t4∫

t

φj1 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3dt4dt5dt6 =

=

T∫

t

φj1 (t1)

T∫

t1

φj2 (t2)

T∫

t2

φj1 (t3)

T∫

t3

φj2 (t4)

T∫

t4

φj3 (t5)

T∫

t5

φj3 (t6)dt6dt5dt4dt3dt2dt1 =

=
1

2

T∫

t

φj1(t1)

T∫

t1

φj2(t2)

T∫

t2

φj1(t3)

T∫

t3

φj2(t4)





T∫

t4

φj3(t5)dt5





2

dt4dt3dt2dt1 =

=
1

2

T∫

t

φj2(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj1(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=
1

2

T∫

t

φj2(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1

t4∫

t2

φj1 (t3)dt3dt2dt4 =

=
1

2

T∫

t

φj2 (t4)





T∫

t4

φj3(t5)dt5





2



t4∫

t

φj1(t3)dt3





t4∫

t

φj2(t2)





t2∫

t

φj1 (t1)dt1



 dt2dt4−

1047



THE HYPOTHESES ON EXPANSION OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 109

(303) −1

2

T∫

t

φj2(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj2(t2)





t2∫

t

φj1 (t1)dt1





2

dt2dt4.

Using (71), we get

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j2j1j2j1 =

∞∑

j1=p+1

∞∑

j3=p+1

∞∑

j2=p+1

Cj3j3j2j1j2j1 =

(304) = −
p
∑

j2=0

∞∑

j1=p+1

∞∑

j3=p+1

Cj3j3j2j1j2j1 .

Further proof of the equality (244) is based on the relations (303), (304) and is similar to the proof
of the relations (242), (243).

Consider (245). Using the integration order replacement, we have

Cj3j3j1j2j2j1 =

=

T∫

t

φj3 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj1 (t4)

t4∫

t

φj2 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2dt3dt4dt5dt6 =

=

T∫

t

φj1 (t1)

T∫

t1

φj2 (t2)

T∫

t2

φj2 (t3)

T∫

t3

φj1 (t4)

T∫

t4

φj3 (t5)

T∫

t5

φj3 (t6)dt6dt5dt4dt3dt2dt1 =

=
1

2

T∫

t

φj1(t1)

T∫

t1

φj2(t2)

T∫

t2

φj2(t3)

T∫

t3

φj1(t4)





T∫

t4

φj3(t5)dt5





2

dt4dt3dt2dt1 =

=
1

2

T∫

t

φj1(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj2(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4 =

=
1

2

T∫

t

φj1(t4)





T∫

t4

φj3 (t5)dt5





2 t4∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1

t4∫

t2

φj2 (t3)dt3dt2dt4 =

=
1

2

T∫

t

φj1 (t4)





T∫

t4

φj3(t5)dt5





2



t4∫

t

φj2(t3)dt3





t4∫

t

φj2(t2)





t2∫

t

φj1 (t1)dt1



 dt2dt4−

(305) −1

2

T∫

t

φj1(t4)





T∫

t4

φj3(t5)dt5





2 t4∫

t

φj2(t2)





t2∫

t

φj1(t1)dt1









t2∫

t

φj2 (t3)dt3



 dt2dt4.
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Applying (71) and (78), we obtain

−
∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j3j1j2j2j1 = −
∞∑

j2=p+1

∞∑

j3=p+1

∞∑

j1=p+1

Cj2j3j1j2j2j1 =

=

p
∑

j1=0

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j1j2j2j1 =

p
∑

j1=0

∞∑

j3=p+1

∞∑

j2=p+1

Cj2j3j1j2j2j1 =

(306) =
1

2

p
∑

j1=0

∞∑

j3=p+1

Cj3j3j1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

−
p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

Cj3j3j1j2j2j1 .

The equality

(307) lim
p→∞

1

2

p
∑

j1=0

∞∑

j3=p+1

Cj3j3j1j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

= 0

follows from the inequality (175), where we proceed similarly to the proof of equality (293) (see (294)).
The relation

(308) lim
p→∞

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

Cj3j3j1j2j2j1 = 0

is proved on the basis of (305) and similarly with the proof of (242). The equalities (306)–(308) prove
(245).

Let us prove (246). Using (71) and (78), we get

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j1j3j3j2j1 =

∞∑

j3=p+1

p
∑

j1,j2=0

Cj2j1j3j3j2j1 =

(309) =
1

2

p
∑

j1,j2=0

Cj2j1j3j3j2j1

∣
∣
∣
∣
(j3j3)y(·)

−
p
∑

j1,j2,j3=0

Cj2j1j3j3j2j1 .

Using the equality (147) we have

(310) lim
p→∞

1

2

p
∑

j1,j2=0

Cj2j1j3j3j2j1

∣
∣
∣
∣
(j3j3)y(·)

= 0,

where we proceed similarly to the proof of equality (293) (see (294)).
Further, we will prove the following relation

(311) lim
p→∞

p
∑

j1,j2,j3=0

Cj2j1j3j3j2j1 = 0

using the equality (251). From (251) we have
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p
∑

j1,j2,j3=0

Cj2j1j3j3j2j1 =
1

2

p
∑

j1,j2,j3=0

(

Cj2j1j3j3j2j1 + Cj1j2j3j3j1j2

)

=

=
1

2

p
∑

j1,j2,j3=0

(

Cj2Cj1j3j3j2j1 − Cj1j2Cj3j3j2j1 + Cj3j1j2Cj3j2j1−

−Cj3j3j1j2Cj2j1 + Cj2j3j3j1j2Cj1

)

=

=

p
∑

j1,j2,j3=0

(

Cj2j3j3j1j2Cj1 − Cj3j3j1j2Cj2j1

)

+

(312) +
1

2

p
∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1 .

The generalized Parseval equality gives (by analogy with (258))

(313) lim
p→∞

1

2

p
∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1 = 0.

Let us prove the following equality

(314) lim
p→∞

p
∑

j1,j2,j3=0

(

Cj2j3j3j1j2Cj1 − Cj3j3j1j2Cj2j1

)

= 0.

The relation

(315) lim
p→∞

p
∑

j1,j2,j3=0

Cj2j3j3j1j2Cj1 = 0

is proved by the same methods as in the proof of equality (236) and also using Theorem 17 and (78).
Further, we have (see (78))

(316)

p
∑

j3=0

Cj3j3j1j2 =
1

2
Cj3j3j1j2

∣
∣
∣
∣
(j3j3)y(·)

−
∞∑

j3=p+1

Cj3j3j1j2 .

Moreover,

Cj3j3j1j2

∣
∣
∣
∣
(j3j3)y(·)

=

T∫

t

t3∫

t

φj1(t2)

t2∫

t

φj2(t1)dt1dt2dt3 =

=

T∫

t

φj1(t2)

t2∫

t

φj2(t1)dt1

T∫

t2

dt3dt2 =

T∫

t

(T − t2)φj1 (t2)

t2∫

t

φj2 (t1)dt1dt2 =
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=

T∫

t

φj2(t1)

T∫

t1

(T − t2)φj1 (t2)dt2dt1 =

T∫

t

φj2(t2)

T∫

t2

(T − t1)φj1 (t1)dt1dt2 =

(317) =

∫

[t,T ]2

(T − t1)1{t2<t1}φj1(t1)φj2 (t2)dt1dt2
def
= C̃j2j1 .

Using (316), (317), and the generalized Parseval equality, we obtain

lim
p→∞

p
∑

j1,j2,j3=0

Cj3j3j1j2Cj2j1 =
1

2
lim
p→∞

p
∑

j1,j2=0

Cj2j1C̃j2j1−

(318) − lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j3j1j2Cj2j1 = − lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j3j1j2Cj2j1 .

We have (see (278))

(319) Cj3j3j1j2 =
1

2

T∫

t

φj2(t1)

T∫

t1

φj1(t2)





T∫

t2

φj3 (t3)dt3





2

dt2dt1.

By analogy with (268) and also using (319), we get

(320) lim
p→∞

p
∑

j1,j2=0

∞∑

j3=p+1

Cj3j3j1j2Cj2j1 = 0.

Combining (318) and (320), we obtain

(321) lim
p→∞

p
∑

j1,j2,j3=0

Cj3j3j1j2Cj2j1 = 0.

The relation (314) follows from (315) and (321). From (312)–(314) we get (311). The equalities
(309)–(311) complete the proof of (246).

For the proof of (247)–(250) we will use a new idea. More precisely, we will consider the sums of
expressions (247)–(250) with the expressions already studied throughout this proof.

Let us begin from (247). Applying the integration order replacement, we obtain

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2 =

=

T∫

t

φj3 (t6)

t6∫

t

φj1 (t5)

t5∫

t

φj2 (t4)

t4∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3dt4dt5dt6 =
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=

T∫

t

φj3(t6)

t6∫

t

φj1(t5)

t5∫

t

φj3(t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





t5∫

t3

φj2 (t4)dt4dt3dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj1(t5)





t5∫

t

φj2(t4)dt4





t5∫

t

φj3(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1



 dt3dt5dt6−

−
T∫

t

φj3 (t6)

t6∫

t

φj1 (t5)

t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2





2



t3∫

t

φj1(t1)dt1



 dt3dt5dt6 =

=

T∫

t

φj1 (t5)





t5∫

t

φj2 (t4)dt4





t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3





T∫

t5

φj3 (t6)dt6



 dt5−

(322) −
T∫

t

φj1 (t5)

t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2





2



t3∫

t

φj1(t1)dt1



 dt3





T∫

t5

φj3(t6)dt6



 dt5.

Using (71), we get

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2

)

=

(323) =

p
∑

j1=0

p
∑

j3=0

∞∑

j2=p+1

(

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2

)

.

Further, by analogy with the proof of equality (242) and using (322), we obtain

(324) lim
p→∞

p
∑

j1=0

p
∑

j3=0

∞∑

j2=p+1

(

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2

)

= 0.

From (323) and (324) we get

(325) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj3j1j2j3j2j1 + Cj3j1j2j3j1j2

)

= 0.

Moreover (see (236)),

(326) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j2j3j1j2 = 0.
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Combining (325) and (326), we have

lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j2j3j2j1 = 0.

The equality (247) is proved.
Consider (248). Using the integration order replacement, we have

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2 =

=

T∫

t

φj2 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj1 (t4)

t4∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3dt4dt5dt6 =

=

T∫

t

φj2(t6)

t6∫

t

φj3(t5)

t5∫

t

φj3(t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





t5∫

t3

φj1 (t4)dt4dt3dt5dt6 =

=

T∫

t

φj2(t6)

t6∫

t

φj3(t5)





t5∫

t

φj1(t4)dt4





t5∫

t

φj3(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1



 dt3dt5dt6−

−
T∫

t

φj2 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





2

dt3dt5dt6 =

=

T∫

t

φj3 (t5)





t5∫

t

φj1 (t4)dt4





t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3





T∫

t5

φj2 (t6)dt6



 dt5−

(327) −
T∫

t

φj3 (t5)

t5∫

t

φj3 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1(t1)dt1





2

dt3





T∫

t5

φj2(t6)dt6



 dt5.

Using (71), we obtain

−
∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2

)

=

(328) =

p
∑

j3=0

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2

)

.

By analogy with the proof of (242) and applying (327), we get
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(329) lim
p→∞

p
∑

j3=0

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2

)

= 0.

From (328) and (329) we have

(330) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj2j3j1j3j2j1 + Cj2j3j1j3j1j2

)

= 0.

Moreover (see (237)),

(331) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j1j3j1j2 = 0.

Combining (330) and (331), we finally obtain

lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j1j3j2j1 = 0.

The equality (248) is proved.
Now consider (249). Using the integration order replacement, we obtain

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2 =

=

T∫

t

φj3 (t6)

t6∫

t

φj1 (t5)

t5∫

t

φj3 (t4)

t4∫

t

φj2 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3dt4dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj1(t5)

t5∫

t

φj2(t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





t5∫

t3

φj3 (t4)dt4dt3dt5dt6 =

=

T∫

t

φj3(t6)

t6∫

t

φj1(t5)





t5∫

t

φj3(t4)dt4





t5∫

t

φj2(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1



 dt3dt5dt6−

−
T∫

t

φj3(t6)

t6∫

t

φj1(t5)

t5∫

t

φj2(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1 (t1)dt1









t3∫

t

φj3(t4)dt4



 dt3dt5dt6 =

=

T∫

t

φj1 (t5)





t5∫

t

φj3 (t4)dt4





t5∫

t

φj2 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3





T∫

t5

φj3 (t6)dt6



 dt5−
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(332)

−
T∫

t

φj1(t5)

t5∫

t

φj2(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1









t3∫

t

φj3(t4)dt4



 dt3





T∫

t5

φj3(t6)dt6



 dt5.

Applying (71) and (78), we obtain

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

=

= −
p
∑

j1=0

∞∑

j3=p+1

∞∑

j2=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

=

=

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

−

(333) −1

2

p
∑

j1=0

∞∑

j3=p+1

Cj3j1j3j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

.

The equality

(334) lim
p→∞

1

2

p
∑

j1=0

∞∑

j3=p+1

Cj3j1j3j2j2j1

∣
∣
∣
∣
(j2j2)y(·)

= 0

follows from the equality (147), where we proceed similarly to the proof of equality (293) (see (294)).
By analogy with the proof of (242) and applying (332), we get

(335) lim
p→∞

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

= 0.

From (333)–(335) we have

(336) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj3j1j3j2j2j1 + Cj3j1j3j2j1j2

)

= 0.

Moreover (see (238)),

(337) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j3j2j1j2 = 0.

Combining (336) and (337), we finally obtain

lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj3j1j3j2j2j1 = 0.
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The equality (249) is proved.
Finally consider (250). Using the integration order replacement, we have

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2 =

=

T∫

t

φj2 (t6)

t6∫

t

φj3 (t5)

t5∫

t

φj3 (t4)

t4∫

t

φj1 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3dt4dt5dt6 =

=

T∫

t

φj2(t6)

t6∫

t

φj3(t5)

t5∫

t

φj1(t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1





t5∫

t3

φj3 (t4)dt4dt3dt5dt6 =

=

T∫

t

φj2(t6)

t6∫

t

φj3(t5)





t5∫

t

φj3(t4)dt4





t5∫

t

φj1(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1



 dt3dt5dt6−

−
T∫

t

φj2(t6)

t6∫

t

φj3(t5)

t5∫

t

φj1(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1 (t1)dt1









t3∫

t

φj3(t4)dt4



 dt3dt5dt6 =

=

T∫

t

φj3 (t5)





t5∫

t

φj3 (t4)dt4





t5∫

t

φj1 (t3)





t3∫

t

φj2(t2)dt2









t3∫

t

φj1 (t1)dt1



 dt3





T∫

t5

φj2 (t6)dt6



 dt5−

(338)

−
T∫

t

φj3(t5)

t5∫

t

φj1(t3)





t3∫

t

φj2 (t2)dt2









t3∫

t

φj1(t1)dt1









t3∫

t

φj3(t4)dt4



 dt3





T∫

t5

φj2(t6)dt6



 dt5.

Using (71) and (78), we get

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

=

=
1

2

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j3j1j2j1

∣
∣
∣
∣
(j3j3)y(·)

+ Cj2j3j3j1j1j2

∣
∣
∣
∣
(j3j3)y(·)

)

−

−
p
∑

j3=0

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

=

=
1

2

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j3j1j2j1

∣
∣
∣
∣
(j3j3)y(·)

+ Cj2j3j3j1j1j2

∣
∣
∣
∣
(j3j3)y(·)

)

+
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+

p
∑

j1=0

p
∑

j3=0

∞∑

j2=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

−

(339) −1

2

p
∑

j3=0

∞∑

j2=p+1

Cj2j3j3j1j1j2

∣
∣
∣
∣
(j1j1)y(·)

.

The equalities

(340) lim
p→∞

1

2

∞∑

j1=p+1

∞∑

j2=p+1

(

Cj2j3j3j1j2j1

∣
∣
∣
∣
(j3j3)y(·)

+ Cj2j3j3j1j1j2

∣
∣
∣
∣
(j3j3)y(·)

)

= 0,

lim
p→∞

1

2

p
∑

j3=0

∞∑

j2=p+1

Cj2j3j3j1j1j2

∣
∣
∣
∣
(j1j1)y(·)

=

= lim
p→∞

1

4

∞∑

j2=p+1

Cj2j3j3j1j1j2

∣
∣
∣
∣
(j1j1)y(·)(j3j3)y(·)

−

(341) − lim
p→∞

1

2

∞∑

j3=p+1

∞∑

j2=p+1

Cj2j3j3j1j1j2

∣
∣
∣
∣
(j1j1)y(·)

= 0

follows from the equalities (147), (148), where we used the same technique as in (294). When proving
(341), we also applied (78) and (103).

By analogy with the proof of (242) and applying (338), we obtain

(342) lim
p→∞

p
∑

j1=0

p
∑

j3=0

∞∑

j2=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

= 0.

From (339)–(342) we have

(343) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

(

Cj2j3j3j1j2j1 + Cj2j3j3j1j1j2

)

= 0.

Furthermore (see (240)),

(344) lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j1j1j2 = 0.

Combining (343) and (344), we finally obtain

lim
p→∞

∞∑

j1=p+1

∞∑

j2=p+1

∞∑

j3=p+1

Cj2j3j3j1j2j1 = 0.
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The equality (250) is proved. Theorem 23 is proved.

14. Generalization of Theorem 16. The Case p1, p2, p3 → ∞ and Continuously
Differetiable Weight Functions (The Cases of Legendre Polynomials and

Trigonometric Functions). Proof of Hypothesis 3 for the Case k = 3

This section is devoted to the following theorem.

Theorem 24 [15], [47], [55]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ), ψ3(τ)
are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich

stochastic integral of third multiplicity

J∗[ψ(3)]
(i1i2i3)
T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3

the following expansion

(345) J∗[ψ(3)]
(i1i2i3)
T,t = l.i.m.

p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

that converges in the mean-square sense is valid, where i1, i2, i3 = 0, 1, . . . ,m,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Proof. Let us consider the case of Legendre polynomials (the trigonometric case is simpler and
can be considered similarly). Applying (65), we obtain

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

= J ′[Kp1p2p3 ]
(i1i2i3)
T,t +

+1{i1=i2 6=0}

p3∑

j3=0

min{p1,p2}∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t +

+1{i2=i3 6=0}

p1∑

j1=0

min{p2,p3}∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t +
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(346) +1{i1=i3 6=0}

p2∑

j2=0

min{p1,p3}∑

j1=0

Cj1j2j1J
′[φj2 ]

(i2)
T,t

w. p. 1, where notations are the same as in (65).
Using Theorem 5 (see (27) for the case k = 3), Theorem 3 (see (48)) as well as (83) (see the

derivation of (83)) and (78), we get

J∗[ψ(3)]
(i1i2i3)
T,t = J [ψ(3)]

(i1i2i3)
T,t +

1

2
1{i1=i2 6=0}

T∫

t

ψ3(t3)

t3∫

t

ψ2(t2)ψ1(t2)dt2dw
(i3)
t3 +

+
1

2
1{i2=i3 6=0}

T∫

t

ψ3(t3)ψ2(t3)

t3∫

t

ψ1(t1)dw
(i1)
t1 dt3 =

= J [ψ(3)]
(i1i2i3)
T,t +

1

2
J [ψ(3)]1T,t +

1

2
J [ψ(3)]2T,t =

= l.i.m.
p1,p2,p3→∞

J ′[Kp1p2p3 ]
(i1i2i3)
T,t +

+1{i1=i2 6=0} l.i.m.
p3→∞

1

2

p3∑

j3=0

Cj3j2j1

∣
∣
∣
∣
(j2j1)y(·),j1=j2

J ′[φj3 ]
(i3)
T,t +

+1{i2=i3 6=0} l.i.m.
p1→∞

1

2

p1∑

j1=0

Cj3j2j1

∣
∣
∣
∣
(j3j2)y(·),j2=j3

J ′[φj1 ]
(i1)
T,t =

= l.i.m.
p1,p2,p3→∞

J ′[Kp1p2p3 ]
(i1i2i3)
T,t +

+1{i1=i2 6=0} l.i.m.
p3→∞

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t +

(347) +1{i2=i3 6=0} l.i.m.
p1→∞

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

w. p. 1.
Using (346), (347) and the elementary inequality

(a+ b+ c+ d)2 ≤ 4
(
a2 + b2 + c2 + d2

)
,

we obtain
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M









J∗[ψ(3)]
(i1i2i3)
T,t −

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤

≤ 4M

{(

J [ψ(3)]
(i1i2i3)
T,t − J ′[Kp1p2p3 ]

(i1i2i3)
T,t

)2
}

+

+4 · 1{i1=i2 6=0}×

×M









 l.i.m.
p3→∞

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

min{p1,p2}∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t





2






+

+4 · 1{i2=i3 6=0}×

×M









 l.i.m.
p1→∞

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

min{p2,p3}∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t





2






+

+4 · 1{i1=i3 6=0}M











p2∑

j2=0

min{p1,p3}∑

j1=0

Cj1j2j1J
′[φj2 ]

(i2)
T,t





2






=

(348) = 4Ap1p2p3 + 4 · 1{i1=i2 6=0}Bp1p2p3 + 4 · 1{i2=i3 6=0}Cp1p2p3 + 4 · 1{i1=i3 6=0}Dp1p2p3 .

Theorem 3 gives (see (48))

(349) lim
p1,p2,p3→∞

Ap1p2p3 = 0.

Further, in complete analogy with (139) and using (71), we obtain

Dp1p2p3 =

p2∑

j2=0





min{p1,p3}∑

j1=0

Cj1j2j1





2

=

p2∑

j2=0





∞∑

j1=min{p1,p3}+1

Cj1j2j1





2

≤

(350) ≤
∞∑

j2=0





∞∑

j1=min{p1,p3}+1

Cj1j2j1





2

≤ K

(min{p1, p3})2−ε → 0

if p1, p2, p3 → ∞, where ε is an arbitrary small positive real number, constant K is independent of p.
We have
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Bp1p2p3 = M







((

l.i.m.
p3→∞

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t

)

+

+

(
p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

min{p1,p2}∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t

))2





≤

(351) ≤ 2Ep3 + 2Fp1p2p3 ,

where

Ep3 = M







(

l.i.m.
p3→∞

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t

)2





,

Fp1p2p3 = M







(
p3∑

j3=0

∞∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t −

p3∑

j3=0

min{p1,p2}∑

j1=0

Cj3j1j1J
′[φj3 ]

(i3)
T,t

)2





=

= M







(
p3∑

j3=0

∞∑

j1=min{p1,p2}+1

Cj3j1j1J
′[φj3 ]

(i3)
T,t

)2





=

(352) =

p3∑

j3=0

(
∞∑

j1=min{p1,p2}+1

Cj3j1j1

)2

.

By analogy with (125) we get

p3∑

j3=0

(
∞∑

j1=min{p1,p2}+1

Cj3j1j1

)2

≤
∞∑

j3=0

(
∞∑

j1=min{p1,p2}+1

Cj3j1j1

)2

≤

(353) ≤ K

(min{p1, p2})2
→ 0

if p1, p2, p3 → ∞, where constant K does not depend on p.
Moreover,

(354) lim
p3→∞

Ep3 = lim
p1,p2,p3→∞

Ep3 = 0.

Combining (351)–(354), we obtain

(355) lim
p1,p2,p3→∞

Bp1p2p3 = 0.
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Consider Cp1p2p3 . We have

Cp1p2p3 = M







((

l.i.m.
p1→∞

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

)

+

+

(
p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

min{p2,p3}∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

))2





≤

(356) ≤ 2Gp1 + 2Hp1p2p3 ,

where

Gp1 = M







(

l.i.m.
p1→∞

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

)2





,

Hp1p2p3 = M







(
p1∑

j1=0

∞∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t −

p1∑

j1=0

min{p2,p3}∑

j3=0

Cj3j3j1J
′[φj1 ]

(i1)
T,t

)2





=

= M







(
p1∑

j1=0

∞∑

j3=min{p2,p3}+1

Cj3j3j1J
′[φj1 ]

(i1)
T,t

)2





=

(357) =

p1∑

j1=0

(
∞∑

j3=min{p2,p3}+1

Cj3j3j1

)2

.

By analogy with (129) we get

p1∑

j1=0

(
∞∑

j3=min{p2,p3}+1

Cj3j3j1

)2

≤
∞∑

j1=0

(
∞∑

j3=min{p2,p3}+1

Cj3j3j1

)2

≤

(358) ≤ K

(min{p2, p3})2
→ 0

if p1, p2, p3 → ∞, where constant K does not depend on p.
Moreover,

(359) lim
p1→∞

Gp1 = lim
p1,p2,p3→∞

Gp1 = 0.

Combining (356)–(359), we obtain
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(360) lim
p1,p2,p3→∞

Cp1p2p3 = 0.

The relations (348)–(350), (355), (360) complete the proof of Theorem 24. Theorem 24 is proved.

15. Hypotheses 1–3 from the Point of View of the Wong–Zakai Approximation

The iterated Ito stochastic integrals and solutions of Ito SDEs are complex and important func-

tionals from the independent components f
(i)
τ , i = 1, . . . ,m of the multidimensional Wiener process

fτ . Let f
(i)p
τ (p ∈ N) be some approximation of f

(i)
τ , i = 1, . . . ,m. Suppose that f

(i)p
τ converges to f

(i)
τ ,

i = 1, . . . ,m in some sense and has differentiable sample trajectories.

A natural question arises: if we replace f
(i)
τ by f

(i)p
τ , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
τ ,

i = 1, . . . ,m of the multidimentional Wiener process fτ?
The answere to this question is negative in the general case. However, in the pioneering works of

Wong E. and Zakai M. [69], [70] (also see [71]-[79]), it was shown that under the special conditions
and for some types of approximations of the Wiener process the answere is affirmative with one
peculiarity: the convergence takes place to the iterated Stratonovich stochastic integrals and solutions
of Stratonovich SDEs and not to the iterated Ito stochastic integrals and solutions of Ito SDEs.

The piecewise linear approximation as well as the regularization by convolution [69]-[79]) relate the
mentioned types of approximations of the Wiener process. The above approximation of stochastic
integrals and solutions of SDEs is often called the Wong–Zakai approximation.

Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [80], [81]

(361) f (i)τ − f
(i)
t =

∞∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,

where τ ∈ [t, T ], t ≥ 0, {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (361) converges for any τ ∈ [t, T ] in the mean-square sense.

Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(362) f (i)pτ − f
(i)p
t =

p
∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j .

From (362) we obtain

(363) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral
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(364)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
,

where p1, . . . , pk ∈ N, i1, . . . , ik = 0, 1, . . . ,m and

(365) dw(i)p
τ =







df
(i)p
τ for i = 1, 2, . . . ,m

dτ for i = 0

, p ∈ N.

Let us substitute (363) into (364)

(366)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,

where ζ
(i)
j are independent standard Gaussian random variables for various i or j (if i 6= 0),

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
To best of our knowledge [69], [70], [74] the approximations of the Wiener process in the Wong–

Zakai approximation must satisfy fairly strong restrictions [74] (see Definition 7.1 on Pages 480–481).
At least the proof of an analogue of Theorem 7.2 (see [74], Page 497) for approximations of the Wiener
process based on its series expansion (361) should be carried out separately. Thus, the mean-square
convergence of the right-hand side of (366) to the iterated Stratonovich stochastic integral (3) does
not follow from the results of the papers [69], [70] (also see [74], Theorems 7.1, 7.2).

From the other hand, Theorems 3, 4, 6–12, 16–18, 23, 24 from this paper (see proofs of Theorems
3, 4, 6–12 in Chapters 1 and 2 of the monographs [15]-[18]) can be considered as the proof of the
Wong–Zakai approximation for the iterated Stratonovich stochastic integrals (3) of multiplicities 1 to
6 (or of multiplicity k under the condition of convergence of trace series (Theorem 13)) based on the
approximation (362) of the Wiener process in the form of its series expansion. At that, the Riemann–
Stieltjes integrals (364) converge (according to Theorems 6–13, 16–18, 23, 24) to the mentioned
Stratonovich stochastic integrals (3). Recall that {φj(x)}∞j=0 (see (361), (362), and Theorems 6–12,
16–18, 23, 24) is a complete orthonormal system of Legendre polynomials or trigonometric functions
in the space L2([t, T ]).

To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(τ), ψ2(τ) ≡ 1,
i1, i2 = 1, . . . ,m.

The first example relates to the piecewise linear approximation of the multidimensional Wiener
process (these approximations were considered in [69], [70], [74]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the mul-

tidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i = 1, . . . ,m,

i.e.

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,
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where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, 2, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

We can write w. p. 1

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

∂b
(i1)
∆

∂τ
(τ)dτ

∂b
(i2)
∆

∂s
(s)ds =

=

N−1∑

l=0

(l+1)∆∫

l∆






l−1∑

q=0

(q+1)∆∫

q∆

∆f
(i1)
q∆

∆
dτ +

s∫

l∆

∆f
(i1)
l∆

∆
dτ






∆f
(i2)
l∆

∆
ds =

=

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆∫

l∆

s∫

l∆

dτds =

(367) =

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .

Using (367), it is not difficult to show that

l.i.m.
N→∞

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T∫

0

ds =

(368) =

∗∫

0

T ∗∫

0

s

df (i1)τ df (i2)s ,

where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (368) agrees with Theorem 7.1 (see [74], Page 486).
The next example relates to the approximation (362) of the Wiener process based on its series ex-

pansion (361), where t = 0 and {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([0, T ]).
Consider the following iterated Riemann–Stieltjes integral

(369)

T∫

0

s∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, 2, . . . ,m,

where df
(i)p
τ is defined by the relation (363).
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Let us substitute (363) into (369)

(370)

T∫

0

s∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where

Cj2j1 =

T∫

0

φj2(s)

s∫

0

φj1(τ)dτds

is the Fourier coefficient; another notations are the same as in (366).
As we noted above, approximations of the Wiener process that are similar to (362) were not

considered in [69], [70] (also see Theorems 7.1, 7.2 in [74]). Furthermore, transferring of the results
of Theorems 7.1 and 7.2 [74] to the case under consideration is not obvious.

On the other hand, we can apply the theory built in Chapters 1 and 2 of the monographs [15]-[18].
More precisely, using Theorems 6 and 7, we obtain from (370) the desired result

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

(371) =

∗∫

0

T ∗∫

0

s

df (i1)τ df (i2)s .

From the other hand, by Theorems 3, 4 (see (17)) for the case k = 2 we obtain from (370) the
following relation

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+ 1{i1=i2}

∞∑

j1=0

Cj1j1 =

(372) =

T∫

0

s∫

0

df (i1)τ df (i2)s + 1{i1=i2}

∞∑

j1=0

Cj1j1 .

Since

∞∑

j1=0

Cj1j1 =
1

2

∞∑

j1=0





T∫

0

φj(τ)dτ





2

=
1

2





T∫

0

φ0(τ)dτ





2

=
1

2

T∫

0

ds,

then from Theorem 5 (k = 2) and (372) we obtain (371).
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16. Wong–Zakai Type Theorems for Iterated Stratonovich Stochastic Integrals.
The Case of Approximation of the Multidimensional Wiener Process Based on
its Series Expansion Using Legendre Polynomials and Trigonometric Functions

As we mentioned above, there exists a lot of publications on the subject of Wong–Zakai ap-
proximation of stochastic integrals and SDEs [69]-[79]. However, these works did not consider the
approximation of iterated stochastic integrals and systems of SDEs for the case of approximation of
the multidimensional Wiener process based on its series expansions. Usually, as an approximation of
the Wiener process in the theorems of the Wong–Zakai type, the authors [69]-[79] choose a piecewise
linear approximation or an approximation based on the regularization by convolution.

The Wong–Zakai approximation is widely used to approximate stochastic integrals and SDEs. In
particular, the Wong–Zakai approximation can be used to approximate the iterated Stratonovich
stochastic integrals in the context of numerical integration of Ito SDEs in the framework of the
approach based on the Taylor–Stratonovich expansion [2]-[62], [67], [68]. It should be noted that the
authors of the works [2] (Sect. 5.8, pp. 202–204), [5] (pp. 82-84), [67] (pp. 438-439), [68] (pp. 263-264)
mention the Wong–Zakai approximation [69]-[71], [74] within the frames of approximation of iterated
Stratonovich stochastic integrals based on the Karhunen–Loeve expansion of the Brownian bridge
process. However, in these works there is no rigorous proof of convergence for approximations of the
mentioned stochastic integrals of miltiplicity 3 and higher.

From the other hand, the theory constructed in Chapters 1 and 2 of the monographs [15]-[18] can be
considered as the proof of the Wong–Zakai approximation for iterated Stratonovich stochastic integrals
of multiplicities 1 to 6 based on the Wiener process series expansion using Legendre polynomials and
trigonometric functions.

The subject of this section is to reformulate the results of Chapter 2 of the monograph [15] (also
see [16]–[18]) in the form of theorems on convergence of iterated Riemann–Stiltjes integrals to iterated
Stratonovich stochastic integrals.

Let us reformulate Theorems 1, 2, 7–13, 16–18, 23, 24 of this paper as theorems on the convergence
of iterated Riemann–Stiltjes integrals (364) to the iterated Stratonovich stochastic integrals (3).

Theorem 25. Suppose that the following conditions are fulfilled:
1. Every ψl(τ) (l = 1, 2) is a continuously differentiable function at the interval [t, T ].
2. {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or trigonometric func-

tions in the space L2([t, T ]).
Then, for the iterated Stratonovich stochastic integral of second multiplicity

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 (i1, i2 = 0, 1, . . . ,m)

the following equality

(373) J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(i1)p1

t1 dw
(i2)p2

t2

is valid, where here and further l.i.m. is a limit in the mean-square sense.

Theorem 26. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic

integral of third multiplicity
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∗∫

t

T ∗∫

t

t3 ∗∫

t

t2

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following formula

∗∫

t

T ∗∫

t

t3 ∗∫

t

t2

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 = l.i.m.

p1,p2,p3→∞

T∫

t

t3∫

t

t2∫

t

df
(i1)p1

t1 df
(i2)p2

t2 df
(i3)p3

t3

is valid.

Theorem 27. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic integral of third multiplicity

I
∗(i1i2i3)
l1l2l3T,t

=

∗∫

t

T

(t− t3)
l3

∗∫

t

t3

(t− t2)
l2

∗∫

t

t2

(t− t1)
l1df

(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following equality

I
∗(i1i2i3)
l1l2l3T,t

= l.i.m.
p1,p2,p3→∞

T∫

t

(t− t3)
l3

t3∫

t

(t− t2)
l2

t2∫

t

(t− t1)
l1df

(i1)p1

t1 df
(i2)p2

t2 df
(i3)p3

t3

holds for each of the following cases

1. i1 6= i2, i2 6= i3, i1 6= i3 and l1, l2, l3 = 0, 1, 2, . . .
2. i1 = i2 6= i3 and l1 = l2 6= l3 and l1, l2, l3 = 0, 1, 2, . . .
3. i1 6= i2 = i3 and l1 6= l2 = l3 and l1, l2, l3 = 0, 1, 2, . . .
4. i1, i2, i3 = 1, . . . ,m; l1 = l2 = l3 = l and l = 0, 1, 2, . . .

Theorem 28. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]) and ψl(τ) (l = 1, 2, 3) are continuously differen-

tiable functions at the interval [t, T ]. Then, for the iterated Stratonovich stochastic integral of third

multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following formula

J∗[ψ(3)]T,t = l.i.m.
p→∞

T∫

t

ψ3(t3)

t3∫

t

ψ2(t2)

t2∫

t

ψ1(t1)df
(i1)p
t1 df

(i2)p
t2 df

(i3)p
t3

holds for each of the following cases:

1. i1 6= i2, i2 6= i3, i1 6= i3,
2. i1 = i2 6= i3 and ψ1(τ) ≡ ψ2(τ),
3. i1 6= i2 = i3 and ψ2(τ) ≡ ψ3(τ),
4. i1, i2, i3 = 1, . . . ,m and ψ1(τ) ≡ ψ2(τ) ≡ ψ3(τ).
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Theorem 29. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonomertic functions in the space L2([t, T ]). Furthermore, let the function ψ2(τ) is continuously
differentiable at the interval [t, T ] and the functions ψ1(τ), ψ3(τ) are twice continuously differentiable

at the interval [t, T ]. Then, for the iterated Stratonovich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following formula

J∗[ψ(3)]T,t = l.i.m.
p→∞

T∫

t

ψ3(t3)

t3∫

t

ψ2(t2)

t2∫

t

ψ1(t1)df
(i1)p
t1 df

(i2)p
t2 df

(i3)p
t3

is valid.

Theorem 30. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic

integral of fourth multiplicity

I
∗(i1i2i3i4)
T,t =

∗∫

t

T ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 (i1, i2, i3, i4 = 0, 1, . . . ,m)

the following equality

I
∗(i1i2i3i4)
T,t = l.i.m.

p→∞

T∫

t

t4∫

t

t3∫

t

t2∫

t

dw
(i1)p
t1 dw

(i2)p
t2 dw

(i3)p
t3 dw

(i4)p
t4

holds, where w
(i)
τ = f

(i)
τ (i = 1, . . . ,m) are independent standard Wiener processes and w

(0)
τ = τ.

Theorem 31. Suppose that ψ1(τ), . . . , ψk(τ) are twice continuously differentiable functions at the

interval [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of trigonometric functions in the

space L2([t, T ]). Then, for the iterated Stratonovich stochastic integral

J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk (i1, . . . , ik = 0, 1, . . . ,m)

the following relation

lim
p1→∞

lim
p2→∞

. . . lim
pk→∞

M







(

J∗[ψ(k)]T,t − J∗[ψ(k)]p1,...,pk

T,t

)2n





= 0

is valid, where

J∗[ψ(k)]p1,...,pk

T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
,

n ∈ N, and lim means lim sup.
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Theorem 32. Suppose that ψ1(τ), . . . , ψk(τ) are twice continuously differentiable functions at the

interval [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of trigonometric functions in the

space L2([t, T ]). Then, for the iterated Stratonovich stochastic integral

J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

(i1, . . . , ik = 0, 1, . . . ,m)

the following equality

lim
pk→∞

lim
pk−1→∞

. . . lim
p1→∞

M







(

J∗[ψ(k)]T,t − J∗[ψ(k)]p1,...,pk

T,t

)2n





= 0

is valid, where

J∗[ψ(k)]p1,...,pk

T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
,

n ∈ N, and lim means lim sup.

Theorem 33. Assume that the continuously differentiable functions ψl(τ) (l = 1, . . . , k) and the

complete orthonormal system {φj(x)}∞j=0 of continuous functions (φ0(x) = 1/
√
T − t) in the space

L2([t, T ]) are such that the following conditions are satisfied:

1. The equality

(374)
1

2

s∫

t

Φ1(t1)Φ2(t1)dt1 =

∞∑

j1=0

s∫

t

Φ2(t2)φj1 (t2)

t2∫

t

Φ1(t1)φj1 (t1)dt1dt2

holds for all s ∈ (t, T ], where the nonrandom functions Φ1(τ), Φ2(τ) are continuously differentiable

on [t, T ] and the series on the right-hand side of (374) converges absolutely.

2. The estimates

∣
∣
∣
∣
∣
∣

s∫

t

φj(τ)Φ1(τ)dτ

∣
∣
∣
∣
∣
∣

≤ Ψ1(s)

j1/2+α
,

∣
∣
∣
∣
∣
∣

T∫

s

φj(τ)Φ2(τ)dτ

∣
∣
∣
∣
∣
∣

≤ Ψ1(s)

j1/2+α
,

∣
∣
∣
∣
∣
∣

∞∑

j=p+1

s∫

t

Φ2(τ)φj(τ)

τ∫

t

Φ1(θ)φj(θ)dθdτ

∣
∣
∣
∣
∣
∣

≤ Ψ2(s)

pβ

hold for all s ∈ (t, T ) and for some α, β > 0, where Φ1(τ), Φ2(τ) are continuously differentiable

nonrandom functions on [t, T ], j, p ∈ N, and

T∫

t

Ψ2
1(τ)dτ <∞,

T∫

t

|Ψ2(τ)| dτ <∞.

3. The condition
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lim
p→∞

p
∑

j1,...,jq ,...,jk=0
q 6=g1,g2,...,g2r−1,g2r

(

Sl1Sl2 . . . Sld

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

= 0

holds for all possible g1, g2, . . . , g2r−1, g2r (see (34)) and l1, l2, . . . , ld such that l1, l2, . . . , ld ∈ {1, 2,
. . . , r}, l1 > l2 > . . . > ld, d = 0, 1, 2, . . . , r − 1, where r = 1, 2, . . . , [k/2] and

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
= C̄

(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

for d = 0.
Then, for the iterated Stratonovich stochastic integral of arbitrary multiplicity k

J∗[ψ(k)]
(i1...ik)
T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where i1, . . . , ik = 0, 1, . . . ,m, the following formula

J∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p→∞

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p
t1 . . . dw

(ik)p
tk

is valid.

Theorem 34. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ), ψ3(τ) are contin-

uously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 ,

where i1, i3, i3 = 0, 1, . . . ,m, the following equality

J∗[ψ(3)]T,t = l.i.m.
p→∞

T∫

t

ψ3(t3)

t3∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(i1)p
t1 dw

(i2)p
t2 dw

(i3)p
t3

holds.

Theorem 35. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) are continuously

differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic integral of

fourth multiplicity

J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 ,
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where i1, . . . , i4 = 0, 1, . . . ,m, the following relation

J∗[ψ(4)]T,t = l.i.m.
p→∞

T∫

t

ψ4(t4)

t4∫

t

ψ3(t3)

t3∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(i1)p
t1 dw

(i2)p
t2 dw

(i3)p
t3 dw

(i4)p
t4

is valid.

Theorem 36. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ5(τ) are continuously

differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic integral of

fifth multiplicity

J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5 ,

where i1, . . . , i5 = 0, 1, . . . ,m, the following equality

J∗[ψ(5)]T,t = l.i.m.
p→∞

T∫

t

ψ5(t5) . . .

t2∫

t

ψ1(t1)dw
(i1)p
t1 . . . dw

(i5)p
t5

holds.

Theorem 37. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomi-

als or trigonometric functions in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic

integral of sixth multiplicity

J
∗(i1...i6)
T,t =

∗∫

t

T ∗∫

t

t6 ∗∫

t

t5 ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 dw

(i5)
t5 dw

(i6)
t6

where i1, . . . , i6 = 0, 1, . . . ,m, the following formula

J
∗(i1...i6)
T,t = l.i.m.

p→∞

T∫

t

t6∫

t

t5∫

t

t4∫

t

t3∫

t

t2∫

t

dw
(i1)p
t1 dw

(i2)p
t2 dw

(i3)p
t3 dw

(i4)p
t4 dw

(i5)p
t5 dw

(i6)p
t6

is valid.

Theorem 38. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(s), ψ2(s), ψ3(s) are continuously
differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic integral

of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 ,

where i1, i2, i3 = 0, 1, . . . ,m, the following formula
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J∗[ψ(3)]T,t = l.i.m.
p1,p2,p3→∞

T∫

t

ψ3(t3)

t3∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(i1)p1

t1 dw
(i2)p2

t2 dw
(i3)p3

t3

is valid.

Let us reformulate Hypotheses 1–3 in terms of the convergence of iterated Riemann–Stiltjes inte-
grals to iterated Stratonovich stochastic integrals.

Hypothesis 4. Assume that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]). Then, for the iterated Stratonovich stochastic

integral of kth multiplicity

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(ik)
tk (i1, . . . , ik = 0, 1, . . . ,m)

the following formula

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(ik)
tk

= l.i.m.
p→∞

T∫

t

. . .

t2∫

t

dw
(i1)p
t1 . . . dw

(ik)p
tk

is valid, where l.i.m. is a limit in the mean-square sense, w
(i)
τ = f

(i)
τ are independent standard Wiener

processes (i = 1, . . . ,m) and w
(0)
τ = τ.

Hypothesis 5. Assume that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]). Moreover, every ψl(τ) (l = 1, . . . , k) is an enough

smooth nonrandom function on [t, T ]. Then, for the iterated Stratonovich stochastic integral (3) of

kth multiplicity

J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

(i1, . . . , ik = 0, 1, . . . ,m)

the following relation

J∗[ψ(k)]T,t = l.i.m.
p→∞

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p
t1 . . . dw

(ik)p
tk

holds, where l.i.m. is a limit in the mean-square sense, w
(i)
τ = f

(i)
τ are independent standard Wiener

processes (i = 1, 2, . . . ,m) and w
(0)
τ = τ.

Hypothesis 6. Assume that {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]). Moreover, every ψl(τ) (l = 1, . . . , k) is an enough

smooth nonrandom function on [t, T ]. Then, for the iterated Stratonovich stochastic integral (3) of

kth multiplicity
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J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk (i1, . . . , ik = 0, 1, . . . ,m)

the following equality

J∗[ψ(k)]T,t = l.i.m.
p1,...,pk→∞

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk

holds, where l.i.m. is a limit in the mean-square sense, w
(i)
τ = f

(i)
τ are independent standard Wiener

processes (i = 1, 2, . . . ,m) and w
(0)
τ = τ.

17. Generalization of Theorem 13 for Complete Orthonormal Systems of Functions
in L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) such that the Condition (376) is

Satisfied

First, note that (see the proof of Thorem 13 and (92))

l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk ...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =

= l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =

= l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,...,jg

2r−1
= jg

2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t +
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+l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

1

2r
Cjk ...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}

r∏

s=1

1{g2s=g2s−1+1}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t =

= l.i.m.
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1 ,jg3 ,...,jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg

1
= jg

2
,...,jg

2r−1
= jg

2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)

×

×
r∏

s=1

1{ig
2s−1

= ig
2s

6=0}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t +

(375) +
1

2r

r∏

s=1

1{g2s=g2s−1+1}J [ψ
(k)]sr ,...,s1T,t w. p. 1.

Using (375) and the condition (98), we obtain (93). This means that we get (95). Thus the
expansion (44) is proved.

Analyzing the proof of Theorems 13 and conditions of Theorem 5 as well as taking into account
the above arguments, it is easy to see that the following theorem is true.

Theorem 39 [15], [55]. Assume that the continuous functions ψ1(τ), . . . , ψk(τ) at the interval

[t, T ] and the complete orthonormal system {φj(x)}∞j=0 of functions (φ0(x) = 1/
√
T − t) in the space

L2([t, T ]) are such that the following condition

lim
p1,...,pk→∞

p1∑

j1=0

. . .

pq∑

jq=0

. . .

pk∑

jk=0

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

×

×
( min{pg1 ,pg2}∑

jg1=0

. . .

min{pg2r−1
,pg2r}∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(376) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

= 0

is satisfied for all r = 1, 2, . . . , [k/2]. Then, for the iterated Stratonovich stochastic integral of arbitrary

multiplicity k
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J∗[ψ(k)]
(i1...ik)
T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion

J∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient, l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Further in this section, we generalize Theorems 13, 39 to the case of complete orthonormal systems
of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) such that the condition (376) is
satisfied.

Let (Ω,F,P) be a complete probability space and let f(t, ω)
def
= ft : [0, T ]×Ω→ R be the standard

Wiener process defined on the probability space (Ω,F,P).
Let us consider the family of σ-algebras {Ft, t ∈ [0, T ]} defined on the probability space (Ω,F,P)

and connected with the Wiener process ft in such a way that

1. Fs ⊂ Ft ⊂ F for s < t.

2. The Wiener process ft is Ft-measurable for all t ∈ [0, T ].

3. The process ft+∆ − ft for all t ≥ 0, ∆ > 0 is independent with the events of σ-algebra Ft.

Let ξ(τ, ω)
def
= ξτ : [0, T ]× Ω → R be some random process, which is measurable with respect to

the pair of variables (τ, ω) and satisfies to the following condition

T∫

t

|ξτ |dτ <∞ w. p. 1 (t ≥ 0).

Let τ
(N)
j , j = 0, 1, . . . , N be a partition of the interval [t, T ], t ≥ 0 such that

(377) t = τ
(N)
0 < τ

(N)
1 < . . . < τ

(N)
N = T, max

0≤j≤N−1

∣
∣
∣τ

(N)
j+1 − τ

(N)
j

∣
∣
∣→ 0 if N → ∞.

Further, for simplicity, we write τj instead of τ
(N)
j .
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Consider the definition of the Stratonovich stochastic integral, which differs from the definition
given in [2] (recall that we use definition [2] above in this article).

The mean-square limit (if it exists)

(378) l.i.m.
N→∞

N−1∑

j=0

1

τj+1 − τj

τj+1∫

τj

ξsds
(
fτj+1 − fτj

)
def
=

T∫

t

ξτ ◦ dfτ

is called [90] the Stratonovich stochastic integral of the process ξτ , τ ∈ [t, T ], where τj , j = 0, 1, . . . , N
is a partition of the interval [t, T ] satisfying the condition (377).

We also denote by
τ∫

t

ξs ◦ dfs

the Stratonovich stochastic integral like (378) (if it exists) of ξs1{s∈[t,τ ]} for τ ∈ [t, T ], t ≥ 0.
It is known [90] (Lemma A.2) that the following iterated Stratonovich stochastic integral

(379) JS [ψ(k)]
(i1...ik)
τ,t =

τ∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1) ◦ dw(i1)
t1 . . . ◦ dw(ik)

tk

exists for the case i1 = . . . = ik 6= 0, where τ ∈ [t, T ], ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik =

0, 1, . . . ,m, w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ , f

(i)
τ (i = 1, . . . ,m) are independent standard

Wiener processes defined as above in this section.
In [91] (2021) an analogue of Theorem 5 (1997) is proved for the case i1 = . . . = ik 6= 0 and

ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).
Let us denote

(380) J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t
def
= J̄∗[ψ(k)]

(i1...ik)
T,t ,

where ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), ψl(τ)ψl−1(τ) ∈ L2([t, T ]) (l = 2, 3, . . . , k), J [ψ(k)]
(i1...ik)
T,t is the

iterated Ito stochastic integral (383),
∑

∅

is supposed to be equal to zero; another notations are the

same as in Theorem 5.
Further, by analogy with (56), (59) and using the version of (53) for the case of an arbitrary

complete orthonormal system {φj(x)}∞j=0 in L2([t, T ]) (see [15] or [18], Sect. 1.11) instead of (53), we

obtain the following generalization of (56) to the case of an arbitrary complete orthonormal system
{φj(x)}∞j=0 in L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ])

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t +

+

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(381) ×1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t w. p. 1,
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where J ′[φj1 . . . φjk ]
(i1...ik)
T,t , J ′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t are multiple Wiener stochastic integrals de-

fined as in [85] (1951). Note that in [85] the case of a scalar Wiener process has been considered.
It should be noted that Theorem 1.16 [15] (Sect. 1.11) and Theorem 4 can be reformulated as

follows (also see [42], Sect. 15)

(382) J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t w. p. 1,

where {φj(x)}∞j=0 is an arbitrary complete orthonormal system in L2([t, T ]), ψ1(τ), . . . , ψk(τ) ∈
L2([t, T ]), J

′[φj1 . . . φjk ]
(i1...ik)
T,t is the multiple Wiener stochastic integral defined as in [85] (1951) and

J [ψ(k)]
(i1...ik)
T,t is the iterated Ito stochastic integral

(383) J [ψ(k)]
(i1...ik)
T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ;

another notations are the same as in Theorem 4.
Passing to the limit l.i.m.

p1,...,pk→∞
in (381) and using the equality (382), we get w. p. 1

l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

= J [ψ(k)]
(i1...ik)
T,t +

+

[k/2]
∑

r=1

∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}×

(384) × l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

r∏

s=1

1{jg
2s−1

= jg
2s

}J
′[φjq1 . . . φjqk−2r

]
(iq1 ...iqk−2r

)

T,t ,

where J ′[φjq1 . . . φjqk−2r
]
(iq1 ...iqk−2r

)

T,t is the multiple Wiener stochastic integral defined as in [85] (1951)

and J [ψ(k)]
(i1...ik)
T,t is the iterated Ito stochastic integral (383).

Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in L2([t, T ])

and Φ1(τ),Φ2(τ) ∈ L2([t, T ]). Then we have

∞∑

j=0

∣
∣
∣
∣
∣
∣

s∫

t

φj(τ)Φ1(τ)dτ

T∫

s

φj(τ)Φ2(τ)dτ

∣
∣
∣
∣
∣
∣

≤

≤ 1

2

∞∑

j=0










T∫

t

1{τ<s}φj(τ)Φ1(τ)dτ





2

+





T∫

t

1{τ>s}φj(τ)Φ2(τ)dτ





2



 =

(385) =
1

2





s∫

t

Φ2
1(τ)dτ +

T∫

s

Φ2
2(τ)dτ



 ≤ 1

2

(

‖Φ1‖2L2([t,T ]) + ‖Φ2‖2L2([t,T ])

)

<∞,
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i.e. the series
∞∑

j=0

s∫

t

φj(τ)Φ1(τ)dτ

T∫

s

φj(τ)Φ2(τ)dτ

converges absolutely.
By interpreting the integrals in (72)–(75) as Lebesgue integrals, using Fubini’s theorem in (72) and

Lebesgue’s Dominated Convergence Theorem in (74), we obtain (70) (see (75), (385)) for the case of
an arbitrary complete orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈
L2([t, T ]).

Using the equality (104) for the case of an arbitrary complete orthonormal system of functions
in the space L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]) as well as absolute convergence of the series on
the right-hand side of (104) for this case (see [15], Sect. 2.1.4 or [94]), we obtain [92] (Sect. 3.5.2,
Theorem 3.5.2) the generalization of (78) for the case of an arbitrary complete orthonormal system
of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Repeating the steps of the proof of Theorem 13 below the formula (79) using (380), (384) or steps of
the proof of Theorem 39 using (380), (384), we obtain for complete orthonormal systems {φj(x)}∞j=0

(φ0(x) = 1/
√
T − t) in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), ψl(τ)ψl−1(τ) ∈ L2([t, T ])

(l = 2, 3, . . . , k) (for which the condition (376) is satisfied) the following equality

l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

=

(386) = J [ψ(k)]
(i1...ik)
T,t +

[k/2]
∑

r=1

1

2r

∑

(sr ,...,s1)∈Ak,r

J [ψ(k)]sr ,...,s1T,t = J̄∗[ψ(k)]
(i1...ik)
T,t

w. p. 1, where notations in (386) are the same as in Theorem 5 and J̄∗[ψ(k)]
(i1...ik)
T,t is defined by (380).

Thus the following two theorems are proved.

Theorem 40 [15], [46], [55]. Assume that the complete orthonormal system {φj(x)}∞j=0 (φ0(x) =

1/
√
T − t) in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), ψl(τ)ψl−1(τ) ∈ L2([t, T ]) (l =

2, 3, . . . , k) are such that the folowing condition

lim
p1,...,pk→∞

p1∑

j1=0

. . .

pq∑

jq=0

. . .

pk∑

jk=0

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

×

×
( min{pg1 ,pg2}∑

jg1=0

. . .

min{pg2r−1
,pg2r}∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(387) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

= 0

is satisfied for all r = 1, 2, . . . , [k/2]. Then, for the sum J̄∗[ψ(k)]
(i1...ik)
T,t of iterated Ito stochastic

integrals defined by (380) the following expansion
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(388) J̄∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient, l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Theorem 41 [15], [55]. Assume that the complete orthonormal system {φj(x)}∞j=0 (φ0(x) =

1/
√
T − t) in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), ψl(τ)ψl−1(τ) ∈ L2([t, T ]) (l =

2, 3, . . . , k) are such that the condition

lim
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(

Sl1Sl2 . . . Sld

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

= 0

holds for all possible g1, g2, . . . , g2r−1, g2r (see (34)) and l1, l2, . . . , ld such that l1, l2, . . . , ld ∈ {1, 2, . . . ,
r}, l1 > l2 > . . . > ld, d = 0, 1, 2, . . . , r − 1, where r = 1, 2, . . . , [k/2] and

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
= C̄

(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

for d = 0.

Then, for the sum J̄∗[ψ(k)]
(i1...ik)
T,t of iterated Ito stochastic integrals defined by (380) the following

expansion

J̄∗[ψ(k)]
(i1...ik)
T,t = l.i.m.

p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

that converges in the mean-square sense is valid, where

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient, l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ
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are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Note that in Theorems 40, 41 (the case k = 2) the condition ψ1(τ)ψ2(τ) ∈ L2([t, T ]) can be
omitted.

Using Theorem 5 together with Proposition 3.1 [91] and the proof of Lemma A.2 [90], we can

write J̄∗[ψ(k)]
(i1...ik)
T,t = JS [ψ(k)]

(i1...ik)
T,t w. p. 1 and reformulate Theorems 40, 41 for JS [ψ(k)]

(i1...ik)
T,t

(JS [ψ(k)]
(i1...ik)
T,t is defined by (379)).

Let us consider the special case k = 2 of Theorem 40 in more detail. In this case, the condition
(387) takes the following form (compare with (102))

(389)

∞∑

j1=0

Cj1j1 =
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1.

As follows from [15] (Sect. 2.1.4), the equality (389) is valid for the case of an arbitrary complete
orthonormal system of functions in L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]).

From Proposition 3.1 [91] for the case k = 2 we obtain

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1) ◦ dw(i)
t1 ◦ dw(i)

t2 =

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(i)
t1 dw

(i)
t2 +

(390) +
1

2

T∫

t

ψ1(t1)ψ2(t1)dt1

w. p. 1, where ψ1(τ), ψ2(τ) ∈ L2([t, T ]), i = 1, . . . ,m,

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1) ◦ dw(i)
t1 ◦ dw(i)

t2

is defined by (378), (379) and

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(i)
t1 dw

(i)
t2

is the iterated Ito stochastic integral of the form (2) (k = 2).
On the other hand, it is not difficult to show that

(391)

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1) ◦ dw(i)
t1 ◦ dw(j)

t2 =

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(i)
t1 dw

(j)
t2

w. p. 1, where ψ1(τ), ψ2(τ) ∈ L2([t, T ]), i 6= j (i, j = 1, . . . ,m), another notations are the same as in
(390).

Combining (390) and (391), we get (see (380))
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T∫

t

ψ2(t2)

t2∫

t

ψ1(t1) ◦ dw(i1)
t1 ◦ dw(i2)

t2 =

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 +

(392) +
1

2
1{i1=i2}

T∫

t

ψ1(t1)ψ2(t1)dt1
def
= J̄∗[ψ(2)]

(i1i2)
T,t

w. p. 1, where ψ1(τ), ψ2(τ) ∈ L2([t, T ]), i1, i2 = 1, . . . ,m.
It is easy to see that the condition φ0(x) = 1/

√
T − t can be omitted in Theorems 40, 41 for the

case k = 2 (see the proof of Theorem 13).
Summing up the above arguments, we obtain the following generalization of Theorem 7 to the case

of an arbitrary complete orthonormal system of functions in L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]).

Theorem 42 [15]. Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal system of func-

tions in the space L2([t, T ]) and ψ1(τ), ψ2(τ) ∈ L2([t, T ]). Then, for the iterated Stratonovich sto-

chastic integral

JS [ψ(2)]
(i1i2)
T,t =

T∫

t

ψ2(t2)

t2∫

t

ψ1(t1) ◦ df (i1)t1 ◦ df (i2)t2 (i1, i2 = 1, . . . ,m)

the following expansion

(393) JS [ψ(2)]
(i1i2)
T,t = l.i.m.

p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

that converges in the mean-square sence is valid, where the notations are the same as in Theorems 6,

7 and JS [ψ(2)]
(i1i2)
T,t is defined by (379).

In this section, it is also appropriate to mention the so-called multiple Stratonovich stochastic
integral [90] (also see [86]).

The mean-square limit (if it exists)

l.i.m.
N→∞

N−1∑

l1=0

. . .
N−1∑

lk=0

1

∆τl1 . . .∆τlk

∫

[τl1 ,τl1+1]×...×[τlk ,τlk+1]

K(t1, . . . , tk)dt1 . . . dtk ∆w(i1)
τl1

. . .∆w(ik)
τlk

def
=

(394)
def
= J̄S [K]

(i1...ik)
T,t

is called [90] the multiple Stratonovich stochastic integral of the function K(t1, . . . , tk) ∈ L2([t, T ]
k),

where ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), ∆τj = τj+1 − τj , {τj}Nj=0 is a partition of the interval

[t, T ] satisfying the condition (377), i1, . . . , ik = 0, 1, . . . ,m, w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ ,

f
(i)
τ (i = 1, . . . ,m) are independent standard Wiener processes defined as above in this section.

Note that in [90] the case i1 = . . . = ik 6= 0 was considered. We also denote by J̄S [K]
(i1...ik)
s,t the mul-

tiple Stratonovich stochastic integral (394) (if it exists) of the function K(t1, . . . , tk)1{(t1,...,tk)∈[t,s]k},

where K(t1, . . . , tk) ∈ L2([t, T ]
k), s ∈ [t, T ], t ≥ 0.

Let the function K(t1, . . . , tk) be chosen as follows
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(395) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 ≤ . . . ≤ tk

0, otherwise

,

where ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
We will denote the multiple Stratonovich stochastic integral (394) of the function (395) as follows

J̄S [ψ(k)]
(i1...ik)
T,t . It is known [90] (Lemma A.2) that the Stratonovich stochastic integrals JS [ψ(k)]

(i1...ik)
T,t

and J̄S [ψ(k)]
(i1...ik)
T,t exist for the case i1 = . . . = ik 6= 0. Moreover,

JS [ψ(k)]
(i1...ik)
T,t = J̄S [ψ(k)]

(i1...ik)
T,t w. p. 1

for this case [90] (Lemma A.2).
Recall that an expansion similar to (44) was obtained in [87] for the multiple Stratonovich stochastic

integral (394) under the condition of convergence of trace series.
Recently, another approach to the expansion of integral (394) has been proposed (assuming that

the integral (394) exists), where multiple Fourier–Walsh and Fourier–Haar series (k ∈ N) have been
applied [96]. The convergence was proved with respect to the special subsequence (p1 = . . . = pk =
p = 2m, m→ ∞ in a formula similar to (388) [96]).

18. Modification of Condition 3 of Theorem 13 Using Parseval’s Equality

Let us make some remarks about the development of the approach based on Theorem 13 and
describe the algorithm of the verification of Condition 3 of Theorem 13. First, consider the case
k = 2n + 1, n = 3, 4, . . . (k is the multiplicity of the iterated Stratonovich stochastic integral (43)).
Let Conditions 1 and 2 of Theorem 13 be satisfied. Consider the equality (97). The right-hand side
of (97) has the form

p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

.

Iterated application of the formulas (185), (186), (199) separately to the values

p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

and

1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r
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(g1, g2, . . . , g2r−1, g2r as in (34), r = 1, 2, . . . , [k/2], 2r < k) gives the following representation (see
(98))

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

≤

≤
∞∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

=

=
∞∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r






∫

[t,T ]k−2r

Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)×

(396) ×
k∏

q=1
q 6=g1,g2,...,g2r−1,g2r

ψq(tq)φjq (tq) dt1 . . . dtg1−1dtg1+1 . . . dtg2r−1dtg2r+1 . . . dtk






2

,

where

Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk) =

=
4r∑

d=1

R̄(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)−

−
2r∑

d=1

R̃(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk) ∈ L2([t, T ]

k−2r)

and ∫

[t,T ]k−2r

Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)×

×
k∏

q=1
q 6=g1,g2,...,g2r−1,g2r

ψq(tq)φjq (tq) dt1 . . . dtg1−1dtg1+1 . . . dtg2r−1dtg2r+1 . . . dtk
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is the Fourier coefficient of

R̂p(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk) =

= Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)

k∏

q=1
q 6=g1,g2,...,g2r−1,g2r

ψq(tq).

Also note that some of the functions

R̄(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)

and

R̃(d)
p (t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)

can be identically equal to zero.
Obviously, we could use another representation for the function

(397) Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)

based on the left-hand side of the equality (97) and (185), (186), (199) (see Sect. 7, 10 for details).
In Sect. 10, we considered the function (397) in detail for the case k ≥ 5, r = 1.

Parseval’s equality gives

∞∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r






∫

[t,T ]k−2r

Rp(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)×

×
k∏

q=1
q 6=g1,g2,...,g2r−1,g2r

ψq(tq)φjq (tq) dt1 . . . dtg1−1dtg1+1 . . . dtg2r−1dtg2r+1 . . . dtk






2

=

=

∫

[t,T ]k−2r

(

R̂p(t1, . . . , tg1−1, tg1+1, . . . , tg2r−1, tg2r+1, . . . , tk)
)2

×

×dt1 . . . dtg1−1dtg1+1 . . . dtg2r−1dtg2r+1 . . . dtk =

(398) =
∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
.

Combining (396) and (398), we obtain
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p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

− 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

≤

(399) ≤
∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
.

Assume that we have succeeded in proving the following equality

(400) lim
p→∞

∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
= 0.

Applying (399) and (400), we get (compare with (98))

lim
p→∞

p
∑

j1,...,jq,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(
p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

−

(401) − 1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

)2

= 0.

As noted in Sect. 7, Condition 3 of Theorem 13 can be replaced by a weaker condition (98) (or
(401)). Also Condition 3 of Theorem 13 can be replaced by (400). From (401) we obviously obtain

lim
p→∞

p
∑

jg1=0

. . .

p
∑

jg2r−1
=0

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

=

(402) =
1

2r

r∏

l=1

1{g2l=g2l−1+1}Cjk...j1

∣
∣
∣
∣
(jg2 jg1 )y(·)...(jg2r jg2r−1

)y(·),jg
1
= jg

2
,...,jg

2r−1
= jg

2r

.

According to (97), the equality (402) will be satisfied if

(403) lim
p→∞

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

= 0,

where g1, g2, . . . , g2r−1, g2r as in (34), l1, l2, . . . , ld such that l1, l2, . . . , ld ∈ {1, 2, . . . , r}, l1 > l2 >
. . . > ld, d = 0, 1, 2, . . . , r − 1, r = 1, 2, . . . , [k/2],
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Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
= C̄

(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

for d = 0, where

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

, Sl

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

are defined by (38), (39), l = 1, 2, . . . , r (see Sect. 7 for details).
Let us make some remarks about the function (397) for the case k > 5, r = 2. In this case, using

the left-hand side of the equality (97) and (185), (186), (199), we represent the function (397) as the
sum of several functions. In particular, among these functions will be the following functions

Qp(t1, . . . , ts−1, ts+1, . . . , tl−1, tl+1, . . . , tq−1, tq+1, . . . , tg−1, tg+1, . . . , tk) =

= 1{t1<...<ts−1<ts+1<...<tl−1<tl+1<...<tq−1<tq+1<...<tg−1<tg+1<...<tk}×

×
∞∑

jl=p+1

ts+1∫

t

ψs(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ×

(404) ×
∞∑

jq=p+1

tq+1∫

t

ψq(τ)φjq (τ)dτ

tg−1∫

t

ψg(τ)φjq (τ)dτ,

Q̄p(t1, . . . , tl−2, tl+3, . . . , tk) = 1{t1<...<tl−2<tl+3<...<tk}×

×
∞∑

jl=p+1





tl−2∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

(405) ×
∞∑

jq=p+1





tl−2∫

t

ψl+1(θ)φjq (θ)

θ∫

t

ψl+2(u)φjq (u)dudθ



 ,

Q̃p(t1, . . . , tl−2, tl+3, . . . , tk) = 1{t1<...<tl−2<tl+3<...<tk}×

×
∞∑

jl=p+1

∞∑

jq=p+1

tl+3∫

t

ψl+1(τ)φjq (τ)





τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

(406) ×
τ∫

t

ψl+2(u)φjq (u)dudτ,
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Q̂p(t1, . . . , tl−1, tl+2, . . . , tq−1, tq+2, . . . , tk) =

= 1{t1<...<tl−1<tl+2<...<tq−1<tq+2<...<tk}×

×
∞∑

jl=p+1

∞∑

jl+1=p+1





tl+2∫

t

ψl+1(θ)φjl+1
(θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

(407) ×





tq+2∫

t

ψq+1(θ)φjl+1
(θ)

θ∫

t

ψq(u)φjl(u)dudθ



 .

Note that the pairs (g1, g2), (g3, g4) for the functions (405) and (406) have the property: g2 = g1+1,
g4 = g3 + 1, g3 = g2 + 1. At the same time, the pairs (g1, g2), (g3, g4) for the function (404) have the
following property: g2 > g1 + 1, g4 > g3 + 1, g3 ≥ g2 + 1. For the function (407), the pairs (g1, g2),
(g3, g4) chosen as follows: g2 > g1 + 1, g4 > g3 + 1, g4 = g2 + 1, g3 = g1 + 1. Generally speaking, all
possible pairs (g1, g2), (g3, g4) must be considered. We consider the functions (404)–(407) only as an
example.

Suppose that s + 1 = l − 1, l + 1 = q − 1, q + 1 = g − 1 in (404). Let us show that (we consider
the case of Legendre polynomials; the trigonometric case is simpler and can be considered similarly)

(408) lim
p→∞

∥
∥Qp

∥
∥
2

L2([t,T ]k−4)
= 0,

(409) lim
p→∞

∥
∥Q̄p

∥
∥
2

L2([t,T ]k−4)
= 0,

(410) lim
p→∞

∥
∥Q̃p

∥
∥
2

L2([t,T ]k−4)
= 0,

(411) lim
p→∞

∥
∥Q̂p

∥
∥
2

L2([t,T ]k−4)
= 0.

First consider the proof of (408). We have (s+ 1 = l − 1, l+ 1 = q − 1, q + 1 = g − 1)

(Qp(t1, . . . , tl−3, tl−1, tl+1, tl+3, tl+5, . . . , tk))
2
=

= 1{t1<...<tl−3<tl−1<tl+1<tl+3<tl+5<...<tk}×

×





∞∑

jl=p+1

tl−1∫

t

ψl−2(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ×

(412) ×
∞∑

jq=p+1

tl+3∫

t

ψl+2(τ)φjq (τ)dτ

tl+3∫

t

ψl+4(τ)φjq (τ)dτ





2

.
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Using the estimate (135), we obtain

(413)

∣
∣
∣
∣
∣
∣

s∫

t

ψ(τ)φj(τ)dτ

∣
∣
∣
∣
∣
∣

<
K

j1−ε/2(1− z2(s))1/4−ε/4
,

where j ∈ N, s ∈ (t, T ), z(s) is defined by (106), ε ∈ (0, 1), constant K does not depend on j,
{φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials in the space L2([t, T ]), ψ(τ)
is a continuously differentiable nonrandom function on [t, T ].

Applying (413) and (138) (we take ε instead of ε/2 in (138)), we get





∞∑

jl=p+1

tl−1∫

t

ψl−2(τ)φjl (τ)dτ

tl−1∫

t

ψl(τ)φjl (τ)dτ×

×
∞∑

jq=p+1

tl+3∫

t

ψl+2(τ)φjq (τ)dτ

tl+3∫

t

ψl+4(τ)φjq (τ)dτ





2

≤

(414) ≤ K1

p4(1−ε)(1− z2(tl−1))1−ε(1− z2(tl+3))1−ε
,

where tl−1, tl+3 ∈ (t, T ), constant K1 is independent of p. Combining (412) and (414), we have (408).
Let us prove (409). The following equality is proved in Sect. 12 [47] (also see Sect. 2.9 [15]) for the

case of Legendre polynomials (n > m; n,m ∈ N)

n∑

j=m+1

Cjj(s) =
n∑

j=m+1

s∫

t

ψ2(θ)φj(θ)

θ∫

t

ψ1(τ)φj(τ)dτdθ =

=
T − t

4

z(s)∫

−1

ψ1(u(x))ψ2(u(x)) (Pn+1(x)Pn(x)− Pm+1(x)Pm(x)) dx−

− (T − t)2

8

n∑

j=m+1

1

2j + 1

z(s)∫

−1

(Pj+1(y)− Pj−1(y))ψ
′
1(u(y))×

×
(

(Pj+1(z(s))− Pj−1(z(s)))ψ2(s)− (Pj+1(y)− Pj−1(y))ψ2(u(y))−

(415) −T − t

2

z(s)∫

y

(Pj+1(x) − Pj−1(x))ψ
′
2(u(x))dx

)

dy,

where s ∈ (t, T ),

Cjj(s) =

s∫

t

ψ2(τ)φj(τ)

τ∫

t

ψ1(θ)φj(θ)dθdτ,
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u(y) =
T − t

2
y +

T + t

2
, z(s) =

(

s− T + t

2

)
2

T − t
,

and ψ′
1, ψ

′
2 are derivatives of the functions ψ1(τ), ψ2(τ) with respect to the variable u(y).

Applying the estimate (134) in (415) and taking into account the boundedness of the functions
ψ1(τ), ψ2(τ) and their derivatives, we obtain

∣
∣
∣
∣
∣
∣

n∑

j=m+1

Cjj(s)

∣
∣
∣
∣
∣
∣

≤ C1

(
1

n1−ε
+

1

m1−ε

) z(s)∫

−1

dx

(1− x2)
1/2−ε/2

+

+C2

n∑

j=m+1

1

j2−ε






z(s)∫

−1

dy

(1− y2)
1/2−ε/2

+
1

(1− z2(s))
1/4−ε/4

z(s)∫

−1

dy

(1− y2)
1/4−ε/4

+

(416) +

z(s)∫

−1

1

(1− y2)
1/4−ε/4

z(s)∫

y

dx

(1− x2)
1/4−ε/4

dy




 ,

where s ∈ (t, T ), constants C1, C2 do not depend on n and m.
From (416) we have

(417)

∣
∣
∣
∣
∣
∣

∞∑

j=m+1

Cjj(s)

∣
∣
∣
∣
∣
∣

≤ K1

m1−ε
+K2

∞∑

j=m+1

1

j2−ε

(

1 +
1

(1− z2(s))
1/4−ε/4

)

,

where s ∈ (t, T ), constants K1,K2 do not depend on m.
Applying (138) (we take ε instead of ε/2 in (138)) in (417), we get

(418)

∣
∣
∣
∣
∣
∣

∞∑

j=m+1

Cjj(s)

∣
∣
∣
∣
∣
∣

≤ K

m1−ε (1− z2(s))
1/4−ε/4

,

where s ∈ (t, T ), constant K is independent of m.
Using the estimate (418), we obtain (see (405))

(
Q̄p(t1, . . . , tl−2, tl+3, . . . , tk)

)2
= 1{t1<...<tl−2<tl+3<...<tk}×

×





∞∑

jl=p+1





tl−2∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

×
∞∑

jq=p+1





tl−2∫

t

ψl+1(θ)φjq (θ)

θ∫

t

ψl+2(u)φjq (u)dudθ









2

≤
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(419) ≤ K1

p4(1−ε)(1 − z2(tl−2))1−ε
,

where tl−2 ∈ (t, T ), constant K1 is independent of p. The inequality (419) completes the proof of
(409).

Let us prove (410). Using (115), we obtain the following equality for the cases of Legendre poly-
nomials and trigonometric functions

(420)
1

2

s∫

t

ψ1(t1)ψ2(t1)dt1 −
p
∑

j1=0

Cj1j1(s) =
∞∑

j1=p+1

Cj1j1(s),

where s ∈ (t, T ) and

Cjj(s) =

s∫

t

ψ2(τ)φj(τ)

τ∫

t

ψ1(θ)φj(θ)dθdτ.

Applying (420) in (406), we get

(

Q̃p(t1, . . . , tl−2, tl+3, . . . , tk)
)2

≤

≤





∞∑

jl=p+1

∞∑

jq=p+1

tl+3∫

t

ψl+1(τ)φjq (τ)





τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

×
τ∫

t

ψl+2(u)φjq (u)dudτ





2

=

=




1

2

∞∑

jl=p+1

tl+3∫

t

ψl+1(τ)





τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



ψl+2(τ)dτ−

−
p
∑

jq=0

tl+3∫

t

ψl+1(τ)φjq (τ)

∞∑

jl=p+1





τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ



×

×
τ∫

t

ψl+2(u)φjq (u)dudτ





2

=

(421) = (a− b)2 ≤ 2(|a|2 + |b|2).

Further, we have
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(422) |a| ≤ 1

2

tl+3∫

t

|ψl+1(τ)|

∣
∣
∣
∣
∣
∣

∞∑

jl=p+1

τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl (u)dudθ

∣
∣
∣
∣
∣
∣

|ψl+2(τ)| dτ,

|b| ≤
p
∑

jq=0

tl+3∫

t

∣
∣ψl+1(τ)φjq (τ)

∣
∣

∣
∣
∣
∣
∣
∣

∞∑

jl=p+1

τ∫

t

ψl−1(θ)φjl (θ)

θ∫

t

ψl(u)φjl(u)dudθ

∣
∣
∣
∣
∣
∣

×

(423) ×

∣
∣
∣
∣
∣
∣

τ∫

t

ψl+2(u)φjq (u)du

∣
∣
∣
∣
∣
∣

dτ.

Combining (418) and (422), we obtain

(424) |a| ≤ C

p1−ε
,

where constant C is independent of p.
Separating in (423) the term with the number jq = 0 and then applying (266), (109), (418), we

obtain

|b| ≤ K

p1−ε





tl+3∫

t

dτ

(1− z2(τ))
1/2−ε/4

+

p
∑

jq=1

1

jq

tl+3∫

t

dτ

(1− z2(τ))
3/4−ε/4



 ≤

≤ K1

p1−ε



1 +

p
∑

jq=1

1

jq



 ≤ K1

p1−ε



2 +

p∫

1

dx

x



 =

(425) =
K1 (2 + lnp)

p1−ε
→ 0

if p→ ∞. The estimates (421), (424), (425) complete the proof of (410).
Finally, consider the proof of (411). Using the elementary inequality |ab| ≤ (a2 + b2)/2 and

Parseval’s equality, we have

(

Q̂p(t1, . . . , tl−1, tl+2, . . . , tq−1, tq+2, . . . , tk)
)2

≤

≤





∞∑

jl=p+1

∞∑

jl+1=p+1

∣
∣
∣
∣
∣
∣

tl+2∫

t

ψl+1(θ)φjl+1
(θ)

θ∫

t

ψl(u)φjl(u)dudθ

∣
∣
∣
∣
∣
∣

×

×

∣
∣
∣
∣
∣
∣

tq+2∫

t

ψq+1(θ)φjl+1
(θ)

θ∫

t

ψq(u)φjl (u)dudθ

∣
∣
∣
∣
∣
∣





2

≤
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≤ 1

4






∞∑

jl=p+1

∞∑

jl+1=p+1





tl+2∫

t

ψl+1(θ)φjl+1
(θ)

θ∫

t

ψl(u)φjl(u)dudθ





2

+

+

∞∑

jl=p+1

∞∑

jl+1=p+1





tq+2∫

t

ψq+1(θ)φjl+1
(θ)

θ∫

t

ψq(u)φjl(u)dudθ





2





2

≤

≤ 1

4






∞∑

jl=p+1

∞∑

jl+1=0





tl+2∫

t

ψl+1(θ)φjl+1
(θ)

θ∫

t

ψl(u)φjl(u)dudθ





2

+

+
∞∑

jl=p+1

∞∑

jl+1=0





tq+2∫

t

ψq+1(θ)φjl+1
(θ)

θ∫

t

ψq(u)φjl(u)dudθ





2




2

≤

≤ 1

4






∞∑

jl=p+1

tl+2∫

t

ψ2
l+1(θ)





θ∫

t

ψl(u)φjl (u)du





2

dθ+

(426) +

∞∑

jl=p+1

tq+2∫

t

ψ2
q+1(θ)





θ∫

t

ψq(u)φjl (u)du





2

dθ






2

.

Note that

(427)

∞∑

j=p+1

1

j2
≤

∞∫

p

dx

x2
=

1

p
.

From (426) and (427), (109) we obtain

(

Q̂p(t1, . . . , tl−1, tl+2, . . . , tq−1, tq+2, . . . , tk)
)2

≤

≤ K

p2
→ 0

if p→ ∞, where constant K does not depend on p. Thus the equalities (408)–(411) are proved.
Recall that the function (397) (this function is defined using the left-hand side of the equality (97))

for the case k > 5, r = 2 is represented as the sum of several functions. Four of them, namely Qp,

Q̄p, Q̃p, Q̂p (these functions correspond to the particular case of choosing the pairs (g1, g2), (g3, g4);
generally speaking, all possible pairs (g1, g2), (g3, g4) must be considered), have been studied above.
Absolutely similarly, we can consider the remaining functions (for all possible pairs (g1, g2), (g3, g4))
whose sum is the function (397) for the case k > 5, r = 2. As a result, we will have

lim
p→∞

∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
= 0 (k > 5, r = 2).
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After that, we can go to the function (397) for the case k > 5, r = 3, 2r < k (this function is
defined using the left-hand side of the equality (97)) and follow the same steps as above. This will
lead us to the following equality

lim
p→∞

∥
∥R̂p

∥
∥
2

L2([t,T ]k−2r)
= 0 (k > 5, r = 3, 2r < k).

Then we can move on to the next step and so on. As a result, we get the equality (400) (r =
1, 2, . . . , [k/2]). Thus the condition (98) is satisfied for the case k = 2n+ 1, n = 3, 4, . . . (recall that
the condition (98) is weaker than Condition 3 of Theorem 13 and the condition (98) can be used in
Theorem 13 instead of Condition 3).

For the case k = 2n, n = 3, 4, . . . we follow the above steps for r = 1, 2, . . . , [k/2]− 1 (2r ≤ k − 2).
For 2r = k we use the same technique as in the proof of the equalities (147)–(149). Recall that we
used (71), (78) and Parseval’s equality in the proof of (147)–(149).

The obvious disadvantage of the proposed algorithm is the drastic increase of complexity of the
proof when moving from r = 1 to r = 2, r = 2 to r = 3 and so on.

The proofs of Theorems 17 and 18 contain a rather simple trick of passing from r = 1 to r = 2.
Unfortunately, this procedure cannot be applied already at the transition from r = 2 to r = 3.

Note that the case k = 6, r = 3 was successfully considered in Theorem 23 under the following
simplifying assumption: ψ1(τ), . . . , ψ6(τ) ≡ 1.

Nevertheless, the results obtained in this paper are quite sufficient for practical needs (see Chap-
ters 4 and 5 [15] for details).
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[93] Hairer M. On Malliavin’s proof of Hörmander’s theorem. Bulletin Des Sciences Mathématiques, 135, 6-7 (2011),

650-666.
[94] Rybakov K.A. On traces of linear operators with symmetrized Volterra–type kernels. Symmetry, 15, 1821 (2023),

1-18. DOI: http://doi.org/10.3390/sym15101821

[95] Kuznetsov D.F., Kuznetsov M.D. Optimization of the mean-square approximation procedures for iterated
Stratonovich stochastic integrals of multiplicities 1 to 3 with respect to components of the multi-dimensional
Wiener process based on Multiple Fourier-Legendre series. MATEC Web of Conferences, 362 (2022), article id:
01014, 10 pp. DOI: http://doi.org/10.1051/matecconf/202236201014

1098

http://arxiv.org/abs/2009.14011
http://www.sde-kuznetsov.spb.ru/20e.pdf
http://arxiv.org/abs/2010.13564
http://diffjournal.spbu.ru/EN/numbers/2021.4/article.1.5.html
http://doi.org/10.1007/978-3-030-83266-7_2
http://doi.org/10.5565/PUBLMAT6522114
http://doi.org/10.3390/sym15101821
http://doi.org/10.1051/matecconf/202236201014


160 D.F. KUZNETSOV

[96] Rybakov K.A. Features of the expansion of multiple stochastic Stratonovich integrals using Walsh and Haar
functions. Electronic Journal ”Differential Equations and Control Processes” ISSN 1817-2172 (online), 1 (2023),
137-150. Available at: http://diffjournal.spbu.ru/EN/numbers/2023.1/article.1.9.html

Dmitriy Feliksovich Kuznetsov
Peter the Great Saint-Petersburg Polytechnic University,
Polytechnicheskaya ul., 29,
195251, Saint-Petersburg, Russia
Email address: sde kuznetsov@inbox.ru

1099

http://diffjournal.spbu.ru/EN/numbers/2023.1/article.1.9.html


Chapter 3.

Expansions of Specific Iterated

Ito and Stratonovich Stochastic

Integrals From the Taylor–Ito

and Taylor–Stratonovich

Expansions

1100



ar
X

iv
:1

80
1.

00
23

1v
19

  [
m

at
h.

PR
] 

 1
1 

A
ug

 2
02

2

MEAN-SQUARE APPROXIMATION OF ITERATED ITO AND

STRATONOVICH STOCHASTIC INTEGRALS OF MULTIPLICITIES 1 TO 6

FROM THE TAYLOR–ITO AND TAYLOR–STRATONOVICH EXPANSIONS

USING LEGENDRE POLYNOMIALS

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the practical material on expansions and mean-square
approximations of specific iterated Ito and Stratonovich stochastic integrals of multiplicities
1 to 6 with respect to components of the multidimensional Wiener process on the base of the
method of generalized multiple Fourier series. More precisely, we used the multiple Fourier–
Legendre series converging in the sense of norm in the space L2([t, T ]

k) (k = 1, . . . , 6) for
approximation of iterated Ito and Stratonovich stochastic integrals. The considered iter-
ated Ito and Stratonovich stochastic integrals are part of the stochastic Taylor expansions
(Taylor–Ito and Taylor–Stratonovich expansions). Therefore, the results of the article can
be useful for the construction of high-order strong numerical methods for Ito stochastic
differential equations. Expansions of iterated Ito and Stratonovich stochastic integrals of
multiplicities 1 to 6 using Legendre polynomials are derived. The convergence with proba-
bility 1 of the mentioned method of generalized multiple Fourier series is proved for iterated
Ito stochastic integrals of arbitrary multiplicity k (k ∈ N) for the cases of multiple Fourier–
Legendre series and multiple trigonometric Fourier series.

Contents

1. Introduction 2

2. Theorems on Expansions of Iterated Ito and Stratonovich Stochastic Itegrals 3

3. Expansions and Approximations of Specific Iterated Ito and Stratonovich Stochastic

Integrals of Multiplicities 1 to 6 Using Legendre Polynomials 17

4. Legendre Polynomials of Trigonometry? 47

Mathematics Subject Classification: 60H05, 60H10, 42B05.

Keywords: Iterated Ito stochastic integral, Iterated Stratonovich stochastic integral, General-

ized multiple Fourier series, Multiple Fourier–Legendre series, Multiple trigonometric Fourier series,

Ito stochastic differential equation, Numerical solution, Mean-square approximation, Convergence with

propability 1, Expansion.

1

1101

http://arxiv.org/abs/1801.00231v19


2 D.F. KUZNETSOV

5. Convergence With Probability 1 of Expansions of Iterated Stochastic Integrals of

Multiplicities 1 and 2 56

6. Convergence With Probability 1 of Expansion of Iterated Ito Stochastic Integrals in

Theorem 1 for the Case of Multiplicity k (k ∈ N) 62

7. About the Structure of Functions K(t1, . . . , tk) Used in Applications 78

8. Theorems 1–7 from Point of View of the Wong–Zakai Approximation 79

9. Exact Calculation of the Mean-Square Approximation Errors for Iterated Stratonovich

Stochastic Integrals I
∗(i1)
(0)T,t, I

∗(i1)
(1)T,t, I

∗(i1i2)
(00)T,t, I

∗(i1i2i3)
(000)T,t , I

∗(i1i2i3i4)
(0000)T,t 84

References 103

1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let f t be a standard m-dimensional Wiener stochastic process, which

is Ft-measurable for any t ∈ [0, T ].We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito stochastic differential equation (SDE) in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying to the equation (1). The nonrandom
functions a : Rn × [0, T ] → R

n, B : Rn × [0, T ] → R
n×m guarantee the existence and uniqueness up

to stochastic equivalence of a solution of (1) [1]. The second integral on the right-hand side of (1)
is interpreted as an Ito stochastic integral. Let x0 be an n-dimensional random variable, which is

F0-measurable and M{|x0|2} <∞ (M denotes a mathematical expectation). We assume that x0 and
ft − f0 are independent when t > 0.

It is well known that one of the effective approaches to the numerical integration of Ito SDEs is
an approach based on the Taylor–Ito and Taylor–Stratonovich expansions [2]-[4]. The most impor-
tant feature of such expansions is a presence in them of the so-called iterated Ito and Stratonovich
stochastic integrals, which play the key role for solving the problem of numerical integration of Ito
SDEs and have the following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,
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(3) J∗[ψ(k)]T,t =

∗T∫

t

ψk(tk) . . .

∗t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where ψ1(τ), . . . , ψk(τ) are nonrandom functions on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ,

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively; i1, . . . , ik = 0, 1, . . . ,m.
Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in [2]-[4]. At the same time

ψl(τ) ≡ (t− τ)ql (l = 1, . . . , k; q1, . . . , qk = 0, 1, 2, . . .) and i1, . . . , ik = 1, . . . ,m in [5]-[36].
Effective solution of the problem of mean-square approximation for collections of iterated Ito and

Stratonovich stochastic integrals (2) and (3) composes the subject of this article.

2. Theorems on Expansions of Iterated Ito and Stratonovich Stochastic Itegrals

Let us consider the effective approach to expansion of the iterated Ito stochastic integrals (2)
[8] (2006), [9]-[35] (the so-called method of generalized multiple Fourier series). Sometimes these
stochastic integrals are referred to in the literature as multiple stochastic integrals (see, for example,
[2]).

The idea of this method is as follows: the iterated Ito stochastic integral (2) of multiplicity k is
represented as the multiple stochastic integral from the certain discontinuous nonrandom function of
k variables defined on the hypercube [t, T ]k, where [t, T ] is the interval of integration of the iterated Ito
stochastic integral. Then, the indicated nonrandom function is expanded in the hypercube [t, T ]k into
the generalized multiple Fourier series converging in the mean-square sense in the space L2([t, T ]

k).
After a number of nontrivial transformations we come (see Theorems 1, 2 below) to the mean-square
convergening expansion of the iterated Ito stochastic integral into the multiple series of products of
standard Gaussian random variables. The coefficients of this series are the coefficients of generalized
multiple Fourier series for the mentioned nonrandom function of k variables, which can be calculated
using the explicit formula regardless of the multiplicity k of the iterated Ito stochastic integral (2).

Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function on [t, T ] (the case
ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) will be considered in Theorem 2).

Define the following function on the hypercube [t, T ]k

(4) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) is piecewise continuous in the hypercube [t, T ]k. At this situation it is
well known that the generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]

k) is converging to
K(t1, . . . , tk) in the hypercube [t, T ]k in the mean-square sense, i.e.

1103
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lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(5) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient,

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of the interval [t, T ] such that

(6) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [8] (2006), [9]-[35], [37]-[48]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continu-

ous nonrandom function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous

functions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(7) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where J [ψ(k)]T,t is defined by (2),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(8) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (5), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval

[t, T ], which satisfies the condition (6).
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It was shown that Theorem 1 is valid for convergence in the mean of degree 2n (n ∈ N) [11]-[25] and
for convergence with probablity 1 (w. p. 1) [22]-[25], [27], [42]. Moreover, the complete orthonormal
systems of Haar and Rademacher–Walsh functions in L2([t, T ]) can also be applied in Theorem 1
[8]-[25]. The generalization of Theorem 1 for complete orthonormal with weigth r(t1) . . . r(tk) ≥ 0
systems of functions in the space L2([t, T ]

k) can be found in [21]-[25], [31], [37]. Another modification
of Theorem 1 and Theorem 2 (see below) is connected with the approximation of iterated stochastic
integrals with respect to the infinite-dimensional Q-Wiener process [22]-[24] (Chapter 7), [34], [38]-
[40].

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 6 [8]-[35]

(9) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(10) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(11) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(12) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
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−1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(13) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i3=i6 6=0}1{j3=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i5=i6 6=0}1{j5=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

1106



MEAN-SQUARE APPROXIMATION OF ITERATED ITO AND STRATONOVICH STOCHASTIC INTEGRALS 7

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(14) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,

where 1A is the indicator of the set A.
Thus, we obtain the following useful possibilities of the method of generalized multiple Fourier

series.
1. There is an explicit formula (see (5)) for calculation of expansion coefficients of the iterated Ito

stochastic integral with any fixed multiplicity k.
2. We have new possibilities for exact calculation of the mean-square approximation error for

iterated Ito stochastic integrals (see Theorem 3 below).
3. Since the used multiple Fourier series is a generalized in the sense that it is built using various

complete orthonormal systems of functions in the space L2([t, T ]), we have new possibilities for
approximation — we can use not only the trigonometric functions as in [2]-[4] but the Legendre
polynomials.
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4. As it turned out (see below), it is more convenient to work with Legendre polynomials for
constructing approximations of iterated stochastic integrals. We can choose different numbers q
(see Sect. 4) for approximations of different iterated Ito stochastic integrals. This is impossible for
approximations based on the approach from [2]-[4]. Approximations based on Legendre polynomials
are much simpler than approximations based on trigonometric functions (see (52), (53), (114), (118)
below).

5. The approach from [2]-[4], [49]-[51] leads to iterated series (iterated application of the operation
of limit transition) in contrast with multiple series from Theorem 1 (operation of limit transition is
implemented only once) starting at least from the second or third multiplicity of iterated stochastic
integrals. Multiple series are more convenient for approximation than the iterated ones, since partial
sums of multiple series converge for any possible case of convergence to infinity of their upper limits
of summation (let us denote them as p1, . . . , pk). For example, when p1 = . . . = pk = p → ∞. For
iterated series, the condition p1 = . . . = pk = p→ ∞ obviously does not guarantee the convergence of
this series. However, in [2] (Sect. 5.8, pp. 202–204), [49] (pp. 82-84), [50] (pp. 438-439), [51] (pp. 263-
264) the authors use (without rigorous proof) the condition p1 = p2 = p3 = p→ ∞ within the frames
of the mentioned approach [2]-[4], [49]-[51] based on the Karhunen–Loeve expansion of the Brownian
bridge process [3] together with the Wong–Zakai approximation [54]-[56] (see discussion in Sect. 8 for
detail).

6. In a number of works of the author [12]-[24], [26], [30] Theorem 1 has been adapted for the
iterated Stratonovich stochastic integrals (3) of multiplicities 1 to 6.

For further consideration, let us consider the generalization of formulas (9)–(14) for the case of
an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (2).
In order to do this, let us introduce some notations. Consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(15) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (15) is a partition and consider the sum with respect to all possible partitions

(16)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (16)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,
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∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (7) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(17) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorem 1.

In particular, from (17) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )

jq1

)

.

The last equality obviously agrees with (13).

1109



10 D.F. KUZNETSOV

Let us consider the generalization of Theorem 1 for the case of an arbitrary complete orthonormal
systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [22] (Sect. 1.11), [25] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(18) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 2 was considered in [52]. Note that we use another
notations [22] (Sect. 1.11), [25] (Sect. 15) in comparison with [52]. Moreover, the proof of an analogue
of Theorem 2 from [52] is somewhat different from the proof given in [22] (Sect. 1.11), [25] (Sect. 15).

As noted above, in a number of works of the author [12]-[24], [26], [30] Theorem 1 has been adapted
for the iterated Stratonovich stochastic integrals (3) of multiplicities 1 to 6. Let us first present some
old results as the following theorem.

Theorem 3 [12]-[24], [26], [30]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). At the same time ψ2(τ) is

a continuously differentiable function on [t, T ] and ψ1(τ), ψ3(τ) are twice continuously differentiable

functions on [t, T ]. Then

(19) J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

(i1, i2 = 1, . . . ,m),

(20) J∗[ψ(3)]T,t = l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 0, 1, . . . ,m),

(21) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 1, . . . ,m),

(22) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

(i1, i2, i3, i4 = 0, 1, . . . ,m),

where J∗[ψ(k)]T,t is defined by (3) and ψl(τ) ≡ 1 (l = 1, . . . , 4) in (20), (22); another notations are

the same as in Theorems 1, 2.

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [22] (Sect. 2.10–2.16), [26] (Sect. 13–19), [30] (Sect. 5–11), [41]
(Sect. 7–13). Let us formulate four theorems that were obtained using this approach.
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Theorem 4 [22], [26], [30], [41]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations

(23) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(24) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (23) and i1, i2, i3 = 1, . . . ,m in (24), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 1, 2.

Theorem 5 [22], [26], [30], [41]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

(25) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(26) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

1111



12 D.F. KUZNETSOV

(27) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (25), (26) and i1, . . . , i4 = 1, . . . ,m in (27), constant C
does not depend on p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj4j3j2j1 =

=

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 4.

Theorem 6 [22], [26], [30], [41]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity

(28) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(29) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(30) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (28), (29) and i1, . . . , i5 = 1, . . . ,m in (30), constant C
is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 4, 5.
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Theorem 7 [22], [26], [30], [41]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(31) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;

another notations are the same as in Theorems 4–6.

As we mentioned above, Theorems 1 and 2 allow us to accurately calculate the mean-square
approximation error for iterated Ito stochastic integrals (see Theorem 8 below).

Assume that J [ψ(k)]p1...pk

T,t is the approximation of (2), which is the expression on the right-hand

side of (18) before passing to the limit

J [ψ(k)]p1...pk

T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorems 1, 2.
Let us denote

Ep1,...,pk

k
def
= M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2
}

,

Ep
k

def
= Ep1,...,pk

k if p1 = . . . = pk = p,

Ik
def
= ‖K‖2L2([t,T ]k) =

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk.

In [17]-[25], [31] it was shown that
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(32) Ep1,...,pk

k ≤ k!



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1





if i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞ or i1, . . . , ik = 0, 1, . . . ,m and 0 < T − t < 1.
Moreover, in [10]-[25] the following estimate is obtained

M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2n
}

≤

(33) ≤ (k!)2n(n(2n− 1))n(k−1)(2n− 1)!!



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1





n

,

where n ∈ N.
The value Ep

k can be calculated exactly.

Theorem 8 [22] (Sect. 1.12), [31] (Sect. 6). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik =
1, . . . ,m. Then

Ep
k = Ik−

(34) −
p
∑

j1,...,jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






,

where i1, . . . , ik = 1, . . . ,m; expression

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another
notations are the same as in Theorems 1, 2.

Note that

M






J [ψ(k)]T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






= Cjk...j1 .

Then from Theorem 8 for pairwise different i1, . . . , ik and for i1 = . . . = ik we obtain

Ep
k = Ik −

p
∑

j1,...,jk=0

C2
jk...j1 ,
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Ep
k = Ik −

p
∑

j1,...,jk=0

Cjk...j1

(
∑

(j1,...,jk)

Cjk...j1

)

.

Consider some examples of the application of Theorem 8 (i1, . . . , i5 = 1, . . . ,m)

Ep
2 = I2 −

p
∑

j1,j2=0

C2
j2j1 −

p
∑

j1,j2=0

Cj2j1Cj1j2 (i1 = i2),

Ep
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

Ep
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

Ep
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2),

(35) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2)

Cj4...j1

)

(i1 = i2 6= i3, i4; i3 6= i4),

(36) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3)

Cj4...j1

)

(i1 = i3 6= i2, i4; i2 6= i4),

(37) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j4)

Cj4...j1

)

(i1 = i4 6= i2, i3; i2 6= i3),

(38) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j3)

Cj4...j1

)

(i2 = i3 6= i1, i4; i1 6= i4),

(39) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j4)

Cj4...j1

)

(i2 = i4 6= i1, i3; i1 6= i3),

(40) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j3,j4)

Cj4...j1

)

(i3 = i4 6= i1, i2; i1 6= i2),
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(41) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2,j3)

Cj4...j1

)

(i1 = i2 = i3 6= i4),

(42) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j3,j4)

Cj4...j1

)

(i2 = i3 = i4 6= i1),

(43) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2,j4)

Cj4...j1

)

(i1 = i2 = i4 6= i3),

(44) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3,j4)

Cj4...j1

)

(i1 = i3 = i4 6= i2),

(45) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2)

(
∑

(j3,j4)

Cj4...j1

))

(i1 = i2 6= i3 = i4),

(46) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3)

(
∑

(j2,j4)

Cj4...j1

))

(i1 = i3 6= i2 = i4),

(47) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j4)

(
∑

(j2,j3)

Cj4...j1

))

(i1 = i4 6= i2 = i3),

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4)

(
∑

(j3,j5)

Cj5...j1

))

(i1 6= i2 = i4 6= i3 = i5 6= i1),

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j4,j5)

(
∑

(j1,j2,j3)

Cj5...j1

))

(i1 = i2 = i3 6= i4 = i5),

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3,j4,j5)

Cj5...j1

)

(i1 = i3 = i4 = i5 6= i2).
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3. Expansions and Approximations of Specific Iterated Ito and Stratonovich

Stochastic Integrals of Multiplicities 1 to 6 Using Legendre Polynomials

In this section, we provide considerable practical material (based on Theorems 1–7) on expansions
and approximations of iterated Ito and Stratonovich stochastic integrals of the following form

(48) I
(i1...ik)
(l1...lk)T,t =

T∫

t

(t− tk)
lk . . .

t2∫

t

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk

,

(49) I
∗(i1...ik)
(l1...lk)T,t =

∗T∫

t

(t− tk)
lk . . .

∗t2∫

t

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk

,

where i1, . . . , ik = 1, . . . ,m, l1, . . . , lk = 0, 1, . . .
The complete orthonormal system of Legendre polynomials in the space L2([t, T ]) looks as follows

(50) φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

, j = 0, 1, 2, . . . ,

where Pj(x) is the Legendre polynomial. It is well known that the polynomials Pj(x) can be repre-
sented, for example, in the form

Pj(x) =
1

2jj!

dj

dxj
(
x2 − 1

)j
.

Consider some well known properties of the polynomials Pj(x)

Pj(1) = 1, Pj+1(−1) = −Pj(−1), j = 0, 1, 2, . . . ,

dPj+1(x)

dx
− dPj−1(x)

dx
= (2j + 1)Pj(x),

xPj(x) =
(j + 1)Pj+1(x) + jPj−1(x)

2j + 1
, j = 1, 2, . . . ,

1∫

−1

xkPj(x)dx = 0, k = 0, 1, 2, . . . , j − 1,

1∫

−1

Pk(x)Pj(x)dx =







0 if k 6= j

2/(2j + 1) if k = j
,

Pn(x)Pm(x) =

m∑

k=0

Km,n,kPn+m−2k(x),

where

Km,n,k =
am−kakan−k

am+n−k
· 2n+ 2m− 4k + 1

2n+ 2m− 2k + 1
, ak =

(2k − 1)!!

k!
, m ≤ n.
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Using the above properties, system of functions (50) and Theorems 1–7, we obtain the following
expansions of iterated Ito and Stratonovich stochastic integrals (48) and (49) based on multiple
Fourier–Legendre series

(51) I
(i1)
(0)T,t =

√
T − tζ

(i1)
0 ,

(52) I
(i1)
(1)T,t = − (T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

(53) I
(i1)
(2)T,t =

(T − t)5/2

3

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,

(54) I
∗(i1i2)
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

,

I
(i1i2)
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

,

I
∗(i1i2)
(01)T,t = −T − t

2
I
∗(i1i2)
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

(55) +

∞∑

i=0

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i + 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

I
∗(i1i2)
(10)T,t = −T − t

2
I
∗(i1i2)
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

(56) +

∞∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i + 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

or

I
∗(i1i2)
(01)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C01
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

I
∗(i1i2)
(10)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C10
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

where

C01
j2j1 =

√

(2j1 + 1)(2j2 + 1)

8
(T − t)2C̄01

j2j1 ,
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C10
j2j1 =

√

(2j1 + 1)(2j2 + 1)

8
(T − t)2C̄10

j2j1 ,

C̄01
j2j1 = −

1∫

−1

(1 + y)Pj2(y)

y∫

−1

Pj1 (x)dxdy,

C̄10
j2j1 = −

1∫

−1

Pj2(y)

y∫

−1

(1 + x)Pj1 (x)dxdy;

I
(i1i2)
(10)T,t = I

∗(i1i2)
(10)T,t +

1

4
1{i1=i2}(T − t)2 w. p. 1,

I
(i1i2)
(01)T,t = I

∗(i1i2)
(01)T,t +

1

4
1{i1=i2}(T − t)2 w. p. 1,

I
(i1i2)
(01)T,t = −T − t

2
I
(i1i2)
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

+

∞∑

i=0

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i+ 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

I
(i1i2)
(10)T,t = −T − t

2
I
(i1i2)
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

+

∞∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i+ 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

or

I
(i1i2)
(01)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C01
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
(i1i2)
(10)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C10
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

(57) I
∗(i1i2i3)
(000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,
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I
(i1i2i3)
(000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(58) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i1i1)
(000)T,t =

1

6
(T − t)3/2

((

ζ
(i1)
0

)3

− 3ζ
(i1)
0

)

w. p. 1,

(59) I
∗(i1i1i1)
(000)T,t =

1

6
(T − t)3/2

(

ζ
(i1)
0

)3

w. p. 1,

where

(60) Cj3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
(T − t)3/2C̄j3j2j1 ,

(61) C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz;

I
(i1i2i3)
(000)T,t = I

∗(i1i2i3)
(000)T,t + 1{i1=i2 6=0}

1

2
I
(i3)
(1)T,t−

−1{i2=i3 6=0}
1

2

(

(T − t)I
(i1)
(0)T,t + I

(i1)
(1)T,t

)

w. p. 1,

I
∗(i1i2)
(02)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t − (T − t)I

∗(i1i2)
(01)T,t +

(T − t)3

8

[

2

3
√
5
ζ
(i2)
2 ζ

(i1)
0 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 2)(i+ 3)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 1)(i+ 2)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

(62) +
(i2 + i− 3)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + 3i− 1)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

,

I
∗(i1i2)
(20)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t − (T − t)I

∗(i1i2)
(10)T,t +

(T − t)3

8

[

2

3
√
5
ζ
(i2)
0 ζ

(i1)
2 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 1)(i+ 2)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 2)(i+ 3)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

(63) +
(i2 + 3i− 1)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + i− 3)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

,
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I
∗(i1i2)
(11)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t −

(T − t)

2

(

I
∗(i1i2)
(10)T,t + I

∗(i1i2)
(01)T,t

)

+

+
(T − t)3

8

[

1

3
ζ
(i1)
1 ζ

(i2)
1 +

∞∑

i=0

(
(i+ 1)(i + 3)

(

ζ
(i2)
i+3 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+3

)

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

(64) +
(i+ 1)2

(

ζ
(i2)
i+1 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+1

)

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

,

or

I
∗(i1i2)
(02)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C02
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

I
∗(i1i2)
(20)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C20
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

I
∗(i1i2)
(11)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C11
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

where

C02
j2j1 =

√

(2j1 + 1)(2j2 + 1)

16
(T − t)3C̄02

j2j1 ,

C20
j2j1 =

√

(2j1 + 1)(2j2 + 1)

16
(T − t)3C̄20

j2j1 ,

C11
j2j1 =

√

(2j1 + 1)(2j2 + 1)

16
(T − t)3C̄11

j2j1 ,

C̄02
j2j1 =

1∫

−1

Pj2(y)(y + 1)2
y∫

−1

Pj1(x)dxdy,

C̄20
j2j1 =

1∫

−1

Pj2(y)

y∫

−1

Pj1(x)(x + 1)2dxdy,

C̄11
j2j1 =

1∫

−1

Pj2(y)(y + 1)

y∫

−1

Pj1 (x)(x + 1)dxdy;

I
∗(i1i1)
(11)T,t =

1

2

(

I
(i1)
(1)T,t

)2

w. p. 1,
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(65) I
(i1i2)
(02)T,t = I

∗(i1i2)
(02)T,t −

1

6
1{i1=i2}(T − t)3 w. p. 1,

(66) I
(i1i2)
(20)T,t = I

∗(i1i2)
(20)T,t −

1

6
1{i1=i2}(T − t)3 w. p. 1,

(67) I
(i1i2)
(11)T,t = I

∗(i1i2)
(11)T,t −

1

6
1{i1=i2}(T − t)3 w. p. 1,

I
(i1i2)
(02)T,t = − (T − t)2

4
I
(i1i2)
(00)T,t − (T − t)I

(i1i2)
(01)T,t +

(T − t)3

8

[

2

3
√
5
ζ
(i2)
2 ζ

(i1)
0 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 2)(i+ 3)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 1)(i+ 2)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + i− 3)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + 3i− 1)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

−

(68) − 1

24
1{i1=i2}(T − t)3,

I
(i1i2)
(20)T,t = − (T − t)2

4
I
(i1i2)
(00)T,t − (T − t)I

(i1i2)
(10)T,t +

(T − t)3

8

[

2

3
√
5
ζ
(i2)
0 ζ

(i1)
2 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 1)(i+ 2)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 2)(i+ 3)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + 3i− 1)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + i− 3)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

−

(69) − 1

24
1{i1=i2}(T − t)3,

I
(i1i2)
(11)T,t = − (T − t)2

4
I
(i1i2)
(00)T,t −

T − t

2

(

I
(i1i2)
(10)T,t + I

(i1i2)
(01)T,t

)

+

+
(T − t)3

8

[

1

3
ζ
(i1)
1 ζ

(i2)
1 +

∞∑

i=0

(
(i+ 1)(i+ 3)

(

ζ
(i2)
i+3 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+3

)

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i+ 1)2

(

ζ
(i2)
i+1 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+1

)

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

−

(70) − 1

24
1{i1=i2}(T − t)3,
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or

I
(i1i2)
(02)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C02
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
(i1i2)
(20)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C20
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
(i1i2)
(11)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C11
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

(71) I
(i1)
(3)T,t = − (T − t)7/2

4

(

ζ
(i1)
0 +

3
√
3

5
ζ
(i1)
1 +

1√
5
ζ
(i1)
2 +

1

5
√
7
ζ
(i1)
3

)

,

I
∗(i1i2i3i4)
(0000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
(i1i2i3i4)
(0000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

(72) + 1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i1i1i1)
(0000)T,t =

1

24
(T − t)2

((

ζ
(i1)
0

)4

− 6
(

ζ
(i1)
0

)2

+ 3

)

w. p. 1,

(73) I
∗(i1i1i1i1)
(0000)T,t =

1

24
(T − t)2

(

ζ
(i1)
0

)4

w. p. 1,

where

(74) Cj4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

16
(T − t)2C̄j4j3j2j1 ,

(75) C̄j4j3j2j1 =

1∫

−1

Pj4 (u)

u∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1 (x)dxdydzdu;
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I
∗(i1i2i3)
(001)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C001
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
∗(i1i2i3)
(010)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C010
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
∗(i1i2i3)
(100)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C100
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
(i1i2i3)
(001)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C001
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(76) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3)
(010)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C010
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(77) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3)
(100)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C100
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(78) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

where

C001
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄001

j3j2j1 ,

C010
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄010

j3j2j1 ,

C100
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄100

j3j2j1 ,

C̄100
j3j2j1 = −

1∫

−1

Pj3(z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)(x + 1)dxdydz,

1124



MEAN-SQUARE APPROXIMATION OF ITERATED ITO AND STRATONOVICH STOCHASTIC INTEGRALS 25

C̄010
j3j2j1 = −

1∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)(y + 1)

y∫

−1

Pj1(x)dxdydz,

C̄001
j3j2j1 = −

1∫

−1

Pj3(z)(z + 1)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz;

I
(i1i1i1)
(lll)T,t =

1

6

((

I
(i1)
(l)T,t

)3

− 3I
(i1)
(l)T,t∆l(T,t)

)

w. p. 1,

I
∗(i1i1i1)
(lll)T,t =

1

6

(

I
(i1)
(l)T,t

)3

w. p. 1,

I
(i1i1i1i1)
(llll)T,t =

1

24

((

I
(i1)
(l)T,t

)4

− 6
(

I
(i1)
(l)T,t

)2

∆(l)T,t + 3
(
∆(l)T,t

)2
)

w. p. 1,

I
∗(i1i1i1i1)
(llll)T,t =

1

24

(

I
(i1)
(l)T,t

)4

w. p. 1,

where

I
(i1)
(l)T,t =

l∑

j=0

Cl
jζ

(i1)
j w. p. 1,

∆l(T,t) =

T∫

t

(t− s)2lds, Cl
j =

T∫

t

(t− s)lφj(s)ds;

I
∗(i1i2i3i4i5)
(00000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

,

I
(i1i2i3i4i5)
(00000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2}1{j1=j2}1{i3=i5}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2}1{j1=j2}1{i4=i5}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3}1{j1=j3}1{i2=i5}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3}1{j1=j3}1{i4=i5}1{j4=j5}ζ
(i2)
j2

+
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+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4}1{j1=j4}1{i2=i5}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4}1{j1=j4}1{i3=i5}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5}1{j1=j5}1{i2=i3}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5}1{j1=j5}1{i2=i4}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5}1{j1=j5}1{i3=i4}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3}1{j2=j3}1{i4=i5}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4}1{j2=j4}1{i3=i5}1{j3=j5}ζ
(i1)
j1

+

(79) + 1{i2=i5}1{j2=j5}1{i3=i4}1{j3=j4}ζ
(i1)
j1

)

,

I
(i1i1i1i1i1)
(00000)T,t =

1

120
(T − t)5/2

((

ζ
(i1)
0

)5

− 10
(

ζ
(i1)
0

)3

+ 15ζ
(i1)
0

)

w. p. 1,

I
∗(i1i1i1i1i1)
(00000)T,t =

1

120
(T − t)5/2

(

ζ
(i1)
0

)5

w. p. 1,

where

Cj5j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)

32
(T − t)5/2C̄j5j4j3j2j1 ,

C̄j5j4j3j2j1 =

1∫

−1

Pj5 (v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydzdudv;

I
∗(i1i2i3)
(0001)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0001
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1i2i3)
(0010)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0010
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1i2i3)
(0100)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0100
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1i2i3)
(1000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C1000
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
(i1i2i3i4)
(0001)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0001
j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,
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I
(i1i2i3i4)
(0010)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0010
j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i2i3i4)
(0100)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0100
j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i2i3i4)
(1000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C1000
j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

where

C0001
j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄0001

j4j3j2j1 ,

C0010
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄0010

j4j3j2j1 ,

C0100
j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄0100

j3j2j1 ,

C1000
j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄1000

j4j3j2j1 ,
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C̄1000
j4j3j2j1 = −

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1 (x)(x + 1)dxdydzdu,

C̄0100
j4j3j2j1 = −

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)(y + 1)

y∫

−1

Pj1 (x)dxdydzdu,

C̄0010
j4j3j2j1 = −

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)(z + 1)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)dxdydzdu,

C̄0001
j4j3j2j1 = −

1∫

−1

Pj4(u)(u + 1)

u∫

−1

Pj3 (z)

z∫

−1

Pj2(y)

y∫

−1

Pj1 (x)dxdydzdu;

I
∗(i1i2i3i4i5i6)
(000000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4,j5,j6=0

Cj6j5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

,

I
(i1i2i3i4i5i6)
(000000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4,j5,j6=0

Cj6j5j4j3j2j1

(
6∏

l=1

ζ
(il)
jl

−

−1{j1=j6}1{i1=i6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j2=j6}1{i2=i6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{j3=j6}1{i3=i6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j4=j6}1{i4=i6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{j5=j6}1{i5=i6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{j1=j3}1{i1=i3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{j1=j4}1{i1=i4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{j1=j5}1{i1=i5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{j2=j4}1{i2=i4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{j2=j5}1{i2=i5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{j3=j4}1{i3=i4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{j4=j5}1{i4=i5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{j1=j2}1{i1=i2}1{j3=j4}1{i3=i4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{j1=j2}1{i1=i2}1{j3=j5}1{i3=i5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{j1=j2}1{i1=i2}1{j4=j5}1{i4=i5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{j1=j3}1{i1=i3}1{j2=j4}1{i2=i4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{j1=j3}1{i1=i3}1{j2=j5}1{i2=i5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{j1=j3}1{i1=i3}1{j4=j5}1{i4=i5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{j1=j4}1{i1=i4}1{j2=j3}1{i2=i3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{j1=j4}1{i1=i4}1{j2=j5}1{i2=i5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{j1=j4}1{i1=i4}1{j3=j5}1{i3=i5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{j1=j5}1{i1=i5}1{j2=j3}1{i2=i3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{j1=j5}1{i1=i5}1{j2=j4}1{i2=i4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{j1=j5}1{i1=i5}1{j3=j4}1{i3=i4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{j2=j3}1{i2=i3}1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{j2=j4}1{i2=i4}1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{j2=j5}1{i2=i5}1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{j6=j1}1{i6=i1}1{j3=j4}1{i3=i4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{j6=j1}1{i6=i1}1{j3=j5}1{i3=i5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{j6=j1}1{i6=i1}1{j2=j5}1{i2=i5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{j6=j1}1{i6=i1}1{j2=j4}1{i2=i4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{j6=j1}1{i6=i1}1{j4=j5}1{i4=i5}ζ
(i2)
j2

ζ
(i3)
j3

+
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+1{j6=j1}1{i6=i1}1{j2=j3}1{i2=i3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{j6=j2}1{i6=i2}1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{j6=j2}1{i6=i2}1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{j6=j2}1{i6=i2}1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{j6=j2}1{i6=i2}1{j1=j5}1{i1=i5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{j6=j2}1{i6=i2}1{j1=j4}1{i1=i4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{j6=j2}1{i6=i2}1{j1=j3}1{i1=i3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{j6=j3}1{i6=i3}1{j2=j5}1{i2=i5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{j6=j3}1{i6=i3}1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{j6=j3}1{i6=i3}1{j2=j4}1{i2=i4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{j6=j3}1{i6=i3}1{j1=j5}1{i1=i5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{j6=j3}1{i6=i3}1{j1=j4}1{i1=i4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{j6=j3}1{i6=i3}1{j1=j2}1{i1=i2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{j6=j4}1{i6=i4}1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{j6=j4}1{i6=i4}1{j2=j5}1{i2=i5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{j6=j4}1{i6=i4}1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{j6=j4}1{i6=i4}1{j1=j5}1{i1=i5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{j6=j4}1{i6=i4}1{j1=j3}1{i1=i3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{j6=j4}1{i6=i4}1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{j6=j5}1{i6=i5}1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{j6=j5}1{i6=i5}1{j2=j4}1{i2=i4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{j6=j5}1{i6=i5}1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{j6=j5}1{i6=i5}1{j1=j4}1{i1=i4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{j6=j5}1{i6=i5}1{j1=j3}1{i1=i3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{j6=j5}1{i6=i5}1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{j6=j1}1{i6=i1}1{j2=j5}1{i2=i5}1{j3=j4}1{i3=i4}−
−1{j6=j1}1{i6=i1}1{j2=j4}1{i2=i4}1{j3=j5}1{i3=i5}−
−1{j6=j1}1{i6=i1}1{j2=j3}1{i2=i3}1{j4=j5}1{i4=i5}−
−1{j6=j2}1{i6=i2}1{j1=j5}1{i1=i5}1{j3=j4}1{i3=i4}−
−1{j6=j2}1{i6=i2}1{j1=j4}1{i1=i4}1{j3=j5}1{i3=i5}−
−1{j6=j2}1{i6=i2}1{j1=j3}1{i1=i3}1{j4=j5}1{i4=i5}−
−1{j6=j3}1{i6=i3}1{j1=j5}1{i1=i5}1{j2=j4}1{i2=i4}−
−1{j6=j3}1{i6=i3}1{j1=j4}1{i1=i4}1{j2=j5}1{i2=i5}−
−1{j3=j6}1{i3=i6}1{j1=j2}1{i1=i2}1{j4=j5}1{i4=i5}−
−1{j6=j4}1{i6=i4}1{j1=j5}1{i1=i5}1{j2=j3}1{i2=i3}−
−1{j6=j4}1{i6=i4}1{j1=j3}1{i1=i3}1{j2=j5}1{i2=i5}−
−1{j6=j4}1{i6=i4}1{j1=j2}1{i1=i2}1{j3=j5}1{i3=i5}−
−1{j6=j5}1{i6=i5}1{j1=j4}1{i1=i4}1{j2=j3}1{i2=i3}−
−1{j6=j5}1{i6=i5}1{j1=j2}1{i1=i2}1{j3=j4}1{i3=i4}−

−1{j6=j5}1{i6=i5}1{j1=j3}1{i1=i3}1{j2=j4}1{i2=i4}

)

,

I
(i1i1i1i1i1i1)
(000000)T,t =

1

720
(T − t)3

((

ζ
(i1)
0

)6

− 15
(

ζ
(i1)
0

)4

+ 45
(

ζ
(i1)
0

)2

− 15

)

w. p. 1,

I
∗(i1i1i1i1i1i1)
(000000)T,t =

1

720
(T − t)3

(

ζ
(i1)
0

)6

w. p. 1,

where

Cj6j5j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)(2j6 + 1)

64
(T − t)3C̄j6j5j4j3j2j1 ,
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C̄j6j5j4j3j2j1 =

1∫

−1

Pj6(w)

w∫

−1

Pj5(v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)dxdydzdudvdw.

It should be noted that instead of the expansion (57) we may to consider the following expansion,
which is derived by direct calculation

I
∗(i1i2i3)
(000)T,t = − 1

T − t

(

I
(i3)
(0)T,tI

∗(i2i1)
(10)T,t + I

(i1)
(0)T,tI

∗(i2i3)
(10)T,t

)

+
1

2
I
(i3)
(0)T,t

(

I
∗(i1i2)
(00)T,t − I

∗(i2i1)
(00)T,t

)

−

(80) − (T − t)3/2
(
1

6
ζ
(i1)
0 ζ

(i3)
0

(

ζ
(i2)
0 +

√
3ζ

(i2)
1 − 1√

5
ζ
(i2)
2

)

+
1

4
D

(i1i2i3)
T,t

)

,

where

D
(i1i2i3)
T,t =

∞∑

i=1, j=0, k=i
2i≥k+i−j≥−2; k+i−j −even

NijkKi+1,k+1, k+i−j

2 +1ζ
(i1)
i ζ

(i2)
j ζ

(i3)
k +

+

∞∑

i=1, j=0, 1≤k≤i−1
2k≥k+i−j≥−2; k+i−j −even

NijkKk+1,i+1, k+i−j

2 +1ζ
(i1)
i ζ

(i2)
j ζ

(i3)
k −

−
∞∑

i=1, j=0, k=i+2
2i+2≥k+i−j≥0; k+i−j −even

NijkKi+1,k−1, k+i−j

2
ζ
(i1)
i ζ

(i2)
j ζ

(i3)
k −

−
∞∑

i=1, j=0, 1≤k≤i+1
2k−2≥k+i−j≥0; k+i−j −even

NijkKk−1,i+1, k+i−j

2
ζ
(i1)
i ζ

(i2)
j ζ

(i3)
k −

−
∞∑

i=1, j=0, k=i−2,k≥1
2i−2≥k+i−j≥0; k+i−j −even

NijkKi−1,k+1, k+i−j

2
ζ
(i1)
i ζ

(i2)
j ζ

(i3)
k −

−
∞∑

i=1, j=0, 1≤k≤i−3
2k+2≥k+i−j≥0; k+i−j −even

NijkKk+1,i−1, k+i−j

2
ζ
(i1)
i ζ

(i2)
j ζ

(i3)
k +

+

∞∑

i=1, j=0, k=i
2i≥k+i−j≥2; k+i−j −even

NijkKi−1,k−1, k+i−j

2 −1ζ
(i1)
i ζ

(i2)
j ζ

(i3)
k +

+

∞∑

i=1, j=0 1≤k≤i−1
2k≥k+i−j≥2; k+i−j −even

NijkKk−1,i−1, k+i−j

2 −1ζ
(i1)
i ζ

(i2)
j ζ

(i3)
k ,

where

Nijk =

√

1

(2k + 1)(2j + 1)(2i+ 1)
,

Km,n,k =
am−kakan−k

am+n−k
· 2n+ 2m− 4k + 1

2n+ 2m− 2k + 1
, ak =

(2k − 1)!!

k!
, m ≤ n.

1130



MEAN-SQUARE APPROXIMATION OF ITERATED ITO AND STRATONOVICH STOCHASTIC INTEGRALS 31

However, as we will see further, the expansion (58) is more convenient for practical implementation
then (80).

Also note the following relation between iterated Ito and Stratonovich stochastic integrals

I
(i1i2i3i4)
(0000)T,t = I

∗(i1i2i3i4)
(0000)T,t +

1

2
1{i1=i2}I

∗(i3i4)
(10)T,t −

1

2
1{i2=i3}

(

I
∗(i1i4)
(10)T,t − I

∗(i1i4)
(01)T,t

)

−

−1

2
1{i3=i4}

(

(T − t)I
∗(i1i2)
(00)T,t + I

∗(i1i2)
(01)T,t

)

+
1

8
(T − t)21{i1=i2}1{i3=i4} w. p. 1.

Let
I
(i1...ik)q
(l1...lk)T,t, I

∗(i1...ik)q
(l1...lk)T,t

be approximations of the iterated Ito and Stratonovich stochastic integrals

I
(i1...ik)
(l1...lk)T,t, I

∗(i1...ik)
(l1...lk)T,t

defined by (48), (49), i.e. we replace ∞ with q in the expansions of these stochastic integrals.

For example, I
∗(i1i2)q
(00)T,t be the approximation of the iterated Stratonovich stochastic integral I

∗(i1i2)
(00)T,t

obtained from (54) by replacing ∞ with q, etc.
It is easy to prove that

(81) M

{(

I
∗(i1i2)
(00)T,t − I

∗(i1i2)q
(00)T,t

)2
}

=
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

(i1 6= i2).

Moreover, using Theorem 8, we obtain for i1 6= i2

M

{(

I
∗(i1i2)
(10)T,t − I

∗(i1i2)q
(10)T,t

)2
}

= M

{(

I
∗(i1i2)
(01)T,t − I

∗(i1i2)q
(01)T,t

)2
}

=

=
(T − t)4

16

(

5

9
− 2

q
∑

i=2

1

4i2 − 1
−

q
∑

i=1

1

(2i− 1)2(2i+ 3)2
−

(82) −
q
∑

i=0

(i + 2)2 + (i + 1)2

(2i+ 1)(2i+ 5)(2i+ 3)2

)

.

For the case i1 = i2, using Theorem 8, we have

M

{(

I
(i1i1)
(10)T,t − I

(i1i1)q
(10)T,t

)2
}

= M

{(

I
(i1i1)
(01)T,t − I

(i1i1)q
(01)T,t

)2
}

=

(83) =
(T − t)4

16

(

1

9
−

q
∑

i=0

1

(2i+ 1)(2i+ 5)(2i+ 3)2
− 2

q
∑

i=1

1

(2i− 1)2(2i+ 3)2

)

.

In Tables 1–3 we have calculations according to the formulas (81)–(83) for various values of q. In
the given tables ε means the right-hand sides of these formulas.

Let us consider (55), (56) for i1 = i2
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Table 1. Confirmation of the formula (81)

2ε/(T − t)2 0.1667 0.0238 0.0025 2.4988 · 10−4 2.4999 · 10−5

q 1 10 100 1000 10000

Table 2. Confirmation of the formula (82)

16ε/(T − t)4 0.3797 0.0581 0.0062 6.2450 · 10−4 6.2495 · 10−5

q 1 10 100 1000 10000

Table 3. Confirmation of the formula (83)

16ε/(T − t)4 0.0070 4.3551 · 10−5 6.0076 · 10−8 6.2251 · 10−11 6.3178 · 10−14

q 1 10 100 1000 10000

I
∗(i1i1)
(01)T,t = − (T − t)2

4

(
(

ζ
(i1)
0

)2

+
1√
3
ζ
(i1)
0 ζ

(i1)
1 +

(84) +

∞∑

i=0

(

1
√

(2i+ 1)(2i+ 5)(2i+ 3)
ζ
(i1)
i ζ

(i1)
i+2 − 1

(2i− 1)(2i+ 3)

(

ζ
(i1)
i

)2
))

,

I
∗(i1i1)
(10)T,t = − (T − t)2

4

(
(

ζ
(i1)
0

)2

+
1√
3
ζ
(i1)
0 ζ

(i1)
1 +

(85) +

∞∑

i=0

(

− 1
√

(2i+ 1)(2i+ 5)(2i+ 3)
ζ
(i1)
i ζ

(i1)
i+2 +

1

(2i− 1)(2i+ 3)

(

ζ
(i1)
i

)2
))

.

From (84), (85), considering (51) and (52), we obtain

(86) I
∗(i1i1)
(10)T,t + I

∗(i1i1)
(01)T,t = − (T − t)2

2

((

ζ
(i1)
0

)2

+
1√
3
ζ
(i1)
0 ζ

(i1)
1

)

= I
(i1)
(0)T,tI

(i1)
(1)T,t w. p. 1.

Obtaining (86), we supposed that the formulas (55), (56) are valid w. p. 1. The complete proof of
this fact will be given in Sect. 5, 6.

Applying the Ito formula and standard relations between iterated Ito and Stratonovich stochastic
integrals, it is easy to get the equality (86).

Furthermore, using the Ito formula, we obtain

(87) I
∗(i1i1)
(11)T,t =

(

I
(i1)
(1)T,t

)2

2
w. p. 1.
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In addition, applying the Ito formula, we have

(88) I
(i1i1)
(20)T,t + I

(i1i1)
(02)T,t = I

(i1)
(0)T,tI

(i1)
(2)T,t −

(T − t)3

3
w. p. 1.

From (88), considering the formulas (65), (66), we get

(89) I
∗(i1i1)
(20)T,t + I

∗(i1i1)
(02)T,t = I

(i1)
(0)T,tI

(i1)
(2)T,t w. p. 1.

Let us check whether the formulas (87), (89) follow from (62)–(64), if we suppose i1 = i2 in the
last ones. From (62)–(64) for i1 = i2 we obtain

I
∗(i1i1)
(20)T,t + I

∗(i1i1)
(02)T,t = − (T − t)2

2
I
∗(i1i1)
(00)T,t − (T − t)

(

I
∗(i1i1)
(10)T,t + I

∗(i1i1)
(01)T,t

)

+

(90) +
(T − t)3

4

(
1

3

(

ζ
(i1)
0

)2

+
2

3
√
5
ζ
(i1)
2 ζ

(i1)
0

)

,

(91) I
∗(i1i1)
(11)T,t = − (T − t)2

4
I
∗(i1i1)
(00)T,t −

T − t

2

(

I
∗(i1i1)
(10)T,t + I

∗(i1i1)
(01)T,t

)

+
(T − t)3

24

(

ζ
(i1)
1

)2

.

It is easy to see that from (90) and (91), considering (86) and (51)–(54), we actually obtain the
equalities (87) and (89), and it indirectly confirm the correctness of the formulas (62)–(64).

Obtaining (87), (89), we supposed that the formulas (62)–(64) are valid w. p. 1. The complete
proof of this fact will be given in Sect. 5, 6.

On the basis of the presented expansions of iterated stochastic integrals we can see that increasing
of multiplicities of these integrals or degree indexes of their weight functions leads to noticeable
complication of formulas for mentioned expansions.

However, increasing of mentioned parameters leads to increasing of orders of smallness with respect
to T − t in the mean-square sense for iterated stochastic integrals that leads to a sharp decrease of
member quantities in expansions of iterated stochastic integrals, which are required for achieving
the acceptable accuracy of approximation. In this context, let us consider the approach to the
approximation of iterated stochastic integrals, which provides a possibility to obtain the mean-square
approximations of the required accuracy without using the complex expansions like (80).

Let us consider the following approximation of iterated Ito stochastic integral I
(i1i2i3)
(000)T,t using (58)

I
(i1i2i3)q1
(000)T,t =

q1∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(92) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

where Cj3j2j1 is defined by (60), (61).
In particular, from (92) for i1 6= i2, i2 6= i3, i1 6= i3 we obtain

(93) I
(i1i2i3)q1
(000)T,t =

q1∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

.
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Furthermore, using Theorem 8 for k = 3, we get

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

=

(94) =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 (i1 6= i2, i1 6= i3, i2 6= i3),

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

=

(95) =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 −

q1∑

j1,j2,j3=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

=

(96) =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 −

q1∑

j1,j2,j3=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2),

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

=

(97) =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 −

q1∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3).

From the other hand, from (32) for k = 3 we obtain

(98) M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

≤ 6




(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1



 ,

where i1, i2, i3 = 1, . . . ,m.
We may act similarly with more complicated iterated stochastic integrals. For example, for ap-

proximation of the stochastic integral I
(i1i2i3i4)
(0000)T,t we can write (see (72))

I
(i1i2i3i4)q2
(0000)T,t =

q2∑

j1,j2,j3,j4=0

Cj4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

(99) + 1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,
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where Cj4j3j2j1 is defined by (74), (75).
Moreover, according to (32) for k = 4, we get

M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q2
(0000)T,t

)2
}

≤ 24




(T − t)4

24
−

q2∑

j1,j2,j3,j4=0

C2
j4j3j2j1



 ,

where i1, i2, i3, i4 = 1, . . . ,m.
For pairwise different i1, i2, i3, i4 = 1, . . . ,m from Theorem 8 we obtain

(100) M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q2
(0000)T,t

)2
}

=
(T − t)4

24
−

q2∑

j1,j2,j3,j4=0

C2
j4j3j2j1 .

Using Theorem 8, we can calculate exactly the left-hand side of (100) for any possible combinations
of i1, i2, i3, i4. These relations were obtained in [22]-[24], [31]. For example,

M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q2
(0000)T,t

)2
}

=

=
(T − t)4

24
−

q2∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j1,j2)

(
∑

(j3,j4)

Cj4j3j2j1

))

(i1 = i2 6= i3 = i4),

M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q2
(0000)T,t

)2
}

=

=
(T − t)4

24
−

q2∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2,j3)

Cj4...j1

)

(i1 = i2 = i3 6= i4),

where ∑

(j1,j2)

means the sum with respect to permutations (j1, j2).
Assume that q1 = 6. In Tables 4–10 we have the exact values of coefficients C̄j3j2j1 , j1, j2, j3 =

0, 1, . . . , 6. Note that in [43], [44] the database with 270,000 exactly calculated Fourier–Legendre
coefficients was described.

Calculating the value (94) for q1 = 6, i1 6= i2, i1 6= i3, i3 6= i2, we obtain the following approximate
equality

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

≈ 0.01956(T − t)3.

Let us choose, for example, q2 = 2. In Tables 11–19 we have the exact values of coefficients C̄j4j3j2j1

(j1, j2, j3, j4 = 0, 1, 2). In the case of pairwise different i1, i2, i3, i4 we have from (100) the following
approximate equality

(101) M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q2
(0000)T,t

)2
}

≈ 0.0236084(T − t)4.
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Let us consider the following four approximations of iterated Ito stochastic integrals (see (76)–(79))

I
(i1i2i3)q3
(001)T,t =

q3∑

j1,j2,j3=0

C001
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(102) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3)q3
(010)T,t =

q3∑

j1,j2,j3=0

C010
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(103) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3)q3
(100)T,t =

q3∑

j1,j2,j3=0

C100
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(104) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3i4i5)q4
(00000)T,t =

q4∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2}1{j1=j2}1{i3=i5}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2}1{j1=j2}1{i4=i5}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3}1{j1=j3}1{i2=i5}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3}1{j1=j3}1{i4=i5}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4}1{j1=j4}1{i2=i5}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4}1{j1=j4}1{i3=i5}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5}1{j1=j5}1{i2=i3}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5}1{j1=j5}1{i2=i4}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5}1{j1=j5}1{i3=i4}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3}1{j2=j3}1{i4=i5}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4}1{j2=j4}1{i3=i5}1{j3=j5}ζ
(i1)
j1

+

(105) + 1{i2=i5}1{j2=j5}1{i3=i4}1{j3=j4}ζ
(i1)
j1

)

.
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Table 4. Coefficients C̄0j2j1

j1 = 0 j1 = 1 j1 = 2 j1 = 3 j1 = 4 j1 = 5 j1 = 6

j2 = 0 4
3

−2
3

2
15 0 0 0 0

j2 = 1 0 2
15

−2
15

4
105 0 0 0

j2 = 2 −4
15

2
15

2
105

−2
35

2
105 0 0

j2 = 3 0 −2
35

2
35

2
315

−2
63

8
693 0

j2 = 4 0 0 −8
315

2
63

2
693

−2
99

10
1287

j2 = 5 0 0 0 −10
693

2
99

2
1287

−2
143

j2 = 6 0 0 0 0 −4
429

2
143

2
2145

Table 5. Coefficients C̄1j2j1

j1 = 0 j1 = 1 j1 = 2 j1 = 3 j1 = 4 j1 = 5 j1 = 6

j2 = 0 2
3

−4
15 0 2

105 0 0 0

j2 = 1 2
15 0 −4

105 0 2
315 0 0

j2 = 2 −2
15

8
105 0 −2

105 0 4
1155 0

j2 = 3 −2
35 0 8

315 0 −38
3465 0 20

9009

j2 = 4 0 −4
315 0 46

3465 0 −64
9009 0

j2 = 5 0 0 −4
693 0 74

9009 0 −32
6435

j2 = 6 0 0 0 −10
3003 0 4

715 0

Table 6. Coefficients C̄2j2j1

j1 = 0 j1 = 1 j1 = 2 j1 = 3 j1 = 4 j1 = 5 j1 = 6

j2 = 0 2
15 0 −4

105 0 2
315 0 0

j2 = 1 2
15

−4
105 0 −2

315 0 8
3465 0

j2 = 2 2
105 0 0 0 −2

495 0 4
3003

j2 = 3 −2
35

8
315 0 −2

3465 0 −116
45045 0

j2 = 4 −8
315 0 4

495 0 −2
6435 0 −16

9009

j2 = 5 0 −4
693 0 38

9009 0 −8
45045 0

j2 = 6 0 0 −8
3003 0 118

45045 0 −4
36465

Table 7. Coefficients C̄3j2j1

j1 = 0 j1 = 1 j1 = 2 j1 = 3 j1 = 4 j1 = 5 j1 = 6

j2 = 0 0 2
105 0 −4

315 0 2
693 0

j2 = 1 4
105 0 −2

315 0 −8
3465 0 10

9009

j2 = 2 2
35

−2
105 0 4

3465 0 −74
45045 0

j2 = 3 2
315 0 −2

3465 0 16
45045 0 −10

9009

j2 = 4 −2
63

46
3465 0 −32

45045 0 2
9009 0

j2 = 5 −10
693 0 38

9009 0 −4
9009 0 122

765765

j2 = 6 0 −10
3003 0 20

9009 0 −226
765765 0
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Table 8. Coefficients C̄4j2j1

j1 = 0 j1 = 1 j1 = 2 j1 = 3 j1 = 4 j1 = 5 j1 = 6

j2 = 0 0 0 2
315 0 −4

693 0 2
1287

j2 = 1 0 2
315 0 −8

3465 0 −10
9009 0

j2 = 2 2
105 0 −2

495 0 4
6435 0 −38

45045

j2 = 3 2
63

−38
3465 0 16

45045 0 2
9009 0

j2 = 4 2
693 0 −2

6435 0 0 0 2
13923

j2 = 5 −2
99

74
9009 0 −4

9009 0 −2
153153 0

j2 = 6 −4
429 0 118

45045 0 −4
13923 0 −2

188955

Table 9. Coefficients C̄5j2j1

j1 = 0 j1 = 1 j1 = 2 j1 = 3 j1 = 4 j1 = 5 j1 = 6

j2 = 0 0 0 0 2
693 0 −4

1287 0

j2 = 1 0 0 8
3465 0 −10

9009 0 −4
6435

j2 = 2 0 4
1155 0 −74

45045 0 16
45045 0

j2 = 3 8
693 0 −116

45045 0 2
9009 0 8

58905

j2 = 4 2
99

−64
9009 0 2

9009 0 4
153153 0

j2 = 5 2
1287 0 −8

45045 0 −2
153153 0 4

415701

j2 = 6 −2
143

4
715 0 −226

765765 0 −8
415701 0

Table 10. Coefficients C̄6j2j1

j1 = 0 j1 = 1 j1 = 2 j1 = 3 j1 = 4 j1 = 5 j1 = 6

j2 = 0 0 0 0 0 2
1287 0 −4

2145

j2 = 1 0 0 0 10
9009 0 −4

6435 0

j2 = 2 0 0 4
3003 0 −38

45045 0 8
36465

j2 = 3 0 20
9009 0 −10

9009 0 8
58905 0

j2 = 4 10
1287 0 −16

9009 0 2
13923 0 4

188955

j2 = 5 2
143

−32
6435 0 122

765765 0 4
415701 0

j2 = 6 2
2145 0 −4

36465 0 −2
188955 0 0

Assume that q3 = 2, q4 = 1. In Tables 20–36 we have the exact values of Fourier–Legendre
coefficients C̄001

j3j2j1
, C̄010

j3j2j1
, C̄100

j3j2j1
(j1, j2, j3 = 0, 1, 2), C̄j5j4j3j2j1 (j1, . . . , j5 = 0, 1).

In the case of pairwise different i1, . . . , i5 from Tables 20–36 we have

M

{(

I
(i1i2i3)
(100)T,t − I

(i1i2i3)q3
(100)T,t

)2
}

=

=
(T − t)5

60
−

2∑

j1,j2,j3=0

(
C100

j3j2j1

)2 ≈ 0.00815429(T − t)5,
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Table 11. Coefficients C̄00j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 2
3

−2
5

2
15

j2 = 1 −2
15

2
15

−2
21

j2 = 2 −2
15

2
35

2
105

Table 12. Coefficients C̄10j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 2
5

−2
9

2
35

j2 = 1 −2
45

2
35

−2
45

j2 = 2 −2
21

2
45

2
315

Table 13. Coefficients C̄02j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 −2
15

2
21

−4
105

j2 = 1 2
35

−4
105

2
105

j2 = 2 4
105

−2
105 0

M

{(

I
(i1i2i3)
(010)T,t − I

(i1i2i3)q3
(010)T,t

)2
}

=

=
(T − t)5

20
−

2∑

j1,j2,j3=0

(
C010

j3j2j1

)2 ≈ 0.0173903(T − t)5,

M

{(

I
(i1i2i3)
(001)T,t − I

(i1i2i3)q3
(001)T,t

)2
}

=

=
(T − t)5

10
−

2∑

j1,j2,j3=0

(
C001

j3j2j1

)2 ≈ 0.0252801(T − t)5,

M

{(

I
(i1i2i3i4i5)
(00000)T,t − I

(i1i2i3i4i5)q4
(00000)T,t

)2
}

=

=
(T − t)5

120
−

1∑

j1,j2,j3,j4,j5=0

C2
j5j4j3j2j1 ≈ 0.00759105(T − t)5.

Note that from (32) for k = 5 we obtain

M

{(

I
(i1i2i3i4i5)
(00000)T,t − I

(i1i2i3i4i5)q4
(00000)T,t

)2
}

≤ 120




(T − t)5

120
−

q4∑

j1,j2,j3,j4,j5=0

C2
j5j4j3j2j1



 ,
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Table 14. Coefficients C̄01j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 2
15

−2
45

−2
105

j2 = 1 2
45

−2
105

2
315

j2 = 2 −2
35

2
63

−2
315

Table 15. Coefficients C̄11j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 2
15

−2
35 0

j2 = 1 2
105 0 −2

315

j2 = 2 −4
105

2
105 0

Table 16. Coefficients C̄20j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 2
15

−2
35 0

j2 = 1 2
105 0 −2

315

j2 = 2 −4
105

2
105 0

Table 17. Coefficients C̄21j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 2
21

−2
45

2
315

j2 = 1 2
315

2
315

−2
225

j2 = 2 −2
105

2
225

2
1155

Table 18. Coefficients C̄12j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 −2
35

2
45

−2
105

j2 = 1 2
63

−2
105

2
225

j2 = 2 2
105

−2
225

−2
3465

Table 19. Coefficients C̄22j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 2
105

−2
315 0

j2 = 1 2
315 0 −2

1155

j2 = 2 0 2
3465 0
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Table 20. Coefficients C̄001
0j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 −2 14
15

−2
15

j2 = 1 −2
15

−2
15

6
35

j2 = 2 2
5

−22
105

−2
105

Table 21. Coefficients C̄001
1j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 −6
5

22
45

−2
105

j2 = 1 −2
9

−2
105

26
315

j2 = 2 22
105

−38
315

−2
315

Table 22. Coefficients C̄001
2j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 −2
5

2
21

4
105

j2 = 1 −22
105

4
105

2
105

j2 = 2 0 −2
105 0

Table 23. Coefficients C̄100
0j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 −2
3

2
15

2
15

j2 = 1 −2
15

−2
45

2
35

j2 = 2 2
15

−2
35

−4
105

where i1, . . . , i5 = 1, . . . ,m.
Moreover, from the inequality (32) we get the following useful estimates

M

{(

I
(i1i2)
(01)T,t − I

(i1i2)q
(01)T,t

)2
}

≤ 2

(

(T − t)4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2

)

,

M

{(

I
(i1i2)
(10)T,t − I

(i1i2)q
(10)T,t

)2
}

≤ 2

(

(T − t)4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2

)

,

M

{(

I
(i1i2i3)
(100)T,t − I

(i1i2i3)q
(100)T,t

)2
}

≤ 6

(

(T − t)5

60
−

q
∑

j1,j2,j3=0

(
C100

j3j2j1

)2

)

,

M

{(

I
(i1i2i3)
(010)T,t − I

(i1i2i3)q
(010)T,t

)2
}

≤ 6

(

(T − t)5

20
−

q
∑

j1,j2,j3=0

(
C010

j3j2j1

)2

)

,
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Table 24. Coefficients C̄100
1j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 −2
5

2
45

2
21

j2 = 1 −2
15

−2
105

4
105

j2 = 2 2
35

−2
63

−2
105

M

{(

I
(i1i2i3)
(001)T,t − I

(i1i2i3)q
(001)T,t

)2
}

≤ 6

(

(T − t)5

10
−

q
∑

j1,j2,j3=0

(
C001

j3j2j1

)2

)

,

M

{(

I
(i1i2)
(20))T,t − I

(i1i2)q
(20)T,t

)2
}

≤ 2

(

(T − t)6

30
−

q
∑

j2,j1=0

(
C20

j2j1

)2

)

,

M

{(

I
(i1i2)
(11)T,t − I

(i1i2)q
(11)T,t

)2
}

≤ 2

(

(T − t)6

18
−

q
∑

j2,j1=0

(
C11

j2j1

)2

)

,

M

{(

I
(i1i2)
(02)T,t − I

(i1i2)q
(02)T,t

)2
}

≤ 2

(

(T − t)6

6
−

q
∑

j2,j1=0

(
C02

j2j1

)2

)

,

M

{(

I
(i1i2i3i4)
(1000)T,t − I

(i1i2i3i4)q
(1000)T,t

)2
}

≤ 24

(

(T − t)6

360
−

q
∑

j1,j2,j3,j4=0

(
C1000

j4j3j2j1

)2

)

,

M

{(

I
(i1i2i3i4)
(0100)T,t − I

(i1i2i3i4)q
(0100)T,t

)2
}

≤ 24

(

(T − t)6

120
−

q
∑

j1,j2,j3,j4=0

(
C0100

j4j3j2j1

)2

)

,

M

{(

I
(i1i2i3i4)
(0010)T,t − I

(i1i2i3i4)q
(0010)T,t

)2
}

≤ 24

(

(T − t)6

60
−

q
∑

j1,j2,j3,j4=0

(
C0010

j4j3j2j1

)2

)

,

M

{(

I
(i1i2i3i4)
(0001)T,t − I

(i1i2i3i4)q
(0001)T,t

)2
}

≤ 24

(

(T − t)6

36
−

q
∑

j1,j2,j3,j4=0

(
C0001

j4j3j2j1

)2

)

,

M

{(

I
(i1i2i3i4i5i6)
(000000)T,t − I

(i1i2i3i4i5i6)q
(000000)T,t

)2
}

≤ 720




(T − t)6

720
−

q
∑

j1,j2,j3,j4,j5,j6=0

C2
j6j5j4j3j2j1



 .

In addition, from Theorem 8 for k = 2 we have

M

{(

I
(i1i2)
(10)T,t − I

(i1i2)q
(10)T,t

)2
}

=
(T − t)4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2 −
q
∑

j1,j2=0

C10
j2j1C

10
j1j2 (i1 = i2),
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Table 25. Coefficients C̄100
2j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 −2
15

−2
105

4
105

j2 = 1 −2
21

−2
315

2
105

j2 = 2 −2
105

−2
315 0

Table 26. Coefficients C̄010
0j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 −4
3

8
15 0

j2 = 1 −4
15 0 8

105

j2 = 2 4
15

−16
105 0

Table 27. Coefficients C̄010
1j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 −4
5

4
15

4
105

j2 = 1 −4
15

4
105

4
105

j2 = 2 4
35

−8
105 0

Table 28. Coefficients C̄010
2j2j1

j1 = 0 j1 = 1 j1 = 2

j2 = 0 −4
15

4
105

4
105

j2 = 1 −4
21

4
105

4
315

j2 = 2 −4
105 0 0

M

{(

I
(i1i2)
(10)T,t − I

(i1i2)q
(10)T,t

)2
}

=
(T − t)4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2
(i1 6= i2),

M

{(

I
(i1i2)
(01)T,t − I

(i1i2)q
(01)T,t

)2
}

=
(T − t)4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2 −
q
∑

j1,j2=0

C01
j2j1C

01
j1j2 (i1 = i2),

M

{(

I
(i1i2)
(01)T,t − I

(i1i2)q
(01)T,t

)2
}

=
(T − t)4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2
(i1 6= i2),

M

{(

I
(i1i2)
(20)T,t − I

(i1i2)q
(20)T,t

)2
}

=
(T − t)6

30
−

q
∑

j1,j2=0

(
C20

j2j1

)2 −
q
∑

j1,j2=0

C20
j2j1C

20
j1j2 (i1 = i2),
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Table 29. Coefficients C̄000j2j1

j1 = 0 j1 = 1

j2 = 0 4
15

−8
45

j2 = 1 −4
45

8
105

Table 30. Coefficients C̄010j2j1

j1 = 0 j1 = 1

j2 = 0 4
45

−16
315

j2 = 1 −4
315

4
315

Table 31. Coefficients C̄110j2j1

j1 = 0 j1 = 1

j2 = 0 8
105

−2
45

j2 = 1 −4
315

4
315

Table 32. Coefficients C̄011j2j1

j1 = 0 j1 = 1

j2 = 0 8
315

−4
315

j2 = 1 0 2
945

M

{(

I
(i1i2)
(20)T,t − I

(i1i2)q
(20)T,t

)2
}

=
(T − t)6

30
−

q
∑

j1,j2=0

(
C20

j2j1

)2
(i1 6= i2),

M

{(

I
(i1i2)
(11)T,t − I

(i1i2)q
(11)T,t

)2
}

=
(T − t)6

18
−

q
∑

j1,j2=0

(
C11

j2j1

)2 −
q
∑

j1,j2=0

C11
j2j1C

11
j1j2 (i1 = i2),

M

{(

I
(i1i2)
(11)T,t − I

(i1i2)q
(11)T,t

)2
}

=
(T − t)6

18
−

q
∑

j1,j2=0

(
C11

j2j1

)2
(i1 6= i2),

M

{(

I
(i1i2)
(02) − I

(i1i2)q
(02)T,t

)2
}

=
(T − t)6

6
−

q
∑

j1,j2=0

(
C02

j2j1

)2 −
q
∑

j1,j2=0

C02
j2j1C

02
j1j2 (i1 = i2),

M

{(

I
(i1i2)
(02)T,t − I

(i1i2)q
(02)T,t

)2
}

=
(T − t)6

6
−

q
∑

j1,j2=0

(
C02

j2j1

)2
(i1 6= i2).

Clearly, expansions for iterated Stratonovich stochastic integrals (see above) are simpler than
expansions for iterated Ito stochastic integrals (see Theorems 1, 2, and (9)–(14)). However, the
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Table 33. Coefficients C̄001j2j1

j1 = 0 j1 = 1

j2 = 0 0 4
315

j2 = 1 8
315

−2
105

Table 34. Coefficients C̄100j2j1

j1 = 0 j1 = 1

j2 = 0 8
45

−4
35

j2 = 1 −16
315

2
45

Table 35. Coefficients C̄101j2j1

j1 = 0 j1 = 1

j2 = 0 4
315 0

j2 = 1 4
315

−8
945

Table 36. Coefficients C̄111j2j1

j1 = 0 j1 = 1

j2 = 0 2
105

−8
945

j2 = 1 2
945 0

calculation of the mean-square approximation error for iterated Stratonovich stochastic integrals
turns out to be much more difficult than for iterated Ito stochastic integrals. Below we consider how
we can estimate or calculate exactly (for some particular cases) the mean-square approximation error
for iterated Stratonovich stochastic integrals.

As we mentioned above, on the basis of the presented approximations of iterated Stratonovich
stochastic integrals we can see that increasing of multiplicities of these integrals leads to increasing of
orders of smallness with respect to T − t in the mean-square sense for iterated Stratonovich stochastic
integrals (T − t≪ 1 since the length of integration interval [t, T ] for iterated Stratonovich stochastic
integrals plays the role of integration step for the numerical methods for Ito SDEs, i.e. T − t is
already fairly small). This leads to a sharp decrease of member quantities in the approximations of
iterated Stratonovich stochastic integrals, which are required for achieving the acceptable accuracy
of approximation.

From (81) (i1 6= i2) we obtain

M

{(

I
∗(i1i2)
(00)T,t − I

∗(i1i2)q
(00)T,t

)2
}

=
(T − t)2

2

∞∑

i=q+1

1

4i2 − 1
≤

(106) ≤ (T − t)2

2

∞∫

q

1

4x2 − 1
dx = − (T − t)2

8
ln

∣
∣
∣
∣
1− 2

2q + 1

∣
∣
∣
∣
≤ C1

(T − t)2

q
,
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where C1 is a constant.
It is easy to notice that for a sufficiently small T − t (recall that T − t ≪ 1 since it is a step of

integration for numerical schemes for Ito SDEs) there exists a constant C2 such that

(107) M

{(

I
∗(i1...ik)
(l1...lk)T,t − I

∗(i1...ik)q
(l1...lk)T,t

)2
}

≤ C2M

{(

I
∗(i1i2)
(00)T,t − I

∗(i1i2)q
(00)T,t

)2
}

,

where I
∗(i1...ik)q
(l1...lk)T,t is an approximation of the iterated Stratonovich stochastic integral I

∗(i1...ik)
(l1...lk)T,t.

From (106) and (107) we finally obtain

(108) M

{(

I
∗(i1...ik)
(l1...lk)T,t − I

∗(i1...ik)q
(l1...lk)T,t

)2
}

≤ C
(T − t)2

q
,

where constant C is independent of T − t.
The same idea can be found in [2] in the framework of the method of approximation of iterated

Stratonovich stochastic integrals based on the trigonometric expansion of the Brownian bridge process
[3]. Note that, in contrast to the estimate (108), the constant C in Theorems 4–6 does not depend
on p.

We can get more information about the numbers q (these numbers are different for different
iterated Stratonovich stochastic integrals) using the another approach. Since for pairwise different
i1, . . . , ik = 1, . . . ,m

J∗[ψ(k)]T,t = J [ψ(k)]T,t w. p. 1,

where J [ψ(k)]T,t, J
∗[ψ(k)]T,t are defined by (2) and (3) correspondingly, then for pairwise different

i1, . . . , i6 = 1, . . . ,m from Theorem 8 we obtain

M

{(

I
∗(i1i2)
(01)T,t − I

∗(i1i2)q
(01)T,t

)2
}

=
(T − t)4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2
,

M

{(

I
∗(i1i2)
(10)T,t − I

∗(i1i2)q
(10)T,t

)2
}

=
(T − t)4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2
,

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=
(T − t)3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 ,

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
(T − t)4

24
−

q
∑

j1,j2,j3,j4=0

C2
j4j3j2j1 ,

M

{(

I
∗(i1i2i3)
(100)T,t − I

∗(i1i2i3)q
(100)T,t

)2
}

=
(T − t)5

60
−

q
∑

j1,j2,j3=0

(
C100

j3j2j1

)2
,

M

{(

I
∗(i1i2i3)
(010))T,t − I

∗(i1i2i3)q
(010)T,t

)2
}

=
(T − t)5

20
−

q
∑

j1,j2,j3=0

(
C010

j3j2j1

)2
,
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M

{(

I
∗(i1i2i3)
(001)T,t − I

∗(i1i2i3)q
(001)T,t

)2
}

=
(T − t)5

10
−

q
∑

j1,j2,j3=0

(
C001

j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4i5)
(00000)T,t − I

∗(i1i2i3i4i5)q
(00000)T,t

)2
}

=
(T − t)5

120
−

q
∑

j1,j2,j3,j4,j5=0

C2
j5i4i3i2j1 ,

M

{(

I
∗(i1i2)
(20)T,t − I

∗(i1i2)q
(20)T,t

)2
}

=
(T − t)6

30
−

q
∑

j2,j1=0

(
C20

j2j1

)2
,

M

{(

I
∗(i1i2)
(11)T,t − I

∗(i1i2)q
(11)T,t

)2
}

=
(T − t)6

18
−

q
∑

j2,j1=0

(
C11

j2j1

)2
,

M

{(

I
∗(i1i2)
(02)T,t − I

∗(i1i2)q
(02)T,t

)2
}

=
(T − t)6

6
−

q
∑

j2,j1=0

(
C02

j2j1

)2
,

M

{(

I
∗(i1i2i3i4)
(1000)T,t − I

∗(i1i2i3i4)q
(1000)T,t

)2
}

=
(T − t)6

360
−

q
∑

j1,j2,j3,j4=0

(
C1000

j4j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4)
(0100)T,t − I

∗(i1i2i3i4)q
(0100)T,t

)2
}

=
(T − t)6

120
−

q
∑

j1,j2,j3,j4=0

(
C0100

j4j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4)
(0010)T,t − I

∗(i1i2i3i4)q
(0010)T,t

)2
}

=
(T − t)6

60
−

q
∑

j1,j2,j3,j4=0

(
C0010

j4j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4)
(0001)T,t − I

∗(i1i2i3i4)q
(0001)T,t

)2
}

=
(T − t)6

36
−

q
∑

j1,j2,j3,j4=0

(
C0001

j4j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4i5i6)
(000000)T,t − I

∗(i1i2i3i4i5i6)q
(000000)T,t

)2
}

=
(T − t)6

720
−

q
∑

j1,j2,j3,j4,j5,j6=0

C2
j6j5j4j3j2j1 .

4. Legendre Polynomials of Trigonometry?

This section is devoted to the comparative analysis of the efficiency of application of Legendre
polynomials and trigonometric functions to the mean-square approximation of iterated Ito and
Stratonovich stochastic integrals.

Using Theorems 1, 2, 8 and the complete orthonormal system of trigonometric functions in the
space L2([t, T ]), we obtain for i1 6= i2 (i1, i2 = 1, . . . ,m)
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(109)

I
(i1i2)
(00)T,t =

1

2
(T − t)

(

ζ
(i1)
0 ζ

(i2)
0 +

1

π

∞∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))
)

,

(110) M

{(

I
(i1i2)
(00)T,t − I

(i1i2)q
(00)T,t

)2
}

=
3(T − t)2

2π2

(

π2

6
−

q
∑

r=1

1

r2

)

,

(111)

I
(i1i2)q
(00)T,t =

1

2
(T − t)

(

ζ
(i1)
0 ζ

(i2)
0 +

1

π

q
∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))
)

,

where

ζ
(i)
j =

T∫

t

φj(s)df
(i)
s

are independent standard Gaussian random variables for various i or j,

φj(s) =
1√
T − t







1 for j = 0

√
2sin(2πr(s − t)/(T − t)) for j = 2r − 1

√
2cos(2πr(s− t)/(T − t)) for j = 2r

,

where r = 1, 2, . . . ; another notations are the same as in Theorems 1, 2.
The expansion (109) was first derived by Milstein G.N. in [3] on the base of the Karhunen–Loeve

expansion of the Brownian bridge process.
However, this approach has an obvious drawback. Indeed, we have too complex formulas (in

comparison with (52), (53)) for the following stochastic integrals with Gaussian distribution

(112) I
(i1)
(1)T,t = − (T − t)

3/2

2

(

ζ
(i1)
0 −

√
2

π

∞∑

r=1

1

r
ζ
(i1)
2r−1

)

,

(113) I
(i1)
(2)T,t = (T − t)5/2

(

1

3
ζ
(i1)
0 +

1√
2π2

∞∑

r=1

1

r2
ζ
(i1)
2r − 1√

2π

∞∑

r=1

1

r
ζ
(i1)
2r−1

)

,

where i1 = 1, . . . ,m.
In [3] Milstein G.N. proposed the following mean-square approximations on the base of the expan-

sions (109), (112)

(114) I
(i1)q
(1)T,t = − (T − t)

3/2

2

(

ζ
(i1)
0 −

√
2

π

( q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,
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I
(i1i2)q
(00)T,t =

1

2
(T − t)

(

ζ
(i1)
0 ζ

(i2)
0 +

1

π

q
∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

(115) +
√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))

+

√
2

π

√
αq

(

ξ(i1)q ζ
(i2)
0 − ζ

(i1)
0 ξ(i2)q

)
)

,

where

(116) ξ(i)q =
1

√
αq

∞∑

r=q+1

1

r
ζ
(i)
2r−1, αq =

π2

6
−

q
∑

r=1

1

r2
,

where ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1, ξ

(i)
q (r = 1, . . . , q; i = 1, . . . ,m) are independent standard Gaussian random

variables.
Obviously, for the approximations (114) and (115) we obtain

M

{(

I
(i1)
(1)T,t − I

(i1)q
(1)T,t

)2
}

= 0,

(117) M

{(

I
(i1i2)
(00)T,t − I

(i1i2)q
(00)T,t

)2
}

=
(T − t)2

2π2

(

π2

6
−

q
∑

r=1

1

r2

)

.

This idea has been developed in [2]. For example, the approximation I
(i1)q
(2)T,t, which corresponds to

(114), (115), has the form [2]

(118) I
(i1)q
(2)T,t = (T−t)5/2

(

1

3
ζ
(i1)
0 +

1√
2π2

(
q
∑

r=1

1

r2
ζ
(i1)
2r +

√

βqµ
(i1)
q

)

− 1√
2π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1+

√
αqξ

(i1)
q

))

,

M

{(

I
(i1)
(2)T,t − I

(i1)q
(2)T,t

)2
}

= 0,

where ξ
(i)
q , αq have the form (116) and

(119) µ(i)
q =

1
√
βq

∞∑

r=q+1

1

r2
ζ
(i)
2r , βq =

π4

90
−

q
∑

r=1

1

r4
,

where ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1, ξ

(i)
q , µ

(i)
q (r = 1, . . . , q; i = 1, . . . ,m) are independent standard Gaussian

random variables.
Nevetheless, the expansions (114), (118) are too complex for the numerical modeling of two Gauss-

ian random variables I
(i1)
(1)T,t, I

(i1)
(2)T,t.

Further, we will see that the using of random variables ξ
(i)
q and µ

(i)
q will drastically complicate the

approximation of the stochastic integral I
(i1i2i3)
(000)T,t; i1, i2, i3 = 1, . . . ,m. This is due to the fact that for

this approach the number q is fixed for all stochastic integrals included into the considered collection

[2]. However, it is clear that due to the smallness of T − t, the number q for I
(i1i2i3)
(000)T,t could be taken
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significantly less than in the formula (115) (see for comparison the case of Legendre polynomials).
This feature is also valid for the formulas (114), (118).

To obtain the expansion for (3) on the base of the approach from [3] the truncated trigonometric
expansions of components of the multidimensional Wiener process fs must be iteratively substituted
in the single integrals, and the integrals must be calculated, starting from the innermost integral.
This is a complicated procedure that obviously does not lead to a general expansion of (3) valid for
an arbitrary multiplicity k. For this reason, only expansions of simplest single, double, and triple
integrals (3) were obtained (see [2], [3], [49]-[51]).

At that, in [3] the case ψ1(s), ψ2(s) ≡ 1 and i1, i2 = 0, 1, . . . ,m is considered. In [2], [49]-[51] the
attempt to consider the case ψ1(s), ψ2(s), ψ3(s) ≡ 1 and i1, i2, i3 = 0, 1, . . . ,m is realized.

Note that the mean-square convergence of J
∗(i1i2i3)q
(111)T,t to J

∗(i1i2i3)
(111)T,t if q → ∞ was not proved rigorously

in [2] (Sect. 5.8, pp. 202–204), [49] (pp. 82-84), [50] (pp. 438-439), [51] (pp. 263-264) within the frames
of the Milstein approach [3] together with the Wong–Zakai approximation [54]-[56] (see discussion in
Sect. 8 for detail).

Consider the approximation I
(i1i2)q
(00)T,t of the iterated stochastic integral I

(i1i2)
(00)T,t obtained from (54)

by replacing ∞ with q

(120) I
(i1i2)q
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

(i1 6= i2).

Let us compare computational costs for the approximations (115), (120). It is not difficult to show
that [5]-[24]

(121) M

{(

I
(i1i2)
(00)T,t − I

(i1i2)q
(00)T,t

)2
}

=
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

.

Let us compare (120) with (115) and (121) with (117). Consider minimal natural numbers qtrig
and qpol, which satisfy to (see Table 37)

(T − t)2

2

(

1

2
−

qpol∑

i=1

1

4i2 − 1

)

≤ (T − t)3,
(T − t)2

2π2

(

π2

6
−

qtrig∑

r=1

1

r2

)

≤ (T − t)3.

Thus, we have

qpol
qtrig

≈ 1.67, 2.22, 2.43, 2.36, 2.41, 2.43, 2.45, 2.45.

From the other hand, the formula (115) includes (4q+4)m independent standard Gaussian random
variables. At the same time the folmula (120) includes only (2q+2)m independent standard Gaussian
random variables. Moreover, the formula (120) is simpler than the formula (115). Thus, in this case
we can talk about approximately equal computational costs for the formulas (115) and (120).

There is one important feature. As we mentioned above, further we will see that the using of

random variables ξ
(i)
q and µ

(i)
q will drastically complicate the approximation of the stochastic integral

I
(i1i2i3)
(000)T,t; i1, i2, i3 = 1, . . . ,m. This is due to the fact that the number q is fixed for all stochastic

integrals, which included into the considered collection (the case of trigonometric functions). However,

it is clear that due to the smallness of T − t, the number q for I
(i1i2i3)
(000)T,t could be chosen significantly

less than in the formula (115). This feature is also valid for the formulas (114), (118). However, for
the case of Legendre polynomials we can choose different numbers q for different stochastic integrals
(see Sect. 3).
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Table 37. Numbers qtrig, qpol

T − t 2−5 2−6 2−7 2−8 2−9 2−10 2−11 2−12

qtrig 3 4 7 14 27 53 105 209

q∗trig 6 11 20 40 79 157 312 624

qpol 5 9 17 33 65 129 257 513

From the other hand, if we will not use the random variables ξ
(i)
q and µ

(i)
q , then the mean-square er-

ror of approximation of the stochastic integral I
(i1i2)
(00)T,t will be three times larger (see (110)). Moreover,

in this case the stochastic integrals I
(i1)
(1)T,t, I

(i1)
(2)T,t (with Gaussian distribution) will be approximated

worse.
Consider minimal natural numbers q∗trig, which satisfy the condition (see Table 37)

3(T − t)2

2π2

(

π2

6
−

q∗trig∑

r=1

1

r2

)

≤ (T − t)3.

In this situation we can talk about the advantage of Ledendre polynomials (q∗trig > qpol and (111)

is more complex than (120)).
Using Theorems 1, 2 for the system of trigonometric functions, we have (i1 6= i2, i1 6= i3, i2 6= i3)

[8]-[24] (also see [5], [6])

I
(i1i2i3)q
(000)T,t = (T − t)3/2

(

1

6
ζ
(i1)
0 ζ

(i2)
0 ζ

(i3)
0 +

√
αq

2
√
2π

(

ξ(i1)q ζ
(i2)
0 ζ

(i3)
0 − ξ(i3)q ζ

(i2)
0 ζ

(i1)
0

)

+

+
1

2
√
2π2

√

βq

(

µ(i1)
q ζ

(i2)
0 ζ

(i3)
0 − 2µ(i2)

q ζ
(i1)
0 ζ

(i3)
0 + µ(i3)

q ζ
(i1)
0 ζ

(i2)
0

)

+

+
1

2
√
2

q
∑

r=1

(

1

πr

(

ζ
(i1)
2r−1ζ

(i2)
0 ζ

(i3)
0 − ζ

(i3)
2r−1ζ

(i2)
0 ζ

(i1)
0

)

+

+
1

π2r2

(

ζ
(i1)
2r ζ

(i2)
0 ζ

(i3)
0 − 2ζ

(i2)
2r ζ

(i3)
0 ζ

(i1)
0 + ζ

(i3)
2r ζ

(i2)
0 ζ

(i1)
0

)
)

+

+

q
∑

r=1

(

1

4πr

(

ζ
(i1)
2r ζ

(i2)
2r−1ζ

(i3)
0 − ζ

(i1)
2r−1ζ

(i2)
2r ζ

(i3)
0 − ζ

(i2)
2r−1ζ

(i3)
2r ζ

(i1)
0 + ζ

(i3)
2r−1ζ

(i2)
2r ζ

(i1)
0

)

+

+
1

8π2r2

(

3ζ
(i1)
2r−1ζ

(i2)
2r−1ζ

(i3)
0 + ζ

(i1)
2r ζ

(i2)
2r ζ

(i3)
0 − 6ζ

(i1)
2r−1ζ

(i3)
2r−1ζ

(i2)
0 +

(122) +3ζ
(i2)
2r−1ζ

(i3)
2r−1ζ

(i1)
0 − 2ζ

(i1)
2r ζ

(i3)
2r ζ

(i2)
0 + ζ

(i3)
2r ζ

(i2)
2r ζ

(i1)
0

)
)

+D
(i1i2i3)q
T,t

)

,

where

D
(i1i2i3)q
T,t =

1

2π2

q
∑

r,l=1
r 6=l

(

1

r2 − l2

(

ζ
(i1)
2r ζ

(i2)
2l ζ

(i3)
0 − ζ

(i2)
2r ζ

(i1)
0 ζ

(i3)
2l +

+
r

l
ζ
(i1)
2r−1ζ

(i2)
2l−1ζ

(i3)
0 − l

r
ζ
(i1)
0 ζ

(i2)
2r−1ζ

(i3)
2l−1

)

− 1

rl
ζ
(i1)
2r−1ζ

(i2)
0 ζ

(i3)
2l−1

)

+
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Table 38. Confirmation of the formula (123)

ε/(T − t)3 0.0459 0.0072 7.5722 · 10−4 7.5973 · 10−5 7.5990 · 10−6

q 1 10 100 1000 10000

+
1

4
√
2π2

(
q
∑

r,m=1

(

2

rm

(

−ζ(i1)2r−1ζ
(i2)
2m−1ζ

(i3)
2m + ζ

(i1)
2r−1ζ

(i2)
2r ζ

(i3)
2m−1+

+ζ
(i1)
2r−1ζ

(i2)
2m ζ

(i3)
2m−1 − ζ

(i1)
2r ζ

(i2)
2r−1ζ

(i3)
2m−1

)

+

+
1

m(r +m)

(

−ζ(i1)2(m+r)ζ
(i2)
2r ζ

(i3)
2m − ζ

(i1)
2(m+r)−1ζ

(i2)
2r−1ζ

(i3)
2m −

−ζ(i1)2(m+r)−1ζ
(i2)
2r ζ

(i3)
2m−1 + ζ

(i1)
2(m+r)ζ

(i2)
2r−1ζ

(i3)
2m−1

)
)

+

+

q
∑

m=1

q
∑

l=m+1

(

1

m(l −m)

(

ζ
(i1)
2(l−m)ζ

(i2)
2l ζ

(i3)
2m + ζ

(i1)
2(l−m)−1ζ

(i2)
2l−1ζ

(i3)
2m −

−ζ(i1)2(l−m)−1ζ
(i2)
2l ζ

(i3)
2m−1 + ζ

(i1)
2(l−m)ζ

(i2)
2l−1ζ

(i3)
2m−1

)

+

+
1

l(l−m)

(

−ζ(i1)2(l−m)ζ
(i2)
2m ζ

(i3)
2l + ζ

(i1)
2(l−m)−1ζ

(i2)
2m−1ζ

(i3)
2l −

−ζ(i1)2(l−m)−1ζ
(i2)
2m ζ

(i3)
2l−1 − ζ

(i1)
2(l−m)ζ

(i2)
2m−1ζ

(i3)
2l−1

)
))

,

where ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1, ξ

(i)
q , µ

(i)
q (r = 1, . . . , q; i = 1, . . . ,m) are independent standard Gaussian

random variables (see (116), (119)).
The mean-square error of approximation (122) (i1 6= i2, i1 6= i3, i2 6= i3) has the following form

[8]-[24] (also see [5], [6])

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t

)2
}

= (T − t)3

(

4

45
− 1

4π2

q
∑

r=1

1

r2
−

(123) − 55

32π4

q
∑

r=1

1

r4
− 1

4π4

q
∑

r,l=1
r 6=l

5l4 + 4r4 − 3r2l2

r2l2 (r2 − l2)2

)

.

In Table 38 we can see the numerical confirmation of the formula (123) (ε is the right-hand side
of (123)).

As we mentioned above, the Milstein expansion [3] (i.e. expansion based on the Karhunen–Loeve
expansion of the Brownian bridge process) for iterated stochastic integrals leads to iterated application
of the operation of limit transition. The analogue of (122) for iterated Stratonovich stochastic integrals
has been derived in [2], [49]-[51] on the base of the Milstein expansion together with the Wong–Zakai
approximation [54]-[56] (without rigorous proof). It means that the authors in [2] (Sect. 5.8, pp. 202–
204), [49] (pp. 82-84), [50] (pp. 438-439), [51] (pp. 263-264) formally could not use the double sum
with the upper limit q in the analogue of (122). From the other hand the correctness of (122) follows
directly from Theorems 1, 2. Note that (122) has been obtained reasonably for the first time in [8].

The version of (122) without using the random variables ξ
(i)
q and µ

(i)
q can be found in [5] (1997).
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The mean-square error (123) has been obtained for the first time in [8] on the base of the simplified
variant of Theorem 8 (the case of pairwise different i1, . . . , ik).

As we noted above, the number q must be the same in (114), (115), (122). This is the main
drawback of this approach, because really the number q in (122) can be chosen essentially smaller
than in (115).

Note that in (122) we can replace I
(i1i2i3)q
(000)T,t on I

∗(i1i2i3)q
(000)T,t and (122) then will be valid for any

i1, i2, i3 = 1, . . . ,m (see Theorem 3).
Let us compare the efficiency of application of Legendre polynomials and trigonometric functions

for approximation of the iterated stochastic integrals I
(i1i2)
(00)T,t, I

(i1i2i3)
(000)T,t (i1 6= i2, i1 6= i3, i2 6= i3).

Consider the following conditions (i1 6= i2, i1 6= i3, i2 6= i3)

(124)
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

≤ (T − t)4,

(125) (T − t)3

(

1

6
−

q1∑

j1,j2,j3=0

(Cj3j2j1)
2

(T − t)3

)

≤ (T − t)4,

(126)
(T − t)2

2π2

(

π2

6
−

p
∑

r=1

1

r2

)

≤ (T − t)4,

(127) (T − t)3

(

4

45
− 1

4π2

p1∑

r=1

1

r2
− 55

32π4

p1∑

r=1

1

r4
− 1

4π4

p1∑

r,l=1
r 6=l

5l4 + 4r4 − 3r2l2

r2l2 (r2 − l2)
2

)

≤ (T − t)4,

where Cj3j2j1 is defined by (60).
In Tables 39 and 40 we can see minimal numbers q, q1, p, p1, which satisfy the conditions (124)–

(127). As we mentioned above, the numbers q, q1 are different. At that q1 ≪ q (the case of
Legendre polynomials). Moreover, we cannot take different numbers p, p1 for the case of trigonometric
functions. Thus, we must choose q = p in (114), (115), (122). This leads to huge computational costs
(see very complex formula (122)). From the other hand, we can choose different numbers q in (114),

(115), (122). At that we must exclude random variables ξ
(i)
q , µ

(i)
q from (114), (115), (122). At this

situation we have

(128)
3(T − t)2

2π2

(

π2

6
−

p∗

∑

r=1

1

r2

)

≤ (T − t)4,

(129) (T − t)3

(

5

36
− 1

2π2

p∗
1∑

r=1

1

r2
− 79

32π4

p∗
1∑

r=1

1

r4
− 1

4π4

p∗
1∑

r,l=1
r 6=l

5l4 + 4r4 − 3r2l2

r2l2 (r2 − l2)2

)

≤ (T − t)4,

where the left-hand sides of (128), (129) correspond to (115), (122) but without ξ
(i)
q , µ

(i)
q . In Table

40 we can see minimal numbers p∗, p∗1, which satisfy the conditions (128), (129). Moreover,

(130) M

{(

I
(i1)
(1)T,t − I

(i1)q
(1)T,t

)2
}

=
(T − t)3

2π2

(

π2

6
−

q
∑

r=1

1

r2

)

,
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Table 39. Numbers q, q1

T − t 0.08222 0.05020 0.02310 0.01956

q 19 51 235 328

q1 1 2 5 6

Table 40. Numbers p, p1, p
∗, p∗1

T − t 0.08222 0.05020 0.02310 0.01956

p 8 21 96 133

p1 1 1 3 4

p∗ 23 61 286 398

p∗1 1 2 4 5

Table 41. Confirmation of the formula (129)

ε/(T − t)3 0.0629 0.0097 0.0010 1.0129 · 10−4 1.0132 · 10−5

q 1 10 100 1000 10000

where

I
(i1)q
(1)T,t = − (T − t)

3/2

2

(

ζ
(i1)
0 −

√
2

π

q
∑

r=1

1

r
ζ
(i1)
2r−1

)

.

It is not difficult to see that numbers qtrig in Table 37 correspond to minimal numbers qtrig, which
satisfy the condition

(T − t)3

2π2

(

π2

6
−

qtrig∑

r=1

1

r2

)

≤ (T − t)4.

From the other hand, the right-hand side of (52) includes only 2 random variables. In this situation
we again can talk about the advantage of Ledendre polynomials.

In Table 41 we can see the numerical confirmation of (129) (ε is the left-hand side of (129)).

Let us compare computational costs for the approximation I
∗(i1i2)q
(10)T,t obtained from (56) by replacing

∞ with q (the case of Legendre olynomials) and for the approximation I
∗(i1i2)q
(10)T,t obtained by Theorem

3 (the case of trigonometric functions)

I
∗(i1i2)q
(10)T,t = −(T − t)2

(

1

6
ζ
(i1)
0 ζ

(i2)
0 − 1

2
√
2π

√
αqξ

(i2)
q ζ

(i1)
0 +

+
1

2
√
2π2

√

βq

(

µ(i2)
q ζ

(i1)
0 − 2µ(i1)

q ζ
(i2)
0

)

+

+
1

2
√
2

q
∑

r=1

(

− 1

πr
ζ
(i2)
2r−1ζ

(i1)
0 +

1

π2r2

(

ζ
(i2)
2r ζ

(i1)
0 − 2ζ

(i1)
2r ζ

(i2)
0

)
)

−
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Table 42. Confirmation of the formulas (132)

4ε/(T − t)4 0.0540 0.0082 8.4261 · 10−4 8.4429 · 10−5 8.4435 · 10−6

q 1 10 100 1000 10000

− 1

2π2

q
∑

r,l=1
r 6=l

1

r2 − l2

(

ζ
(i1)
2r ζ

(i2)
2l +

l

r
ζ
(i1)
2r−1ζ

(i2)
2l−1

)

+

+

q
∑

r=1

(

1

4πr

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r

)

+

(131) +
1

8π2r2

(

3ζ
(i1)
2r−1ζ

(i2)
2r−1 + ζ

(i2)
2r ζ

(i1)
2r

)
))

.

For the formula (131) (i1 6= i2) from Theorem 8 we obtain [8]-[24]

M

{(

I
(i1i2)
(01)T,t − I

(i1i2)q
(01)T,t

)2
}

=
(T − t)4

4

(

1

9
− 1

2π2

q
∑

r=1

1

r2
−

(132) − 5

8π4

q
∑

r=1

1

r4
− 1

π4

q
∑

k,l=1
k 6=l

k2 + l2

l2 (l2 − k2)
2

)

.

In Table 42 we can see the numerical confirmation of (132) (ε is the right-hand side of (132)).
Let us compare the complexity of approximation based on the formula (56) with the complexity

of approximation (131). The formula (131) includes the double sum

1

2π2

q
∑

r,l=1
r 6=l

1

r2 − l2

(

ζ
(i1)
2r ζ

(i2)
2l +

l

r
ζ
(i1)
2r−1ζ

(i2)
2l−1

)

.

Thus, the approximation (131) is more complex than the approximation based on the formula (56)
even if we take identical numbers q in these approximations. As we noted above, the number q in
(131) must be equal to the number q from the formula (115), so it is much larger than the number q
from the approximation based on the formula (56). As s result, we have an obvious advantage of the
Legendre polynomials in computational costs in the considered case. As we mentioned above, if we

will not use the random variables ξ
(i)
q and µ

(i)
q , then the number q in (131) can be chosen smaller, but

the mean-square error of approximation of the stochastic integral I
(i1i2)
(00)T,t will be three times larger

(see (110)). Moreover, in this case the stochastic integrals I
(i1)
(1)T,t, I

(i1)
(2)T,t (with Gaussian distribution)

will be approximated worse. In this situation we can again talk about the advantage of Ledendre
polynomials.

Summing up the results of this section, we obtain to the following conclusions.

(I) We can talk about the approximately equal computational costs for the formulas (115) and
(120). This means that computational costs for the implementation of Milstein scheme (explicit one-
step strong numerical method with the order of accuracy 1.0 for Ito SDEs) for the case of Legendre
polynomials and for the case of trigonometric functions are approximately the same.
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(II) If we will not use the random variables ξ
(i)
q (see (115)), then the mean-square error of approx-

imation of the stochastic integral I
(i1i2)
(00)T,t will be three times larger (see (110)). In this situation we

can talk about the advantage of Ledendre polynomials within the frames of the Milstein scheme for

Ito SDEs. Moreover, in this case the stochastic integrals I
(i1)
(1)T,t, I

(i1)
(2)T,t (with Gaussian distribution)

will be approximated worse.

(III) If we talk about an explicit one-step strong Taylor–Ito scheme of the order of accuracy
γ = 1.5 for Ito SDEs, then the numbers q, q1 (see (92), (120)) are different. At that q1 ≪ q (the
case of Legendre polynomials). The number q must be the same in (114), (115), (122) (the case of
trigonometric functions). This leads to huge computational costs (see very complex formula (122)).
From the other hand, we can choose different numbers q in (114), (115), (122). At that we must

exclude the random variables ξ
(i)
q , µ

(i)
q from (114), (115), (122). This leads to another problems which

we discussed above (see Conclusion (II)).

(IV) In addition, the author of this article supposes that the effect described in Conclusion (III) will
be more impressive when analyzing more complex families of iterated Ito and Stratonovich stochastic
integrals (when γ = 2.0, 2.5, 3.0, . . .). This supposition is based on the fact that the polynomial
system of functions has the significant advantage (in comparison with the trigonometric system of
functions) for approximation of iterated stochastic integrals for which not all weight functions are
equal to 1.

5. Convergence With Probability 1 of Expansions of Iterated Stochastic Integrals

of Multiplicities 1 and 2

Let us address now to the convergence with probability 1. Note that proving Theorem 1 [22]
(Theorem 1.1, Sect. 1.1.3) or Theorem 2 [22] (Theorem 1.16, Sect. 1.11) we obtained the following
representation

J [ψ(k)]T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

+ Rp1,...,pk

T,t

w. p. 1, where

(133) Rp1,...,pk

T,t =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Rp1,...,pk
(t1, . . . , tk)dw

(i1)
t1 . . . dw

(ik)
tk ,

Rp1,...,pk
(t1, . . . , tk) = K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl),

where permutations (t1, . . . , tk) when summing in (133) are performed only in the values dw
(i1)
t1 . . .

dw
(ik)
tk . At the same time the indexes near upper limits of integration in the iterated stochastic

integrals are changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then
ir swapped with iq in the permutation (i1, . . . , ik). Another notations are the same as in Theorems
1, 2.

1156



MEAN-SQUARE APPROXIMATION OF ITERATED ITO AND STRATONOVICH STOCHASTIC INTEGRALS 57

Let us consider in detail the following expansion of iterated Ito stochastic integral

(134) I
(i1i2)
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

.

If i1 = i2, then from (134) we obtain the following equality

I
(i1i1)
(00)T,t =

1

2
(T − t)

((

ζ
(i1)
0

)2

− 1

)

,

which is correct w. p. 1 and can be obtained using the Ito formula.
Let us consider the case i1 6= i2. In this case

I
∗(i1i2)
(00)T,t = I

(i1i2)
(00)T,t w. p. 1.

First, note the well-known fact.
Lemma 1. If for the sequence of random variables ξp and for some α > 0 the number series

∞∑

p=1

M {|ξp|α}

converges, then the sequence ξp converges to zero w. p. 1.
In our specific case (i1 6= i2)

I
(i1i2)
(00)T,t = I

(i1i2)p
(00)T,t + ξp, ξp =

T − t

2

∞∑

i=p+1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

,

(135) I
(i1i2)p
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

p
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

.

Let

Rp1,p2

T,t
def
= Rp

T,t, Rp1p2(t1, t2)
def
= Rp(t1, t2) for p1 = p2 = p.

Then

ξp = Rp
T,t =

T∫

t

t2∫

t

Rp(t1, t2)df
(i1)
t1 df

(i2)
t2 +

T∫

t

t1∫

t

Rp(t1, t2)df
(i2)
t2 df

(i1)
t1 ,

(136) M{|ξp|2} =

T∫

t

t2∫

t

(Rp(t1, t2))
2 dt1dt2 +

T∫

t

t1∫

t

(Rp(t1, t2))
2 dt2dt1 =

∫

[t,T ]2

(Rp(t1, t2))
2 dt1dt2,

(137) M
{
|ξp|2

}
=

(T − t)2

2

∞∑

i=p+1

1

4i2 − 1
,
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Rp(t1, t2) = K(t1, t2)−
p
∑

j1,j2=0

Cj2j1φj1 (t1)φj2 (t2),

(138)

∞∑

i=p+1

1

4i2 − 1
≤

∞∫

p

1

4x2 − 1
dx = −1

4
ln

∣
∣
∣
∣
1− 2

2p+ 1

∣
∣
∣
∣
≤ C

p
,

where constant C does not depend on p.
Therefore, taking α = 2 in Lemma 1, we cannot prove the convergence of ξp to zero w. p. 1, since

the series

∞∑

p=1

M
{
|ξp|2

}

will be majorized by the divergent Dirichlet series with the index 1. Let us take α = 4 and estimate
the value M

{
|ξp|4

}
.

According to (33), we can write

(139) M

{

(Rp1,...,pk

T,t )2n
}

≤ Cn,k






∫

[t,T ]k

R2
p1...pk

(t1, . . . , tk)dt1 . . . dtk






n

,

where Cn.k = (k!)2n(n(2n− 1))n(k−1)(2n− 1)!!
From (139) for k = 2, n = 2 and (136)–(138) we obtain

(140) M
{
|ξp|4

}
≤ K






∫

[t,T ]2

R2
p(t1, t2)dt1dt2






2

≤ K1

p2

and

(141)
∞∑

p=1

M
{
|ξp|4

}
≤ K1

∞∑

p=1

1

p2
<∞,

where constants K, K1 do not depend on p.
Since the series in (141) converges, then according to Lemma 1 we obtain that ξp → 0 when p→ ∞

w. p. 1. Then

I
(i1i2)p
(00)T,t → I

(i1i2)
(00)T,t when p→ ∞ w. p. 1.

Let us consider the stochastic integrals I
∗(i1i2)
(01)T,t, I

∗(i1i2)
(10)T,t whose expansions look as (55), (56).

Consider the case i1 6= i2. In this case

I
∗(i1i2)
(01)T,t = I

(i1i2)
(01)T,t, I

∗(i1i2)
(10)T,t = I

(i1i2)
(10)T,t, I

∗(i1i2)
(00)T,t = I

(i1i2)
(00)T,t w. p. 1,

and
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I
(i1i2)
(01)T,t = −T − t

2
I
(i1i2)p
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

+

p
∑

i=0

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i+ 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

+ ξ(01)p ,

I
(i1i2)
(10)T,t = −T − t

2
I
(i1i2)p
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

+

p
∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i+ 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

+ ξ(10)p ,

where

ξ(01)p = − (T − t)2

4

(
∞∑

i=p+1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

+

+

∞∑

i=p+1

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i + 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

ξ(10)p = − (T − t)2

4

(
∞∑

i=p+1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

+

+

∞∑

i=p+1

(

(i+ 1)ζ
(i1)
i ζ

(i2)
i+2 − (i + 2)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

.

Then

M

{∣
∣
∣ξ(01)p

∣
∣
∣

2
}

=

∫

[t,T ]2

(

R(01)
p (t1, t2)

)2

dt1dt2 =
(T − t)4

16
×

(142) ×
∞∑

i=p+1

(

2

4i2 − 1
+

(i + 2)2 + (i + 1)2

(2i+ 1)(2i+ 5)(2i+ 3)2
+

1

(2i− 1)2(2i+ 3)2

)

≤ C

∞∑

i=p+1

1

i2
≤ K

p
,

where constants C, K do not depend on p.
Analogously, we obtain

(143) M

{∣
∣
∣ξ(10)p

∣
∣
∣

2
}

=

∫

[t,T ]2

(

R(10)
p (t1, t2)

)2

dt1dt2 ≤ K

p
,

where constant K does not depend on p.
According (139) when k = 2, n = 2 and (142), (143), we obtain
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M

{∣
∣
∣ξ(01)p

∣
∣
∣

4
}

≤ K






∫

[t,T ]2

(

R(01)
p (t1, t2)

)2

dt1dt2






2

≤ K1

p2
,

M

{∣
∣
∣ξ(10)p

∣
∣
∣

4
}

≤ K






∫

[t,T ]2

(

R(10)
p (t1, t2)

)2

dt1dt2






2

≤ K1

p2
,

and

(144)

∞∑

p=1

M

{∣
∣
∣ξ(01)p

∣
∣
∣

4
}

≤ K1

∞∑

p=1

1

p2
<∞,

∞∑

p=1

M

{∣
∣
∣ξ(10)p

∣
∣
∣

4
}

≤ K1

∞∑

p=1

1

p2
<∞,

where constant K1 does not depend on p.

From (144) and Lemma 1 we obtain that ξ
(01)
p , ξ

(10)
p → 0 when p→ ∞ w. p. 1. Then

I
(i1i2)p
(01)T,t → I

(i1i2)
(01)T,t, I

(i1i2)p
(10)T,t → I

(i1i2)
(10)T,t when p→ ∞ w. p. 1,

where i1 6= i2.
Let us consider the case i1 = i2

I
(i1i1)
(01)T,t = − (T − t)2

4

(
(

ζ
(i1)
0

)2

− 1 +
1√
3
ζ
(i1)
0 ζ

(i1)
1 +

+

p
∑

i=0

(

1
√

(2i+ 1)(2i+ 5)(2i+ 3)
ζ
(i1)
i ζ

(i1)
i+2 − 1

(2i− 1)(2i+ 3)

(

ζ
(i1)
i

)2
))

+ µ(01)
p ,

I
(i1i1)
(10)T,t = − (T − t)2

4

(
(

ζ
(i1)
0

)2

− 1 +
1√
3
ζ
(i1)
0 ζ

(i1)
1 +

+

p
∑

i=0

(

− 1
√

(2i+ 1)(2i+ 5)(2i+ 3)
ζ
(i1)
i ζ

(i1)
i+2 +

1

(2i− 1)(2i+ 3)

(

ζ
(i1)
i

)2
))

+ µ(10)
p ,

where

µ(01)
p = − (T − t)2

4

∞∑

i=p+1

(

1
√

(2i+ 1)(2i+ 5)(2i+ 3)
ζ
(i1)
i ζ

(i1)
i+2 − 1

(2i− 1)(2i+ 3)

(

ζ
(i1)
i

)2
)

,

µ(10)
p = − (T − t)2

4

∞∑

i=p+1

(

− 1
√

(2i+ 1)(2i+ 5)(2i+ 3)
ζ
(i1)
i ζ

(i1)
i+2 +

1

(2i− 1)(2i+ 3)

(

ζ
(i1)
i

)2
)

.

Then
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M

{(

µ(01)
p

)2
}

= M

{(

µ(10)
p

)2
}

=
(T − t)4

16
×

×





∞∑

i=p+1

1

(2i+ 1)(2i+ 5)(2i+ 3)2
+

∞∑

i=p+1

2

(2i− 1)2(2i+ 3)2
+

(
∞∑

i=p+1

1

(2i− 1)(2i+ 3)

)2


 ≤ K

p2

and

(145)

∞∑

p=1

M

{∣
∣
∣µ(01)

p

∣
∣
∣

2
}

≤ K

∞∑

p=1

1

p2
<∞,

∞∑

p=1

M

{∣
∣
∣µ(10)

p

∣
∣
∣

2
}

≤ K

∞∑

p=1

1

p2
<∞,

where constant K does not depend on p.

According Lemma 1 and (145), we obtain that µ
(01)
p , µ

(10)
p → 0 when p→ ∞ w. p. 1. Then

I
(i1i1)p
(01)T,t → I

(i1i1)
(01)T,t, I

(i1i1)p
(10)T,t → I

(i1i1)
(10)T,t when p→ ∞ w. p. 1.

Analogously, we obtain

I
(i1i2)p
(02)T,t → I

(i1i2)
(02)T,t, I

(i1i2)p
(11)T,t → I

(i1i2)
(11)T,t, I

(i1i2)p
(20)T,t → I

(i1i2)
(20)T,t when p→ ∞ w. p. 1,

where i1, i2 = 1, . . . ,m. This result based on the following truncated expansions of the stochastic

integrals I
(i1i2)
(02)T,t, I

(i1i2)
(20)T,t, I

(i1i2)
(11)T,t (see (68)–(70))

I
(i1i2)p
(02)T,t = − (T − t)2

4
I
(i1i2)p
(00)T,t − (T − t)I

(i1i2)p
(01)T,t +

(T − t)3

8

[

2

3
√
5
ζ
(i2)
2 ζ

(i1)
0 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

p
∑

i=0

(

(i+ 2)(i+ 3)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 1)(i+ 2)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + i− 3)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + 3i− 1)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

−

− 1

24
1{i1=i2}(T − t)3,

I
(i1i2)p
(20)T,t = − (T − t)2

4
I
(i1i2)p
(00)T,t − (T − t)I

(i1i2)p
(10)T,t +

(T − t)3

8

[

2

3
√
5
ζ
(i2)
0 ζ

(i1)
2 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

p
∑

i=0

(

(i+ 1)(i+ 2)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 2)(i+ 3)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + 3i− 1)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + i− 3)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

−

− 1

24
1{i1=i2}(T − t)3,
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I
(i1i2)p
(11)T,t = − (T − t)2

4
I
(i1i2)p
(00)T,t −

T − t

2

(

I
(i1i2)p
(10)T,t + I

(i1i2)p
(01)T,t

)

+

+
(T − t)3

8

[

1

3
ζ
(i1)
1 ζ

(i2)
1 +

p
∑

i=0

(
(i+ 1)(i+ 3)

(

ζ
(i2)
i+3 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+3

)

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i+ 1)2

(

ζ
(i2)
i+1 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+1

)

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

−

− 1

24
1{i1=i2}(T − t)3.

The expansions (51)–(53), (71) for the stochastic integrals I
(i1)
(0)T,t, I

(i1)
(1)T,t, I

(i1)
(2)T,t, I

(i1)
(3)T,t are initially

correct w. p. 1 (they include 1, 2, 3, and 4 members of expansion, correspondently).
Apparently, using the proposed scheme we can prove convergence w. p. 1 for other iterated sto-

chastic integrals. In the next section, we consider the more general and effective approach.

6. Convergence With Probability 1 of Expansion of Iterated Ito Stochastic

Integrals in Theorem 1 for the Case of Multiplicity k (k ∈ N)

This section is written on the base of Sect. 6 from [31] and Sect. 9 from [25] (also see [22]-[24]
(Chapter 1)). Remind that in a lot of author’s publications [8]-[41] the convergence in Theorem 1
has been considered in different probabilistic senses. For example, the mean-square convergence [8]
(2006) (also see [9]-[41]) and convergence in the mean of degree 2n (n ∈ N) [10] (2007) (also see
[11]-[17], [20]-[25]) have been proved. On the examples of specific iterated Ito stochastic integrals of
mutiplicities 1 and 2 the convergence with probability 1 has been considered in the previous section
(also see [10] (2007), [11]-[17], [20]-[25], [27]). However, these examples are narrow particular cases of
the iterated Ito stochastic integrals (2).

In this section, we formulate and prove the theorem [22]-[25], [31], [42] on convergence with prob-
ability 1 of the expansions of iterated Ito stochastic integrals from Theorem 1.

Let us remind the well-known fact from the mathematical analysis, which is connected to existence
of iterated limits.

Proposition 1. Let
{
xn,m

}∞

n,m=1
be a double sequence and let there exists the limit

lim
n,m→∞

xn,m = a <∞.

Moreover, let there exist the limits

lim
n→∞

xn,m <∞ for any m, lim
m→∞

xn,m <∞ for any n.

Then there exist the iterated limits

lim
n→∞

lim
m→∞

xn,m, lim
m→∞

lim
n→∞

xn,m

and moreover,

lim
n→∞

lim
m→∞

xn,m = lim
m→∞

lim
n→∞

xn,m = a.

1162



MEAN-SQUARE APPROXIMATION OF ITERATED ITO AND STRATONOVICH STOCHASTIC INTEGRALS 63

Theorem 9 [22]-[25], [31], [42]. Let ψl(τ) (l = 1, . . . , k) are continuously differentiable nonran-

dom functions on the interval [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Then

J [ψ(k)]p,...,pT,t → J [ψ(k)]T,t if p→ ∞

w. p. 1, where J [ψ(k)]p,...,pT,t is the expression on the right-hand side of (7) before passing to the limit

l.i.m.
p1,...,pk→∞

for the case p1 = . . . = pk = p, i.e. (see Theorem 1)

J [ψ(k)]p,...,pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where i1, . . . , ik = 1, . . . ,m.

Proof. Let us consider the Parseval equality

(146)

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk = lim
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

,

where

(147) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

=

k∏

l=1

ψl(tl)

k−1∏

l=1

1{tl<tl+1},

where t1, . . . , tk ∈ [t, T ] for k ≥ 2 and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ], 1A denotes the indicator of the
set A,

(148) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient.
Using (147), we obtain

Cjk...j1 =

T∫

t

φjk (tk)ψk(tk) . . .

t2∫

t

φj1(t1)ψ1(t1)dt1 . . . dtk.

Further, we denote

lim
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

def
=

∞∑

j1,...,jk=0

C2
jk...j1 .
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If p1 = . . . = pk = p, then we also write

lim
p→∞

p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

def
=

∞∑

j1,...,jk=0

C2
jk...j1

.

From the other hand, for iterated limits we write

lim
p1→∞

. . . lim
pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

def
=

∞∑

j1=0

. . .

∞∑

jk=0

C2
jk...j1 ,

lim
p1→∞

lim
p2,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

def
=

∞∑

j1=0

∞∑

j2,...,jk=0

C2
jk ...j1

and so on.
Let us consider the following lemma.

Lemma 2. The following equalities are fulfilled

∞∑

j1,...,jk=0

C2
jk...j1

=

∞∑

j1=0

. . .

∞∑

jk=0

C2
jk ...j1

=

(149) =

∞∑

jk=0

. . .

∞∑

j1=0

C2
jk...j1

=

∞∑

jq1=0

. . .

∞∑

jqk=0

C2
jk...j1

for any permutation (q1, . . . , qk) such that {q1, . . . , qk} = {1, . . . , k}.
Proof. Let us consider the value

(150)

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1

for any permutation (ql, . . . , qk), where l = 1, 2, . . . , k, {q1, . . . , qk} = {1, . . . , k}.
Obviously, (150) is the non-decreasing sequence with respect to p. Moreover,

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1

≤
p
∑

jq1=0

p
∑

jq2=0

. . .

p
∑

jqk=0

C2
jk...j1

≤

≤
∞∑

j1,...,jk=0

C2
jk...j1

<∞.

Then the following limit

lim
p→∞

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1

=

∞∑

jql ,...,jqk=0

C2
jk...j1

exists.
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Let pl, . . . , pk simultaneously tend to infinity. Then g, r → ∞, where g = min{pl, . . . , pk} and
r = max{pl, . . . , pk}. Moreover,

g
∑

jql=0

. . .

g
∑

jqk=0

C2
jk...j1 ≤

pl∑

jql=0

. . .

pk∑

jqk=0

C2
jk...j1 ≤

r∑

jql=0

. . .

r∑

jqk=0

C2
jk...j1 .

This means that the existence of the limit

(151) lim
p→∞

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1

implies the existence of the limit

(152) lim
pl,...,pk→∞

pl∑

jql=0

. . .

pk∑

jqk=0

C2
jk...j1

and equality of the limits (151) and (152).
Taking into account the above reasoning, we have

lim
p,q→∞

q
∑

jql=0

p
∑

jql+1
=0

. . .

p
∑

jqk=0

C2
jk...j1

= lim
p→∞

p
∑

jql=0

. . .

p
∑

jqk=0

C2
jk...j1

=

(153) = lim
pl,...,pk→∞

pl∑

jql=0

. . .

pk∑

jqk=0

C2
jk...j1

.

Since the limit
∞∑

j1,...,jk=0

C2
jk...j1

exists (see the Parseval equality (146)), then from Proposition 1 we have

∞∑

jq1=0

∞∑

jq2 ,...,jqk=0

C2
jk...j1 = lim

q→∞
lim
p→∞

q
∑

jq1=0

p
∑

jq2=0

. . .

p
∑

jqk=0

C2
jk...j1 =

(154) = lim
q,p→∞

q
∑

jq1=0

p
∑

jq2=0

. . .

p
∑

jqk=0

C2
jk ...j1

=

∞∑

j1,...,jk=0

C2
jk...j1

.

Using (153) and Proposition 1, we get

∞∑

jq2=0

∞∑

jq3 ,...,jqk=0

C2
jk...j1

= lim
q→∞

lim
p→∞

q
∑

jq2=0

p
∑

jq3=0

. . .

p
∑

jqk=0

C2
jk...j1

=
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(155) = lim
q,p→∞

q
∑

jq2=0

p
∑

jq3=0

. . .

p
∑

jqk=0

C2
jk...j1 =

∞∑

jq2 ,...,jqk=0

C2
jk...j1 .

Combining (155) and (154), we obtain

∞∑

jq1=0

∞∑

jq2=0

∞∑

jq3 ,...,jqk=0

C2
jk...j1 =

∞∑

j1,...,jk=0

C2
jk ...j1 .

Repeating the previous steps, we complete the proof of Lemma 2.
Further, let us show that for s = 1, . . . , k

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 =

(156) =

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 .

Using the arguments which we used when proving Lemma 2, we obtain

lim
n→∞

n∑

j1=0

. . .

n∑

js−1=0

p
∑

js=0

n∑

js+1=0

. . .

n∑

jk=0

C2
jk...j1 =

(157) =

p
∑

js=0

∞∑

j1,...,js−1,js+1,...,jk=0

C2
jk...j1 =

p
∑

js=0

∞∑

jq1=0

. . .

∞∑

jqk−1
=0

C2
jk...j1

for any permutation (q1, . . . , qk−1) such that {q1, . . . , qk−1} = {1, . . . , s− 1, s+ 1, . . . , k}, where p is
a fixed natural number.

Obviously, we have

p
∑

js=0

∞∑

jq1=0

. . .

∞∑

jqk−1
=0

C2
jk...j1

=

∞∑

jq1=0

. . .

p
∑

js=0

. . .

∞∑

jqk−1
=0

C2
jk...j1

= . . . =

(158) =
∞∑

jq1=0

. . .
∞∑

jqk−1
=0

p
∑

js=0

C2
jk...j1

.

Using (157), (158), and Lemma 2, we get

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk ...j1 =

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk ...j1−
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−
∞∑

j1=0

. . .
∞∑

js−1=0

p
∑

js=0

∞∑

js+1=0

. . .
∞∑

jk=0

C2
jk ...j1

=

=

∞∑

js=0

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1

−
p
∑

js=0

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk ...j1

=

=

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 .

The equality (156) is proved.
Using the Parseval equality and Lemma 2, we obtain

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 =

=

∞∑

j1,...,jk=0

C2
jk...j1 −

p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 =

=

∞∑

j1=0

. . .

∞∑

jk=0

C2
jk...j1 −

p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 =

=

p
∑

j1=0

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1 +

∞∑

j1=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1 −

p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 =

=

p
∑

j1=0

p
∑

j2=0

∞∑

j3=0

. . .
∞∑

jk=0

C2
jk...j1

+

p
∑

j1=0

∞∑

j2=p+1

∞∑

j3=0

. . .
∞∑

jk=0

+

+

∞∑

j1=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1 −

p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1 = . . . =

=

∞∑

j1=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1 +

p
∑

j1=0

∞∑

j2=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1+

+

p
∑

j1=0

p
∑

j2=0

∞∑

j3=p+1

∞∑

j4=0

. . .

∞∑

jk=0

C2
jk...j1

+ . . .+

p
∑

j1=0

. . .

p
∑

jk−1=0

∞∑

jk=p+1

C2
jk ...j1

≤
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≤
∞∑

j1=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1 +

∞∑

j1=0

∞∑

j2=p+1

∞∑

j2=0

. . .

∞∑

jk=0

C2
jk...j1+

+

∞∑

j1=0

∞∑

j2=0

∞∑

j3=p+1

∞∑

j4=0

. . .

∞∑

jk=0

C2
jk...j1

+ . . .+

∞∑

j1=0

. . .

∞∑

jk−1=0

∞∑

jk=p+1

C2
jk ...j1

=

(159) =

k∑

s=1





∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk ...j1



 .

Note that deriving (159), we used the following

p
∑

j1=0

. . .

p
∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .
∞∑

jk=0

C2
jk...j1

≤

≤
m1∑

j1=0

. . .

ms−1∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 ≤

≤ lim
ms−1→∞

m1∑

j1=0

. . .

ms−1∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .
∞∑

jk=0

C2
jk...j1

=

=

m1∑

j1=0

. . .

ms−2∑

js−2=0

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 ≤

≤ . . . ≤

≤
∞∑

j1=0

. . .
∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .
∞∑

jk=0

C2
jk...j1

,

where m1, . . . ,ms−1 > p.
Denote

Cjs...j1(τ) =

τ∫

t

φjs(ts)ψs(ts) . . .

t2∫

t

φj1 (t1)ψ1(t1)dt1 . . . dts,

where s = 1, . . . , k − 1.
Let us remind the Dini Theorem, which we will use further.

Theorem (Dini). Let the functional sequence un(x) be non-decreasing at each point of the interval

[a, b]. In addition, all the functions un(x) of this sequence and the limit function u(x) are continuous

on the interval [a, b]. Then the convergence un(x) to u(x) is uniform on the interval [a, b].

For s < k due to the Parseval equality, Dini Theorem and (156) we obtain
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∞∑

j1=0

. . .
∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .
∞∑

jk=0

C2
jk...j1

=

(156)
=

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk ...j1 =

(Parseval Eq.)
=

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−1=0

T∫

t

ψ2
k(tk)

(
Cjk−1...j1(tk)

)2
dtk =

(Dini Th.)
=

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−2=0

T∫

t

ψ2
k(tk)

∞∑

jk−1=0

(
Cjk−1...j1(tk)

)2
dtk =

(Parseval Eq.)
=

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−2=0

T∫

t

ψ2
k(tk)

tk∫

t

ψ2
k−1(tk−1)

(
Cjk−2...j1(tk−1)

)2 ×

×dtk−1dtk ≤

≤ C

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−2=0

T∫

t

(
Cjk−2...j1(τ)

)2
dτ =

(Dini Th.)
= C

∞∑

js=p+1

∞∑

js−1=0

. . .
∞∑

j1=0

∞∑

js+1=0

. . .
∞∑

jk−3=0

T∫

t

∞∑

jk−2=0

(
Cjk−2...j1(τ)

)2
dτ =

(Parseval Eq.)
= C

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

∞∑

js+1=0

. . .

∞∑

jk−3=0

T∫

t

τ∫

t

ψ2
k−2(θ)

(
Cjk−3...j1(θ)

)2
dθdτ ≤

≤ K
∞∑

js=p+1

∞∑

js−1=0

. . .
∞∑

j1=0

∞∑

js+1=0

. . .
∞∑

jk−3=0

T∫

t

(
Cjk−3...j1(τ)

)2
dτ ≤

≤ . . . ≤

≤ Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j1=0

T∫

t

(Cjs...j1(τ))
2
dτ =
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(160)
(Dini Th.)

= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .
∞∑

j2=0

T∫

t

∞∑

j1=0

(Cjs...j1(τ))
2 dτ,

where constants C, K depend on T − t and constant Ck depends on k and T − t.
Let us explane more precisely how we obtain (160). For any function g(s) ∈ L2([t, T ]) we have the

following Parseval equality

∞∑

j=0





τ∫

t

φj(s)g(s)ds





2

=

∞∑

j=0





T∫

t

1{s<τ}φj(s)g(s)ds





2

=

(161) =

T∫

t

(
1{s<τ}

)2
g2(s)ds =

τ∫

t

g2(s)ds.

The equality (161) has been applied repeatedly when we obtaining (160).
Using the replacement of the integrating order in Riemann integrals, we have

Cjs...j1(τ) =

τ∫

t

φjs(ts)ψs(ts) . . .

t2∫

t

φj1(t1)ψ1(t1)dt1 . . . dts =

=

τ∫

t

φj1(t1)ψ1(t1)

τ∫

t1

φj2(t2)ψ2(t2) . . .

τ∫

ts−1

φjs(ts)ψs(ts)dts . . . dt2dt1
def
=

def
= C̃js...j1(τ).

For l = 1, . . . , s we will use the following notation

C̃js...jl(τ, θ) =

τ∫

θ

φjl(tl)ψl(tl)

τ∫

tl

φjl+1
(tl+1)ψl+1(tl+1) . . .

τ∫

ts−1

φjs(ts)ψs(ts)dts . . . dtl+1dtl.

Using the Parseval equality and Dini Theorem, from (160) we obtain

∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1 ≤

≤ Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j2=0

T∫

t

∞∑

j1=0

(Cjs...j1(τ))
2
dτ =
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= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j2=0

T∫

t

∞∑

j1=0

(

C̃js...j1(τ)
)2

dτ =

(162)
(Parseval Eq.)

= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .
∞∑

j2=0

T∫

t

τ∫

t

ψ2
1(t1)

(

C̃js...j2(τ, t1)
)2

dt1dτ =

(163)
(Dini Th.)

= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j3=0

T∫

t

τ∫

t

ψ2
1(t1)

∞∑

j2=0

(

C̃js...j2(τ, t1)
)2

dt1dτ =

(Parseval Eq.)
= Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j3=0

T∫

t

τ∫

t

ψ2
1(t1)

τ∫

t1

ψ2
2(t2)

(

C̃js...j3(τ, t2)
)2

dt2dt1dτ ≤

≤ Ck

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j3=0

T∫

t

τ∫

t

ψ2
1(t1)

τ∫

t

ψ2
2(t2)

(

C̃js...j3(τ, t2)
)2

dt2dt1dτ ≤

≤ C
′

k

∞∑

js=p+1

∞∑

js−1=0

. . .

∞∑

j3=0

T∫

t

τ∫

t

ψ2
2(t2)

(

C̃js...j3(τ, t2)
)2

dt2dτ ≤

≤ . . . ≤

≤ C
′′

k

∞∑

js=p+1

T∫

t

τ∫

t

ψ2
s−1(ts−1)

(

C̃js(τ, ts−1)
)2

dts−1dτ ≤

(164) ≤ C̃k

∞∑

js=p+1

T∫

t

τ∫

t





τ∫

u

φjs(θ)ψs(θ)dθ





2

dudτ,

where constants C
′

k, C
′′

k , C̃k depend on k and T − t.
Let us explane more precisely how we obtain (164). For any function g(s) ∈ L2([t, T ]) we have the

following Parseval equality

∞∑

j=0





τ∫

θ

φj(s)g(s)ds





2

=

∞∑

j=0





T∫

t

1{θ<s<τ}φj(s)g(s)ds





2

=
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(165) =

T∫

t

(
1{θ<s<τ}

)2
g2(s)ds =

τ∫

θ

g2(s)ds.

The equality (165) has been applied repeatedly when we obtaining (164).
Let us explane more precisely the passing from (162) to (163) (the same steps have been used

when we deriving (164)).
We have

T∫

t

τ∫

t

ψ2
1(t1)

∞∑

j2=0

(

C̃js...j2(τ, t1)
)2

dt1dτ −
n∑

j2=0

T∫

t

τ∫

t

ψ2
1(t1)

(

C̃js...j2(τ, t1)
)2

dt1dτ =

=

T∫

t

τ∫

t

ψ2
1(t1)

∞∑

j2=n+1

(

C̃js...j2(τ, t1)
)2

dt1dτ =

(166) = lim
N→∞

N−1∑

j=0

τj∫

t

ψ2
1(t1)

∞∑

j2=n+1

(

C̃js...j2(τj , t1)
)2

dt1∆τj ,

where {τj}Nj=0 is the partition of the interval [t, T ], which satisfies the condition (6).
Since the non-decreasing functional sequence un(τj , t1) and its limit function u(τj , t1) are contin-

uous on the interval [t, τj ] ⊆ [t, T ] with respect to t1, where

un(τj , t1) =

n∑

j2=0

(

C̃js...j2(τj , t1)
)2

,

u(τj , t1) =

∞∑

j2=0

(

C̃js...j2(τj , t1)
)2

=

τj∫

t1

ψ2
2(t2)

(

C̃js...j3(τj , t2)
)2

dt2,

then by Dini Theorem we have the uniform convergence of un(τj , t1) to u(τj , t1) at the interval
[t, τj ] ⊆ [t, T ] with respect to t1. As a result, we obtain

(167)
∞∑

j2=n+1

(

C̃js...j2(τj , t1)
)2

< ε, t1 ∈ [t, τj ]

for n > N(ε) (N(ε) exists for any ε > 0 and it does not depend on t1).
From (166) and (167) we obtain

lim
N→∞

N−1∑

j=0

τj∫

t

ψ2
1(t1)

∞∑

j2=n+1

(

C̃js...j2(τj , t1)
)2

dt1∆τj ≤ ε lim
N→∞

N−1∑

j=0

τj∫

t

ψ2
1(t1)dt1∆τj =
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(168) = ε

T∫

t

τ∫

t

ψ2
1(t1)dt1dτ.

Using (168), we get

lim
n→∞

T∫

t

τ∫

t

ψ2
1(t1)

∞∑

j2=n+1

(

C̃js...j2(τ, t1)
)2

dt1dτ = 0.

This fact completes the proof of passing from (162) to (163).
Let us estimate the integral

(169)

τ∫

u

φjs(θ)ψs(θ)dθ

from (164) for the case when {φj(s)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([t, T ]).
Note that the estimates for the integral

(170)

τ∫

t

φj(θ)ψ(θ)dθ, j ≥ p+ 1,

where ψ(θ) is a continuously differentiable function on the interval [t, T ], have been obtained in
[26], [32]. The same estimates can also be found in early publications [13]-[17], [20], [21] and in the
monographs [22]-[24].

Let us estimate the integral (169) using the approach from [26], [32].
First, consider the case of Legendre polynomials. Then φj(s) looks as follows

(171) φj(θ) =

√

2j + 1

T − t
Pj

((

θ − T + t

2

)
2

T − t

)

, j ≥ 0,

where Pj(x) (j = 0, 1, 2 . . .) is the Legendre polynomial.
Further, we have

x∫

v

φj(θ)ψ(θ)dθ =

√
T − t

√
2j + 1

2

z(x)∫

z(v)

Pj(y)ψ(u(y))dy =

=

√
T − t

2
√
2j + 1

(

(Pj+1(z(x))− Pj−1(z(x)))ψ(x) − (Pj+1(z(v))− Pj−1(z(v)))ψ(v)−

(172) −T − t

2

z(x)∫

z(v)

((Pj+1(y)− Pj−1(y))ψ
′(u(y))dy

)

,

where x, v ∈ (t, T ), j ≥ p+ 1, u(y) and z(x) are defined by the following relations
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u(y) =
T − t

2
y +

T + t

2
, z(x) =

(

x− T + t

2

)
2

T − t
,

and ψ′ is a derivative of the function ψ(θ) with respect to the variable u(y).
Note that in (172) we used the following well known property of the Legendre polynomials

dPj+1

dx
(x) − dPj−1

dx
(x) = (2j + 1)Pj(x), j = 1, 2, . . .

From (172) and the well known estimate for the Legendre polynomials

(173) |Pj(y)| <
K√

j + 1(1− y2)1/4
, y ∈ (−1, 1), j ∈ N,

where constant K does not depend on y and j, it follows that

(174)

∣
∣
∣
∣
∣
∣

x∫

v

φj(θ)ψ(θ)dθ

∣
∣
∣
∣
∣
∣

<
C

j

(

1

(1 − (z(x))2)1/4
+

1

(1− (z(v))2)1/4
+ C1

)

,

where j ∈ N, z(x), z(v) ∈ (−1, 1), x, v ∈ (t, T ), constants C,C1 do not depend on j.
From (174) we obtain

(175)





x∫

v

φj(θ)ψ(θ)dθ





2

<
C2

j2

(

1

(1− (z(x))2)1/2
+

1

(1− (z(v))2)1/2
+ C3

)

,

where j ∈ N, constants C2, C3 do not depend on j.
Let us apply (175) for estimating of the right-hand side of (164). We have

T∫

t

τ∫

t





τ∫

u

φjs(θ)ψs(θ)dθ





2

dudτ ≤

≤ K1

j2s





1∫

−1

dy

(1− y2)
1/2

+

1∫

−1

x∫

−1

dy

(1− y2)
1/2

dx+K2



 ≤

(176) ≤ K3

j2s
,

where js ∈ N, constants K1,K2,K3 are independent of js.
Now, consider the trigonometric case. The complete orthonormal system of trigonometric functions

in the space L2([t, T ]) has the following form
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(177) φj(θ) =
1√
T − t







1, j = 0

√
2sin (2πr(θ − t)/(T − t)) , j = 2r − 1

√
2cos (2πr(θ − t)/(T − t)) , j = 2r

,

where r = 1, 2, . . .
Using the system of functions (177), we have

x∫

v

φ2r−1(θ)ψ(θ)dθ =

√

2

T − t

x∫

v

sin
2πr(θ − t)

T − t
ψ(θ)dθ =

= −
√

T − t

2

1

πr

(

ψ(x)cos
2πr(x − t)

T − t
− ψ(v)cos

2πr(v − t)

T − t
−

(178) −
x∫

v

cos
2πr(θ − t)

T − t
ψ′(θ)dθ

)

,

x∫

v

φ2r(θ)ψ(θ)dθ =

√

2

T − t

x∫

v

cos
2πr(θ − t)

T − t
ψ(θ)dθ =

=

√

T − t

2

1

πr

(

ψ(x)sin
2πr(x − t)

T − t
− ψ(v)sin

2πr(v − t)

T − t
−

(179) −
x∫

v

sin
2πr(θ − t)

T − t
ψ′(θ)dθ

)

,

where ψ′(θ) is a derivative of the function ψ(θ) with respect to the variable θ.
Combining (178) and (179), we obtain for the trigonometric case

(180)





x∫

v

φj(θ)ψ(θ)dθ





2

≤ C4

j2
,

where j ∈ N, constant C4 is independent of j.
From (180) we finally have

(181)

T∫

t

τ∫

t





τ∫

u

φjs(θ)ψs(θ)dθ





2

dudτ ≤ K4

j2s
,

where js ∈ N, constant K4 is independent of js.
Combibing (164), (176), and (181), we obtain
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∞∑

j1=0

. . .

∞∑

js−1=0

∞∑

js=p+1

∞∑

js+1=0

. . .

∞∑

jk=0

C2
jk...j1

≤

(182) ≤ Lk

∞∑

js=p+1

1

j2s
≤ Lk

p
,

where constant Lk depends on k and T − t.
Obviously, the case s = k can be considered absolutely analogously to the case s < k. Then from

(159) and (182) we obtain

(183)

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1

≤ Gk

p
,

where constant Gk depends on k and T − t.
For the further consideration we will use the estimate (33). Using (183) and the estimate (33) for

the case p1 = . . . = pk = p and n = 2, we get

M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)4
}

≤

(184) ≤ C2,k






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
p
∑

j1=0

. . .

p
∑

jk=0

C2
jk...j1






2

≤ H2,k

p2
,

where

Cn,k = (k!)2n(n(2n− 1))n(k−1)(2n− 1)!!

and H2,k = G2
kC2,k.

Let us consider Lemma 1 and put

ξp =

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

and α = 4.
Then from (184) we obtain

∞∑

p=1

M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)4
}

≤

(185) ≤ H2,k

∞∑

p=1

1

p2
<∞.

Using Lemma 1, from (185) we have
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J [ψ(k)]p,...,pT,t → J [ψ(k)]T,t if p→ ∞

w. p. 1, where (see Theorem 1)

J [ψ(k)]p,...,pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(186) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where i1, . . . , ik = 1, . . . ,m in (186). Theorem 9 is proved.

Taking into account (32) and (183), we obtain the following inequality

(187) M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)2
}

≤ k!Pk(T − t)k

p
,

where constant Pk depends only on k.
The estimates (33) and (183) imply the following inequality

M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)2n
}

≤

(188) ≤ (k!)2n(n(2n− 1))n(k−1)(2n− 1)!!
(Pk)

n
(T − t)nk

pn
,

where n ∈ N and constant Pk depends only on k.
Consider the question on the rate of convergence w. p. 1 in Theorem 9. Using the inequality (188),

we obtain

(189)

(

M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)2n
})1/2n

≤ Qn,k√
p
,

where n ∈ N and

Qn,k = k! (n(2n− 1))(k−1)/2 ((2n− 1)!!)1/2n
√

Pk (T − t)k/2.

According to the Lyapunov inequality and (189), we have

(190)

(

M

{(

J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

)n
})1/n

≤ Qn,k√
p

for all n ∈ N. Following [53] (Lemma 2.1), we get
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∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣
=
p1/2−ε

p1/2−ε

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣
≤

(191) ≤ 1

p1/2−ε
sup
p∈N

(

p1/2−ε

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

)

=
ηε

p1/2−ε

w. p. 1, where

ηε = sup
p∈N

(

p1/2−ε

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

)

and ε > 0 is fixed.
For q > 1/ε, q ∈ N we obtain [53] (see (190))

M {|ηε|q} = M

{(

sup
p∈N

(

p1/2−ε

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

))q}

=

= M

{

sup
p∈N

(

p(1/2−ε)q

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

q)}

≤

≤ M

{
∞∑

p=1

p(1/2−ε)q

∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

q
}

=

=

∞∑

p=1

p(1/2−ε)q
M

{∣
∣
∣
∣
J [ψ(k)]T,t − J [ψ(k)]p,...,pT,t

∣
∣
∣
∣

q}

≤

(192) ≤
∞∑

p=1

p(1/2−ε)q (Qq,k)
q

pq/2
= (Qq,k)

q
∞∑

p=1

1

pεq
<∞.

From (191) we have that for all ε > 0 there exists a random variable ηε such that the inequality
(191) is fulfilled w. p. 1 for all p ∈ N. Moreover, from the Lyapunov inequality and (192) we obtain
M {|ηε|q} <∞ for all q ≥ 1.

7. About the Structure of Functions K(t1, . . . , tk) Used in Applications

The systems of iterated stochastic integrals (2), (3), (48), (49) are part of the stochastic Taylor–Ito
and Taylor–Stratonovich expansions (classical [2], [3] and unified [8]-[17], [20]-[24]).

The function K(t1, . . . , tk) from Theorems 1, 2 for the family (48) looks as follows

(193) K(t1, . . . , tk) = (t− tk)
lk . . . (t− t1)

l1 1{t1<...<tk}, t1, . . . , tk ∈ [t, T ],
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where 1A is the indicator of the set A.
In particular, for the stochastic integrals

I
(i1)
(1)T,t, I

(i1)
(2)T,t, I

(i1i2)
(00)T,t, I

(i1i2i3)
(000)T,t, I

(i1i2)
(01)T,t, I

(i1i2)
(10)T,t, I

(i1i2i3i4)
(0000)T,t ,

I
(i1i2)
(20)T,t, I

(i1i2)
(11)T,t, I

(i1i2)
(02)T,t (i1, . . . , i4 = 1, . . . ,m)

the functions K(t1, . . . , tk) (see (193)) correspondently look as follows

(194) K1(t1) = t− t1, K2(t1) = (t− t1)
2, K00(t1, t2) = 1{t1<t2},

(195) K000(t1, t2, t3) = 1{t1<t2<t3}, K01(t1, t2) = (t− t2)1{t1<t2},

(196) K10(t1, t2) = (t− t1)1{t1<t2}, K0000(t1, t2) = 1{t1<t2<t3<t4},

(197) K20(t1, t2) = (t− t1)
21{t1<t2}, K11(t1, t2) = (t− t1)(t− t2)1{t1<t2},

(198) K02(t1, t2) = (t− t2)
21{t1<t2},

where t1, . . . , t4 ∈ [t, T ].
It is obviously that the most simple expansion for the polynomial of a finite degree into the Fourier

series using the complete orthonormal system of functions in the space L2([t, T ]) will be its Fourier–
Legendre expansion (finite sum). The polynomial functions are included in the functions (194)–(198)
as their components if l21 + . . . + l2k > 0. So, it is logical to expect that the most simple expansions
for the functions (194)–(198) into multiple Fourier series will be their Fourier–Legendre expansions
when l21 + . . .+ l2k > 0.

Note that the given assumption is confirmed completely (compare the formulas (52), (56) with
the formulas (114), (131) correspondently). So, the usage of Legendre polynomials in the considered
scientific field is an obvious step forward.

8. Theorems 1–7 from Point of View of the Wong–Zakai Approximation

The iterated Ito stochastic integrals and solutions of Ito SDEs are complex and important function-

als from the independent components f
(i)
s , i = 1, . . . ,m of the multidimensional Wiener process fs,

s ∈ [0, T ]. Let f
(i)p
s , p ∈ N be some approximation of f

(i)
s , i = 1, . . . ,m. Suppose that f

(i)p
s converges

to f
(i)
s , i = 1, . . . ,m if p→ ∞ in some sense and has differentiable sample trajectories.

A natural question arises: if we replace f
(i)
s by f

(i)p
s , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
s ,

i = 1, . . . ,m of the multidimentional Wiener process fs? The answere to this question is negative in the
general case. However, in the pioneering works of Wong E. and Zakai M. [54], [55], it was shown that
under the special conditions and for some types of approximations of the Wiener process the answere
is affirmative with one peculiarity: the convergence takes place to the iterated Stratonovich stochastic
integrals and solutions of Stratonovich SDEs and not to iterated Ito stochastic integrals and solutions
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of Ito SDEs. The piecewise linear approximation as well as the regularization by convolution [54]-[56]
relate the mentioned types of approximations of the Wiener process. The above approximation of
stochastic integrals and solutions of SDEs is often called the Wong–Zakai approximation.

Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [57], [58]

(199) f (i)τ − f
(i)
t =

∞∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,

where τ ∈ [t, T ], t ≥ 0, {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (199) converges for any τ ∈ [t, T ] in the mean-square sense.

Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(200) f (i)pτ − f
(i)p
t =

p
∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j .

From (200) we obtain

(201) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral

(202)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
,

where i1, . . . , ik = 0, 1, . . . ,m, p1, . . . , pk ∈ N,

(203) dw(i)p
τ =







df
(i)p
τ for i = 1, . . . ,m

dτ for i = 0

,

and df
(i)p
τ in defined by the relation (201).

Let us substitute (201) into (202)

(204)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,
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where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
s = f

(i)
s for i = 1, . . . ,m and w

(0)
s = s,

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
To best of our knowledge [54]-[56] the approximations of the Wiener process in the Wong–Zakai

approximation must satisfy fairly strong restrictions [56] (see Definition 7.1, pp. 480–481). Moreover,
approximations of the Wiener process that are similar to (200) were not considered in [54], [55] (also
see [56], Theorems 7.1, 7.2). Therefore, the proof of analogs of Theorems 7.1 and 7.2 [56] for approx-
imations of the Wiener process based on its series expansion (199) should be carried out separately.
Thus, the mean-square convergence of the right-hand side of (204) to the iterated Stratonovich sto-
chastic integral (3) does not follow from the results of the papers [54], [55] (also see [56], Theorems
7.1, 7.2).

From the other hand, Theorems 1–7 from this paper can be considered as the proof of the Wong–
Zakai approximation for the iterated Stratonovich stochastic integrals (3) of multiplicities 1 to 6 based
on the the Riemann–Stieltjes integrals (202) and approximation (200) of the Wiener process. At
that, the Riemann–Stieltjes integrals (202) converge (according to Theorems 1–7) to the appropriate
Stratonovich stochastic integrals (3). Recall that {φj(x)}∞j=0 (see (199), (200), and Theorems 3–7)
is a complete orthonormal system of Legendre polynomials or trigonometric functions in the space
L2([t, T ]).

To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(s), ψ2(s) ≡ 1;
i1, i2 = 1, . . . ,m.

The first example relates to the piecewise linear approximation of the multidimensional Wiener
process (these approximations were considered in [54]-[56]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the mul-

tidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i = 1, . . . ,m,

i.e.

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,

where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Note that w. p. 1

(205)
db

(i)
∆

dt
(t) =

∆f
(i)
k∆

∆
, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral
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T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

Using (205) and additive property of Riemann–Stieltjes integrals, we can write w. p. 1

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

db
(i1)
∆

dτ
(τ)dτ

db
(i2)
∆

ds
(s)ds =

=

N−1∑

l=0

(l+1)∆∫

l∆






l−1∑

q=0

(q+1)∆∫

q∆

∆f
(i1)
q∆

∆
dτ +

s∫

l∆

∆f
(i1)
l∆

∆
dτ






∆f
(i2)
l∆

∆
ds =

=
N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆∫

l∆

s∫

l∆

dτds =

(206) =

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .

Using (206) and the standard relation between Stratonovich and Ito stochastic integrals, it is not
difficult to show that

l.i.m.
N→∞

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T∫

0

ds =

(207) =

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s ,

where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (207) agrees with Theorem 7.1 (see [56], p. 486).
The next example relates to the approximation of the Wiener process based on its series expansion

(199) for t = 0, where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or

trigonometric functions in the space L2([0, T ]).
Consider the following iterated Riemann–Stieltjes integral

(208)

T∫

0

s∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, . . . ,m,
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where df
(i)p
τ is defined by the relation (201).

Let us substitute (201) into (208)

(209)

T∫

0

s∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where

Cj2j1 =

T∫

0

φj2(s)

s∫

0

φj1(τ)dτds

is the Fourier coefficient; another notations are the same as in (204).
As we noted above, approximations of the Wiener process that are similar to (200) were not

considered in [54], [55] (also see Theorems 7.1, 7.2 in [56]). Furthermore, the extension of the results
of Theorems 7.1 and 7.2 [56] to the case under consideration is not obvious.

On the other hand, we can apply the theory built in Chapters 1 and 2 of the monographs [22]-[24].
More precisely, using Theorem 3 for the case k = 2, we obtain from (209) the desired result

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

(210) =

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s .

From the other hand, by Theorem 1 (see (10)) for the case k = 2 we obtain from (209) the following
relation

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+ 1{i1=i2}

∞∑

j1=0

Cj1j1 =

(211) =

T∫

0

s∫

0

df (i1)τ df (i2)s + 1{i1=i2}

∞∑

j1=0

Cj1j1 .

Since

∞∑

j1=0

Cj1j1 =
1

2

∞∑

j1=0





T∫

0

φj(τ)dτ





2

=
1

2





T∫

0

φ0(τ)dτ





2

=
1

2

T∫

0

ds,
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then from (211) and the standard relation between Stratonovich and Ito stochastic integrals we obtain
(210).

9. Exact Calculation of the Mean-Square Approximation Errors for Iterated

Stratonovich Stochastic Integrals I
∗(i1)
(0)T,t, I

∗(i1)
(1)T,t, I

∗(i1i2)
(00)T,t, I

∗(i1i2i3)
(000)T,t , I

∗(i1i2i3i4)
(0000)T,t

First, consider the question on the exact calculation of the mean-square approximation errors for
the following iterated Stratonovich stochastic integrals

(212) I
∗(i1)
(0)T,t, I

∗(i1)
(1)T,t, I

∗(i1i2)
(00)T,t, I

∗(i1i2i3)
(000)T,t (i1, i2, i3 = 1, . . . ,m)

defined by (49).
We assume that the stochastic integrals (212) are approximated using Theorems 1, 3 and the

Legendre polynomial system. Since I
(i1)
(0)T,t = I

∗(i1)
(0)T,t, I

(i1)
(1)T,t = I

∗(i1)
(1)T,t w. p. 1 (see (48)), then we can

use (51), (52) to approximate the stochastic integrals I
∗(i1)
(0)T,t, I

∗(i1)
(1)T,t. In this case, we will have zero

mean-square approximation errors.

To approximate the iterated Stratonovich stochastic integral I
∗(i1i2)
(00)T,t we can use the formula (see

(54))

(213) I
∗(i1i2)q
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

.

The mean-square approximation error for (213) will be determined by the formula (81) (i1 6= i2).
For the case i1 = i2 we can use the well known equality

I
∗(i1i1)
(00)T,t =

T − t

2

(

ζ
(i1)
0

)2

w. p. 1.

Consider now the iterated Stratonovich stochastic integral I
∗(i1i2i3)
(000)T,t of multiplicity 3 (i1, i2, i3 =

1, . . . ,m). For the case of pairwise different i1, i2, i3 we have the following relation

I
∗(i1i2i3)
(000)T,t = I

(i1i2i3)
(000)T,t w. p. 1.

Thus, in this case we can use the formulas (93) and (94). For the case i1 = i2 = i3, to approximate

the stochastic integral I
∗(i1i1i1)
(000)T,t , we use the formula (59).

Thus, it remains to consider the following three cases

(214) i1 = i2 6= i3,

(215) i1 6= i2 = i3,

(216) i1 = i3 6= i2.

Taking into account the standard relations between Ito and Stratonovich stochastic integrals and
Theorem 1 (the case k = 3) together with Theorem 3, we obtain

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=
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= M









I
(i1i2i3)
(000)T,t +

1

2
1{i1=i2}

T∫

t

τ∫

t

dsdf (i3)τ +
1

2
1{i2=i3}

T∫

t

τ∫

t

df (i1)s dτ − I
∗(i1i2i3)q
(000)T,t





2






=

= M









I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t + I

(i1i2i3)q
(000)T,t + 1{i1=i2}

1

2

T∫

t

τ∫

t

dsdf (i3)τ +

(217) +1{i2=i3}
1

2

T∫

t

τ∫

t

df (i1)s dτ − I
∗(i1i2i3)q
(000)T,t





2






,

where the approximations I
∗(i1i2i3)q
(000)T,t , I

(i1i2i3)q
(000)T,t are defined by the relations (see (57), (58))

I
(i1i2i3)q
(000)T,t =

q
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(218) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

(219) I
∗(i1i2i3)q
(000)T,t =

q
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

.

Substituting (218) and (219) into (217) yields

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=

= M









I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t + 1{i1=i2}




1

2

T∫

t

τ∫

t

dsdf (i3)τ −
q
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3



+

(220) +1{i2=i3}




1

2

T∫

t

τ∫

t

df (i1)s dτ −
q
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1



− 1{i1=i3}

q
∑

j1,j2=0

Cj1j2j1ζ
(i2)
j2





2






.

Consider the case (214). From (220) we obtain

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=

(221) = M









I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t +

1

2

T∫

t

τ∫

t

dsdf (i3)τ −
q
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3





2






.
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According to the results of Sect. 3 in [31] (also see Sect. 1.2.2 in [22]-[24]), the quantity

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t

includes only iterated Ito stochastic integrals of multiplicity 3. At the same time, the quantity

1

2

T∫

t

τ∫

t

dsdf (i3)τ −
q
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3

contains only iterated Ito stochastic integrals of multiplicity 1. This means that from (221) we get

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

= M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t

)2
}

+

(222) +M










1

2

T∫

t

(τ − t)df (i3)τ −
q
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3





2






.

We have

M










1

2

T∫

t

(τ − t)df (i3)τ −
q
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3





2






=
1

4

T∫

t

(τ − t)2dτ−

(223) −
q
∑

j1,j3=0

Cj3j1j1

T∫

t

(τ − t)φj3(τ)dτ +

q
∑

j3=0





q
∑

j1=0

Cj3j1j1





2

,

where φj3(τ) is the Legendre polynomial defined by (50).
According to the properties of Legendre polynomials, we obtain

(224)

T∫

t

(τ − t)φj3 (τ)dτ =
(T − t)3/2

2







1, j3 = 0

1/
√
3, j3 = 1

0, j3 ≥ 2

.

Combining (222)–(224) and (97), we get

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=
(T − t)3

4
−

q
∑

j1,j2,j3=0

C2
j3j2j1 −

q
∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1−

(225) − (T − t)3/2

2

q
∑

j1=0

(

C0j1j1 +
1√
3
C1j1j1

)

+

q
∑

j3=0





q
∑

j1=0

Cj3j1j1





2

,
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where i1 = i2 6= i3.
Consider the case (215). From (220) we obtain

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=

= M









I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t +

1

2

T∫

t

τ∫

t

df (i1)s dτ −
q
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1





2






=

= M









I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t +

1

2

T∫

t

(T − s)df (i1)s −
q
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1





2






=

= M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t

)2
}

+

+M










1

2

T∫

t

(T − s)df (i1)s −
q
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1





2






=

= M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t

)2
}

+

(226) +
1

4

T∫

t

(T − s)2ds−
q
∑

j1,j3=0

Cj3j3j1

T∫

t

(T − s)φj1 (s)ds+

q
∑

j1=0





q
∑

j3=0

Cj3j3j1





2

,

where φj1(τ) is the Legendre polynomial defined by (50).
Moreover,

(227)

T∫

t

(T − s)φj1 (s)ds =
(T − t)3/2

2







1, j1 = 0

−1/
√
3, j1 = 1

0, j1 ≥ 2

.

Combining (226)–(227) and (95), we get

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=
(T − t)3

4
−

q
∑

j1,j2,j3=0

C2
j3j2j1 −

q
∑

j1,j2,j3=0

Cj2j3j1Cj3j2j1−

(228) − (T − t)3/2

2

q
∑

j3=0

(

Cj3j30 −
1√
3
Cj3j31

)

+

q
∑

j1=0





q
∑

j3=0

Cj3j3j1





2

,

where i1 6= i2 = i3.
Consider the case (216). From (220) we obtain
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M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=

= M









I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t −

q
∑

j1,j2=0

Cj1j2j1ζ
(i2)
j2





2






=

= M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t

)2
}

+M











q
∑

j1,j2=0

Cj1j2j1ζ
(i2)
j2





2






=

(229) = M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t

)2
}

+

q
∑

j2=0





q
∑

j1=0

Cj1j2j1





2

.

Combining (229) and (96), we have

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=
(T − t)3

6
−

q
∑

j1,j2,j3=0

C2
j3j2j1 −

q
∑

j1,j2,j3=0

Cj3j2j1Cj1j2j3+

(230) +

q
∑

j2=0





q
∑

j1=0

Cj1j2j1





2

,

where i1 = i3 6= i2.
Thus, the exact calculaton of the mean-square approximation error for the iterated Stratonovich

stochastic integral I
∗(i1i2i3)
(000)T,t (i1, i2, i3 = 1, . . . ,m) is given by the formulas (94), (225), (228), and

(230).

Consider now the iterated Stratonovich stochastic integral I
∗(i1i2i3i4)
(0000)T,t of multiplicity 4 (i1, i2, i3, i4 =

1, . . . ,m). For i1 = i2 = i3 = i4 we can use the formula (73). For the case of pairwise different
i1, i2, i3, i4 we have the following relation

I
∗(i1i2i3i4)
(0000)T,t = I

(i1i2i3i4)
(0000)T,t w. p. 1.

Then in this case we can use the formulas (99) (for pairwise different i1, i2, i3, i4) and (100) to

approximate the stochastic integral I
∗(i1i1i1i1)
(0000)T,t .

Thus, it remains to consider the following 13 cases

(231) i1 = i2 6= i3, i4; i3 6= i4,

(232) i1 = i3 6= i2, i4; i2 6= i4,

(233) i1 = i4 6= i2, i3; i2 6= i3,

(234) i2 = i3 6= i1, i4; i1 6= i4,

(235) i2 = i4 6= i1, i3; i1 6= i3,
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(236) i3 = i4 6= i1, i2; i1 6= i2,

(237) i1 = i2 = i3 6= i4,

(238) i2 = i3 = i4 6= i1,

(239) i1 = i2 = i4 6= i3,

(240) i1 = i3 = i4 6= i2,

(241) i1 = i2 6= i3 = i4,

(242) i1 = i3 6= i2 = i4,

(243) i1 = i4 6= i2 = i3.

By analogy with (220) and using the standard relation between Stratonovich and Ito stochastic
integrals (49), (48) of multiplicity 4 as well as (99), we obtain

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=

= M









I
(i1i2i3i4)
(0000)T,t +

1

2
1{i1=i2 6=0}

T∫

t

t4∫

t

t3∫

t

dt1dw
(i3)
t3 dw

(i4)
t4 +

+
1

2
1{i2=i3 6=0}

T∫

t

t4∫

t

t2∫

t

dw
(i1)
t1 dt2dw

(i4)
t4 +

1

2
1{i3=i4 6=0}

T∫

t

t3∫

t

t2∫

t

dw
(i1)
t1 dw

(i2)
t2 dt3+

+
1

4
1{i1=i2 6=0}1{i3=i4 6=0}

T∫

t

t2∫

t

dt1dt2 − I
(i1i2i3i4)q
(0000)T,t −

−1{i1=i2 6=0}

q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}

q
∑

j4,j2=0

q
∑

j1=0

Cj4j1j2j1ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4 6=0}

q
∑

j3,j2=0

q
∑

j1=0

Cj1j3j2j1ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}

q
∑

j4,j1=0

q
∑

j2=0

Cj4j2j2j1ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4 6=0}

q
∑

j3,j1=0

q
∑

j2=0

Cj2j3j2j1ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}

q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{i3=i4 6=0}

q
∑

j3,j1=0

Cj3j3j1j1 + 1{i1=i3 6=0}1{i2=i4 6=0}

q
∑

j2,j1=0

Cj2j1j2j1+

(244) +1{i1=i4 6=0}1{i2=i3 6=0}

q
∑

j2,j1=0

Cj1j2j2j1





2






,

where I
(i1i2i3i4)q
(0000)T,t is defined by (99).
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Consider the case (231). From (244) we get

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=

(245)

= M









I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q
(0000)T,t +

1

2

T∫

t

t4∫

t

t3∫

t

dt1dw
(i3)
t3 dw

(i4)
t4 −

q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1ζ
(i3)
j3

ζ
(i4)
j4





2






.

Note that

(246) ζ
(i3)
j3

ζ
(i4)
j4

=

T∫

t

φj4(t4)

t4∫

t

φj3(t3)dw
(i3)
t3 dw

(i4)
t4 +

T∫

t

φj3 (t3)

t3∫

t

φj4 (t4)dw
(i4)
t4 dw

(i3)
t3

w. p. 1, where i3 6= i4.
According to the results of Sect. 3 in [31] (also see Sect. 1.2.2 in [22]-[24]), the quantity

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q
(0000)T,t

includes only iterated Ito stochastic integrals of multiplicity 4. At the same time (see (246)), the
quantity

1

2

T∫

t

t4∫

t

t3∫

t

dt1dw
(i3)
t3 dw

(i4)
t4 −

q
∑

j4,j3=0

p
∑

j1=0

Cj4j3j1j1ζ
(i3)
j3

ζ
(i4)
j4

contains only iterated Ito stochastic integrals of multiplicity 2. This means that from (245) we get

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

= M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q
(0000)T,t

)2
}

+

+M










1

2

T∫

t

t4∫

t

(t3 − t)dw
(i3)
t3 dw

(i4)
t4 −

q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1ζ
(i3)
j3

ζ
(i4)
j4





2






=

= M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q
(0000)T,t

)2
}

+
1

4

T∫

t

t4∫

t

(t3 − t)2dt3dt4+

+

q
∑

j4,j3=0





q
∑

j1=0

Cj4j3j1j1





2

−
q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1

T∫

t

φj4(t4)

t4∫

t

φj3(t3)(t3 − t)dt3dt4 =

= M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q
(0000)T,t

)2
}

+
(T − t)4

48
+

q
∑

j4,j3=0





q
∑

j1=0

Cj4j3j1j1





2

+
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(247) +

q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1C
10
j4j3 ,

where

(248) C10
j4j3 =

T∫

t

φj4(t4)

t4∫

t

φj3(t3)(t− t3)dt3dt4.

Using (35) and (247), we finally obtain

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
(T − t)4

16
−

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j1,j2)

Cj4j3j2j1

)

+

(249) +

q
∑

j4,j3=0





q
∑

j1=0

Cj4j3j1j1





2

+

q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1C
10
j4j3 ,

where i1 = i2 6= i3, i4; i3 6= i4.
Consider the cases (232), (233) by analogy with the case (231) using (36), (37). We have

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
(T − t)4

24
−

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j1,j3)

Cj4j3j2j1

)

+

+

q
∑

j4,j2=0





q
∑

j1=0

Cj4j1j2j1





2

,

where i1 = i3 6= i2, i4 and i2 6= i4;

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
(T − t)4

24
−

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j1,j4)

Cj4j3j2j1

)

+

+

q
∑

j3,j2=0





q
∑

j1=0

Cj1j3j2j1





2

,

where i1 = i4 6= i2, i3 and i2 6= i3.
Consider the case (234) by analogy with the case (231). We have

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

= M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q
(0000)T,t

)2
}

+
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+M










1

2

T∫

t

t4∫

t

t2∫

t

dw
(i1)
t1 dt2dw

(i4)
t4 −

q
∑

j4,j1=0

q
∑

j2=0

Cj4j2j2j1ζ
(i1)
j1

ζ
(i4)
j4





2






=

= M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q
(0000)T,t

)2
}

+

+M










1

2

T∫

t

t4∫

t

(t4 − t1)dw
(i1)
t1 dw

(i4)
t4 −

q
∑

j4,j1=0

q
∑

j2=0

Cj4j2j2j1ζ
(i1)
j1

ζ
(i4)
j4





2






=

= M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q
(0000)T,t

)2
}

+
(T − t)4

48
+

q
∑

j4,j1=0





q
∑

j2=0

Cj4j2j2j1





2

−

−
q
∑

j4,j1=0

q
∑

j2=0

Cj4j2j2j1

T∫

t

φj4(t4)

t4∫

t

φj1(t1)(t4 − t1)dt3dt4.

Then applying (38), we obtain

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
(T − t)4

16
−

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j2,j3)

Cj4j3j2j1

)

+

+

q
∑

j4,j1=0





q
∑

j2=0

Cj4j2j2j1





2

−
q
∑

j4,j1=0

q
∑

j2=0

Cj4j2j2j1

(
C10

j4j1 − C01
j4j1

)
,

where i2 = i3 6= i1, i4 and i1 6= i4; C
10
j4j1 is defined by (248) and

(250) C01
j4j1 =

T∫

t

φj4(t4)(t− t4)

t4∫

t

φj1 (t1)dt1dt4.

For the case (235) by analogy with the case (231) and using (39), we get

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
(T − t)4

24
−

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j2,j4)

Cj4j3j2j1

)

+

+

q
∑

j3,j1=0





q
∑

j2=0

Cj2j3j2j1





2

,

where i2 = i4 6= i1, i3 and i1 6= i3.
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Consider the case (236) by analogy with the case (231). Note that [22]-[24] (see Example 3.1 in
Sect. 3.6)

(251)

T∫

t

t3∫

t

t2∫

t

dw
(i1)
t1 dw

(i2)
t2 dt3 =

T∫

t

(T − t2)

t2∫

t

dw
(i1)
t1 dw

(i2)
t2 w. p. 1.

Using (251), we obtain

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

= M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q
(0000)T,t

)2
}

+

+M










1

2

T∫

t

(T − t2)

t2∫

t

dw
(i1)
t1 dw

(i2)
t2 −

q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1ζ
(i1)
j1

ζ
(i2)
j2





2






=

= M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q
(0000)T,t

)2
}

+
(T − t)4

48
+

q
∑

j2,j1=0





q
∑

j3=0

Cj3j3j2j1





2

−

−
q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1

T∫

t

(T − t2)φj2 (t2)

t2∫

t

φj1 (t1)dt1dt2.

Then applying (40), we get

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
(T − t)4

16
−

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j3,j4)

Cj4j3j2j1

)

+

+

q
∑

j2,j1=0





q
∑

j3=0

Cj3j3j2j1





2

−
q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1

(
(T − t)Cj2j1 + C01

j2j1

)
,

where i3 = i4 6= i1, i2 and i1 6= i2; C
01
j2j1

is defined by (250) and

Cj2j1 =

T∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2.

Consider the case (237). From (244) we have

M

{(

I
∗(i1i1i1i4)
(0000)T,t − I

∗(i1i1i1i4)q
(0000)T,t

)2
}

= M









I
(i1i1i1i4)
(0000)T,t +

1

2

T∫

t

t4∫

t

t3∫

t

dt1dw
(i1)
t3 dw

(i4)
t4 +

+
1

2

T∫

t

t4∫

t

t2∫

t

dw
(i1)
t1 dt2dw

(i4)
t4 − I

(i1i1i1i4)q
(0000)T,t −

q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1ζ
(i1)
j3

ζ
(i4)
j4

−
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(252) −
q
∑

j4,j2=0

q
∑

j1=0

Cj4j1j2j1ζ
(i1)
j2

ζ
(i4)
j4

−
q
∑

j4,j1=0

q
∑

j2=0

Cj4j2j2j1ζ
(i1)
j1

ζ
(i4)
j4





2






.

Furthermore,

T∫

t

t4∫

t

t3∫

t

dt1dw
(i1)
t3 dw

(i4)
t4 +

T∫

t

t4∫

t

t2∫

t

dw
(i1)
t1 dt2dw

(i4)
t4 =

=

T∫

t

t4∫

t

(t1 − t)dw
(i1)
t1 dw

(i4)
t4 +

T∫

t

t4∫

t

(t4 − t1)dw
(i1)
t1 dw

(i4)
t4 =

(253) =

T∫

t

(t4 − t)

t4∫

t

dw
(i1)
t1 dw

(i4)
t4 w. p. 1.

From (252) and (253) we obtain

M

{(

I
∗(i1i1i1i4)
(0000)T,t − I

∗(i1i1i1i4)q
(0000)T,t

)2
}

= M

{(

I
(i1i1i1i4)
(0000)T,t − I

(i1i1i1i4)q
(0000)T,t

)2
}

+

+M










1

2

T∫

t

(t4 − t)

t4∫

t

dw
(i1)
t1 dw

(i4)
t4 −

q
∑

j4,j1=0

q
∑

j2=0

(Cj4j1j2j2 + Cj4j2j1j2 + Cj4j2j2j1) ζ
(i1)
j1

ζ
(i4)
j4





2






=

= M

{(

I
(i1i1i1i4)
(0000)T,t − I

(i1i1i1i4)q
(0000)T,t

)2
}

+
(T − t)4

16
+

+

q
∑

j4,j1=0





q
∑

j2=0

(Cj4j1j2j2 + Cj4j2j1j2 + Cj4j2j2j1)





2

−

(254) −
q
∑

j4,j1=0

q
∑

j2=0

(Cj4j1j2j2 + Cj4j2j1j2 + Cj4j2j2j1)

T∫

t

(t4 − t)φj4 (t4)

t4∫

t

φj1(t1)dt1dt4.

Using (41) and (254), we finally get

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
5(T − t)4

48
−

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j1,j2,j3)

Cj4j3j2j1

)

+

+

q
∑

j4,j1=0





q
∑

j2=0

(Cj4j1j2j2 + Cj4j2j1j2 + Cj4j2j2j1)





2

+
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+

q
∑

j4,j1=0

q
∑

j2=0

(Cj4j1j2j2 + Cj4j2j1j2 + Cj4j2j2j1)C
01
j4j2 ,

where i1 = i2 = i3 6= i4.
Consider the case (238). From (244) we have

M

{(

I
∗(i1i2i2i2)
(0000)T,t − I

∗(i1i2i2i2)q
(0000)T,t

)2
}

= M









I
(i1i2i2i2)
(0000)T,t +

1

2

T∫

t

t4∫

t

t2∫

t

dw
(i1)
t1 dt2dw

(i2)
t4 +

+
1

2

T∫

t

t3∫

t

t2∫

t

dw
(i1)
t1 dw

(i2)
t2 dt3 − I

(i1i2i2i2)q
(0000)T,t −

q
∑

j4,j1=0

q
∑

j2=0

Cj4j2j2j1ζ
(i1)
j1

ζ
(i2)
j4

−

(255) −
q
∑

j3,j1=0

q
∑

j2=0

Cj2j3j2j1ζ
(i1)
j1

ζ
(i2)
j3

−
q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1ζ
(i1)
j1

ζ
(i2)
j2





2






.

Moreover,

T∫

t

t4∫

t

t2∫

t

dw
(i1)
t1 dt2dw

(i2)
t4 +

T∫

t

t3∫

t

t2∫

t

dw
(i1)
t1 dw

(i2)
t2 dt3 =

=

T∫

t

t4∫

t

(t4 − t1)dw
(i1)
t1 dw

(i2)
t4 +

T∫

t

t4∫

t

(T − t4)dw
(i1)
t1 dw

(i2)
t4 =

(256) =

T∫

t

t4∫

t

(T − t1)dw
(i1)
t1 dw

(i2)
t4 w. p. 1.

From (255) and (256) we get

M

{(

I
∗(i1i2i2i2)
(0000)T,t − I

∗(i1i2i2i2)q
(0000)T,t

)2
}

= M

{(

I
(i1i2i2i2)
(0000)T,t − I

(i1i2i2i2)q
(0000)T,t

)2
}

+

+M










1

2

T∫

t

t4∫

t

(T − t1)dw
(i1)
t1 dw

(i2)
t4 −

q
∑

j4,j1=0

q
∑

j2=0

(Cj4j2j2j1 + Cj2j4j2j1 + Cj2j2j4j1) ζ
(i1)
j1

ζ
(i2)
j4





2






=

= M

{(

I
(i1i2i2i2)
(0000)T,t − I

(i1i2i2i2)q
(0000)T,t

)2
}

+
(T − t)4

16
+

+

q
∑

j4,j1=0





q
∑

j2=0

(Cj4j2j2j1 + Cj2j4j2j1 + Cj2j2j4j1)





2

−
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(257) −
q
∑

j4,j1=0

q
∑

j2=0

(Cj4j2j2j1 + Cj2j4j2j1 + Cj2j2j4j1)

T∫

t

φj4(t4)

t4∫

t

(T − t1)φj1 (t1)dt1dt4.

Applying (42) and (257), we finally obtain

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
5(T − t)4

48
−

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j2,j3,j4)

Cj4j3j2j1

)

+

+

q
∑

j4,j1=0





q
∑

j2=0

(Cj4j2j2j1 + Cj2j4j2j1 + Cj2j2j4j1)





2

−

−
q
∑

j4,j1=0

q
∑

j2=0

(Cj4j2j2j1 + Cj2j4j2j1 + Cj2j2j4j1)
(
(T − t)Cj4j1 + C10

j4j1

)
,

where i2 = i3 = i4 6= i1.
For the cases (239), (240) by analogy with the case (238) and using (43), (44), we obtain

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
(T − t)4

16
−

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j1,j2,j4)

Cj4j3j2j1

)

+

+

q
∑

j4,j3=0





q
∑

j1=0

(Cj4j3j1j1 + Cj1j3j4j1 + Cj1j3j1j4)





2

+

+

q
∑

j4,j3=0

q
∑

j1=0

(Cj4j3j1j1 + Cj1j3j4j1 + Cj1j3j1j4)C
10
j4j3 ,

where i1 = i2 = i4 6= i3;

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
(T − t)4

16
−

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j1,j3,j4)

Cj4j3j2j1

)

+

+

q
∑

j4,j2=0





q
∑

j1=0

(Cj4j1j2j1 + Cj1j4j2j1 + Cj1j1j2j4)





2

−

−
q
∑

j4,j2=0

q
∑

j1=0

(Cj4j1j2j1 + Cj1j4j2j1 + Cj1j1j2j4)
(
(T − t)Cj2j3 + C01

j2j3

)
,

where i1 = i3 = i4 6= i2.
Let us consider the case (241). Using (244), we have
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M

{(

I
∗(i1i1i3i3)
(0000)T,t − I

∗(i1i1i3i3)q
(0000)T,t

)2
}

= M









I
(i1i1i3i3)
(0000)T,t +

1

2

T∫

t

t4∫

t

(t3 − t)dw
(i3)
t3 dw

(i3)
t4 +

+
1

2

T∫

t

t3∫

t

t2∫

t

dw
(i1)
t1 dw

(i1)
t2 dt3 +

(T − t)2

8
− I

(i1i1i3i3)q
(0000)T,t −

−
q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1ζ
(i3)
j3

ζ
(i3)
j4

−
q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1ζ
(i1)
j1

ζ
(i1)
j2

+

q
∑

j3,j1=0

Cj3j3j1j1





2






=

= M

{(

I
(i1i1i3i3)
(0000)T,t − I

(i1i1i3i3)q
(0000)T,t +

+
1

2

T∫

t

t4∫

t

(t3 − t)dw
(i3)
t3 dw

(i3)
t4 −

q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1

(

ζ
(i3)
j3

ζ
(i3)
j4

− 1{j3=j4}

)

+

+
1

2

T∫

t

t3∫

t

t2∫

t

dw
(i1)
t1 dw

(i1)
t2 dt3 −

q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1

(

ζ
(i1)
j1

ζ
(i1)
j2

− 1{j1=j2}

)

+

(258) +
(T − t)2

8
−

q
∑

j3,j1=0

Cj3j3j1j1

)2





.

Note that

(259) ζ
(i3)
j3

ζ
(i3)
j4

− 1{j3=j4} =

T∫

t

φj4(t4)

t4∫

t

φj3(t3)dw
(i3)
t3 dw

(i3)
t4 +

T∫

t

φj3 (t3)

t3∫

t

φj4 (t4)dw
(i3)
t4 dw

(i3)
t3 ,

(260) ζ
(i1)
j1

ζ
(i1)
j2

− 1{j1=j2} =

T∫

t

φj2 (t2)

t2∫

t

φj1 (t1)dw
(i1)
t1 dw

(i1)
t2 +

T∫

t

φj1(t1)

t1∫

t

φj2(t2)dw
(i1)
t2 dw

(i1)
t1

w. p. 1.
The relations (258)–(260) and (251) imply the following

M

{(

I
∗(i1i1i3i3)
(0000)T,t − I

∗(i1i1i3i3)q
(0000)T,t

)2
}

= M

{(

I
(i1i1i3i3)
(0000)T,t − I

(i1i1i3i3)q
(0000)T,t

)2
}

+

+M










1

2

T∫

t

t4∫

t

(t3 − t)dw
(i3)
t3 dw

(i3)
t4 −

q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1

(

ζ
(i3)
j3

ζ
(i3)
j4

− 1{j3=j4}

)





2






+
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+M










1

2

T∫

t

t3∫

t

t2∫

t

dw
(i1)
t1 dw

(i1)
t2 dt3 −

q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1

(

ζ
(i1)
j1

ζ
(i1)
j2

− 1{j1=j2}

)





2






+

+




(T − t)2

8
−

q
∑

j3,j1=0

Cj3j3j1j1





2

= M

{(

I
(i1i1i3i3)
(0000)T,t − I

(i1i1i3i3)q
(0000)T,t

)2
}

+

+M










1

2

T∫

t

t4∫

t

(t3 − t)dw
(i3)
t3 dw

(i3)
t4 −

q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1

(

ζ
(i3)
j3

ζ
(i3)
j4

− 1{j3=j4}

)





2






+

+M










1

2

T∫

t

(T − t2)

t2∫

t

dw
(i1)
t1 dw

(i1)
t2 −

q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1

(

ζ
(i1)
j1

ζ
(i1)
j2

− 1{j1=j2}

)





2






+

+




(T − t)2

8
−

q
∑

j3,j1=0

Cj3j3j1j1





2

=

= M

{(

I
(i1i1i3i3)
(0000)T,t − I

(i1i1i3i3)q
(0000)T,t

)2
}

+
(T − t)4

48
+

q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1

(
C10

j3j4 + C10
j4j3

)
+

+M











q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1

(

ζ
(i3)
j3

ζ
(i3)
j4

− 1{j3=j4}

)





2






+

+
(T − t)4

48
−

q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1

(
(T − t) (Cj1j2 + Cj2j1) + C01

j1j2 + C01
j2j1

)
+

+M











q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1

(

ζ
(i1)
j1

ζ
(i1)
j2

− 1{j1=j2}

)





2






+

(261) +




(T − t)2

8
−

q
∑

j3,j1=0

Cj3j3j1j1





2

.

Furthermore,

M











q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1

(

ζ
(i3)
j3

ζ
(i3)
j4

− 1{j3=j4}

)





2






=
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= M











q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1ζ
(i3)
j3

ζ
(i3)
j4





2






− 2





q
∑

j3,j1=0

Cj3j3j1j1





2

+





q
∑

j3,j1=0

Cj3j3j1j1





2

=

(262) = M











q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1ζ
(i3)
j3

ζ
(i3)
j4





2






−





q
∑

j3,j1=0

Cj3j3j1j1





2

,

M











q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1

(

ζ
(i1)
j1

ζ
(i1)
j2

− 1{j1=j2}

)





2






=

(263) = M











q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1ζ
(i1)
j1

ζ
(i1)
j2





2






−





q
∑

j1,j3=0

Cj3j3j1j1





2

.

We have [32], p. 71 (also see [22], Sect. 2.3)

(264) M











q
∑

j3,j4=0

aj4j3ζ
(i)
j3
ζ
(i)
j4





2






=





q
∑

j3=0

aj3j3





2

+

q
∑

j4=0

j4−1
∑

j3=0

(aj3j4 + aj4j3)
2 + 2

q
∑

j4=0

(aj4j4)
2 ,

where i = 1, . . . ,m and aj4j3 (j3, j4 = 0, 1, . . . , q) are scalar nonrandom coefficients.
Applying (264), we obtain

M











q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1ζ
(i3)
j3

ζ
(i3)
j4





2






=

(265)

=





q
∑

j3,j1=0

Cj3j3j1j1





2

+

q
∑

j4=0

j4−1
∑

j3=0





q
∑

j1=0

Cj3j4j1j1 +

q
∑

j1=0

Cj4j3j1j1





2

+ 2

q
∑

j4=0





q
∑

j1=0

Cj4j4j1j1





2

.

From (262) and (265) we get

M











q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1

(

ζ
(i3)
j3

ζ
(i3)
j4

− 1{j3=j4}

)





2






=

(266) =

q
∑

j4=0

j4−1
∑

j3=0





q
∑

j1=0

Cj3j4j1j1 +

q
∑

j1=0

Cj4j3j1j1





2

+ 2

q
∑

j4=0





q
∑

j1=0

Cj4j4j1j1





2

.
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By analogy with (266) we obtain

M











q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1

(

ζ
(i1)
j1

ζ
(i1)
j2

− 1{j1=j2}

)





2






=

(267) =

q
∑

j2=0

j2−1
∑

j1=0





q
∑

j3=0

Cj3j3j1j2 +

q
∑

j3=0

Cj3j3j2j1





2

+ 2

q
∑

j2=0





q
∑

j3=0

Cj3j3j2j2





2

.

Combining (45), (261), (266), and (267), we finally have

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
(T − t)4

12
−

−
q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j1,j2)

(
∑

(j3,j4)

Cj4j3j2j1

))

+

q
∑

j4,j3=0

q
∑

j1=0

Cj4j3j1j1

(
C10

j3j4 + C10
j4j3

)
+

+

q
∑

j4=0

j4−1
∑

j3=0





q
∑

j1=0

Cj3j4j1j1 +

q
∑

j1=0

Cj4j3j1j1





2

+ 2

q
∑

j4=0





q
∑

j1=0

Cj4j4j1j1





2

−

−
q
∑

j2,j1=0

q
∑

j3=0

Cj3j3j2j1

(
(T − t)Cj1Cj2 + C01

j1j2 + C01
j2j1

)
+

+

q
∑

j2=0

j2−1
∑

j1=0





q
∑

j3=0

Cj3j3j1j2 +

q
∑

j3=0

Cj3j3j2j1





2

+ 2

q
∑

j2=0





q
∑

j3=0

Cj3j3j2j2





2

+

+




(T − t)2

8
−

q
∑

j3,j1=0

Cj3j3j1j1





2

,

where i1 = i2 6= i3 = i4 and

Cj =

T∫

t

φj(τ)dτ =







√
T − t, j = 0

0, j 6= 0
.

Consider the case (242) by analogy with the case (241). Using (244), we obtain

M

{(

I
∗(i1i2i1i2)
(0000)T,t − I

∗(i1i2i1i2)q
(0000)T,t

)2
}

= M

{(

I
(i1i2i1i2)
(0000)T,t − I

(i1i2i1i2)q
(0000)T,t −
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−
q
∑

j4,j2=0

q
∑

j1=0

Cj4j1j2j1ζ
(i2)
j2

ζ
(i2)
j4

−
q
∑

j3,j1=0

q
∑

j2=0

Cj2j3j2j1ζ
(i1)
j1

ζ
(i1)
j3

+

q
∑

j2,j1=0

Cj2j1j2j1





2






=

= M

{(

I
(i1i2i1i2)
(0000)T,t − I

(i1i2i1i2)q
(0000)T,t −

q
∑

j4,j2=0

q
∑

j1=0

Cj4j1j2j1

(

ζ
(i2)
j2

ζ
(i2)
j4

− 1{j2=j4}

)

−

−
q
∑

j3,j1=0

q
∑

j2=0

Cj2j3j2j1

(

ζ
(i1)
j1

ζ
(i1)
j3

− 1{j1=j3}

)

−
q
∑

j2,j1=0

Cj2j1j2j1





2






=

= M

{(

I
(i1i2i1i2)
(0000)T,t − I

(i1i2i1i2)q
(0000)T,t

)2
}

+

+M











q
∑

j4,j2=0

q
∑

j1=0

Cj4j1j2j1

(

ζ
(i2)
j2

ζ
(i2)
j4

− 1{j2=j4}

)





2






+

+M











q
∑

j3,j1=0

q
∑

j2=0

Cj2j3j2j1

(

ζ
(i1)
j1

ζ
(i1)
j3

− 1{j1=j3}

)





2






+

(268) +





q
∑

j2,j1=0

Cj2j1j2j1





2

.

Applying (46) and (268), we finally get

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
(T − t)4

24
−

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j1,j3)

(
∑

(j2,j4)

Cj4j3j2j1

))

+

+

q
∑

j4=0

j4−1
∑

j2=0





q
∑

j1=0

Cj2j1j4j1 +

q
∑

j1=0

Cj4j1j2j1





2

+ 2

q
∑

j4=0





q
∑

j1=0

Cj4j1j4j1





2

+

+

q
∑

j3=0

j3−1
∑

j1=0





q
∑

j2=0

Cj2j1j2j3 +

q
∑

j2=0

Cj2j3j2j1





2

+ 2

q
∑

j3=0





q
∑

j2=0

Cj2j3j2j3





2

+

+





q
∑

j2,j1=0

Cj2j1j2j1





2

,

where i1 = i3 6= i2 = i4.
Consider the case (243) by analogy with the cases (241) and (242). Applying (244), we obtain
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M

{(

I
∗(i1i2i2i1)
(0000)T,t − I

∗(i1i2i2i1)q
(0000)T,t
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.

Applying (47) and (269), we finally obtain
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,

where i1 = i4 6= i2 = i3.
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NUMERICAL INTEGRATION OF ITO STOCHASTIC DIFFERENTIAL

EQUATIONS

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to comparative analysis of the efficiency of application

of Legendre polynomials and trigonometric functions to the numerical integration of Ito

stochastic differential equations in the framework of the method of approximation of iterated

Ito and Stratonovich stochastic integrals based on generalized multiple Fourier series. On

the example of iterated Ito stochastic integrals of multiplicities 1 to 3 from the Taylor–Ito

expansion it is shown that expansions of stochastic integrals based on Legendre polynomials

are essentially simpler and require significantly less computational costs compared to their

analogues obtained using the trigonometric system of functions. The results of the article

can be useful for construction of high-order strong numerical methods for Ito stochastic

differential equations.

Contents

1. Introduction 2

2. Milstein Approach 2

3. Method of Generalized Multiple Fourier Series 7

4. Expansions of Iterated Stratonovich Stochastic Integrals of Multiplicities 1 to 6 14

5. Exact Calculation of the Mean-Square Error in Theorems 1, 2 17

6. Comparative Analysis of the Efficiency of Application of Legendre Polynomials and

Trigonometric Functions for the Integral J
(i1i2)
(11)T,t 19

7. Comparative Analysis of the Efficiency of Application of Legendre Polynomials and

Trigonometric Functions for the Integrals J
(i1)
(1)T,t, J

(i1i2)
(11)T,t, J

(0i1)
(01)T,t, J

(i10)
(10)T,t, J

(i1i2i3)
(111)T,t 21

8. Comparative Analysis of the Efficiency of Application of Legendre Polynomials and

Trigonometric Functions for the Integral J
∗(0i1i2)
(011)T,t 28

9. Conclusions 30

Mathematics Subject Classification: 60H05, 60H10, 42B05, 42C10.

Keywords: Iterated Stratonovich stochastic integral, Iterated Ito stochastic integral, Generalized

multiple Fourier series, Multiple Fourier–Legendre series, Multiple trigonometric Fourier series, Mean-

square approximation, Expansion.

1

1207

http://arxiv.org/abs/1901.02345v8


2 D.F. KUZNETSOV

10. Further Development of Multiple Fourier–Legendre Series Approach to the Mean-Square

Approximation of Iterated Ito and Stratonovich Stochastic Integrals of Multiplicities 3

to 5 30

11. Theorems 1–7 from Point of View of the Wong–Zakai Approximation 33

References 37

1. Introduction

In a lot of author’s publications [1]-[43] the mean-square approximation method for iterated Ito
and Stratonovich stochastic integrals based on generalized multiple Fourier series is proposed and
developed (see Theorems 1–8 below). Further, we will call this method as the method of generalized
multiple Fourier series. Under the term ”generalized multiple Fourier series” we understand the
Fourier series constructed using various complete orthonormal systems of functions in the space
L2([t, T ]), and not only using the trigonometric system of functions. Here [t, T ] is an interval of
integration of iterated Ito or Stratonovich stochastic integrals.

It is well known the another approach to series expansion of stochastic processes using eigenfunc-
tions of their covariance operators (the so-called Karhunen–Loeve expansion) [44]. If the stochastic
process is the Brownian bridge process on the time interval [t, T ], then the eigenfunctions of its covari-
ance operator will be trigonometric functions which form a complete orthonormal system of functions
in the space L2([t, T ]) [45]. This means that the basis functions in the mentioned approach can
only be trigonometric functions. In [45]-[49] the series expansion of the Brownian bridge process was
used for the expansion and mean-square approximation of iterated Ito and Stratonovich stochastic
integrals. Further, we will call this expansion as the Milstein expansion.

As mentioned above, in contrast to the Milstein expansion the method of generalized multiple
Fourier series [1]-[43] (see Theorems 1, 2 below) allows to use different systems of basis functions.
Thus, we can set the problem of choice the optimal system of basis functions within the framework
of the method of generalized multiple Fourier series. Some ideas on the solution of the mentioned
problem were given in a number of the author’s works [4]-[13], [16]-[20].

For example, in [4]-[13], [16], [17] it was shown that expansions for simplest iterated (double)
Stratonovich stochastic integrals based on the systems of Haar and Rademacher–Walsh functions are
too complex and ineffective in practice. In these works, a very brief comparison of the efficiency of
application of Legendre polynomials and trigonometric functions in the framework of the method of
generalized multiple Fourier series was also carried out. The subject of this article is the development
and refinement of the results obtained in [4]-[13], [16], [17] in this direction.

2. Milstein Approach

Let (Ω, F, P) be a complete probability space. Let {Ft, t ∈ [0, T ]} be a nondecreasing right-
continous family of σ-algebras of F, and let f t be a standardm-dimensional Wiener stochastic process,

which is Ft-measurable for any t ∈ [0, T ]. We assume that the components f
(i)
t (i = 1, . . . ,m) of this

process are independent. Consider the Brownian bridge process [45]

(1) ft −
t

∆
f∆, t ∈ [0,∆].

1208
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The componentwise expansion of the stochastic process (1) into converging in the mean-square
sense trigonometric Fourier series (version of the so-called Karhunen–Loeve expansion) has the fol-
lowing form [45]

(2) f
(i)
t − t

∆
f
(i)
∆ =

1

2
ai,0 +

∞∑

r=1

(

ai,rcos
2πrt

∆
+ bi,rsin

2πrt

∆

)

,

where

ai,r =
2

∆

∆∫

0

(

f (i)s − s

∆
f
(i)
∆

)

cos
2πrs

∆
ds, bi,r =

2

∆

∆∫

0

(

f (i)s − s

∆
f
(i)
∆

)

sin
2πrs

∆
ds,

where r = 0, 1, . . . ; i = 1, . . . ,m.
It is easy to demonstrate [45] that the random variables ai,r, bi,r are Gaussian ones and they satisfy

the following relations

M {ai,rbi,r} = M {ai,rbi,k} = 0, M {ai,rai,k} = M {bi,rbi,k} = 0,

M {ai1,rai2,r} = M {bi1,rbi2,r} = 0, M
{
a2i,r
}
= M

{
b2i,r
}
=

∆

2π2r2
,

where i, i1, i2 = 1, . . . ,m; r 6= k; i1 6= i2; M denotes a mathematical expectation.
According to (2), we have

(3) f
(i)
t = f

(i)
∆

t

∆
+

1

2
ai,0 +

∞∑

r=1

(

ai,rcos
2πrt

∆
+ bi,rsin

2πrt

∆

)

,

where the series converges in the mean-square sense.
Denote

(4) J
(i1...ik)
(λ1...λk)T,t =

T∫

t

. . .

t2∫

t

dw
(i1)
t1 . . . dw

(ik)
tk ,

(5) J
∗(i1...ik)
(λ1...λk)T,t =

∗T∫

t

. . .

∗t2∫

t

dw
(i1)
t1 . . . dw

(ik)
tk ,

(6) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

(7) J∗[ψ(k)]T,t =

∗T∫

t

ψk(tk) . . .

∗t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where every ψl(τ) (l = 1, . . . , k) is a non-random function on [t, T ]; w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ ; i1, . . . , ik = 0, 1, . . . ,m; λl = 0 for il = 0 and λl = 1 for il = 1, . . . ,m (l = 1, . . . , k);
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4 D.F. KUZNETSOV

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively. In this paper we use the definition of
the Stratonovich stochastic integral from [46], [47].

In [45] Milstein G.N. obtained the following expansion of J
(i1i2)
(11)T,t using the expansion (3)

(8)

J
(i1i2)
(11)T,t =

1

2
(T − t)

(

ζ
(i1)
0 ζ

(i2)
0 +

1

π

∞∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))
)

,

where the series converges in the mean-square sense; i1 6= i2; i1, i2 = 1, . . . ,m;

ζ
(i)
j =

T∫

t

φj(s)df
(i)
s

are independent standard Gaussian random variables for various i or j;

(9) φj(s) =
1√
T − t







1 for j = 0

√
2sin(2πr(s − t)/(T − t)) for j = 2r − 1

√
2cos(2πr(s− t)/(T − t)) for j = 2r

,

where r = 1, 2, . . . Moreover, [45]

(10) J
(i1)
(1)T,t =

√
T − tζ

(i1)
0 ,

where i1 = 1, . . . ,m.
In principle for implementing the strong numerical method with the order 1.0 of accuracy (Milstein

method [45]) for Ito stochastic differential equations it is sufficient to take the following approxima-
tions

(11) J
(i1)q
(1)T,t

def
= J

(i1)
(1)T,t =

√
T − tζ

(i1)
0 ,

(12)

J
(i1i2)q
(11)T,t =

1

2
(T − t)

(

ζ
(i1)
0 ζ

(i2)
0 +

1

π

q
∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))
)

,

where i1 6= i2; i1, i2 = 1, . . . ,m.
It is not difficult to show that
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(13) M

{(

J
(i1i2)
(11)T,t − J

(i1i2)q
(11)T,t

)2
}

=
3(T − t)2

2π2

(

π2

6
−

q
∑

r=1

1

r2

)

.

However, this approach has an obvious drawback. Indeed, we have too complex formulas for the
stochastic integrals with Gaussian distribution

(14) J
(0i1)
(01)T,t =

(T − t)
3/2

2

(

ζ
(i1)
0 −

√
2

π

∞∑

r=1

1

r
ζ
(i1)
2r−1

)

,

J
(00i1)
(001)T,t = (T − t)5/2

(

1

6
ζ
(i1)
0 +

1

2
√
2π2

∞∑

r=1

1

r2
ζ
(i1)
2r − 1

2
√
2π

∞∑

r=1

1

r
ζ
(i1)
2r−1

)

,

J
(0i1)q
(01)T,t =

(T − t)
3/2

2

(

ζ
(i1)
0 −

√
2

π

q
∑

r=1

1

r
ζ
(i1)
2r−1

)

,

J
(00i1)q
(001)T,t = (T − t)5/2

(

1

6
ζ
(i1)
0 +

1

2
√
2π2

q
∑

r=1

1

r2
ζ
(i1)
2r − 1

2
√
2π

q
∑

r=1

1

r
ζ
(i1)
2r−1

)

,

where the sense of notations from (12) is hold.
In [45] Milstein G.N. proposed the following mean-square approximations on the base of the ex-

pansions (8), (14)

(15) J
(0i1)q
(01)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 −

√
2

π

( q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

J
(i1i2)q
(11)T,t =

1

2
(T − t)

(

ζ
(i1)
0 ζ

(i2)
0 +

1

π

q
∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

(16) +
√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))

+

√
2

π

√
αq

(

ξ(i1)q ζ
(i2)
0 − ζ

(i1)
0 ξ(i2)q

)
)

,

where i1 6= i2 in (16), and

(17) ξ(i)q =
1

√
αq

∞∑

r=q+1

1

r
ζ
(i)
2r−1, αq =

π2

6
−

q
∑

r=1

1

r2
,

where ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1, ξ

(i)
q ; r = 1, . . . , q; i = 1, . . . ,m are independent standard Gaussian random

variables.
Obviously, for the approximations (15) and (16) we obtain [45]

M

{(

J
(0i1)
(01)T,t − J

(0i1)q
(01)T,t

)2
}

= 0,
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6 D.F. KUZNETSOV

(18) M

{(

J
(i1i2)
(11)T,t − J

(i1i2)q
(11)T,t

)2
}

=
(T − t)2

2π2

(

π2

6
−

q
∑

r=1

1

r2

)

.

This idea has been developed in [46]-[48]. For example, the approximation J
(00i1)q
(001)T,t, which corre-

sponds to (15), (16) has the form [46]-[48]

J
(00i1)q
(001)T,t = (T − t)5/2

(

1

6
ζ
(i1)
0 +

1

2
√
2π2

(
q
∑

r=1

1

r2
ζ
(i1)
2r +

√

βqµ
(i1)
q

)

−

(19) − 1

2
√
2π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

M

{(

J
(00i1)
(001)T,t − J

(00i1)q
(001)T,t

)2
}

= 0,

where ξ
(i)
q and αq have the form (17) and

µ(i)
q =

1
√
βq

∞∑

r=q+1

1

r2
ζ
(i)
2r , βq =

π4

90
−

q
∑

r=1

1

r4
,

φj(s) is defined by (9); ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1, ξ

(i)
q , µ

(i)
q (r = 1, . . . , q; i = 1, . . . ,m) are independent standard

Gaussian random variables.
Nevetheless, the expansions (15), (19) are too complex for approximation of two Gaussian random

variables J
(0i1)
(01)T,t, J

(00i1)
(001)T,t.

Further, we will see that introduction of random variables ξ
(i)
q and µ

(i)
q will sharply complicate

the approximation of the stochastic integral J
(i1i2i3)
(111)T,t; i1, i2, i3 = 1, . . . ,m within the framework of

the Milshtein approach. This is due to the fact that the number q is fixed for all stochastic integrals
included into the considered collection. However, it is clear that due to the smallness of T − t, the

number q for J
(i1i2i3)
(111)T,t could be taken significantly less than the number q in the formula (16). This

feature is also valid for the formulas (15), (19).
On the other hand, the following very simple formulas are well known

(20) J
(i1)
(1)T,t =

√
T − tζ

(i1)
0 ,

(21) J
(0i1)
(01)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

(22) J
(00i1)
(001)T,t =

(T − t)5/2

6

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,

where ζ
(i)
0 , ζ

(i)
1 , ζ

(i)
2 ; i = 1, . . . ,m are indepentent standard Gaussian random variables.
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Looking ahead, we note that the formulas (20)-(22) are part of the method that will be discussed
in the next section (see Theorems 1, 2 below).

To obtain the Milstein expansion for (7) the truncated expansions (3) of components of the Wiener
process fs must be iteratively substituted in the single integrals, and the integrals must be calculated,
starting from the innermost integral. This is a complicated procedure that obviously does not lead
to a general expansion of (7) valid for an arbitrary multiplicity k. For this reason, only expansions of
simplest single, double, and triple integrals (7) were obtained [45]-[50].

At that, in [45], [49] the case ψ1(s), ψ2(s) ≡ 1 and i1, i2 = 0, 1, . . . ,m is considered. In [46]-[48], [50]
the attempt to consider the case ψ1(s), ψ2(s), ψ3(s) ≡ 1 and i1, i2, i3 = 0, 1, . . . ,m is implemented.

Note that generally speaking the mean-square convergence of the approximation

J
∗(i1i2i3)q
(111)T,t

(obtained by the Milstein approach) to the appropriate iterated Stratonovich stochastic integral

J
∗(i1i2i3)
(111)T,t

must be proved separately due to iterated application of passing to the limit in the Milstein approach
[45]. However, in [46] (pp. 438-439), [47] (Sect. 5.8, pp. 202–204), [48] (pp. 82-84), [50] (pp. 263-264)
the authors use the Wong–Zakai approximation [52]-[54] (without rigorous proof) within the frames
of the mentioned approach based on the Karhunen–Loeve expansion of the Brownian bridge process
[45] (see discussion in Sect. 11 for details).

3. Method of Generalized Multiple Fourier Series

Let us consider an another approach to the expansion of iterated Ito stochastic integrals [4]-[43]
(method of generalized multiple Fourier series).

The idea of this method is as follows: the iterated Ito stochastic integral (6) of multiplicity k is
represented as the multiple stochastic integral from the certain non-random discontinuous function of
k variables defined on the hypercube [t, T ]k, where [t, T ] is the interval of integration of the iterated
Ito stochastic integral. Then, the indicated non-random function is expanded in the hypercube [t, T ]k

into the generalized multiple Fourier series converging in the sense of norm in Hilbert space L2([t, T ]
k).

After a number of nontrivial transformations we come (see Theorems 1, 2 below) to the mean-square
convergening expansion of the iterated Ito stochastic integral (6) into the multiple series of products of
standard Gaussian random variables. Coefficients of this series are coefficients of generalized multiple
Fourier series for the mentioned non-random function of k variables, which can be calculated using
the explicit formula regardless of the multiplicity k of the iterated Ito stochastic integral (6).

Suppose that every ψl(τ) (l = 1, . . . , k) is a non-random function from the space L2([t, T ]). Define
the following function on the hypercube [t, T ]k

(23) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).
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8 D.F. KUZNETSOV

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation it is well known that

the generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in

the hypercube [t, T ]k in the mean-square sense, i.e.

(24) lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(25) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient,

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

(26) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [4] (2006), [5]-[32]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous non-

random function on the interval [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous

functions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(27) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where J [ψ(k)]T,t is defined by (6),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,
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(28) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (25), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval

[t, T ], which satisfies the condition (26).

Note that the continuity condition of φj(x) can be weakened (see [4]-[21]). Moreover, Theorem 1
can be generalized to the case of an arbitrary complete orthonormal systems of functions in the space
L2([t, T ]) (see Theorem 2 below).

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 6 [4]-[32]

(29) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(30) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(31) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(32) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,
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J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(33) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i3=i6 6=0}1{j3=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i5=i6 6=0}1{j5=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+
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+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(34) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,

where 1A is the indicator of the set A.
As a result we obtain the following new possibilities and advantages compared with the method

based on the Milstein approach [45].
There is the explicit formula (see (25)) for calculation of expansion coefficients of the iterated Ito

stochastic integral (6) with any fixed multiplicity k.
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We have new possibilities for exact calculation of the mean-square error of approximation of the
iterated Ito stochastic integrals (6) (see Theorem 8 below).

Since the used multiple Fourier series is a generalized in the sense that it is built using various
complete orthonormal systems of functions in the space L2([t, T ]), we have new possibilities for
approximation — we can use not only trigonometric functions as in the Milstein approach [45] but
Legendre polynomials. As it turned out (see below), it is more convenient to work with Legendre
polynomials for constructing approximations of the iterated Ito stochastic integrals (6). We can
choose different numbers q (see Sect. 7) for approximations of different iterated Ito stochastic integrals
from the family (6). This is impossible for approximations based on the Milstein approach [45].
Approximations based on Legendre polynomials essentially simpler than approximations based on
trigonometric functions (see (15), (19), (21), (22)).

As we mentioned before, the Milstein approach [45] based on the Karhunen–Loeve expansion of
the Brownian bridge process leads to iterated series (in contrast with multiple series from Theorems
1–7) starting at least from the second or third multiplicity of iterated stochastic integrals. Multiple
series are more convenient for approximation than the iterated ones, since partial sums of multiple
series converge for any possible case of convergence to infinity of their upper limits of summation (let
us denote them as p1, . . . , pk). For example, when p1 = . . . = pk = p → ∞. For iterated series, the
condition p1 = . . . = pk = p→ ∞ obviously does not guarantee the convergence of this series.

However, in [46] (pp. 438-439), [47] (Sect. 5.8, pp. 202–204), [48] (pp. 82-84), [50] (pp. 263-264)
the authors use (without rigorous proof) the condition p1 = p2 = p3 = q → ∞ within the frames
of the mentioned approach based on the Karhunen–Loeve expansion of the Brownian bridge process
[45] together with the Wong–Zakai approximation [52]-[54] (see discussion in Sect. 11 for details).

For further consideration, let us consider the generalization of formulas (29)–(34) for the case of
an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (6).
In order to do this, let us introduce some notations. Consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(35) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (35) is a partition and consider the sum with respect to all possible partitions

(36)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (36)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,
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∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (27) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(37) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorem 1.

In particular, from (37) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+
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+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )

jq1

)

.

The last equality obviously agrees with (33).
Let us consider the generalization of Theorem 1 for the case of an arbitrary complete orthonormal

systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [18] (Sect. 1.11), [21] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(38) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 2 was considered in [51]. Note that we use another
notations [18] (Sect. 1.11), [21] (Sect. 15) in comparison with [51]. Moreover, the proof of an analogue
of Theorem 2 from [51] is somewhat different from the proof given in [18] (Sect. 1.11), [21] (Sect. 15).

4. Expansions of Iterated Stratonovich Stochastic Integrals of Multiplicities 1 to

6

In a number the author’s works [8]-[20], [22], [27] Theorems 1, 2 have been adapted for the integrals
(7) of multiplicities 2 to 4. Let us collect some old results in the following theorem.

Theorem 3 [8]-[20], [22], [27]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). At the same time ψ2(τ) is

a continuously differentiable function on [t, T ] and ψ1(τ), ψ3(τ) are twice continuously differentiable

functions on [t, T ]. Then

(39) J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

(i1, i2 = 1, . . . ,m),

(40) J∗[ψ(3)]T,t = l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 0, 1, . . . ,m),

(41) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 1, . . . ,m),
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(42) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,...,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

(i1, . . . , i4 = 0, 1, . . . ,m),

where J∗[ψ(k)]T,t is defined by (7), and ψl(τ) ≡ 1 (l = 1, . . . , 4) in (40), (42); another notations are

the same as in Theorems 1, 2.

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [18] (Sect. 2.10–2.16), [22] (Sect. 13–19), [23] (Sect. 7–13), [27]
(Sect. 5–11), [42] (Sect. 4–9). Let us formulate four theorems that were proved using this approach.

Theorem 4 [18], [22], [23], [27], [42]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations

(43) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(44) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (43) and i1, i2, i3 = 1, . . . ,m in (44), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 1, 2.

Theorem 5 [18], [22], [23], [27], [42]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity
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(45) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(46) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(47) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (45), (46) and i1, . . . , i4 = 1, . . . ,m in (47), constant C
does not depend on p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj4j3j2j1 =

=

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 4.

Theorem 6 [18], [22], [23], [27], [42]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity

(48) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(49) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(50) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε
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are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (48), (49) and i1, . . . , i5 = 1, . . . ,m in (50), constant C
is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 4, 5.

Theorem 7 [18], [22], [23], [27], [43]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(51) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6 (t6) . . .

t2∫

t

φj1(t1)dt1 . . . dt6

another notations are the same as in Theorems 4–6.

Note that an analogue of Theorem 3 for the case of iterated Stratonovich stochastic integrals of
multiplicity 1 follows from (29).

5. Exact Calculation of the Mean-Square Error in Theorems 1, 2

As we mentioned above, Theorems 1, 2 give new possibilities for exact calculation of the mean-
square error of approximation of iterated Ito stochastic integrals (see Theorem 8 below).

Assume that J [ψ(k)]p1...pk

T,t is the approximation of (6), which is the expression before passing to

the limit l.i.m.
p1,...,pk→∞

on the right-hand side of (38)

J [ψ(k)]p1...pk

T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,
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where [x] is an integer part of a real number x; another notations are the same as in Theorems 1, 2.

Let us denote

M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2
}

def
= Ep1,...,pk

k ,

Ep1,...,pk

k
def
= Ep

k if p1 = . . . = pk = p,

‖K‖2L2([t,T ]k) =

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk
def
= Ik.

In [13]-[21], [28] it was shown that

(52) Ep1,...,pk

k ≤ k!



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1





if i1, . . . , ik = 1, . . . ,m (0 < T − t <∞) or i1, . . . , ik = 0, 1, . . . ,m (0 < T − t < 1).
Moreover [6]-[21],

M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2n
}

≤ Cn,k



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk ...j1





n

,

where constant Cn,k depends only on n and k (n ∈ N).
The value Ep

k can be calculated exactly.

Theorem 8 [18] (Sect. 1.12), [28] (Sect. 6). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik =
1, . . . ,m. Then

(53) Ep
k = Ik −

p
∑

j1,...,jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






,

where i1, . . . , ik = 1, . . . ,m; the expression

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another
notations are the same as in Theorems 1, 2.

Note that
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M






J [ψ(k)]T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






= Cjk...j1 .

Then from Theorem 8 for pairwise different i1, . . . , ik and for i1 = . . . = ik we obtain

Ep
k = Ik −

p
∑

j1,...,jk=0

C2
jk...j1

,

Ep
k = Ik −

p
∑

j1,...,jk=0

Cjk...j1




∑

(j1,...,jk)

Cjk...j1



 .

Consider some examples of application of Theorem 8 (i1, i2, i3 = 1, . . . ,m)

Ep
2 = I2 −

p
∑

j1,j2=0

C2
j2j1 −

p
∑

j1,j2=0

Cj2j1Cj1j2 (i1 = i2),

(54) Ep
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

(55) Ep
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

(56) Ep
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2).

6. Comparative Analysis of the Efficiency of Application of Legendre Polynomials

and Trigonometric Functions for the Integral J
(i1i2)
(11)T,t

Using Theorems 1, 2 and complete orthonormal system of Legendre polynomials in the space
L2([t, T ]) it is shown [4]-[43] (also see [1]-[3]) that

(57) J
(i1i2)
(11)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

,

where the series converges in the mean-square sense; i1, i2 = 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(s)df
(i)
s
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Table 1. Numbers qtrig, q
∗
trig, qpol

T − t 2−5 2−6 2−7 2−8 2−9 2−10 2−11 2−12

qtrig 3 4 7 14 27 53 105 209

q∗trig 6 11 20 40 79 157 312 624

qpol 5 9 17 33 65 129 257 513

are independent standard Gaussian random variables for various i or j,

(58) φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

; j = 0, 1, 2, . . . ,

where Pj(x) is the Legendre polynomial.
The formula (57) can also be found in [1]-[3]. It is not difficult to show that [1]-[32]

(59) M

{(

J
(i1i2)
(11)T,t − J

(i1i2)q
(11)T,t

)2
}

=
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

,

where

(60) J
(i1i2)q
(11)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

.

Let us compare (60) with (16) and (59) with (18). Consider minimal natural numbers qtrig and
qpol, which satisfy to (see Table 1)

(T − t)2

2

(

1

2
−

qpol∑

i=1

1

4i2 − 1

)

≤ (T − t)3,

(T − t)2

2π2

(

π2

6
−

qtrig∑

r=1

1

r2

)

≤ (T − t)3.

Thus, we have

qpol
qtrig

≈ 1.67, 2.22, 2.43, 2.36, 2.41, 2.43, 2.45, 2.45.

The formula (16) includes (4q + 4)m independent standard Gaussian random variables. At the
same time the folmula (60) includes only (2q+2)m independent standard Gaussian random variables.
Moreover, the formula (60) is simpler than the formula (16). Thus, in this case we can talk about
approximately equal computational costs for the formulas (16) and (60).

There is one important feature. As we mentioned above, further we will see that introduction of

random variables ξ
(i)
q and µ

(i)
q will sharply complicate the approximation of the iterated stochastic

integral J
(i1i2i3)
(111)T,t; i1, i2, i3 = 1, . . . ,m. This is due to the fact that the number q is fixed for all
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stochastic integrals, which included into the considered collection. However, it is clear that due

to the smallness of T − t, the number q for J
(i1i2i3)
(111)T,t could be chosen significantly less than in the

formula (16). This feature is also valid for the formulas (15), (19). However, for the case of Legendre
polynomials we can choose different numbers q for different iterated stochastic integrals.

From the other hand, if we will not introduce the random variables ξ
(i)
q and µ

(i)
q , then the mean-

square error of approximation of the iterated stochastic integral J
(i1i2)
(11)T,t will be three times larger (see

(13)). Moreover, in this case the stochastic integrals J
(0i1)
(01)T,t, J

(00i1)
(001)T,t (with Gaussian distribution)

will be approximated worse.
Consider minimal natural numbers q∗trig, which satisfy to (see Table 1)

3(T − t)2

2π2

(

π2

6
−

q∗trig∑

r=1

1

r2

)

≤ (T − t)3.

In this situation we can talk about the advantage of Legendre polynomials (q∗trig > qpol and (16)

is more complex than (60)).

7. Comparative Analysis of the Efficiency of Application of Legendre Polynomials

and Trigonometric Functions for the Integrals J
(i1)
(1)T,t, J

(i1i2)
(11)T,t, J

(0i1)
(01)T,t, J

(i10)
(10)T,t,

J
(i1i2i3)
(111)T,t

It is well known [45]-[49] that for implementation of strong Taylor–Ito numerical methods with the
order 1.5 of accuracy for Ito stochastic differential equations we need to approximate the following
collection of iterated Ito stochastic integrals

J
(i1)
(1)T,t, J

(i1i2)
(11)T,t, J

(0i1)
(01)T,t, J

(i10)
(10)T,t, J

(i1i2i3)
(111)T,t.

Using Theorems 1, 2 for the system of trigonometric functions, we have [4]-[32] (also see [1]-[3])

(61) J
(i1)
(1)T,t =

√
T − tζ

(i1)
0 ,

J
(i1i2)q
(11)T,t =

1

2
(T − t)

(

ζ
(i1)
0 ζ

(i2)
0 +

1

π

q
∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

+
√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))

+

(62) +

√
2

π

√
αq

(

ξ(i1)q ζ
(i2)
0 − ζ

(i1)
0 ξ(i2)q

)

− 1{i1=i2}

)

,

(63) J
(0i1)q
(01)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 −

√
2

π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,
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(64) J
(i10)q
(10)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 +

√
2

π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

J
(i1i2i3)q
(111)T,t = (T − t)3/2

(

1

6
ζ
(i1)
0 ζ

(i2)
0 ζ

(i3)
0 +

√
αq

2
√
2π

(

ξ(i1)q ζ
(i2)
0 ζ

(i3)
0 − ξ(i3)q ζ

(i2)
0 ζ

(i1)
0

)

+

+
1

2
√
2π2

√

βq

(

µ(i1)
q ζ

(i2)
0 ζ

(i3)
0 − 2µ(i2)

q ζ
(i1)
0 ζ

(i3)
0 + µ(i3)

q ζ
(i1)
0 ζ

(i2)
0

)

+

+
1

2
√
2

q
∑

r=1

(

1

πr

(

ζ
(i1)
2r−1ζ

(i2)
0 ζ

(i3)
0 − ζ

(i3)
2r−1ζ

(i2)
0 ζ

(i1)
0

)

+

+
1

π2r2

(

ζ
(i1)
2r ζ

(i2)
0 ζ

(i3)
0 − 2ζ

(i2)
2r ζ

(i3)
0 ζ

(i1)
0 + ζ

(i3)
2r ζ

(i2)
0 ζ

(i1)
0

)
)

+

+

q
∑

r=1

(

1

4πr

(

ζ
(i1)
2r ζ

(i2)
2r−1ζ

(i3)
0 − ζ

(i1)
2r−1ζ

(i2)
2r ζ

(i3)
0 − ζ

(i2)
2r−1ζ

(i3)
2r ζ

(i1)
0 + ζ

(i3)
2r−1ζ

(i2)
2r ζ

(i1)
0

)

+

+
1

8π2r2

(

3ζ
(i1)
2r−1ζ

(i2)
2r−1ζ

(i3)
0 + ζ

(i1)
2r ζ

(i2)
2r ζ

(i3)
0 − 6ζ

(i1)
2r−1ζ

(i3)
2r−1ζ

(i2)
0 +

(65) +3ζ
(i2)
2r−1ζ

(i3)
2r−1ζ

(i1)
0 − 2ζ

(i1)
2r ζ

(i3)
2r ζ

(i2)
0 + ζ

(i3)
2r ζ

(i2)
2r ζ

(i1)
0

)
)

+D
(i1i2i3)q
T,t

)

,

where

D
(i1i2i3)q
T,t =

1

2π2

q
∑

r,l=1
r 6=l

(

1

r2 − l2

(

ζ
(i1)
2r ζ

(i2)
2l ζ

(i3)
0 − ζ

(i2)
2r ζ

(i1)
0 ζ

(i3)
2l +

+
r

l
ζ
(i1)
2r−1ζ

(i2)
2l−1ζ

(i3)
0 − l

r
ζ
(i1)
0 ζ

(i2)
2r−1ζ

(i3)
2l−1

)

− 1

rl
ζ
(i1)
2r−1ζ

(i2)
0 ζ

(i3)
2l−1

)

+

+
1

4
√
2π2

(
q
∑

r,m=1

(

2

rm

(

−ζ(i1)2r−1ζ
(i2)
2m−1ζ

(i3)
2m + ζ

(i1)
2r−1ζ

(i2)
2r ζ

(i3)
2m−1+

+ζ
(i1)
2r−1ζ

(i2)
2m ζ

(i3)
2m−1 − ζ

(i1)
2r ζ

(i2)
2r−1ζ

(i3)
2m−1

)

+

+
1

m(r +m)

(

−ζ(i1)2(m+r)ζ
(i2)
2r ζ

(i3)
2m − ζ

(i1)
2(m+r)−1ζ

(i2)
2r−1ζ

(i3)
2m −

−ζ(i1)2(m+r)−1ζ
(i2)
2r ζ

(i3)
2m−1 + ζ

(i1)
2(m+r)ζ

(i2)
2r−1ζ

(i3)
2m−1

)
)

+

+

q
∑

m=1

q
∑

l=m+1

(

1

m(l −m)

(

ζ
(i1)
2(l−m)ζ

(i2)
2l ζ

(i3)
2m + ζ

(i1)
2(l−m)−1ζ

(i2)
2l−1ζ

(i3)
2m −

−ζ(i1)2(l−m)−1ζ
(i2)
2l ζ

(i3)
2m−1 + ζ

(i1)
2(l−m)ζ

(i2)
2l−1ζ

(i3)
2m−1

)

+

+
1

l(l−m)

(

−ζ(i1)2(l−m)ζ
(i2)
2m ζ

(i3)
2l + ζ

(i1)
2(l−m)−1ζ

(i2)
2m−1ζ

(i3)
2l −
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Table 2. Confirmation of the formula (67)

ε/(T − t)3 0.0459 0.0072 7.5722 · 10−4 7.5973 · 10−5 7.5990 · 10−6

q 1 10 100 1000 10000

−ζ(i1)2(l−m)−1ζ
(i2)
2m ζ

(i3)
2l−1 − ζ

(i1)
2(l−m)ζ

(i2)
2m−1ζ

(i3)
2l−1

)
))

,

where

ξ(i)q =
1

√
αq

∞∑

r=q+1

1

r
ζ
(i)
2r−1, αq =

π2

6
−

q
∑

r=1

1

r2
,

µ(i)
q =

1
√
βq

∞∑

r=q+1

1

r2
ζ
(i)
2r , βq =

π4

90
−

q
∑

r=1

1

r4
,

and ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1, ξ

(i)
q , µ

(i)
q (r = 1, . . . , q; i = 1, . . . ,m) are independent standard Gaussian random

variables. Moreover, in (65) we suppose that i1 6= i2, i1 6= i3, i2 6= i3.
Mean-square errors for the approximations (62)–(65) are represented by the formulas

M

{(

J
(0i1)
(01)T,t − J

(0i1)q
(01)T,t

)2
}

= 0,

M

{(

J
(i10)
(10)T,t − J

(i10)q
(10)T,t

)2
}

= 0,

(66) M

{(

J
(i1i2)
(11)T,t − J

(i1i2)q
(11)T,t

)2
}

=
(T − t)2

2π2

(

π2

6
−

q
∑

r=1

1

r2

)

,

M

{(

J
(i1i2i3)
(111)T,t − J

(i1i2i3)q
(111)T,t

)2
}

= (T − t)3

(

4

45
− 1

4π2

q
∑

r=1

1

r2
−

(67) − 55

32π4

q
∑

r=1

1

r4
− 1

4π4

q
∑

r,l=1
r 6=l

5l4 + 4r4 − 3r2l2

r2l2 (r2 − l2)
2

)

,

where i1 6= i2, i1 6= i3, i2 6= i3.
In Table 2, we can see the numerical confirmation of the formula (67) (ε is a right-hand side of

(67)).
Note that the formulas (61), (62) have been obtained for the first time in [45]. Using (61), (62),

we can realize numerically the explicit one-step strong Taylor–Ito numerical method with the order
1.0 of accuracy (Milstein scheme [45]). The analogue of the formula (65) has been obtained for the
first time in [46]-[48].

As we mentioned above, the Milstein approach (see Sect. 2) leads to iterated application of the
operation of limit transition. The analogue of (65) has been derived in [46]-[48], [50] on the base of
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the Milstein approach [45]. It means that the authors of the works [46]-[48], [50] could not formally
use the double sum with the upper limit q in the analogue of (65) in [46] (pp. 438-439), [47] (Sect. 5.8,
pp. 202–204), [48] (pp. 82-84), [50] (pp. 263-264) on the base of the Wong–Zakai approximation [52]-
[54] (see discussion in Sect. 11 for details). From the other hand, the correctness of (65) follows
directly from Theorems 1, 2. Note that (65) has been obtained reasonably for the first time in [4].

The version of (65) but without using the random variables ξ
(i)
q and µ

(i)
q can be found in [1]-[3].

The formula (66) appears for the first time in [45]. The mean-square error (67) has been obtained
for the first time in [4] on the base of the simplified variant of Theorem 8 (the case of pairwise different
i1, . . . , ik).

As we noted above, the number q must be the same in (62)–(65). This is the main drawback of
this approach because really the number q in (65) can be chosen essentially smaller than in (62).

Note that in (65) we can replace J
(i1i2i3)q
(111)T,t with J

∗(i1i2i3)q
(111)T,t and (65) will when be valid for any

i1, i2, i3 = 0, 1, . . . ,m (see Theorem 3).
Consider approximations of the iterated Ito stochastic integrals

J
(i1)
(1)T,t, J

(i1i2)
(11)T,t, J

(0i1)
(01)T,t, J

(i10)
(10)T,t, J

(i1i2i3)
(111)T,t (i1, i2, i3 = 1, . . . ,m)

on the base of Theorems 1, 2 (the case of Legendre polynomials) [1]-[32]

(68) J
(i1)
(1)T,t =

√
T − tζ

(i1)
0 ,

(69) J
(i1i2)q
(11)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

,

(70) J
(0i1)
(01)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

(71) J
(i10)
(10)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 − 1√

3
ζ
(i1)
1

)

,

J
(i1i2i3)q1
(111)T,t =

q1∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(72) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

, q1 ≪ q,

J
(i1i1i1)
(111)T,t =

1

6
(T − t)3/2

((

ζ
(i1)
0

)3

− 3ζ
(i1)
0

)

,

Cj3j2j1 =

T∫

t

φj3 (z)

z∫

t

φj2 (y)

y∫

t

φj1(x)dxdydz =
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=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
(T − t)3/2C̄j3j2j1 ,

(73) C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

where φj(x) has the form (58) and Pi(x) is the Legendre polynomial (i = 0, 1, 2, . . .).
Mean-square errors for the approximations (69), (72) are represented by the formulas (see Theorem

8 and (52)) [1]-[32]

(74) M

{(

J
(i1i2)
(11)T,t − J

(i1i2)q
(11)T,t

)2
}

=
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

(i1 6= i2),

(75) M

{(

J
(i1i2i3)
(111)T,t − J

(i1i2i3)q1
(111)T,t

)2
}

=
(T − t)3

6
−

q1∑

j3,j2,j1=0

C2
j3j2j1 (i1 6= i2, i1 6= i3, i2 6= i3),

M

{(

J
(i1i2i3)
(111)T,t − J

(i1i2i3)q1
(111)T,t

)2
}

=
(T − t)3

6
−

q1∑

j3,j2,j1=0

C2
j3j2j1−

(76) −
q1∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

M

{(

J
(i1i2i3)
(111)T,t − J

(i1i2i3)q1
(111)T,t

)2
}

=
(T − t)3

6
−

q1∑

j3,j2,j1=0

C2
j3j2j1−

(77) −
q1∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2),

M

{(

J
(i1i2i3)
(111)T,t − J

(i1i2i3)q1
(111)T,t

)2
}

=
(T − t)3

6
−

q1∑

j3,j2,j1=0

C2
j3j2j1−

(78) −
q1∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

(79) M

{(

J
(i1i2i3)
(111)T,t − J

(i1i2i3)q1
(111)T,t

)2
}

≤ 6




(T − t)3

6
−

q1∑

j3,j2,j1=0

C2
j3j2j1



 (i1, i2, i3 = 1, . . . ,m).
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Let us compare the efficiency of application of Legendre polynomials and trigonometric functions

for the iterated stochastic integrals J
(i1i2)
(11)T,t, J

(i1i2i3)
(111)T,t.

Consider the following conditions (i1 6= i2, i1 6= i3, i2 6= i3)

(80)
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

≤ (T − t)4,

(81) (T − t)3

(

1

6
−

q1∑

j1,j2,j3=0

(Cj3j2j1)
2

(T − t)3

)

≤ (T − t)4,

(82)
(T − t)2

2π2

(

π2

6
−

p
∑

r=1

1

r2

)

≤ (T − t)4,

(83) (T − t)3

(

4

45
− 1

4π2

p1∑

r=1

1

r2
− 55

32π4

p1∑

r=1

1

r4
− 1

4π4

p1∑

r,l=1
r 6=l

5l4 + 4r4 − 3r2l2

r2l2 (r2 − l2)2

)

≤ (T − t)4,

where

Cj3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
(T − t)3/2C̄j3j2j1 ,

C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

where Pi(x) is the Legendre polynomial.
In Tables 3 and 4, we can see minimal numbers q, q1, p, p1, which satisfy the conditions (80)–(83).

As we mentioned above, the numbers q, q1 are different. At that q1 ≪ q (the case of Legendre
polynomials). As we saw in the previous sections, we cannot take different numbers p, p1 for the
case of trigonometric functions. Thus, we have to choose q = p in (62)–(65). This leads to huge
computational costs (see very complex formula (65)). From the other hand, we can choose different

numbers q in (62)–(65). At that we must exclude the random variables ξ
(i)
q , µ

(i)
q from (62)–(65).

At this situation for the case i1 6= i2, i2 6= i3, i1 6= i3 we have

(84)
3(T − t)2

2π2

(

π2

6
−

p∗

∑

r=1

1

r2

)

≤ (T − t)4,

(85) (T − t)3

(

5

36
− 1

2π2

p∗
1∑

r=1

1

r2
− 79

32π4

p∗
1∑

r=1

1

r4
− 1

4π4

p∗
1∑

r,l=1
r 6=l

5l4 + 4r4 − 3r2l2

r2l2 (r2 − l2)2

)

≤ (T − t)4,

where the left-hand sides of (84), (85) correspond to (16), (65) but without ξ
(i)
q , µ

(i)
q . In Table 4, we

can see minimal numbers p∗, p∗1, which satisfy the conditions (84), (85).
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Table 3. Numbers q, q1

T − t 0.08222 0.05020 0.02310 0.01956

q 19 51 235 328

q1 1 2 5 6

Table 4. Numbers p, p1, p
∗, p∗1

T − t 0.08222 0.05020 0.02310 0.01956

p 8 21 96 133

p1 1 1 3 4

p∗ 23 61 286 398

p∗1 1 2 4 5

Table 5. Confirmation of the formula (85)

ε/(T − t)3 0.0629 0.0097 0.0010 1.0129 · 10−4 1.0132 · 10−5

q 1 10 100 1000 10000

Moreover,

M

{(

J
(0i1)
(01)T,t − J

(0i1)q
(01)T,t

)2
}

= M

{(

J
(i10)
(10)T,t − J

(i10)q
(10)T,t

)2
}

=

(86) =
(T − t)3

2π2

(

π2

6
−

q
∑

r=1

1

r2

)

6= 0,

where J
(0i1)q
(01)T,t, J

(i10)q
(10)T,t are defined by the formulas (63), (64).

It is not difficult to see that the numbers qtrig in Table 1 correspond to minimal numbers qtrig,
which satisfy the condition

(T − t)3

2π2

(

π2

6
−

qtrig∑

r=1

1

r2

)

≤ (T − t)4.

From the other hand, the right-hand sides of (70), (71) include only two random variables. In this
situation we can again talk about the advantage of Ledendre polynomials.

In Table 5, we can see the numerical confirmation of the formula (85) (ε is a left-hand side of the
formula (85)).
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8. Comparative Analysis of the Efficiency of Application of Legendre Polynomials

and Trigonometric Functions for the Integral J
∗(0i1i2)
(011)T,t

In this section, we compare computational costs for the iterated Stratonovich stochastic integral

J
∗(0i1i2)
(011)T,t (i1, i2 = 1, . . . ,m) within the frames of the method of generalized multiple Fourier series for

the systems of Legendre polynomials and trigomomenric functions.
Using Theorem 3 for the case of trigonometric system of functions, we obtain [4]-[32] (also see

[1]-[3])

J
∗(0i1i2)q
(011)T,t = (T − t)2

(

1

6
ζ
(i1)
0 ζ

(i2)
0 − 1

2
√
2π

√
αqξ

(i2)
q ζ

(i1)
0 +

+
1

2
√
2π2

√

βq

(

µ(i2)
q ζ

(i1)
0 − 2µ(i1)

q ζ
(i2)
0

)

+

+
1

2
√
2

q
∑

r=1

(

− 1

πr
ζ
(i2)
2r−1ζ

(i1)
0 +

1

π2r2

(

ζ
(i2)
2r ζ

(i1)
0 − 2ζ

(i1)
2r ζ

(i2)
0

)
)

−

− 1

2π2

q
∑

r,l=1
r 6=l

1

r2 − l2

(

ζ
(i1)
2r ζ

(i2)
2l +

l

r
ζ
(i1)
2r−1ζ

(i2)
2l−1

)

+

+

q
∑

r=1

(

1

4πr

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r

)

+

(87) +
1

8π2r2

(

3ζ
(i1)
2r−1ζ

(i2)
2r−1 + ζ

(i2)
2r ζ

(i1)
2r

)
))

.

For the case i1 6= i2 from Theorem 8 we get [4]-[32] (also see [1]-[3])

M

{(

J
∗(0i1i2)
(011)T,t − J

∗(0i1i2)q
(011)T,t

)2
}

=
(T − t)4

4

(

1

9
− 1

2π2

q
∑

r=1

1

r2
−

(88) − 5

8π4

q
∑

r=1

1

r4
− 1

π4

q
∑

k,l=1
k 6=l

k2 + l2

l2 (l2 − k2)
2

)

.

Analogues of the formulas (87), (88) for the case of Legendre polynomials will look as follows
[4]-[32] (also see [1]-[3])

J
∗(0i1i2)q
(011)T,t =

T − t

2
J
∗(i1i2)q
(11)T,t +

(T − t)2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

(89) +

q
∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i + 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

where
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Table 6. Confirmation of the formula (88)

4ε/(T − t)4 0.0540 0.0082 8.4261 · 10−4 8.4429 · 10−5 8.4435 · 10−6

q 1 10 100 1000 10000

Table 7. Confirmation of the formula (90)

16ε/(T − t)4 0.3797 0.0581 0.0062 6.2450 · 10−4 6.2495 · 10−5

q 1 10 100 1000 10000

J
∗(i1i2)q
(11)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

,

M

{(

J
∗(0i1i2)
(011)T,t − J

∗(0i1i2)q
(011)T,t

)2
}

=

=
(T − t)4

16

(

5

9
− 2

q
∑

i=2

1

4i2 − 1
−

q
∑

i=1

1

(2i− 1)2(2i+ 3)2
−

(90) −
q
∑

i=0

(i+ 2)2 + (i+ 1)2

(2i+ 1)(2i+ 5)(2i+ 3)2

)

(i1 6= i2).

In Tables 6 and 7, we can see the numerical confirmation of the formulas (88) and (90) (ε is the
right-hand side of (88), (90)).

Let us compare the complexity of the formulas (87) and (89). The formula (87) includes the double
sum

1

2π2

q
∑

r,l=1
r 6=l

1

r2 − l2

(

ζ
(i1)
2r ζ

(i2)
2l +

l

r
ζ
(i1)
2r−1ζ

(i2)
2l−1

)

.

Thus, the formula (87) is more complex than the formula (89) even if we take identical numbers
q in these formulas. As we noted above, the number q in (87) must be equal to the number q from
the formula (16), so it is much larger than the number q from the formula (89). As a result, we have
obvious advantage of the formula (89) in computational costs. As we mentioned above, if we will

not use the random variables ξ
(i)
q and µ

(i)
q , then the number q in (87) can be chosen smaller, but

the mean-square error of approximation of the stochastic integral J
(i1i2)
(11)T,t will be three times larger

(see (13)). Moreover, in this case the stochastic integrals J
(0i1)
(01)T,t, J

(i10)
(10)T,t, J

(00i1)
(001)T,t (with Gaussian

distribution) will be approximated worse. In this situation we can again talk about the advantage of
Ledendre polynomials.
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9. Conclusions

Summing up the results of previous sections, we can come to the following conclusions.

1. We can talk about approximately equal computational costs for the formulas (16) and (60).
This means that computational costs for implementing the Milstein scheme (explicit one-step strong
Taylor–Ito numerical method with the order γ = 1.0 of accuracy for Ito stochastic differential equa-
tions [45]) for the case of Legendre polynomials and for the case of trigonometric functions are
approximately the same.

2. If we will not use the random variables ξ
(i)
q (see (16)), then the mean-square error of approxima-

tion of the stochastic integral J
(i1i2)
(11)T,t will be three times larger (see (13)). In this situation, we can

talk about the advantage of Ledendre polynomials in the Milstein method. Moreover, in this case

the stochastic integrals J
(0i1)
(01)T,t, J

(i10)
(10)T,t, J

(00i1)
(001)T,t (with Gaussian distribution) will be approximated

worse.

3. If we talk about the explicit one-step strong Taylor–Ito scheme with the order γ = 1.5 of accuracy
for Ito stochastic differential equations, then the numbers q, q1 (see (69), (72)) are different. At that
q1 ≪ q (the case of Legendre polynomials). The number q must be the same in (62)–(65) (the case
of trigonometric functions). This leads to huge computational costs (see very complex formula (65)).
From the other hand, we can take different numbers q in (62)–(65). At that we should exclude the

random variables ξ
(i)
q , µ

(i)
q from (62)–(65). This leads to another problems, which we discussed above

(see Conclusion 1).

4. In addition, the author supposes that effect described in Conclusion 3 will be more impressive
when analyzing more complex sets of iterated Ito and Stratonovich stochastic integrals (when γ =
2.0, 2.5, 3.0, . . .; here γ has the same meaning as in Conclusion 3). This supposition is based on
the fact that the polynomial system of functions has the significant advantage (compared with the
trigonometric system) for approximation of iterated stochastic integrals for which not all weight
functions are equal to 1.

10. Further Development of Multiple Fourier–Legendre Series Approach to the

Mean-Square Approximation of Iterated Ito and Stratonovich Stochastic

Integrals of Multiplicities 3 to 5

From Theorems 1, 2 for k = 4 and 5 we obtain

J
(i1i2i3i4)q
(λ1λ2λ3λ4)T,t =

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(91) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,
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J
(i1i2i3i4i5)q1
(λ1λ2λ3λ4λ5)T,t =

q1∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(92) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

where

J
(i1i2i3i4)
(λ1λ2λ3λ4)T,t, J

(i1i2i3i4i5)
(λ1λ2λ3λ4λ5)T,t

are defined by the formula (4); q1 < q; 1A is the indicator of the set A; i1, i2, i3, i4, i5 = 0, 1, . . . ,m,
and

Cj4j3j2j1 =

T∫

t

φj4(u)

u∫

t

φj3(z)

z∫

t

φj2 (y)

y∫

t

φj1 (x)dxdydzdu =

=
√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)
(T − t)2

16
C̄j4j3j2j1 ,

Cj5j4j3j2j1 =

T∫

t

φj5 (v)

v∫

t

φj4 (u)

u∫

t

φj3(z)

z∫

t

φj2(y)

y∫

t

φj1 (x)dxdydzdudv =

=
√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)
(T − t)5/2

32
C̄j5j4j3j2j1 ,

(93) C̄j4j3j2j1 =

1∫

−1

Pj4 (u)

u∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1 (x)dxdydzdu,
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(94) C̄j5j4j3j2j1 =

1∫

−1

Pj5 (v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydzdudv,

where Pi(x) (i = 0, 1, 2, . . .) is the Legendre polynomial,

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0),

φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

, j = 0, 1, 2, . . .

is a complete orthonormal system of Legendre polynomials in the space L2([t, T ]).
Note that the Fourier–Legendre coefficients C̄j4j3j2j1 , C̄j5j4j3j2j1 , and C̄j3j2j1 (see (73)) can be

calculated exactly using DERIVE or MAPLE (computer algebra systems). Several tables with these
coefficients can be found in [4]-[20], [24], [31]. The database with 270, 000 of exactly calculated
Fourier–Legendre coefficients is descibed in [34], [35]. Note that the mentioned Fourier–Legendre
coefficients not depend on the integration step T−t of numerical methods for Ito stochastic differential
equations. So, T − t can be not a constant in this approach.

From (52) (0 < T − t < 1) we obtain

(95) M

{(

J
(i1i2i3i4)
(λ1λ2λ3λ4)T,t − J

(i1i2i3i4)q
(λ1λ2λ3λ4)T,t

)2
}

≤ 24




(T − t)4

24
−

q
∑

j1,j2,j3,j4=0

C2
j4j3j2j1



 ,

(96) M

{(

J
(i1i2i3i4i5)
(λ1λ2λ3λ4λ5)T,t − J

(i1i2i3i4i5)q1
(λ1λ2λ3λ4λ5)T,t

)2
}

≤ 120




(T − t)5

120
−

q1∑

j1,j2,j3,j4,j5=0

C2
j5j4j3j2j1



 .

Note that in practice the numbers q, q1 in (72), (91), (92) can be selected not large. For example,
for the case of pairwise different i1, i2, i3, i4, i5 = 1, . . . ,m we obtain

(97) M

{(

J
(i1i2i3)
(111)T,t − J

(i1i2i3)6
(111)T,t

)2
}

=
(T − t)3

6
−

6∑

j1,j2,j3=0

C2
j3j2j1 ≈ 0.01956000(T − t)3,

(98) M

{(

J
(i1i2i3i4)
(1111)T,t − J

(i1i2i3i4)2
(1111)T,t

)2
}

=
(T − t)4

24
−

2∑

j1,j2,j3,j4=0

C2
j4j3j2j1 ≈ 0.02360840(T − t)4,

(99) M

{(

J
(i1i2i3i4i5)
(11111)T,t − J

(i1i2i3i4i5)1
(11111)T,t

)2
}

=
(T − t)5

120
−

1∑

j1,j2,j3,j4,j5=0

C2
j5j4j3j2j1 ≈ 0.00759105(T−t)5.
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From Theorems 3–6 we have

J
∗(i1i2i3)q
(λ1λ2,λ3)T,t =

q
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

J
∗(i1i2i3i4)q1
(λ1λ2,λ3λ4)T,t =

q1∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

J
∗(i1i2i3i4i5)q2
(λ1λ2,λ3λ4λ5)T,t =

q2∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

,

where

J
∗(i1i2i3)
(λ1λ2λ3)T,t, J

∗(i1i2i3i4)
(λ1λ2λ3λ4)T,t, J

∗(i1i2i3i4i5)
(λ1λ2λ3λ4λ5)T,t

are defined by the formula (5).
The values

M

{(

J
∗(i1i2i3)
(111)T,t − J

∗(i1i2i3)6
(111)T,t

)2
}

, M

{(

J
∗(i1i2i3i4)
(1111)T,t − J

∗(i1i2i3i4)2
(1111)T,t

)2
}

,

M

{(

J
∗(i1i2i3i4i5)
(11111)T,t − J

∗(i1i2i3i4i5)1
(11111)T,t

)2
}

are equal to the right-hand sides of (97)–(99) for the case of pairwise different i1, i2, i3, i4, i5 =
1, . . . ,m.

Note that the optimization of the mean-square approximation procedures for the itertaed Ito
stochastic integrals (6) of multiplicities 1 to 5 is carried out in [55], [56].

11. Theorems 1–7 from Point of View of the Wong–Zakai Approximation

The iterated Ito stochastic integrals and solutions of Ito SDEs are complex and important function-

als from the independent components f
(i)
s , i = 1, . . . ,m of the multidimensional Wiener process fs,

s ∈ [0, T ]. Let f
(i)p
s , p ∈ N be some approximation of f

(i)
s , i = 1, . . . ,m. Suppose that f

(i)p
s converges

to f
(i)
s , i = 1, . . . ,m if p→ ∞ in some sense and has differentiable sample trajectories.

A natural question arises: if we replace f
(i)
s by f

(i)p
s , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
s ,

i = 1, . . . ,m of the multidimentional Wiener process fs? The answere to this question is negative in
the general case. However, in the pioneering works of Wong E. and Zakai M. [52], [53], it was shown
that under the special conditions and for some types of approximations of the Wiener process the
answere is affirmative with one peculiarity: the convergence takes place to the iterated Stratonovich
stochastic integrals and solutions of Stratonovich SDEs and not to iterated Ito stochastic integrals
and solutions of Ito stochastic differential equations. The piecewise linear approximation as well as
the regularization by convolution [52]-[54] relate the mentioned types of approximations of the Wiener
process. The above approximation of stochastic integrals and solutions of SDEs is often called the
Wong–Zakai approximation.
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Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [57], [58]

(100) f (i)τ − f
(i)
t =

∞∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,

where τ ∈ [t, T ], t ≥ 0, {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (100) converges for any τ ∈ [t, T ] in the mean-square sense.

Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(101) f (i)pτ − f
(i)p
t =

p
∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j .

From (101) we obtain

(102) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral

(103)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk ,

where p1, . . . , pk ∈ N, i1, . . . , ik = 0, 1, . . . ,m,

(104) dw(i)p
τ =







df
(i)p
τ for i = 1, . . . ,m

dτ for i = 0

,

and df
(i)p
τ in defined by the relation (102).

Let us substitute (102) into (103)

(105)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,

where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
s = f

(i)
s for i = 1, . . . ,m and w

(0)
s = s,
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Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
To best of our knowledge [52]-[54] the approximations of the Wiener process in the Wong–Zakai

approximation must satisfy fairly strong restrictions [54] (see Definition 7.1, pp. 480–481). Moreover,
approximations of the Wiener process that are similar to (101) were not considered in [52], [53] (also
see [54], Theorems 7.1, 7.2). Therefore, the proof of analogs of Theorems 7.1 and 7.2 [54] for approx-
imations of the Wiener process based on its series expansion (100) should be carried out separately.
Thus, the mean-square convergence of the right-hand side of (105) to the iterated Stratonovich sto-
chastic integral (7) does not follow from the results of the papers [52], [53] (also see [54], Theorems
7.1, 7.2).

From the other hand, Theorems 1–7 from this paper can be considered as the proof of the Wong–
Zakai approximation for the iterated Stratonovich stochastic integrals (7) of multiplicities 1 to 6 based
on the approximation (101) of the Wiener process. At that, the Riemann–Stieltjes integrals (103)
converge (according to Theorems 1–7) to the appropriate Stratonovich stochastic integrals (7). Recall
that {φj(x)}∞j=0 (see (100), (101), and Theorems 3–7) is a complete orthonormal system of Legendre
polynomials or trigonometric functions in the space L2([t, T ]).

To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(s), ψ2(s) ≡ 1;
i1, i2 = 1, . . . ,m.

The first example relates to the piecewise linear approximation of the multidimensional Wiener
process (these approximations were considered in [52]-[54]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the mul-

tidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i = 1, . . . ,m,

i.e.

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,

where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Note that w. p. 1

(106)
db

(i)
∆

dt
(t) =

∆f
(i)
k∆

∆
, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

Using (106) and additive property of the Riemann–Stieltjes integrals, we can write w. p. 1
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T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

db
(i1)
∆

dτ
(τ)dτ

db
(i2)
∆

ds
(s)ds =

=

N−1∑

l=0

(l+1)∆∫

l∆






l−1∑

q=0

(q+1)∆∫

q∆

∆f
(i1)
q∆

∆
dτ +

s∫

l∆

∆f
(i1)
l∆

∆
dτ






∆f
(i2)
l∆

∆
ds =

=

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆∫

l∆

s∫

l∆

dτds =

(107) =

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .

Using (107) it is not difficult to show that

l.i.m.
N→∞

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T∫

0

ds =

(108) =

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s ,

where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (108) agrees with Theorem 7.1 (see [54], p. 486).
The next example relates to the approximation of the Wiener process based on its series expansion

(100) for t = 0, where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or
trigonometric functions in the space L2([0, T ]).

Consider the following iterated Riemann–Stieltjes integral

(109)

T∫

0

s∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, . . . ,m,

where df
(i)p
τ is defined by the relation (102).

Let us substitute (102) into (109)

(110)

T∫

0

s∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,
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where

Cj2j1 =

T∫

0

φj2(s)

s∫

0

φj1(τ)dτds

is the Fourier coefficient; another notations are the same as in (105).
As we noted above, approximations of the Wiener process that are similar to (101) were not

considered in [52], [53] (also see Theorems 7.1, 7.2 in [54]). Furthermore, the extension of the results
of Theorems 7.1 and 7.2 [54] to the case under consideration is not obvious.

On the other hand, we can apply the theory built in Chapters 1 and 2 of the monographs [18]-[20].
More precisely, using Theorem 3, we obtain from (110) the desired result

(111) l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s .

From the other hand, by Theorems 1, 2 (see (30)) for the case k = 2 we obtain from (110) the
following relation

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+ 1{i1=i2}

∞∑

j1=0

Cj1j1 =

(112) =

T∫

0

s∫

0

df (i1)τ df (i2)s + 1{i1=i2}

∞∑

j1=0

Cj1j1 .

Since

∞∑

j1=0

Cj1j1 =
1

2

∞∑

j1=0





T∫

0

φj(τ)dτ





2

=
1

2





T∫

0

φ0(τ)dτ





2

=
1

2

T∫

0

ds,

then from (112) we obtain (111).
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arXiv:2003.14184 [math.PR]. 2022, 923 pp.
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DEVELOPMENT AND APPLICATION OF THE FOURIER METHOD TO THE

MEAN-SQUARE APPROXIMATION OF ITERATED ITO AND

STRATONOVICH STOCHASTIC INTEGRALS

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the mean-square approximation of iterated Ito and
Stratonovich stochastic integrals in the context of the numerical integration of Ito stochastic
differential equations. The expansion of iterated Ito stochastic integrals of arbitrary multip-
licity k (k ∈ N) and expansions of iterated Stratonovich stochastic integrals of multiplicities
1 to 6 have been obtained. Considerable attention is paid to expansions based on multiple
Fourier–Legendre series. The exact and approximate expressions for the mean-square error
of approximation of iterated Ito stochastic integrals are derived. The results of the article
will be useful for numerical integration of Ito stochastic differential equations with non-
commutative noise.
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1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let f t be a standard m-dimensional Wiener stochastic process, which

is Ft-measurable for any t ∈ [0, T ].We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito stochastic differential equation (SDE) in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying to (1). The nonrandom functions a :
R

n × [0, T ] → R
n, B : Rn × [0, T ] → R

n×m guarantee the existence and uniqueness up to stochastic
equivalence of a solution of the equation (1) [1]. The second integral on the right-hand side of (1)
is interpreted as an Ito stochastic integral. Let x0 be an n-dimensional random variable, which is

F0-measurable and M{|x0|2} <∞ (M denotes a mathematical expectation). We assume that x0 and
ft − f0 are independent when t > 0.

It is well known [2]-[5] that Ito SDEs are adequate mathematical models of dynamic systems of
different physical nature that are affected by random perturbations. For example, Ito SDEs are
used as mathematical models in stochastic mathematical finance, hydrology, seismology, geophysics,
chemical kinetics, population dynamics, electrodynamics, medicine and other fields [2]-[5]. Also these
equations arise in optimal stochastic control, signal filtering against the background of random noises,
parameter estimation for stochastic systems as well as in stochastic stability and bifurcations analysis
[2], [4].

One of the effective approaches to the numerical integration of Ito SDEs is an approach based
on the Taylor–Ito and Taylor–Stratonovich expansions [2]-[26]. The most important feature of such
expansions is a presence in them of the so-called iterated Ito and Stratonovich stochastic integrals,
which play the key role for solving the problem of numerical integration of Ito SDEs and have the
following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

(3) J∗[ψ(k)]T,t =

∗T∫

t

ψk(tk) . . .

∗t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where every ψl(τ) (l = 1, . . . , k) is a nonrandom function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m,

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively (in this paper, we use the definition of
the Stratonovich stochastic integral from [2]).

Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in [2]-[5]. At the same time
ψl(τ) ≡ (t− τ)ql (l = 1, . . . , k; q1, . . . , qk = 0, 1, 2, . . .) and i1, . . . , ik = 1, . . . ,m in [6]-[26].
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Effective solution of the problem of combined mean-square approximation for collections of iterated
Ito and Stratonovich stochastic integrals (2) and (3) composes the subject of this article (also see
author’s publications [9]-[54]).

We want to mention in short that there are two main criteria of the numerical methods convergence
for Ito SDEs [2]-[5]: a strong or mean-square criterion and a weak criterion, where the subject of
approximation is not the solution of Ito SDE, simply stated, but the distribution of Ito SDE solution.

Using the strong numerical methods, we can build sample pathes of Ito SDEs numerically. That is
why strong numerical methods are using when constructing new mathematical models on the basis of
Ito SDEs. Moreover, these methods are the tool for the numerical solution of different mathematical
problems connected with Ito SDEs (see above) [2]-[5].

Strong numerical methods for Ito SDEs require the combined mean-square approximation of col-
lections of iterated Ito and Stratonovich stochastic integrals (2) and (3). The problem of effective
jointly numerical modeling (with respect to the mean-square criterion of convergence) of iterated Ito
and Stratonovich stochastic integrals (2) and (3) is complex from both theoretical and computational
points of view [2]-[59].

The only exception is connected with a narrow particular case, when i1 = . . . = ik 6= 0 and
ψ1(τ), . . . , ψk(τ) ≡ ψ(τ). This case allows the investigation with using of the Ito formula [2]-[5].

Note that even for the mentioned coincidence (i1 = . . . = ik 6= 0), but for different functions
ψ1(τ), . . . , ψk(τ) the mentioned difficulties persist. As a result, relatively simple families of iterated
Ito and Stratonovich stochastic integrals, which can be often met in the applications, cannot be
expressed effectively in a finite form (with respect to the mean-square criterion of approximation)
using the system of standard Gaussian random variables.

Why the problem of the mean-square approximation of iterated Ito and Stratonovich stochastic
integrals is so complex?

Firstly, the mentioned stochastic integrals (in the case of fixed limits of integration) are the random
variables, whose density functions are unknown in the general case. The exception is connected with
the narrow particular case which is the simplest iterated Ito stochastic integral (2) with multiplicity
2 and ψ1(τ), ψ2(τ) ≡ 1, i1, i2 = 1, . . . ,m. Nevertheless, the knowledge of this density function not
gives a simple way for approximation of iterated Ito stochastic integral (2) of multiplicity 2 [55].

Secondly, we need to approximate not only one stochastic integral, but several iterated stochastic
integrals which are complexly dependent in a probabilistic meaning.

Often, the problem of combined mean-square approximation of iterated Ito and Stratonovich sto-
chastic integrals occurs even in cases when the exact solution of Ito SDE is known. It means that even
if we know the solution of Ito SDE, we cannot model it numerically without the combined numerical
modeling of iterated Ito and Stratonovich stochastic integrals.

Note that for a number of special types of Ito SDEs the problem of the mean-square approximation
of iterated Ito and Stratonovich stochastic integrals can be simplified but cannot be solved. The
equations with additive vector noise, with scalar additive noise, with scalar non-additive noise, with
a small parameter are related to such types of equations [2]-[5].

For the mentioned types of equations, simplifications are connected to the fact that some members
from stochastic Taylor expansions are equal to zero or we may neglect some members from these
expansions due to the presence of a small parameter [2]-[5].

Seems that iterated stochastic integrals may be approximated by multiple integral sums of different
types [3], [5], [56]. However, this approach implies the partitioning of the interval of integration [t, T ]
for iterated stochastic integrals. The length T − t of this interval is already fairly small (because
it is a step of integration of numerical methods for Ito SDEs) and does not need to be partitioned.
Computational experiments show that the application of numerical simulation for iterated stochastic
integrals (in which the interval of integration [t, T ] is partitioned) leads to unacceptably high compu-
tational cost and accumulation of computation errors [9].

In [3] (also see [2], [4], [5], [57], [60]), Milstein G.N. proposed to expand (2) or (3) into the iterated
series of products of standard Gaussian random variables by representing the Wiener process as
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4 D.F. KUZNETSOV

a trigonometric Fourier series with random coefficients (version of the so-called Karhunen–Loeve
expansion of the Brownian bridge process). To obtain the Milstein expansion of (3), the truncated
Fourier expansions of components of the multidimensional Wiener process fs must be iteratively
substituted in the single integrals, and the integrals must be calculated, starting from the innermost
integral. This is a complicated procedure that does not lead to a general expansion of (3) valid for
an arbitrary multiplicity k. For this reason, only expansions of single, double and triple stochastic
integrals (3) were obtained [2], [4], [57], [60] (k = 1, 2, 3), [3], [5] (k = 1, 2) for the case ψ1(τ), ψ2(τ),
ψ3(τ) ≡ 1; i1, i2, i3 = 0, 1, . . . ,m.

It should be noted that the authors of the publications [2] (Sect. 5.8, pp. 202–204), [4] (pp. 82-84),
[57] (pp. 438-439), [60] (pp. 263-264) use the Wong–Zakai approximation [61]-[63] (without rigorous
proof) within the frames of the mentioned approach [3] based on the approximation of the Wiener
process in the form of its series expansion (see discussion in Sect. 7 for detail).

Note that in [58], [59] the truncated expansions of the Wiener processes based on the Haar functions
[59] and trigonometric functions [58], [59] were applied for the expansion of double [58], [59] and triple
[58] Ito stochastic integrals (2). The expansions from [58], [59] also lead to iterated application of the
operation of limit transition as in the Milstein approach [3].

It is necessary to note that the Milstein approach [3] excelled at least in several times (or even in
several orders) the methods of multiple integral sums [3], [5], [56] considering computational costs in
the sense of their diminishing [3], [5], [9].

An alternative and more general strong approximation method was proposed for (3) in [47] (also
see [6], [13]-[18], [21], [23]-[26]). In these papers J∗[ψ(k)]T,t was represented as the multiple stochastic
integral of the certain discontinuous nonrandom function of k (k ∈ N) variables, and the function
was then expanded into the generalized iterated Fourier series by complete system of continuously
differentiable functions that are orthonormal in the space L2([t, T ]). As a result, the general iterated
series expansion of products of standard Gaussian random variables was obtained in [47] (also see [6],
[13]-[18], [21], [23]-[26]) for the iterated Stratonovich stochastic integrals (3) of arbitrary multiplicity
k (k ∈ N). Hereinafter, this method is referred to as the method of generalized iterated Fourier series.

Consider the formulation of the method of generalized iterated Fourier series. Let us introduce the
following function K(t1, . . . , tk) defined on the k-dimensional hypercube [t, T ]k

(4) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

=

k∏

l=1

ψl(tl)

k−1∏

l=1

1{tl<tl+1},

where t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ]. Here ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ])
and 1A denotes the indicator of the set A.

Theorem 1 [47] (1997), [6], [13]-[18], [21], [23]-[26]. Suppose that every ψl(τ) (l = 1, . . . , k) is a

continuously differentiable function at the interval [t, T ] and {φj(x)}∞j=0 is a complete orthonormal

system of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, the iterated

Stratonovich stochastic integral (3) is expanded into the converging in the mean of degree 2n (n ∈ N)
iterated series

(5) J∗[ψ(k)]T,t =

∞∑

j1=0

. . .

∞∑

jk=0

Cjk ...j1

k∏

l=1

ζ
(il)
jl

,

which means the following
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(6) lim
p1→∞

lim
p2→∞

. . . lim
pk→∞

M









J∗[ψ(k)]T,t −
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl





2n






= 0,

where lim means lim sup,

(7) ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (if i 6= 0) and

(8) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient.

The proof of Theorem 1 is based on the following statement.

Lemma 1 [47] (also see [6], [13]-[18], [21], [23]-[26]). Under the conditions of Theorem 1 the function

K∗(t1, . . . , tk) is represented in any internal point of the hypercube [t, T ]k by the generalized iterated

Fourier series

(9) K∗(t1, . . . , tk) =

∞∑

j1=0

. . .

∞∑

jk=0

Cjk ...j1

k∏

l=1

φjl (tl), (t1, . . . , tk) ∈ (t, T )k,

where

K∗(t1, . . . , tk) =

k∏

l=1

ψl(tl)

k−1∏

l=1

(

1{tl<tl+1} +
1

2
1{tl=tl+1}

)

=

=

k∏

l=1

ψl(tl)






k−1∏

l=1

1{tl<tl+1} +

k−1∑

r=1

1

2r

k−1∑

sr,...,s1=1
sr>...>s1

r∏

l=1

1{tsl=tsl+1}

k−1∏

l=1
l 6=s1,...,sr

1{tl<tl+1}






for t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K∗(t1) ≡ ψ1(t1) for t1 ∈ [t, T ], 1A is the indicator of the set A, the

Fourier coefficient Cjk...j1 has the form (8). At that, the iterated series (9) converges at the boundary

of the hypercube [t, T ]k (not necessarily to the function K∗(t1, . . . , tk)).

In [6], [13]-[18], [21], [23]-[26], [47] it was shown that the method of generalized iterated Fourier
series leads for k = 2 and ψ1(τ), ψ2(τ) ≡ 1 (the case of trigonometric system of functions) to the
Milstein expansion of (3) [3].

As we noted above, the method of generalized iterated Fourier series as well as the method from
[3] lead to iterated application of the operation of limit transition. So, the convergence problem of
the following approximation

(10) J∗[ψ(k)]pT,t =

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl
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6 D.F. KUZNETSOV

to J∗[ψ(k)]T,t if p → ∞ in the mean-square sense must be considered separately (see Sect. 2 and
discussion in Sect. 7 for detail). The mentioned problem appears for triple stochastic integrals or
even for some double stochastic integrals in the case, when ψ1(τ), ψ2(τ) 6≡ 1 (see above).

2. Method of the Mean-Square Approximation of Iterated Ito Stochastic Integrals

Based on Generalized Multiple Fourier Series

In the previous section we paid attention on the fact that the method from [3] and the method of
generalized iterated Fourier series [6], [13]-[18], [21], [23]-[26], [47] lead to iterated application of the
operation of limit transition. So these methods may not converge in the mean-square sense to the
appropriate iterated stochastic integrals (3) for some methods of series summation (see (10)).

The difficulties noted above can be overcome by the another method. The idea of this method
is as follows: the iterated Ito stochastic integral (2) of multiplicity k (k ∈ N) is represented as
the multiple stochastic integral from the nonrandom discontinuous function K(t1, . . . , tk) defined on
the hypercube [t, T ]k by the relation (4), where [t, T ] is the interval of integration of the iterated
Ito stochastic integral. Then, the function K(t1, . . . , tk) is expanded in the hypercube [t, T ]k into
the generalized multiple Fourier series converging in the sense of norm in Hilbert space L2([t, T ]

k).
After a number of nontrivial transformations we come (see Theorems 2–4 below) to the mean-square
convergening expansion of the iterated Ito stochastic integral (2) into the multiple series of products
of standard Gaussian random variables. The coefficients of this series are the coefficients of the
generalized multiple Fourier series for the function K(t1, . . . , tk), which can be calculated using the
explicit formula regardless of multiplicity k of the iterated Ito stochastic integral. Hereinafter, this
method is referred to as the method of generalized multiple Fourier series.

Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) (defined by (4)) belongs to the space L2([t, T ]
k). At this situation it is

well known that the generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to

K(t1, . . . , tk) in the hypercube [t, T ]k in the mean-square sense, i.e.

(11) lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(12) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient, and

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

(13) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .
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Theorem 2 [9] (2006), [10], [21], [23]-[46]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous

function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous functions in the

space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(14) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk (τlk)∆w(ik)
τlk

)

,

where

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(15) ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (12), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of [t, T ], which

satisfies the condition (13).

Proof. The proof of Theorem 2 is based on Lemmas 5.1–5.3 [23] (P. A.253–A.259), Lemmas 1.1–
1.3 [24]-[26] or Lemmas 1–3 [34]. According to Lemma 5.1 [23], Lemma 1.1 [24]-[26] or Lemma 1 [34],
we have

J [ψ(k)]T,t = l.i.m.
N→∞

N−1∑

lk=0

. . .

l2−1∑

l1=0

ψ1(τl1) . . . ψk(τlk)∆w(i1)
τl1

. . .∆w(ik)
τlk

=

= l.i.m.
N→∞

N−1∑

lk=0

. . .

l2−1∑

l1=0

K(τl1 , . . . , τlk)∆w(i1)
τl1

. . .∆w(ik)
τlk

=

= l.i.m.
N→∞

N−1∑

lk=0

. . .

N−1∑

l1=0

K(τl1 , . . . , τlk)∆w(i1)
τl1

. . .∆w(ik)
τlk

=

= l.i.m.
N→∞

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

K(τl1 , . . . , τlk)∆w(i1)
τl1

. . .∆w(ik)
τlk

=
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(16) =

T∫

t

. . .

t2∫

t

∑

(t1,...,tk)

(

K(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

)

,

where permutations (t1, . . . , tk) when summing are performed only in the expression, which is enclosed
in parentheses.

It is easy to see that (16) can be written in the form [23]-[26], [34]

J [ψ(k)]T,t =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

K(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk ,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk .

At the same time the indexes near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik).

Since the integration of bounded function with respect to the set of measure zero for Riemann or
Lebesgue integrals gives zero result, then the following formula is correct for these integrals

(17)

∫

[t,T ]k

|G(t1, . . . , tk)|dt1 . . . dtk =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

|G(t1, . . . , tk)|dt1 . . . dtk,

where permutations (t1, . . . , tk) when summing are performed only in the values dt1, . . . , dtk. At the
same time the indexes near upper limits of integration are changed correspondently and the function
|G(t1, . . . , tk)| is supposed as integrated in the hypercube [t, T ]k.

According to Lemmas 5.1–5.3 [23] (P. A.253–A.259), Lemmas 1.1–1.3 [24]-[26] or Lemmas 1–3 [34],
we get the following representation

J [ψ(k)]T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

T∫

t

. . .

t2∫

t

∑

(t1,...,tk)

(

φj1(t1) . . . φjk (tk)dw
(i1)
t1 . . . dw

(ik)
tk

)

+

+Rp1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1 l.i.m.
N→∞

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

φj1 (τl1) . . . φjk(τlk)∆w(i1)
τl1

. . .∆w(ik)
τlk

+

(18) +R
p1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(

l.i.m.
N→∞

N−1∑

l1,...,lk=0

φj1(τl1) . . . φjk (τlk)∆w(i1)
τl1

. . .∆w(ik)
τlk

−
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−l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk (τlk)∆w(ik)
τlk

)

+

+Rp1,...,pk

T,t =

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1





k∏

l=1

ζ
(il)
jl

− l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1 )∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk



+

(19) +R
p1,...,pk

T,t w. p. 1,

where

R
p1,...,pk

T,t =

(20) =
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)



 dw
(i1)
t1 . . . dw

(ik)
tk ,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk

.
At the same time the indexes near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped
with iq in the permutation (i1, . . . , ik).

Let us estimate the remainder Rp1,...,pk

T,t of the series.

By Lemma 5.2 [23] (pp. A.257–A.258), Lemma 1.2 [24]-[26] or Lemma 2 [34] we have (see (17))

M

{(

R
p1,...,pk

T,t

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk =

(21) = Ck

∫

[t,T ]k



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk → 0

if p1, . . . , pk → ∞, where constant Ck depends only on the multiplicity k of the iterated Ito stochastic
integral. Theorem 2 is proved.

In order to evaluate the significance of Theorem 2 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 6 [9]-[21], [23]-[46]
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(22) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(23) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(24) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(25) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+
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(26) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i3=i6 6=0}1{j3=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i5=i6 6=0}1{j5=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+
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+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(27) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,

where 1A is the indicator of the set A.
The convergence in the mean of degree 2n (n ∈ N) in Theorem 2 is proved in [11]-[18], [21], [23]-[26],

[34]. Moreover, the complete orthonormal systems of Haar and Rademacher–Walsh functions in the
space L2([t, T ]) also can be applied in Theorem 2 [11]-[18], [21], [23]-[26], [34]. The convergence w. p. 1
in Theorem 2 is proved in [24]-[26], [28], [33], [42] for complete orthonormal systems of Legendre
polynomials and trigonometric functions in the space L2([t, T ]). The modifications of Theorem 2
were obtained in [23]-[26], [35] for complete orthonormal with weight r(t1) . . . r(tk) ≥ 0 systems of
functions in the space L2([t, T ]

k) (k ∈ N) as well as for some other types of iterated stochastic integrals
(iterated stochastic integrals with respect to martingale Poisson measures and iterated stochastic
integrals with respect to martingales). Application of Theorem 2 and Theorem 4 (see below) for the
mean-square approximation of iterated stochastic integrals with respect to the infinite-dimensional
Q-Wiener process can be found in the monographs [24]-[26] (Chapter 7) and in [43]-[46].

Note that the correctness of formulas (22)–(27) can be verified by the fact that if i1 = . . . =
i6 = i = 1, . . . ,m and ψ1(τ), . . . , ψ6(τ) ≡ ψ(τ), then we can derive from (22)–(27) the well known
equalities

J [ψ(1)]T,t =
1

1!
δT,t,

J [ψ(2)]T,t =
1

2!

(
δ2T,t −∆T,t

)
,

J [ψ(3)]T,t =
1

3!

(
δ3T,t − 3δT,t∆T,t

)
,

J [ψ(4)]T,t =
1

4!

(
δ4T,t − 6δ2T,t∆T,t + 3∆2

T,t

)
,

J [ψ(5)]T,t =
1

5!

(
δ5T,t − 10δ3T,t∆T,t + 15δT,t∆

2
T,t

)
,
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J [ψ(6)]T,t =
1

6!

(
δ6T,t − 15δ4T,t∆T,t + 45δ2T,t∆

2
T,t − 15∆3

T,t

)

w. p. 1 [9]-[18], [21]-[26], where

δT,t =

T∫

t

ψ(τ)df (i)τ , ∆T,t =

T∫

t

ψ2(τ)dτ.

Note that the mentioned equalities can be independently obtained using the Ito formula and
Hermite polynomials.

For further consideration, let us consider the generalization of formulas (22)–(27) for the case of
an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (2).
In order to do this, let us introduce some notations. Consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(28) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (28) is a partition and consider the sum with respect to all possible partitions

(29)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (29)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =
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= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now, we can formulate Theorem 2 (see (14)) using the alternative form.

Theorem 3 [12] (2009) (also see [13]-[18], [21], [23]-[26]. Under the conditions of Theorem 2 the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(30) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 2.

In particular, from (30) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )
jq1

)

.

The last equality obviously agrees with (26).
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3. A Generalization of Theorems 2, 3 to the Case of an Arbitrary Complete

Orthonormal System of Functions in the Space L2([t, T ]) and ψ1(τ),
. . . , ψk(τ) ∈ L2([t, T ])

In this section, we will use the definition of the multiple Wiener stochastic integral from [64], [65]
to generalize Theorems 2, 3 to the case of an arbitrary complete orthonormal system of functions in
the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Consider the following step function on the hypercube [t, T ]k

(31) ΦN (t1, . . . , tk) =

N−1∑

l1,...,lk=0

al1...lk1[τl1 ,τl1+1)(t1) . . .1[τlk ,τlk+1)(tk),

where al1...lk ∈ R and such that al1...lk = 0 if lp = lq for some p 6= q,

1A(τ) =







1 if τ ∈ A

0 otherwise
,

N ∈ N, {τj}Nj=0 is a partition of [t, T ], which satisfies the condition (13):

(32) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Let us define the multiple Wiener stochastic integral for ΦN (t1, . . . , tk) [64], [65]

(33) J ′[ΦN ]
(i1...ik)
T,t

def
=

N−1∑

l1,...,lk=0

al1...lk∆w(i1)
τl1

. . .∆w(ik)
τlk

,

where ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj , i = 0, 1, . . . ,m, w

(0)
τ = τ.

It is known (see [65], Lemma 9.6.4) that for any Φ(t1, . . . , tk) ∈ L2([t, T ]
k) there exists a sequence

of step functions ΦN (t1, . . . , tk) of the form (31) such that

(34) lim
N→∞

∫

[t,T ]k

(Φ(t1, . . . , tk)− ΦN (t1, . . . , tk))
2
dt1 . . . dtk = 0.

We have

ΦN (t1, . . . , tk) =

N−1∑

l1,...,lk=0

al1...lk1[τl1 ,τl1+1)(t1) . . .1[τlk ,τlk+1)(tk) =

(35) =
∑

(l1,...,lk)

N−1∑

l1,...,lk=0
l1<l2<...<lk

al1...lk1[τl1 ,τl1+1)(t1) . . .1[τlk ,τlk+1)(tk),

1261



16 D.F. KUZNETSOV

where permutations (l1, . . . , lk) when summing are performed only in the expression l1 < l2 < . . . < lk
(recall that al1...lk = 0 if lp = lq for some p 6= q).

Using (35), we get

(36)
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

ΦN (t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk =

=
∑

(l1,...,lk)

N−1∑

l1,...,lk=0
l1<l2<...<lk

al1...lk∆w(i1)
τl1

. . .∆w(ik)
τlk

=

=
N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

al1...lk∆w(i1)
τl1

. . .∆w(ik)
τlk

=

(37) = J ′[ΦN ]
(i1...ik)
T,t w. p. 1,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk and

permutations (l1, . . . , lk) when summing are performed only in the expression l1 < l2 < . . . < lk.

At the same time the indices near upper limits of integration in the iterated stochastic integrals in
(36) are changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir
swapped with iq in the permutation (i1, . . . , ik) (see (36)). In addition, the multiple Wiener stochastic

integral J ′[ΦN ]
(i1...ik)
T,t is defined by (33) and

T∫

t

. . .

t2∫

t

ΦN (t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

is the iterated Ito stochastic integral.
Using (34), (37), Lemma 2, and (17) for Lebesgue integrals, we have

M

{(

J ′[ΦN ]
(i1...ik)
T,t − J ′[ΦM ]

(i1...ik)
T,t

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN (t1, . . . , tk)− ΦM (t1, . . . , tk))
2
dt1 . . . dtk =

= Ck

∫

[t,T ]k

(ΦN (t1, . . . , tk)− ΦM (t1, . . . , tk))
2
dt1 . . . dtk =

= Ck ‖ΦN − ΦM‖2L2([t,T ]k) ≤

≤ 2Ck

(

‖ΦN − Φ‖2L2([t,T ]k) + ‖Φ− ΦM‖2L2([t,T ]k)

)2

→ 0

if N,M → ∞, where constant Ck depends only on the multiplicity k of the multiple Wiener stochastic
integral.
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Thus, there exists the limit

l.i.m.
N→∞

J ′[ΦN ]
(i1...ik)
T,t .

We will define the multiple Wiener stochastic integral for Φ(t1, . . . , tk) ∈ L2([t, T ]
k) by the formula

[64], [65]

(38) J ′[Φ]
(i1...ik)
T,t

def
= l.i.m.

N→∞
J ′[ΦN ]

(i1...ik)
T,t = l.i.m.

N→∞

N−1∑

l1,...,lk=0

al1...lk∆w(i1)
τl1

. . .∆w(ik)
τlk

,

where ΦN (t1, . . . , tk) is defined by (31), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj , i = 0, 1, . . . ,m, w

(0)
τ = τ.

Let us prove the following equality

(39) J ′[Φ]
(i1...ik)
T,t =

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk w. p. 1,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk .

At the same time the indices near upper limits of integration in the iterated stochastic integrals are
changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir swapped

with iq in the permutation (i1, . . . , ik). In addition, the multiple Wiener stochastic integral J ′[Φ]
(i1...ik)
T,t

is defined by (38) and

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

is the iterated Ito stochastic integral.
The equality (39) has already been proved for the case Φ(t1, . . . , tk) = ΦN (t1, . . . , tk) (see (37)).

From (37) we have

J ′[ΦN ]
(i1...ik)
T,t =

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

ΦN (t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

=

=
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk

+

(40) +
∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN (t1, . . . , tk)− Φ(t1, . . . , tk)) dw
(i1)
t1 . . . dw

(ik)
tk w. p. 1.

Passing to the limit l.i.m.
N→∞

in the equality (40), we obtain

J ′[Φ]
(i1...ik)
T,t =

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

Φ(t1, . . . , tk)dw
(i1)
t1 . . . dw

(ik)
tk +
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(41) + l.i.m.
N→∞

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN (t1, . . . , tk)− Φ(t1, . . . , tk)) dw
(i1)
t1 . . . dw

(ik)
tk

w. p. 1.

Using Lemma 1.2 [24]-[26] or Lemma 2 [34] as well as (17) for Lebesgue integrals and (34), we get

M










∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN(t1, . . . , tk)− Φ(t1, . . . , tk)) dw
(i1)
t1 . . . dw

(ik)
tk





2






≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(ΦN (t1, . . . , tk)− Φ(t1, . . . , tk))
2
dt1 . . . dtk =

(42) = Ck

∫

[t,T ]k

(ΦN (t1, . . . , tk)− Φ(t1, . . . , tk))
2
dt1 . . . dtk → 0

if N → ∞, where constant Ck depends only on the multiplicity k of the multiple Wiener stochastic
integral.

The relations (41) and (42) prove the equality (39). From (39) we have

(43) J [ψ(k)]
(i1...ik)
T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

= J ′[K]
(i1...ik)
T,t w. p. 1,

where K = K(t1, . . . , tk) is defined by (4).
Applying (43), we obtain

(44) J [ψ(k)]
(i1...ik)
T,t = J ′[K]

(i1...ik)
T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1J
′[φj1 . . . φjk ]

(i1...ik)
T,t + J ′[Rp1...pk

]
(i1...ik)
T,t

w. p. 1, where

(45) Rp1...pk
(t1, . . . , tk)

def
= K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

and

(46) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient corresponding to K(t1, . . . , tk).
Again applying (39), we have
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(47)

J ′[Rp1...pk
]
(i1...ik)
T,t =

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t

(

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

)

dw
(i1)
t1 . . . dw

(ik)
tk ,

where permutations (t1, . . . , tk) when summing are performed only in the values dw
(i1)
t1 . . . dw

(ik)
tk .

At the same time the indices near upper limits of integration in the iterated stochastic integrals
are changed correspondently and if tr swapped with tq in the permutation (t1, . . . , tk), then ir
swapped with iq in the permutation (i1, . . . , ik). In addition, the multiple Wiener stochastic inte-

gral J ′[Rp1...pk
]
(i1...ik)
T,t is defined by (38).

Using Lemma 1.2 [24]-[26] or Lemma 2 [34], (11) as well as (17) for Lebesgue integrals, we have

M

{(

J ′[Rp1...pk
]
(i1...ik)
T,t

)2
}

≤

≤ Ck

∑

(t1,...,tk)

T∫

t

. . .

t2∫

t



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk ...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk =

(48) = Ck

∫

[t,T ]k



K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)





2

dt1 . . . dtk → 0

if p1, . . . , pk → ∞, where constant Ck depends only on the multiplicity k of the iterated Ito stochastic

integral J [ψ(k)]
(i1...ik)
T,t .

Thus, the following theorem is proved.

Theorem 4 [24] (Sect. 1.11), [34] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorems 2, 3.

It should be noted that an analogue of Theorem 4 was considered in [66]. Note that we use another
notations [24] (Sect. 1.11), [34] (Sect. 15) in comparison with [66]. Moreover, the proof of an analogue
of Theorem 4 from [66] is somewhat different from the proof given in [24] (Sect. 1.11), [34] (Sect. 15).
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4. Expansions of Iterated Stratonovich Stochastic Integrals of Multiplicities 1 to

6 Based on Multiple Fourier–Legendre Series and Multiple Trigonometric

Fourier Series

In a number of works of the author [14]-[18], [21], [23]-[27], [31] Theorems 2, 4 have been adapted
for the iterated Stratonovich stochastic integrals (3) of multiplicities 2 to 6. Let us collect some old
results in the following statement.

Theorem 5 [14]-[18], [21], [23]-[27], [31]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). At the same time ψ2(τ) is
a continuously differentiable function on [t, T ] and ψ1(τ), ψ3(τ) are twice continuously differentiable

functions on [t, T ]. Then

(49) J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

(i1, i2 = 1, . . . ,m),

(50) J∗[ψ(3)]T,t = l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 0, 1, . . . ,m),

(51) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 1, . . . ,m),

(52) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,...,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

(i1, . . . , i4 = 0, 1, . . . ,m),

where J∗[ψ(k)]T,t is defined by (3) and ψl(τ) ≡ 1 (l = 1, . . . , 4) in (50), (52); another notations are

the same as in Theorems 2–4.
Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich

stochastic integrals has been obtained [24] (Sect. 2.10–2.16), [27] (Sect. 13–19), [31] (Sect. 5–11), [32]
(Sect. 7–13), [54] (Sect. 4–9). Let us formulate four theorems that were obtained using this approach.

Theorem 6 [24], [27], [31], [32], [54]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations

(53) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,
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(54) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (53) and i1, i2, i3 = 1, . . . ,m in (54), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 2–4.

Theorem 7 [24], [27], [31], [32], [54]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

(55) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(56) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(57) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (55), (56) and i1, . . . , i4 = 1, . . . ,m in (57), constant C
does not depend on p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj4j3j2j1 =

=

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;
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another notations are the same as in Theorem 6.

Theorem 8 [24], [27], [31], [32], [54]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity

(58) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(59) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(60) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (58), (59) and i1, . . . , i5 = 1, . . . ,m in (60), constant C
is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 6, 7.

Theorem 9 [24], [27], [31], [32]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;
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another notations are the same as in Theorems 6–8.

5. Exact and Approximate Expressions for the Mean-Square Error of

Approximation of Iterated Ito Stochastic Integrals in Theorems 2, 4

Theorem 10 [19]-[21], [23]-[26], [33]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous

function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous functions in the

space L2([t, T ]). Then

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk−

−
p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






,

where

J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)df
(i1)
t1 . . . df

(ik)
tk (i1, . . . , ik = 1, . . . ,m),

(61) J [ψ(k)]pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

)

,

(62) S
(i1...ik)
j1,...,jk

= l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆f (i1)τl1
. . . φjk (τlk)∆f (ik)τlk

,

the Fourier coefficient Cjk...j1 has the form (12),

(63) ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (i = 1, . . . ,m),

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk) (at that, if jr swapped with jq
in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik)); another

notations are the same as in Theorem 2.

Proof. Using Theorem 2 for the case p1 = . . . = pk = p and i1, . . . , ik = 1, . . . ,m, we obtain
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(64) J [ψ(k)]T,t = l.i.m.
p→∞

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

)

.

For n > p we can write

J [ψ(k)]nT,t =





p
∑

j1=0

+

n∑

j1=p+1



 . . .





p
∑

jk=0

+

n∑

jk=p+1



Cjk...j1

(
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

)

=

(65) = J [ψ(k)]pT,t + ξ[ψ(k)]p+1,n
T,t .

Let us prove that due to the special structure of random variables S
(i1...ik)
j1,...,jk

(also see (23)–(27)) the
following relations are correct

(66) M

{
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

}

= 0,

(67) M

{(
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

)(
k∏

l=1

ζ
(il)
j′
l

− S
(i1...ik)
j′1,...,j

′
k

)}

= 0,

where

(j1, . . . , jk) ∈ Kp, (j′1, . . . , j
′
k) ∈ Kn\Kp

and

Kn = {(j1, . . . , jk) : 0 ≤ j1, . . . , jk ≤ n} ,

Kp = {(j1, . . . , jk) : 0 ≤ j1, . . . , jk ≤ p} .

Let us prove (66). For the case i1, . . . , ik = 1, . . . ,m and p1 = . . . = pk = p from (18) and (19) we
obtain

k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

= l.i.m.
N→∞

N−1∑

l1,...,lk=0
lq 6=lr ; q 6=r; q,r=1,...,k

φj1 (τl1) . . . φjk(τlk)∆f (i1)τl1
. . .∆f (ik)τlk

=

(68) =
∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk w. p. 1,

where
∑

(j1,...,jk)
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means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped
with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik).

From (68) due to the moment property of Ito stochastic integral we obtain (66).
Let us prove (67). From (68) we have

0 ≤
∣
∣
∣
∣
∣
M

{(
k∏

l=1

ζ
(il)
jl

− S
(i1...ik)
j1,...,jk

)(
k∏

l=1

ζ
(il)
j′
l

− S
(i1...ik)
j′1,...,j

′
k

)}∣
∣
∣
∣
∣
=

=

∣
∣
∣
∣
∣
∣

M







∑

(j1,...,jk)

∑

(j′1,...,j
′
k
)

T∫

t

φjk (tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk ×

×
T∫

t

φj′
k
(tk) . . .

t2∫

t

φj′1(t1)df
(i1)
t1 . . . df

(ik)
tk







∣
∣
∣
∣
∣
∣

≤

≤
∑

(j′1,...,j
′
k
)

T∫

t

φjk(tk)φj′k (tk)dtk . . .

T∫

t

φj1(t1)φj′1 (t1)dt1 =

(69) =
∑

(j′1,...,j
′
k
)

1{j1=j′1}
. . .1{jk=j′

k
},

where where 1A is the indicator of the set A. From (69) we obtain (67).
Consider in detail the case k = 3 in (69). We have

∣
∣
∣
∣
∣
∣

M







∑

(j1,j2,j3)

∑

(j′1,j
′
2,j

′
3)

T∫

t

φj3 (t3)

t3∫

t

φj2 (t2)

t2∫

t

φj1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 ×

×
T∫

t

φj′3 (t3)

t3∫

t

φj′2 (t2)

t2∫

t

φj′1 (t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3







∣
∣
∣
∣
∣
∣

=

=

∣
∣
∣
∣
∣
∣

T∫

t

φj3(s)φj′3 (s)ds

T∫

t

φj2(s)φj′2 (s)ds

T∫

t

φj1 (s)φj′1 (s)ds+

+1{i1=i2}

T∫

t

φj3(s)φj′3 (s)ds

T∫

t

φj1 (s)φj′2 (s)ds

T∫

t

φj2 (s)φj′1 (s)ds+

+1{i2=i3}

T∫

t

φj1(s)φj′1 (s)ds

T∫

t

φj2 (s)φj′3 (s)ds

T∫

t

φj3 (s)φj′2 (s)ds+

+1{i1=i3}

T∫

t

φj1(s)φj′3 (s)ds

T∫

t

φj2 (s)φj′2 (s)ds

T∫

t

φj3 (s)φj′1 (s)ds+
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+1{i1=i2=i3}

T∫

t

φj2 (s)φj′3 (s)ds

T∫

t

φj1(s)φj′2 (s)ds

T∫

t

φj3(s)φj′1 (s)ds+

+1{i1=i2=i3}

T∫

t

φj1(s)φj′3 (s)ds

T∫

t

φj3 (s)φj′2 (s)ds

T∫

t

φj2 (s)φj′1 (s)ds

∣
∣
∣
∣
∣
∣

=

=

∣
∣
∣
∣
1{j3=j′3}

1{j2=j′2}
1{j1=j′1}

+ 1{i1=i2} · 1{j3=j′3}
1{j1=j′2}

1{j2=j′1}
+

+1{i2=i3} · 1{j1=j′1}
1{j2=j′3}

1{j3=j′2}
+ 1{i1=i3} · 1{j1=j′3}

1{j2=j′2}
1{j3=j′1}

+

+1{i1=i2=i3} · 1{j2=j′3}
1{j1=j′2}

1{j3=j′1}
+ 1{i1=i2=i3} · 1{j1=j′3}

1{j3=j′2}
1{j2=j′1}

∣
∣
∣
∣
≤

≤ 1{j3=j′3}
1{j2=j′2}

1{j1=j′1}
+ 1{j3=j′3}

1{j1=j′2}
1{j2=j′1}

+

+1{j1=j′1}
1{j2=j′3}

1{j3=j′2}
+ 1{j1=j′3}

1{j2=j′2}
1{j3=j′1}

+

+1{j2=j′3}
1{j1=j′2}

1{j3=j′1}
+ 1{j1=j′3}

1{j3=j′2}
1{j2=j′1}

=

=
∑

(j′1,j
′
2,j

′
3)

1{j1=j′1}
1{j2=j′2}

1{j3=j′3}
,

where we used the relation

T∫

t

φg(s)φq(s)ds = 1{g=q}, g, q = 0, 1, 2 . . .

From (66) and (67) we obtain

M

{

J [ψ(k)]pT,tξ[ψ
(k)]p+1,n

T,t

}

= 0.

Due to (61), (64), and (65) we can write

ξ[ψ(k)]p+1,n
T,t = J [ψ(k)]nT,t − J [ψ(k)]pT,t,

l.i.m.
n→∞

ξ[ψ(k)]p+1,n
T,t = J [ψ(k)]T,t − J [ψ(k)]pT,t

def
= ξ[ψ(k)]p+1

T,t .

We have

0 ≤
∣
∣
∣M

{

ξ[ψ(k)]p+1
T,t J [ψ

(k)]pT,t

}∣
∣
∣ =
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=
∣
∣
∣M

{(

ξ[ψ(k)]p+1
T,t − ξ[ψ(k)]p+1,n

T,t + ξ[ψ(k)]p+1,n
T,t

)

J [ψ(k)]pT,t

}∣
∣
∣ =

≤
∣
∣
∣M

{(

ξ[ψ(k)]p+1
T,t − ξ[ψ(k)]p+1,n

T,t

)

J [ψ(k)]pT,t

}∣
∣
∣+
∣
∣
∣M

{

ξ[ψ(k)]p+1,n
T,t J [ψ(k)]pT,t

}∣
∣
∣ =

=
∣
∣
∣M

{(

J [ψ(k)]T,t − J [ψ(k)]nT,t

)

J [ψ(k)]pT,t

}∣
∣
∣ ≤

≤
√

M

{(

J [ψ(k)]T,t − J [ψ(k)]nT,t

)2
}
√

M

{(

J [ψ(k)]pT,t

)2
}

≤

≤
√

M

{(

J [ψ(k)]T,t − J [ψ(k)]nT,t

)2
}

×

×
(√

M

{(

J [ψ(k)]pT,t − J [ψ(k)]T,t

)2
}

+

√

M

{(
J [ψ(k)]T,t

)2
}
)

≤

(70) ≤ K

√

M

{(

J [ψ(k)]T,t − J [ψ(k)]nT,t

)2
}

→ 0 if n→ ∞,

where K is a constant.
From (70) it follows that

M

{

ξ[ψ(k)]p+1
T,t J [ψ

(k)]pT,t

}

= 0

or

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)

J [ψ(k)]pT,t

}

= 0.

The last equality means that

(71) M

{

J [ψ(k)]T,tJ [ψ
(k)]pT,t

}

= M

{(

J [ψ(k)]pT,t

)2
}

.

Taking into account (71), we obtain

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

= M

{(

J [ψ(k)]T,t

)2
}

+

+M

{(

J [ψ(k)]pT,t

)2
}

− 2M
{

J [ψ(k)]T,tJ [ψ
(k)]pT,t

}

= M

{(

J [ψ(k)]T,t

)2
}

−
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−M

{

J [ψ(k)]T,tJ [ψ
(k)]pT,t

}

=

(72) =

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −M

{

J [ψ(k)]T,tJ [ψ
(k)]pT,t

}

.

Consider the value

M

{

J [ψ(k)]T,tJ [ψ
(k)]pT,t

}

.

From (61) and (68) we obtain

(73) J [ψ(k)]pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk

.

After substituting (73) into (72) we obtain (79). Theorem 10 is proved.

Let J [ψ(k)]p1,...,pk

T,t be the expression before passing to the limit l.i.m.
p1,...,pk→∞

in (14). Denote

M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2
}

def
= E

p1,...,pk

k ,

E
p1,...,pk

k
def
= E

p
k if p1 = . . . = pk = p,

‖K‖2L2([t,T ]k) =

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk
def
= Ik.

In [21], [23]-[26], [33] it was shown that

(74) E
p1,...,pk

k ≤ k!



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1





if

i1, . . . , ik = 1, . . . ,m (0 < T − t <∞)

or

i1, . . . , ik = 0, 1, . . . ,m (0 < T − t < 1).

Moreover, in [11]-[18], [21], [23]-[26], [34] it was shown that
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M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2n
}

≤ Cn,k



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk ...j1





n

,

where
Cn,k = (k!)2n(n(2n− 1))n(k−1)(2n− 1)!! (n ∈ N).

Remark 1. Note that

M






J [ψ(k)]T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






=

=

T∫

t

ψk(tk)φjk (tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk = Cjk...j1 .

Then from Theorem 10 for pairwise different i1, . . . , ik and for i1 = . . . = ik we get

(75) E
p
k = Ik −

p
∑

j1,...,jk=0

C2
jk...j1

,

E
p
k = Ik −

p
∑

j1,...,jk=0

Cjk...j1




∑

(j1,...,jk)

Cjk...j1



 .

Consider some examples of application of Theorem 10 (i1, . . . , i5 = 1, . . . ,m)

E
p
2 = I2 −

p
∑

j1,j2=0

C2
j2j1 −

p
∑

j1,j2=0

Cj2j1Cj1j2 (i1 = i2),

(76) E
p
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

(77) E
p
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

(78) E
p
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2),

E
p
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2)

Cj4...j1

)

(i1 = i2 6= i3, i4; i3 6= i4),
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E
p
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j4)

Cj4...j1

)

(i1 = i4 6= i2, i3; i2 6= i3),

E
p
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2,j3)

Cj4...j1

)

(i1 = i2 = i3 6= i4),

E
p
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j3,j4)

Cj4...j1

)

(i2 = i3 = i4 6= i1),

E
p
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2)

(
∑

(j3,j4)

Cj4...j1

))

(i1 = i2 6= i3 = i4),

E
p
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j4)

(
∑

(j2,j3)

Cj4...j1

))

(i1 = i4 6= i2 = i3),

E
p
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4)

(
∑

(j3,j5)

Cj5...j1

))

(i1 6= i2 = i4 6= i3 = i5 6= i1),

E
p
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j4,j5)

(
∑

(j1,j2,j3)

Cj5...j1

))

(i1 = i2 = i3 6= i4 = i5),

E
p
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3,j4,j5)

Cj5...j1

)

(i1 = i3 = i4 = i5 6= i2).

Consider a generalization of Theorem 10 to the case of an arbitrary complete orthonormal system
of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ])

Theorem 11 [24] (Sect. 1.12), [33] (Sect. 6). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik =
1, . . . ,m. Then

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk−

(79) −
p
∑

j1,...,jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






,

where i1, . . . , ik = 1, . . . ,m; the expression

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik),
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J [ψ(k)]pT,t =

p
∑

j1,...,jk=0

Cjk ...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

;

another notations are the same as in Theorems 2–4.

6. Approximation of Specific Iterated Ito and Stratonovich Stochastic Integrals

In this section we provide considerable practical material (based on Theorems 2–9 and Legendre
polynomials) concerning expansions and approximations of iterated Ito and Stratonovich stochastic
integrals. The question about what kind of functions (polynomial or trigonometric) is more convenient
for the mean-square approximation of iterated stochastic integrals is also considered.

Let us consider the following iterated Ito and Stratonovich stochastic integrals

(80) I
(i1...ik)
(l1...lk)T,t =

T∫

t

(t− tk)
lk . . .

t2∫

t

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk

,

(81) I
∗(i1...ik)
(l1...lk)T,t =

∗T∫

t

(t− tk)
lk . . .

∗t2∫

t

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk ,

where i1, . . . , ik = 1, . . . ,m, l1, . . . , lk = 0, 1, . . .
The complete orthonormal system of Legendre polynomials in the space L2([t, T ]) looks as follows

(82) φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

, j = 0, 1, 2, . . . ,

where Pj(x) is the Legendre polynomial.
Using the system of functions (82) as well as Theorems 2–9, we obtain the following expansions of

iterated Ito and Stratonovich stochastic integrals (80), (81) [24]

I
(i1)
(0)T,t =

√
T − tζ

(i1)
0 ,

(83) I
(i1)
(1)T,t = − (T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

(84) I
(i1)
(2)T,t =

(T − t)5/2

3

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,
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(85) I
∗(i1i2)
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

,

I
(i1i2)
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

,

I
∗(i1i2)
(01)T,t = −T − t

2
I
∗(i1i2)
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

+

∞∑

i=0

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i+ 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

I
∗(i1i2)
(10)T,t = −T − t

2
I
∗(i1i2)
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

(86) +

∞∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i + 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

or

I
∗(i1i2)
(01)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C01
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

I
∗(i1i2)
(10)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C10
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

where

C01
j2j1 =

√

(2j1 + 1)(2j2 + 1)

8
(T − t)2C̄01

j2j1 ,

C10
j2j1 =

√

(2j1 + 1)(2j2 + 1)

8
(T − t)2C̄10

j2j1 ,

C̄01
j2j1 = −

1∫

−1

(1 + y)Pj2(y)

y∫

−1

Pj1 (x)dxdy,

C̄10
j2j1 = −

1∫

−1

Pj2(y)

y∫

−1

(1 + x)Pj1 (x)dxdy;

I
(i1i2)
(10)T,t = I

∗(i1i2)
(10)T,t +

1

4
1{i1=i2}(T − t)2, I

(i1i2)
(01)T,t = I

∗(i1i2)
(01)T,t +

1

4
1{i1=i2}(T − t)2 w. p. 1,
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I
(i1i2)
(01)T,t = −T − t

2
I
(i1i2)
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

+

∞∑

i=0

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i+ 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

I
(i1i2)
(10)T,t = −T − t

2
I
(i1i2)
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

+

∞∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i+ 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

or

I
(i1i2)
(01)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C01
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
(i1i2)
(10)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C10
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
∗(i1i2i3)
(000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
(i1i2i3)
(000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

−

(87) −1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i1i1)
(000)T,t =

1

6
(T − t)3/2

((

ζ
(i1)
0

)3

− 3ζ
(i1)
0

)

w. p. 1,

I
∗(i1i1i1)
(000)T,t =

1

6
(T − t)3/2

(

ζ
(i1)
0

)3

w. p. 1,

where

(88) Cj3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
(T − t)3/2C̄j3j2j1 ,
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(89) C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz;

I
(i1i2i3)
(000)T,t = I

∗(i1i2i3)
(000)T,t + 1{i1=i2 6=0}

1

2
I
(i3)
(1)T,t − 1{i2=i3 6=0}

1

2

(

(T − t)I
(i1)
(0)T,t + I

(i1)
(1)T,t

)

w. p. 1,

I
∗(i1i2)
(02)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t − (T − t)I

∗(i1i2)
(01)T,t +

(T − t)3

8

[

2

3
√
5
ζ
(i2)
2 ζ

(i1)
0 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 2)(i+ 3)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 1)(i+ 2)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

(90) +
(i2 + i− 3)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + 3i− 1)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

,

I
∗(i1i2)
(20)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t − (T − t)I

∗(i1i2)
(10)T,t +

(T − t)3

8

[

2

3
√
5
ζ
(i2)
0 ζ

(i1)
2 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 1)(i+ 2)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 2)(i+ 3)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

(91) +
(i2 + 3i− 1)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + i− 3)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

,

I
∗(i1i2)
(11)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t −

(T − t)

2

(

I
∗(i1i2)
(10)T,t + I

∗(i1i2)
(01)T,t

)

+

+
(T − t)3

8

[

1

3
ζ
(i1)
1 ζ

(i2)
1 +

∞∑

i=0

(
(i+ 1)(i + 3)

(

ζ
(i2)
i+3 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+3

)

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

(92) +
(i+ 1)2

(

ζ
(i2)
i+1 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+1

)

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

,
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or

I
∗(i1i2)
(02)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C02
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

I
∗(i1i2)
(20)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C20
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

I
∗(i1i2)
(11)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C11
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

where

C02
j2j1 =

√

(2j1 + 1)(2j2 + 1)

16
(T − t)3C̄02

j2j1 ,

C20
j2j1 =

√

(2j1 + 1)(2j2 + 1)

16
(T − t)3C̄20

j2j1 ,

C11
j2j1 =

√

(2j1 + 1)(2j2 + 1)

16
(T − t)3C̄11

j2j1 ,

C̄02
j2j1 =

1∫

−1

Pj2(y)(y + 1)2
y∫

−1

Pj1(x)dxdy,

C̄20
j2j1 =

1∫

−1

Pj2(y)

y∫

−1

Pj1(x)(x + 1)2dxdy,

C̄11
j2j1 =

1∫

−1

Pj2(y)(y + 1)

y∫

−1

Pj1 (x)(x + 1)dxdy;

I
∗(i1i1)
(11)T,t =

1

2

(

I
(i1)
(1)T,t

)2

w. p. 1,

I
(i1i2)
(02)T,t = I

∗(i1i2)
(02)T,t −

1

6
1{i1=i2}(T − t)3, I

(i1i2)
(20)T,t = I

∗(i1i2)
(20)T,t −

1

6
1{i1=i2}(T − t)3 w. p. 1,

I
(i1i2)
(11)T,t = I

∗(i1i2)
(11)T,t −

1

6
1{i1=i2}(T − t)3 w. p. 1,
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I
(i1i2)
(02)T,t = − (T − t)2

4
I
(i1i2)
(00)T,t − (T − t)I

(i1i2)
01T,t

+
(T − t)3

8

[

2

3
√
5
ζ
(i2)
2 ζ

(i1)
0 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 2)(i+ 3)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 1)(i+ 2)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + i− 3)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + 3i− 1)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

− 1

24
1{i1=i2}(T − t)3,

I
(i1i2)
(20)T,t = − (T − t)2

4
I
(i1i2)
(00)T,t − (T − t)I

(i1i2)
(10)T,t +

(T − t)3

8

[

2

3
√
5
ζ
(i2)
0 ζ

(i1)
2 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 1)(i+ 2)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 2)(i+ 3)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + 3i− 1)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + i− 3)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

− 1

24
1{i1=i2}(T − t)3,

I
(i1i2)
(11)T,t = − (T − t)2

4
I
(i1i2)
(00)T,t −

T − t

2

(

I
(i1i2)
(10)T,t + I

(i1i2)
(01)T,t

)

+
(T − t)3

8

[

1

3
ζ
(i1)
1 ζ

(i2)
1 +

+

∞∑

i=0

(
(i + 1)(i+ 3)

(

ζ
(i2)
i+3 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+3

)

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i+ 1)2

(

ζ
(i2)
i+1 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+1

)

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

− 1

24
1{i1=i2}(T − t)3,

or

I
(i1i2)
(02)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C02
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
(i1i2)
(20)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C20
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
(i1i2)
(11)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C11
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,
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I
(i1)
(3)T,t = − (T − t)7/2

4

(

ζ
(i1)
0 +

3
√
3

5
ζ
(i1)
1 +

1√
5
ζ
(i1)
2 +

1

5
√
7
ζ
(i1)
3

)

,

I
∗(i1i2i3i4)
(0000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
(i1i2i3i4)
(0000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(93) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

I
(i1i1i1i1)
(0000)T,t =

1

24
(T − t)2

((

ζ
(i1)
0

)4

− 6
(

ζ
(i1)
0

)2

+ 3

)

w. p. 1,

I
∗(i1i1i1i1)
(0000)T,t =

1

24
(T − t)2

(

ζ
(i1)
0

)4

w. p. 1,

where

(94) Cj4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

16
(T − t)2C̄j4j3j2j1 ,

(95) C̄j4j3j2j1 =

1∫

−1

Pj4 (u)

u∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1 (x)dxdydzdu;

I
∗(i1i2i3)
(001)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C001
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
∗(i1i2i3)
(010)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C010
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,
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I
∗(i1i2i3)
(100)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C100
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
(i1i2i3)
(001)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C001
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(96) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3)
(010)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C010
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(97) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3)
(100)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C100
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(98) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

where

C001
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄001

j3j2j1 ,

C010
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄010

j3j2j1 ,

C100
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄100

j3j2j1 ,

C̄100
j3j2j1 = −

1∫

−1

Pj3(z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)(x + 1)dxdydz,

C̄010
j3j2j1 = −

1∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)(y + 1)

y∫

−1

Pj1(x)dxdydz,

1284



DEVELOPMENT AND APPLICATION OF THE FOURIER METHOD 39

C̄001
j3j2j1 = −

1∫

−1

Pj3(z)(z + 1)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz;

I
(i1i1i1)
(lll)T,t =

1

6

((

I
(i1)
(l)T,t

)3

− 3I
(i1)
(l)T,t∆l(T,t)

)

w. p. 1,

I
∗(iii)
(lll)T,t =

1

6

(

I
(i1)
(l)T,t

)3

w. p. 1,

I
(i1i1i1i1)
(llll)T,t =

1

24

((

I
(i1)
(l)T,t

)4

− 6
(

I
(i1)
(l)T,t

)2

∆(l)T,t + 3
(
∆(l)T,t

)2
)

w. p. 1,

I
∗(i1i1i1i1)
(llll)T,t =

1

24

(

I
(i1)
(l)T,t

)4

w. p. 1,

where

I
(i1)
(l)T,t =

l∑

j=0

Cl
jζ

(i1)
j w. p. 1,

∆l(T,t) =

T∫

t

(t− s)2lds, Cl
j =

T∫

t

(t− s)lφj(s)ds;

I
∗(i1i2i3i4i5)
(00000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

,

I
(i1i2i3i4i5)
(00000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2}1{j1=j2}1{i3=i5}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2}1{j1=j2}1{i4=i5}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3}1{j1=j3}1{i2=i5}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3}1{j1=j3}1{i4=i5}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4}1{j1=j4}1{i2=i5}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4}1{j1=j4}1{i3=i5}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5}1{j1=j5}1{i2=i3}1{j2=j3}ζ
(i4)
j4

+

1285



40 D.F. KUZNETSOV

+1{i1=i5}1{j1=j5}1{i2=i4}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5}1{j1=j5}1{i3=i4}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3}1{j2=j3}1{i4=i5}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4}1{j2=j4}1{i3=i5}1{j3=j5}ζ
(i1)
j1

+

(99) + 1{i2=i5}1{j2=j5}1{i3=i4}1{j3=j4}ζ
(i1)
j1

)

,

I
(i1i1i1i1i1)
(00000)T,t =

1

120
(T − t)5/2

((

ζ
(i1)
0

)5

− 10
(

ζ
(i1)
0

)3

+ 15ζ
(i1)
0

)

w. p. 1,

I
∗(i1i1i1i1i1)
(00000)T,t =

1

120
(T − t)5/2

(

ζ
(i1)
0

)5

w. p. 1,

where

Cj5j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)

32
(T − t)5/2C̄j5j4j3j2j1 ,

C̄j5j4j3j2j1 =

1∫

−1

Pj5 (v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydzdudv;

I
∗(i1i2i3)
(0001)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0001
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1i2i3)
(0010)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0010
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1i2i3)
(0100)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0100
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1i2i3)
(1000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C1000
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
(i1i2i3i4)
(0001)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0001
j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,
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I
(i1i2i3i4)
(0010)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0010
j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i2i3i4)
(0100)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0100
j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i2i3i4)
(1000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C1000
j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

where

C0001
j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄0001

j4j3j2j1 ,

C0010
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄0010

j4j3j2j1 ,

C0100
j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄0100

j3j2j1 ,
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C1000
j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄1000

j4j3j2j1 ,

C̄1000
j4j3j2j1 = −

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1 (x)(x + 1)dxdydzdu,

C̄0100
j4j3j2j1 = −

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)(y + 1)

y∫

−1

Pj1 (x)dxdydzdu,

C̄0010
j4j3j2j1 = −

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)(z + 1)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)dxdydzdu,

C̄0001
j4j3j2j1 = −

1∫

−1

Pj4(u)(u + 1)

u∫

−1

Pj3 (z)

z∫

−1

Pj2(y)

y∫

−1

Pj1 (x)dxdydzdu;

I
∗(i1i2i3i4i5i6)
(000000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4,j5,j6=0

Cj6j5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

,

I
(i1i2i3i4i5i6)
(000000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4,j5,j6=0

Cj6j5j4j3j2j1

(
6∏

l=1

ζ
(il)
jl

−

−1{j1=j6}1{i1=i6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j2=j6}1{i2=i6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{j3=j6}1{i3=i6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j4=j6}1{i4=i6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{j5=j6}1{i5=i6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{j1=j3}1{i1=i3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{j1=j4}1{i1=i4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{j1=j5}1{i1=i5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{j2=j4}1{i2=i4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{j2=j5}1{i2=i5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{j3=j4}1{i3=i4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{j4=j5}1{i4=i5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{j1=j2}1{i1=i2}1{j3=j4}1{i3=i4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{j1=j2}1{i1=i2}1{j3=j5}1{i3=i5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{j1=j2}1{i1=i2}1{j4=j5}1{i4=i5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{j1=j3}1{i1=i3}1{j2=j4}1{i2=i4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{j1=j3}1{i1=i3}1{j2=j5}1{i2=i5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{j1=j3}1{i1=i3}1{j4=j5}1{i4=i5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{j1=j4}1{i1=i4}1{j2=j3}1{i2=i3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{j1=j4}1{i1=i4}1{j2=j5}1{i2=i5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{j1=j4}1{i1=i4}1{j3=j5}1{i3=i5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{j1=j5}1{i1=i5}1{j2=j3}1{i2=i3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{j1=j5}1{i1=i5}1{j2=j4}1{i2=i4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{j1=j5}1{i1=i5}1{j3=j4}1{i3=i4}ζ
(i2)
j2

ζ
(i6)
j6

+
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+1{j2=j3}1{i2=i3}1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{j2=j4}1{i2=i4}1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{j2=j5}1{i2=i5}1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{j6=j1}1{i6=i1}1{j3=j4}1{i3=i4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{j6=j1}1{i6=i1}1{j3=j5}1{i3=i5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{j6=j1}1{i6=i1}1{j2=j5}1{i2=i5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{j6=j1}1{i6=i1}1{j2=j4}1{i2=i4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{j6=j1}1{i6=i1}1{j4=j5}1{i4=i5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{j6=j1}1{i6=i1}1{j2=j3}1{i2=i3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{j6=j2}1{i6=i2}1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{j6=j2}1{i6=i2}1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{j6=j2}1{i6=i2}1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{j6=j2}1{i6=i2}1{j1=j5}1{i1=i5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{j6=j2}1{i6=i2}1{j1=j4}1{i1=i4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{j6=j2}1{i6=i2}1{j1=j3}1{i1=i3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{j6=j3}1{i6=i3}1{j2=j5}1{i2=i5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{j6=j3}1{i6=i3}1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{j6=j3}1{i6=i3}1{j2=j4}1{i2=i4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{j6=j3}1{i6=i3}1{j1=j5}1{i1=i5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{j6=j3}1{i6=i3}1{j1=j4}1{i1=i4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{j6=j3}1{i6=i3}1{j1=j2}1{i1=i2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{j6=j4}1{i6=i4}1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{j6=j4}1{i6=i4}1{j2=j5}1{i2=i5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{j6=j4}1{i6=i4}1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{j6=j4}1{i6=i4}1{j1=j5}1{i1=i5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{j6=j4}1{i6=i4}1{j1=j3}1{i1=i3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{j6=j4}1{i6=i4}1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{j6=j5}1{i6=i5}1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{j6=j5}1{i6=i5}1{j2=j4}1{i2=i4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{j6=j5}1{i6=i5}1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{j6=j5}1{i6=i5}1{j1=j4}1{i1=i4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{j6=j5}1{i6=i5}1{j1=j3}1{i1=i3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{j6=j5}1{i6=i5}1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{j6=j1}1{i6=i1}1{j2=j5}1{i2=i5}1{j3=j4}1{i3=i4}−
−1{j6=j1}1{i6=i1}1{j2=j4}1{i2=i4}1{j3=j5}1{i3=i5}−
−1{j6=j1}1{i6=i1}1{j2=j3}1{i2=i3}1{j4=j5}1{i4=i5}−
−1{j6=j2}1{i6=i2}1{j1=j5}1{i1=i5}1{j3=j4}1{i3=i4}−
−1{j6=j2}1{i6=i2}1{j1=j4}1{i1=i4}1{j3=j5}1{i3=i5}−
−1{j6=j2}1{i6=i2}1{j1=j3}1{i1=i3}1{j4=j5}1{i4=i5}−
−1{j6=j3}1{i6=i3}1{j1=j5}1{i1=i5}1{j2=j4}1{i2=i4}−
−1{j6=j3}1{i6=i3}1{j1=j4}1{i1=i4}1{j2=j5}1{i2=i5}−
−1{j3=j6}1{i3=i6}1{j1=j2}1{i1=i2}1{j4=j5}1{i4=i5}−
−1{j6=j4}1{i6=i4}1{j1=j5}1{i1=i5}1{j2=j3}1{i2=i3}−
−1{j6=j4}1{i6=i4}1{j1=j3}1{i1=i3}1{j2=j5}1{i2=i5}−
−1{j6=j4}1{i6=i4}1{j1=j2}1{i1=i2}1{j3=j5}1{i3=i5}−
−1{j6=j5}1{i6=i5}1{j1=j4}1{i1=i4}1{j2=j3}1{i2=i3}−
−1{j6=j5}1{i6=i5}1{j1=j2}1{i1=i2}1{j3=j4}1{i3=i4}−

−1{j6=j5}1{i6=i5}1{j1=j3}1{i1=i3}1{j2=j4}1{i2=i4}

)

,

I
(i1i1i1i1i1i1)
(000000)T,t =

1

720
(T − t)3

((

ζ
(i1)
0

)6

− 15
(

ζ
(i1)
0

)4

+ 45
(

ζ
(i1)
0

)2

− 15

)

w. p. 1,

I
∗(i1i1i1i1i1i1)
(000000)T,t =

1

720
(T − t)3

(

ζ
(i1)
0

)6

w. p. 1,
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where

Cj6j5j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)(2j6 + 1)

64
(T − t)3C̄j6j5j4j3j2j1 ,

C̄j6j5j4j3j2j1 =

1∫

−1

Pj6(w)

w∫

−1

Pj5(v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)dxdydzdudvdw.

Consider the approximation I
∗(i1i2)q
(00)T,t of the iterated stochastic integral I

∗(i1i2)
(00)T,t obtained from (85)

by replacing ∞ on q.
It is easy to prove that [47] (1997)

M

{(

I
∗(i1i2)
(00)T,t − I

∗(i1i2)q
(00)T,t

)2
}

=
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

(i1 6= i2).

Further, using Theorems 10, 11, we obtain for i1 6= i2

M

{(

I
∗(i1i2)
(10)T,t − I

∗(i1i2)q
(10)T,t

)2
}

= M

{(

I
∗(i1i2)
(01)T,t − I

∗(i1i2)q
(01)T,t

)2
}

=

=
(T − t)4

16

(

5

9
− 2

q
∑

i=2

1

4i2 − 1
−

q
∑

i=1

1

(2i− 1)2(2i+ 3)2
−

q
∑

i=0

(i+ 2)2 + (i+ 1)2

(2i+ 1)(2i+ 5)(2i+ 3)2

)

.

For the case i1 = i2 using Theorems 10, 11, we have

M

{(

I
(i1i1)
(10)T,t − I

(i1i1)q
(10)T,t

)2
}

= M

{(

I
(i1i1)
(01)T,t − I

(i1i1)q
(01)T,t

)2
}

=

(100) =
(T − t)4

16

(

1

9
−

q
∑

i=0

1

(2i+ 1)(2i+ 5)(2i+ 3)2
− 2

q
∑

i=1

1

(2i− 1)2(2i+ 3)2

)

.

On the basis of the presented expansions of iterated stochastic integrals we can see that increasing
of multiplicities of these integrals or degree indexes of their weight functions leads to a noticeable
complication of formulas for the mentioned expansions.

However, increasing of the mentioned parameters leads to increasing of orders of smallness with
respect to T − t in the mean-square sense for iterated stochastic integrals. As a result, this feature
leads to a sharp decrease of member quantities in expansions of iterated stochastic integrals, which are
required for achieving the acceptable accuracy of approximation. In the context of it, let us consider
the approach to approximation of iterated stochastic integrals, which provides a possibility to obtain
the mean-square approximations of the required accuracy without the using of complex expansions.

Let us analyze the following approximation of triple stochastic integral on the base of (87)
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I
(i1i2i3)q1
(000)T,t =

q1∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(101) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

where Cj3j2j1 is defined by (88), (89).
In particular, from (101) for i1 6= i2, i2 6= i3, i1 6= i3 we obtain

(102) I
(i1i2i3)q1
(000)T,t =

q1∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

.

Using (74), (75), (76)–(78), we get

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

=

(103) =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 (i1 6= i2, i1 6= i3, i2 6= i3),

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

=

(104) =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 −

q1∑

j1,j2,j3=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

=

(105) =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 −

q1∑

j1,j2,j3=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2),

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

=

(106) =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 −

q1∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),
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(107) M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

≤ 6




(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1



 (i1, i2, i3 = 1, . . . ,m).

We can act similarly with more complicated iterated stochastic integrals. For example, for the

approximation of stochastic integral I
(i1i2i3i4)
(0000)T,t we can write (see (93))

I
(i1i2i3i4)q2
(0000)T,t =

q2∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

where Cj4j3j2j1 is defined by (94), (95). Moreover, according to (74)

M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q2
(0000)T,t

)2
}

≤ 24




(T − t)4

24
−

q2∑

j1,j2,j3,j4=0

C2
j4j3j2j1



 (i1, i2, i3, i4 = 1, . . . ,m).

For pairwise different i1, i2, i3, i4 = 1, . . . ,m from (75) we obtain

(108) M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q2
(0000)T,t

)2
}

=
(T − t)4

24
−

q2∑

j1,j2,j3,j4=0

C2
j4j3j2j1 .

Using Theorems 10, 11, we can calculate exactly the left-hand side of (108) for any possible
combinations of i1, i2, i3, i4. These relations were obtained in [23]-[26], [33].

In Tables 1–3, we have some examples of exact values of the Fourier–Legendre coefficients (here
and further in this article the Fourier–Legendre coefficients have been calculated exactly using Derive
(computer algebra system)). Note that in [49], [50] we used the database with 270,000 exactly
calculated Fourier–Legendre coefficients. These coefficients [49], [50] were calculated using the Python
programming language.

Assume that q1 = 6. Calculating the value of expression (103) for q1 = 6, i1 6= i2, i1 6= i3, i3 6= i2,
we obtain

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

≈ 0.01956(T − t)3.
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Table 1. Coefficients C̄3j2j1 .

j2
j1 0 1 2 3 4 5 6

0 0 2
105 0 − 4

315 0 2
693 0

1 4
105 0 − 2

315 0 − 8
3465 0 10

9009

2 2
35 − 2

105 0 4
3465 0 − 74

45045 0

3 2
315 0 − 2

3465 0 16
45045 0 − 10

9009

4 − 2
63

46
3465 0 − 32

45045 0 2
9009 0

5 − 10
693 0 38

9009 0 − 4
9009 0 122

765765

6 0 − 10
3003 0 20

9009 0 − 226
765765 0

Table 2. Coefficients C̄21j2j1 .

j2
j1 0 1 2

0 2
21 − 2

45
2

315

1 2
315

2
315 − 2

225

2 − 2
105

2
225

2
1155

Table 3. Coefficients C̄101j2j1 .

j2
j1 0 1
0 4

315 0

1 4
315 − 8

945

Let us choose, for example, q2 = 2. In the case of pairwise different i1, i2, i3, i4 we have from (108)
the following approximate equality

(109) M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q2
(0000)T,t

)2
}

≈ 0.0236084(T − t)4.

Consider the approximations

I
(i1i2i3)q3
(001)T,t , I

(i1i2i3)q3
(010)T,t , I

(i1i2i3)q3
(100)T,t , I

(i1i2i3i4i5)q4
(00000)T,t

based on the expansions (96)–(99).
Assume that q3 = 2, q4 = 1. In the case of pairwise different i1, . . . , i5 we obtain

M

{(

I
(i1i2i3)
(100)T,t − I

(i1i2i3)q3
(100)T,t

)2
}

=
(T − t)5

60
−

2∑

j1,j2,j3=0

(
C100

j3j2j1

)2 ≈ 0.00815429(T − t)5,

M

{(

I
(i1i2i3)
(010)T,t − I

(i1i2i3)q3
(010)T,t

)2
}

=
(T − t)5

20
−

2∑

j1,j2,j3=0

(
C010

j3j2j1

)2 ≈ 0.0173903(T − t)5,
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M

{(

I
(i1i2i3)
(001)T,t − I

(i1i2i3)q3
(001)T,t

)2
}

=
(T − t)5

10
−

2∑

j1,j2,j3=0

(
C001

j3j2j1

)2 ≈ 0.0252801(T − t)5,

M

{(

I
(i1i2i3i4i5)
(00000)T,t − I

(i1i2i3i4i5)q4
(00000)T,t

)2
}

=

=
(T − t)5

120
−

1∑

j1,j2,j3,j4,j5=0

C2
j5j4j3j2j1 ≈ 0.00759105(T − t)5.

Note that from (74) we have

M

{(

I
(i1i2i3i4i5)
(00000)T,t − I

(i1i2i3i4i5)q4
(0000)T,t

)2
}

≤ 120




(T − t)5

120
−

q4∑

j1,j2,j3,j4,j5=0

C2
j5j4j3j2j1



 ,

where i1, . . . , i5 = 1, . . . ,m.

Let us consider the expansions of Ito stochastic integrals I
(i1)
(1)T,t, I

(i1)
(2)T,t based on the Milstein

approach from [3], which was mentioned in Sect. 1 (also see [2], [57])

(110) I
(i1)q
(1)T,t = − (T − t)

3/2

2

(

ζ
(i1)
0 −

√
2

π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

I
(i1)q
(2)T,t = (T − t)5/2

(

1

3
ζ
(i1)
0 +

1√
2π2

(
q
∑

r=1

1

r2
ζ
(i1)
2r +

√

βqµ
(i1)
q

)

−

(111) − 1√
2π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

where ζ
(i)
j is defined by the formula (15), φj(τ) is a complete orthonormal system of trigonometric

functions in the space L2([t, T ]), and ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1, ξ

(i)
q , µ

(i)
q (r = 1, . . . , q, i = 1, . . . ,m) are

independent standard Gaussian random variables, i1 = 1, . . . ,m,

ξ(i)q =
1

√
αq

∞∑

r=q+1

1

r
ζ
(i)
2r−1, αq =

π2

6
−

q
∑

r=1

1

r2
,

µ(i)
q =

1
√
βq

∞∑

r=q+1

1

r2
ζ
(i)
2r , βq =

π4

90
−

q
∑

r=1

1

r4
.

It is obvious that (110), (6) significantly more complicated compared to (83), (84).
Another example of obvious advantage of the Legendre polynomials over the trigonometric func-

tions (in the framework of the considered problem) is the truncated expansion of iterated Stratonovich
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stochastic integral I
∗(i1i2)
(10)T,t obtained by Theorem 5, in which instead of the double Fourier–Legendre

series (see (85), (86)) is taken the double trigonometric Fourier series

I
∗(i1i2)q
(10)T,t = −(T − t)2

(

1

6
ζ
(i1)
0 ζ

(i2)
0 − 1

2
√
2π

√
αqξ

(i2)
q ζ

(i1)
0 +

+
1

2
√
2π2

√

βq

(

µ(i2)
q ζ

(i1)
0 − 2µ(i1)

q ζ
(i2)
0

)

+

+
1

2
√
2

q
∑

r=1

(

− 1

πr
ζ
(i2)
2r−1ζ

(i1)
0 +

1

π2r2

(

ζ
(i2)
2r ζ

(i1)
0 − 2ζ

(i1)
2r ζ

(i2)
0

)
)

−

− 1

2π2

q
∑

r,l=1
r 6=l

1

r2 − l2

(

ζ
(i1)
2r ζ

(i2)
2l +

l

r
ζ
(i1)
2r−1ζ

(i2)
2l−1

)

+

+

q
∑

r=1

(

1

4πr

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r

)

+

(112) +
1

8π2r2

(

3ζ
(i1)
2r−1ζ

(i2)
2r−1 + ζ

(i2)
2r ζ

(i1)
2r

)
))

,

where the meaning of the notations included in (110), (6) is saved.

7. Theorems 2–9 from Point of View of the Wong–Zakai Approximation

The iterated Ito stochastic integrals and solutions of Ito SDEs are complex and important functi-

onals from the independent components f
(i)
s , i = 1, . . . ,m of the multidimensional Wiener process fs,

s ∈ [0, T ]. Let f
(i)p
s , p ∈ N be some approximation of f

(i)
s , i = 1, . . . ,m. Suppose that f

(i)p
s converges

to f
(i)
s , i = 1, . . . ,m if p→ ∞ in some sense and has differentiable sample trajectories.

A natural question arises: if we replace f
(i)
s by f

(i)p
s , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
s ,

i = 1, . . . ,m of the multidimentional Wiener process fs? The answere to this question is negative in the
general case. However, in the pioneering works of Wong E. and Zakai M. [61], [62], it was shown that
under the special conditions and for some types of approximations of the Wiener process the answere
is affirmative with one peculiarity: the convergence takes place to the iterated Stratonovich stochastic
integrals and solutions of Stratonovich SDEs and not to iterated Ito stochastic integrals and solutions
of Ito SDEs. The piecewise linear approximation as well as the regularization by convolution [61]-[63]
relate the mentioned types of approximations of the Wiener process. The above approximation of
stochastic integrals and solutions of SDEs is often called the Wong–Zakai approximation.

Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [67], [68]

(113) f (i)τ − f
(i)
t =

∞∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,
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where τ ∈ [t, T ], t ≥ 0, {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (113) converges for any τ ∈ [t, T ] in the mean-square sense.

Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(114) f (i)pτ − f
(i)p
t =

p
∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j .

From (114) we obtain

(115) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral

(116)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
,

where p1, . . . , pk ∈ N, i1, . . . , ik = 0, 1, . . . ,m,

(117) dw(i)p
τ =







df
(i)p
τ for i = 1, . . . ,m

dτ for i = 0

,

and df
(i)p
τ in defined by the relation (115).

Let us substitute (115) into (116)

(118)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,

where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
s = f

(i)
s for i = 1, . . . ,m and w

(0)
s = s,

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
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To best of our knowledge [61]-[63] the approximations of the Wiener process in the Wong–Zakai
approximation must satisfy fairly strong restrictions [63] (see Definition 7.1, pp. 480–481). Moreover,
approximations of the Wiener process that are similar to (114) were not considered in [61], [62] (also
see [63], Theorems 7.1, 7.2). Therefore, the proof of analogs of Theorems 7.1 and 7.2 [63] for approx-
imations of the Wiener process based on its series expansion (113) should be carried out separately.
Thus, the mean-square convergence of the right-hand side of (118) to the iterated Stratonovich sto-
chastic integral (3) does not follow from the results of the papers [61], [62] (also see [63], Theorems
7.1, 7.2).

Nevetheless, the authors of the publications [2] (Sect. 5.8, pp. 202–204), [4] (pp. 82-84), [57]
(pp. 438-439), [60] (pp. 263-264) use (without rigorous proof) the Wong–Zakai approximation [61]-
[63] based on the series expansion of the Brownian bridge process [3].

From the other hand, Theorems 2–9 from this paper can be considered as the proof of the Wong–
Zakai approximation for the iterated Stratonovich stochastic integrals (3) of multiplicities 1 to 6 based
on the approximation (114) of the Wiener process. At that, the Riemann–Stieltjes integrals (116)
converge (according to Theorems 2–9) to the appropriate Stratonovich stochastic integrals (3). Recall
that {φj(x)}∞j=0 (see (113), (114), and Theorems 5–9) is a complete orthonormal system of Legendre
polynomials or trigonometric functions in the space L2([t, T ]).

To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(s), ψ2(s) ≡ 1;
i1, i2 = 1, . . . ,m.

The first example relates to the piecewise linear approximation of the multidimensional Wiener
process (these approximations were considered in [61]-[63]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the mul-

tidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i = 1, . . . ,m,

i.e.

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,

where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Note that w. p. 1

(119)
db

(i)
∆

dt
(t) =

∆f
(i)
k∆

∆
, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

Using (119) and additive property of Riemann–Stieltjes integrals, we can write w. p. 1

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

db
(i1)
∆

dτ
(τ)dτ

db
(i2)
∆

ds
(s)ds =
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=

N−1∑

l=0

(l+1)∆∫

l∆






l−1∑

q=0

(q+1)∆∫

q∆

∆f
(i1)
q∆

∆
dτ +

s∫

l∆

∆f
(i1)
l∆

∆
dτ






∆f
(i2)
l∆

∆
ds =

=

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆∫

l∆

s∫

l∆

dτds =

(120) =

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .

Using (120) and standard relation between Stratonovich and Ito stochastic integrals, it is not
difficult to show that

l.i.m.
N→∞

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T∫

0

ds =

(121) =

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s ,

where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (121) agrees with Theorem 7.1 (see [63], p. 486).
The next example relates to the approximation of the Wiener process based on its series expansion

(113) for t = 0, where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or
trigonometric functions in the space L2([0, T ]).

Consider the following iterated Riemann–Stieltjes integral

(122)

T∫

0

s∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, . . . ,m,

where df
(i)p
τ is defined by the relation (115).

Let us substitute (115) into (122)

(123)

T∫

0

s∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where

Cj2j1 =

T∫

0

φj2(s)

s∫

0

φj1(τ)dτds
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is the Fourier coefficient; another notations are the same as in (118).
As we noted above, approximations of the Wiener process that are similar to (114) were not

considered in [61], [62] (also see Theorems 7.1, 7.2 in [63]). Furthermore, the extension of the results
of Theorems 7.1 and 7.2 [63] to the case under consideration is not obvious.

On the other hand, we can apply the theory built in Chapters 1 and 2 of the monographs [24]-[26].
More precisely, using Theorem 5 for the case k = 2, we obtain from (123) the desired result

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

(124) =

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s .

From the other hand, by Theorems 2, 4 (see (23)) for the case k = 2 we obtain from (123) the
following relation

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+ 1{i1=i2}

∞∑

j1=0

Cj1j1 =

(125) =

T∫

0

s∫

0

df (i1)τ df (i2)s + 1{i1=i2}

∞∑

j1=0

Cj1j1 .

Since

∞∑

j1=0

Cj1j1 =
1

2

∞∑

j1=0





T∫

0

φj(τ)dτ





2

=
1

2





T∫

0

φ0(τ)dτ





2

=
1

2

T∫

0

ds,

then from (125) and standard relation between Stratonovich and Ito stochastic integrals we obtain
(124).
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FROM THE TAYLOR–STRATONOVICH EXPANSION BASED ON MULTIPLE

TRIGONOMETRIC FOURIER SERIES. COMPARISON WITH THE MILSTEIN

EXPANSION

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to comparison of the Milstein expansion of iterated

Stratonovich stochastic integrals with the method of expansion of iterated stochastic in-

tegrals based on generalized multiple Fourier series. We consider the practical material

connected with the expansions of iterated Stratonovich stochastic integrals from the Taylor–

Stratonovich expansion based on multiple trigonometric Fourier series. The comparison of

effectiveness of the Fourier–Legendre series as well as the trigonomertic Fourier series for

expansions of iterated Stratonovich stochastic integrals is considered.
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1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let f t be a standard m-dimensional Wiener stochastic process, which

is Ft-measurable for any t ∈ [0, T ].We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito stochastic differential equation (SDE) in the integral form

Mathematics Subject Classification: 60H05, 60H10, 42B05, 42C10.

Keywords: Iterated Stratonovich stochastic integral, Iterated Ito stochastic integral, Milstein ex-

pansion, Multiple Fourier–Legendre series, Multiple trigonometric Fourier series, Mean-square approxi-

mation, Expansion.
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2 D.F. KUZNETSOV

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying the equation (1). The nonrandom func-
tions a : R

n × [0, T ] → R
n, B : R

n × [0, T ] → R
n×m guarantee the existence and uniqueness up

to stochastic equivalence of a solution of the equation (1) [1]. The second integral on the right-hand
side of (1) is interpreted as an Ito stochastic integral. Let x0 be an n-dimensional random variable,

which is F0-measurable and M
{
|x0|2

}
< ∞ (M denotes a mathematical expectation). We assume

that x0 and ft − f0 are independent when t > 0.
It is well known that one of the effective approaches to the numerical integration of Ito SDEs is

an approach based on the Taylor–Ito and Taylor–Stratonovich expansions [2]-[7]. The most impor-
tant feature of such expansions is a presence in them of the so-called iterated Ito and Stratonovich
stochastic integrals, which play the key role for solving the problem of numerical integration of Ito
SDEs and have the following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

(3) J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

where every ψl(τ) (l = 1, . . . , k) is a nonrandom function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ ; i1, . . . , ik = 0, 1, . . . ,m;

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively (in this paper, we use the definition of
the Stratonovich stochastic integral from [3]).

Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m for the classical Taylor–Ito and
Taylor–Stratonovich expansions [2]-[7] and ψl(τ) ≡ (t− τ)ql (l = 1, . . . , k; q1, . . . , qk = 0, 1, 2, . . .) and
i1, . . . , ik = 1, . . . ,m for the unified Taylor–Ito and Taylor–Stratonovich expansions [8]-[24].

2. Milstein Expansion and Method of Generatized Multiple Fourier Series

Milstein G.N. proposed [2] (1988) an approach to the expansion of iterated stochastic integrals
based on the trigonometric Fourier expansion of the Brownian bridge process (version of the so-called
Karhunen–Loeve expansion).

Let us consider the Brownian bridge process [2]

(4) ft −
t

∆
f∆, t ∈ [0,∆], ∆ > 0,

where ft is a standardm-dimensional Wiener process with independent components f
(i)
t (i = 1, . . . ,m).
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Consider the componentwise Karhunen–Loeve expansion of the process (4) [2]

(5) f
(i)
t − t

∆
f
(i)
∆ =

1

2
ai,0 +

∞∑

r=1

(

ai,rcos
2πrt

∆
+ bi,rsin

2πrt

∆

)

converging in the mean-square sense, where

ai,r =
2

∆

∆∫

0

(

f
(i)
s − s

∆
f
(i)
∆

)

cos
2πrs

∆
ds,

bi,r =
2

∆

∆∫

0

(

f
(i)
s − s

∆
f
(i)
∆

)

sin
2πrs

∆
ds,

where r = 0, 1, . . . ; i = 1, . . . ,m.
It is easy to demonstrate [2] that the random variables ai,r, bi,r are Gaussian ones and they satisfy

the following relations

M {ai,rbi,r} = M {ai,rbi,k} = 0, M {ai,rai,k} = M {bi,rbi,k} = 0,

M {ai1,rai2,r} = M {bi1,rbi2,r} = 0, M
{
a2i,r
}
= M

{
b2i,r
}
=

∆

2π2r2
,

where i, i1, i2 = 1, . . . ,m; r 6= k; i1 6= i2.
According to (5), we have

(6) f
(i)
t = f

(i)
∆

t

∆
+

1

2
ai,0 +

∞∑

r=1

(

ai,rcos
2πrt

∆
+ bi,rsin

2πrt

∆

)

,

where the series converges in the mean-square sense.
Note that the trigonometric functions are the eigenfunctions of the covariance operator of the

Brownian bridge process. That is why the basis functions are the trigonometric functions in the
considered approach.

In [2] Milstein G.N. proposed to expand (2) or (3) (for the case k = 2 and ψ1(s), ψ2(s) ≡ 1) into
iterated series of products of standard Gaussian random variables by representing the Wiener process
as the series (6). To obtain the Milstein expansion of (2) or (3), the truncated expansions (6) of
components of the Wiener process fs must be iteratively substituted in the single integrals, and the
integrals must be calculated, starting from the innermost integral. This is a complicated procedure
that obviously does not lead to a general expansion of (2) or (3) valid for an arbitrary multiplicity k.
For this reason, only expansions of simplest single, double, and triple integrals (2), (3) were obtained
(see [2]-[7]).

At that, in [2], [7] the case ψ1(s), ψ2(s) ≡ 1 and i1, i2 = 0, 1, . . . ,m is considered. In [3]-[6] the
attempt to consider the case ψ1(s), ψ2(s), ψ3(s) ≡ 1 and i1, i2, i3 = 0, 1, . . . ,m is realized.

It should be noted that the authors of the works [3] (Sect. 5.8, pp. 202–204), [4] (pp. 82-84), [5]
(pp. 438-439), [6] (pp. 263-264) use the Wong–Zakai approximation [38]-[40] (without rigorous proof)
within the frames of the Milstein approach [2] based on the series expansion of the Brownian bridge
process. See discussion in Sect. 7 of this paper for details.
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4 D.F. KUZNETSOV

Let us consider an another approach to the expansion of iterated stochastic integrals [10]-[37],
which is reffered to as the method of generalized multiple Fourier series.

Suppose that every ψl(τ) (l = 1, . . . , k) is a nonrandom function from the space L2([t, T ]). Define
the following function on the hypercube [t, T ]k

(7) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

=

k∏

l=1

ψl(tl)

k−1∏

l=1

1{tl<tl+1},

where t1, . . . , tk ∈ [t, T ] (k ≥ 2) and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ]. Here 1A denotes the indicator of
the set A.

Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation it is well known that

the generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in

the hypercube [t, T ]k in the mean-square sense, i.e.

(8) lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(9) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient and

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

(10) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [10] (2006), [11]-[37]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous non-

random function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous functions

in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(11) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w
(i1)
τl1

. . . φjk(τlk)∆w
(ik)
τlk

)

,
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where

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(12) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (9), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is the partition of [t, T ], which

satisfies the condition (10).

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 6 [10]-[37]

(13) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(14) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(15) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(16) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,
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6 D.F. KUZNETSOV

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(17) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i3=i6 6=0}1{j3=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i5=i6 6=0}1{j5=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+
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+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(18) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,

where 1A is the indicator of the set A.
For further consideration, let us consider the generalization of formulas (13)–(18) for the case of

an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (2).
In order to do this, let us introduce some notations. Consider the unordered set {1, 2, . . . , k} and
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separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(19) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (19) is a partition and consider the sum with respect to all possible partitions

(20)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (20)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (11) as
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J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(21) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorem 1.

In particular, from (21) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )

jq1

)

.

The last equality obviously agrees with (17).
Let us consider a generalization of Theorem 1 for the case of an arbitrary complete orthonormal

systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [22] (Sect. 1.11), [29] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(22) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 2 was considered in [41]. Note that we use another
notations [22] (Sect. 1.11), [29] (Sect. 15) in comparison with [41]. Moreover, the proof of an analogue
of Theorem 2 from [41] is somewhat different from the proof given in [22] (Sect. 1.11), [29] (Sect. 15).
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3. Expansions of Iterated Stratonovich Stochastic Integrals of Multiplicities 2 to

6

In a number of works of the author [15]-[24], [30] Theorems 1, 2 have been adapted for the iterated
Stratonovich stochastic integrals (3) of multiplicities 2 to 6. Let us first present some old results as
the following theorem.

Theorem 3 [15]-[24], [30]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). At the same time ψ2(τ) is a continu-

ously differentiable function on [t, T ] and ψ1(τ), ψ3(τ) are twice continuously differentiable functions

on [t, T ]. Then

(23) J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

(i1, i2 = 1, . . . ,m),

(24) J∗[ψ(3)]T,t = l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 0, 1, . . . ,m),

(25) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 1, . . . ,m),

(26) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

(i1, i2, i3, i4 = 0, 1, . . . ,m),

where J∗[ψ(k)]T,t is defined by (3) and ψl(τ) ≡ 1 (l = 1, . . . , 4) in (24), (26); another notations are

the same as in Theorems 1, 2.

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [22] (Sect. 2.10–2.16), [30] (Sect. 13–19), [33] (Sect. 7–13), [34]
(Sect. 5–11), [54] (Sect. 4–9), [55]. Let us formulate four theorems that were obtained using this
approach.

Theorem 4 [22], [30], [33], [34], [54]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations

(27) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,
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(28) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (27) and i1, i2, i3 = 1, . . . ,m in (28), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 1, 2.

Theorem 5 [22], [30], [33], [34], [54]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

(29) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(30) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(31) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (29), (30) and i1, . . . , i4 = 1, . . . ,m in (31), constant C
does not depend on p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj4j3j2j1 =

=

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;
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another notations are the same as in Theorem 4.

Theorem 6 [22], [30], [33], [34], [54]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity

(32) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(33) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(34) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (32), (33) and i1, . . . , i5 = 1, . . . ,m in (34), constant C
is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 4, 5.

Theorem 7 [22], [30], [33], [34], [55]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(35) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;
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another notations are the same as in Theorems 4–6.

4. Exact Calculation of the Mean-Square Error in Theorems 1, 2

Theorems 1 and 2 allow us to accurately calculate the mean-square approximation error for iterated
Ito stochastic integrals (see Theorem 8 below).

Assume that J [ψ(k)]p1...pk

T,t is the approximation of (2), which is the expression on the right-hand

side of (22) before passing to the limit

J [ψ(k)]p1...pk

T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorems 1, 2.
Let us denote

Ep1,...,pk

k
def
= M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2
}

,

Ep1,...,pk

k
def
= Ep

k if p1 = . . . = pk = p,

Ik
def
= ‖K‖2L2([t,T ]k) =

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk.

In [10]-[24], [29] it was shown that

(36) Ep1,...,pk

k ≤ k!



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1





if i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞ or i1, . . . , ik = 0, 1, . . . ,m and 0 < T − t < 1.
Moreover, in [12]-[24], [29] the following estimate

M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2n
}

≤

(37) ≤ (k!)2n(n(2n− 1))n(k−1)(2n− 1)!!



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1





n

is obtained, where n ∈ N.
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The value Ep
k can be calculated exactly.

Theorem 8 [22] (Sect. 1.12), [35] (Sect. 6). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik =
1, . . . ,m. Then

(38) Ep
k = Ik −

p
∑

j1,...,jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






,

where i1, . . . , ik = 1, . . . ,m; the expression

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another
notations are the same as in Theorems 1, 2.

Note that

M






J [ψ(k)]T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






= Cjk...j1 .

Then from Theorem 8 for pairwise different i1, . . . , ik and for i1 = . . . = ik we obtain

Ep
k = Ik −

p
∑

j1,...,jk=0

C2
jk...j1

,

Ep
k = Ik −

p
∑

j1,...,jk=0

Cjk...j1

(
∑

(j1,...,jk)

Cjk...j1

)

.

Consider some examples of the application of Theorem 8 (i1, i2, i3 = 1, . . . ,m)

Ep
2 = I2 −

p
∑

j1,j2=0

C2
j2j1 −

p
∑

j1,j2=0

Cj2j1Cj1j2 (i1 = i2),

Ep
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

Ep
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

Ep
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2),
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Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2)

Cj4...j1

)

(i1 = i2 6= i3, i4; i3 6= i4),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3)

Cj4...j1

)

(i1 = i3 6= i2, i4; i2 6= i4),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j4)

Cj4...j1

)

(i1 = i4 6= i2, i3; i2 6= i3),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j3)

Cj4...j1

)

(i2 = i3 6= i1, i4; i1 6= i4),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j4)

Cj4...j1

)

(i2 = i4 6= i1, i3; i1 6= i3),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j3,j4)

Cj4...j1

)

(i3 = i4 6= i1, i2; i1 6= i2),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2,j3)

Cj4...j1

)

(i1 = i2 = i3 6= i4),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j3,j4)

Cj4...j1

)

(i2 = i3 = i4 6= i1),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2,j4)

Cj4...j1

)

(i1 = i2 = i4 6= i3),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3,j4)

Cj4...j1

)

(i1 = i3 = i4 6= i2),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2)

(
∑

(j3,j4)

Cj4...j1

))

(i1 = i2 6= i3 = i4),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3)

(
∑

(j2,j4)

Cj4...j1

))

(i1 = i3 6= i2 = i4),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j4)

(
∑

(j2,j3)

Cj4...j1

))

(i1 = i4 6= i2 = i3),
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Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4)

(
∑

(j3,j5)

Cj5...j1

))

(i1 6= i2 = i4 6= i3 = i5 6= i1).

5. Some Technical Problems of the Milstein Approach

Let us denote

(39) I
∗(i1...ik)
(l1...lk)T,t =

∗∫

t

T

(t− tk)
lk . . .

∗∫

t

t2

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk ,

where i1, . . . , ik = 1, . . . ,m; l1, . . . , lk = 0, 1, . . . .
Consider the Milstein expansions for the simplest iterated Stratonovich stochastic integrals (39)

(40) I
∗(i1)
(0)T,t =

√
T − tζ

(i1)
0 ,

(41) I
∗(i1)
(1)T,t = − (T − t)

3/2

2

(

ζ
(i1)
0 −

√
2

π

∞∑

r=1

1

r
ζ
(i1)
2r−1

)

,

I
∗(i1i2)
(00)T,t =

1

2
(T − t)

(

ζ
(i1)
0 ζ

(i2)
0 +

1

π

∞∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

(42) +
√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))
)

,

(43) I
∗(i1)
(2)T,t = (T − t)5/2

(

1

3
ζ
(i1)
0 +

1√
2π2

∞∑

r=1

1

r2
ζ
(i1)
2r − 1√

2π

∞∑

r=1

1

r
ζ
(i1)
2r−1

)

,

where i1, i2 = 1, . . . ,m;

ζ
(i)
j =

T∫

t

φj(s)df
(i)
s

are independent standard Gaussian random variables for various i or j, and

(44) φj(s) =
1√
T − t







1 when j = 0

√
2sin(2πr(s − t)/(T − t)) when j = 2r − 1

√
2cos(2πr(s− t)/(T − t)) when j = 2r

,
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where r = 1, 2, . . .

Obviously, that I
∗(i1)
(1)T,t, I

∗(i1)
(2)T,t have Gaussian distribution and the expansions (41), (43) are too

complex for such simple stochastic integrals as I
∗(i1)
(1)T,t, I

∗(i1)
(2)T,t.

Milstein G.N. proposed [2] the following mean-square approximations on the base of the expansions
(41), (42)

(45) I
∗(i1)q
(1)T,t = − (T − t)

3/2

2

(

ζ
(i1)
0 −

√
2

π

( q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

I
∗(i1i2)q
(00)T,t =

1

2
(T − t)

(

ζ
(i1)
0 ζ

(i2)
0 +

1

π

q
∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

(46) +
√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))

+

√
2

π

√
αq

(

ξ(i1)q ζ
(i2)
0 − ζ

(i1)
0 ξ(i2)q

)
)

,

where

(47) ξ(i)q =
1

√
αq

∞∑

r=q+1

1

r
ζ
(i)
2r−1, αq =

π2

6
−

q
∑

r=1

1

r2
,

where ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1, ξ

(i)
q ; r = 1, . . . , q; i = 1, . . . ,m are independent standard Gaussian random

variables.
The approximation I

∗(i1)q
(2)T,t , which corresponds to (45), (46) has the form [3]

I
∗(i1)q
(2)T,t = (T − t)5/2

(

1

3
ζ
(i1)
0 +

1√
2π2

(
q
∑

r=1

1

r2
ζ
(i1)
2r +

√

βqµ
(i1)
q

)

−

(48) − 1√
2π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

where ξ
(i)
q , αq has the form (47) and

µ(i)
q =

1
√
βq

∞∑

r=q+1

1

r2
ζ
(i)
2r , βq =

π4

90
−

q
∑

r=1

1

r4
,

φj(s) is defined by (44); ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1, ξ

(i)
q , µ

(i)
q ; r = 1, . . . , q; i = 1, . . . ,m are independent standard

Gaussian random variables; i = 1, . . . ,m.
Nevetheless, the expansions (45), (48) are too complex for the approximation of two Gaussian

random variables I
∗(i1)
(1)T,t, I

∗(i1)
(2)T,t.

Using Theorems 1–3 and complete orthonormal system of Legendre polynomials in the space
L2([t, T ]), we obtain for i1, i2 = 1, . . . ,m [10]-[37]
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(49) I
∗(i1)
(0)T,t =

√
T − tζ

(i1)
0 ,

(50) I
∗(i1)
(1)T,t = − (T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

(51) I
∗(i1)
(2)T,t =

(T − t)5/2

3

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,

(52) I
∗(i1i2)
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

,

ζ
(i)
j =

T∫

t

φj(s)df
(i)
s

are independent standard Gaussian random variables for various i or j, where

(53) φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

; j = 0, 1, 2, . . . ,

where Pj(x) is the Legendre polynomial.
It is not difficult to see that the expansions (50), (51) are much simpler than the expansions (45),

(48).
Obviously that the Milstein approach [2] leads to iterated series (iterated application of the op-

eration of limit transitions) in contradiction to multiple series (the operation of limit transition is
implemented only once) from Theorems 1–7.

For the case of simplest stochastic integral I
∗(i1i2)
(00)T,t of second multiplicity this problem was avoided

as we saw earlier. However, the situation is not the same for the simplest iterated stochastic integral

I
∗(i1i2i3)
(000)T,t of third multiplicity.

Let us denote

J
∗(i1...ik)
(λ1...λk)T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(ik)
tk

,

where λl = 1 if il = 1, . . . ,m and λl = 0 if il = 0; l = 1, . . . , k (w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ).
Consider the expansion of iterated Stratonovich stochastic integral of third multiplicity obtained

in [3]-[6] by the Milstein approach

J
∗(i1i2i3)
(111)∆,0 =

1

∆
J
∗(i1)
(1)∆,0J

∗(0i2i3)
(011)∆,0 +

1

2
ai1,0J

∗(i2i3)
(11)∆,0 +

1

2π
bi1J

(i2)
(1)∆,0J

∗(i3)
(1)∆,0−

(54) −∆J
∗(i2)
(1)∆,0Bi1i3 +∆J

∗(i3)
(1)∆,0

(
1

2
Ai1i2 − Ci2i1

)

+∆3/2Di1i2i3 ,
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where

J
∗(0i2i3)
(011)∆,0 =

1

6
J
∗(i2)
(1)∆,0J

∗(i3)
(1)∆,0 −

1

π
∆J

∗(i3)
(1)∆,0bi2+

+∆2Bi2i3 −
1

4
∆ai3,0J

∗(i2)
(1)∆,0 +

1

2π
∆bi3J

∗(i2)
(1)∆,0 +∆2Ci2i3 +

1

2
∆2Ai2i3 ,

Ai2i3 =
π

∆

∞∑

r=1

r (ai2,rbi3,r − bi2,rai3,r) ,

Ci2i3 = − 1

∆

∞∑

l=1

∞∑

r=1(r 6=l)

r

r2 − l2
(rai2,rai3,l + lbi2,rbi3,l) ,

Bi2i3 =
1

2∆

∞∑

r=1

(ai2,rai3,r + bi2,rbi3,r) , bi =

∞∑

r=1

1

r
bi,r,

Di1i2i3 = − π

2∆3/2

∞∑

l=1

∞∑

r=1

l

(

ai2,l (ai3,l+rbi1,r − ai1,rbi3,l+r) +

+bi2,l (ai1,rai3,r+l + bi1,rbi3,l+r)

)

+

+
π

2∆3/2

∞∑

l=1

l−1∑

r=1

l

(

ai2,l (ai1,rbi3,l−r + ai3,l−rbi1,r)−

−bi2,l (ai1,rai3,l−r − bi1,rbi3,l−r)

)

+

+
π

2∆3/2

∞∑

l=1

∞∑

r=l+1

l

(

ai2,l (ai3,r−lbi1,r − ai1,rbi3,r−l)+

+bi2,l (ai1,rai3,r−l + bi1,rbi3,r−l)

)

.

From the form of expansion (54) and expansion of the stochastic integral J
∗(0i2i3)
(011)∆,0 we can conclude

that they include iterated (double) series. Moreover, for approximation of the considered stochastic

integral J
∗(i1i2i3)
(111)∆,0 in the works [3] (Sect. 5.8, pp. 202–204), [4] (pp. 82-84), [5] (pp. 438-439), [6]

(pp. 263-264) it is proposed to put upper limits of summation by equal q (on the base of the Wong–
Zakai approximation [38]-[40], but without rigorous proof; also see discussion in Sect. 7).

For example, the value Di1i2i3 is approximated in [3] (Sect. 5.8, pp. 202–204), [4] (pp. 82-84), [5]
(pp. 438-439), [6] (pp. 263-264) by the double sums of the form
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D
(q)
i1i2i3

= − π

2∆3/2

q
∑

l=1

q
∑

r=1

l

(

ai2,l (ai3,l+rbi1,r − ai1,rbi3,l+r) +

+bi2,l (ai1,rai3,r+l + bi1,rbi3,l+r)

)

+

+
π

2∆3/2

q
∑

l=1

l−1∑

r=1

l

(

ai2,l (ai1,rbi3,l−r + ai3,l−rbi1,r)−

−bi2,l (ai1,rai3,l−r − bi1,rbi3,l−r)

)

+

+
π

2∆3/2

q
∑

l=1

2q
∑

r=l+1

l

(

ai2,l (ai3,r−lbi1,r − ai1,rbi3,r−l)+

+bi2,l (ai1,rai3,r−l + bi1,rbi3,r−l)

)

.

Obviously, we can avoid this problem (iterated application of the operation of limit transition)
using the method based on Theorems 1–7.

If we prove that the terms of the expansion (54) coincide with the terms of its analogue obtained

using Theorems 1–3 (this fact is proved in [10]-[24] for the simplest stochastic integrals I
∗(i1)
(1)T,t, I

∗(i1i2)
(00)T,t

of first and second multiplicity), then we can replace the iterated (double) series in (54) by the
multiple ones, as in Theorems 1–3 (as was made formally in [3]-[6]). However, it requires a separate
argumentation.

6. Approximation of Specific Iterated Stochastic Integrals of Multiplicities 1 to 3

Using Theorem 3 and Trigonometric System of Functions

In [10]-[24] on the base of Theorems 1–3 the author of this paper obtained the following expansions
of the iterated Stratonovich stochastic integrals (39) (independently from the papers [2]-[7] excepting

the method in which additional random variables ξ
(i)
q and µ

(i)
q ) are introduced)

(55) I
∗(i1)
(0)T,t =

√
T − tζ

(i1)
0 ,

(56) I
∗(i1)q
(1)T,t = − (T − t)3/2

2

(

ζ
(i1)
0 −

√
2

π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

I
∗(i1i2)q
(00)T,t =

1

2
(T − t)

(

ζ
(i1)
0 ζ

(i2)
0 +

1

π

q
∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

(57) +
√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))

+

√
2

π

√
αq

(

ξ(i1)q ζ
(i2)
0 − ζ

(i1)
0 ξ(i2)q

)
)

,
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I
∗(i1i2i3)q
(000)T,t = (T − t)3/2

(

1

6
ζ
(i1)
0 ζ

(i2)
0 ζ

(i3)
0 +

√
αq

2
√
2π

(

ξ(i1)q ζ
(i2)
0 ζ

(i3)
0 − ξ(i3)q ζ

(i2)
0 ζ

(i1)
0

)

+

+
1

2
√
2π2

√

βq

(

µ(i1)
q ζ

(i2)
0 ζ

(i3)
0 − 2µ(i2)

q ζ
(i1)
0 ζ

(i3)
0 + µ(i3)

q ζ
(i1)
0 ζ

(i2)
0

)

+

+
1

2
√
2

q
∑

r=1

(

1

πr

(

ζ
(i1)
2r−1ζ

(i2)
0 ζ

(i3)
0 − ζ

(i3)
2r−1ζ

(i2)
0 ζ

(i1)
0

)

+

+
1

π2r2

(

ζ
(i1)
2r ζ

(i2)
0 ζ

(i3)
0 − 2ζ

(i2)
2r ζ

(i3)
0 ζ

(i1)
0 + ζ

(i3)
2r ζ

(i2)
0 ζ

(i1)
0

)
)

+

+

q
∑

r=1

(

1

4πr

(

ζ
(i1)
2r ζ

(i2)
2r−1ζ

(i3)
0 − ζ

(i1)
2r−1ζ

(i2)
2r ζ

(i3)
0 − ζ

(i2)
2r−1ζ

(i3)
2r ζ

(i1)
0 + ζ

(i3)
2r−1ζ

(i2)
2r ζ

(i1)
0

)

+

+
1

8π2r2

(

3ζ
(i1)
2r−1ζ

(i2)
2r−1ζ

(i3)
0 + ζ

(i1)
2r ζ

(i2)
2r ζ

(i3)
0 − 6ζ

(i1)
2r−1ζ

(i3)
2r−1ζ

(i2)
0 +

(58) +3ζ
(i2)
2r−1ζ

(i3)
2r−1ζ

(i1)
0 − 2ζ

(i1)
2r ζ

(i3)
2r ζ

(i2)
0 + ζ

(i3)
2r ζ

(i2)
2r ζ

(i1)
0

)
)

+D
(i1i2i3)q
T,t

)

,

where

D
(i1i2i3)q
T,t =

1

2π2

q
∑

r,l=1
r 6=l

(

1

r2 − l2

(

ζ
(i1)
2r ζ

(i2)
2l ζ

(i3)
0 − ζ

(i2)
2r ζ

(i1)
0 ζ

(i3)
2l +

+
r

l
ζ
(i1)
2r−1ζ

(i2)
2l−1ζ

(i3)
0 − l

r
ζ
(i1)
0 ζ

(i2)
2r−1ζ

(i3)
2l−1

)

− 1

rl
ζ
(i1)
2r−1ζ

(i2)
0 ζ

(i3)
2l−1

)

+

+
1

4
√
2π2

(
q
∑

r,m=1

(

2

rm

(

−ζ(i1)2r−1ζ
(i2)
2m−1ζ

(i3)
2m + ζ

(i1)
2r−1ζ

(i2)
2r ζ

(i3)
2m−1+

+ζ
(i1)
2r−1ζ

(i2)
2m ζ

(i3)
2m−1 − ζ

(i1)
2r ζ

(i2)
2r−1ζ

(i3)
2m−1

)

+

+
1

m(r +m)

(

−ζ(i1)2(m+r)ζ
(i2)
2r ζ

(i3)
2m − ζ

(i1)
2(m+r)−1ζ

(i2)
2r−1ζ

(i3)
2m −

−ζ(i1)2(m+r)−1ζ
(i2)
2r ζ

(i3)
2m−1 + ζ

(i1)
2(m+r)ζ

(i2)
2r−1ζ

(i3)
2m−1

)
)

+

+

q
∑

m=1

q
∑

l=m+1

(

1

m(l −m)

(

ζ
(i1)
2(l−m)ζ

(i2)
2l ζ

(i3)
2m + ζ

(i1)
2(l−m)−1ζ

(i2)
2l−1ζ

(i3)
2m −

−ζ(i1)2(l−m)−1ζ
(i2)
2l ζ

(i3)
2m−1 + ζ

(i1)
2(l−m)ζ

(i2)
2l−1ζ

(i3)
2m−1

)

+

+
1

l(l−m)

(

−ζ(i1)2(l−m)ζ
(i2)
2m ζ

(i3)
2l + ζ

(i1)
2(l−m)−1ζ

(i2)
2m−1ζ

(i3)
2l −

−ζ(i1)2(l−m)−1ζ
(i2)
2m ζ

(i3)
2l−1 − ζ

(i1)
2(l−m)ζ

(i2)
2m−1ζ

(i3)
2l−1

)
))

,
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I
∗(i1i2)q
(10)T,t = −(T − t)2

(

1

6
ζ
(i1)
0 ζ

(i2)
0 − 1

2
√
2π

√
αqξ

(i2)
q ζ

(i1)
0 +

+
1

2
√
2π2

√

βq

(

µ(i2)
q ζ

(i1)
0 − 2µ(i1)

q ζ
(i2)
0

)

+

+
1

2
√
2

q
∑

r=1

(

− 1

πr
ζ
(i2)
2r−1ζ

(i1)
0 +

1

π2r2

(

ζ
(i2)
2r ζ

(i1)
0 − 2ζ

(i1)
2r ζ

(i2)
0

)
)

−

− 1

2π2

q
∑

r,l=1
r 6=l

1

r2 − l2

(

ζ
(i1)
2r ζ

(i2)
2l +

l

r
ζ
(i1)
2r−1ζ

(i2)
2l−1

)

+

(59) +

q
∑

r=1

(

1

4πr

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r

)

+
1

8π2r2

(

3ζ
(i1)
2r−1ζ

(i2)
2r−1 + ζ

(i2)
2r ζ

(i1)
2r

)
))

,

I
∗(i1i2)q
(01)T,t = (T − t)2

(

−1

3
ζ
(i1)
0 ζ

(i2)
0 − 1

2
√
2π

√
αq

(

ξ(i1)q ζ
(i2)
0 − 2ξ(i2)q ζ

(i1)
0

)

+

+
1

2
√
2π2

√

βq

(

µ(i1)
q ζ

(i2)
0 − 2µ(i2)

q ζ
(i1)
0

)

−

− 1

2
√
2

q
∑

r=1

(

1

πr

(

ζ
(i1)
2r−1ζ

(i2)
0 − 2ζ

(i2)
2r−1ζ

(i1)
0

)

− 1

π2r2

(

ζ
(i1)
2r ζ

(i2)
0 − 2ζ

(i2)
2r ζ

(i1)
0

)
)

+

+
1

2π2

q
∑

r,l=1
r 6=l

1

r2 − l2

(

r

l
ζ
(i1)
2r−1ζ

(i2)
2l−1 + ζ

(i1)
2r ζ

(i2)
2l

)

−

(60) −
q
∑

r=1

(

1

4πr

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r

)

− 1

8π2r2

(

3ζ
(i1)
2r−1ζ

(i2)
2r−1 + ζ

(i1)
2r ζ

(i2)
2r

)
))

,

I
∗(i1)q
(2)T,t = (T − t)5/2

(

1

3
ζ
(i1)
0 +

1√
2π2

(
q
∑

r=1

1

r2
ζ
(i1)
2r +

√

βqµ
(i1)
q

)

−

(61) − 1√
2π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

where

ξ(i)q =
1

√
αq

∞∑

r=q+1

1

r
ζ
(i)
2r−1, αq =

π2

6
−

q
∑

r=1

1

r2
, µ(i)

q =
1
√
βq

∞∑

r=q+1

1

r2
ζ
(i)
2r ,

βq =
π4

90
−

q
∑

r=1

1

r4
, ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,
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where φj(s) has the form (44); ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1, ξ

(i)
q , µ

(i)
q ; r = 1, . . . , q; i = 1, . . . ,m are independent

standard Gaussian random variables; i1, i2, i3 = 1, . . . ,m.
Note that from (59), (60) it follows that

(62)
∞∑

j=0

C10
jj =

∞∑

j=0

C01
jj = − (T − t)2

4
,

where

C10
jj =

T∫

t

φj(x)

x∫

t

φj(y)(t− y)dydx,

C01
jj =

T∫

t

φj(x)(t − x)

x∫

t

φj(y)dydx.

The formulas (62) are particular cases of the more general relation, which we applied for the proof
of Theorem 3 for the case k = 2 (see [15]-[24]).

Let us consider the mean-square errors of approximations (57)–(60). From the relations (57)–(60)
when i1 6= i2, i2 6= i3, i1 6= i3 we obtain by direct calculation

(63) M

{(

I
∗(i1i2)
(00)T,t − I

∗(i1i2)q
(00)T,t

)2
}

=
(T − t)2

2π2

(

π2

6
−

q
∑

r=1

1

r2

)

,

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

= (T − t)3

(

1

4π2

(

π2

6
−

q
∑

r=1

1

r2

)

+

(64) +
55

32π4

(

π4

90
−

q
∑

r=1

1

r4

)

+
1

4π4

(
∞∑

r,l=1
r 6=l

−
q
∑

r,l=1
r 6=l

)

5l4 + 4r4 − 3l2r2

r2l2(r2 − l2)2

)

,

M

{(

I
∗(i1i2)
(01)T,t − I

∗(i1i2)q
(01)T,t

)2
}

= (T − t)4

(

1

8π2

(

π2

6
−

q
∑

r=1

1

r2

)

+

(65) +
5

32π4

(

π4

90
−

q
∑

r=1

1

r4

)

+
1

4π4

(
∞∑

k,l=1
k 6=l

−
q
∑

k,l=1
k 6=l

)

l2 + k2

k2(l2 − k2)2

)

,

M

{(

I
∗(i1i2)
(10)T,t − I

∗(i1i2)q
(10)T,t

)2
}

= (T − t)4

(

1

8π2

(

π2

6
−

q
∑

r=1

1

r2

)

+

(66) +
5

32π4

(

π4

90
−

q
∑

r=1

1

r4

)

+
1

4π4

(
∞∑

k,l=1
k 6=l

−
q
∑

k,l=1
k 6=l

)

l2 + k2

l2(l2 − k2)2

)

.
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It is easy to demonstrate that the relations (64), (65), and (66) can be represented using Theorem
8 in the following form

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

= (T − t)3

(

4

45
− 1

4π2

q
∑

r=1

1

r2
−

(67) − 55

32π4

q
∑

r=1

1

r4
− 1

4π4

q
∑

r,l=1
r 6=l

5l4 + 4r4 − 3r2l2

r2l2 (r2 − l2)
2

)

,

M

{(

I
∗(i1i2)
(10)T,t − I

∗(i1i2)q
(10)T,t

)2
}

=
(T − t)4

4

(

1

9
− 1

2π2

q
∑

r=1

1

r2
−

(68) − 5

8π4

q
∑

r=1

1

r4
− 1

π4

q
∑

k,l=1
k 6=l

k2 + l2

l2 (l2 − k2)
2

)

,

M

{(

I
∗(i1i2)
(01)T,t − I

∗(i1i2)q
(01)T,t

)2
}

=
(T − t)4

4

(

1

9
− 1

2π2

q
∑

r=1

1

r2
−

(69) − 5

8π4

q
∑

r=1

1

r4
− 1

π4

q
∑

k,l=1
k 6=l

l2 + k2

k2 (l2 − k2)
2

)

.

Comparing (67)–(69) and (64)–(66), we obtain

(70)

∞∑

k,l=1
k 6=l

l2 + k2

k2 (l2 − k2)2
=

∞∑

k,l=1
k 6=l

l2 + k2

l2 (l2 − k2)2
=
π4

48
,

(71)

∞∑

r,l=1
r 6=l

5l4 + 4r4 − 3r2l2

r2l2 (r2 − l2)
2 =

9π4

80
.

Let us consider approximations of the stochastic integrals I
∗(i1i1)
(10)T,t, I

∗(i1i1)
(01)T,t and conditions for se-

lecting the number q using the trigonometric system of functions

I
∗(i1i1)q
(10)T,t = −(T − t)2

(

1

6

(

ζ
(i1)
0

)2

− 1

2
√
2π

√
αqξ

(i1)
q ζ

(i1)
0 −

− 1

2
√
2π2

√

βqµ
(i1)
q ζ

(i1)
0 − 1

2
√
2

q
∑

r=1

(

1

πr
ζ
(i1)
2r−1ζ

(i1)
0 +

1

π2r2
ζ
(i1)
2r ζ

(i1)
0

)

−
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− 1

2π2

q
∑

r,l=1
r 6=l

1

r2 − l2

(

ζ
(i1)
2r ζ

(i1)
2l +

l

r
ζ
(i1)
2r−1ζ

(i1)
2l−1

)

+

+
1

8π2

q
∑

r=1

1

r2

(

3
(

ζ
(i1)
2r−1

)2

+
(

ζ
(i1)
2r

)2
))

,

I
∗(i1i1)q
(01)T,t = (T − t)2

(

−1

3

(

ζ
(i1)
0

)2

+
1

2
√
2π

√
αqξ

(i1)
q ζ

(i1)
0 −

− 1

2
√
2π2

√

βqµ
(i1)
q ζ

(i1)
0 +

1

2
√
2

q
∑

r=1

(

1

πr
ζ
(i1)
2r−1ζ

(i1)
0 − 1

π2r2
ζ
(i1)
2r ζ

(i1)
0

)

+

+
1

2π2

q
∑

r,l=1
r 6=l

1

r2 − l2

(

ζ
(i1)
2r ζ

(i1)
2l +

r

l
ζ
(i1)
2r−1ζ

(i1)
2l−1

)

+

+
1

8π2

q
∑

r=1

1

r2

(

3
(

ζ
(i1)
2r−1

)2

+
(

ζ
(i1)
2r

)2
))

.

Then, we obtain

M

{(

I
∗(i1i1)
(01)T,t − I

∗(i1i1)q
(01)T,t

)2
}

= M

{(

I
∗(i1i1)
(10)T,t − I

∗(i1i1)q
(10)T,t

)2
}

=

=
(T − t)4

4

(

2

π4

(

π4

90
−

q
∑

r=1

1

r4

)

+
1

π4

(

π2

6
−

q
∑

r=1

1

r2

)2

+

(72) +
1

π4

(
∞∑

k,l=1
k 6=l

−
q
∑

k,l=1
k 6=l

)

l2 + k2

k2(l2 − k2)2

)

.

Using (70), we write the relation (72) in the following form

M

{(

I
∗(i1i1)
(01)T,t − I

∗(i1i1)q
(01)T,t

)2
}

= M

{(

I
∗(i1i1)
(10)T,t − I

∗(i1i1)q
(10)T,t

)2
}

=

=
(T − t)4

4

(

17

240
− 1

3π2

q
∑

r=1

1

r2
− 2

π4

q
∑

r=1

1

r4
+

(73) +
1

π4

(
q
∑

r=1

1

r2

)2

− 1

π4

q
∑

k,l=1
k 6=l

l2 + k2

k2(l2 − k2)2

)

.
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Table 1. Confirmation of the formula (67)

ε/(T − t)3 0.0459 0.0072 7.5722 · 10−4 7.5973 · 10−5 7.5990 · 10−6

q 1 10 100 1000 10000

Table 2. Confirmation of the formulas (68), (69)

4ε/(T − t)4 0.0540 0.0082 8.4261 · 10−4 8.4429 · 10−5 8.4435 · 10−6

q 1 10 100 1000 10000

Table 3. Confirmation of the formula (73)

4ε/(T − t)4 0.0268 0.0034 3.3955 · 10−4 3.3804 · 10−5 3.3778 · 10−6

q 1 10 100 1000 10000

Table 4. Confirmation of the formula (70)

εq 2.0294 0.3241 0.0330 0.0033 3.2902 · 10−4

q 1 10 100 1000 10000

In Tables 1–3, we confirm numerically the formulas (67)–(69), (73) for various values q. In Tables
1–3, the number ε means the right-hand sides of the mentioned formulas.

The formulas (70), (71) appear to be interesting. Let us confirm numerically their correctness in
Tables 4 and 5 (the number εq is the absolute deviation of multiple partial sums with the upper
limit of summation q for the series (70), (71) from the right-hand sides of the formulas (70), (71);
convergence of multiple series is regarded here when p1 = p2 = q → ∞, which is acceptable according
to Theorems 1, 2).

Using the trigonometric system of functions, let us consider the approximations of iterated sto-
chastic integrals of the following form

J
∗(i1...ik)
(λ1...λk)T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(ik)
tk ,

where λl = 1 if il = 1, . . . ,m and λl = 0 if il = 0; l = 1, . . . , k (w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ).
It is easy to see that the approximations

J
∗(i1i2)q
(λ1λ2)T,t, J

∗(i1i2i3)q
(λ1λ2λ3)T,t

of the stochastic integrals

J
∗(i1i2)
(λ1λ2)T,t, J

∗(i1i2i3)
(λ1λ2λ3)T,t

are defined by the right-hand sides of the formulas (57), (58), where it is necessary to take
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Table 5. Confirmation of the formula (71)

εq 10.9585 1.8836 0.1968 0.0197 0.0020

q 1 10 100 1000 10000

(74) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

and i1, i2, i3 = 0, 1, . . . ,m.
Since

T∫

t

φj(s)dw
(0)
s =







√
T − t if j = 0

0 if j 6= 0

,

then it is easy to get from (57) and (58), considering that in these equalities ζ
(i)
j has the form (74)

and i1, i2, i3 = 0, 1, . . . ,m, the following family of formulas

J
(i10)q
(10)T,t =

1

2
(T − t)3/2

(

ζ
(i1)
0 +

√
2

π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

J
(0i2)q
(01)T,t =

1

2
(T − t)3/2

(

ζ
(i2)
0 −

√
2

π

(
q
∑

r=1

1

r
ζ
(i2)
2r−1 +

√
αqξ

(i2)
q

))

,

J
(00i3)q
(001)T,t = (T − t)5/2

(

1

6
ζ
(i3)
0 +

1

2
√
2π2

(
q
∑

r=1

1

r2
ζ
(i3)
2r +

√

βqµ
(i3)
q

)

−

− 1

2
√
2π

(
q
∑

r=1

1

r
ζ
(i3)
2r−1 +

√
αqξ

(i3)
q

))

,

J
(0i20)q
(010)T,t = (T − t)5/2

(

1

6
ζ
(i2)
0 − 1√

2π2

(
q
∑

r=1

1

r2
ζ
(i2)
2r +

√

βqµ
(i2)
q

))

,

J
(i100)q
(100)T,t = (T − t)5/2

(

1

6
ζ
(i1)
0 +

1

2
√
2π2

(
q
∑

r=1

1

r2
ζ
(i1)
2r +

√

βqµ
(i1)
q

)

+

+
1

2
√
2π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,
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J
∗(0i2i3)q
(011)T,t = (T − t)2

(

1

6
ζ
(i2)
0 ζ

(i3)
0 − 1

2
√
2π

√
αqξ

(i3)
q ζ

(i2)
0 +

+
1

2
√
2π2

√

βq

(

µ(i3)
q ζ

(i2)
0 − 2µ(i2)

q ζ
(i3)
0

)

+

+
1

2
√
2

q
∑

r=1

(

− 1

πr
ζ
(i3)
2r−1ζ

(i2)
0 +

1

π2r2

(

ζ
(i3)
2r ζ

(i2)
0 − 2ζ

(i2)
2r ζ

(i3)
0

)
)

−

− 1

2π2

q
∑

r,l=1
r 6=l

1

r2 − l2

(

ζ
(i2)
2r ζ

(i3)
2l +

l

r
ζ
(i2)
2r−1ζ

(i3)
2l−1

)

+

+

q
∑

r=1

(

1

4πr

(

ζ
(i2)
2r ζ

(i3)
2r−1 − ζ

(i2)
2r−1ζ

(i3)
2r

)

+

(75) +
1

8π2r2

(

3ζ
(i2)
2r−1ζ

(i3)
2r−1 + ζ

(i3)
2r ζ

(i2)
2r

)
))

,

J
∗(i1i20)q
(110)T,t = (T − t)2

(

1

6
ζ
(i1)
0 ζ

(i2)
0 +

1

2
√
2π

√
αqξ

(i1)
q ζ

(i2)
0 +

+
1

2
√
2π2

√

βq

(

µ(i1)
q ζ

(i2)
0 − 2µ(i2)

q ζ
(i1)
0

)

+

+
1

2
√
2

q
∑

r=1

(

1

πr
ζ
(i1)
2r−1ζ

(i2)
0 +

1

π2r2

(

ζ
(i1)
2r ζ

(i2)
0 − 2ζ

(i2)
2r ζ

(i1)
0

)
)

+

+
1

2π2

q
∑

r,l=1
r 6=l

1

r2 − l2

(

r

l
ζ
(i1)
2r−1ζ

(i2)
2l−1 + ζ

(i1)
2r ζ

(i2)
2l

)

+

+

q
∑

r=1

(

1

4πr

(

ζ
(i2)
2r−1ζ

(i1)
2r − ζ

(i1)
2r−1ζ

(i2)
2r

)

+

+
1

8π2r2

(

3ζ
(i1)
2r−1ζ

(i2)
2r−1 + ζ

(i1)
2r ζ

(i2)
2r

)
))

,

J
∗(i10i3)q
(101)T,t = (T − t)2

(

1

6
ζ
(i1)
0 ζ

(i3)
0 +

1

2
√
2π

√
αq

(

ξ(i1)q ζ
(i3)
0 − ξ(i3)q ζ

(i1)
0

)

+

+
1

2
√
2π2

√

βq

(

µ(i1)
q ζ

(i3)
0 + µ(i3)

q ζ
(i1)
0

)

+

+
1

2
√
2

q
∑

r=1

(

1

πr

(

ζ
(i1)
2r−1ζ

(i3)
0 − ζ

(i3)
2r−1ζ

(i1)
0

)

+
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+
1

π2r2

(

ζ
(i1)
2r ζ

(i3)
0 + ζ

(i3)
2r ζ

(i1)
0

)
)

− 1

2π2

q
∑

r,l=1
r 6=l

1

rl
ζ
(i1)
2r−1ζ

(i3)
2l−1−

−
q
∑

r=1

1

4π2r2

(

3ζ
(i1)
2r−1ζ

(i3)
2r−1 + ζ

(i1)
2r ζ

(i3)
2r

)
)

.

7. Theorems 1–7 from Point of View of the Wong–Zakai Approximation

The iterated Ito stochastic integrals and solutions of Ito SDEs are complex and important functi-

onals from the independent components f
(i)
s , i = 1, . . . ,m of the multidimensional Wiener process fs,

s ∈ [0, T ]. Let f
(i)p
s , p ∈ N be some approximation of f

(i)
s , i = 1, . . . ,m. Suppose that f

(i)p
s converges

to f
(i)
s , i = 1, . . . ,m if p→ ∞ in some sense and has differentiable sample trajectories.

A natural question arises: if we replace f
(i)
s by f

(i)p
s , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
s ,

i = 1, . . . ,m of the multidimentional Wiener process fs? The answere to this question is negative in the
general case. However, in the pioneering works of Wong E. and Zakai M. [38], [39], it was shown that
under the special conditions and for some types of approximations of the Wiener process the answere
is affirmative with one peculiarity: the convergence takes place to the iterated Stratonovich stochastic
integrals and solutions of Stratonovich SDEs and not to iterated Ito stochastic integrals and solutions
of Ito SDEs. The piecewise linear approximation as well as the regularization by convolution [38]-[40]
relate the mentioned types of approximations of the Wiener process. The above approximation of
stochastic integrals and solutions of SDEs is often called the Wong–Zakai approximation.

Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [42], [43]

(76) f
(i)
τ − f

(i)
t =

∞∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,

where τ ∈ [t, T ], t ≥ 0, {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (76) converges for any τ ∈ [t, T ] in the mean-square sense.

Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(77) f
(i)p
τ − f

(i)p
t =

p
∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j .

From (77) we obtain

(78) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral
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(79)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk ,

where p1, . . . , pk ∈ N, i1, . . . , ik = 0, 1, . . . ,m,

(80) dw(i)p
τ =







df
(i)p
τ for i = 1, . . . ,m

dτ for i = 0

,

and df
(i)p
τ in defined by the relation (78).

Let us substitute (78) into (79)

(81)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,

where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
s = f

(i)
s for i = 1, . . . ,m and w

(0)
s = s,

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
To best of our knowledge [38]-[40] the approximations of the Wiener process in the Wong–Zakai

approximation must satisfy fairly strong restrictions [40] (see Definition 7.1, pp. 480–481). Moreover,
approximations of the Wiener process that are similar to (77) were not considered in [38], [39] (also
see [40], Theorems 7.1, 7.2). Therefore, the proof of analogs of Theorems 7.1 and 7.2 [40] for approx-
imations of the Wiener process based on its series expansion (76) should be carried out separately.
Thus, the mean-square convergence of the right-hand side of (81) to the iterated Stratonovich sto-
chastic integral (3) does not follow from the results of the papers [38], [39] (also see [40], Theorems
7.1, 7.2).

From the other hand, Theorems 1–7 from this paper can be considered as the proof of the Wong–
Zakai approximation for the iterated Stratonovich stochastic integrals (3) of multiplicities 1 to 6 based
on the approximation (77) of the Wiener process. At that, the iterated Riemann–Stieltjes integrals
(79) converge (according to Theorems 1–7) to the appropriate iterated Stratonovich stochastic in-
tegrals (3). Recall that {φj(x)}∞j=0 (see (76), (77), and Theorems 3–7) is a complete orthonormal

system of Legendre polynomials or trigonometric functions in the space L2([t, T ]).
To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(s), ψ2(s) ≡ 1;

i1, i2 = 1, . . . ,m.
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The first example relates to the piecewise linear approximation of the multidimensional Wiener
process (these approximations were considered in [38]-[40]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the mul-

tidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i = 1, . . . ,m,

i.e.

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,

where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Note that w. p. 1

(82)
db

(i)
∆

dt
(t) =

∆f
(i)
k∆

∆
, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

Using (82) and additive property of the Riemann–Stieltjes integral, we can write w. p. 1

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

db
(i1)
∆

dτ
(τ)dτ

db
(i2)
∆

ds
(s)ds =

=

N−1∑

l=0

(l+1)∆∫

l∆






l−1∑

q=0

(q+1)∆∫

q∆

∆f
(i1)
q∆

∆
dτ +

s∫

l∆

∆f
(i1)
l∆

∆
dτ






∆f
(i2)
l∆

∆
ds =

=

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆∫

l∆

s∫

l∆

dτds =

(83) =

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .

Using (83), it is not difficult to show that
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l.i.m.
N→∞

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T∫

0

ds =

(84) =

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s ,

where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (84) agrees with Theorem 7.1 (see [40], p. 486).
The next example relates to the approximation (77) of the Wiener process based on its series

expansion (76) for t = 0, where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials

or trigonometric functions in the space L2([0, T ]).
Consider the following iterated Riemann–Stieltjes integral

(85)

T∫

0

s∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, . . . ,m,

where df
(i)p
τ is defined by the relation (78).

Let us substitute (78) into (85)

(86)

T∫

0

s∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where

Cj2j1 =

T∫

0

φj2(s)

s∫

0

φj1(τ)dτds

is the Fourier coefficient; another notations are the same as in (81).
As we noted above, approximations of the Wiener process that are similar to (77) were not con-

sidered in [38], [39] (also see Theorems 7.1, 7.2 in [40]). Furthermore, the extension of the results of
Theorems 7.1 and 7.2 [40] to the case under consideration is not obvious.

On the other hand, we can apply the theory built in Chapters 1 and 2 of the monographs [22]-[24].
More precisely, using Theorem 3, we obtain from (86) the desired result

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

(87) =

∗T∫

0

∗s∫

0

df (i1)τ df (i2)s .
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From the other hand, by Theorems 1, 2 (see (14)) for the case k = 2 we obtain from (86) the
following relation

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+ 1{i1=i2}

∞∑

j1=0

Cj1j1 =

(88) =

T∫

0

s∫

0

df (i1)τ df (i2)s + 1{i1=i2}

∞∑

j1=0

Cj1j1 .

Since

∞∑

j1=0

Cj1j1 =
1

2

∞∑

j1=0





T∫

0

φj(τ)dτ





2

=
1

2





T∫

0

φ0(τ)dτ





2

=
1

2

T∫

0

ds,

then from (88) we obtain (87).

References

[1] Gihman I.I., Skorochod A.V. Stochastic Differential Equations and its Applications. Naukova Dumka, Kiev, 1982.
354 pp.

[2] Milstein G.N. Numerical Integration of Stochastic Differential Equations. Ural University Press, Sverdlovsk, 1988.
225 pp.

[3] Kloeden P.E., Platen E. Numerical Solution of Stochastic Differential Equations. Springer, Berlin, 1995. 632 pp.
[4] Kloeden P.E., Platen E., Schurz H. Numerical Solution of SDE Through Computer Experiments. Springer, Berlin,

1994. 292 pp.
[5] Kloeden P.E., Platen E., Wright I.W. The approximation of multiple stochastic integrals. Stochastic Analysis

and Applications. 10, 4 (1992), 431-441.
[6] Platen, E., Bruti-Liberati, N. Numerical Solution of Stochastic Differential Equations with Jumps in Finance.

Springer, Berlin, Heidelberg, 2010. 868 pp.
[7] Milstein G.N., Tretyakov M.V. Stochastic Numerics for Mathematical Physics. Springer, Berlin, 2004. 616 pp.
[8] Kulchitskiy O.Yu., Kuznetsov D.F. The unified Taylor-Ito expansion. J. Math. Sci. (N. Y.), 99, 2 (2000), 1130-

1140. DOI: http://doi.org/10.1007/BF02673635
[9] Kuznetsov D.F. New representations of the Taylor-Stratonovich expansion. J. Math. Sci. (N. Y.), 118, 6 (2003),

5586-5596. DOI: http://doi.org/10.1023/A:1026138522239
[10] Kuznetsov D.F. Numerical Integration of Stochastic Differential Equations. 2. [In Russian]. Polytechnical Univer-

sity Publishing House, Saint-Petersburg, 2006, 764 pp. DOI: http://doi.org/10.18720/SPBPU/2/s17-227 Avail-
able at: http://www.sde-kuznetsov.spb.ru/06.pdf (ISBN 5-7422-1191-0)

[11] Kuznetsov D.F. Stochastic Differential Equations: Theory and Practice of Numerical Solution. With MatLab
Program, 1st Edition. [In Russian]. Polytechnical University Publishing House, Saint-Petersburg, 2007, 778 pp.
DOI: http://doi.org/10.18720/SPBPU/2/s17-228 Available at: http://www.sde-kuznetsov.spb.ru/07b.pdf (ISBN
5-7422-1394-8)

1336

http://doi.org/10.1007/BF02673635
http://doi.org/10.1023/A:1026138522239
http://doi.org/10.18720/SPBPU/2/s17-227
http://www.sde-kuznetsov.spb.ru/06.pdf
http://doi.org/10.18720/SPBPU/2/s17-228
http://www.sde-kuznetsov.spb.ru/07b.pdf


34 D.F. KUZNETSOV

[12] Kuznetsov D.F. Stochastic Differential Equations: Theory and Practice of Numerical Solution. With MatLab Pro-
grams, 2nd Edition. [In Russian]. Polytechnical University Publishing House, Saint-Petersburg, 2007, XXXII+770
pp. DOI: http://doi.org/10.18720/SPBPU/2/s17-229 Available at:
http://www.sde-kuznetsov.spb.ru/07a.pdf (ISBN 5-7422-1439-1)

[13] Kuznetsov D.F. Stochastic Differential Equations: Theory and Practice of Numerical Solution. With MatLab Pro-
grams, 3rd Edition. [In Russian]. Polytechnical University Publishing House, Saint-Petersburg, 2009, XXXIV+768
pp. DOI: http://doi.org/10.18720/SPBPU/2/s17-230 Available at:
http://www.sde-kuznetsov.spb.ru/09.pdf (ISBN 978-5-7422-2132-6)

[14] Kuznetsov D.F. Stochastic Differential Equations: Theory and Practice of Numerical Solution. With MatLab Pro-
grams. 4th Edition. [In Russian]. Polytechnical University Publishing House, Saint-Petersburg, 2010, XXX+786

pp. DOI: http://doi.org/10.18720/SPBPU/2/s17-231 Available at: http://www.sde-kuznetsov.spb.ru/10.pdf
(ISBN 978-5-7422-2448-8)

[15] Kuznetsov D.F. Multiple Stochastic Ito and Stratonovich Integrals and Multiple Fourier Series. [In Russian].
Electronic Journal ”Differential Equations and Control Processes” ISSN 1817-2172 (online), 3 (2010), A.1-A.257.
DOI: http://doi.org/10.18720/SPBPU/2/z17-7 Available at:
http://diffjournal.spbu.ru/EN/numbers/2010.3/article.2.1.html

[16] Kuznetsov D.F. Strong Approximation of Multiple Ito and Stratonovich Stochastic Integrals: Multiple Fourier
Series Approach. 1st Edition. [In English]. Polytechnical University Publishing House, Saint-Petersburg, 2011,
250 pp. DOI: http://doi.org/10.18720/SPBPU/2/s17-232 Available at:
http://www.sde-kuznetsov.spb.ru/11b.pdf (ISBN 978-5-7422-2988-9)

[17] Kuznetsov D.F. Strong Approximation of Multiple Ito and Stratonovich Stochastic Integrals: Multiple Fourier
Series Approach. 2nd Edition. [In English]. Polytechnical University Publishing House, Saint-Petersburg, 2011,
284 pp. DOI: http://doi.org/10.18720/SPBPU/2/s17-233 Available at:
http://www.sde-kuznetsov.spb.ru/11a.pdf (ISBN 978-5-7422-3162-2)

[18] Kuznetsov D.F. Multiple Ito and Stratonovich Stochastic Integrals: Approximations, Properties, Formulas. [In
English]. Polytechnical University Publishing House, Saint-Petersburg, 2013, 382 pp.
DOI: http://doi.org/10.18720/SPBPU/2/s17-234
Available at: http://www.sde-kuznetsov.spb.ru/13.pdf (ISBN 978-5-7422-3973-4)

[19] Kuznetsov D.F. Multiple Ito and Stratonovich Stochastic Integrals: Fourier-Legendre and Trigonometric Expan-
sions, Approximations, Formulas. [In English]. Electronic Journal ”Differential Equations and Control Processes”
ISSN 1817-2172 (online), 1 (2017), A.1–A.385.
DOI: http://doi.org/10.18720/SPBPU/2/z17-3
Available at: http://diffjournal.spbu.ru/EN/numbers/2017.1/article.2.1.html

[20] Kuznetsov D.F. Stochastic Differential Equations: Theory and Practice of Numerical Solution. With Programs
on MATLAB, 5th Edition. [In Russian]. Electronic Journal ”Differential Equations and Control Processes” ISSN
1817-2172 (online), 2 (2017), A.1-A.1000. DOI: http://doi.org/10.18720/SPBPU/2/z17-4 Available at:
http://diffjournal.spbu.ru/EN/numbers/2017.2/article.2.1.html

[21] Kuznetsov D.F. Stochastic Differential Equations: Theory and Practice of Numerical Solution. With MATLAB
Programs, 6th Edition. [In Russian]. Electronic Journal ”Differential Equations and Control Processes” ISSN
1817-2172 (online), 4 (2018), A.1-A.1073. Available at:
http://diffjournal.spbu.ru/EN/numbers/2018.4/article.2.1.html

[22] Kuznetsov D.F. Strong Approximation of Iterated Ito and Stratonovich Stochastic Integrals Based on Generalized
Multiple Fourier Series. Application to Numerical Solution of Ito SDEs and Semilinear SPDEs. arXiv:2003.14184
[math.PR]. 2022, 923 pp. [In English].
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ential Equations and Control Processes” ISSN 1817-2172 (online), 3 (2021), 109-140. Available at:
http://diffjournal.spbu.ru/EN/numbers/2021.3/article.1.8.html

[42] Liptser R.Sh., Shirjaev A.N. Statistics of Stochastic Processes: Nonlinear Filtering and Related Problems. [In
Russian]. Moscow, Nauka, 1974. 696 pp.

[43] Luo W. Wiener chaos expansion and numerical solutions of stochastic partial differential equations. PhD thesis,
California Inst. of Technology, 2006, 225 pp.

[44] Kuznetsov M.D., Kuznetsov D.F. Implementation of strong numerical methods of orders 0.5, 1.0, 1.5, 2.0, 2.5, and
3.0 for Ito SDEs with non-commutative noise based on the unified Taylor-Ito and Taylor-Stratonovich expansions
and multiple Fourier-Legendre series. arXiv:2009.14011 [math.PR], 2020, 343 pp. [In English].

[45] Kuznetsov D.F. Application of multiple Fourier–Legendre series to the implementation of strong exponential
Milstein and Wagner–Platen methods for non-commutative semilinear SPDEs. [In English]. Proceedings of the
XIII International Conference on Applied Mathematics and Mechanics in the Aerospace Industry AMMAI-2020
(Crimea, Alushta, 6-13 September, 2020), MAI, Moscow, 2020, pp. 451-453. Available at:
http://www.sde-kuznetsov.spb.ru/20e.pdf

[46] Kuznetsov D.F. Application of the method of approximation of iterated stochastic Ito integrals based on general-
ized multiple Fourier series to the high-order strong numerical methods for non-commutative semilinear stochastic
partial differential equations. [In English]. Electronic Journal ”Differential Equations and Control Processes” ISSN
1817-2172 (online), 3 (2019), 18-62. Available at: http://diffjournal.spbu.ru/EN/numbers/2019.3/article.1.2.html

[47] Kuznetsov D.F. The proof of convergence with probability 1 in the method of expansion of iterated Ito stochastic
integrals based on generalized multiple Fourier series. [In English]. Electronic Journal ”Differential Equations and
Control Processes” ISSN 1817-2172 (online), 2 (2020), 89-117. Available at:

http://diffjournal.spbu.ru/RU/numbers/2020.2/article.1.6.html
[48] Kuznetsov D.F. Application of multiple Fourier–Legendre series to strong exponential Milstein and Wagner–

Platen methods for non-commutative semilinear stochastic partial differential equations. [In English]. Electronic
Journal ”Differential Equations and Control Processes” ISSN 1817-2172 (online), 3 (2020), 129-162. Available at:
http://diffjournal.spbu.ru/RU/numbers/2020.3/article.1.6.html

1338

http://doi.org/10.1134/S0965542519080116
http://arxiv.org/abs/1712.09746
http://arxiv.org/abs/1712.09516
http://arxiv.org/abs/1801.00231
http://arxiv.org/abs/1807.02190
http://arxiv.org/abs/1801.03195
http://arxiv.org/abs/1802.00643
http://arxiv.org/abs/1801.01079
http://arxiv.org/abs/1901.02345
http://arxiv.org/abs/1905.03724
http://diffjournal.spbu.ru/EN/numbers/2021.3/article.1.8.html
http://arxiv.org/abs/2009.14011
http://www.sde-kuznetsov.spb.ru/20e.pdf
http://diffjournal.spbu.ru/EN/numbers/2019.3/article.1.2.html
http://diffjournal.spbu.ru/RU/numbers/2020.2/article.1.6.html
http://diffjournal.spbu.ru/RU/numbers/2020.3/article.1.6.html


36 D.F. KUZNETSOV

[49] Kuznetsov M.D., Kuznetsov D.F. Optimization of the mean-square approximation procedures for iterated Ito
stochastic integrals of multiplicities 1 to 5 from the unified Taylor–Ito expansion based on multiple Fourier–
Legendre series arXiv:2010.13564 [math.PR], 2020, 63 pp. [In English].

[50] Kuznetsov D.F., Kuznetsov M.D. Optimization of the mean-square approximation procedures for iterated Ito
stochastic integrals based on multiple Fourier–Legendre series. [In English]. Journal of Physics: Conference Series,
Vol. 1925 (2021), article id: 012010, 12 pp. DOI: http://doi.org/10.1088/1742-6596/1925/1/012010

[51] Kuznetsov M.D., Kuznetsov D.F. SDE-MATH: A software package for the implementation of strong high-order nu-
merical methods for Ito SDEs with multidimensional non-commutative noise based on multiple Fourier–Legendre
series. [In English]. Electronic Journal ”Differential Equations and Control Processes” ISSN 1817-2172 (online),
1 (2021), 93-422. Available at:

http://diffjournal.spbu.ru/EN/numbers/2021.1/article.1.5.html
[52] Kuznetsov D.F., Kuznetsov M.D. Mean-square approximation of iterated stochastic integrals from strong expo-

nential Milstein and Wagner–Platen methods for non-commutative semilinear SPDEs based on multiple Fourier–
Legendre series. Recent Developments in Stochastic Methods and Applications. ICSM-5 2020. Springer Proceed-
ings in Mathematics & Statistics, vol 371, Eds. Shiryaev, A.N., Samouylov, K.E., Kozyrev, D.V. Springer, Cham,
2021, pp. 17-32. DOI: http://doi.org/10.1007/978-3-030-83266-7 2

[53] Kuznetsov D.F. Application of multiple Fourier–Legendre series to implementation of strong exponential Mil-
stein and Wagner–Platen methods for non-commutative semilinear stochastic partial differential equations.
arXiv:1912.02612 [math.PR], 2019, 32 pp. [In English].

[54] Kuznetsov D.F. A new approach to the series expansion of iterated Stratonovich stochastic integrals of arbitrary
multiplicity with respect to components of the multidimensional Wiener process. [In English]. Electronic Journal
”Differential Equations and Control Processes” ISSN 1817-2172 (online), 2 (2022), 83-186. Available at:
http://diffjournal.spbu.ru/EN/numbers/2022.2/article.1.6.html

[55] Kuznetsov D.F. A new approach to the series expansion of iterated Stratonovich stochastic integrals of arbitrary
multiplicity with respect to components of the multidimensional Wiener process. II. [In English]. Electronic
Journal ”Differential Equations and Control Processes” ISSN 1817-2172 (online), 4 (2022). To appear. Available
at: http://diffjournal.spbu.ru/EN/collection.html

Dmitriy Feliksovich Kuznetsov

Peter the Great Saint-Petersburg Polytechnic University,

Polytechnicheskaya ul., 29,

195251, Saint-Petersburg, Russia

Email address: sde kuznetsov@inbox.ru

1339

http://arxiv.org/abs/2010.13564
http://doi.org/10.1088/1742-6596/1925/1/012010
http://diffjournal.spbu.ru/EN/numbers/2021.1/article.1.5.html
http://doi.org/10.1007/978-3-030-83266-7_2
http://arxiv.org/abs/1912.02612
http://diffjournal.spbu.ru/EN/numbers/2022.2/article.1.6.html
http://diffjournal.spbu.ru/EN/collection.html


ar
X

iv
:1

80
7.

00
40

9v
8 

 [
m

at
h.

PR
] 

 2
0 

A
pr

 2
02

2

NEW SIMPLE METHOD OF EXPANSION OF ITERATED ITO STOCHASTIC

INTEGRALS OF MULTIPLICITY 2 BASED ON EXPANSION OF THE

BROWNIAN MOTION USING LEGENDRE POLYNOMIALS AND

TRIGONOMETRIC FUNCTIONS

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the expansion of iterated Ito stochastic integrals of
second multiplicity based on expansion of the Brownian motion (standard Wiener process)
using complete orthonormal systems of functions in the space L2([t, T ]). The cases of Le-
gendre polynomials and trigonometric functions are considered in details. We obtained a
new representation of the Levy stochastic area based on the Legendre polynomials. This
representation was first derived in the author’s work [1] (1997). In this article, we obtain
the mentioned representation by a simpler method compared to [1] (1997). Also, we get
the polynomial representation of the Levy stochastic area using the method of expansion of
iterated Ito stochastic integrals based on generalized multple Fourier series. The polynomial
representation of the Levy stochastic area has more simple form in comparison with the
classical trigonometric representation of the Levy stochastic area. The convergence in the
mean of degree 2n (n ∈ N) as well as the convergence with probability 1 for approximations of
the Levy stochastic area are proved. The results of the article can be applied to the numerical
solution of Ito stochastic differential equations as well as to the numerical approximation of
mild solution for non-commutative semilinear stochastic partial differential equations.
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1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let wt be a standard m-dimensional Wiener stochastic process, which is

Ft-measurable for any t ∈ [0, T ]. We assume that the components w
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito stochastic differential equation in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dwτ , x0 = x(0, ω), ω ∈ Ω.

Here xt is some n-dimensional stochastic process satisfying the equation (1). The nonrandom func-
tions a : Rn × [0, T ] → R

n, B : Rn × [0, T ] → R
n×m guarantee the existence and uniqueness up to

stochastic equivalence of a solution of the equation (1) [2]. The second integral on the right-hand side
of (1) is interpreted as an Ito stochastic integral. Let x0 be an n-dimensional random variable, which

is F0-measurable and M{|x0|2} < ∞ (M denotes a mathematical expectation). We assume that x0

and wt −w0 are independent when t > 0.
One of the effective approaches to the numerical integration of Ito stochastic differential equations

is an approach based on the Taylor–Ito expansion [3]-[5]. The most important feature of the Taylor–Ito
expansion is a presence in this expansion of the so-called iterated Ito stochastic integrals, which play
the key role for solving the problem of numerical integration of Ito stochastic differential equations
and have the following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

(i1, . . . , ik = 0, 1, . . . ,m),

where ψ1(τ), . . . , ψk(τ) are nonrandom functions on [t, T ], w
(i)
τ (i = 1, . . . ,m) are independent stan-

dard Wiener processes, and w
(0)
τ = τ .

In this article, we pay a special attention to the case k = 2, i1, i2 = 1, . . . ,m, ψ1(τ), ψ2(τ) ≡ 1.
This case corresponds to the so-called Milstein method [4], [5] for the numerical integration of Ito
stochastic differential equations. It is well known that the Milstein method has the order 1.0 of strong
convergence under the specific conditions [4], [5].

The Milstein method has the following form [4], [5]

yp+1 = yp +

m∑

i1=1

Bi1I
(i1)
τp+1,τp +∆a+

m∑

i1,i2=1

Gi1Bi2 Î
(i1i2)
τp+1,τp ,

where ∆ = T/N (N > 1) is a constant (for simplicity) step of integration, τp = p∆ (p = 0, 1, . . . , N),

Gi =

n∑

j=1

Bji(x, t)
∂

∂xj
(i = 1, . . . ,m),

Bi is the ith column of the matrix function B and Bij is the ijth element of the matrix function B,
ai is the ith element of the vector function a, and xi is the ith element of the column x, the columns
Bi1 , a, Gi1Bi2 are calculated in the point (yp, p),
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I(i1)τp+1,τp =

τp+1∫

τp

dw(i1)
τ ,

Î
(i1i2)
τp+1,τp is an approximation of the following iterated Ito stochastic integral

I(i1i2)τp+1,τp =

τp+1∫

τp

s∫

τp

dw(i1)
τ dw(i2)

s .

The Levy stochastic area A
(i1i2)
T,t is defined as follows [6]

A
(i1i2)
T,t =

1

2

(

I
(i1i2)
T,t − I

(i2i1)
T,t

)

.

It is clear that

(3) I
(i1i2)
T,t =

1

2
I
(i1)
T,t I

(i2)
T,t +A

(i1i2)
T,t w. p. 1,

where w. p. 1 means with probability 1, i1 6= i2.
The relation (3) implies that the problem of numerical simulation of the iterated Ito stochastic

integral I
(i1i2)
T,t is equivalent to the problem of numerical simulation of the Levy stochastic area.

There are some methods for representation of the Levy stochastic area (see, for example, [3]–[5]).
In this article, we consider a new representation of the Levy stochastic area based on the Legendre
polynomials. This representation is simpler than its existing analogue based on the Karhunen–Loeve
expansion of the Brownian bridge process [4] (also see [3]).

2. Method of Expansion of Iterated Ito stochastic integrals Based on Generalized

Multiple Fourier Series

Consider the iterated Ito stochastic integrals (2) and define the following function on the hypercube
[t, T ]k

K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ]. Here we suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).
Assume that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation it is well known that

the generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in

the hypercube [t, T ]k in the mean-square sense, i.e.
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(4) lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(5) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient and

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

(6) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [7] (2006), [8]-[52]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonran-

dom function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continous functions in

L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(7) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m, Cjk...j1 is the Fourier coefficient

(5),

(8) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of [t, T ], which satisfies the condition

(6).
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In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 5 [7]-[52]

(9) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(10) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(11) − 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(12) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+
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+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(13) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

where 1A is the indicator of the set A.
It was shown that Theorem 1 is valid for convergence w. p. 1 [12]-[14], [32], [44] (the cases of Le-

gendre polynomials and trigonometric functions) and for convergence in the mean of degree 2n (n ∈ N)
[12]-[14], [16]-[21], [32]. Moreover, the complete orthonormal systems of Haar and Rademacher–Walsh
functions in the space L2([t, T ]) can also be applied in Theorem 1 [7]-[21]. The modification of The-
orem 1 for complete orthonormal with weigth r(x) ≥ 0 systems of functions in the space L2([t, T ])
can be found in [11]-[14], [42]. Recently, Theorem 1 and Theorem 2 (see below) has been applied
to the expansion and mean-square approximation of iterated stochastic integrals with respect to the
infinite-dmensional Q-Wiener process [12]-[14] (Chapter 7), [28], [29], [45]-[47]. These results can be
directly applied to construction of high-order strong numerical methods for non-commutative semi-
linear stochastic partial differential equations with multiplicative trace class noise [12]-[14] (Chapter
7), [29], [47].

Note that we obtain the following useful possibilities of the approach based on Theorem 1.
1. There is the explicit formula (5) for calculation of expansion coefficients of the iterated Ito

stochastic integral (2) with any fixed multiplicity k.
2. We have new possibilities for exact calculation of the mean-square approximation error of

iterated Ito stochastic integral (2) [9]-[14], [22], [33] (also see Theorem 3 below).
3. Since the used multiple Fourier series is a generalized in the sense that it is built using various

complete orthonormal systems of functions in the space L2([t, T ]), then we have new possibilities for
approximation — we can use not only trigonometric functions as in [3]-[5] but Legendre polynomials.

4. As it turned out [7]-[43] it is more convenient to work with Legendre polynomials for approxima-
tion of the iterated Ito stochastic integrals (2). Approximations based on the Legendre polynomials
are much simpler than their analogues based on the trigonometric functions. Another advantages of
the application of Legendre polynomials in the framework of the mentioned problem are considered
in [12]-[14], [26], [30].

5. The approach to expansion of iterated Ito and Stratonovich stochastic integrals based on
the Karhunen–Loeve expansion of the Brownian bridge process [4] (also see [3], [5]) as well as the
approach from [53] lead to iterated application of the operation of limit transition (the operation of
limit transition is implemented only once in Theorem 1 and Theorem 2 (see below)) starting from the
second multiplicity (in the general case) and third multiplicity (for the case ψ1(s), ψ2(s), ψ3(s) ≡ 1;
i1, i2, i3 = 1, . . . ,m) of iterated stochastic integrals. Multiple series from Theorems 1, 2 (the operation
of limit transition is implemented only once) are more convenient for approximation than the iterated
ones (iterated application of the operation of limit transition), since partial sums of multiple series
converge for any possible case of convergence to infinity of their upper limits of summation (let us
denote them as p1, . . . , pk). For example, when p1 = . . . = pk = p → ∞. For iterated series,
the condition p1 = . . . = pk = p → ∞ obviously does not guarantee the convergence of this series.
However, the authors of the works [3] (Sect. 5.8, pp. 202–204), [54] (pp. 82-84), [55] (pp. 438-439), [56]
(pp. 263-264) use the Wong–Zakai approximation [57]-[59] (without rigorous proof) within the frames
of the method of expansion of iterated stochastic integrals [4] (1988) based on the series expansion of
the Brownian bridge process (version of the so-called Karhunen-Loeve expansion). See discussions in
[12] (Sect. 2.16, 6.2), [13] (Sect. 2.6.2, 6.2), [14] (Sect. 2.6.2, 6.2), [32] (Sect. 11), [34] (Sect. 8), [36]
(Sect. 6) for detail.
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Note that the correctness of the formulas (9)–(13) can be verified by the fact that if i1 = . . . = i5 =
i = 1, . . . ,m and ψ1(s), . . . , ψ5(s) ≡ ψ(s) in (9)–(13), then we can obtain from (9)–(13) the following
equalities

J [ψ(1)]T,t =
1

1!
δT,t,

J [ψ(2)]T,t =
1

2!

(
δ2T,t −∆T,t

)
,

J [ψ(3)]T,t =
1

3!

(
δ3T,t − 3δT,t∆T,t

)
,

J [ψ(4)]T,t =
1

4!

(
δ4T,t − 6δ2T,t∆T,t + 3∆2

T,t

)
,

J [ψ(5)]T,t =
1

5!

(
δ5T,t − 10δ3T,t∆T,t + 15δT,t∆

2
T,t

)

w. p. 1, where

δT,t =

T∫

t

ψ(s)dw(i)
s , ∆T,t =

T∫

t

ψ2(s)ds.

The above formulas can be independently obtained using the Ito formula and Hermite polynomials.
Note that the cases k = 2, 3 and p1 = p2 = p3 = p are considered in detail in [8]-[21], [32].

Consider the generalization of formulas (9)–(13) for the case of an arbitrary multiplicity k of the
stochastic integral J [ψ(k)]T,t as well as for the case of an arbitrary complete orthonormal systems of
functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). In order to do this, let us consider
the unordered set {1, 2, . . . , k} and separate it into two parts: the first part consists of r unordered
pairs (sequence order of these pairs is also unimportant) and the second one consists of the remaining
k − 2r numbers. So, we have

(14) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where {g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k}, braces mean an unordered set, and paren-
theses mean an ordered set.

We will say that (14) is a partition and consider the sum with respect to all possible partitions

(15)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (15)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,
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∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 = a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 = a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 = a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2 + a52,34,1 + a53,24,1 + a54,23,1.

Now we can generalize Theorem 1.

Theorem 2 [12] (Sect. 1.11), [32] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(16) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

that converges in the mean-square sense is valid, where [x] is an integer part of a real number x;
another notations are the same as in Theorem 1.

In particular from (16) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(

ζ
(i1)
j1

. . . ζ
(i5)
j5

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )

jq1

)

.

The last equality obviously agrees with (13).
It should be noted that an analogue of Theorem 2 for multiple Ito stochastic integrals was consid-

ered in [60]. Note that we use another notations in comparison with [60]. Moreover, the proof of an
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analogue of Theorem 2 from [60] is somewhat different from the proof given in [12] (Sect. 1.11), [32]
(Sect. 15).

Let us denote

Ep1,...,pk

k
def
= M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2
}

, Ep
k

def
= Ep1,...,pk

k

∣
∣
∣
∣
p1=...=pk=p

,

Ik
def
= ‖K‖2L2([t,T ]k) =

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk,

where J [ψ(k)]p1,...,pk

T,t is the expression on the right-hand side of (16) before passing to the limit
l.i.m.

p1,...,pk→∞
, i.e.

J [ψ(k)]p1,...,pk

T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

.

In [12]-[14], [32] it was shown that

Ep1,...,pk

k ≤ k!



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1





if i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞ or i1, . . . , ik = 0, 1, . . . ,m and 0 < T − t < 1.
Moreover, in [12]-[14], [32] the following estimate is obtained

Ep1,...,pk

k ≤ (k!)2n(n(2n− 1))n(k−1)(2n− 1)!!×

(17) ×



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1





n

,

where n ∈ N.
The value Ep

k can be calculated exactly.

Theorem 3 [12] (Sect. 1.12), [33] (Sect. 6). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Then

(18) Ep
k = Ik −

p
∑

j1,...,jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






,

where i1, . . . , ik = 1, . . . ,m; the expression
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∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another
notations are the same as in Theorems 1, 2.

Note that

M






J [ψ(k)]T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






= Cjk...j1 .

Then from Theorem 3 for pairwise different i1, . . . , ik and for i1 = . . . = ik we obtain

Ep
k = Ik −

p
∑

j1,...,jk=0

C2
jk...j1

,

Ep
k = Ik −

p
∑

j1,...,jk=0

Cjk...j1

(
∑

(j1,...,jk)

Cjk...j1

)

.

3. New Representation of the Levy Stochastic Area Based on the Legendre

Polynomials

Let us consider (10) for the case i1 6= i2, ψ1(s), ψ2(s) ≡ 1. At that we suppose that {φj(x)}∞j=0

is the complete orthonormal system of Legendre polynomials in the space L2([t, T ]). Then

(19) I
(i1i2)
T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

,

where

(20) I
(i1i2)
T,t =

T∫

t

s∫

t

dw(i1)
τ dw(i2)

s (i1, i2 = 1, . . . ,m),

ζ
(i)
j are independent standard Gaussian random variables (for various i or j), which have the following
form

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s ,

where

(21) φi(s) =

√

2i+ 1

T − t
Pi

((

s− t− T − t

2

)
2

T − t

)

, i = 0, 1, 2, . . . ,

and Pi(x) (i = 0, 1, 2, . . .) is the Legendre polynomial.
Note that the representation (19) was first obtained in the author’s works [1] (1997), [61] (1998).
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From (19) we obtain

T − t

2

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

=
1

2

(

I
(i1i2)
T,t − I

(i2i1)
T,t

)

.

Then, a new representation of the Levy stochastic area based on the Legendre polynomials has
the following form

(22) A
(i1i2)
T,t =

T − t

2

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

.

4. The Classical Representation of the Levy Stochastic Area

Let us consider (10) for the case i1 6= i2, ψ1(s), ψ2(s) ≡ 1. At that we suppose that {φj(x)}∞j=0

is the complete orthonormal system of trigonometric functions in L2([t, T ]). Then

I
(i1i2)
T,t =

1

2
(T − t)

(

ζ
(i1)
0 ζ

(i2)
0 +

1

π

∞∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

(23) +
√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))
)

,

where we use the same notations as in (19), but φj(s) has the following form

(24) φj(s) =
1√
T − t







1, if j = 0

√
2sin(2πr(s− t)/(T − t)), if j = 2r − 1

√
2cos(2πr(s − t)/(T − t)), if j = 2r

, r = 1, 2, . . .

From (23) we obtain

T − t

2π

∞∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))

=

=
1

2

(

I
(i1i2)
T,t − I

(i2i1)
T,t

)

.

Then, the representation of the Levy stochastic area based on the trigonometric functions has the
following form

(25) Â
(i1i2)
T,t =

T − t

2π

∞∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))

.
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As we mentioned above, Milstein G.N. proposed [4] the method of expansion of iterated Ito stochas-
tic integrals of multiplicity 2 based on the trigonometric Fourier expansion of the following Brownian
bridge process

wt −
t

∆
w∆, t ∈ [0,∆], ∆ > 0,

where wt is a standard multidimensional Wiener process with independent components w
(i)
t , i =

1, . . . ,m.
The trigonometric Fourier expansion of the Brownian bridge process (version of the so-called

Karunen–Loeve expansion) has the form [4]

(26) w
(i)
t − t

∆
w

(i)
∆ =

1

2
ai,0 +

∞∑

r=1

(

ai,rcos
2πrt

∆
+ bi,rsin

2πrt

∆

)

,

where

ai,r =
2

∆

∆∫

0

(

w(i)
s − s

∆
w

(i)
∆

)

cos
2πrs

∆
ds,

bi,r =
2

∆

∆∫

0

(

w(i)
s − s

∆
w

(i)
∆

)

sin
2πrs

∆
ds,

r = 0, 1, . . . , i = 1, . . . ,m.
It is easy to demonstrate [4] that the random variables ai,r, bi,r are Gaussian ones and they satisfy

the following relations

M {ai,rbi,r} = M {ai,rbi,k} = 0,

M {ai,rai,k} = M {bi,rbi,k} = 0,

M {ai1,rai2,r} = M {bi1,rbi2,r} = 0,

M
{
a2i,r
}
= M

{
b2i,r
}
=

∆

2π2r2
,

where i, i1, i2 = 1, . . . ,m, r 6= k, i1 6= i2.
According to (26), we have

(27) w
(i)
t = w

(i)
∆

t

∆
+

1

2
ai,0 +

∞∑

r=1

(

ai,rcos
2πrt

∆
+ bi,rsin

2πrt

∆

)

,

where the series converges in the mean-square sense.
The expansion (23) has been obtained in [4] using (27).
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5. New Simple Method for Obtainment of Representation of the Levy Stochastic

Area

It is well known that the idea of representing of the Wiener process as a functional series with
random coefficients using the complete orthonormal system of trigonometric functions in L2([0, T ])
goes back to the works of Wiener [62] (1924) and Levy [63] (1951). The specified series was used in
[62] and [63] for construction of the Brownian motion process (Wiener process). A little later, Ito
and McKean in [64] (1965) used for this purpose the complete orthonormal system of Haar functions
in L2([0, T ]).

Let wτ , τ ∈ [0, T ] be an m-dimestional standard Wiener process with independent components

w
(i)
τ (i = 1, . . . ,m). We have

w(i)
s −w

(i)
t =

s∫

t

dw(i)
τ =

T∫

t

1{τ<s}dw
(i)
τ ,

where

1{τ<s} =







1, τ < s

0, otherwise

, τ, s ∈ [t, T ], 0 ≤ t < T.

Consider the Fourier expansion of 1{τ<s} at the interval [t, T ] (see, for example, [65])

(28) 1{τ<s} =

∞∑

j=0

T∫

t

1{τ<s}φj(τ)dτ · φj(τ) =
∞∑

j=0

s∫

t

φj(τ)dτ · φj(τ),

where {φj(τ)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]) and the series

on the right-hand side of (28) converges in the mean-square sence, i.e.

T∫

t



1{τ<s} −
q
∑

j=0

s∫

t

φj(τ)dτ · φj(τ)





2

dτ → 0 if q → ∞.

Let
(

w
(i)
s −w

(i)
t

)(q)

be the mean-square approximation of the process w
(i)
s −w

(i)
t , which has the

following form

(29)
(

w(i)
s −w

(i)
t

)(q)

=

T∫

t





q
∑

j=0

s∫

t

φj(τ)dτ · φj(τ)



 dw(i)
τ =

q
∑

j=0

s∫

t

φj(τ)dτ ·
T∫

t

φj(τ)dw
(i)
τ .

Moreover,

M







(

w(i)
s −w

(i)
t −

(

w(i)
s −w

(i)
t

)(q)
)2





=
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= M











T∫

t



1{τ<s} −
q
∑

j=0

s∫

t

φj(τ)dτ · φj(τ)



 dw(i)
τ





2






=

(30) =

T∫

t



1{τ<s} −
q
∑

j=0

s∫

t

φj(τ)dτ · φj(τ)





2

dτ → 0 if q → ∞.

In [53] it was proposed to use the expansion similar to (29) for construction of expansion of the
iterated Ito stochastic integral (20) of multiplicity 2. At that, to obtain the mentioned expansion of
(20), the truncated expansions (29) of components of the Wiener process ws have been iteratively
substituted in the single integrals [53]. This procedure leads to the calculation of coefficients of the
double Fourier series, which is a time-consuming task for not too complex problem of expansion of
the iterated Ito stochastic integral (20).

In contrast to [53] we subsitute the truncated expansion (29) only one time and only into the
innermost integral in (20). This procedure leads to the simple calculation of the coefficients

s∫

t

φj(τ)dτ (j = 0, 1, 2, . . .)

of the usual (not double) Fourier series.
Moreover, we use the Legendre polynomials for construction of the expansion of (20). For the first

time the Legendre polynomials have been applied in the framework of the mentioned problem in the
author’s papers [1] (1997), [61] (1998), [66] (2000), [67] (2001) (also see [7]-[52], [68], [69]). At the
same time in the papers of other author’s these polynomials have not been considered as the basis
functions for construction of expansions of iterated Ito and Stratonovich stochastic integrals.

Theorem 4 [12]-[14], [68], [69]. Let φj(τ) (j = 0, 1, . . .) be an arbitrary complete orthonormal

system of functions in the space L2([t, T ]). Let

(31)

T∫

t

(

w(i1)
s −w

(i1)
t

)(q)

dw(i2)
s =

q
∑

j=0

T∫

t

φj(τ)dw
(i1)
τ

T∫

t

s∫

t

φj(τ)dτdw
(i2)
s

be the approximation of the iterated Ito stochastic integral

T∫

t

s∫

t

dw(i1)
τ dw(i2)

s (i1 6= i2),

where i1, i2 = 1, . . . ,m. Then

T∫

t

s∫

t

dw(i1)
τ dw(i2)

s = l.i.m.
q→∞

T∫

t

(

w(i1)
s −w

(i1)
t

)(q)

dw(i2)
s =

= l.i.m.
q→∞

q
∑

j=0

T∫

t

φj(τ)dw
(i1)
τ

T∫

t

s∫

t

φj(τ)dτdw
(i2)
s ,
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where i1 6= i2 (i1, i2 = 1, . . . ,m).

Proof. Using standard properties of the Ito stochastic integral as well as (30) and the property
of orthonormality of the functions φj(τ) (j = 0, 1, . . .) at the interval [t, T ], we obtain

M











T∫

t

s∫

t

dw(i1)
τ dw(i2)

s −
T∫

t

(

w(i1)
s −w

(i1)
t

)(q)

dw(i2)
s





2






=

=

T∫

t

M







(

w(i1)
s −w

(i1)
t −

(

w(i1)
s −w

(i1)
t

)(q)
)2





ds =

=

T∫

t

T∫

t



1{τ<s} −
q
∑

j=0

s∫

t

φj(τ)dτ · φj(τ)





2

dτds =

(32) =

T∫

t




(s− t)−

q
∑

j=0





s∫

t

φj(τ)dτ





2



 ds.

Applying the continuity of the functions uq(s) (see below), the nondecreasing property of the
functional sequence

uq(s) =

q
∑

j=0





s∫

t

φj(τ)dτ





2

,

and the continuity of the limit function u(s) = s−t according to Dini’s Theorem, we have the uniform
convergence uq(s) to u(s) at the interval [t, T ].

Then from this fact as well as from (32) we obtain

(33)

T∫

t

s∫

t

dw(i1)
τ dw(i2)

s = l.i.m.
q→∞

T∫

t

(

w(i1)
s −w

(i1)
t

)(q)

dw(i2)
s .

Theorem 4 is proved.
Let {φj(τ)}∞j=0 be the complete orthonormal system of Legendre polynomials in the space L2([t, T ]),

which has the form (21). Then

(34)

s∫

t

φj(τ)dτ =
T − t

2

(

φj+1(s)
√

(2j + 1)(2j + 3)
− φj−1(s)
√

4j2 − 1

)

for j ≥ 1.

Denote (see Theorem 1)

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ (i = 1, . . . ,m).
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From (31) and (34) we get

T∫

t

(

w(i1)
s −w

(i1)
t

)(q)

dw(i2)
s =

1√
T − t

ζ
(i1)
0

T∫

t

(s− t)w(i2)
s +

+
T − t

2

q
∑

j=1

ζ
(i1)
j

(

1
√

(2j + 1)(2j + 3)
ζ
(i2)
j+1 −

1
√

4j2 − 1
ζ
(i2)
j−1

)

=

=
T − t

2
ζ
(i1)
0

(

ζ
(i2)
0 +

1√
3
ζ
(i2)
1

)

+

+
T − t

2

q
∑

j=1

ζ
(i1)
j

(

1
√

(2j + 1)(2j + 3)
ζ
(i2)
j+1 −

1
√

4j2 − 1
ζ
(i2)
j−1

)

=

=
T − t

2



ζ
(i1)
0 ζ

(i2)
0 +

q
∑

j=1

1
√

4j2 − 1

(

ζ
(i1)
j−1ζ

(i2)
j − ζ

(i1)
j ζ

(i2)
j−1

)



+

(35) +
T − t

2
ζ(i1)q ζ

(i2)
q+1

1
√

(2q + 1)(2q + 3)
.

Then from (33) and (35) we obtain

T∫

t

s∫

t

dw(i1)
τ dw(i2)

s = l.i.m.
q→∞

T∫

t

(

w(i1)
s −w

(i1)
t

)(q)

dw(i2)
s =

(36) =
T − t

2



ζ
(i1)
0 ζ

(i2)
0 +

∞∑

j=1

1
√

4j2 − 1

(

ζ
(i1)
j−1ζ

(i2)
j − ζ

(i1)
j ζ

(i2)
j−1

)



 .

From (36) it follows that the equality (22) is fulfilled. It is not difficult to see that the relation
(25) can also be obtained using the approach from this section.

Let {φj(τ)}∞j=0 be the complete orthonormal system of trigonomertic functions in the space
L2([t, T ]), which has the form (24).

We have

(37)

s∫

t

φj(τ)dτ =
T − t

2πr







φ2r−1(s), j = 2r

√
2φ0(s)− φ2r(s), j = 2r − 1

,

where j ≥ 1 and r = 1, 2, . . . .
From (31) and (37) we obtain
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T∫

t

(

w(i1)
s −w

(i1)
t

)(q)

dw(i2)
s =

1√
T − t

ζ
(i1)
0

T∫

t

(s− t)w(i2)
s +

+
T − t

2

q
∑

r=1

1

πr

((

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r

)

+
√
2ζ

(i2)
0 ζ

(i1)
2r−1

)

=

=
1√
T − t

ζ
(i1)
0

(T − t)3/2

2

(

ζ
(i2)
0 −

√
2

π

∞∑

r=1

1

r
ζ
(i2)
2r−1

)

+

+
T − t

2

q
∑

r=1

1

πr

((

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r

)

+
√
2ζ

(i2)
0 ζ

(i1)
2r−1

)

=

=
1

2
(T − t)

(

ζ
(i1)
0 ζ

(i2)
0 +

1

π

q
∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

+
√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))
)

−

(38) − T − t

π
√
2
ζ
(i1)
0

∞∑

r=q+1

1

r
ζ
(i2)
2r−1.

From (38) and (33) we obviously get (23).

6. Convergence in the Mean of Degree 2n and With Probability 1

Let us denote

(39) A
(i1i2)q
T,t =

T − t

2

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

,

(40) Â
(i1i2)q
T,t =

T − t

2π

q
∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))

.

Then, from (3) we get

(41) I
(i1i2)q
T,t =

T − t

2
ζ
(i1)
0 ζ

(i2)
0 +A

(i1i2)q
T,t ,

(42) I
(i1i2)q
T,t =

T − t

2
ζ
(i1)
0 ζ

(i2)
0 + Â

(i1i2)q
T,t .

It is not difficult to demonstrate [4] that from (23) we can get an another representation for the
Levy stochastic area
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T − t

2π

(
q
∑

r=1

1

r

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r +

+
√
2
(

ζ
(i1)
2r−1ζ

(i2)
0 − ζ

(i1)
0 ζ

(i2)
2r−1

))

+
√
2

(

π2

6
−

q
∑

r=1

1

r2

)1/2
(

ξ(i1)q ζ
(i2)
0 − ζ

(i1)
0 ξ(i2)q

)
)

,

where

ξ(i)q =

(

π2

6
−

q
∑

r=1

1

r2

)−1/2 ∞∑

r=q+1

1

r
ζ
(i)
2r−1,

and ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1, ξ

(i)
q (r = 1, . . . , q, i = 1, . . . ,m) are independent standard Gaussian random

variables.
From (39) and (40) we obtain

M

{(

A
(i1i2)
T,t −A

(i1i2)q
T,t

)2
}

=
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

=

=
(T − t)2

2

∞∑

i=q+1

1

4i2 − 1
≤ (T − t)2

2

∞∫

q

1

4x2 − 1
dx =

(43) = − (T − t)2

8
ln

∣
∣
∣
∣
1− 2

2q + 1

∣
∣
∣
∣
≤ C1

(T − t)2

q
,

M

{(

Â
(i1i2)
T,t − Â

(i1i2)q
T,t

)2
}

=
3(T − t)2

2π2

(

π2

6
−

q
∑

r=1

1

r2

)

=

=
3(T − t)2

2π2

∞∑

r=q+1

1

r2
≤ 3(T − t)2

2π2

∞∫

q

dx

x2
=

(44) =
3(T − t)2

2π2q
≤ C2

(T − t)2

q
,

where constants C1, C2 does not depend on q.

For the case k = 2, i1 6= i2, and ψ1(s), ψ2(s) ≡ 1 from (17) we obtain

(45) M

{(

I
(i1i2)
T,t − I

(i1i2)q
T,t

)2n
}

≤ Cn,2

(

(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

))n

→ 0 if q → ∞,
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(46) M

{(

I
(i1i2)
T,t − I

(i1i2)q
T,t

)2n
}

≤ Cn,2

(

3(T − t)2

2π2

(

π2

6
−

q
∑

r=1

1

r2

))n

→ 0 if q → ∞,

where Cn,k = (k!)2n
(
n(2n− 1)

)n·(k−1)
(2n− 1)!!, I

(i1i2)q
T,t has the form (41) in the inequality (45), and

I
(i1i2)q
T,t has the form (42) in the inequality (46),

From (43)–(46) we get

M

{(

A
(i1i2)
T,t −A

(i1i2)q
T,t

)2n
}

→ 0 if q → ∞,

M

{(

Â
(i1i2)
T,t − Â

(i1i2)q
T,t

)2n
}

→ 0 if q → ∞.

Let us address now to the convergence w. p. 1 for A
(i1i2)q
T,t . First, note the well known fact.

Lemma 1. If for the sequence of random variables ξq and for some α > 0 the number series

∞∑

q=1

M {|ξq|α}

converges, then the sequence ξq converges to zero w. p. 1.

From (43) and (45) (n = 2) we obtain

M

{(

I
(i1i2)
T,t − I

(i1i2)q
T,t

)4
}

= M

{(

A
(i1i2)
T,t −A

(i1i2)q
T,t

)4
}

≤ K

q2
,

where constant K does not depend on q.
Since the series

∞∑

q=1

K

q2

converges, then according to Lemma 1 we obtain that A
(i1i2)
T,t −A

(i1i2)q
T,t → 0 if q → ∞ w. p. 1. Then

A
(i1i2)q
T,t → A

(i1i2)
T,t if q → ∞ w. p. 1.

In addition, using (44) and (46) (n = 2), we get Â
(i1i2)q
T,t → Â

(i1i2)
T,t if q → ∞ w. p. 1.
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[In English]. Electronic Journal ”Differential Equations and Control Processes” ISSN 1817-2172 (online), 4 (2021),
A.1-A.788. Available at: http://diffjournal.spbu.ru/EN/numbers/2021.4/article.1.9.html

[15] Kuznetsov D.F. Stochastic Differential Equations: Theory and Practice of Numerical Solution. With MatLab
programs, 1st Edition. [In Russian]. Polytechnical University Publishing House, Saint-Petersburg, 2007, 778 pp.
DOI: http://doi.org/10.18720/SPBPU/2/s17-228 Available at: http://www.sde-kuznetsov.spb.ru/07b.pdf (ISBN
5-7422-1394-8)

[16] Kuznetsov D.F. Stochastic Differential Equations: Theory and Practice of Numerical Solution. With MatLab pro-
grams, 2nd Edition. [In Russian]. Polytechnical University Publishing House, Saint-Petersburg, 2007, XXXII+770
pp. DOI: http://doi.org/10.18720/SPBPU/2/s17-229 Available at:
http://www.sde-kuznetsov.spb.ru/07a.pdf (ISBN 5-7422-1439-1)

[17] Kuznetsov D.F. Stochastic Differential Equations: Theory and Practice of Numerical Solution. With MatLab pro-
grams, 3rd Edition. [In Russian]. Polytechnical University Publishing House, Saint-Petersburg, 2009, XXXIV+768
pp. DOI: http://doi.org/10.18720/SPBPU/2/s17-230 Available at:
http://www.sde-kuznetsov.spb.ru/09.pdf (ISBN 978-5-7422-2132-6)

[18] Kuznetsov D.F. Stochastic Differential Equations: Theory and Practice of Numerical Solution. With MatLab pro-
grams. 4th Edition. [In Russian]. Polytechnical University Publishing House, Saint-Petersburg, 2010, XXX+786
pp. DOI: http://doi.org/10.18720/SPBPU/2/s17-231 Available at: http://www.sde-kuznetsov.spb.ru/10.pdf
(ISBN 978-5-7422-2448-8)

[19] Kuznetsov D.F. Multiple stochastic Ito and Stratonovich integrals and multiple Fourier series. [In Russian].
Electronic Journal ”Differential Equations and Control Processes” ISSN 1817-2172 (online), 3 (2010), A.1-A.257.
DOI: http://doi.org/10.18720/SPBPU/2/z17-7 Available at:
http://diffjournal.spbu.ru/EN/numbers/2010.3/article.2.1.html

[20] Kuznetsov D.F. Strong Approximation of Multiple Ito and Stratonovich Stochastic Integrals: Multiple Fourier
Series Approach. 1st Edition. [In English]. Polytechnical University Publishing House, Saint-Petersburg, 2011,
250 pp. DOI: http://doi.org/10.18720/SPBPU/2/s17-232 Available at:
http://www.sde-kuznetsov.spb.ru/11b.pdf (ISBN 978-5-7422-2988-9)

[21] Kuznetsov D.F. Multiple Ito and Stratonovich stochastic integrals: approximations, properties, formulas. [In
English]. Polytechnical University Publishing House, Saint-Petersburg, 2013, 382 pp.

1359

http://doi.org/10.18720/SPBPU/2/s17-227
http://www.sde-kuznetsov.spb.ru/06.pdf
http://doi.org/10.18720/SPBPU/2/s17-233
http://www.sde-kuznetsov.spb.ru/11a.pdf
http://doi.org/10.18720/SPBPU/2/z17-3
http://diffjournal.spbu.ru/EN/numbers/2017.1/article.2.1.html
http://doi.org/10.18720/SPBPU/2/z17-4
http://diffjournal.spbu.ru/EN/numbers/2017.2/article.2.1.html
http://diffjournal.spbu.ru/EN/numbers/2018.4/article.2.1.html
http://arxiv.org/abs/2003.14184
http://diffjournal.spbu.ru/EN/numbers/2020.4/article.1.8.html
http://diffjournal.spbu.ru/EN/numbers/2021.4/article.1.9.html
http://doi.org/10.18720/SPBPU/2/s17-228
http://www.sde-kuznetsov.spb.ru/07b.pdf
http://doi.org/10.18720/SPBPU/2/s17-229
http://www.sde-kuznetsov.spb.ru/07a.pdf
http://doi.org/10.18720/SPBPU/2/s17-230
http://www.sde-kuznetsov.spb.ru/09.pdf
http://doi.org/10.18720/SPBPU/2/s17-231
http://www.sde-kuznetsov.spb.ru/10.pdf
http://doi.org/10.18720/SPBPU/2/z17-7
http://diffjournal.spbu.ru/EN/numbers/2010.3/article.2.1.html
http://doi.org/10.18720/SPBPU/2/s17-232
http://www.sde-kuznetsov.spb.ru/11b.pdf


NEW SIMPLE METHOD OF EXPANSION OF ITERATED ITO STOCHASTIC INTEGRALS 21

DOI: http://doi.org/10.18720/SPBPU/2/s17-234
Available at: http://www.sde-kuznetsov.spb.ru/13.pdf (ISBN 978-5-7422-3973-4)

[22] Kuznetsov D.F. Development and application of the Fourier method for the numerical solution of Ito stochastic
differential equations. [In English]. Computational Mathematics and Mathematical Physics, 58, 7 (2018), 1058-
1070. DOI: http://doi.org/10.1134/S0965542518070096

[23] Kuznetsov D.F. On numerical modeling of the multidimensional dynamic systems under random perturbations
with the 1.5 and 2.0 orders of strong convergence [In English]. Automation and Remote Control, 79, 7 (2018),
1240-1254. DOI: http://doi.org/10.1134/S0005117918070056

[24] Kuznetsov D.F. To numerical modeling with strong orders 1.0, 1.5, and 2.0 of convergence for multidimensional
dynamical systems with random disturbances. arXiv:1802.00888 [math.PR]. 2018, 28 pp. [In English].

[25] Kuznetsov D.F. On numerical modeling of the multidimentional dynamic systems under random perturbations
with the 2.5 order of strong convergence. [In English]. Automation and Remote Control, 80, 5 (2019), 867-881.
DOI: http://doi.org/10.1134/S0005117919050060

[26] Kuznetsov D.F. Comparative analysis of the efficiency of application of Legendre polynomials and trigonometric
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FOUR NEW FORMS OF THE TAYLOR–ITO AND TAYLOR–STRATONOVICH

EXPANSIONS AND ITS APPLICATION TO THE HIGH-ORDER STRONG

NUMERICAL METHODS FOR ITO STOCHASTIC DIFFERENTIAL

EQUATIONS

DMITRIY F. KUZNETSOV

Abstract. The problem of the Taylor–Ito and Taylor–Stratonovich expansions of the
Ito stochastic processes in a neighborhood of a fixed moment of time is considered. The
classical forms of the Taylor–Ito and Taylor–Stratonovich expansions are transformed to the
four new representations, which includes the minimal sets of different types of iterated Ito
and Stratonovich stochastic integrals. Therefore, these representations (the so-called unified
Taylor–Ito and Taylor–Stratonovich expansions) are more convenient for constructing of
high-order strong numerical methods for Ito stochastic differential equations. Explicit one-
step strong numerical schemes with the orders of convergence 1.0, 1.5, 2.0, 2.5, and 3.0
based on the unified Taylor–Ito and Taylor–Stratonovich expansions are derived. Effective
mean-square approximations of iterated Ito and Stratonovich stochastic integrals from these
numerical schemes are constructed on the base of the multiple Fourier–Legendre series with
multiplicities 1 to 6.
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1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-conti-
nuous family of σ-subfields of F, and let ft be a standard m-dimensional Wiener stochastic process,

which is Ft-measurable for any t ∈ [0, T ]. We assume that the components f
(i)
t (i = 1, . . . ,m) of this

process are independent. Consider an Ito stochastic differential equation (SDE) in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying to Ito SDE (1). The nonrandom functions
a : Rn× [0, T ] → R

n, B : Rn× [0, T ] → R
n×m guarantee the existence and uniqueness up to stochastic

equivalence of a solution of (1) [1]. The second integral on the right-hand side of (1) is interpreted
as an Ito stochastic integral. Let x0 be an n-dimensional random variable, which is F0-measurable

and M{|x0|2} <∞ (M denotes a mathematical expectation). Also we assume that x0 and ft − f0 are
independent when t > 0.

It is well known [2]-[5] that Ito SDEs are adequate mathematical models of dynamic systems
of different physical origin that are affected by random perturbations. For example, Ito SDEs are
used as mathematical models in stochastic mathematical finance, hydrology, seismology, geophysics,
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chemical kinetics, population dynamics, electrodynamics, medicine and other fields [2]-[5]. Numerical
integration of Ito SDEs based on the strong convergence criterion of approximations [2] is widely used
for the numerical simulation of sample trajectories of solutions to Ito SDEs (which is required for
constructing new mathematical models on the basis of such equations and for the numerical solution
of different mathematical problems connected with Ito SDEs). Among these problems, we note the
following: filtering of signals under influence of random noises in various statements (linear Kalman–
Bucy filtering, nonlinear optimal filtering, filtering of continuous time Markov chains with a finite
space of states, etc.), optimal stochastic control (including incomplete data control), testing estimation
procedures of parameters of stochastic systems, stochastic stability and bifurcations analysis [2], [3].

Exact solutions of Ito SDEs are known in rather rare cases. It is for this reason that it becomes
necessary to construct numerical procedures for solving these equations.

In this paper, a promising approach [2]-[5] to the numerical integration of Ito SDEs based on the
stochastic analogues of the Taylor formula (Taylor–Ito and Taylor–Stratonovich expansions) [6]-[9]
is used. This approach uses a finite discretization of the time variable and the numerical simulation
of the solution to the Ito SDE at discrete instants of time using the stochastic analogues of the
Taylor formula mentioned above. A number of works (e.g., [2]-[5]) describe numerical schemes with
the strong orders of convergence 1.5, 2.0, 2.5, and 3.0 for the Ito SDEs; however, they do not contain
efficient procedures of the mean-square approximation of iterated stochastic integrals involved in
these schemes for the case of non-commutative noise.

In this paper we consider the unified Taylor–Ito and Taylor–Stratonovich expansions [8], [9] which
makes it possible (in contrast with its classical analogues [6], [7]) to use the minimal sets of iterated
Ito and Stratonovich stochastic integrals; this is a simplifying factor for the numerical methods
implementation. We prove the unified Taylor–Ito expansion [8] with using the slightly different
approach (which is taken from [9]) in comparison with the approach from [8]. Moreover, we obtain
another (second) version of the unified Taylor–Ito expansion [10], [11]. In addition, we construct two
new forms of the Taylor–Stratonovich expansion (the so-called unified Taylor–Stratonovich expansions
[9]). Futhermore, in this paper we study methods [12]-[63] of numerical simulation for iterated Ito
and Stratonovich stochastic integrals of multiplicities 1, 2, 3, 4, 5, 6, . . . used in the strong numerical
methods for Ito SDEs [2]-[5], [46]-[50], [56]-[61]. To approximate the iterated Ito and Stratonovich
stochastic integarls appearing in the numerical schemes with the strong orders of convergence 1.0, 1.5,
2.0, 2.5, 3.0 etc., the method of generalized multiple Fourier series and especially method of multiple
Fourier–Legendre series are studied in [12]-[63]. It is important to note that the method of generalized
multiple Fourier series [12]-[63] does not lead to the partitioning of the integration interval of the
iterated Ito and Stratonovich stochastic integrals under consideration; this interval is the integration
step of the numerical methods used to solve Ito SDEs; therefore, it is already fairly small and does
not need to be partitioned. Computational experiments [46] show that the application of numerical
simulation for iterated stochastic integrals (in which the interval of integration is partitioned) leads
to unacceptably high computational cost and accumulation of computation errors. Also note that
the Legendre polynomials have essential advantage over the trigonomentric functions (see [23], [39])
in the framework of the method of generalized multiple Fourier series [12]-[63] for the mean-square
approximation of iterated Ito and Stratonovich stochastic integrals.

The rest of the article is organized as follows. In the introduction (below) we consider a brief review
of the literature on the problem of construction of the Taylor–Ito and Taylor–Stratonovich expansions
for the solutions of Ito SDEs. Sect. 2 is devoted to the integration order replacement technique for
iterated Ito stochastic integrals. In Sect. 3, we consider the classical Taylor–Ito expansion while Sect.
4 and Sect. 5 are devoted to the first and second forms of the so-called unified Taylor–Ito expansion
correspondingly. The classical Taylor–Stratonovich expansion is considered in Sect. 6. The first and
second forms of the unified Taylor–Stratonovich expansion are derived in Sect. 7 and Sect. 8. In
Sect. 9, we give a comparative analysis of the unified Taylor–Ito and Taylor–Stratonovich expansions
with the classical Taylor–Ito and Taylor–Stratonovich expansions. Application of the first form of the
unified Taylor–Ito expansion to the high-order strong numerical methods for Ito SDEs is considered
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in Sect. 10. In Sect. 11, we construct the high-order strong numerical methods for Ito SDEs on the
base of the first form of the unified Taylor–Stratonovich expansion. Sect. 12 is devoted to the effective
method of the mean-square approximation of iterated Ito and Stratonovich stochastic integrals based
on generalized multiple Fourier series. In Sect. 13, we discuss the connection between Theorems 8,
10–13 (see Sect. 12) and Wong–Zakai approximation.

Let us consider the following iterated Ito and Stratonovich stochastic integrals

(2) J [ψ(k)]s,t =

s∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

(3) J∗[ψ(k)]s,t =

∗∫

t

s

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where 0 ≤ t < s ≤ T, every ψl(τ) (l = 1, . . . , k) is a nonrandom function at the interval [t, T ],

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m,

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively. In this paper we use the definition of
the Stratonovich stochastic integral from [2].

It sould be noted that one of the main problems when constructing the high-order strong numerical
methods for Ito SDEs on the base of the Taylor–Ito and Taylor–Stratonovich expansions is the mean-
square approximation of iterated Ito and Stratonovich stochastic integrals. Obviously, in the absence
of procedures for the numerical simulation of stochastic integrals, the mentioned numerical methods
are unrealizable in practice. For this reason, in Sect. 12 we give a brief overview to the effective method
of the mean-square approximation of iterated Ito and Stratonovich stochastic integrals (2) and (3)
of arbitrary multiplicity k (k ∈ N), which is proposed and developed by the author of this article in
a number of publications [12]-[63]. This method is based on the generalized multiple Fourier series
converging in the mean-square sense. The extensive practical material on expansions and mean-square
approximations of iterated Ito and Stratonovich stochastic integrals of multiplicities 1 to 6 from the
Taylor–Ito and Taylor–Stratonovich expansions is given in Sect. 12. In the mentioned section, the main
focus is on approximations based on multiple Fourier–Legendre series. Such approximations is more
effective in comparison with the trigonometric approximations [23], [39] at least for the numerical
methods with the strong order 1.5 of convergence and higher [23], [39].

Let us give a brief review of the literature on the problem of construction of the Taylor–Ito and
Taylor–Stratonovich expansions for the solutions of Ito SDEs. A few variants of a stochastic analog
of the Taylor formula have been obtained in [2]-[7] for the stochastic processes in the form R(xs, s),
where xs is a solution of the Ito SDE (1) and R : Rn× [0, T ] → R

1 is a nonrandom sufficiently smooth
function.

The first result in this direction called the Ito–Taylor expansion has been obtained in [6], [7]. This
result gives an expansion of the process R(xs, s) into a series such that every term (if k > 0) contains
an iterated Ito stochastic integral

(4)

s∫

t

. . .

t2∫

t

dw
(i1)
t1 . . . dw

(ik)
tk
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as a factor, where 0 ≤ t < s ≤ T, i1, . . . , ik = 0, 1, . . . ,m. Obviously that the iterated Ito stochastic
integral (4) is a particular case of (2) for ψ1(τ), . . . , ψk(τ) ≡ 1.

In [7], another expansion of the stochastic process R(xs, s) in a series has been derived. Instead of
the Ito integrals, the iterated Stratonovich stochastic integrals

(5)

∗∫

t

s

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(ik)
tk

were used; the corresponding expansion was called the Stratonovich–Taylor expansion. In the formula
(5), the indices i1, . . . , ik take values 0, 1, . . . ,m.

In [8] the Ito–Taylor expansion from [6], [7] is reduced to the interesting and unexpected form
(called the unified Taylor–Ito expansion) with the help of special transformations [66] (also see [33],
[67], [68]). Every term of this expansion (if k > 0) contains an iterated Ito stochastic integral of the
form

(6)

s∫

t

(s− tk)
lk . . .

t2∫

t

(s− t1)
l1df

(i1)
t1 . . . df

(ik)
tk

,

where 0 ≤ t < s ≤ T, l1, . . . , lk = 0, 1, 2, . . . and i1, . . . , ik = 1, . . . ,m.
It is worth to mention another form of the unified Taylor–Ito expansion [10], [11], [67] (also see

[46]-[50], [54]-[61]). Terms of the latter expansion contain iterated Ito stochastic integrals of the form

(7)

s∫

t

(t− tk)
lk . . .

t2∫

t

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk ,

where l1, . . . , lk = 0, 1, 2, . . . and i1, . . . , ik = 1, . . . ,m.
In this paper, we derive two new forms of the Taylor–Ito expansions (the so-called unified Taylor–

Ito expansions [10], [11], [67] (also see [46]-[50], [54]-[61])) using an approach which is taken from [9].
Obviously that some of iterated Ito stochastic integrals of the form (4) or (5) are connected by linear
relations, while this is not the case for integrals of the form (6), (7). In this sense, the total quantity of
stochastic integrals of the form (6) or (7) is minimal. Futhermore, in this article we construct two new
forms of the Taylor–Stratonovich expansion (the so-called unified Taylor–Stratonovich expansions [9])
such that every term (if k > 0) contains as a multiplier an iterated Stratonovich stochastic integral
of one of two types

(8)

∗∫

t

s

(t− tk)
lk . . .

∗∫

t

t2

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk ,

(9)

∗∫

t

s

(s− tk)
lk . . .

∗∫

t

t2

(s− t1)
l1df

(i1)
t1 . . . df

(ik)
tk

,

where l1, . . . , lk = 0, 1, 2, . . ., i1, . . . , ik = 1, . . . ,m, and k = 1, 2, . . .
It is not difficult to see that for the sets of iterated Stratonovich stochastic integrals (8) and (9)

the property of minimality (see above) also holds as for the sets of iterated Ito stochastic integrals
(6), (7).

As we noted above, the main problem in implementation of high-order strong numerical methods
for Ito SDEs is the mean-square approximation of iterated stochastic integrals (4)–(9). Obviously,
these stochastic integrals are particular cases of the stochastic integrals (2), (3).
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6 D.F. KUZNETSOV

Taking into account the results of [12]-[65] and the minimality of the sets of stochastic integrals
of the forms (6)–(9), we conclude that the unified Taylor–Ito and Taylor–Stratonovich expansions
based on the iterated stochastic integrals (6)–(9) may be useful for constructing of high-order strong
numerical methods with the orders of convergence 1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5, . . . for Ito SDEs.

2. Integration Order Replacement Technique for Iterated Ito Stochastic Integrals

Let fτ , τ ∈ [0, T ] be a scalar standard Wiener process that is Fτ -measurable for every τ ∈ [0, T ].

We introduce a class M2([t, T ]) (t ≥ 0) of random functions ξ(τ, ω)
def
= ξτ : [t, T ] × Ω → R

1 having
the following properties: these functions are measurable with respect to the pair (τ, ω) of variables,
Fτ -measurable for every τ ∈ [t, T ], and satisfy the conditions

T∫

t

M
{
ξ2τ
}
dτ <∞

and M
{
ξ2τ
}
<∞ for any τ ∈ [t, T ].

On the class M2([t, T ]) (t ≥ 0), we introduce the Hilbert norm

‖ξ‖2,T,t =





T∫

t

M
{
ξ2τ
}
dτ





1/2

.

Let
{

τ
(N)
j

}N

j=1
be a partition of the interval [t, T ] such that

(10) t = τ
(N)
0 < τ

(N)
1 < . . . < τ

(N)
N = T, ∆N = max

0≤j≤N−1

∣
∣
∣τ

(N)
j+1 − τ

(N)
j

∣
∣
∣→ 0 as N → ∞.

Let ξ(N)(τ, ω) be a sequence of step functions from the space M2([t, T ]) defined as follows

ξ(N)(τ, ω) = ξj(ω) w. p. 1 for τ ∈
[

τ
(N)
j , τ

(N)
j+1

)

, j = 0, 1, . . . , N − 1,

where here and further w. p. 1 means with probability 1.
It is known [1] that for any function ξτ ∈ M2([t, T ]) there exists a sequence ξ(N)(τ, ω) ∈ M2([t, T ]),

which converges to the function ξτ in the sence of norm ‖ · ‖2,T,t.
The mean-square limit

(11) l.i.m.
N→∞

N−1∑

j=0

ξ(N)(τ
(N)
j , ω)

(

f(τ
(N)
j+1 , ω)− f(τ

(N)
j , ω)

)
def
=

T∫

t

ξτdfτ

is called [1] the Ito stochastic integral of a function ξτ ∈ M2([t, T ]). Here ξ(N)(τ, ω) is an arbitrary
sequence of step functions from the class M2([t, T ]) converging to the function ξ(τ, ω) in the sense of
norm ‖ · ‖2,T,t, i.e.

(12) lim
N→∞

T∫

t

M

{∣
∣
∣ξ(N)(τ, ω)− ξ(τ, ω)

∣
∣
∣

2
}

dτ = 0.

We introduce the class Qm([t, T ]) (t ≥ 0) of Ito processes ητ , τ ∈ [t, T ] of the form
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(13) ητ = ηt +

τ∫

t

asds+

τ∫

t

bsdfs,

where (aτ )
m, (bτ )

m ∈ M2([t, T ]) and

lim
s→τ

M

{

|bs − bτ |4
}

= 0

for all τ ∈ [t, T ].
Let C2,1(R1 × [t, T ]) (t ≥ 0) be the space of functions F (x, τ) : R1 × [t, T ] → R

1 with the following
property: these functions are twice differentiable in x and have one derivative in τ . Moreover, all these
derivatives are bounded.

The mean-square limit

(14) l.i.m
N→∞

N−1∑

j=0

F

(
1

2

(

η
τ
(N)
j

+ η
τ
(N)
j+1

)

, τ
(N)
j

)(

f
τ
(N)
j+1

− f
τ
(N)
j

)
def
=

∗∫

t

T

F (ητ , τ)dfτ

is called [69] the Stratonovich stochastic integral of the process F (ητ , τ), τ ∈ [t, T ] (t ≥ 0), where
F (x, τ) ∈ C2,1(R1 × [t, T ]). We apply in the formula (14) the same notations as in the formula (11).

It is known [69] (also see [2]) that under proper conditions, the following relation holds

(15)

∗∫

t

T

F (ητ , τ)dfτ =

T∫

t

F (ητ , τ)dfτ +
1

2

T∫

t

∂F

∂x
(ητ , τ)bτdτ w. p. 1.

If the Wiener processes in the formulas (13) and (14) are independent, then

(16)

∗∫

t

T

F (ητ , τ)dfτ =

T∫

t

F (ητ , τ)dfτ w. p. 1.

Note that a possible variant of conditions providing the correctness of the formulas (15) and (16)
consists of the following conditions

ητ ∈ Q4([t, T ]), F (ητ , τ) ∈ M2([t, T ]), and F (x, τ) ∈ C2,1(R1 × [t, T ]).

Note that if F (x, τ) = F1(x)F2(τ), then the smoothness condition F (x, τ) ∈ C2,1(R1 × [t, T ]) can
be weakened. Namely, it suffices to replace the condition with respect to τ by continuity with respect
to this variable.

A theorem allowing the change of order of integration in the iterated Ito stochastic integrals has
been proved in [66]-[68] (also see [33]). In what follows, we apply this theorem; let us cite its exact
formulation and the notations.

It is well known that the Ito stochastic integral exists in the mean-square sense (see (11)), if the
stochastic process ξ(τ, ω) ∈ M2([0, T ]), that is, perhaps this process does not satisfy the property of
the mean-square continuity on the interval [0, T ]. Let us formulate the theorem on integration order
replacement for the special class of iterated Ito stochastic integrals. At the same time, the condition
of the mean-square continuity of integrand in the innermost stochastic integral will be significant.

Let S2([t, T ]) (t ≥ 0) be the class of functions ξ : [t, T ]× Ω → R
1, which satisfy the conditions:
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8 D.F. KUZNETSOV

1. ξτ ∈ M2([t, T ]).

2. ξτ is the mean-square continuous stochastic process at the interval [t, T ].

Let us introduce the following class of iterated Ito stochastic integrals

J [φ, ψ(k)]T,t =

T∫

t

ψ1(t1) . . .

tk−1∫

t

ψk(tk)

tk∫

t

φτdw
(k+1)
τ dw

(k)
tk . . . dw

(1)
t1 ,

where φτ ∈ S2([t, T ]), every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function at the interval

[t, T ], here and further w
(l)
τ = fτ or w

(l)
τ = τ for τ ∈ [t, T ] (l = 1, . . . , k + 1), (ψ1, . . . , ψk)

def
= ψ(k),

ψ(1) def
= ψ1.

In [69] Stratonovich introduced the definition of the so-called combined stochastic integral for
the specific class of integrated processes. Taking this definition as a foundation, let us consider the
following construction of stochastic integral

(17) l.i.m.
N→∞

N−1∑

j=0

φτj
(
fτj+1 − fτj

)
θτj+1

def
=

T∫

t

φτdfτθτ ,

where φτ , θτ ∈ S2([t, T ]), {τj}Nj=0 is the partition of the interval [t, T ], which satisfies the condition

(10) (for simplicity we write here and sometimes further τj instead of τ
(N)
j ).

Further, we will use integrals of the type (17) (φτ ∈ S2([t, T ]) and θτ from a little bit narrower class
of stochastic processes than S2([t, T ])) for formulation the theorem on integration order replacement
for iterated Ito stochastic integrals J [φ, ψ(k)]T,t, k ≥ 1.

Note that under the appropriate conditions the following properties of stochastic integrals defined
by the formula (17) can be proved

T∫

t

φτdfτg(τ) =

T∫

t

φτg(τ)dfτ w. p. 1,

where g(τ) is a continuous nonrandom function at the interval [t, T ],

T∫

t

(αφτ + βψτ ) dfτθτ = α

T∫

t

φτdfτθτ + β

T∫

t

ψτdfτθτ w. p. 1,

T∫

t

φτdfτ (αθτ + βψτ ) = α

T∫

t

φτdfτθτ + β

T∫

t

φτdfτψτ w. p. 1,

where α, β ∈ R
1. At that, we suppose that the stochastic processes φτ , θτ , and ψτ are such that all

integrals (included in the mentioned properties) exist.

Let us define the stochastic integrals Î[ψ(k)]T,s, k ≥ 1 of the form

Î[ψ(k)]T,s =

T∫

s

ψk(tk)dw
(k)
tk

T∫

tk

ψk−1(tk−1)dw
(k−1)
tk−1

. . .

T∫

t2

ψ1(t1)dw
(1)
t1
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in accordance with the definition (17) by the following recurrence relation

(18) Î[ψ(k)]T,t
def
= l.i.m.

N→∞

N−1∑

l=0

ψk(τl)
(

w(k)
τl+1

− w(k)
τl

)

Î[ψ(k−1)]T,τl+1
,

where k ≥ 1, Î[ψ(0)]T,s
def
= 1, and [s, T ] ⊆ [t, T ].

Then, we will define the iterated stochastic integral Ĵ [φ, ψ(k)]T,t, k ≥ 1

Ĵ [φ, ψ(k)]T,t =

T∫

t

φsdw
(k+1)
s Î[ψ(k)]T,s

similarly in accordance with the definition (17)

Ĵ [φ, ψ(k)]T,t
def
= l.i.m.

N→∞

N−1∑

l=0

φτl

(

w(k+1)
τl+1

− w(k+1)
τl

)

Î[ψ(k)]T,τl+1
.

Let us formulate the theorem on integration order replacement for iterated Ito stochastic integrals.

Theorem 1 [66]-[68] (also see [33]). Suppose that φτ ∈ S2([t, T ]) and every ψl(τ) (l = 1, . . . , k)

is a continuous nonrandom function at the interval [t, T ]. Then, the stochastic integral Ĵ [φ, ψ(k)]T,t

(k ≥ 1) exists and

J [φ, ψ(k)]T,t = Ĵ [φ, ψ(k)]T,t w. p. 1.

Let us consider some propositions related to Theorem 1.

Proposition 1 [66]-[68] (also see [33]). Let the conditions of Theorem 1 are fulfilled and h(τ) is a

continuous nonrandom function at the interval [t, T ]. Then

(19)

T∫

t

φτdw
(k+1)
τ h(τ)Î [ψ(k)]T,τ =

T∫

t

φτh(τ)dw
(k+1)
τ Î[ψ(k)]T,τ w. p. 1,

and the integrals on the left-hand side of (19) as well as on the right-hand side of (19) exist.

Proposition 2 [66]-[68] (also see [33]). Under the conditions of Theorem 1 the following equality

is satisfied

T∫

t

h(t1)

t1∫

t

φτdw
(k+2)
τ dw

(k+1)
t1 Î[ψ(k)]T,t1 =

(20) =

T∫

t

φτdw
(k+2)
τ

T∫

τ

h(t1)dw
(k+1)
t1 Î[ψ(k)]T,t1 w. p. 1.

Moreover, the stochastic integrals in (20) exist.

Using the integration order replacement technique for iterated Ito stochastic integrals (Theorem
1), we can obtain different equalities for iterated Ito stochastic integrals. At that, the mentioned
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technique is essentially simpler (for the specific class of Ito processes which are the iterated Ito
stochastic integrals) in application than the Ito formula. Let us consider two examples on application
of the integration order replacement technique for iterated Ito stochastic integrals.

Example 1. Using Theorem 1 and Proposition 1, we obtain

T∫

t

t3∫

t

t2∫

t

dft1dft2dt3 =

T∫

t

dft1

T∫

t1

dft2

T∫

t2

dt3 =

=

T∫

t

dft1

T∫

t1

dft2(T − t2) =

T∫

t

dft1

T∫

t1

(T − t2)dft2 =

=

T∫

t

(T − t2)

t2∫

t

dft1dft2 w. p. 1.

Example 2. Using Theorem 1 and Proposition 1, we obtain

T∫

t

t4∫

t

t3∫

t

t2∫

t

dft1dt2dft3dt4 =

T∫

t

dft1

T∫

t1

dt2

T∫

t2

dft3

T∫

t3

dt4 =

=

T∫

t

dft1

T∫

t1

dt2

T∫

t2

dft3(T − t3) =

T∫

t

dft1

T∫

t1

dt2

T∫

t2

(T − t3)dft3 =

=

T∫

t

(T − t3)

t3∫

t

t2∫

t

dft1dt2dft3 =

T∫

t

(T − t3)





t3∫

t

t2∫

t

dft1dt2



 dft3 =

=

T∫

t

(T − t3)





t3∫

t

dft1

t3∫

t1

dt2



 dft3 =

T∫

t

(T − t3)





t3∫

t

dft1(t3 − t1)



 dft3 =

=

T∫

t

(T − t3)





t3∫

t

(t3 − t1)dft1



 dft3 =

T∫

t

(T − t2)

t2∫

t

(t2 − t1)dft1dft2 w. p. 1.

Let us apply Theorem 1 to deriving of one propetry for Ito stochastic integrals.

Lemma 1. Let h(τ), g(τ), G(τ) : [t, s] → R
1 be continuous nonrandom functions at the interval

[t, s] and let G(τ) be a antiderivative of the function g(τ). Furthermore, let ξτ ∈ S2([t, s]). Then

(21)

s∫

t

g(τ)

τ∫

t

h(θ)

θ∫

t

ξudf
(i)
u df

(j)
θ dτ =

s∫

t

(G(s) −G(θ))h(θ)

θ∫

t

ξudf
(i)
u df

(j)
θ

w. p. 1, where i, j = 1, 2 and f
(1)
τ , f

(2)
τ are independent standard Wiener processes that are Fτ–

measurable for all τ ∈ [t, s].
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Proof. Applying Theorem 1 twice and Proposition 1, we get the following relations

s∫

t

g(τ)

τ∫

t

h(θ)

θ∫

t

ξudf
(i)
u df

(j)
θ dτ =

s∫

t

ξudf
(i)
u

s∫

u

h(θ)df
(j)
θ

s∫

θ

g(τ)dτ =

= G(s)

s∫

t

ξudf
(i)
u

s∫

u

h(θ)df
(j)
θ −

s∫

t

ξudf
(i)
u

s∫

u

G(θ)h(θ)df
(j)
θ =

= G(s)

s∫

t

h(θ)

θ∫

t

ξudf
(i)
u df

(j)
θ −

s∫

t

G(θ)h(θ)

θ∫

t

ξudf
(i)
u df

(j)
θ =

(22) =

s∫

t

(G(s)−G(θ))h(θ)

θ∫

t

ξudf
(i)
u df

(j)
θ w. p. 1.

The proof of Lemma 1 is completed. Let us consider an analogue of Lemma 1 for Stratonovich
stochastic integrals.

Lemma 2 [9]. Let h(τ), g(τ), G(τ) : [t, s] → R
1 be continuous nonrandom functions at the interval

[t, s] and let G(τ) be a antiderivative of the function g(τ). Let ξ
(l)
τ ∈ Q4([t, s]) and

ξ(l)τ =

τ∫

t

audu +

τ∫

t

budf
(l)
u , l = 1, 2.

Then

(23)

s∫

t

g(τ)

∗∫

t

τ

h(θ)

∗∫

t

θ

ξ(l)u df (i)u df
(j)
θ dτ =

∗∫

t

s

(G(s)−G(θ))h(θ)

∗∫

t

θ

ξ(l)u df (i)u df
(j)
θ

w. p. 1, where i, j, l = 1, 2 and f
(1)
τ , f

(2)
τ are independent standard Wiener processes that are Fτ–

measurable for all τ ∈ [t, s].

Proof. Under the conditions of Lemma 2, we can apply equalities (15) and (16) with F (x, θ) ≡
xh(θ),

ηθ =

∗∫

t

θ

ξ(l)u df (i)u ,

since the function xh(θ) is sufficiently smooth and the following obvious inclusions hold: ηθ ∈ Q4([t, s])
and ηθh(θ) ∈ M2([t, s]). Thus, we have the equalities

(24)

∗∫

t

τ

h(θ)

∗∫

t

θ

ξ(l)u df (i)u df
(j)
θ =

τ∫

t

h(θ)

∗∫

t

θ

ξ(l)u df (i)u df
(j)
θ +

1

2
1{i=j}

τ∫

t

h(θ)ξ
(l)
θ dθ,

(25)

∗∫

t

θ

ξ(l)u df (i)u =

θ∫

t

ξ(l)u df (i)u +
1

2
1{l=i}

θ∫

t

budu
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w. p. 1, where 1A is the indicator of a set A. Substituting formulas (24) and (25) into the left-hand
side of equality (23) and applying Theorem 1 twice and Proposition 1, we get the following relations

s∫

t

g(τ)

∗∫

t

τ

h(θ)

∗∫

t

θ

ξ(l)u df (i)u df
(j)
θ dτ =

=

s∫

t

ξ(l)u df (i)u

s∫

u

h(θ)df
(j)
θ

s∫

θ

g(τ)dτ+

+
1

2
1{l=i}

s∫

t

budu

s∫

u

h(θ)df
(j)
θ

s∫

θ

g(τ)dτ +
1

2
1{i=j}

s∫

t

h(θ)ξ
(l)
θ dθ

s∫

θ

g(τ)dτ =

= G(s)





s∫

t

ξ(l)u df (i)u

s∫

u

h(θ)df
(j)
θ +

1

2
1{i=j}

s∫

t

h(θ)ξ
(l)
θ dθ+

+
1

2
1{l=i}

s∫

t

budu

s∫

u

h(θ)df
(j)
θ



−

−





s∫

t

ξ(l)u df (i)u

s∫

u

G(θ)h(θ)df
(j)
θ +

1

2
1{i=j}

s∫

t

G(θ)h(θ)ξ
(l)
θ dθ+

+
1

2
1{l=i}

s∫

t

budu

s∫

u

h(θ)G(θ)df
(j)
θ



 =

= G(s)





s∫

t

h(θ)

θ∫

t

ξ(l)u df (i)u df
(j)
θ +

1

2
1{i=j}

s∫

t

h(θ)ξ
(l)
θ dθ+

+
1

2
1{l=i}

s∫

t

h(θ)

θ∫

t

bududf
(j)
θ



−

−





s∫

t

G(θ)h(θ)

θ∫

t

ξ(l)u df (i)u df
(j)
θ +

1

2
1{i=j}

s∫

t

G(θ)h(θ)ξ
(l)
θ dθ+

(26) +
1

2
1{l=i}

s∫

t

h(θ)G(θ)

θ∫

t

bududf
(j)
θ





w. p. 1. Applying successively the formulas (24), (25) together with the formula (24) in which h(θ)
replaced by G(θ)h(θ) as well as the relation (26), we obtain the equality (23).
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3. The Taylor–Ito Expansion

In this section, we cite the Taylor-Ito expansion [7] and introduce some necessary notations. At
that, we will use the original notation introduced by the author of this paper.

Let L be the class of functions R(x, t) : Rn×[0, T ] → R
1 with the following property: these functions

are twice continuously differentiable in x and have one continuous derivative in t. We consider the
following operators on the space L

LR(x, t) =
∂R

∂t
(x, t) +

n∑

i=1

a(i)(x, t)
∂R

∂x(i)
(x, t)+

(27) +
1

2

m∑

j=1

n∑

l,i=1

B(lj)(x, t)B(ij)(x, t)
∂2R

∂x(l)∂x(i)
(x, t),

(28) G
(i)
0 R(x, t) =

n∑

j=1

B(ji)(x, t)
∂R

∂x(j)
(x, t), i = 1, . . . ,m.

By the Ito formula, we have the equality

(29) R(xs, s) = R(xt, t) +

s∫

t

LR(xτ , τ)dτ +

m∑

i=1

s∫

t

G
(i)
0 R(xτ , τ)df

(i)
τ

w. p. 1, where 0 ≤ t < s ≤ T. In the formula (29) it is assumed that the functions a(x, t), B(x, t),

and R(x, t) satisfy the following condition: LR(xτ , τ), G
(i)
0 R(xτ , τ) ∈ M2([0, T ]) for i = 1, . . . ,m.

Introduce the following notation

(30) (k)A =

∥
∥
∥
∥
∥
A(i1...ik)

∥
∥
∥
∥
∥

m1 ... mk

i1=1,...,ik=1

, m1, . . . ,mk ≥ 1,

(k+l)A
l· (l)B(k) =







∥
∥
∥
∥
∥

m1∑

i1=1

. . .
ml∑

il=1

A(i1...ik+l)B(i1...il)

∥
∥
∥
∥
∥

ml+1 ... ml+k

il+1=1,...,il+k=1

for k ≥ 1

m1∑

i1=1

. . .
ml∑

il=1

A(i1...il)B(i1...il) for k = 0

,

(31)

∥
∥
∥
∥
∥
Ak+1D

(ik)
k Ak . . . A2D

(i1)
1 A1R(x, t)

∥
∥
∥
∥
∥

m1 ... mk

i1=1,...,ik=1

= (k)Ak+1DkAk . . . A2D1A1R(x, t),

where Ap and D
(iq)
q are operators defined on the space L for p = 1, . . . , k + 1, q = 1, . . . , k, and

iq = 1, . . . ,mq. It is assumed that the left-hand side of (31) exists. The symbol
0· is treated as the
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usual multiplication. If ml = 0 in (30) for some l ∈ {1, . . . , k}, then the right-hand side of (30) is
treated as

∥
∥
∥
∥
∥
A(i1...il−1il+1...ik)

∥
∥
∥
∥
∥

m1 ... ml−1 ml+1 ... mk

i1=1,...,il−1=1,il+1=1,...,ik=1

,

(shortly, (k−1)A).
We also introduce the following notation

∥
∥
∥
∥
∥
Q

(il)
λl

. . . Q
(i1)
λ1

R(x, t)

∥
∥
∥
∥
∥

mλ1 ... mλl

i1=λ1,...,il=λl

def
= (pl)Qλl

. . .Qλ1R(x, t),

(pk)J(λk...λ1)s,t =

∥
∥
∥
∥
∥
J
(ik...i1)
(λk...λ1)s,t

∥
∥
∥
∥
∥

mλ1 ... mλk

i1=λ1,...,ik=λk

,

Mk =

{

(λk, . . . , λ1) : λl = 1 or λl = 0; l = 1, . . . , k

}

, k ≥ 1,

J
(ik...i1)
(λk...λ1)s,t

=

s∫

t

. . .

t2∫

t

dw
(ik)
t1 . . . dw

(i1)
tk , k ≥ 1,

where λl = 1 or λl = 0, Q
(il)
λl

= L and il = 0 for λl = 0, Q
(il)
λl

= G
(il)
0 and il = 1, . . . ,m for λl = 1,

pl =

l∑

j=1

λj for l = 1, . . . , r + 1, r ∈ N,

w
(i)
τ (i = 1, . . . ,m) are Fτ -measurable for all τ ∈ [0, T ] independent standard Wiener processes and

w
(0)
τ = τ.
Applying the formula (29) to the process R(xs, s) repeatedly, we obtain the following Taylor–Ito

expansion [7]

(32) R(xs, s) = R(xt, t) +

r∑

k=1

∑

(λk,...,λ1)∈Mk

(pk)Qλk
. . .Qλ1R(xt, t)

pk· (pk)J(λk...λ1)s,t + (Dr+1)s,t

w. p. 1, where

(33) (Dr+1)s,t =
∑

(λr+1,...,λ1)∈Mr+1

s∫

t

. . .





t2∫

t

(pr+1)Qλr+1 . . . Qλ1R(xt1 , t1)
λr+1· dwt1



 . . .
λ1· dwtr+1 .

It is assumed that the right-hand sides of (32), (33) exist.
A possible variant of the conditions under which the right-hand sides of (32), (33) exist is as follows

(i) Q
(il)
λl

. . . Q
(i1)
λ1

R(x, t) ∈ L for all (λl, . . . , λ1) ∈
r⋃

g=1
Mg;
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(ii) Q
(il)
λl

. . . Q
(i1)
λ1

R(xτ , τ) ∈ M2([0, T ]) for all (λl, . . . , λ1) ∈
r+1⋃

g=1
Mg.

Let us write the expansion (32) in the another form

R(xs, s) = R(xt, t) +

r∑

k=1

∑

(λk,...,λ1)∈Mk

mλ1∑

i1=λ1

. . .

mλk∑

ik=λk

Q
(ik)
λk

. . .Q
(i1)
λ1

R(xt, t) J
(ik...i1)
(λk...λ1)s,t

+

+(Dr+1)s,t w. p. 1.

Denote

Grk =

{

(λk, . . . , λ1) : r + 1 ≤ 2k − λ1 − . . .− λk ≤ 2r

}

,

Eqk =

{

(λk, . . . , λ1) : 2k − λ1 − . . .− λk = q

}

,

where λl = 1 or λl = 0 (l = 1, . . . , k).
The Taylor–Ito expansion ordered according to the order of smallness (in the mean-square sense

when s ↓ t) of its terms has the form

R(xs, s) = R(xt, t) +

r∑

q,k=1

∑

(λk,...,λ1)∈Eqk

mλ1∑

i1=λ1

. . .

mλk∑

ik=λk

Q
(ik)
λk

. . . Q
(i1)
λ1

R(xt, t) J
(ik...i1)
(λk...λ1)s,t

+

(34) +(Hr+1)s,t w. p. 1,

where

(Hr+1)s,t =
r∑

k=1

∑

(λk,...,λ1)∈Grk

mλ1∑

i1=λ1

. . .

mλk∑

ik=λk

Q
(ik)
λk

. . .Q
(i1)
λ1

R(xt, t) J
(ik...i1)
(λk...λ1)s,t

+

+(Dr+1)s,t .

4. The First Form of the Unified Taylor–Ito Expansion

In this section, we transform the right-hand side of (32) with the help of Theorem 1 and Lemma
1 to a representation including iterated Ito stochastic integrals of the form (7).

Denote

(35) I
(i1...ik)
l1...lks,t

=

s∫

t

(t− tk)
lk . . .

t2∫

t

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk

for k ≥ 1

and
I
(i1...ik)
l1...lks,t

= 1 for k = 0,

where i1, . . . , ik = 1, . . . ,m. Moreover, let
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(k)Il1...lks,t
=

∥
∥
∥
∥
∥
I
(i1...ik)
l1...lks,t

∥
∥
∥
∥
∥

m

i1,...,ik=1

,

(36) G(i)
p

def
=

1

p

(

G
(i)
p−1L− LG

(i)
p−1

)

, p = 1, 2, . . . , i = 1, . . . ,m,

where L and G
(i)
0 , i = 1, . . . ,m, are determined by the equalities (27), (28). Denote

Aq
def
=

{

(k, j, l1, . . . , lk) : k + j +

k∑

p=1

lp = q; k, j, l1, . . . , lk = 0, 1, . . .

}

,

∥
∥
∥
∥
∥
G

(i1)
l1

. . . G
(ik)
lk

LjR(x, t)

∥
∥
∥
∥
∥

m

i1,...,ik=1

def
= (k)Gl1 . . . GlkL

jR(x, t),

LjR(x, t)
def
=







L . . . L
︸ ︷︷ ︸

j

R(x, t) for j ≥ 1

R(x, t) for j = 0

.

Theorem 2. Let conditions (i), (ii) be satisfied. Then for any s, t ∈ [0, T ] such that s > t and for

any positive integer r, the following expansion takes place w. p. 1

R(xs, s) = R(xt, t) +

r∑

q=1

∑

(k,j,l1,...,lk)∈Aq

(s− t)j

j!

m∑

i1,...,ik=1

G
(i1)
l1

. . . G
(ik)
lk

LjR(xt, t) I
(i1...ik)
l1...lks,t

+

(37) +(Dr+1)s,t ,

where (Dr+1)s,t has the form (33).

Proof. We claim that

∑

(λq,...,λ1)∈Mq

(pq)Qλq
. . .Qλ1R(xt, t)

pq· (pq)J(λq ...λ1)s,t =

(38) =
∑

(k,j,l1,...,lk)∈Aq

(s− t)j

j!

m∑

i1,...,ik=1

G
(i1)
l1

. . . G
(ik)
lk

LjR(xt, t) I
(i1...ik)
l1...lks,t

w. p. 1. The equality (38) is valid for q = 1. Assume that (38) is valid for some q > 1. In this case,
using the induction hypothesis, we obtain
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∑

(λq+1,...,λ1)∈Mq+1

(pq+1)Qλ1 . . .Qλq+1R(xt, t)
pq+1· (pq+1)J(λ1...λq+1)s,t =

=
∑

λq+1∈{1, 0}

s∫

t

∑

(λq,...,λ1)∈Mq

(

(pq+1)Qλ1 . . .Qλq+1R(xt, t)
pq· (pq)J(λ1...λq)θ,t

)

λq+1· dwθ =

=
∑

λq+1∈{1, 0}

s∫

t

∑

(k,j,l1,...,lk)∈Aq

(θ − t)j

j!
×

×
(

(k+λq+1)Gl1 . . . GlkL
jQλq+1R(xt, t)

k· (k)Il1...lks,t

)

λq+1· dwθ =

=
∑

(k,j,l1,...,lk)∈Aq



(k)Gl1 . . .GlkL
j+1R(xt, t)

k·
s∫

t

(θ − t)j

j!
(k)Il1...lkθ,t

dθ+

(39) +



(k+1)Gl1 . . . GlkL
jG0R(xt, t)

k·
s∫

t

(θ − t)j

j!
(k)Il1...lkθ,t




1· dfθ





w. p. 1.
Using Lemma 1, we obtain

s∫

t

(θ − t)j

j!
(k)Il1...lkθ,t

dθ =

(40) =
1

(j + 1)!







(s− t)j+1 for k = 0

(s− t)j+1 · (k)Il1...lks,t
− (−1)j+1 · (k)Il1...lk−1 lk+j+1

s,t
for k > 0

w. p. 1. In addition (see (35)), we get

(41)

s∫

t

(θ − t)j

j!
I
(i1...ik)
l1...lkθ,t

df
(ik+1)
θ =

(−1)j

j!
I
(i1...ikik+1)
l1...lkjs,t

in the notations just introduced. Substitute the relations (40) and (41) into the formula (39). Grouping
summands of the obtained expression with equal lower indices at iterated Ito stochastic integrals and
using (36) and the equality

(42) G(i)
p R(x, t) =

1

p!

p
∑

q=0

(−1)qCq
pL

qG
(i)
0 Lp−qR(x, t), where Cq

p =
p!

q!(p− q)!
,
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(this equality follows from (36)), we note that the obtained expression is equal to

∑

(k,j,l1,...,lk)∈Aq+1

(s− t)j

j!
(k)Gl1 . . . GlkL

j{ηt}
k· (k)Il1...lks,t

w. p. 1. Summing the equalities (38) for q = 1, 2, . . . , r and applying the formula (32), we obtain the
expression (37). The proof is completed.

Let us order terms of the expansion (37) according to their smallness orders as s ↓ t in the mean-
square sense

R(xs, s) = R(xt, t) +

r∑

q=1

∑

(k,j,l1,...,lk)∈Dq

(s− t)j

j!

m∑

i1,...,ik=1

G
(i1)
l1

. . . G
(ik)
lk

LjR(xt, t) I
(i1...ik)
l1...lks,t

+

(43) +(Hr+1)s,t w. p. 1,

where

(Hr+1)s,t =
∑

(k,j,l1,...,lk)∈Ur

(s− t)j

j!

m∑

i1,...,ik=1

G
(i1)
l1

. . . G
(ik)
lk

LjR(xt, t) I
(i1...ik)
l1...lks,t

+ (Dr+1)s,t ,

(44) Dq =

{

(k, j, l1, . . . , lk) : k + 2

(

j +

k∑

p=1

lp

)

= q; k, j, l1, . . . , lk = 0, 1, . . .

}

,

(45)

Ur =

{

(k, j, l1, . . . , lk) : k + j +
k∑

p=1

lp ≤ r, k + 2

(

j +
k∑

p=1

lp

)

≥ r + 1; k, j, l1, . . . , lk = 0, 1, . . .

}

,

and (Dr+1)s,t has the form (33). Note that the remainder term (Hr+1)s,t in (43) has a higher order

of smallness in the mean-square sense as s ↓ t than the terms of the main part of expansion (43).

5. The Second Form of the Unified Taylor–Ito Expansion

Consider iterated Ito stochastic integrals of the form

J
(i1...ik)
l1...lks,t

=

s∫

t

(s− tk)
lk . . .

t2∫

t

(s− t1)
l1df

(i1)
t1 . . . df

(ik)
tk for k ≥ 1

and

J
(i1...ik)
l1...lks,t

= 1 for k = 0,

where i1, . . . , ik = 1, . . . ,m.
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The additive property of stochastic integrals and the Newton binomial formula imply the following
equality

(46) I
(i1...ik)
l1...lks,t

=

l1∑

j1=0

. . .

lk∑

jk=0

k∏

g=1

C
jg
lg
(t− s)l1+...+lk−j1−...−jk J

(i1...ik)
j1...jks,t

w. p. 1,

where

Ck
l =

l!

k!(l − k)!

is the binomial coefficient. Thus, the Taylor–Ito expansion of the process ηs = R(xs, s) can be

constructed either using the iterated stochastic integrals I
(i1...ik)
l1...lks,t

similarly to the previous section or

using the iterated stochastic integrals J
(i1...ik)
l1...lks,t

. This is the main subject of this section.

Denote
∥
∥
∥
∥
∥
J
(i1...ik)
l1...lks,t

∥
∥
∥
∥
∥

m

i1,...,ik=1

def
= (k)Jl1...lks,t

,

∥
∥
∥
∥
∥
LjG

(i1)
l1

. . . G
(ik)
lk

R(x, t)

∥
∥
∥
∥
∥

m

i1,...,ik=1

def
= (k)LjGl1 . . .GlkR(x, t).

Theorem 3. Let conditions (i), (ii) be satisfied. Then for any s, t ∈ [0, T ] such that s > t and for

any positive integer r, the following expansion is valid w. p. 1

R(xs, s) = R(xt, t) +

r∑

q=1

∑

(k,j,l1,...,lk)∈Aq

(s− t)j

j!

m∑

i1,...,ik=1

LjG
(i1)
l1

. . . G
(ik)
lk

R(xt, t) J
(i1...ik)
l1...lks,t

+

(47) +(Dr+1)s,t ,

where (Dr+1)s,t has the form (33).

Proof. To prove the theorem, we check the equalities

∑

(k,j,l1,...,lk)∈Aq

(s− t)j

j!

m∑

i1,...,ik=1

LjG
(i1)
l1

. . . G
(ik)
lk

R(xt, t) J
(i1...ik)
l1...lks,t

=

(48)
∑

(k,j,l1,...,lk)∈Aq

(s− t)j

j!

m∑

i1,...,ik=1

G
(i1)
l1

. . . G
(ik)
lk

LjR(xt, t) I
(i1...ik)
l1...lks,t

w. p. 1

for q = 1, 2, . . . , r. To check (48), substitute the expression (46) into the right-hand side of (48) and
then use the formulas (36), (42).

Let us rank terms of the expansion (47) according to their orders of smallness in the mean-square
sense as s ↓ t
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R(xs, s) = R(xt, t) +

r∑

q=1

∑

(k,j,l1,...,lk)∈Dq

(s− t)j

j!

m∑

i1,...,ik=1

LjG
(i1)
l1

. . .G
(ik)
lk

R(xt, t) J
(i1...ik)
l1...lks,t

+

+(Hr+1)s,t w. p. 1,

where

(Hr+1)s,t =
∑

(k,j,l1,...,lk)∈Ur

(s− t)j

j!

m∑

i1,...,ik=1

LjG
(i1)
l1

. . .G
(ik)
lk

R(xt, t) J
(i1...ik)
l1...lks,t

+ (Dr+1)s,t .

The term (Dr+1)s,t has the form (33); the terms Dq and Ur have the forms (44) and (45),
respectively. Finally, we note that the convergence w. p. 1 of the truncated Taylor–Ito expansion
(32) (without the remainder term (Dr+1)s,t) to the process R(xs, s) as r → ∞ for all s, t ∈ [0, T ]

such that s > t and T < ∞ has been proved in [2] (Proposition 5.9.2). Since expansions (37)
and (47) are obtained from the Taylor–Ito expansion (32) without any additional conditions, the
truncated expansions (37) and (47) (without the reminder term (Dr+1)s,t) under the conditions of

[2] (Proposition 5.9.2) converge to the process R(xs, s) w. p. 1 as r → ∞ for all s, t ∈ [0, T ] such that
s > t and T <∞.

6. The Taylor–Stratonovich Expansion

In this section, we cite the Taylor–Stratonovich expansion [7] and introduce some necessary nota-
tions. At that, we will use the original notations introduced by the author of this paper.

Assume that LR(xτ , τ), G
(i)
0 R(xτ , τ) ∈ M2([0, T ]) for i = 1, . . . ,m, and consider the Ito formula

in the form (29).

In addition, suppose that the function G
(i)
0 R(x, t) (i = 1, . . . ,m) is such that the formulas (15)

and (16) can be applied. In this case, the relations (15) and (16) imply that

(49)

s∫

t

G
(i)
0 R(xτ , τ)df

(i)
τ =

∗∫

t

s

G
(i)
0 R(xτ , τ)df

(i)
τ − 1

2

s∫

t

G
(i)
0 G

(i)
0 R(xτ , τ)dτ

w. p. 1 for i = 1, . . . ,m.
Using the relation (49), let us write the formula (29) in the following form

(50) R(xs, s) = R(xt, t) +

s∫

t

L̄R(xτ , τ)dτ +

m∑

i=1

∗∫

t

s

G
(i)
0 R(xτ , τ)df

(i)
τ w. p. 1,

where

(51) L̄R(x, t) = LR(x, t)− 1

2

m∑

i=1

G
(i)
0 G

(i)
0 R(x, t).

Introduce the following notation
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∥
∥
∥
∥
∥
D

(il)
λl

. . . D
(i1)
λ1

R(x, t)

∥
∥
∥
∥
∥

mλ1 ... mλl

i1=λ1,...,il=λl

def
= (pl)Dλl

. . . Dλ1R(x, t),

(pk)J∗
(λk...λ1)s,t

=

∥
∥
∥
∥
∥
J
∗(ik...i1)
(λk...λ1)s,t

∥
∥
∥
∥
∥

mλ1 ... mλk

i1=λ1,...,ik=λk

,

Mk =

{

(λk, . . . , λ1) : λl = 1 or λl = 0; l = 1, . . . , k

}

, k ≥ 1,

J
∗(ik...i1)
(λk...λ1)s,t

=

∗∫

t

s

. . .

∗∫

t

t2

dw
(ik)
t1 . . . dw

(i1)
tk , k ≥ 1,

where λl = 1 or λl = 0, D
(il)
λl

= L̄ and il = 0 for λl = 0, D
(il)
λl

= G
(il)
0 and il = 1, . . . ,m for λl = 1,

pl =

l∑

j=1

λj for l = 1, . . . , r + 1, r ∈ N,

w
(i)
τ (i = 1, . . . ,m) are Fτ -measurable for all τ ∈ [0, T ] independent standard Wiener processes and

w
(0)
τ = τ.
Applying the formula (50) to the process R(xs, s) repeatedly, we obtain the following Taylor–Stra-

tonovich expansion [7]

(52) R(xs, s) = R(xt, t) +
r∑

k=1

∑

(λk,...,λ1)∈Mk

(pk)Dλk
. . .Dλ1R(xt, t)

pk· (pk)J∗
(λk...λ1)s,t

+ (Dr+1)s,t

w. p. 1, where

(53)

(Dr+1)s,t =
∑

(λr+1,...,λ1)∈Mr+1

∗∫

t

s

. . .

( ∗∫

t

t2

(pr+1)Dλr+1 . . . Dλ1R(xt1 , t1)
λr+1· dwt1

)

. . .
λ1· dwtr+1 .

It is assumed that the right-hand sides of (52), (53) exist.
A possible variant of the conditions under which the right-hand sides of (52), (53) exist is as follows

(i∗) Q
(il)
λl

. . . Q
(i1)
λ1

R(x, t) ∈ L for all (λl, . . . , λ1) ∈
r⋃

g=1
Mg;

(ii∗)

(54)
∣
∣
∣Q

(il)
λl

. . .Q
(i1)
λ1

R(x, t)−Q
(il)
λl

. . . Q
(i1)
λ1

R(y, t)
∣
∣
∣ ≤ K|x− y|,

(55)
∣
∣
∣Q

(il)
λl

. . . Q
(i1)
λ1

R(x, t)
∣
∣
∣ ≤ K(1 + |x|),
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and
∣
∣
∣Q

(il)
λl

. . . Q
(i1)
λ1

R(x, t)−Q
(il)
λl

. . .Q
(i1)
λ1

R(x, s)
∣
∣
∣ ≤ K|t− s|ν(1 + |x|)

for all x,y ∈ R
n, t, s ∈ [0, T ], (λl, . . . , λ1) ∈

r+1⋃

g=1
Mg and for some ν > 0, where K <∞ is a constant,

Q
(il)
λl

= L and il = 0 for λl = 0, Q
(il)
λl

= G
(il)
0 and il = 1, . . . ,m for λl = 1;

(iii∗) the functions a(x, t) and B(x, t) are measurable with respect to all of the variables and satisfy
the conditions (54) and (55);

(iv∗) x0 is F0-measurable and M
{
|x0|8

}
<∞.

Let us write the expansion (52) in the another form

R(xs, s) = R(xt, t) +

r∑

k=1

∑

(λk,...,λ1)∈Mk

mλ1∑

i1=λ1

. . .

mλk∑

ik=λk

D
(ik)
λk

. . .D
(i1)
λ1

R(xt, t) J
∗(ik...i1)
(λk...λ1)s,t

+

+(Dr+1)s,t w. p. 1.

Denote

Grk =

{

(λk, . . . , λ1) : r + 1 ≤ 2k − λ1 − . . .− λk ≤ 2r

}

,

Eqk =

{

(λk, . . . , λ1) : 2k − λ1 − . . .− λk = q

}

,

where λl = 1 or λl = 0 (l = 1, . . . , k).
The Taylor–Stratonovich expansion ordered according to the order of smallness (in the mean-square

sense when s ↓ t) of its terms has the form

R(xs, s) = R(xt, t) +

r∑

q,k=1

∑

(λk,...,λ1)∈Eqk

mλ1∑

i1=λ1

. . .

mλk∑

ik=λk

D
(ik)
λk

. . . D
(i1)
λ1

R(xt, t) J
∗(ik...i1)
(λk...λ1)s,t

+

(56) +(Hr+1)s,t w. p. 1,

where

(Hr+1)s,t =

r∑

k=1

∑

(λk,...,λ1)∈Grk

mλ1∑

i1=λ1

. . .

mλk∑

ik=λk

D
(ik)
λk

. . .D
(i1)
λ1

R(xt, t) J
∗(ik...i1)
(λk...λ1)s,t

+

+(Dr+1)s,t .
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7. The First Form of the Unified Taylor–Stratonovich Expansion

In this section, we transform the right-hand side of (52) with the help of Theorem 1 and Lemma
2 to a representation including iterated Stratonovich stochastic integrals of the form (8).

Denote

(57) I
∗(i1...ik)
l1...lks,t

=

∗∫

t

s

(t− tk)
lk . . .

∗∫

t

t2

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk

for k ≥ 1

and

I
∗(i1...ik)
l1...lks,t

= 1 for k = 0,

where i1, . . . , ik = 1, . . . ,m. Moreover, let

(k)I∗l1...lks,t
=

∥
∥
∥
∥
∥
I
∗(i1...ik)
l1...lks,t

∥
∥
∥
∥
∥

m

i1,...,ik=1

,

(58) Ḡ(i)
p

def
=

1

p

(

Ḡ
(i)
p−1L̄− L̄Ḡ

(i)
p−1

)

, p = 1, 2, . . . , i = 1, . . . ,m,

where Ḡ
(i)
0

def
= G

(i)
0 , i = 1, . . . ,m. The operators L̄ and G

(i)
0 , i = 1, . . . ,m, are determined by the

equalities (27), (28), and (51). Denote

Aq
def
=

{

(k, j, l1, . . . , lk) : k + j +

k∑

p=1

lp = q; k, j, l1, . . . , lk = 0, 1, . . .

}

,

∥
∥
∥
∥
∥
Ḡ

(i1)
l1

. . . Ḡ
(ik)
lk

L̄jR(x, t)

∥
∥
∥
∥
∥

m

i1,...,ik=1

def
= (k)Ḡl1 . . . Ḡlk L̄

jR(x, t),

L̄jR(x, t)
def
=







L̄ . . . L̄
︸ ︷︷ ︸

j

R(x, t) for j ≥ 1

R(x, t) for j = 0

.

Theorem 4. Let conditions (i∗)-(iv∗) be satisfied. Then for any s, t ∈ [0, T ] such that s > t and

for any positive integer r, the following expansion takes place w. p. 1

R(xs, s) = R(xt, t) +
r∑

q=1

∑

(k,j,l1,...,lk)∈Aq

(s− t)j

j!

m∑

i1,...,ik=1

Ḡ
(i1)
l1

. . . Ḡ
(ik)
lk

L̄jR(xt, t) I
∗(i1...ik)
l1...lks,t

+

(59) +(Dr+1)s,t ,
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where (Dr+1)s,t has the form (53).

Proof. We claim that

∑

(λq,...,λ1)∈Mq

(pq)Dλq
. . .Dλ1R(xt, t)

pq· (pq)J∗
(λq ...λ1)s,t

=

(60) =
∑

(k,j,l1,...,lk)∈Aq

(s− t)j

j!

m∑

i1,...,ik=1

Ḡ
(i1)
l1

. . . Ḡ
(ik)
lk

L̄jR(xt, t) I
∗(i1...ik)
l1...lks,t

w. p. 1. The equality (60) is valid for q = 1. Assume that (60) is valid for some q > 1. In this case,
using the induction hypothesis, we obtain

∑

(λq+1,...,λ1)∈Mq+1

(pq+1)Dλ1 . . .Dλq+1R(xt, t)
pq+1· (pq+1)J∗

(λ1...λq+1)s,t
=

=
∑

λq+1∈{1, 0}

∗∫

t

s
∑

(λq ,...,λ1)∈Mq

(

(pq+1)Dλ1 . . . Dλq+1R(xt, t)
pq· (pq)J∗

(λ1...λq)θ,t

)

λq+1· dwθ =

=
∑

λq+1∈{1, 0}

∗∫

t

s
∑

(k,j,l1,...,lk)∈Aq

(θ − t)j

j!
×

×
(

(k+λq+1)Ḡl1 . . . Ḡlk L̄
jDλq+1R(xt, t)

k· (k)I∗l1...lks,t

)

λq+1· dwθ =

=
∑

(k,j,l1,...,lk)∈Aq



(k)Ḡl1 . . . Ḡlk L̄
j+1R(xt, t)

k·
s∫

t

(θ − t)j

j!
(k)I∗l1...lkθ,t

dθ+

(61) +



(k+1)Ḡl1 . . . Ḡlk L̄
jḠ0R(xt, t)

k·
∗∫

t

s

(θ − t)j

j!
(k)I∗l1...lkθ,t




1· dfθ





w. p. 1.
Using Lemma 1, we obtain

s∫

t

(θ − t)j

j!
(k)I∗l1...lkθ,t

dθ =

(62) =
1

(j + 1)!







(s− t)j+1 for k = 0

(s− t)j+1 · (k)I∗l1...lks,t
− (−1)j+1 · (k)I∗l1...lk−1 lk+j+1

s,t
for k > 0

w. p. 1. In addition (see (57)), we get
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(63)

∗∫

t

s

(θ − t)j

j!
I
∗(i1...ik)
l1...lkθ,t

df
(ik+1)
θ =

(−1)j

j!
I
∗(i1...ikik+1)
l1...lkjs,t

in the notations just introduced. Substitute the relations (62) and (63) into the formula (61). Grouping
summands of the obtained expression with equal lower indices at iterated Stratonovich stochastic
integrals and using (58) and the equality

(64) Ḡ(i)
p R(x, t) =

1

p!

p
∑

q=0

(−1)qCq
p L̄

qḠ
(i)
0 L̄p−qR(x, t), where Cq

p =
p!

q!(p− q)!
,

(this equality follows from (58)), we note that the obtained expression is equal to

∑

(k,j,l1,...,lk)∈Aq+1

(s− t)j

j!
(k)Ḡl1 . . . Ḡlk L̄

j{ηt}
k· (k)I∗l1...lks,t

w. p. 1. Summing the equalities (60) for q = 1, 2, . . . , r and applying the formula (52), we obtain the
expression (59). The proof is completed.

Let us order terms of the expansion (59) according to their smallness orders as s ↓ t in the mean-
square sense

R(xs, s) = R(xt, t) +
r∑

q=1

∑

(k,j,l1,...,lk)∈Dq

(s− t)j

j!

m∑

i1,...,ik=1

Ḡ
(i1)
l1

. . . Ḡ
(ik)
lk

L̄jR(xt, t) I
∗(i1...ik)
l1...lks,t

+

(65) +(Hr+1)s,t w. p. 1,

where

(Hr+1)s,t =
∑

(k,j,l1,...,lk)∈Ur

(s− t)j

j!

m∑

i1,...,ik=1

Ḡ
(i1)
l1

. . . Ḡ
(ik)
lk

L̄jR(xt, t) I
∗(i1...ik)
l1...lks,t

+ (Dr+1)s,t ,

(66) Dq =

{

(k, j, l1, . . . , lk) : k + 2

(

j +

k∑

p=1

lp

)

= q; k, j, l1, . . . , lk = 0, 1, . . .

}

,

(67)

Ur =

{

(k, j, l1, . . . , lk) : k + j +

k∑

p=1

lp ≤ r, k + 2

(

j +

k∑

p=1

lp

)

≥ r + 1; k, j, l1, . . . , lk = 0, 1, . . .

}

,

and (Dr+1)s,t has the form (53). Note that the remainder term (Hr+1)s,t in (65) has a higher order

of smallness in the mean-square sense as s ↓ t than the terms of the main part of expansion (65).
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8. The Second Form of the Unified Taylor–Stratonovich Expansion

Consider iterated Stratonovich stochastic integrals of the form

J
∗(i1...ik)
l1...lks,t

=

∗∫

t

s

(s− tk)
lk . . .

∗∫

t

t2

(s− t1)
l1df

(i1)
t1 . . . df

(ik)
tk for k ≥ 1

and

J
∗(i1...ik)
l1...lks,t

= 1 for k = 0,

where i1, . . . , ik = 1, . . . ,m.
The additive property of stochastic integrals and the Newton binomial formula imply the following

equality

(68) I
∗(i1...ik)
l1...lks,t

=

l1∑

j1=0

. . .

lk∑

jk=0

k∏

g=1

C
jg
lg
(t− s)l1+...+lk−j1−...−jk J

∗(i1...ik)
j1...jks,t

w. p. 1,

where

Ck
l =

l!

k!(l − k)!

is the binomial coefficient. Thus, the Taylor–Stratonovich expansion of the process ηs = R(xs, s),

s ∈ [0, T ] can be constructed either using the iterated stochastic integrals I
∗(i1...ik)
l1...lks,t

similarly to the

previous section or using the iterated stochastic integrals J
∗(i1...ik)
l1...lks,t

. This is the main subject of this

section.
Denote

∥
∥
∥
∥
∥
J
∗(i1...ik)
l1...lks,t

∥
∥
∥
∥
∥

m

i1,...,ik=1

def
= (k)J∗

l1...lks,t
,

∥
∥
∥
∥
∥
L̄jḠ

(i1)
l1

. . . Ḡ
(ik)
lk

R(x, t)

∥
∥
∥
∥
∥

m

i1,...,ik=1

def
= (k)L̄jḠl1 . . . ḠlkR(x, t).

Theorem 5. Let conditions (i∗)-(iv∗) be satisfied. Then for any s, t ∈ [0, T ] such that s > t and

for any positive integer r, the following expansion is valid w. p. 1

R(xs, s) = R(xt, t) +

r∑

q=1

∑

(k,j,l1,...,lk)∈Aq

(s− t)j

j!

m∑

i1,...,ik=1

L̄jḠ
(i1)
l1

. . . Ḡ
(ik)
lk

R(xt, t) J
∗(i1...ik)
l1...lks,t

+

(69) +(Dr+1)s,t ,

where (Dr+1)s,t has the form (53).

Proof. To prove the theorem, we check the equalities
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∑

(k,j,l1,...,lk)∈Aq

(s− t)j

j!

m∑

i1,...,ik=1

L̄jḠ
(i1)
l1

. . . Ḡ
(ik)
lk

R(xt, t) J
∗(i1...ik)
l1...lks,t

=

(70)
∑

(k,j,l1,...,lk)∈Aq

(s− t)j

j!

m∑

i1,...,ik=1

Ḡ
(i1)
l1

. . . Ḡ
(ik)
lk

L̄jR(xt, t) I
∗(i1...ik)
l1...lks,t

w. p. 1

for q = 1, 2, . . . , r. To check (70), substitute the expression (68) into the right-hand side of (70) and
then use the formulas (58), (64).

Let us rank terms of the expansion (69) according to their orders of smallness in the mean-square
sense as s ↓ t

R(xs, s) = R(xt, t) +

r∑

q=1

∑

(k,j,l1,...,lk)∈Dq

(s− t)j

j!

m∑

i1,...,ik=1

L̄jḠ
(i1)
l1

. . . Ḡ
(ik)
lk

R(xt, t) J
∗(i1...ik)
l1...lks,t

+

+(Hr+1)s,t w. p. 1,

where

(Hr+1)s,t =
∑

(k,j,l1,...,lk)∈Ur

(s− t)j

j!

m∑

i1,...,ik=1

L̄jḠ
(i1)
l1

. . . Ḡ
(ik)
lk

R(xt, t) J
∗(i1...ik)
l1...lks,t

+ (Dr+1)s,t .

The term (Dr+1)s,t has the form (53); the terms Dq and Ur have the forms (66) and (67),
respectively. Finally, we note that the convergence w. p. 1 of the truncated Taylor–Stratonovich
expansion (52) (without the remainder term (Dr+1)s,t) to the process R(xs, s) as r → ∞ for all

s, t ∈ [0, T ] such that s > t and T < ∞ has been proved in [2] (Proposition 5.10.2). Since the
expansions (59) and (69) are obtained from the Taylor–Stratonovich expansion (52) without any
additional conditions, the truncated expansions (59) and (69) (without the reminder term (Dr+1)s,t)

under the conditions of [2] (Proposition 5.10.2) converge to the process R(xs, s) w. p. 1 as r → ∞ for
all s, t ∈ [0, T ] such that s > t and T <∞.

9. Comparison of the Unified Taylor–Ito and Taylor–Stratonovich Expansions With

the Classical Taylor–Ito and Taylor–Stratonovich Expansions

Note that the truncated unified Taylor–Ito and Taylor–Stratonovich expansions contain the less
number of various iterated Ito and Stratonovich stochastic integrals (moreover, their major part will
have less multiplicity) in comparison with the classical Taylor–Ito and Taylor–Stratonovich expansions
[7].

It is easy to notice that the stochastic integrals from the families (4), (5) are connected by linear
relations. However, the stochastic integrals from the families (6), (7) cannot be connected by linear
relations. This holds for the stochastic integrals from the families (8), (9). Therefore, we will call the
families (6)–(9) as the stochastic bases.

Let us call the numbers rankA(r) and rankD(r) of various iterated Ito and Stratonovich stochastic
integrals which are included in the families (6)–(9) as the ranks of stochastic bases when summation
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in the stochastic expansions is performed using the sets Aq (q = 1, . . . , r) and Dq (q = 1, . . . , r)
correspondently. Here r is a fixed natural number.

At the beginning, let us analyze several examples related to the Taylor–Ito expansions (obviously,
the same conclusions will hold for the Taylor–Stratonovich expansions).

Assume that summation in the unified Taylor–Ito expansions is performed using the sets Dq (q =
1, . . . , r). It is easy to see that the truncated unified Taylor–Ito expansion (43), where summation
is performed with respect to the sets Dq when r = 3 includes 4 (rankD(3) = 4) various iterated Ito
stochastic integrals

I
(i1)
0s,t

, I
(i1i2)
00s,t

, I
(i1)
1s,t

, I
(i1i2i3)
000s,t

.

The same truncated classical Taylor–Ito expansion (34) [2] contains 5 various iterated Ito stochastic
integrals

J
(i1)
(1)s,t, J

(i1i2)
(11)s,t, J

(i10)
(10)s,t, J

(0i1)
(01)s,t, J

(i1i2i3)
(111)s,t.

For r = 4 we have 7 (rankD(4) = 7) integrals

I
(i1)
0s,t

, I
(i1i2)
00s,t

, I
(i1)
1s,t

, I
(i1i2i3)
000s,t

, I
(i1i2)
01s,t

, I
(i1i2)
10s,t

, I
(i1i2i3i4)
0000s,t

against 9 stochastic integrals

J
(i1)
(1)s,t, J

(i1i2)
(11)s,t, J

(i10)
(10)s,t, J

(0i1)
(01)s,t, J

(i1i2i3)
(111)s,t, J

(i10i3)
(101)s,t, J

(i1i20)
(110)s,t, J

(0i1i2)
(011)s,t, J

(i1i2i3i4)
(1111)s,t .

For r = 5 (rankD(5) = 12) we get 12 integrals against 17 integrals and for r = 6 and r = 7 we
have 20 against 29 and 33 against 50 correspondently.

We will obtain the same results when compare the unified Taylor–Stratonovich expansions [9],
[46]-[50], [54]-[61] with their classical analogues [2], [7] (see previous sections).

Note that summation according to the sets Dq is usually used while constructing strong numerical
methods (built according to the mean-square criterion of convergence) for Ito SDEs [2], [4], [46]-[50],
[56]-[61]. Summation according to the sets Aq is usually used when building weak numerical methods
(built in accordance with the weak criterion of convergence) for Ito SDEs [2], [4]. For example,
rankA(4) = 15, while the total number of various iterated Ito stochastic integrals (included in the
classical Taylor–Ito expansion [2] when r = 4) equals to 26.

Let us show that [48]-[50], [56]-[61]

rankA(r) = 2r − 1.

Let (l1, . . . , lk) be an ordered set such that l1, . . . , lk = 0, 1, . . . and k = 1, 2, . . . Consider S(k)
def
=

l1 + . . . + lk = p (p is a fixed natural number or zero). Let N(k, p) be a number of all ordered
combinations (l1, . . . , lk) such that l1, . . . , lk = 0, 1, . . . , k = 1, 2, . . . , and S(k) = p. First let us show
that

N(k, p) = Ck−1
p+k−1,

where

Cm
n =

n!

m!(n−m)!

is a binomial coefficient.
It is not difficult to see that

N(1, p) = 1 = C1−1
p+1−1,

N(2, p) = p+ 1 = C2−1
p+2−1,
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N(3, p) =
(p+ 1)(p+ 2)

2
= C3−1

p+3−1.

Moreover,

N(k + 1, p) =

p
∑

l=0

N(k, l) =

p
∑

l=0

Ck−1
l+k−1 = Ck

p+k,

where we used the induction assumption and the well known property of binomial coefficients.
Then

rankA(r) =

= N(1, 0) + (N(1, 1) +N(2, 0)) + (N(1, 2) +N(2, 1) +N(3, 0)) + . . .

. . .+ (N(1, r − 1) +N(2, r − 2) + . . .+N(r, 0)) =

= C0
0 + (C0

1 + C1
1 ) + (C0

2 + C1
2 + C2

2 ) + . . .

. . .+ (C0
r−1 + C1

r−1 + C2
r−1 + . . .+ Cr−1

r−1 ) =

= 20 + 21 + 22 + . . .+ 2r−1 = 2r − 1.

Let nM(r) be the total number of various iterated stochastic integrals included in the classical
Taylor–Ito expansion (32) [2], where summation is performed with respect to the set

r⋃

k=1

Mk.

If we exclude from the consideration the integrals which are equal to (s− t)j/j!, then

nM (r) =

= (21 − 1) + (22 − 1) + (23 − 1) + . . .+ (2r − 1) =

= 2(1 + 2 + 22 + . . .+ 2r−1)− r = 2(2r − 1)− r.

It means that

lim
r→∞

nM (r)

rankA(r)
= 2.

In Table 1 we can see the numbers

rankA(r), nM(r), f(r) = nM(r)/rankA(r)

for various values r.
Let us show that [48]-[50], [56]-[61]
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Таблица 1. Numbers rankA(r), nM(r), f(r) = nM(r)/rankA(r)

r 1 2 3 4 5 6 7 8 9 10

rankA(r) 1 3 7 15 31 63 127 255 511 1023
nM(r) 1 4 11 26 57 120 247 502 1013 2036
f(r) 1 1.3333 1.5714 1.7333 1.8387 1.9048 1.9449 1.9686 1.9824 1.9902

(71) rankD(r) =







r−1∑

s=0

(r−1)/2+[s/2]∑

l=s

Cs
l for r = 1, 3, 5, . . .

r−1∑

s=0

r/2−1+[(s+1)/2]∑

l=s

Cs
l for r = 2, 4, 6, . . .

,

where [x] is an integer part of a number x, and Cm
n is a binomial coefficient.

For proving (71) we write the condition

k + 2(j + S(k)) ≤ r,

where S(k)
def
= l1 + . . .+ lk (k, j, l1, . . . , lk = 0, 1, . . .) in the form j + S(k) ≤ (r − k)/2, and perform

the consideration of all possible combinations with respect to k = 1, . . . , r. Moreover, we take into
account the above reasoning.

Let us calculate the number nE(r) of all different iterated Ito stochastic integrals from the classical
Taylor–Ito expansion (34) [2] if the summation in this expansion is performed with respect to the set

r⋃

q,k=1

Eqk.

The summation condition can be written in this case in the form: 0 ≤ p+2q ≤ r, where q is a total
number of integrations with respect to time while p is a total number of integrations with respect
to the Wiener processes in the selected iterated stochastic integral from the Taylor–Ito expansion
(34) [2]. At that, the multiplicity of the mentioned stochastic integral equals to p + q and it is not
more than r. Let us write the above condition (0 ≤ p + 2q ≤ r) in the form: 0 ≤ q ≤ (r − p)/2
⇔ 0 ≤ q ≤ [(r − p)/2], where [x] means an integer part of a real number x. Then, performing the
consideration of all possible combinations with respect to p = 1, . . . , r and using the combinatorial
reasoning, we obtain the formula

(72) nE(r) =

r∑

s=1

[(r−s)/2]
∑

l=0

Cs
[(r−s)/2]+s−l,

where [x] means an integer part of a real number x.
In Table 2 we can see the numbers

rankD(r), nE(r), g(r) = nE(r)/rankD(r)

for various values r.
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Таблица 2. Numbers rankD(r), nE(r), g(r) = nE(r)/rankD(r)

r 1 2 3 4 5 6 7 8 9 10

rankD(r) 1 2 4 7 12 20 33 54 88 143
nE(r) 1 2 5 9 17 29 50 83 138 261
g(r) 1 1 1.2500 1.2857 1.4167 1.4500 1.5152 1.5370 1.5682 1.8252

10. Application of First Form of the Unified Taylor–Ito Expansion to the

High-Order Strong Numerical Methods for Ito SDEs

Let us write (43) for all s, t ∈ [0, T ] such that s > t in the following form

R(xs, s) = R(xt, t) +

r∑

q=1

∑

(k,j,l1,...,lk)∈Dq

(s− t)j

j!

m∑

i1,...,ik=1

G
(i1)
l1

. . . G
(ik)
lk

LjR(xt, t) I
(i1...ik)
l1...lks,t

+

(73) +1{r=2d−1,d∈N}
(s− t)(r+1)/2

((r + 1)/2)!
L(r+1)/2R(xt, t) +

(
H̄r+1

)

s,t
w. p. 1,

where

(
H̄r+1

)

s,t
= (Hr+1)s,t − 1{r=2d−1,d∈N}

(s− t)(r+1)/2

((r + 1)/2)!
L(r+1)/2R(xt, t).

Consider the partition {τp}Np=0 of the interval [0, T ] such that

0 = τ0 < τ1 < . . . < τN = T, ∆N = max
0≤j≤N−1

|τj+1 − τj | .

From (73) for s = τp+1, t = τp we obtain the following representation of explicit one-step strong
numerical scheme for Ito SDE (1), which is based on the first form of the unified Taylor–Ito expansion

yp+1 = yp +

r∑

q=1

∑

(k,j,l1,...,lk)∈Dq

(τp+1 − τp)
j

j!

m∑

i1,...,ik=1

G
(i1)
l1

. . . G
(ik)
lk

Lj yp Î
(i1...ik)
l1...lkτp+1,τp

+

(74) +1{r=2d−1,d∈N}
(τp+1 − τp)

(r+1)/2

((r + 1)/2)!
L(r+1)/2yp,

where Î
(i1...ik)
l1...lkτp+1,τp

is an approximation of the iterated Ito stochastic integral I
(i1...ik)
l1...lkτp+1,τp

defined as

I
(i1...ik)
l1...lks,t

=

s∫

t

(t− tk)
lk . . .

t2∫

t

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk .
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Note that we understand the equality (74) componentwise with respect to the components y
(i)
p of

the column yp. Also for simplicity we put τp = p∆, ∆ = T/N, T = τN , p = 0, 1, . . . , N.
It is known [2] that under the appropriate conditions the numerical scheme (74) has strong order

of convergence r/2 (r ∈ N).
Let Bj(x, t) is the j-th column of the matrix function B(x, t).
Below we consider particular cases of the numerical scheme (74) for r = 2, 3, 4, 5, and 6, i.e. explicit

one-step strong numerical schemes for Ito SDE (1) with orders 1.0, 1.5, 2.0, 2.5, and 3.0 of convergence.

At that, for simplicity we will write a, La, Bi, G
(i)
0 Bj etc. instead of a(yp, τp), La(yp, τp), Bi(yp, τp),

G
(i)
0 Bj(yp, τp) etc. correspondingly. Moreover, the operators L and G

(i)
0 , i = 1, . . . ,m, are determined

by the equalities (27), (28) as before.

Scheme with strong order 1.0

(75) yp+1 = yp +

m∑

i1=1

Bi1 Î
(i1)
0τp+1,τp

+∆a+

m∑

i1,i2=1

G
(i2)
0 Bi1 Î

(i2i1)
00τp+1,τp

.

Scheme with strong order 1.5

yp+1 = yp +

m∑

i1=1

Bi1 Î
(i1)
0τp+1,τp

+∆a+

m∑

i1,i2=1

G
(i2)
0 Bi1 Î

(i2i1)
00τp+1,τp

+

+

m∑

i1=1

[

G
(i1)
0 a

(

∆Î
(i1)
0τp+1,τp

+ Î
(i1)
1τp+1,τp

)

− LBi1 Î
(i1)
1τp+1,τp

]

+

+

m∑

i1,i2,i3=1

G
(i3)
0 G

(i2)
0 Bi1 Î

(i3i2i1)
000τp+1,τp

+

(76) +
∆2

2
La.

Scheme with strong order 2.0

yp+1 = yp +
m∑

i1=1

Bi1 Î
(i1)
0τp+1,τp

+∆a+
m∑

i1,i2=1

G
(i2)
0 Bi1 Î

(i2i1)
00τp+1,τp

+

+

m∑

i1=1

[

G
(i1)
0 a

(

∆Î
(i1)
0τp+1,τp

+ Î
(i1)
1τp+1,τp

)

− LBi1 Î
(i1)
1τp+1,τp

]

+

+

m∑

i1,i2,i3=1

G
(i3)
0 G

(i2)
0 Bi1 Î

(i3i2i1)
000τp+1,τp

+
∆2

2
La+
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+

m∑

i1,i2=1

[

G
(i2)
0 LBi1

(

Î
(i2i1)
10τp+1,τp

− Î
(i2i1)
01τp+1,τp

)

− LG
(i2)
0 Bi1 Î

(i2i1)
10τp+1,τp

+

+G
(i2)
0 G

(i1)
0 a

(

Î
(i2i1)
01τp+1,τp

+∆Î
(i2i1)
00τp+1,τp

)]

+

(77) +

m∑

i1,i2,i3,i4=1

G
(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

(i4i3i2i1)
0000τp+1,τp

.

Scheme with strong order 2.5

yp+1 = yp +
m∑

i1=1

Bi1 Î
(i1)
0τp+1,τp

+∆a+
m∑

i1,i2=1

G
(i2)
0 Bi1 Î

(i2i1)
00τp+1,τp

+

+

m∑

i1=1

[

G
(i1)
0 a

(

∆Î
(i1)
0τp+1,τp

+ Î
(i1)
1τp+1,τp

)

− LBi1 Î
(i1)
1τp+1,τp

]

+

+

m∑

i1,i2,i3=1

G
(i3)
0 G

(i2)
0 Bi1 Î

(i3i2i1)
000τp+1,τp

+
∆2

2
La+

+

m∑

i1,i2=1

[

G
(i2)
0 LBi1

(

Î
(i2i1)
10τp+1,τp

− Î
(i2i1)
01τp+1,τp

)

− LG
(i2)
0 Bi1 Î

(i2i1)
10τp+1,τp

+

+G
(i2)
0 G

(i1)
0 a

(

Î
(i2i1)
01τp+1,τp

+∆Î
(i2i1)
00τp+1,τp

)]

+

+

m∑

i1,i2,i3,i4=1

G
(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

(i4i3i2i1)
0000τp+1,τp

+

+

m∑

i1=1

[

G
(i1)
0 La

(
1

2
Î
(i1)
2τp+1,τp

+∆Î
(i1)
1τp+1,τp

+
∆2

2
Î
(i1)
0τp+1,τp

)

+

+
1

2
LLBi1 Î

(i1)
2τp+1,τp

− LG
(i1)
0 a

(

Î
(i1)
2τp+1,τp

+∆Î
(i1)
1τp+1,τp

)
]

+

+

m∑

i1,i2,i3=1

[

G
(i3)
0 LG

(i2)
0 Bi1

(

Î
(i3i2i1)
100τp+1,τp

− Î
(i3i2i1)
010τp+1,τp

)

+

+G
(i3)
0 G

(i2)
0 LBi1

(

Î
(i3i2i1)
010τp+1,τp

− Î
(i3i2i1)
001τp+1,τp

)

+

+G
(i3)
0 G

(i2)
0 G

(i1)
0 a

(

∆Î
(i3i2i1)
000τp+1,τp

+ Î
(i3i2i1)
001τp+1,τp

)

−
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−LG(i3)
0 G

(i2)
0 Bi1 Î

(i3i2i1)
100τp+1,τp

]

+

+
m∑

i1,i2,i3,i4,i5=1

G
(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

(i5i4i3i2i1)
00000τp+1,τp

+

(78) +
∆3

6
LLa.

Scheme with strong order 3.0

yp+1 = yp +

m∑

i1=1

Bi1 Î
(i1)
0τp+1,τp

+∆a+

m∑

i1,i2=1

G
(i2)
0 Bi1 Î

(i2i1)
00τp+1,τp

+

+

m∑

i1=1

[

G
(i1)
0 a

(

∆Î
(i1)
0τp+1,τp

+ Î
(i1)
1τp+1,τp

)

− LBi1 Î
(i1)
1τp+1,τp

]

+

+

m∑

i1,i2,i3=1

G
(i3)
0 G

(i2)
0 Bi1 Î

(i3i2i1)
000τp+1,τp

+
∆2

2
La+

+

m∑

i1,i2=1

[

G
(i2)
0 LBi1

(

Î
(i2i1)
10τp+1,τp

− Î
(i2i1)
01τp+1,τp

)

− LG
(i2)
0 Bi1 Î

(i2i1)
10τp+1,τp

+

+G
(i2)
0 G

(i1)
0 a

(

Î
(i2i1)
01τp+1,τp

+∆Î
(i2i1)
00τp+1,τp

)]

+

(79) +

m∑

i1,i2,i3,i4=1

G
(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

(i4i3i2i1)
0000τp+1,τp

+ qp+1,p + rp+1,p,

where

qp+1,p =

m∑

i1=1

[

G
(i1)
0 La

(
1

2
Î
(i1)
2τp+1,τp

+∆Î
(i1)
1τp+1,τp

+
∆2

2
Î
(i1)
0τp+1,τp

)

+

+
1

2
LLBi1 Î

(i1)
2τp+1,τp

− LG
(i1)
0 a

(

Î
(i1)
2τp+1,τp

+∆Î
(i1)
1τp+1,τp

)
]

+

+
m∑

i1,i2,i3=1

[

G
(i3)
0 LG

(i2)
0 Bi1

(

Î
(i3i2i1)
100τp+1,τp

− Î
(i3i2i1)
010τp+1,τp

)

+

+G
(i3)
0 G

(i2)
0 LBi1

(

Î
(i3i2i1)
010τp+1,τp

− Î
(i3i2i1)
001τp+1,τp

)

+
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+G
(i3)
0 G

(i2)
0 G

(i1)
0 a

(

∆Î
(i3i2i1)
000τp+1,τp

+ Î
(i3i2i1)
001τp+1,τp

)

−

−LG(i3)
0 G

(i2)
0 Bi1 Î

(i3i2i1)
100τp+1,τp

]

+

+

m∑

i1,i2,i3,i4,i5=1

G
(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

(i5i4i3i2i1)
00000τp+1,τp

+

+
∆3

6
LLa,

and

rp+1,p =

m∑

i1,i2=1

[

G
(i2)
0 G

(i1)
0 La

(

1

2
Î
(i2i1)
02τp+1,τp

+∆Î
(i2i1)
01τp+1,τp

+
∆2

2
Î
(i2i1)
00τp+1,τp

)

+

+
1

2
LLG

(i2)
0 Bi1 Î

(i2i1)
20τp+1,τp

+G
(i2)
0 LG

(i1)
0 a

(

Î
(i2i1)
11τp+1,τp

− Î
(i2i1)
02τp+1,τp

+∆
(

Î
(i2i1)
10τp+1,τp

− Î
(i2i1)
01τp+1,τp

))

+

+LG
(i2)
0 LBi1

(

Î
(i2i1)
11τp+1,τp

− Î
(i2i1)
20τp+1,τp

)

+

+G
(i2)
0 LLBi1

(

1

2
Î
(i2i1)
02τp+1,τp

+
1

2
Î
(i2i1)
20τp+1,τp

− Î
(i2i1)
11τp+1,τp

)

−

−LG(i2)
0 G

(i1)
0 a

(

∆Î
(i2i1)
10τp+1,τp

+ Î
(i2i1)
11τp+1,τp

)
]

+

+

m∑

i1,i2,i3,i4=1

[

G
(i4)
0 G

(i3)
0 G

(i2)
0 G

(i1)
0 a

(

∆Î
(i4i3i2i1)
0000τp+1,τp

+ Î
(i4i3i2i1)
0001τp+1,τp

)

+

+G
(i4)
0 G

(i3)
0 LG

(i2)
0 Bi1

(

Î
(i4i3i2i1)
0100τp+1,τp

− Î
(i4i3i2i1)
0010τp+1,τp

)

−

−LG(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

(i4i3i2i1)
1000τp+1,τp

+

+G
(i4)
0 LG

(i3)
0 G

(i2)
0 Bi1

(

Î
(i4i3i2i1)
1000τp+1,τp

− Î
(i4i3i2i1)
0100τp+1,τp

)

+

+G
(i4)
0 G

(i3)
0 G

(i2)
0 LBi1

(

Î
(i4i3i2i1)
0010τp+1,τp

− Î
(i4i3i2i1)
0001τp+1,τp

)
]

+

+

m∑

i1,i2,i3,i4,i5,i6=1

G
(i6)
0 G

(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

(i6i5i4i3i2i1)
000000τp+1,τp

.
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It is well known [2] that under the standard conditions the numerical schemes (75)–(79) have strong
orders of convergence 1.0, 1.5, 2.0, 2.5, and 3.0 correspondingly. Among these conditions we consider
only the condition for approximations of iterated Ito stochastic integrals from the numerical schemes
(75)–(79) [2], [57]-[61]

M

{(

I
(i1...ik)
l1...lkτp+1,τp

− Î
(i1...ik)
l1...lkτp+1,τp

)2}

≤ C∆r+1,

where r/2 are strong orders of convergence for the numerical schemes (75)–(79), i.e. r/2 = 1.0, 1.5,
2.0, 2.5, and 3.0. Moreover, constant C does not depends on ∆.

As we mentioned above, the numerical schemes (75)–(79) are unrealizable in practice without
procedures for the numerical simulation of iterated Ito stochastic integrals from (73). In Sect. 12, we
give a brief overview to the effective method of the mean-square approximation of iterated Ito and
Stratonovich stochastic integrals of arbitrary multiplicity k (k ∈ N).

11. Application of First Form of the Unified Taylor–Stratonovich Expansion to the

High-Order Strong Numerical Methods for Ito SDEs

Let us write (65) for all s, t ∈ [0, T ] such that s > t in the following from

R(xs, s) = R(xt, t) +

r∑

q=1

∑

(k,j,l1,...,lk)∈Dq

(s− t)j

j!

m∑

i1,...,ik=1

Ḡ
(i1)
l1

. . . Ḡ
(ik)
lk

L̄jR(xt, t) I
∗(i1...ik)
l1...lks,t

+

(80) +1{r=2d−1,d∈N}
(s− t)(r+1)/2

((r + 1)/2)!
L(r+1)/2R(xt, t) +

(
H̄r+1

)

s,t
w. p. 1,

where

(
H̄r+1

)

s,t
= (Hr+1)s,t − 1{r=2d−1,d∈N}

(s− t)(r+1)/2

((r + 1)/2)!
L(r+1)/2R(xt, t).

Consider the partition {τp}Np=0 of the interval [0, T ] such that

0 = τ0 < τ1 < . . . < τN = T, ∆N = max
0≤j≤N−1

|τj+1 − τj | .

From (80) for s = τp+1, t = τp we obtain the following representation of explicit one-step strong
numerical scheme for Ito SDE (1), which is based on the first form of the unified Taylor–Stratonovich
expansion

yp+1 = yp +

r∑

q=1

∑

(k,j,l1,...,lk)∈Dq

(τp+1 − τp)
j

j!

m∑

i1,...,ik=1

Ḡ
(i1)
l1

. . . Ḡ
(ik)
lk

L̄j yp Î
∗(i1...ik)
l1...lkτp+1,τp

+

(81) +1{r=2d−1,d∈N}
(τp+1 − τp)

(r+1)/2

((r + 1)/2)!
L(r+1)/2yp,
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where Î
∗(i1...ik)
l1...lkτp+1,τp

is an approximation of the iterated Stratonovich stochastic integral I
∗(i1...ik)
l1...lkτp+1,τp

defined as

I
∗(i1...ik)
l1...lks,t

=

∗∫

t

s

(t− tk)
lk . . .

∗∫

t

t2

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk .

Note that we understand the equality (81) componentwise with respect to the components y
(i)
p of

the column yp. Also for simplicity we put τp = p∆, ∆ = T/N, T = τN , p = 0, 1, . . . , N.
It is known [2] that under the appropriate conditions the numerical scheme (81) has strong order

of convergence r/2 (r ∈ N).
Denote

ā(x, t) = a(x, t) − 1

2

m∑

j=1

G
(j)
0 Bj(x, t),

where Bj(x, t) is the j-th column of the matrix function B(x, t).
Below we consider particular cases of the numerical scheme (81) for r = 2, 3, 4, 5, and 6, i.e.

explicit one-step strong numerical schemes for Ito SDE (1) with orders 1.0, 1.5, 2.0, 2.5, and 3.0 of

convergence. At that for simplicity we will write ā, L̄ā, La, Bi, G
(i)
0 Bj etc. instead of ā(yp, τp),

L̄ā(yp, τp), La(yp, τp), Bi(yp, τp), G
(i)
0 Bj(yp, τp) etc. correspondingly. Moreover, the operators L̄ and

G
(i)
0 , i = 1, . . . ,m, are determined by the equalities (27), (28), and (51) as before.

Scheme with strong order 1.0

(82) yp+1 = yp +

m∑

i1=1

Bi1 Î
∗(i1)
0τp+1,τp

+∆ā+

m∑

i1,i2=1

G
(i2)
0 Bi1 Î

∗(i2i1)
00τp+1,τp

.

Scheme with strong order 1.5

yp+1 = yp +

m∑

i1=1

Bi1 Î
∗(i1)
0τp+1,τp

+∆ā+

m∑

i1,i2=1

G
(i2)
0 Bi1 Î

∗(i2i1)
00τp+1,τp

+

+

m∑

i1=1

[

G
(i1)
0 ā

(

∆Î
∗(i1)
0τp+1,τp

+ Î
∗(i1)
1τp+1,τp

)

− L̄Bi1 Î
∗(i1)
1τp+1,τp

]

+

(83) +

m∑

i1,i2,i3=1

G
(i3)
0 G

(i2)
0 Bi1 Î

∗(i3i2i1)
000τp+1,τp

+
∆2

2
La.

Scheme with strong order 2.0

yp+1 = yp +

m∑

i1=1

Bi1 Î
∗(i1)
0τp+1,τp

+∆ā+

m∑

i1,i2=1

G
(i2)
0 Bi1 Î

∗(i2i1)
00τp+1,τp

+
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+

m∑

i1=1

[

G
(i1)
0 ā

(

∆Î
∗(i1)
0τp+1,τp

+ Î
∗(i1)
1τp+1,τp

)

− L̄Bi1 Î
∗(i1)
1τp+1,τp

]

+

+

m∑

i1,i2,i3=1

G
(i3)
0 G

(i2)
0 Bi1 Î

∗(i3i2i1)
000τp+1,τp

+
∆2

2
L̄ā+

+

m∑

i1,i2=1

[

G
(i2)
0 L̄Bi1

(

Î
∗(i2i1)
10τp+1,τp

− Î
∗(i2i1)
01τp+1,τp

)

− L̄G
(i2)
0 Bi1 Î

∗(i2i1)
10τp+1,τp

+

+G
(i2)
0 G

(i1)
0 ā

(

Î
∗(i2i1)
01τp+1,τp

+∆Î
∗(i2i1)
00τp+1,τp

)]

+

(84) +

m∑

i1,i2,i3,i4=1

G
(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

∗(i4i3i2i1)
0000τp+1,τp

.

Scheme with strong order 2.5

yp+1 = yp +
m∑

i1=1

Bi1 Î
∗(i1)
0τp+1,τp

+∆ā+
m∑

i1,i2=1

G
(i2)
0 Bi1 Î

∗(i2i1)
00τp+1,τp

+

+
m∑

i1=1

[

G
(i1)
0 ā

(

∆Î
∗(i1)
0τp+1,τp

+ Î
∗(i1)
1τp+1,τp

)

− L̄Bi1 Î
∗(i1)
1τp+1,τp

]

+

+

m∑

i1,i2,i3=1

G
(i3)
0 G

(i2)
0 Bi1 Î

∗(i3i2i1)
000τp+1,τp

+
∆2

2
L̄ā+

+

m∑

i1,i2=1

[

G
(i2)
0 L̄Bi1

(

Î
∗(i2i1)
10τp+1,τp

− Î
∗(i2i1)
01τp+1,τp

)

− L̄G
(i2)
0 Bi1 Î

∗(i2i1)
10τp+1,τp

+

+G
(i2)
0 G

(i1)
0 ā

(

Î
∗(i2i1)
01τp+1,τp

+∆Î
∗(i2i1)
00τp+1,τp

)]

+

+

m∑

i1,i2,i3,i4=1

G
(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

∗(i4i3i2i1)
0000τp+1,τp

+

+
m∑

i1=1

[

G
(i1)
0 L̄ā

(
1

2
Î
∗(i1)
2τp+1,τp

+∆Î
∗(i1)
1τp+1,τp

+
∆2

2
Î
∗(i1)
0τp+1,τp

)

+

+
1

2
L̄L̄Bi1 Î

∗(i1)
2τp+1,τp

− L̄G
(i1)
0 ā

(

Î
∗(i1)
2τp+1,τp

+∆Î
∗(i1)
1τp+1,τp

)
]

+

+

m∑

i1,i2,i3=1

[

G
(i3)
0 L̄G

(i2)
0 Bi1

(

Î
∗(i3i2i1)
100τp+1,τp

− Î
∗(i3i2i1)
010τp+1,τp

)

+
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+G
(i3)
0 G

(i2)
0 L̄Bi1

(

Î
∗(i3i2i1)
010τp+1,τp

− Î
∗(i3i2i1)
001τp+1,τp

)

+

+G
(i3)
0 G

(i2)
0 G

(i1)
0 ā

(

∆Î
∗(i3i2i1)
000τp+1,τp

+ Î
∗(i3i2i1)
001τp+1,τp

)

−

−L̄G(i3)
0 G

(i2)
0 Bi1 Î

∗(i3i2i1)
100τp+1,τp

]

+

+

m∑

i1,i2,i3,i4,i5=1

G
(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

∗(i5i4i3i2i1)
00000τp+1,τp

+

(85) +
∆3

6
LLa.

Scheme with strong order 3.0

yp+1 = yp +
m∑

i1=1

Bi1 Î
∗(i1)
0τp+1,τp

+∆ā+
m∑

i1,i2=1

G
(i2)
0 Bi1 Î

∗(i2i1)
00τp+1,τp

+

+

m∑

i1=1

[

G
(i1)
0 ā

(

∆Î
∗(i1)
0τp+1,τp

+ Î
∗(i1)
1τp+1,τp

)

− L̄Bi1 Î
∗(i1)
1τp+1,τp

]

+

+

m∑

i1,i2,i3=1

G
(i3)
0 G

(i2)
0 Bi1 Î

∗(i3i2i1)
000τp+1,τp

+
∆2

2
L̄ā+

+

m∑

i1,i2=1

[

G
(i2)
0 L̄Bi1

(

Î
∗(i2i1)
10τp+1,τp

− Î
∗(i2i1)
01τp+1,τp

)

− L̄G
(i2)
0 Bi1 Î

∗(i2i1)
10τp+1,τp

+

+G
(i2)
0 G

(i1)
0 ā

(

Î
∗(i2i1)
01τp+1,τp

+∆Î
∗(i2i1)
00τp+1,τp

)]

+

(86) +

m∑

i1,i2,i3,i4=1

G
(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

∗(i4i3i2i1)
0000τp+1,τp

+ qp+1,p + rp+1,p,

where

qp+1,p =
m∑

i1=1

[

G
(i1)
0 L̄ā

(
1

2
Î
∗(i1)
2τp+1,τp

+∆Î
∗(i1)
1τp+1,τp

+
∆2

2
Î
∗(i1)
0τp+1,τp

)

+

+
1

2
L̄L̄Bi1 Î

∗(i1)
2τp+1,τp

− L̄G
(i1)
0 ā

(

Î
∗(i1)
2τp+1,τp

+∆Î
∗(i1)
1τp+1,τp

)
]

+

1402
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+

m∑

i1,i2,i3=1

[

G
(i3)
0 L̄G

(i2)
0 Bi1

(

Î
∗(i3i2i1)
100τp+1,τp

− Î
∗(i3i2i1)
010τp+1,τp

)

+

+G
(i3)
0 G

(i2)
0 L̄Bi1

(

Î
∗(i3i2i1)
010τp+1,τp

− Î
∗(i3i2i1)
001τp+1,τp

)

+

+G
(i3)
0 G

(i2)
0 G

(i1)
0 ā

(

∆Î
∗(i3i2i1)
000τp+1,τp

+ Î
∗(i3i2i1)
001τp+1,τp

)

−

−L̄G(i3)
0 G

(i2)
0 Bi1 Î

∗(i3i2i1)
100τp+1,τp

]

+

+

m∑

i1,i2,i3,i4,i5=1

G
(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

∗(i5i4i3i2i1)
00000τp+1,τp

+

+
∆3

6
L̄L̄ā,

and

rp+1,p =
m∑

i1,i2=1

[

G
(i2)
0 G

(i1)
0 L̄ā

(

1

2
Î
∗(i2i1)
02τp+1,τp

+∆Î
∗(i2i1)
01τp+1,τp

+
∆2

2
Î
∗(i2i1)
00τp+1,τp

)

+

+
1

2
L̄L̄G

(i2)
0 Bi1 Î

∗(i2i1)
20τp+1,τp

+G
(i2)
0 L̄G

(i1)
0 ā

(

Î
∗(i2i1)
11τp+1,τp

− Î
∗(i2i1)
02τp+1,τp

+∆
(

Î
∗(i2i1)
10τp+1,τp

− Î
∗(i2i1)
01τp+1,τp

))

+

+L̄G
(i2)
0 L̄Bi1

(

Î
∗(i2i1)
11τp+1,τp

− Î
∗(i2i1)
20τp+1,τp

)

+

+G
(i2)
0 L̄L̄Bi1

(

1

2
Î
∗(i2i1)
02τp+1,τp

+
1

2
Î
∗(i2i1)
20τp+1,τp

− Î
∗(i2i1)
11τp+1,τp

)

−

−L̄G(i2)
0 G

(i1)
0 ā

(

∆Î
∗(i2i1)
10τp+1,τp

+ Î
∗(i2i1)
11τp+1,τp

)
]

+

+

m∑

i1,i2,i3,i4=1

[

G
(i4)
0 G

(i3)
0 G

(i2)
0 G

(i1)
0 ā

(

∆Î
∗(i4i3i2i1)
0000τp+1,τp

+ Î
∗(i4i3i2i1)
0001τp+1,τp

)

+

+G
(i4)
0 G

(i3)
0 L̄G

(i2)
0 Bi1

(

Î
∗(i4i3i2i1)
0100τp+1,τp

− Î
∗(i4i3i2i1)
0010τp+1,τp

)

−

−L̄G(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

∗(i4i3i2i1)
1000τp+1,τp

+

+G
(i4)
0 L̄G

(i3)
0 G

(i2)
0 Bi1

(

Î
∗(i4i3i2i1)
1000τp+1,τp

− Î
∗(i4i3i2i1)
0100τp+1,τp

)

+
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+G
(i4)
0 G

(i3)
0 G

(i2)
0 L̄Bi1

(

Î
∗(i4i3i2i1)
0010τp+1,τp

− Î
∗(i4i3i2i1)
0001τp+1,τp

)
]

+

+

m∑

i1,i2,i3,i4,i5,i6=1

G
(i6)
0 G

(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Bi1 Î

∗(i6i5i4i3i2i1)
000000τp+1,τp

.

It is well known [2] that under the standard conditions the numerical schemes (82)–(86) have
strong orders of convergence 1.0, 1.5, 2.0, 2.5, and 3.0 correspondingly. Among these conditions we
consider only the condition for approximations of iterated Stratonovich stochastic integrals from the
numerical schemes (82)–(86) [2], [57]-[61]

M

{(

I
∗(i1...ik)
l1...lkτp+1,τp

− Î
∗(i1...ik)
l1...lkτp+1,τp

)2}

≤ C∆r+1,

where r/2 are strong orders of convergence for the numerical schemes (82)–(86), i.e. r/2 = 1.0, 1.5,
2.0, 2.5, and 3.0. Moreover, constant C does not depends on ∆.

As we mentioned above, the numerical schemes (82)–(86) are unrealizable in practice without
procedures for the numerical simulation of iterated Stratonovich stochastic integrals from (80). In the
next section, we give a brief overview to the effective method of the mean-square approximation of
iterated Ito and Stratonovich stochastic integrals of arbitrary multiplicity k (k ∈ N).

12. Method of the Mean-Square Approximation of Iterated Ito and Stratonovich

Stochastic Integrals Based on Generalized Multiple Fourier Series

It should be noted that there is an approach to the mean-square approximation of iterated
stochastic integrals based on multiple integral sums (see, for example, [4]). This method implies
the partitioning of the integration interval of the iterated stochastic integral under consideration;
this interval is the integration step of the numerical methods used to solve Ito SDEs; therefore, it
is already fairly small and does not need to be partitioned. Computational experiments [46] show
that the application of the method [4] to stochastic integrals with multiplicities k ≥ 2 leads to
unacceptably high computational cost and accumulation of computation errors. Another well-known
method is based on the Karhunen–Loeve expansion of the Brownian bridge process [4]. This method
has no the mentioned drawback (also see [2], [3]) but leads to iterated application of the operation of
limit transition. So, the mentioned method may not converge in the mean-square sense to appropriate
iterated stochastic integrals for some methods of series summation (see discussion in Sect. 13 for
details).

The difficulties noted above can be overcome with a different and more effective method proposed
and developed by the author in [46] (also see [12]-[43], [47]-[63]). The idea of this method is as follows:
the iterated Ito stochastic integral J [ψ(k)]T,t of the form (2) with multiplicity k is represented as a
multiple stochastic integral from the nonrandom discontinuous function K(t1, . . . , tk) of k variables
(see (87) below) defined on the hypercube [t, T ]k, where here and further [t, T ] is an interval of
integration of the iterated Ito stochastic integral. Then, the function K(t1, . . . , tk) is expanded in the
hypercube [t, T ]k into the generalized multiple Fourier series converging in the mean-square sense
in the space L2([t, T ]

k). After a number of nontrivial transformations we come (see Theorems 6, 7
below) to the mean-square convergening expansion of the iterated Ito stochastic integral into the
multiple series of products of standard Gaussian random variables. The coefficients of this series
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are the coefficients of generalized multiple Fourier series for the function K(t1, . . . , tk), which can be
calculated using the explicit formula regardless of multiplicity k of the iterated Ito stochastic integral.
Hereinafter, this method is referred to as the method of generalized multiple Fourier series.

Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

Define the following function on the hypercube [t, T ]k

(87) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

=

k∏

l=1

ψl(tl)

k−1∏

l=1

1{tl<tl+1},

where t1, . . . , tk ∈ [t, T ] (k ≥ 2), K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ], ψ1(τ), . . . , ψk(τ) : [t, T ] → R are
continuous nonrandom functions (the case ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) will be considered below in
this section). Here 1A denotes the indicator of the set A.

The function K(t1, . . . , tk) of the form (87) is piecewise continuous in the hypercube [t, T ]k. At this
situation it is well known that the generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]

k) is
converging to K(t1, . . . , tk) in the hypercube [t, T ]k in the mean-square sense, i.e.

(88) lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(89) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient, and

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

(90) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 6 [46] (2006) (also see [12]-[43], [47]-[62]). Suppose that every ψl(τ) (l = 1, . . . , k) is

a continuous nonrandom function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of

continuous functions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(91) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1 (τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,
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where

Gk = Hk\Lk, Hk =

{

(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1

}

,

Lk =

{

(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k

}

,

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(92) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (89), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of [t, T ], which

satisfies the condition (90).

In order to evaluate the significance of Theorem 6 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 6 [46] (2006) (also see [12]-[43], [47]-[62])

(93) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(94) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(95) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(96) +1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,
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J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(97) +1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i3=i6 6=0}1{j3=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i5=i6 6=0}1{j5=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+
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+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(98) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,

where 1A is the indicator of the set A.
It was shown in [12], [48]-[61] that Theorem 6 is valid for convergence in the mean of degree 2n

(n ∈ N). The convergence w. p. 1 in Theorem 6 is proved in [58]-[61] for the complete orthonormal
systems of Legendre polynomials and trigonometric functions in the space L2([t, T ]). Moreover, the
complete orthonormal systems of Haar and Rademacher–Walsh functions in L2([t, T ]) can also be
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applied in Theorem 6 [12], [48]-[61]. The generalization of Theorem 6 for complete orthonormal with
weigth r(t1) . . . r(tk) ≥ 0 systems of functions in the space L2([t, T ]

k) can be found in [24], [57]-[61].
Another modification of Theorem 6 is connected with the mean-square approximation of iterated
stochastic integrals with respect to the infinite-dimensional Q-Wiener process [31], [32], [43]. The
latters play the key role for implemetation of the high-order strong numerical methods for non-
commutative semilinear stochastic partial differential equations with multiplicative trace class noise
[70]-[73].

For further consideration, let us consider the generalization of formulas (93)–(98) for the case of
an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (2). In
order to do this, let us introduce some notations. Let us consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(99) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (99) is a partition and consider the sum with respect to all possible partitions

(100)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
,

where ag1g2,...,g2r−1g2r ,q1...qk−2r
∈ R

1.
Below there are several examples of sums in the form (100)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2,g3g4 = a12,34 + a13,24 + a23,14,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,
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∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (91) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(101) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where
∏

∅

def
= 1,

∑

∅

def
= 0, [x] is an integer part of a real number x; another notations are the same as

in Theorem 6.
In particular, from (101) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )

jq1

)

.

The last equality obviously agrees with (97).
Let us consider the generalization of Theorem 6 for the case of an arbitrary complete orthonormal

systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 7 [12] (Sect. 15), [58] (Sect. 1.11), [62]. Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(102) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)
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converging in the mean-square sense is valid, where
∏

∅

def
= 1,

∑

∅

def
= 0, [x] is an integer part of a real

number x; another notations are the same as in Theorem 6.

It should be noted that an analogue of Theorem 7 was considered in [74]. Note that we use another
notations in comparison with [74]. Moreover, the proof of an analogue of Theorem 7 from [74] is
different from the proof given in [12] (Sect. 15), [58] (Sect. 1.11), [62].

In a number of works of the author [16]-[22], [30], [34], [40], [42], [51]-[61], [63] Theorems 6, 7 have
been adapted for the iterated Stratonovich stochastic integrals (3). Let us collect some of these results
(old results) in the following statement.

Theorem 8 [16]-[22], [30], [34], [40], [42], [51]-[61]. Suppose that {φj(x)}∞j=0 is a complete or-

thonormal system of Legendre polynomials or trigonometric functions in the space L2([t, T ]). At the

same time ψ2(τ) is a continuously differentiable function on [t, T ] and ψ1(τ), ψ3(τ) are two times

continuously differentiable functions on [t, T ]. Then

(103) J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

(i1, i2 = 1, . . . ,m),

(104) J∗[ψ(3)]T,t = l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 0, 1, . . . ,m),

(105) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 1, . . . ,m),

(106) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,...,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

(i1, . . . , i4 = 0, 1, . . . ,m),

where J∗[ψ(k)]T,t is defined by (3) and ψl(τ) ≡ 1 (l = 1, . . . , 4) in (104), (106); another notations are

the same as in Theorem 6.

Note that the formula (103) is generalized to the case of continuous functions ψ1(τ), ψ2(τ) in [58]
(Sect. 2.1.4).

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [16] (Sect. 13–19), [21] (Sect. 5–11), [22] (Sect. 7–13), [58]
(Sect. 2.10–2.16), [61] (Sect. 2.10–2.16), [63], [64]. Let us introduce some notations and formulate the
main theorem of the approach noted above.

Consider the Fourier coefficient

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

corresponding to the function (87), where {φj(x)}∞j=0 is a complete orthonormal system of functions

in the space L2([t, T ]). At that we suppose φ0(x) = 1/
√
T − t.

Denote

Cjk...jl+1jljljl−2...j1

∣
∣
∣
∣
(jljl)y(·)

def
=
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def
=

T∫

t

ψk(tk)φjk (tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

tl+1∫

t

ψl(tl)ψl−1(tl)×

(107) ×
tl∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtl−2dtltl+1 . . . dtk =

=
√
T − t

T∫

t

ψk(tk)φjk (tk) . . .

tl+2∫

t

ψl+1(tl+1)φjl+1
(tl+1)

tl+1∫

t

ψl(tl)ψl−1(tl)φ0(tl)×

×
tl∫

t

ψl−2(tl−2)φjl−2
(tl−2) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtl−2dtltl+1 . . . dtk =

=
√
T − tĈjk ...jl+10jl−2...j1 ,

i.e.
√
T − tĈjk...jl+10jl−2...j1 is again the Fourier coefficient of type Cjk...j1 but with a new shorter

multi-index jk . . . jl+10jl−2 . . . j1 and new weight functions ψ1(τ), . . . , ψl−2(τ),
√
T − tψl−1(τ)ψl(τ),

ψl+1(τ), . . . , ψk(τ) (also we suppose that {l, l − 1} is one of the pairs {g1, g2}, . . . , {g2r−1, g2r} (see
the relation (99)).

Denote

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

def
=

def
=

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

.

Introduce the following notation

Sl

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
=

1

2
1{g2l=g2l−1+1}

∞∑

jg2r−1
=p+1

∞∑

jg2r−3
=p+1

. . .

. . .

∞∑

jg2l+1
=p+1

∞∑

jg2l−3
=p+1

. . .

∞∑

jg3=p+1

∞∑

jg1=p+1

Cjk...j1

∣
∣
∣
∣
(jg2l jg2l−1

)y(·),jg1=jg2 ,...,jg2r−1
=jg2r

.

Note that the operation Sl (l = 1, 2, . . . , r) acts on the value

(108) C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

as follows: Sl multiplies (108) by 1{g2l=g2l−1+1}/2, removes the summation
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∞∑

jg2l−1
=p+1

,

and replaces

Cjk...j1

∣
∣
∣
∣
jg1=jg2 ,...,jg2r−1

=jg2r

with

(109) Cjk ...j1

∣
∣
∣
∣
(jg2l jg2l−1

)y(·),jg1=jg2 ,...,jg2r−1
=jg2r

.

Note that we write

Cjk...j1

∣
∣
∣
∣
(jg1 jg2 )y(·),jg1=jg2

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )y(·),jg1=jg2

,

Cjk ...j1

∣
∣
∣
∣
(jg1 jg2 )y(·),(jg3jg4 )y(·),jg1=jg2 ,jg3=jg4

= Cjk...j1

∣
∣
∣
∣
(jg1 jg1 )y(·)(jg3jg3 )y(·),jg1=jg2 ,jg3=jg4

, . . .

Since (109) is again the Fourier coefficient, then the action of superposition SlSm on (109) is
obvious. For example, for r = 3

S3S2S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

=

=
1

23

3∏

s=1

1{g2s=g2s−1+1}Cjk...j1

∣
∣
∣
∣
∣
(jg2 jg1 )y(·)(jg4 jg3 )y(·)(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6

,

S3S1

{

C̄
(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

=

=
1

22
1{g6=g5+1}1{g2=g1+1}

∞∑

jg3=p+1

Cjk...j1

∣
∣
∣
∣
∣
(jg2 jg1 )y(·)(jg6 jg5 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6

,

S2

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g5,g6

}

=

=
1

2
1{g4=g3+1}

∞∑

jg1=p+1

∞∑

jg5=p+1

Cjk...j1

∣
∣
∣
∣
∣
(jg4 jg3 )y(·),jg1=jg2 ,jg3=jg4 ,jg5=jg6

.

Theorem 9 [16] (Sect. 13), [21] (Sect. 5), [22] (Sect. 7), [58] (Sect. 2.10), [63] (Sect. 4). Assume

that the continuously differentiable functions ψ1(τ), . . . , ψk(τ) and the complete orthonormal system
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{φj(x)}∞j=0 of continuous functions (φ0(x) = 1/
√
T − t) in the space L2([t, T ]) are such that the

following conditions are satisfied:

1. The equality

(110)
1

2

s∫

t

Φ1(t1)Φ2(t1)dt1 =
∞∑

j1=0

s∫

t

Φ2(t2)φj1 (t2)

t2∫

t

Φ1(t1)φj1 (t1)dt1dt2

holds for all s ∈ (t, T ], where the nonrandom functions Φ1(τ), Φ2(τ) are continuously differentiable

on [t, T ] and the series on the right-hand side of (110) converges absolutely.

2. The estimates

∣
∣
∣
∣
∣
∣

s∫

t

φj(τ)Φ1(τ)dτ

∣
∣
∣
∣
∣
∣

≤ Ψ1(s)

j1/2+α
,

∣
∣
∣
∣
∣
∣

T∫

s

φj(τ)Φ2(τ)dτ

∣
∣
∣
∣
∣
∣

≤ Ψ1(s)

j1/2+α
,

∣
∣
∣
∣
∣
∣

∞∑

j=p+1

s∫

t

Φ2(τ)φj(τ)

τ∫

t

Φ1(θ)φj(θ)dθdτ

∣
∣
∣
∣
∣
∣

≤ Ψ2(s)

pβ

hold for all s ∈ (t, T ) and for some α, β > 0, where Φ1(τ), Φ2(τ) are continuously differentiable

nonrandom functions on [t, T ], j, p ∈ N, and

T∫

t

Ψ2
1(τ)dτ <∞,

T∫

t

|Ψ2(τ)| dτ <∞.

3. The condition

lim
p→∞

p
∑

j1,...,jq ,...,jk=0

q 6=g1,g2,...,g2r−1,g2r

(

Sl1Sl2 . . . Sld

{

C̄
(p)
jk ...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

})2

= 0

holds for all possible g1, g2, . . . , g2r−1, g2r (see (99)) and l1, l2, . . . , ld such that l1, l2, . . . , ld ∈ {1, 2,
. . . , r}, l1 > l2 > . . . > ld, d = 0, 1, 2, . . . , r − 1, where r = 1, 2, . . . , [k/2] and

Sl1Sl2 . . . Sld

{

C̄
(p)
jk...jq...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

}

def
= C̄

(p)
jk...jq ...j1

∣
∣
∣
∣
q 6=g1,g2,...,g2r−1,g2r

for d = 0.
Then, for the iterated Stratonovich stochastic integral of arbitrary multiplicity k

(111) J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

the following expansion

(112) J∗[ψ(k)]T,t = l.i.m.
p→∞

p
∑

j1,...,jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl
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that converges in the mean-square sense is valid, where

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient, l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and w

(0)
τ = τ.

Note that (110) is fulfilled for the case of an arbitrary complete orthonormal system of functions
in L2([t, T ]) and Φ1(τ),Φ2(τ) ∈ L2([t, T ]) (see [58], Sect. 2.1.4 or [77]).

Consider the following four theorems, which were proved in [16], [21], [22], [58], [61], [63], [64].

Theorem 10 [16], [21], [22], [58], [63]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations

(113) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(114) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (113) and i1, i2, i3 = 1, . . . ,m in (114), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorem 6.
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Theorem 11 [16], [21], [22], [58], [63]. Let {φj(x)}∞j=0 be a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . ,
ψ4(τ) be continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich

stochastic integral of fourth multiplicity

(115) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(116) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(117) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (115), (116) and i1, . . . , i4 = 1, . . . ,m in (117), constant

C does not depend on p, ε is an arbitrary small positive real number for the case of complete

orthonormal system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete

orthonormal system of trigonometric functions in the space L2([t, T ]),

Cj4j3j2j1 =

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 10.

Theorem 12 [16], [21], [22], [58], [63]. Assume that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ)
are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich

stochastic integral of fifth multiplicity

(118) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(119) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(120) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε
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are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (118), (119) and i1, . . . , i5 = 1, . . . ,m in (120), constant

C is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorem 10, 11.

Theorem 13 [16], [21], [22], [58], [64]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(121) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;

another notations are the same as in Theorems 10–12.

On the base of Theorems 8–13 in [22], [55]-[61] the folloing hypothesis was formulated.

Hypothesis 1 [22], [55]-[61]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated Stratonovich

stochastic integral of kth multiplicity

(122) J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

(i1, . . . , ik = 0, 1, . . . ,m)

the following converging in the mean-square sense expansion

(123) J∗[ψ(k)]T,t = l.i.m.
p→∞

p
∑

j1,...jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

holds, where the Fourier coefficient Cjk...j1 has the form

Cjk...j1 =

T∫

t

ψk(tk)φjk (tk) . . .

t2∫

t

ψ1(t1)φj1(t1)dt1 . . . dtk,
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l.i.m. is a limit in the mean-square sense,

ζ
(i)
j =

T∫

t

φj(τ)dw
(i)
τ

are independent standard Gaussian random variables for various i or j (if i 6= 0), w
(i)
τ = f

(i)
τ are

independent standard Wiener processes (i = 1, . . . ,m) and w
(0)
τ = τ.

The hypothesis 1 allows to approximate the iterated Stratonovich stochastic integral J∗[ψ(k)]T,t

by the sum

(124) J∗[ψ(k)]pT,t =

p
∑

j1,...jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

,

where

lim
p→∞

M

{(

J∗[ψ(k)]T,t − J∗[ψ(k)]pT,t

)2
}

= 0.

The following theorem shows how to calculate exactly the mean-square approximation error for
iterated Ito stochastic integrals in Theorems 6, 7.

Theorem 14 [14] (Sect. 6). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and {φj(x)}∞j=0 is an

arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk−

(125) −
p
∑

j1=0

. . .

p
∑

jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






,

where J [ψ(k)]T,t is the iterated Ito stochastic integral (2),

J [ψ(k)]pT,t =

p
∑

j1=0

. . .

p
∑

jk=0

Cjk ...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(126) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

i1, . . . , ik = 1, . . . ,m, the expression
∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another

notations are the same as in Theorems 6, 7.
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Denote

Ep
k

def
= M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

.

Note that

M






J [ψ(k)]T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






=

=

T∫

t

ψk(tk)φjk (tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk = Cjk...j1 .

Then from Theorem 14 for pairwise different i1, . . . , ik and for i1 = . . . = ik we obtain

(127) Ep
k = Ik −

p
∑

j1,...,jk=0

C2
jk...j1

,

Ep
k = Ik −

p
∑

j1,...,jk=0

Cjk...j1




∑

(j1,...,jk)

Cjk...j1





correspondingly.
Consider some examples of application of Theorem 14 (i1, . . . , i5 = 1, . . . ,m)

(128) Ep
2 = I2 −

p
∑

j1,j2=0

C2
j2j1 −

p
∑

j1,j2=0

Cj2j1Cj1j2 (i1 = i2),

(129) Ep
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

(130) Ep
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

Ep
3 = I3 −

p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2)

Cj4...j1

)

(i1 = i2 6= i3, i4; i3 6= i4),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3)

Cj4...j1

)

(i1 = i3 6= i2, i4; i2 6= i4),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j4)

Cj4...j1

)

(i1 = i4 6= i2, i3; i2 6= i3),
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Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j3)

Cj4...j1

)

(i2 = i3 6= i1, i4; i1 6= i4),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j4)

Cj4...j1

)

(i2 = i4 6= i1, i3; i1 6= i3),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j3,j4)

Cj4...j1

)

(i3 = i4 6= i1, i2; i1 6= i2),

Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3,j4)

Cj4...j1

)

(i1 = i3 = i4 6= i2),

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4)

(
∑

(j3,j5)

Cj5...j1

))

(i1 6= i2 = i4 6= i3 = i5 6= i1),

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j4,j5)

(
∑

(j1,j2,j3)

Cj5...j1

))

(i1 = i2 = i3 6= i4 = i5),

Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3,j4,j5)

Cj5...j1

)

(i1 = i3 = i4 = i5 6= i2).

Let J [ψ(k)]p1,...,pk

T,t be the expression on the right-hand side of (102) before passing to the limit.
Denote

Ik
def
=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk.

In [12], [14], [57]-[61] it was shown that

(131) M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2
}

≤ k!



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk ...j1



 ,

where i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞ or i1, . . . , ik = 0, 1, . . . ,m and 0 < T − t < 1.
Moreover [12], [48]-[61],

M

{(

J [ψ(k)]T,t − J [ψ(k)]p1,...,pk

T,t

)2n
}

≤ Cn,k



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk ...j1





n

,

where Cn,k = (k!)2n(n(2n− 1))n(k−1)(2n− 1)!!, n ∈ N.
Below we provide practical material (based on Theorems 6–8, 10–13) concerning expansions and

approximations of iterated Ito and Stratonovich stochastic integrals of multiplicities 1 to 6 (the
case of Legendre polynomial system). The question about what kind of functions (polynomial or
trigonometric) is more convenient for the mean-square approximation of iterated stochastic integrals
is also considered.
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Let us introduce more convenient (for further) notations for the iterated Ito and Stratonovich
stochastic integrals

(132) I
(i1...ik)
(l1...lk)T,t =

T∫

t

(t− tk)
lk . . .

t2∫

t

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk ,

(133) I
∗(i1...ik)
(l1...lk)T,t =

∗∫

t

T

(t− tk)
lk . . .

∗∫

t

t2

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk ,

where i1, . . . , ik = 1, . . . ,m, l1, . . . , lk = 0, 1, . . .
The complete orthonormal system of Legendre polynomials in the space L2([t, T ]) looks as follows

(134) φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

, j = 0, 1, 2, . . . ,

where Pj(x) is the Legendre polynomial.
Using the system of functions (134) and Theorems 6–8, 10–13, we obtain the following expansions

of iterated Ito and Stratonovich stochastic integrals (132), (133) [13], [15], [36]-[39], [46]-[63] (also see
early publications [44] (2000), [45] (2001), [65] (1997), [67] (1998))

I
(i1)
(0)T,t =

√
T − tζ

(i1)
0 ,

(135) I
(i1)
(1)T,t = − (T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

(136) I
(i1)
(2)T,t =

(T − t)5/2

3

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,

(137) I
∗(i1i2)
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

,

I
(i1i2)
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

,

I
∗(i1i2)
(01)T,t = −T − t

2
I
∗(i1i2)
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

+

∞∑

i=0

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i+ 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,
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I
∗(i1i2)
(10)T,t = −T − t

2
I
∗(i1i2)
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

(138) +

∞∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i+ 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

or

I
∗(i1i2)
(01)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C01
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

I
∗(i1i2)
(10)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C10
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

where

C01
j2j1 =

√

(2j1 + 1)(2j2 + 1)

8
(T − t)2C̄01

j2j1 ,

C10
j2j1 =

√

(2j1 + 1)(2j2 + 1)

8
(T − t)2C̄10

j2j1 ,

C̄01
j2j1 = −

1∫

−1

(1 + y)Pj2(y)

y∫

−1

Pj1 (x)dxdy,

C̄10
j2j1 = −

1∫

−1

Pj2(y)

y∫

−1

(1 + x)Pj1 (x)dxdy;

I
(i1i2)
(10)T,t = I

∗(i1i2)
(10)T,t +

1

4
1{i1=i2}(T − t)2 w. p. 1,

I
(i1i2)
(01)T,t = I

∗(i1i2)
(01)T,t +

1

4
1{i1=i2}(T − t)2 w. p. 1,

I
(i1i2)
(01)T,t = −T − t

2
I
(i1i2)
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

+

∞∑

i=0

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i+ 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,
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I
(i1i2)
(10)T,t = −T − t

2
I
(i1i2)
(00)T,t −

(T − t)2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

+

∞∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i+ 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

or

I
(i1i2)
(01)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C01
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
(i1i2)
(10)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C10
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
∗(i1i2i3)
(000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
(i1i2i3)
(000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(139) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i1i1)
(000)T,t =

1

6
(T − t)3/2

((

ζ
(i1)
0

)3

− 3ζ
(i1)
0

)

w. p. 1,

I
∗(i1i1i1)
(000)T,t =

1

6
(T − t)3/2

(

ζ
(i1)
0

)3

w. p. 1,

where

(140) Cj3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
(T − t)3/2C̄j3j2j1 ,

(141) C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz;

I
(i1i2i3)
(000)T,t = I

∗(i1i2i3)
(000)T,t + 1{i1=i2 6=0}

1

2
I
(i3)
(1)T,t−
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−1{i2=i3 6=0}
1

2

(

(T − t)I
(i1)
(0)T,t + I

(i1)
(1)T,t

)

w. p. 1,

I
∗(i1i2)
(02)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t − (T − t)I

∗(i1i2)
(01)T,t +

(T − t)3

8

[

2

3
√
5
ζ
(i2)
2 ζ

(i1)
0 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 2)(i+ 3)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 1)(i+ 2)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

(142) +
(i2 + i− 3)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + 3i− 1)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

,

I
∗(i1i2)
(20)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t − (T − t)I

∗(i1i2)
(10)T,t +

(T − t)3

8

[

2

3
√
5
ζ
(i2)
0 ζ

(i1)
2 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 1)(i+ 2)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 2)(i+ 3)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

(143) +
(i2 + 3i− 1)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + i− 3)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

,

I
∗(i1i2)
(11)T,t = − (T − t)2

4
I
∗(i1i2)
(00)T,t −

(T − t)

2

(

I
∗(i1i2)
(10)T,t + I

∗(i1i2)
(01)T,t

)

+

+
(T − t)3

8

[

1

3
ζ
(i1)
1 ζ

(i2)
1 +

∞∑

i=0

(
(i+ 1)(i + 3)

(

ζ
(i2)
i+3 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+3

)

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

(144) +
(i+ 1)2

(

ζ
(i2)
i+1 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+1

)

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

,
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or

I
∗(i1i2)
(02)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C02
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

I
∗(i1i2)
(20)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C20
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

I
∗(i1i2)
(11)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C11
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

where

C02
j2j1 =

√

(2j1 + 1)(2j2 + 1)

16
(T − t)3C̄02

j2j1 ,

C20
j2j1 =

√

(2j1 + 1)(2j2 + 1)

16
(T − t)3C̄20

j2j1 ,

C11
j2j1 =

√

(2j1 + 1)(2j2 + 1)

16
(T − t)3C̄11

j2j1 ,

C̄02
j2j1 =

1∫

−1

Pj2(y)(y + 1)2
y∫

−1

Pj1(x)dxdy,

C̄20
j2j1 =

1∫

−1

Pj2(y)

y∫

−1

Pj1(x)(x + 1)2dxdy,

C̄11
j2j1 =

1∫

−1

Pj2(y)(y + 1)

y∫

−1

Pj1 (x)(x + 1)dxdy,

I
∗(i1i1)
(11)T,t =

1

2

(

I
(i1)
(1)T,t

)2

w. p. 1,

I
(i1i2)
(02)T,t = I

∗(i1i2)
(02)T,t −

1

6
1{i1=i2}(T − t)3 w. p. 1,

I
(i1i2)
(20)T,t = I

∗(i1i2)
(20)T,t −

1

6
1{i1=i2}(T − t)3 w. p. 1,

I
(i1i2)
(11)T,t = I

∗(i1i2)
(11)T,t −

1

6
1{i1=i2}(T − t)3 w. p. 1,
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I
(i1i2)
(02)T,t = − (T − t)2

4
I
(i1i2)
(00)T,t − (T − t)I

(i1i2)
01T,t

+
(T − t)3

8

[

2

3
√
5
ζ
(i2)
2 ζ

(i1)
0 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 2)(i+ 3)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 1)(i+ 2)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + i− 3)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + 3i− 1)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

−

− 1

24
1{i1=i2}(T − t)3,

I
(i1i2)
(20)T,t = − (T − t)2

4
I
(i1i2)
(00)T,t − (T − t)I

(i1i2)
(10)T,t +

(T − t)3

8

[

2

3
√
5
ζ
(i2)
0 ζ

(i1)
2 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

∞∑

i=0

(

(i+ 1)(i+ 2)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 2)(i+ 3)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + 3i− 1)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + i− 3)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

−

− 1

24
1{i1=i2}(T − t)3,

I
(i1i2)
(11)T,t = − (T − t)2

4
I
(i1i2)
(00)T,t −

T − t

2

(

I
(i1i2)
(10)T,t + I

(i1i2)
(01)T,t

)

+
(T − t)3

8

[

1

3
ζ
(i1)
1 ζ

(i2)
1 +

+
∞∑

i=0

(
(i + 1)(i+ 3)

(

ζ
(i2)
i+3 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+3

)

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i+ 1)2

(

ζ
(i2)
i+1 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+1

)

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

−

− 1

24
1{i1=i2}(T − t)3,
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or

I
(i1i2)
(02)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C02
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
(i1i2)
(20)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C20
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
(i1i2)
(11)T,t = l.i.m.

p→∞

p
∑

j1,j2=0

C11
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
(i1)
(3)T,t = − (T − t)7/2

4

(

ζ
(i1)
0 +

3
√
3

5
ζ
(i1)
1 +

1√
5
ζ
(i1)
2 +

1

5
√
7
ζ
(i1)
3

)

,

I
∗(i1i2i3i4)
(0000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
(i1i2i3i4)
(0000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}+

+1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

(145) +1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i1i1i1)
(0000)T,t =

1

24
(T − t)2

((

ζ
(i1)
0

)4

− 6
(

ζ
(i1)
0

)2

+ 3

)

w. p. 1,

I
∗(i1i1i1i1)
(0000)T,t =

1

24
(T − t)2

(

ζ
(i1)
0

)4

w. p. 1,

where
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(146) Cj4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

16
(T − t)2C̄j4j3j2j1 ,

(147) C̄j4j3j2j1 =

1∫

−1

Pj4 (u)

u∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1 (x)dxdydzdu;

I
∗(i1i2i3)
(001)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C001
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
∗(i1i2i3)
(010)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C010
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
∗(i1i2i3)
(100)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C100
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
(i1i2i3)
(001)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C001
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(148) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3)
(010)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C010
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(149) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3)
(100)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3=0

C100
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(150) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

where
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C001
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄001

j3j2j1 ,

C010
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄010

j3j2j1 ,

C100
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄100

j3j2j1 ,

C̄100
j3j2j1 = −

1∫

−1

Pj3(z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)(x + 1)dxdydz,

C̄010
j3j2j1 = −

1∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)(y + 1)

y∫

−1

Pj1(x)dxdydz,

C̄001
j3j2j1 = −

1∫

−1

Pj3(z)(z + 1)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz;

I
(i1i1i1)
(lll)T,t =

1

6

((

I
(i1)
(l)T,t

)3

− 3I
(i1)
(l)T,t∆l(T,t)

)

w. p. 1,

I
∗(i1i1i1)
(lll)T,t =

1

6

(

I
(i1)
(l)T,t

)3

w. p. 1,

I
(i1i1i1i1)
(llll)T,t =

1

24

((

I
(i1)
(l)T,t

)4

− 6
(

I
(i1)
(l)T,t

)2

∆(l)T,t + 3
(
∆(l)T,t

)2
)

w. p. 1,

I
∗(i1i1i1i1)
(llll)T,t =

1

24

(

I
(i1)
(l)T,t

)4

w. p. 1,

where

I
(i1)
(l)T,t =

l∑

j=0

Cl
jζ

(i1)
j w. p. 1,

∆l(T,t) =

T∫

t

(t− s)2lds, Cl
j =

T∫

t

(t− s)lφj(s)ds;
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I
∗(i1i2i3i4i5)
(00000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

,

I
(i1i2i3i4i5)
(00000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−

−1{i2=i5}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−

−1{i3=i5}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2}1{j1=j2}1{i3=i5}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2}1{j1=j2}1{i4=i5}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3}1{j1=j3}1{i2=i5}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3}1{j1=j3}1{i4=i5}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4}1{j1=j4}1{i2=i5}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4}1{j1=j4}1{i3=i5}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5}1{j1=j5}1{i2=i3}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5}1{j1=j5}1{i2=i4}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5}1{j1=j5}1{i3=i4}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3}1{j2=j3}1{i4=i5}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4}1{j2=j4}1{i3=i5}1{j3=j5}ζ
(i1)
j1

+

(151) +1{i2=i5}1{j2=j5}1{i3=i4}1{j3=j4}ζ
(i1)
j1

)

,

I
(i1i1i1i1i1)
(00000)T,t =

1

120
(T − t)5/2

((

ζ
(i1)
0

)5

− 10
(

ζ
(i1)
0

)3

+ 15ζ
(i1)
0

)

w. p. 1,

I
∗(i1i1i1i1i1)
(00000)T,t =

1

120
(T − t)5/2

(

ζ
(i1)
0

)5

w. p. 1,

where

Cj5j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)

32
(T − t)5/2C̄j5j4j3j2j1 ,

C̄j5j4j3j2j1 =

1∫

−1

Pj5 (v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydzdudv;
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I
∗(i1i2i3)
(0001)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0001
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1i2i3)
(0010)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0010
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1i2i3)
(0100)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0100
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1i2i3)
(1000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C1000
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
(i1i2i3i4)
(0001)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0001
j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}+

+1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i2i3i4)
(0010)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0010
j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}+

+1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i2i3i4)
(0100)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C0100
j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
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−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}+

+1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i2i3i4)
(1000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

C1000
j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}+

+1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

where

C0001
j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄0001

j4j3j2j1 ,

C0010
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄0010

j4j3j2j1 ,

C0100
j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄0100

j3j2j1 ,

C1000
j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄1000

j4j3j2j1 ,

C̄1000
j4j3j2j1 = −

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1 (x)(x + 1)dxdydzdu,

C̄0100
j4j3j2j1 = −

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)(y + 1)

y∫

−1

Pj1 (x)dxdydzdu,
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C̄0010
j4j3j2j1 = −

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)(z + 1)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)dxdydzdu,

C̄0001
j4j3j2j1 = −

1∫

−1

Pj4(u)(u + 1)

u∫

−1

Pj3 (z)

z∫

−1

Pj2(y)

y∫

−1

Pj1 (x)dxdydzdu;

I
∗(i1i2i3i4i5i6)
(000000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4,j5,j6=0

Cj6j5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

,

I
(i1i2i3i4i5i6)
(000000)T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4,j5,j6=0

Cj6j5j4j3j2j1

(
6∏

l=1

ζ
(il)
jl

−

−1{j1=j6}1{i1=i6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j2=j6}1{i2=i6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{j3=j6}1{i3=i6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j4=j6}1{i4=i6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{j5=j6}1{i5=i6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{j1=j3}1{i1=i3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{j1=j4}1{i1=i4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{j1=j5}1{i1=i5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{j2=j4}1{i2=i4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{j2=j5}1{i2=i5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{j3=j4}1{i3=i4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{j4=j5}1{i4=i5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{j1=j2}1{i1=i2}1{j3=j4}1{i3=i4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{j1=j2}1{i1=i2}1{j3=j5}1{i3=i5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{j1=j2}1{i1=i2}1{j4=j5}1{i4=i5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{j1=j3}1{i1=i3}1{j2=j4}1{i2=i4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{j1=j3}1{i1=i3}1{j2=j5}1{i2=i5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{j1=j3}1{i1=i3}1{j4=j5}1{i4=i5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{j1=j4}1{i1=i4}1{j2=j3}1{i2=i3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{j1=j4}1{i1=i4}1{j2=j5}1{i2=i5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{j1=j4}1{i1=i4}1{j3=j5}1{i3=i5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{j1=j5}1{i1=i5}1{j2=j3}1{i2=i3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{j1=j5}1{i1=i5}1{j2=j4}1{i2=i4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{j1=j5}1{i1=i5}1{j3=j4}1{i3=i4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{j2=j3}1{i2=i3}1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{j2=j4}1{i2=i4}1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{j2=j5}1{i2=i5}1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{j6=j1}1{i6=i1}1{j3=j4}1{i3=i4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{j6=j1}1{i6=i1}1{j3=j5}1{i3=i5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{j6=j1}1{i6=i1}1{j2=j5}1{i2=i5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{j6=j1}1{i6=i1}1{j2=j4}1{i2=i4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{j6=j1}1{i6=i1}1{j4=j5}1{i4=i5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{j6=j1}1{i6=i1}1{j2=j3}1{i2=i3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{j6=j2}1{i6=i2}1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{j6=j2}1{i6=i2}1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{j6=j2}1{i6=i2}1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{j6=j2}1{i6=i2}1{j1=j5}1{i1=i5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{j6=j2}1{i6=i2}1{j1=j4}1{i1=i4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{j6=j2}1{i6=i2}1{j1=j3}1{i1=i3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{j6=j3}1{i6=i3}1{j2=j5}1{i2=i5}ζ
(i1)
j1

ζ
(i4)
j4

+
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+1{j6=j3}1{i6=i3}1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{j6=j3}1{i6=i3}1{j2=j4}1{i2=i4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{j6=j3}1{i6=i3}1{j1=j5}1{i1=i5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{j6=j3}1{i6=i3}1{j1=j4}1{i1=i4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{j6=j3}1{i6=i3}1{j1=j2}1{i1=i2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{j6=j4}1{i6=i4}1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{j6=j4}1{i6=i4}1{j2=j5}1{i2=i5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{j6=j4}1{i6=i4}1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{j6=j4}1{i6=i4}1{j1=j5}1{i1=i5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{j6=j4}1{i6=i4}1{j1=j3}1{i1=i3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{j6=j4}1{i6=i4}1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{j6=j5}1{i6=i5}1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{j6=j5}1{i6=i5}1{j2=j4}1{i2=i4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{j6=j5}1{i6=i5}1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{j6=j5}1{i6=i5}1{j1=j4}1{i1=i4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{j6=j5}1{i6=i5}1{j1=j3}1{i1=i3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{j6=j5}1{i6=i5}1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{j6=j1}1{i6=i1}1{j2=j5}1{i2=i5}1{j3=j4}1{i3=i4}−
−1{j6=j1}1{i6=i1}1{j2=j4}1{i2=i4}1{j3=j5}1{i3=i5}−
−1{j6=j1}1{i6=i1}1{j2=j3}1{i2=i3}1{j4=j5}1{i4=i5}−
−1{j6=j2}1{i6=i2}1{j1=j5}1{i1=i5}1{j3=j4}1{i3=i4}−
−1{j6=j2}1{i6=i2}1{j1=j4}1{i1=i4}1{j3=j5}1{i3=i5}−
−1{j6=j2}1{i6=i2}1{j1=j3}1{i1=i3}1{j4=j5}1{i4=i5}−
−1{j6=j3}1{i6=i3}1{j1=j5}1{i1=i5}1{j2=j4}1{i2=i4}−
−1{j6=j3}1{i6=i3}1{j1=j4}1{i1=i4}1{j2=j5}1{i2=i5}−
−1{j3=j6}1{i3=i6}1{j1=j2}1{i1=i2}1{j4=j5}1{i4=i5}−
−1{j6=j4}1{i6=i4}1{j1=j5}1{i1=i5}1{j2=j3}1{i2=i3}−
−1{j6=j4}1{i6=i4}1{j1=j3}1{i1=i3}1{j2=j5}1{i2=i5}−
−1{j6=j4}1{i6=i4}1{j1=j2}1{i1=i2}1{j3=j5}1{i3=i5}−
−1{j6=j5}1{i6=i5}1{j1=j4}1{i1=i4}1{j2=j3}1{i2=i3}−
−1{j6=j5}1{i6=i5}1{j1=j2}1{i1=i2}1{j3=j4}1{i3=i4}−

−1{j6=j5}1{i6=i5}1{j1=j3}1{i1=i3}1{j2=j4}1{i2=i4}

)

,

I
(i1i1i1i1i1i1)
(000000)T,t =

1

720
(T − t)3

((

ζ
(i1)
0

)6

− 15
(

ζ
(i1)
0

)4

+ 45
(

ζ
(i1)
0

)2

− 15

)

w. p. 1,

I
∗(i1i1i1i1i1i1)
(000000)T,t =

1

720
(T − t)3

(

ζ
(i1)
0

)6

w. p. 1,

where

Cj6j5j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)(2j6 + 1)

64
(T − t)3C̄j6j5j4j3j2j1 ,

C̄j6j5j4j3j2j1 =

1∫

−1

Pj6(w)

w∫

−1

Pj5(v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)dxdydzdudvdw.
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Let us analyze the approximation I
∗(i1i2)q
(00)T,t of the iterated stochastic integral I

∗(i1i2)
(00)T,t obtained from

(137) by replacing ∞ on q.
It is easy to prove that

(152) M

{(

I
∗(i1i2)
(00)T,t − I

∗(i1i2)q
(00)T,t

)2
}

=
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

(i1 6= i2).

Moreover, using Theorem 14, we obtain for i1 6= i2

M

{(

I
∗(i1i2)
(10)T,t − I

∗(i1i2)q
(10)T,t

)2
}

= M

{(

I
∗(i1i2)
(01)T,t − I

∗(i1i2)q
(01)T,t

)2
}

=

=
(T − t)4

16

(

5

9
− 2

q
∑

i=2

1

4i2 − 1
−

q
∑

i=1

1

(2i− 1)2(2i+ 3)2
−

q
∑

i=0

(i+ 2)2 + (i+ 1)2

(2i+ 1)(2i+ 5)(2i+ 3)2

)

.

For the case i1 = i2, using Theorem 14, we have

M

{(

I
(i1i1)
(10)T,t − I

(i1i1)q
(10)T,t

)2
}

= M

{(

I
(i1i1)
(01)T,t − I

(i1i1)q
(01)T,t

)2
}

=

(153) =
(T − t)4

16

(

1

9
−

q
∑

i=0

1

(2i+ 1)(2i+ 5)(2i+ 3)2
− 2

q
∑

i=1

1

(2i− 1)2(2i+ 3)2

)

.

On the basis of the presented expansions of iterated stochastic integrals we can see that increasing
of multiplicities of these integrals or degree indexes of their weight functions leads to noticeable
complication of formulas for the mentioned expansions.

However, increasing of the mentioned parameters leads to increasing of orders of smallness with
respect to T − t in the mean-square sense for iterated stochastic integrals. This leads to a sharp
decrease of member quantities in expansions of iterated stochastic integrals, which are required for
achieving the acceptable accuracy of approximation. In the context of it let us consider the approach to
approximation of iterated stochastic integrals, which provides a possibility to obtain the mean-square
approximations of the required accuracy without using the complex expansions.

Let us analyze the following approximation of triple stochastic integral using (139)

I
(i1i2i3)q1
(000)T,t =

q1∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(154) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

where Cj3j2j1 is defined by (140), (141).
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In particular, from (154) when i1 6= i2, i2 6= i3, i1 6= i3 we obtain

(155) I
(i1i2i3)q1
(000)T,t =

q1∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

.

Using (127), (129)–(131), we get

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

=

(156) =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 (i1 6= i2, i1 6= i3, i2 6= i3),

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

=

(157) =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 −

q1∑

j1,j2,j3=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

=

(158) =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 −

q1∑

j1,j2,j3=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2),

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

=

(159) =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 −

q1∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

(160) M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

≤ 6




(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1



 (i1, i2, i3 = 1, . . . ,m).

We may act similarly with more complicated iterated stochastic integrals. For example, for the

approximation of stochastic integral I
(i1i2i3i4)
(0000)T,t we may write (see (145))
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I
(i1i2i3i4)q2
(0000)T,t =

q2∑

j1,j2,j3,j4=0

Cj4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}+

+1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

where Cj4j3j2j1 is defined by (146), (147). Moreover, according to (131)

M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q2
(0000)T,t

)2
}

≤ 24




(T − t)4

24
−

q2∑

j1,j2,j3,j4=0

C2
j4j3j2j1



 (i1, i2, i3, i4 = 1, . . . ,m).

For pairwise different i1, i2, i3, i4 = 1, . . . ,m from (127) we obtain

(161) M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q2
(0000)T,t

)2
}

=
(T − t)4

24
−

q2∑

j1,j2,j3,j4=0

C2
j4j3j2j1 .

Using Theorem 14, we can calculate exactly the left-hand side of (161) for any possible combinations
of i1, i2, i3, i4. These relations were obtained in [14], [57]-[61].

In Tables 3–5, we have some examples of exact values of the Fourier–Legendre coefficients (here
and further the Fourier–Legendre coefficients have been calculated exactly using DERIVE (computer
algebra system)). Note that in [75], [76] the database with 270,000 exactly calculated Fourier–Legendre
coefficients was described. This database was used in the software package, which is written in the
Python programming language for the implementation of the numerical schemes (75)-(79), (82)-(86).

Assume that q1 = 6. Calculating the value of expression (156) for q1 = 6, i1 6= i2, i1 6= i3, i3 6= i2,
we obtain

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q1
(000)T,t

)2
}

≈ 0.01956(T − t)3.

Let us choose, for example, q2 = 2. In the case of pairwise different i1, i2, i3, i4 we have from (161)
the following approximate equality

(162) M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)q2
(0000)T,t

)2
}

≈ 0.0236084(T − t)4.

Let us analyze the approximations
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Table 3. Coefficients C̄3j2j1 .

j2
j1 0 1 2 3 4 5 6

0 0 2
105 0 − 4

315 0 2
693 0

1 4
105 0 − 2

315 0 − 8
3465 0 10

9009

2 2
35 − 2

105 0 4
3465 0 − 74

45045 0

3 2
315 0 − 2

3465 0 16
45045 0 − 10

9009

4 − 2
63

46
3465 0 − 32

45045 0 2
9009 0

5 − 10
693 0 38

9009 0 − 4
9009 0 122

765765

6 0 − 10
3003 0 20

9009 0 − 226
765765 0

Table 4. Coefficients C̄21j2j1 .

j2
j1 0 1 2

0 2
21 − 2

45
2

315

1 2
315

2
315 − 2

225

2 − 2
105

2
225

2
1155

Table 5. Coefficients C̄101j2j1 .

j2
j1 0 1
0 4

315 0

1 4
315 − 8

945

I
(i1i2i3)q3
(001)T,t , I

(i1i2i3)q3
(010)T,t , I

(i1i2i3)q3
(100)T,t , I

(i1i2i3i4i5)q4
(00000)T,t

based on the expansions (148)–(151).
Assume that q3 = 2, q4 = 1. In the case of pairwise different i1, . . . , i5 we obtain

M

{(

I
(i1i2i3)
(100)T,t − I

(i1i2i3)q3
(100)T,t

)2
}

=
(T − t)5

60
−

2∑

j1,j2,j3=0

(
C100

j3j2j1

)2 ≈ 0.00815429(T − t)5,

M

{(

I
(i1i2i3)
(010)T,t − I

(i1i2i3)q3
(010)T,t

)2
}

=
(T − t)5

20
−

2∑

j1,j2,j3=0

(
C010

j3j2j1

)2 ≈ 0.0173903(T − t)5,

M

{(

I
(i1i2i3)
(001)T,t − I

(i1i2i3)q3
(001)T,t

)2
}

=
(T − t)5

10
−

2∑

j1,j2,j3=0

(
C001

j3j2j1

)2 ≈ 0.0252801(T − t)5,

M

{(

I
(i1i2i3i4i5)
(00000)T,t − I

(i1i2i3i4i5)q4
(00000)T,t

)2
}

=
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=
(T − t)5

120
−

1∑

j1,j2,j3,j4,j5=0

C2
j5j4j3j2j1 ≈ 0.00759105(T − t)5.

Note that using (131), we can write

M

{(

I
(i1i2i3i4i5)
(00000)T,t − I

(i1i2i3i4i5)q4
(00000)T,t

)2
}

≤ 120




(T − t)5

120
−

q4∑

j1,j2,j3,j4,j5=0

C2
j5j4j3j2j1



 ,

where i1, . . . , i5 = 1, . . . ,m.
Moreover, from (131) we obtain the following useful estimates

M

{(

I
(i1i2)
(01)T,t − I

(i1i2)q
(01)T,t

)2
}

≤ 2

(

(T − t)4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2

)

,

M

{(

I
(i1i2)
(10)T,t − I

(i1i2)q
(10)T,t

)2
}

≤ 2

(

(T − t)4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2

)

,

M

{(

I
(i1i2i3)
(100)T,t − I

(i1i2i3)q
(100)T,t

)2
}

≤ 6

(

(T − t)5

60
−

q
∑

j1,j2,j3=0

(
C100

j3j2j1

)2

)

,

M

{(

I
(i1i2i3)
(010)T,t − I

(i1i2i3)q
(010)T,t

)2
}

≤ 6

(

(T − t)5

20
−

q
∑

j1,j2,j3=0

(
C010

j3j2j1

)2

)

,

M

{(

I
(i1i2i3)
(001)T,t − I

(i1i2i3)q
(001)T,t

)2
}

≤ 6

(

(T − t)5

10
−

q
∑

j1,j2,j3=0

(
C001

j3j2j1

)2

)

,

M

{(

I
(i1i2)
(20))T,t − I

(i1i2)q
(20)T,t

)2
}

≤ 2

(

(T − t)6

30
−

q
∑

j2,j1=0

(
C20

j2j1

)2

)

,

M

{(

I
(i1i2)
(11)T,t − I

(i1i2)q
(11)T,t

)2
}

≤ 2

(

(T − t)6

18
−

q
∑

j2,j1=0

(
C11

j2j1

)2

)

,

M

{(

I
(i1i2)
(02)T,t − I

(i1i2)q
(02)T,t

)2
}

≤ 2

(

(T − t)6

6
−

q
∑

j2,j1=0

(
C02

j2j1

)2

)

,

M

{(

I
(i1i2i3i4)
(1000)T,t − I

(i1i2i3i4)q
(1000)T,t

)2
}

≤ 24

(

(T − t)6

360
−

q
∑

j1,j2,j3,j4=0

(
C1000

j4j3j2j1

)2

)

,
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M

{(

I
(i1i2i3i4)
(0100)T,t − I

(i1i2i3i4)q
(0100)T,t

)2
}

≤ 24

(

(T − t)6

120
−

q
∑

j1,j2,j3,j4=0

(
C0100

j4j3j2j1

)2

)

,

M

{(

I
(i1i2i3i4)
(0010)T,t − I

(i1i2i3i4)q
(0010)T,t

)2
}

≤ 24

(

(T − t)6

60
−

q
∑

j1,j2,j3,j4=0

(
C0010

j4j3j2j1

)2

)

,

M

{(

I
(i1i2i3i4)
(0001)T,t − I

(i1i2i3i4)q
(0001)T,t

)2
}

≤ 24

(

(T − t)6

36
−

q
∑

j1,j2,j3,j4=0

(
C0001

j4j3j2j1

)2

)

,

M

{(

I
(i1i2i3i4i5i6)
(000000)T,t − I

(i1i2i3i4i5i6)q
(000000)T,t

)2
}

≤ 720




(T − t)6

720
−

q
∑

j1,j2,j3,j4,j5,j6=0

C2
j6j5j4j3j2j1



 .

In addition, from (128) we get

M

{(

I
(i1i2)
(10)T,t − I

(i1i2)q
(10)T,t

)2
}

=
(T − t)4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2 −
q
∑

j1,j2=0

C10
j2j1C

10
j1j2 (i1 = i2),

M

{(

I
(i1i2)
(10)T,t − I

(i1i2)q
(10)T,t

)2
}

=
(T − t)4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2
(i1 6= i2),

M

{(

I
(i1i2)
(01)T,t − I

(i1i2)q
(01)T,t

)2
}

=
(T − t)4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2 −
q
∑

j1,j2=0

C01
j2j1C

01
j1j2 (i1 = i2),

M

{(

I
(i1i2)
(01)T,t − I

(i1i2)q
(01)T,t

)2
}

=
(T − t)4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2
(i1 6= i2),

M

{(

I
(i1i2)
(20)T,t − I

(i1i2)q
(20)T,t

)2
}

=
(T − t)6

30
−

q
∑

j1,j2=0

(
C20

j2j1

)2 −
q
∑

j1,j2=0

C20
j2j1C

20
j1j2 (i1 = i2),

M

{(

I
(i1i2)
(20)T,t − I

(i1i2)q
(20)T,t

)2
}

=
(T − t)6

30
−

q
∑

j1,j2=0

(
C20

j2j1

)2
(i1 6= i2),

M

{(

I
(i1i2)
(11)T,t − I

(i1i2)q
(11)T,t

)2
}

=
(T − t)6

18
−

q
∑

j1,j2=0

(
C11

j2j1

)2 −
q
∑

j1,j2=0

C11
j2j1C

11
j1j2 (i1 = i2),
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M

{(

I
(i1i2)
(11)T,t − I

(i1i2)q
(11)T,t

)2
}

=
(T − t)6

18
−

q
∑

j1,j2=0

(
C11

j2j1

)2
(i1 6= i2),

M

{(

I
(i1i2)
(02) − I

(i1i2)q
(02)T,t

)2
}

=
(T − t)6

6
−

q
∑

j1,j2=0

(
C02

j2j1

)2 −
q
∑

j1,j2=0

C02
j2j1C

02
j1j2 (i1 = i2),

M

{(

I
(i1i2)
(02)T,t − I

(i1i2)q
(02)T,t

)2
}

=
(T − t)6

6
−

q
∑

j1,j2=0

(
C02

j2j1

)2
(i1 6= i2),

Clearly, expansions for iterated Stratonovich stochastic integrals (see Theorems 8, 10-12) are
simpler than expansions for iterated Ito stochastic integrals (see Theorems 6, 7, and (93)–(98)).
However, the calculation of the mean-square approximation error for iterated Stratonovich stochastic
integrals turns out to be much more difficult than for iterated Ito stochastic integrals (see Theorem
14 and (131)). Below we consider how we can estimate or calculate exactly (for some particular cases)
the mean-square approximation error for iterated Stratonovich stochastic integrals (the development
of these results is contained in Chapter 5 [58] (also see Theorems 10–13 from this paper).

As we mentioned above, on the basis of the presented approximations of iterated Stratonovich
stochastic integrals we can see that increasing of multiplicities of these integrals leads to increasing of
orders of smallness with respect to T − t in the mean-square sense for iterated Stratonovich stochastic
integrals (T − t ≪ 1 because the length of integration interval [t, T ] of the iterated Stratonovich
stochastic integrals plays the role of integration step for the numerical methods for Ito SDEs, so T − t
is already fairly small). This leads to a sharp decrease of member quantities in the approximations of
iterated Stratonovich stochastic integrals, which are required for achieving the acceptable accuracy
of approximation.

From (152) (i1 6= i2) we obtain

M

{(

I
∗(i1i2)
(00)T,t − I

∗(i1i2)q
(00)T,t

)2
}

=
(T − t)2

2

∞∑

i=q+1

1

4i2 − 1
≤

(163) ≤ (T − t)2

2

∞∫

q

1

4x2 − 1
dx = − (T − t)2

8
ln

∣
∣
∣
∣
1− 2

2q + 1

∣
∣
∣
∣
≤ C1

(T − t)2

q
,

where C1 is a constant.
Since T − t≪ 1, then it is easy to notice that there exists such a constant C2 that

(164) M

{(

I
∗(i1...ik)
(l1...lk)T,t − I

∗(i1...ik)q
(l1...lk)T,t

)2
}

≤ C2M

{(

I
∗(i1i2)
(00)T,t − I

∗(i1i2)q
(00)T,t

)2
}

,

where I
∗(i1...ik)q
(l1...lk)T,t is an approximation of the iterated Stratonovich stochastic integral I

∗(i1...ik)
(l1...lk)T,t.

From (163) and (164) we finally obtain

(165) M

{(

I
∗(i1...ik)
(l1...lk)T,t − I

∗(i1...ik)q
(l1...lk)T,t

)2
}

≤ C
(T − t)2

q
,
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where constant C does not depends on T−t. Note that, in contrast to the estimate (165), the constant
C in Theorems 10–12 does not depend on q.

The same idea can be found in [2] in the framework of the method based on the trigonometric
expansion of the Brownian bridge process.

We can get more information about the numbers q (these numbers are different for different
iterated Stratonovich stochastic integrals) using the another approach. Since for pairwise different
i1, . . . , ik = 1, . . . ,m

J∗[ψ(k)]T,t = J [ψ(k)]T,t w. p. 1,

where J [ψ(k)]T,t, J
∗[ψ(k)]T,t are defined by (2) and (3) correspondingly, then for pairwise different

i1, . . . , i6 = 1, . . . ,m we can write (see (127))

M

{(

I
∗(i1i2)
(01)T,t − I

∗(i1i2)q
(01)T,t

)2
}

=
(T − t)4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2
,

M

{(

I
∗(i1i2)
(10)T,t − I

∗(i1i2)q
(10)T,t

)2
}

=
(T − t)4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2
,

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=
(T − t)3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 ,

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)q
(0000)T,t

)2
}

=
(T − t)4

24
−

q
∑

j1,j2,j3,j4=0

C2
j4j3j2j1 ,

M

{(

I
∗(i1i2i3)
(100)T,t − I

∗(i1i2i3)q
(100)T,t

)2
}

=
(T − t)5

60
−

q
∑

j1,j2,j3=0

(
C100

j3j2j1

)2
,

M

{(

I
∗(i1i2i3)
(010))T,t − I

∗(i1i2i3)q
(010)T,t

)2
}

=
(T − t)5

20
−

q
∑

j1,j2,j3=0

(
C010

j3j2j1

)2
,

M

{(

I
∗(i1i2i3)
(001)T,t − I

∗(i1i2i3)q
(001)T,t

)2
}

=
(T − t)5

10
−

q
∑

j1,j2,j3=0

(
C001

j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4i5)
(00000)T,t − I

∗(i1i2i3i4i5)q
(00000)T,t

)2
}

=
(T − t)5

120
−

q
∑

j1,j2,j3,j4,j5=0

C2
j5i4i3i2j1 ,

M

{(

I
∗(i1i2)
(20)T,t − I

∗(i1i2)q
(20)T,t

)2
}

=
(T − t)6

30
−

q
∑

j2,j1=0

(
C20

j2j1

)2
,

M

{(

I
∗(i1i2)
(11)T,t − I

∗(i1i2)q
(11)T,t

)2
}

=
(T − t)6

18
−

q
∑

j2,j1=0

(
C11

j2j1

)2
,
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M

{(

I
∗(i1i2)
(02)T,t − I

∗(i1i2)q
(02)T,t

)2
}

=
(T − t)6

6
−

q
∑

j2,j1=0

(
C02

j2j1

)2
,

M

{(

I
∗(i1i2i3i4)
(1000)T,t − I

∗(i1i2i3i4)q
(1000)T,t

)2
}

=
(T − t)6

360
−

q
∑

j1,j2,j3,j4=0

(
C1000

j4j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4)
(0100)T,t − I

∗(i1i2i3i4)q
(0100)T,t

)2
}

=
(T − t)6

120
−

q
∑

j1,j2,j3,j4=0

(
C0100

j4j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4)
(0010)T,t − I

∗(i1i2i3i4)q
(0010)T,t

)2
}

=
(T − t)6

60
−

q
∑

j1,j2,j3,j4=0

(
C0010

j4j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4)
(0001)T,t − I

∗(i1i2i3i4)q
(0001)T,t

)2
}

=
(T − t)6

36
−

q
∑

j1,j2,j3,j4=0

(
C0001

j4j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4i5i6)
(000000)T,t − I

∗(i1i2i3i4i5i6)q
(000000)T,t

)2
}

=
(T − t)6

720
−

q
∑

j1,j2,j3,j4,j5,j6=0

C2
j6j5j4j3j2j1 .

For example [46] (also see [26]-[29], [38], [47]-[61]),

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)6
(000)T,t

)2
}

=
(T − t)3

6
−

6∑

j3,j2,j1=0

C2
j3j2j1 ≈ 0.01956000(T − t)3,

M

{(

I
∗(i1i2i3i4)
(0000)T,t − I

∗(i1i2i3i4)2
(0000)T,t

)2
}

=
(T − t)4

24
−

2∑

j1,j2,j3,j4=0

C2
j4j3j2j1 ≈ 0.02360840(T − t)4,

M

{(

I
∗(i1i2i3)
(100)T,t − I

∗(i1i2i3)2
(100)T,t

)2
}

=
(T − t)5

60
−

2∑

j1,j2,j3=0

(
C100

j3j2j1

)2 ≈ 0.00815429(T − t)5,

M

{(

I
∗(i1i2i3)
(010)T,t − I

∗(i1i2i3)2
(010)T,t

)2
}

=
(T − t)5

20
−

2∑

j1,j2,j3=0

(
C010

j3j2j1

)2 ≈ 0.0173903(T − t)5,

M

{(

I
∗(i1i2i3)
(001)T,t − I

∗(i1i2i3)2
(001)T,t

)2
}

=
(T − t)5

10
−

2∑

j1,j2,j3=0

(
C001

j3j2j1

)2 ≈ 0.0252801(T − t)5,

M

{(

I
∗(i1i2i3i4i5)
(00000)T,t − I

∗(i1i2i3i4i5)1
(00000)T,t

)2
}

=
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=
(T − t)5

120
−

1∑

j1,j2,j3,j4,j5=0

C2
j5j4j3j2j1 ≈ 0.00759105(T − t)5.

Let us consider expansions of the Ito stochastic integrals I
(i1)
(1)T,t, I

(i1)
(2)T,t based on the approach from

[4] (also see [2])

(166) I
(i1)q
(1)T,t = − (T − t)3/2

2

(

ζ
(i1)
0 −

√
2

π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

I
(i1)q
(2)T,t = (T − t)5/2

(

1

3
ζ
(i1)
0 +

1√
2π2

(
q
∑

r=1

1

r2
ζ
(i1)
2r +

√

βqµ
(i1)
q

)

−

(167) − 1√
2π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

where ζ
(i)
j is defined by the formula (92), φj(τ) is a complete orthonormal system of trigonometric

functions in the space L2([t, T ]), and ζ
(i)
0 , ζ

(i)
2r , ζ

(i)
2r−1, ξ

(i)
q , µ

(i)
q (r = 1, . . . , q, i = 1, . . . ,m) are

independent standard Gaussian random variables, i1 = 1, . . . ,m,

ξ(i)q =
1

√
αq

∞∑

r=q+1

1

r
ζ
(i)
2r−1, αq =

π2

6
−

q
∑

r=1

1

r2
,

µ(i)
q =

1
√
βq

∞∑

r=q+1

1

r2
ζ
(i)
2r , βq =

π4

90
−

q
∑

r=1

1

r4
.

It is obvious that (166), (12) significantly more complicated compared to (135), (136).
Another example of obvious advantage of the Legendre polynomials over the trigonometric functions

(in the framework of the considered problem) is the truncated expansion of the iterated Stratonovich

stochastic integral I
∗(i1i2)
(10)T,t obtained by Theorem 8, in which instead of the double Fourier–Legendre

series (see (137), (138)) is taken the double trigonometric Fourier series

I
∗(i1i2)q
(10)T,t = −(T − t)2

(

1

6
ζ
(i1)
0 ζ

(i2)
0 − 1

2
√
2π

√
αqξ

(i2)
q ζ

(i1)
0 +

+
1

2
√
2π2

√

βq

(

µ(i2)
q ζ

(i1)
0 − 2µ(i1)

q ζ
(i2)
0

)

+

+
1

2
√
2

q
∑

r=1

(

− 1

πr
ζ
(i2)
2r−1ζ

(i1)
0 +

1

π2r2

(

ζ
(i2)
2r ζ

(i1)
0 − 2ζ

(i1)
2r ζ

(i2)
0

)
)

−
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− 1

2π2

q
∑

r,l=1
r 6=l

1

r2 − l2

(

ζ
(i1)
2r ζ

(i2)
2l +

l

r
ζ
(i1)
2r−1ζ

(i2)
2l−1

)

+

+

q
∑

r=1

(

1

4πr

(

ζ
(i1)
2r ζ

(i2)
2r−1 − ζ

(i1)
2r−1ζ

(i2)
2r

)

+

(168) +
1

8π2r2

(

3ζ
(i1)
2r−1ζ

(i2)
2r−1 + ζ

(i2)
2r ζ

(i1)
2r

)
))

,

where the meaning of the notations included in (166), (12) is preserved.
A deep comparative analysis of the efficiency of application of Legendre polynomials and trigono-

metric functions to the numerical integration of Ito SDEs is given in [23], [39].

13. Theorems 6–8, 10–13 from Point of View of the Wong–Zakai Approximation

The iterated Ito stochastic integrals and solutions of Ito SDEs are complex and important functi-

onals from the independent components f
(i)
s , i = 1, . . . ,m of the multidimensional Wiener process fs,

s ∈ [0, T ]. Let f
(i)p
s , p ∈ N be some approximation of f

(i)
s , i = 1, . . . ,m. Suppose that f

(i)p
s converges

to f
(i)
s , i = 1, . . . ,m if p→ ∞ in some sense and has differentiable sample trajectories.

A natural question arises: if we replace f
(i)
s by f

(i)p
s , i = 1, . . . ,m in the functionals mentioned

above, will the resulting functionals converge to the original functionals from the components f
(i)
s ,

i = 1, . . . ,m of the multidimentional Wiener process fs? The answere to this question is negative in the
general case. However, in the pioneering works of Wong E. and Zakai M. [78], [79], it was shown that
under the special conditions and for some types of approximations of the Wiener process the answere
is affirmative with one peculiarity: the convergence takes place to the iterated Stratonovich stochastic
integrals and solutions of Stratonovich SDEs and not to iterated Ito stochastic integrals and solutions
of Ito SDEs. The piecewise linear approximation as well as the regularization by convolution [78]-[80]
relate the mentioned types of approximations of the Wiener process. The above approximation of
stochastic integrals and solutions of SDEs is often called the Wong–Zakai approximation.

Let fs, s ∈ [0, T ] be an m-dimensional standard Wiener process with independent components f
(i)
s ,

i = 1, . . . ,m. It is well known that the following representation takes place [81], [82]

(169) f (i)τ − f
(i)
t =

∞∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j , ζ

(i)
j =

T∫

t

φj(s)df
(i)
s ,

where τ ∈ [t, T ], t ≥ 0, {φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the

space L2([t, T ]), and ζ
(i)
j are independent standard Gaussian random variables for various i or j.

Moreover, the series (169) converges for any τ ∈ [t, T ] in the mean-square sense.

Let f
(i)p
τ − f

(i)p
t be the mean-square approximation of the process f

(i)
τ − f

(i)
t , which has the following

form

(170) f (i)pτ − f
(i)p
t =

p
∑

j=0

τ∫

t

φj(s)ds ζ
(i)
j .
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From (170) we obtain

(171) df (i)pτ =

p
∑

j=0

φj(τ)ζ
(i)
j dτ.

Consider the following iterated Riemann–Stieltjes integral

(172)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk ,

where p1, . . . , pk ∈ N, i1, . . . , ik = 0, 1, . . . ,m,

(173) dw(i)p
τ =







df
(i)p
τ for i = 1, . . . ,m

dτ for i = 0

,

and df
(i)p
τ in defined by the relation (171).

Let us substitute (171) into (172)

(174)

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)p1

t1 . . . dw
(ik)pk

tk
=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,

where

ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

w
(i)
s = f

(i)
s for i = 1, . . . ,m and w

(0)
s = s,

Cjk...j1 =

T∫

t

ψk(tk)φjk(tk) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dtk

is the Fourier coefficient.
To best of our knowledge [78]-[80] the approximations of the Wiener process in the Wong–Zakai

approximation must satisfy fairly strong restrictions [80] (see Definition 7.1, pp. 480–481). Moreover,
approximations of the Wiener process that are similar to (170) were not considered in [78], [79]
(also see [80], Theorems 7.1, 7.2). Therefore, the proof of analogs of Theorems 7.1 and 7.2 [80]
for approximations of the Wiener process based on its series expansion (169) should be carried
out separately. Thus, the mean-square convergence of the right-hand side of (174) to the iterated
Stratonovich stochastic integral (3) does not follow from the results of the papers [78], [79] (also see
[80], Theorems 7.1, 7.2).

From the other hand, Theorems 8, 10–13 from this paper can be considered as the proof of the
Wong–Zakai approximation for the iterated Stratonovich stochastic integrals (3) of multiplicities 2 to
6 based on the approximation (170) of the Wiener process. At that, the Riemann–Stieltjes integrals

1446



84 D.F. KUZNETSOV

(172) converge (according to Theorems 8, 10–13) to the appropriate Stratonovich stochastic integrals
(3). Recall that {φj(x)}∞j=0 (see (169), (170), and Theorems 8, 10–13) is a complete orthonormal
system of Legendre polynomials or trigonometric functions in the space L2([t, T ]).

To illustrate the above reasoning, consider two examples for the case k = 2, ψ1(s), ψ2(s) ≡ 1;
i1, i2 = 1, . . . ,m.

The first example relates to the piecewise linear approximation of the multidimensional Wiener
process (these approximations were considered in [78]-[80]).

Let b
(i)
∆ (t), t ∈ [0, T ] be the piecewise linear approximation of the ith component f

(i)
t of the

multidimensional standard Wiener process ft, t ∈ [0, T ] with independent components f
(i)
t , i =

1, . . . ,m, i.e.

b
(i)
∆ (t) = f

(i)
k∆ +

t− k∆

∆
∆f

(i)
k∆,

where

∆f
(i)
k∆ = f

(i)
(k+1)∆ − f

(i)
k∆, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Note that w. p. 1

(175)
db

(i)
∆

dt
(t) =

∆f
(i)
k∆

∆
, t ∈ [k∆, (k + 1)∆), k = 0, 1, . . . , N − 1.

Consider the following iterated Riemann–Stieltjes integral

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s), i1, i2 = 1, . . . ,m.

Using (175) and the additive property of Riemann–Stieltjes integrals, we can write w. p. 1

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

db
(i1)
∆

dτ
(τ)dτ

db
(i2)
∆

ds
(s)ds =

=
N−1∑

l=0

(l+1)∆∫

l∆






l−1∑

q=0

(q+1)∆∫

q∆

∆f
(i1)
q∆

∆
dτ +

s∫

l∆

∆f
(i1)
l∆

∆
dτ






∆f
(i2)
l∆

∆
ds =

=

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

∆2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆

(l+1)∆∫

l∆

s∫

l∆

dτds =

(176) =

N−1∑

l=0

l−1∑

q=0

∆f
(i1)
q∆ ∆f

(i2)
l∆ +

1

2

N−1∑

l=0

∆f
(i1)
l∆ ∆f

(i2)
l∆ .
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Using (176) and the standard relation between Stratonovich and Ito stochastic integrals, it is not
difficult to show that

l.i.m.
N→∞

T∫

0

s∫

0

db
(i1)
∆ (τ)db

(i2)
∆ (s) =

T∫

0

s∫

0

df (i1)τ df (i2)s +
1

2
1{i1=i2}

T∫

0

ds =

(177) =

∗∫

0

T ∗∫

0

s

df (i1)τ df (i2)s ,

where ∆ → 0 if N → ∞ (N∆ = T ).
Obviously, (177) agrees with Theorem 7.1 (see [80], p. 486).
The next example relates to the approximation of the Wiener process based on its series expansion

(169) for t = 0, where {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or

trigonometric functions in the space L2([0, T ]).
Consider the following iterated Riemann–Stieltjes integral

(178)

T∫

0

s∫

0

df (i1)pτ df (i2)ps , i1, i2 = 1, . . . ,m,

where df
(i)p
τ is defined by the relation (171).

Let us substitute (171) into (178)

(179)

T∫

0

s∫

0

df (i1)pτ df (i2)ps =

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where

Cj2j1 =

T∫

0

φj2(s)

s∫

0

φj1(τ)dτds

is the Fourier coefficient; another notations are the same as in (174).
As we noted above, approximations of the Wiener process that are similar to (170) were not

considered in [78], [79] (also see Theorems 7.1, 7.2 in [80]). Furthermore, the extension of the results
of Theorems 7.1 and 7.2 [80] to the case under consideration is not obvious.

However, the authors of the works [2] (Sect. 5.8, pp. 202–204), [3] (pp. 82-84), [83] (pp. 438-439),
[84] (pp. 263-264) use the Wong–Zakai approximation [78]-[80] (without rigorous proof) within the
frames of the approach [4] based on the series expansion of the Brownian bridge process.

On the other hand, we can apply the theory built in Chapters 1 and 2 of the monographs [58]-[61].
More precisely, using Theorem 8 from this paper we obtain from (179) the desired result

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=
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(180) =

∗∫

0

T ∗∫

0

s

df (i1)τ df (i2)s .

From the other hand, by Theorem 6 (see (94)) for the case k = 2 we obtain from (179) the following
relation

l.i.m.
p→∞

T∫

0

s∫

0

df (i1)pτ df (i2)ps = l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

=

= l.i.m.
p→∞

p
∑

j1,j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

+ 1{i1=i2}

∞∑

j1=0

Cj1j1 =

(181) =

T∫

0

s∫

0

df (i1)τ df (i2)s + 1{i1=i2}

∞∑

j1=0

Cj1j1 .

Since

∞∑

j1=0

Cj1j1 =
1

2

∞∑

j1=0





T∫

0

φj(τ)dτ





2

=
1

2





T∫

0

φ0(τ)dτ





2

=
1

2

T∫

0

ds,

then from (181) and the standard relation between Stratonovich and Ito stochastic integrals we obtain
(180).
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[59] Kuznetsov D.F. Strong Approximation of Iterated Itô and Stratonovich Stochastic Integrals Based on Generalized
Multiple Fourier Series. Application to Numerical Solution of Itô SDEs and Semilinear SPDEs. [In English].
Electronic Journal "Differential Equations and Control Processes"ISSN 1817-2172 (online), 4 (2020), A.1-A.606.
Available at:
http://diffjournal.spbu.ru/EN/numbers/2020.4/article.1.8.html

[60] Kuznetsov D.F. Mean-Square Approximation of Iterated Itô and Stratonovich Stochastic Integrals Based on
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Generalized Multiple Fourier Series. Application to Numerical Integration of Itô SDEs and Semilinear SPDEs
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TO NUMERICAL MODELING WITH STRONG ORDERS 1.0, 1.5, AND 2.0 OF

CONVERGENCE FOR MULTIDIMENSIONAL DYNAMICAL SYSTEMS WITH

RANDOM DISTURBANCES

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to explicit one-step numerical methods with strong orders
1.0, 1.5, and 2.0 of convergence for Ito stochastic differential equations with multidimensional
and non-commutative noise. For numerical modeling of iterated Ito stochastic integrals with
multiplicities 1 to 4 we use the method of multiple Fourier–Legendre series converging in
the sense of norm in Hilbert space L2([t, T ]

k), k = 1, 2, 3, 4. The article is addressed to
engineers who use numerical modeling in stochastic control and for solving the nonlinear
filtering problem.
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1. Introduction

The Ito stochastic differential equations (SDEs) are known to be adequate mathematical models of
the dynamical systems of various physical nature subjected to random perturbations [2]-[5]. On the
assumption of strong convergence criterion [2], the need for numerical integration of Ito SDEs arises
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2 D.F. KUZNETSOV

at solving the different mathematical problems. Among them we mention the following problems:
stochastic optimal control (also with incomplete data) [2], [6], signal filtering in random noise in
various formulations [2], [6], estimating the parameters of stochastic systems [2], [3]. It is common
knowledge that one of the promising approaches to the numerical integration of Ito SDEs is the
approach based on the stochastic analogues of the Taylor formula, the so-called Taylor–Ito and
Taylor–Stratonovich expansions [2], [3], [7]-[12]. This approach makes use of finite discretization of
the time variable and implies numerical modeling of the solution of Ito SDE at the discrete time
instants using the stochastic analogues of the Taylor formula obtained by iterative application of the
Ito formula.

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let f t be a standard m-dimensional Wiener stochastic process, which

is Ft-measurable for any t ∈ [0, T ].We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito SDE in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω), ω ∈ Ω.

Here xt is some n-dimensional stochastic process satisfying to the Ito SDE (1). The nonrandom
functions a : Rn× [0, T ] → R

n, B : Rn× [0, T ] → R
n×m guarantee the existence and uniqueness up to

stochastic equivalence of a solution of the Ito SDE (1) [1]. The second integral on the right-hand side
of (1) is interpreted as an Ito stochastic integral. Let x0 be an n-dimensional random variable, which

is F0-measurable and M{|x0|2} < ∞ (M denotes a mathematical expectation). We assume that x0

and ft − f0 are independent when t > 0.
The most important feature of stochastic analogues of the Taylor formula [2], [3], [7]-[12] for solu-

tions of the Ito SDE (1) consists in the presence of iterated Ito and Stratonovich stochastic integrals.
These stochastic integrals are complicated functionals from the components of the multidimensional
Wiener process. In one of the most general forms of notation of the present paper, the aforementioned
iterated Ito and Stratonovich stochastic integrals are given, respectively, by

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

(3) J∗[ψ(k)]T,t =

∗T∫

t

ψk(tk) . . .

∗t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where every ψl(τ) (l = 1, . . . , k) is a nonrandom function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ,

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively, i1, . . . , ik = 0, 1, . . . ,m (in this paper,
we use the definition of the Stratonovich stochastic integral from [2]).

Consequently, the systems of stochastic integrals like (2), (3) play an important part in solving
the problem of numerical integration of the Ito SDEs (1). In terms of the mean-square convergence
criterion, the problem of efficient joint numerical modeling of the totalities of stochastic integrals of
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the kind (2), (3) (the case of a multidimensional Wiener process) is not only important, but also suf-
ficiently complex in both the theoretical and computational terms. We note that the aforementioned
problem does not arise at using the Euler method for the Ito SDEs (1) [2], [7]. However, despite its
simplicity, the Euler method under the standard conditions [2], [7] for coefficients of the Ito SDE (1)
has the mean-square convergence order 0.5 [2], [7], and its accuracy is insufficient to solve a number
of practical problems. This fact motivates one to construct numerical methods for the Ito SDEs (1)
having higher orders of strong convergence.

It may seem at the first glance that the stochastic integrals from the families (2), (3) can be
approximated by the multiple integral sums. However, this leads to partitioning of the interval of
integration [t, T ] of the iterated stochastic integrals. The mentioned interval is already a small value
because it represents a step of integration in the numerical methods for Ito SDEs. As the numerical
experiments show [13], the above partitioning gives rise to an unacceptably high computing costs.

A number of publications are devoted to methods of numerical modeling of families of stochastic
integrals like (2), (3), which do not use partitioning of the aforementioned interval of integration
[t, T ] and converge in the mean-square sense. It was suggested in [7] to use converging in the mean-
square sense trigonometric Fourier expansions of the Wiener processes, which underlie the iterated
stochastic integral. By this method, the mean-square approximations of the simplest integrals like
(2) of multiplicities 1 and 2 (k = 2; ψ1(s), ψ2(s) ≡ 1; i1, i2 = 0, 1, . . . ,m) were obtained in [7]. These
approximations were used in [7] to construct a numerical method for the Ito SDE (1), which under
certain conditions [7] has the order 1.0 of the mean-square convergence and is known as the Milstein
method.

A more general method of the mean-square approximation of the stochastic integrals like (3),
which based on the generalized iterated Fourier series was proposed in [14], [15]. It enables one to
use the complete orthonormal systems of Legendre polynomials and trigonometric functions in the
space L2([t, T ]). In virtue of its characteristics, the method from [7] admits the application of only
trigonometric basis functions.

In [2], [3], [16], [17] an attempt was made to extend the method from [7] to the stochastic integrals
like (3) for k = 3; ψ1(s), . . . , ψ3(s) ≡ 1; i1, . . . , i3 = 0, 1, . . . ,m.

We note that the methods [2], [3], [16], [17] (k = 3) and [14] (k ≥ 3) lead to iterated application
of the operation of limit transition. As a result, these methods allow us to represent the integrals
(3) as iterated series of products of standard Gaussian random variables (the operation of passing
to the limit is carried out iteratively). This fact is essential and imposes some constraints related
with the method of summation of the aforementioned series [2], [3], [14], [16], [17] if we consider the
stochastic integrals like (2), (3) of multiplicities 3 and higher (we mean here at least triple integration
over the Wiener processes). Additionally, the aforementioned methods in virtue of their features
prevent precise calculation of the mean-square error of approximation with the exception of the
simplest iterated stochastic integrals of multiplicity 2. This means that at the stage of realization of
the numerical methods for Ito SDEs, possibly, one will need to allow for the redundant terms of the
expansions of iterated stochastic integrals, which increases the computing costs and reduces efficiency
of the numerical methods.

We notice [2], [13] that to construct numerical methods for the Ito SDE (1) having orders 1.5
and 2.0 of strong convergence one has to approximate (proceeding from the mean-square convergence
criterion) the stochastic integrals not only of multiplicities 1 and 2, but also 3 and 4 from the
families (2), (3). Some publications [2], [7], [8] contain the aforementioned numerical schemes with
orders 1.5 and 2.0 of strong convergence but without the contained in them efficient procedures of
the mean-square approximation of iterated stochastic integrals for the case of a multidimensional
Wiener process, which corresponds to i1, . . . , i4 = 1, . . . ,m in (2), (3). Part of publications (see,
for example, [2], [8]) contain representations of the stochastic integrals of multiplicities 3 and 4 like
(2), (3) only for the simplest case ψ1(s), . . . , ψ4(s) ≡ 1, i1 = . . . = i4 (representations based on the
Hermit polynomials). Some publications [8] use other simplifying assumptions about the Ito SDE (1).
For example, assumptions are made about additivity of the stochastic perturbation or its smallness,
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4 D.F. KUZNETSOV

which corresponds, respectively, to B(x, t) ≡ C(t) or B(x, t) ≡ εD(x, t). Here, ε > 0 is a fixed small
number and C : [0, T ] → R

n×m, D : Rn × [0, T ] → R
n×m.

In the case at hand, the problem of efficient joint numerical modeling of the iterated stochastic
integrals from the families (2), (3) becomes simpler due to the absence of some terms in the expres-
sions of the numerical methods or the possibility of disregarding some of the aforementioned terms.
Also, one may encounter approximation method [18] for iterated stochastic integrals of multiplicity
3 from the familiy (2) for ψ1(s), ψ2(s), ψ3(s) ≡ 1 (i1, i2, i3 = 1, . . . ,m) based on partitioning of the
interval of integration [t, T ] of the iterated stochastic integrals and using multiple integral sums whose
disadvantages were mentioned above.

The present paper is devoted to the development of efficient procedures for joint numerical modeling
of the iterated stochastic integrals from the families (2), (3) in accordance with the mean-square
criterion of convergence. At that we do not use any essential simplifying assumptions, that is,
the Wiener process involved in the Ito SDE (1) is assumed to be the multidimensional one which
corresponds to the condition i1, . . . , ik = 0, 1, . . . ,m in (2), (3). In addition, it is assumed that the
stochastic perturbation is nonadditive (the simplifying assumptions about the function B : Rn ×
[0, T ] → R

n×m involved in (1) are not introduced). Additionally, the functions ψ1(s), . . . , ψk(s) in
(2), (3) are, generally speaking, assumed to be different. Moreover, the assumption of commutativity
[2], [3] of the stochastic perturbation is also not introduced.

More precisely, in this paper we consider the method of the mean-square approximation of iterated
Ito stochastic integrals from the family (2), which is based on the generalized multiple (not iterated)
Fourier series converging in the sense of norm in Hilbert space L2([t, T ]

k) (k ∈ N) [13] (2006), [19]-
[55]. Multiple series (the operation of limit transition is implemented only once) are more convenient
for approximation than the iterated ones (iterated application of the operation of limit transition),
since partial sums of multiple series converge for any possible case of convergence to infinity of their
upper limits of summation (let us denote them as p1, . . . , pk). For example, when p1 = . . . = pk =
p → ∞. For iterated series, the condition p1 = . . . = pk = p → ∞ obviously does not guarantee the
convergence of this series. However, in [2] (Sect. 5.8, pp. 202–204), [3] (pp. 82-84), [16] (pp. 438-439),
[17] (pp. 263-264) the authors use (without rigorous proof) the condition p1 = p2 = p3 = p → ∞
within the frames of the approach based on the Karhunen–Loeve expansion of the Brownian bridge
process [7] together with the Wong–Zakai approximation [56]-[58]. See discussions in [32] (Sect. 2.18,
6.2), [33], [34] (Sect. 2.6.2, 6.2) for details.

2. Numerical Schemes With the Orders 1.0, 1.5, and 2.0 of Strong Convergence

Consider the partition {τj}Nj=0 of the segment [0, T ] with the partition rank ∆N such that

0 = τ0 < τ1 < . . . < τN = T.

Denote by yτj
def
= yj ; j = 0, 1, . . . , N the discrete approximation of the process xt, t ∈ [0, T ]

(solution of the Ito SDE (1) corresponding to the maximal step of discretization ∆N .

Definition 1 [2].We will say that the discrete approximation (numerical method) yj ; j = 0, 1, . . . , N
corresponding to the maximal step of discretization ∆N converges strongly with the order γ > 0 at

the time instant T to the process xt, t ∈ [0, T ] if there exist a constant C > 0 independent of ∆N and

a number δ > 0 such that

(4) M {|xT − yT |} ≤ C(∆N )γ

for all ∆N ∈ (0, δ).
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We note that the authors of some publications [7], [8] prefer to consider the mean-square conver-
gence instead of the strong convergence.

Definition 2 [7], [8]. We will say that the numerical method yj ; j = 0, 1, . . . , N converges in the

mean-square sense with the order γ > 0 to the process xt, t ∈ [0, T ] if there exist a constant C > 0
independent of ∆N , j and a number δ > 0 such that

(

M

{

|xj − yj |2
})1/2

≤ C(∆N )γ

for all ∆N ∈ (0, δ).

Here, xτj
def
= xj ; j = 0, 1, . . . , N.

We notice that sometimes the condition (4) in Definition 1 is replaced by the condition [2]

M {|xj − yj |} ≤ C(∆N )γ (j = 0, 1, . . . , N)

At that, the constant C is independent of ∆N and j.
Strong convergence follows, obviously, from the mean-square convergence in virtue of the Lyapunov

inequality. In what follows, we rely on Definition 1 of strong convergence.
Consider the following explicit one-step numerical method

yp+1 = yp +
m∑

i=1

BiÎ
(i)
(0)τp+1,τp

+∆a+
m∑

i,j=1

GjBiÎ
(ji)
(00)τp+1,τp

+

+
m∑

i=1

(

Gia
(

∆Î
(i)
(0)τp+1,τp

+ Î
(i)
(1)τp+1,τp

)

− LBiÎ
(i)
(1)τp+1,τp

)

+

(5) +

m∑

i,j,l=1

GlGjBiÎ
(lji)
(000)τp+1,τp

+
∆2

2
La

corresponding to the constant discretization step ∆ = T/N (τp = p∆; p = 0, 1, . . . , N ; N > 1), where

Î
(i1...ik)
(l1...lk)s,t

denotes approximation of the iterated Ito stochastic integral

(6) I
(i1...ik)
(l1...lk)s,t

=

s∫

t

(t− τk)
lk . . .

τ2∫

t

(t− τ1)
l1df (i1)τ1 . . . df (ik)τk ,

and

L =
∂

∂t
+

n∑

i=1

ai(x, t)
∂

∂xi
+

1

2

m∑

j=1

n∑

l,i=1

Blj(x, t)Bij(x, t)
∂2

∂xl∂xi
,

Gi =

n∑

j=1

Bji(x, t)
∂

∂xj
(i = 1, . . . ,m),

l1, . . . , lk = 0, 1, 2 . . . ; i1, . . . , ik = 1, . . . ,m; k = 1, 2, . . .; Bi and Bij are, respectively, the ith column
and ijth element of the matrix function B; ai and xi are, respectively, the ith components of the
vector function a and column x; the columns

Bi, a, GjBi, Gia, LBi, GlGjBi, La
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are calculated at the point (yp, p).
The numerical scheme (5) can be found, for example, in a somewhat different form in [2], [7], [8].

The difference here lies in that the author of this work used in (5) the relation

(7) ∆I
(i)
(0)τp+1,τp

+ I
(i)
(1)τp+1,τp

=

τp+1∫

τp

τ∫

τp

df (i)s dτ

which follows with probability 1 from the Ito formula and enables one to reduce by one the number
of iterated Ito stochastic integrals to be approximated. This is due to the fact that the Ito stochastic
integral on the right-hand side of (7) is expressed as a linear combination of the Ito stochastic integrals

I
(i)
(0)τp+1,τp

and I
(i)
(1)τp+1,τp

,

whose approximations are already included in the right-hand side of (5).
It is common knowledge that under certain conditions [2] the discrete approximation (numerical

method) (5) has the order 1.5 of strong convergence. Among the aforementioned conditions we note
only the condition for approximations of the iterated Ito stochastic integrals involved in (5)

(8) M

{(

I
(i1...ik)
(l1...lk)τp+1,τp

− Î
(i1...ik)
(l1...lk)τp+1,τp

)2}

≤ C∆r,

where r = 4 and the constant C is independent of ∆, because the present paper deals mostly with
the approximation of the aforementioned stochastic integrals.

Conditions somewhat different from [2] are given in [8]. Under them the numerical method (5) has
the order 1.5 of the mean-square convergence.

Note that the Milstein method [7] (method with the order 1.0 of strong convergence) corresponds
to the first line in (5).

Consider the explicit one-step numerical method with the order 2.0 of strong convergence given by

yp+1 = yp +

m∑

i=1

BiÎ
(i)
(0)τp+1,τp

+∆a+

m∑

i,j=1

GjBiÎ
(ji)
(00)τp+1,τp

+

+
m∑

i=1

(

Gia
(

∆Î
(i)
(0)τp+1,τp

+ Î
(i)
(1)τp+1,τp

)

− LBiÎ
(i)
(1)τp+1,τp

)

+

+
m∑

i,j,l=1

GlGjBiÎ
(lji)
(000)τp+1,τp

+
∆2

2
La+

+

m∑

i,j=1

(

G
(j)
0 LBi

(

Î
(ji)
(10)τp+1,τp

− Î
(ji)
(01)τp+1,τp

)

− LGjBiÎ
(ji)
(10)τp+1,τp

+

+GjGia
(

Î
(ji)
(01)τp+1,τp

+∆Î
(ji)
(00)τp+1,τp

)
)

+

(9) +

m∑

i,j,l,r=1

GrGlGjBiÎ
(rlji)
(0000)τp+1,τp

,
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where notation corresponds to (5).
The numerical scheme (9) can be found in another representation in [2], [8]. In this case the

distinctions are due to the fact that along with (7) the author used in (9) the equalities

(10) I
(ji)
(01)τp+1,τp

+∆I
(ji)
(00)τp+1,τp

=

τp+1∫

τp

θ∫

τp

τ∫

τp

df (j)s df (i)τ dθ

(11) I
(ji)
(10)τp+1,τp

− I
(ji)
(01)τp+1,τp

=

τp+1∫

τp

θ∫

τp

τ∫

τp

df (j)s dτdf
(i)
θ ,

which follow with probability 1 from the Ito formula and enable one to reduce by one more unit the
number of iterated Ito stochastic integrals to be approximated. This is due to the fact that the Ito
stochastic integrals on the right-hand sides of (10) and (11) are expressed as linear combinations of
the Ito stochastic integrals

I
(ji)
(01)τp+1,τp

, I
(ji)
(10)τp+1,τp

, I
(ji)
(00)τp+1,τp

,

whose approximations are already included in the right-hand side of (9).
We notice that under certain conditions [2] the numerical method (9) has the order 2.0 of strong

convergence. Among the aforementioned conditions we mark only the condition (8) for r = 5 intended
for approximations of the iterated Ito stochastic integrals included in (9).

Some modifications of the numerical methods (5) and (9) were constructed in [2], [8]. Among
which there are finite-difference methods of the Runge–Kutta type as well as the implicit and two-
step methods (also see [13], [19]-[22], [30]-[34]). In all aforementioned methods, however, a need arises
for efficient joint mean-square approximation of the iterated Ito stochastic integrals of multiplicities
1 to 4. The collection of these integrals is the same as in the numerical methods (5) and (9).

3. Expansion of Iterated Ito Stochastic Integrals of Multiplicity k (k ∈ N) Based

on Generalized Multiple Fourier Series

An efficient mean-square approximation method for the iterated Ito stochastic integrals like (2)
was proposed and developed by the author of this article in [13], [19]-[55] (see Theorems 1, 2 below).
This method based on the generalized multiple Fourier series converging in the mean-square sense
in the space L2([t, T ]

k), k ∈ N. At that the method [13], [19]-[55] allows to use different complete
orthonormal systems of functions in the space L2([t, T ]

k), k ∈ N. In this article, we use the system of
Legendre polynomials, which has a series of advantages over the system of trigonometric functions in
the framework of the considered problem [43], [44]. Moreover, in this method the passage to the limit
is carried out only once, which leads to a correct choice of the lengths of sequences of the standard
Gaussian random variables required to approximate the iterated Ito stochastic integrals.

Suppose that every ψl(τ) (l = 1, . . . , k) is a nonrandom function from the space L2([t, T ]). Define
the following function on the hypercube [t, T ]k

(12) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,
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and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation it is well known that the

generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in the

hypercube [t, T ]k in the mean-square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(13) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient,

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

,

and the Parceval equality

(14)

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk = lim
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1

takes place.

Consider the partition {τj}Nj=0 of [t, T ] such that

(15) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [13] (2006), [19]-[55]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonran-

dom function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous functions in

the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(16) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where J [ψ(k)]T,t is defined by (2),
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Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(17) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (13), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval

[t, T ], which satisfies the condition (15).

It was shown in [20]-[27], [30]-[34] that Theorem 1 is valid for convergence in the mean of degree
2n (n ∈ N). Moreover, the convergence with probability 1 in Theorem 1 is proved in [32]-[34], [63]. In
addition, the complete orthonormal systems of Haar and Rademacher–Walsh functions in L2([t, T ])
also can be applied in Theorem 1 [13], [19]-[27], [30]-[34]. The modification of Theorem 1 for complete
orthonormal with weigth r(x) ≥ 0 systems of functions in the space L2([t, T ]) can be found in [31],
[32]-[34], [40]. Application of Theorem 1 and Theorem 2 (see below) to the approximation of iterated
stochastic integrals with respect to the infinite-dimensional Q-Wiener process contains in [32]-[34]
(Chapter 7), [46], [55], [64], [66].

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 5 [13] (2006), [19]-[55] (the cases k = 6, 7 and k > 7 (k ∈ N) can also
be found in these papers)

(18) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(19) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(20) − 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
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−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(21) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(22) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

where 1A is the indicator of the set A.
For further consideration, let us consider the generalization of formulas (18)–(22) for the case of

an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (2).
In order to do this, let us introduce some notations. Consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(23) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (23) is a partition and consider the sum with respect to all possible partitions
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(24)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (24)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (16) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(25) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorem 1.

In particular, from (25) for k = 5 we obtain
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J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )
jq1

)

.

The last equality obviously agrees with (22).
Let us consider the generalization of Theorem 1 for the case of an arbitrary complete orthonormal

systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [32] (Sect. 1.11), [39] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(26) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 2 was considered in [68]. Note that we use another
notations [32] (Sect. 1.11), [39] (Sect. 15) in comparison with [68]. Moreover, the proof of an analogue
of Theorem 2 from [68] is somewhat different from the proof given in [32] (Sect. 1.11), [39] (Sect. 15).

4. Expansion of Iterated Stratonovich Stochastic Integrals of Multiplicities 1 to 6

As it turned out [23]-[27], [30]-[34], [47], [71], [72] Theorems 1, 2 can be adapted for the iterated
Stratonovich stochastic integrals (3). At that the expansions of the integrals (3) turn out to be much
simpler than the expansions of the iterated Ito stochastic integrals (2). Let us first present some old
results as the following theorem.

Theorem 3 [23]-[27], [30]-[34], [47]. Assume that the following conditions are fulfilled:
1. {φj(x)}∞j=0 is the complete orthonormal system of Legendre polynomials or trigonometric func-

tions in the space L2([t, T ]).
2. The function ψ2(τ) is continuously differentiable at the interval [t, T ], and the functions ψ1(τ),

ψ3(τ) are twice continuously differentiable at the interval [t, T ] (in (27) and (29)).
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Then, the iterated Stratonovich stochastic integrals (3) of multiplicities 2–4 are expanded into the

mean-square converging multiple series

(27) J∗[ψ(2)]T,t = l.i.m.
q1,q2→∞

q1∑

j1=0

q2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

(28) J∗[ψ(3)]T,t = l.i.m.
q1,q2,q3→∞

q1∑

j1=0

q2∑

j2=0

q3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(29) J∗[ψ(3)]T,t = l.i.m.
q→∞

q
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(30) J∗[ψ(4)]T,t = l.i.m.
q→∞

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

where we assume that i1, i2, i3 = 1, . . . ,m in (27)–(29) and i1, . . . , i4 = 0, 1, . . . ,m in (30). Addition-

ally, we assume in (28) and (30) that ψ1(τ), . . . , ψ4(τ) ≡ 1. Another notations are the same as in

Theorems 1, 2.
Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich

stochastic integrals has been obtained [32] (Sect. 2.10–2.16), [37] (Sect. 5–11), [47] (Sect. 13–19), [49]
(Sect. 7–13), [71] (Sect. 4–9), [72]. Let us formulate four theorems that were obtained using this
approach.

Theorem 4 [32], [37], [47], [49], [71]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations

(31) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(32) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (31) and i1, i2, i3 = 1, . . . ,m in (32), constant C is

independent of p,
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Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 1, 2.

Theorem 5 [32], [37], [47], [49], [71]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

(33) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(34) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(35) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (33), (34) and i1, . . . , i4 = 1, . . . ,m in (35), constant C
does not depend on p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj4j3j2j1 =

=

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 4.

Theorem 6 [32], [37], [47], [49], [71]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity
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(36) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(37) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(38) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (36), (37) and i1, . . . , i5 = 1, . . . ,m in (38), constant C
is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 4, 5.

Theorem 7 [32], [37], [47], [49], [72]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(39) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;

another notations are the same as in Theorems 4–6.
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5. Legendre Polynomial-Based Approximation of the Iterated Ito and Stratonovich

Stochastic Integrals Used in the Applications

We notice that the collection of iterated Ito stochastic integrals used in the numerical methods
(5), (9) is given by

(40) I
(i1)
(0)T,t, I

(i1)
(1)T,t, I

(i1i2)
(00)T,t, I

(i1i2i3)
(000)T,t, I

(i1i2)
(01)T,t, I

(i1i2)
(10)T,t, I

(i1i2i3i4)
(0000)T,t ,

where i1, . . . , i4 = 1, . . . ,m.
The functions K(t1, . . . , tk) like (12) for the collection (40) are given, respectively, by

K0(t1) ≡ 1, K1(t1) = t− t1, K00(t1, t2) = 1{t1<t2},

K000(t1, t2, t3) = 1{t1<t2<t3}, K01(t1, t2) = (t− t2)1{t1<t2},

K10(t1, t2) = (t− t1)1{t1<t2}, K0000(t1, . . . , t4) = 1{t1<t2<t3<t4},

where t1, . . . , t4 ∈ [t, T ] and 1A is the indicator of the set A.
For a finite-degree polynomial, the simplest (having a finite number of terms) expansion into

Fourier series by the complete orthonormal system of functions in the space L2([t, T ]) is the Fourier–
Legendre series expansion. The polynomial functions are included in the functions K1(t1), K01(t1, t2),
K10(t1, t2) as their components. Therefore, it is logical to expect that the simplest expansions of these
functions into multiple Fourier series are their Fourier–Legendre expansions.

The following example illustrates rather well the noticed feature.

Consider the approximation I
(i1)q
(1)T,t of the stochastic integral I

(i1)
(1)T,t based on the expansion of the

Brownian bridge process into the trigonometric Fourier series with random coefficients [7]

(41) I
(i1)q
(1)T,t = − (T − t)3/2

2

(

ζ
(i1)
0 −

√
2

π

(
q
∑

r=1

1

r
ζ
(i1)
2r−1 +

√
αqξ

(i1)
q

))

,

where

ξ(i1)q =
1

√
αq

∞∑

r=q+1

1

r
ζ
(i1)
2r−1, αq =

π2

6
−

q
∑

r=1

1

r2
,

where ζ
(i1)
0 , ζ

(i1)
2r−1, ξ

(i1)
q ; r = 1, . . . , q; i1 = 1, . . . ,m are independent standard Gaussian random

variables.
On the other hand, it is possible to obtain the following equality

(42) I
(i1)
(1)T,t = − (T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

which is valid with probability 1 and based on the expansion of the function t− t1 into the Fourier–
Legendre series at the interval [t, T ] (this expansion has just two terms).

The above example demonstrates the advantage of the Legendre polynomials over the trigonometric
functions in the context of the issue under consideration. More detailed comparison can be found in
[32]-[34], [43], [44].
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We notice that, as was established in [13], [19]-[27], [30]-[34], in the Fourier method (Theorem 1)
it is also possible to use the Haar and Rademacher–Walsh functions (also see Theorem 2). However,
in [13], [19]-[27], [30]-[34] it was shown that the expansions of the iterated Ito stochastic integrals (2)
of multiplicities 1 and 2 obtained with the use of Theorem 1 and systems of Haar and Rademacher–
Walsh functions are overcomplicated as compared with their analogues obtained on the basis of the
Legendre polynomials. In this connection, practical application of such expansions is hindered.

Consider approximations of the remaining stochastic integrals from the family (40) obtained using
Theorems 1, 2 and complete orthonormal system of Legendre polynomials in the space L2([t, T ]).
First, we consider approximations of stochastic integrals of multiplicities 1 and 2

(43) I
(i1)
(0)T,t =

√
T − tζ

(i1)
0 ,

I
(i1i2)q
(00)T,t = I

∗(i1i2)q
(00)T,t − 1

2
1{i1=i2}(T − t),

(44) I
∗(i1i2)q
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

,

(45) I
(i1i2)q
(10)T,t = I

∗(i1i2)q
(10)T,t +

1

4
1{i1=i2}(T − t)2, I

(i1i2)q
(01)T,t = I

∗(i1i2)q
(01)T,t +

1

4
1{i1=i2}(T − t)2,

I
∗(i1i2)q
(01)T,t = −T − t

2
I
∗(i1i2)q
(00)T,t − (T − t)2

4

(

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

(46) +

q
∑

i=0

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i + 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

I
∗(i1i2)q
(10)T,t = −T − t

2
I
∗(i1i2)q
(00)T,t − (T − t)2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

(47) +

q
∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i + 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

where here and below

I
∗(i1...ik)q
(l1...lk)s,t

and I
(i1...ik)q
(l1...lk)s,t

are the approximations of the iterated Stratonovich and Ito stochastic integrals like

(48) I
∗(i1...ik)
(l1...lk)s,t

=

∗∫

t

s

(t− τk)
lk . . .

∗∫

t

τ2

(t− τ1)
l1df (i1)τ1 . . . df (ik)τk
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and, correspondingly, like (6); ζ
(i)
j are independent standard Gaussian random variables for various i

or j; j = 0, 1, . . . , p+ 2; i = 1, . . . ,m.
Calculate the mean-square errors of approximations (44)–(47). A precise formula for pairwise

different i1, . . . , ik = 1, . . . ,m was established in [13], [31]-[34], [38]

(49) M

{(

J [ψ(k)]T,t − J [ψ(k)]qT,t

)2
}

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
q
∑

j1,...,jk=0

C2
jk...j1 ,

where in virtue of the Parseval equality (14) the right-hand side of (49) tends to zero for q → ∞;
J [ψ(k)]T,t has the form (2), and J [ψ(k)]qT,t is the approximation of J [ψ(k)]T,t defined as the prelimit

expression in (26) for p1 = . . . = pk = q (also see the prelimit expressions in (18)–(22)); the sense of
the rest notations is the same as in Theorems 1, 2.

The following formula [13], [31]-[34], [38] takes place

M

{(

J [ψ(2)]T,t − J [ψ(2)]qT,t

)2
}

=

(50) =

∫

[t,T ]2

K2(t1, t2)dt1dt2 −
q
∑

j1,j2=0

C2
j2j1 −

q
∑

j1,j2=0

Cj1j2Cj2j1 (i1 = i2),

where notations are the same as in (49).

The value M

{(

J [ψ(k)]T,t − J [ψ(k)]qT,t

)2
}

can be calculated exactly.

Theorem 8 [32] (Sect. 1.12), [38] (Sect. 6). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik =
1, . . . ,m. Then

M

{(

J [ψ(k)]T,t − J [ψ(k)]qT,t

)2
}

=

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk−

(51) −
q
∑

j1,...,jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






,

where i1, . . . , ik = 1, . . . ,m; the expression

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another
notations are the same as in Theorems 1, 2.

Using (49) and (50), we get
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(52) M

{(

I
(i1i2)
(00)T,t − I

(i1i2)q
(00)T,t

)2
}

=
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

(i1 6= i2),

M

{(

I
(i1i2)
(10)T,t − I

(i1i2)q
(10)T,t

)2
}

= M

{(

I
(i1i2)
(01)T,t − I

(i1i2)q
(01)T,t

)2
}

=
(T − t)4

16
×

(53) ×
(

5

9
− 2

q
∑

i=2

1

4i2 − 1
−

q
∑

i=1

1

(2i− 1)2(2i+ 3)2
−

q
∑

i=0

(i+ 2)2 + (i + 1)2

(2i+ 1)(2i+ 5)(2i+ 3)2

)

for i1 6= i2 and

M

{(

I
(i1i1)
(10)T,t − I

(i1i1)q
(10)T,t

)2
}

= M

{(

I
(i1i1)
(01)T,t − I

(i1i1)q
(01)T,t

)2
}

=

(54) =
(T − t)4

16

(

1

9
−

q
∑

i=0

1

(2i+ 1)(2i+ 5)(2i+ 3)2
− 2

q
∑

i=1

1

(2i− 1)2(2i+ 3)2

)

.

Let us consider the numerical modeling of the iterated Ito stochastic integral of multiplicity 3

I
(i1i2i3)
(000)T,t. Using Theorems 1, 2 for the case k = 3 (see (20)), we obtain

I
(i1i2i3)q
(000)T,t =

q
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(55) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

where i1, i2, i3 = 1, . . . ,m and

Cj3j2j1 =

T∫

t

φj3 (z)

z∫

t

φj2 (y)

y∫

t

φj1(x)dxdydz =

(56) =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
(T − t)3/2C̄j3j2j1 ,

(57) C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

where Pi(x) (i = 0, 1, 2, . . .) is the Legendre polynomial.
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For the case i1 = i2 = i3, one can use the well known equality which follows from the Ito formula
and is valid with probability 1 [2]

(58) I
(i1i1i1)
(000)T,t =

1

6
(T − t)3/2

((

ζ
(i1)
0

)3

− 3ζ
(i1)
0

)

.

The procedure of numerical modeling of the iterated Ito stochastic integral I
(i1i2i3)
(000)T,t may follow

(55)–(58). The Fourier–Legendre coefficients C̄j3j2j1 of the form (57) being precisely calculable for
the given number q by PYTHON, DERIVE or MAPLE. The mean-square error of approximation is
checked by (49) for k = 3 as well as by the formulas established in [31]-[34], [38]

M

{(

J [ψ(3)]T,t − J [ψ(3)]qT,t

)2
}

=

∫

[t,T ]3

K2(t1, t2, t3)dt1dt2dt3−

(59) −
q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

M

{(

J [ψ(3)]T,t − J [ψ(3)]qT,t

)2
}

=

∫

[t,T ]3

K2(t1, t2, t3)dt1dt2dt3−

(60) −
q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

M

{(

J [ψ(3)]T,t − J [ψ(3)]qT,t

)2
}

=

∫

[t,T ]3

K2(t1, t2, t3)dt1dt2dt3−

(61) −
q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2).

The following estimate [31]-[34], [38] can also be applied for the case k = 3

M

{(

J [ψ(k)]T,t − J [ψ(k)]qT,t

)2
}

≤

(62) ≤ k!






∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk −
q
∑

j1,...,jk=0

C2
jk...j1






where i1, . . . , ik = 1, . . . ,m and 0 < T − t <∞ or i1, . . . , ik = 0, 1, . . . ,m and 0 < T − t < 1.
In particular, for the pairwise different i1, i2, i3 = 1, . . . ,m and q = 6 we get from (49)

1473



TO NUMERICAL MODELING WITH STRONG ORDERS 1.0, 1.5, AND 2.0 21

(63) M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)6
(000)T,t

)2
}

≈ 0.01956(T − t)3.

Taking into consideration that T − t is the integration step of numerical methods for the Ito SDE
(1) and T − t is a sufficiently small number, we get that already for q = 6 the mean-square error of

approximation of the stochastic integral I
(i1i2i3)
000T,t

is sufficiently small as well (see (63)).

Consider now the iterated Ito stochastic integral I
(i1i2i3i4)
(0000)T,t of multiplicity 4. Using Theorems 1, 2,

we get the representation

I
(i1i2i3i4)q
(0000)T,t =

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

(64) + 1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

where i1, i2, i3, i4 = 1, . . . ,m and

Cj4j3j2j1 =

T∫

t

φj4(u)

u∫

t

φj3(z)

z∫

t

φj2 (y)

y∫

t

φj1 (x)dxdydzdu =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

16
∆2C̄j4j3j2j1 ,

C̄j4j3j2j1 =

1∫

−1

Pj4 (u)

u∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1 (x)dxdydzdu,

where Pi(x) (i = 0, 1, 2, . . .) is the Legendre polynomial.
For precise calculation of the Fourier–Legendre coefficients Cj4j3j2j1 we can use the previous recom-

mendations and check the mean-square error of approximation of the iterated Ito stochastic integral

I
(i1i2i3i4)
(0000)T,t , for example, using the estimate (62) for k = 4.

In particular, for pairwise different i1, . . . , i4 = 1, . . . ,m we get from (49) with regard for smallness
of T − t already for q = 2 a sufficiently good accuracy of the mean-square approximation

(65) M

{(

I
(i1i2i3i4)
(0000)T,t − I

(i1i2i3i4)2
(0000)T,t

)2
}

≈ 0.0236084(T − t)4.

We notice that at deriving (63) and (65) the coefficients C̄j3j2j1 and C̄j4j3j2j1 were precisely calcu-
lated using the DERIVE package.
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Note that the formulas (27)–(30) are simpler than (19)–(21). However, calculation of the mean-
square approximation error for the iterated Stratonovich stochastic integrals (3) turned out more
complex than for the iterated Ito stochastic integrals (2) [32]-[34], [42], [52].

6. Algorithms of Numerical Modeling With the Orders 1.5 and 2.0 of Strong

Convergence

We formulate in algorithmic form the above formulas and recommendations for the numerical
method of the order 1.5 of strong convergence. We assume that the necessary Fourier–Legendre
coefficients C̄j3j2j1 , C̄j4j3j2j1 are already calculated. In particular, several tables of the precisely
calculated Fourier–Legendre coefficients C̄j3j2j1 , C̄j4j3j2j1 were presented in [13], [31]-[34]. These
coefficients were calculated by DERIVE. It should be noted that in [61], [62] the database with
270,000 precisely calculated Fourier–Legendre coefficients is presented. In [61], [62] we used the
PYTHON programming language.

Algorithm. 1.

Step 1. Given are the initial parameters of the problem such as the interval of integration [0, T ],
step of integration ∆ (for example, constant ∆ = T/N, N ≥ 1, although a variable step of integration
is admissible), initial condition y0, and constant C involved in the condition (8).

Step 2. Assume that p = 0.

Step 3. Selection of the minimal natural numbers q and q1 (q ≪ q1) ensuring the necessary
accuracy of approximation of the stochastic integrals

I
(i1i2)
(00)τp+1,τp

, I
(i1i2i3)
(000)τp+1,τk

(τp = p∆)

and satisfying the conditions

(66) M

{(

I
(i1i2)
(00)τp+1,τp

− I
(i1i2)q1
(00)τp+1,τp

)2
}

=
∆2

2

(

1

2
−

q1∑

i=1

1

4i2 − 1

)

≤ C∆4,

(67) M

{(

I
(i1i2i3)
(000)τp+1,τp

− I
(i1i2i3)q
(000)τp+1,τp

)2
}

≤ 6




∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1



 ≤ C∆4.

Remark 1. If it is required to check the mean-square approximation error of the iterated Ito

stochastic integral I
(i1i2i3)
(000)τp+1,τp

using the precise formulas (49), (59)–(61), rather than the estimate

(67) (see (62)), then instead of the condition (67) one has to take the following conditions

E
(i1i2i3)
p,q,∆ =

∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 ≤ C∆4 (i1 6= i2, i1 6= i3, i2 6= i3),

E
(i1i2i3)
p,q,∆ =

∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 ≤ C∆4 (i1 6= i2 = i3),
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E
(i1i2i3)
p,q,∆ =

∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 ≤ C∆4 (i1 = i3 6= i2),

E
(i1i2i3)
p,q,∆ =

∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 ≤ C∆4 (i1 = i2 6= i3),

where

M

{(

I
(i1i2i3)
(000)τp+1,τp

− I
(i1i2i3)q
(000)τp+1,τp

)2
}

def
= E

(i1i2i3)
p,q,∆ .

Step 4. Modeling of the sequence of independent standard Gaussian random variables ζ
(i)
l (l =

0, 1, . . . , q1; i = 1, . . . ,m).

Step 5. Modeling of the iterated Ito stochastic integrals

I
(i1)
(0)τp+1,τp

, I
(i1)
(1)τp+1,τp

, I
(i1i2)
(00)τp+1,τp

, I
(i1i2i3)
(000)τp+1,τp

using the formulas

I
(i1)
(0)τk+1,τk

=
√
T − tζ

(i1)
0 ,

I
(i1)
(1)τp+1,τp

= − (T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

I
(i1i2)q1
(00)τp+1,τp

=
T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q1∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

,

I
(i1i2i3)q
(000)τp+1,τp

=

q
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

where i1, i2, i3 = 1, . . . ,m.

Remark 2. In the case of i1 = i2 = i3, it is advisable to model the stochastic integral I
(i1i2i3)
(000)τp+1,τp

using the formula (58), where one has to assume that T − t = ∆.

Step 6. Calculate yp+1 from (5).

Step 7. If p < N − 1, then assume that p = p+ 1 and go to Step 4; otherwise, go to Step 8.

Step 8. End.
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We briefly note how to modify the algorithm to enable numerical modeling with the order 2.0 of
strong convergence.

At Step 3 one has to take the following three iterated Ito stochastic integrals

I
(i1i2)
(10)τp+1,τp

, I
(i1i2)
(01)τp+1,τp

, I
(i1i2i3i4)
(0000)τp+1,τp

,

whose approximations obey (45)–(47), (64) and add to the considered stochastic integrals. Moreover,
we replace C∆4 by C∆5 in (66), (67). At that, one can use the estimate (62) for k = 4 and the
formulas (53), (54) to check the accuracy of modeling of the aforementioned integrals. As the result,
we get the following conditions

M

{(

I
(i1i2)
(10)τp+1,τp

− I
(i1i2)q2
(10)τp+1,τp

)2
}

= M

{(

I
(i1i2)
(01)τp+1,τp

− I
(i1i2)q2
(01)τp+1,τp

)2
}

=
∆4

16
×

×
(

5

9
− 2

q2∑

i=2

1

4i2 − 1
−

q2∑

i=1

1

(2i− 1)2(2i+ 3)2
−

q2∑

i=0

(i+ 2)2 + (i+ 1)2

(2i+ 1)(2i+ 5)(2i+ 3)2

)

≤ C∆5

for i1 6= i2 and

M

{(

I
(i1i1)
(10)τp+1,τp

− I
(i1i1)q3
(10)τp+1,τp

)2
}

= M

{(

I
(i1i1)
(01)τp+1,τp

− I
(i1i1)q3
(01)τp+1,τp

)2
}

=

=
∆4

16

(

1

9
−

q3∑

i=0

1

(2i+ 1)(2i+ 5)(2i+ 3)2
− 2

q3∑

i=1

1

(2i− 1)2(2i+ 3)2

)

≤ C∆5

for i1 = i2;

(68) M

{(

I
(i1i2i3i4)
(0000)τp+1,τp

− I
(i1i2i3i4)q4
(0000)τp+1,τp

)2
}

≤ 24




∆4

24
−

q4∑

j1,j2,j3,j4=0

C2
j4j3j2j1



 ≤ C∆5,

where i1, i2, i3, i4 = 1, . . . ,m; q2, q3, q4 < q < q1.
Carry out Step 5 with allowance of the stochastic integrals

I
(i1i2)
(10)τp+1,τp

, I
(i1i2)
(01)τp+1,τp

, I
(i1i2i3i4)
(0000)τp+1,τp

,

and calculate yp+1 at Step 6 according to (9).
It should be noted that instead of the estimate (68) we can use the precise relations for the value

M

{(

I
(i1i2i3i4)
(0000)τp+1,τp

− I
(i1i2i3i4)q4
(0000)τp+1,τp

)2
}

,

which were obtained in [31]-[34], [38] for all possible combinations of i1, i2, i3, i4 = 1, . . . ,m. Note
that the optimization of the mentioned procedure is considered in [69].
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7. Conclusions

The present paper provided efficient procedures for the mean-square approximation of iterated
Ito and Stratonovich stochastic integrals of multiplicities 1 to 4 based on multiple Fourier–Legendre
series. These results can be used for implementation of the numerical methods with the orders 1.0,
1.5, and 2.0 of strong convergence for Ito stochastic differential equations with multidimensional non-
commutative noise. The results of the article can be applied for numerical solution of the problems
of optimal stochastic control and signal filtering in random noise in different formulations. The
development of the approaches from this work can be found in [13], [19]-[55], [61]-[67], [69], [70].
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EXPANSION
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Abstract. The article is devoted to the construction of effective procedures of the mean-

square approximation of iterated Ito stochastic integrals of multiplicities 1 to 5 from the

Taylor–Ito expansion based on multiple Fourier–Legendre series. The results of the article

can be applied to the implementation of numerical methods with orders 1.5, 2.0, and 2.5

of strong convergence for Ito stochastic differential equations with multidimensional non-

commutative noise.
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2 D.F. KUZNETSOV

1. Introduction

This paper is a continuation of the author’s research [1], [2] on numerical methods with rather high
orders of strong convergence for Ito stochastic differential equations (SDEs). The definition of strong
convergence will be given below. The development of such numerical methods is topical due to a wide
range of applications for Ito SDEs [3]-[9]. In particular, these equations arise in optimal stochastic
control, signal filtering against the background of random noises, parameter estimation for stochastic
systems as well as in stochastic stability and bifurcations analysis [3]-[9]. Also the Ito SDEs represent
adequate mathematical models for dynamic systems of different physical origin that are affected by
random perturbations. They are used as mathematical models in stochastic mathematical finance,
hydrology and seismology, geophysics, chemical kinetics and population dynamics, electrodynamics,
medicine and other fields (see [3]-[9]). On the other hand, new numerical methods with rather high
orders of strong convergence are needed for the Ito SDEs because one of the elementary numerical
methods — the Euler scheme has insufficient accuracy for a series of practical problems under standard
assumptions; the details can be found in [3].

This paper follows a promising approach to the numerical integration of Ito SDEs [3], [7]-[9]
that is based on the stochastic analogs of the Taylor formula (the so-called Taylor–Ito and Taylor–
Stratonovich expansions [3], [7]-[14]) for the solutions of Ito SDEs. This approach includes the finite
partitioning of the time variable and also the numerical solution of an Ito SDE at discrete moments
of time using the stochastic analogs of the Taylor formula. The numerical methods with orders 1.5,
2.0, and 2.5 of strong convergence will be considered in the article.

This paper employs the so-called unified Taylor–Ito expansion [12]-[21] with a minimum set of
iterated Ito stochastic integrals, which is a simplifying factor at the implementation stage of numer-
ical methods. The iterated Ito stochastic integrals figuring in the numerical schemes with a strong
convergence of orders 1.5, 2.0, and 2.5 are approximated using the method of generalized multiple
Fourier series, which was considered in a series of papers of the author [14]-[57]. As was noted in
[1], [2], this method does not require the splitting of an integration interval [t, T ] of the iterated Ito
stochastic integrals; recall that its length T − t gives the integration step of the numerical methods
for Ito SDEs and hence is a sufficiently small value. In accordance with experimental results [14],
the splitting of the interval [t, T ] leads to an inadmissibly high computational cost. As a rule, this
splitting is used in the approximation methods of iterated Ito stochastic integrals based on integral
sums [7], [8], [58].

As mentioned in [1], [2], in a number of publications [3], [7], [8], numerical schemes with strong
convergence of high orders (1.5, 2.0, and 2.5) for the Ito SDEs have been proposed. However, these
methods do not contain efficient mean-square approximation procedures for the iterated Ito stochastic
integrals in the case of multidimensional non-commutative noises. Generally, the authors [3], [7],
[8] introduced some simplifying assumptions on the additivity, commutativity or smallness of the
noises, which results in a considerable simplification of the numerical modeling problem of iterated
Ito stochastic integrals. Like [1], [2], this paper will partially eliminate this drawback.

Note that the properties of numerical schemes for the Ito SDEs (including the ones with a strong
convergence of orders 1.5, 2.0, and 2.5) were well studied in [3], [7], [8]. In particular, their stability
was thoroughly analyzed. The goal of this paper is to develop efficient numerical modeling procedures
for the iterated Ito stochastic integrals of multiplicities 1 to 5 including the exact calculation and
efficient estimation of the mean-square approximation errors of these stochastic integrals.

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-subfields of F, and let f t be a standard m-dimensional Wiener stochastic process, which

is Ft-measurable for any t ∈ [0, T ].We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito SDE in the integral form
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(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying the equation (1). The nonrandom func-
tions a : Rn × [0, T ] → R

n, B : Rn × [0, T ] → R
n×m guarantee the existence and uniqueness up to

stochastic equivalence of a solution of the equation (1) [59]. The second integral on the right-hand
side of (1) is interpreted as an Ito stochastic integral. Let x0 be an n-dimensional random variable,

which is F0-measurable and M{|x0|2} < ∞ (M denotes a mathematical expectation). We assume
that x0 and ft − f0 are independent when t > 0.

Consider the following iterated Ito stochastic integrals

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where every ψl(τ) (l = 1, . . . , k) is a non-random function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m.
Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in [3], [7], [8], [10], [11] and

ψl(τ) ≡ (t− τ)ql (l = 1, . . . , k; q1, . . . , qk = 0, 1, 2, . . .) and i1, . . . , ik = 1, . . . ,m in [12]-[28].
Effective solution of the problem of combined mean-square approximation of the iterated Ito sto-

chastic integrals (2) of multiplicities 1 to 5 composes the subject of this article.

2. Explicit One-Step Strong Numerical Schemes With Convergence Orders 1.5, 2.0,

and 2.5 Based on the Unified Taylor–Ito Expansion

Introduce the definition of a strong convergence of a numerical method for the Ito SDEs.
Consider the partition {τp}Np=0 of the interval [0, T ] with the maximum step of discretization ∆N

such that

0 = τ0 < τ1 < . . . < τN = T.

Denote by yτp
def
= yp, p = 0, 1, . . . , N the discrete approximation of the process xt, t ∈ [0, T ] (the

solution of the Ito SDE (1)) that corresponds to the maximum discretization step ∆N .

Definition 1 [3]. The discrete approximation (numerical method) yj , j = 0, 1, . . . , N that cor-

responds to the maximum discretization step ∆N is said to be strongly converging with an order

γ > 0 to the process xt, t ∈ [0, T ] if there exist a constant C > 0 that is independent of ∆N and j
(j = 0, 1, . . . , N) and also a value δ > 0 such that

(3) M{|xj − yj |} ≤ C(∆N )γ (j = 0, 1, . . . , N)

for all ∆N ∈ (0, δ).

In a series of publications [7], [8], the authors considered the mean-square convergence instead of
the strong convergence, which corresponds to the replacement of the condition (3) with

(4)
(
M{|xj − yj |2}

)1/2 ≤ C(∆N )γ (j = 0, 1, . . . , N).

In (3) and (4): xτj
def
= xj , j = 0, 1, . . . , N.
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Obviously, by virtue of the Lyapunov inequality [3] the mean-square convergence implies the strong
convergence. As it has appeared, a rather nontrivial question is which iterated stochastic integrals
(Ito or Stratonovich) are preferable for the numerical integration of the Ito SDEs with a correct
estimation of the mean-square approximation error. By their external view the approximations of
the iterated Stratonovich stochastic integrals are simpler than the corresponding approximations of
the iterated Ito stochastic integrals; see the details in Sections 3, 5 below. However, the estimation
procedure of the mean-square approximation error turns out to be much easier for the iterated Ito
stochastic integrals, which motivates the use of these integrals.

Consider the explicit one-step numerical scheme for the Ito SDEs that is based on the unified
Taylor–Ito expansion [14]-[18]

yp+1 = yp +

m∑

i1=1

Bi1 Î
(i1)
(0)τp+1,τp

+∆a+

m∑

i1,i2=1

Gi2Bi1 Î
(i2i1)
(00)τp+1,τp

+

+

m∑

i1=1

(

Gi1a
(

∆Î
(i1)
(0)τp+1,τp

+ Î
(i1)
(1)τp+1,τp

)

− LBi1 Î
(i1)
(1)τp+1,τp

)

+

+

m∑

i1,i2,i3=1

Gi3Gi2Bi1 Î
(i3i2i1)
(000)τp+1,τp

+
∆2

2
La+

(5) + vp+1,p + rp+1,p,

where

vp+1,p =

m∑

i1,i2=1

(

Gi2LBi1

(

Î
(i2i1)
(10)τp+1,τp

− Î
(i2i1)
(01)τp+1,τp

)

− LGi2Bi1 Î
(i2i1)
(10)τp+1,τp

+

+Gi2Gi1a
(

Î
(i2i1)
(01)τp+1,τp

+∆Î
(i2i1)
(00)τp+1,τp

)
)

+

+

m∑

i1,i2,i3,i4=1

Gi4Gi3Gi2Bi1 Î
(i4i3i2i1)
(0000)τp+1,τp

,

rp+1,p =

m∑

i1=1

(

Gi1La

(
1

2
Î
(i1)
(2)τp+1,τp

+∆Î
(i1)
(1)τp+1,τp

+
∆2

2
Î
(i1)
(0)τp+1,τp

)

+

+
1

2
LLBi1 Î

(i1)
(2)τp+1,τp

− LGi1a
(

Î
(i1)
(2)τp+1,τp

+∆Î
(i1)
(1)τp+1,τp

)
)

+

+

m∑

i1,i2,i3=1

(

Gi3LGi2Bi1

(

Î
(i3i2i1)
(100)τp+1,τp

− Î
(i3i2i1)
(010)τp+1,τp

)

+

+Gi3Gi2LBi1

(

Î
(i3i2i1)
(010)τp+1,τp

− Î
(i3i2i1)
(001)τp+1,τp

)

+
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+Gi3Gi2Gi1a
(

∆Î
(i3i2i1)
(000)τp+1,τp

+ Î
(i3i2i1)
(001)τp+1,τp

)

−

−LGi3Gi2Bi1 Î
(i3i2i1)
(100)τp+1,τp

)

+

+

m∑

i1,i2,i3,i4,i5=1

Gi5Gi4Gi3Gi2Bi1 Î
(i5i4i3i2i1)
(00000)τp+1,τp

+

+
∆3

6
LLa,

where ∆ = T/N (N > 1) is a constant (for simplicity) integration step, τp = p∆ (p = 0, 1, . . . , N),

Î
(i1...ik)
(l1...lk)s,t

denotes an approximation of the iterated Ito stochastic integral of multiplicity k

(6) I
(i1...ik)
(l1...lk)s,t

=

s∫

t

(t− τk)
lk . . .

τ2∫

t

(t− τ1)
l1df (i1)τ1 . . . df (ik)τk ,

L =
∂

∂t
+

n∑

i=1

ai(x, t)
∂

∂xi
+

1

2

m∑

j=1

n∑

l,i=1

Blj(x, t)Bij(x, t)
∂2

∂xl∂xi
,

Gi =

n∑

j=1

Bji(x, t)
∂

∂xj
, i = 1, . . . ,m,

l1, . . . , lk = 0, 1, 2, i1, . . . , ik = 1, . . . ,m, k = 1, 2, . . . , 5, Bi and Bij are the ith column and the ijth
element of the matrix function B, ai is the ith element of the vector function a, xi is the ith element
of the column x, the functions

Bi1 , a, Gi2Bi1 , Gi1a, LBi1 , Gi3Gi2Bi1 , La, LLa, Gi2LBi1 ,

LGi2Bi1 , Gi2Gi1a, Gi4Gi3Gi2Bi1 , Gi1La, LLBi1 , LGi1a, Gi3LGi2Bi1 , Gi3Gi2LBi1 ,

Gi3Gi2Gi1a, LGi3Gi2Bi1 , Gi5Gi4Gi3Gi2Bi1

are calculated at the point (yp, p).
Under the standard conditions [3], [14] the numerical scheme (5) has order 2.5 of strong conver-

gence. The major emphasis below will be placed on the approximation of the iterated Ito stochastic
integrals appearing in (5). Therefore, among the standard conditions, note the approximation condi-
tion of these integrals [3], [14], which has the form

(7) M

{(

I
(i1...ik)
(l1...lk)τp+1,τp

− Î
(i1...ik)
(l1...lk)τp+1,τp

)2
}

≤ C∆6,

where constant C is independent of ∆.
Note that if we exclude vp+1,p + rp+1,p from the right-hand side of (5), then we have an explicit

one-step strong numerical scheme of order 1.5 [3], [14]-[18]. The right-hand side of (5) but without
the value rp+1,p define an explicit one-step strong numerical scheme of order 2.0 [3], [14]-[18].
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Using the numerical scheme (5) or its modification based on the Taylor–Ito expansion [11], the
implicit or multistep analogs of (5) can be constructed; see [3]. The set of the iterated Ito stochastic
integrals to be approximated for implementing these modifications is the same as for the numerical
scheme (5) itself. Interestingly, the truncated unified Taylor–Ito expansion — the foundation of the
numerical scheme (5) — contains 12 different iterated Ito stochastic integrals of the form (6), which
cannot be interconnected by linear relations [14]-[18]. The analogous Taylor–Ito expansion [3] contains
17 different iterated Ito stochastic integrals, part of which are interconnected by linear relations and
part of which have a higher multiplicity than the iterated Ito stochastic integrals (6). This fact well
explains the use of the numerical scheme (5).

One of the main problems arising in the implementation of the numerical scheme (5) is the joint
numerical modeling of the iterated Ito stochastic integrals figuring in (5). In the next section, we
will consider an efficient numerical modeling method for the iterated Ito stochastic integrals and also
demonstrate which stochastic integrals (Ito or Stratonovich) are preferable for numerical modeling
with a correct estimation of the mean-square approximation error.

3. Method of Numerical Modeling for Iterated Ito Stochastic Integrals Based on

Genegalized Multiple Fourier Series

An efficient numerical modeling method for the iterated Ito stochastic integrals based on general-
ized multiple Fourier series was considered in [14] (2006); also see [15]-[57]. This method rests on an
important result presented below (Theorems 1, 2).

Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Define the following function on the hypercube [t, T ]k

(8) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation it is well known that the

generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in the

hypercube [t, T ]k in the mean-square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
∥

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(9) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k∏

l=1

φjl(tl)dt1 . . . dtk,

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.
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Consider the partition {τj}Nj=0 of [t, T ] such that

(10) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [14] (2006), [15]-[34], [39]-[49], [51]-[57]. Suppose that every ψl(τ) (l = 1, . . . , k) is

a continuous non-random function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of

continuous functions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(11) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where J [ψ(k)]T,t is defined by (2),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(12) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (9), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval

[t, T ], which satisfies the condition (10).

The convergence in the mean of degree 2n (n ∈ N) [19]-[21], [23]-[28] as well as the convergence
with probability 1 [19]-[21], [41], [43] of approximations from Theorem 1 (also see Theorem 2 below)
are proved. Moreover, the complete orthonormal systems of Haar and Rademacher–Walsh functions
in L2([t, T ]) can also be applied in Theorems 1 [14]-[28]. The modification of Theorem 1 for complete
orthonormal with weigth r(x) ≥ 0 systems of functions in the space L2([t, T ]) can be found in [18]-[21],
[52]

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 5 [14]-[34], [39]-[49], [51]-[57]

(13) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(14) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,
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J [ψ(3)]T,t = l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(15) − 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(16) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(17) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

where 1A is the indicator of the set A.
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We will consider the case i1, . . . , i5 = 1, . . . ,m. This case corresponds to the numerical method
(5).

For further consideration, let us consider the generalization of formulas (13)–(17) for the case of
an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (2).
In order to do this, let us introduce some notations. Consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(18) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (18) is a partition and consider the sum with respect to all possible partitions

(19)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (19)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+
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+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (11) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(20) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorem 1.

In particular, from (20) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )

jq1

)

.

The last equality obviously agrees with (17).
Let us consider the generalization of Theorem 1 for the case of an arbitrary complete orthonormal

systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [19] (Sect. 1.11), [41] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(21) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 1.
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It should be noted that an analogue of Theorem 2 was considered in [62]. Note that we use another
notations [19] (Sect. 1.11), [41] (Sect. 15) in comparison with [62]. Moreover, the proof of an analogue
of Theorem 2 from [62] is somewhat different from the proof given in [19] (Sect. 1.11), [41] (Sect. 15).

4. Calculation of the Mean-Square Approximation Error in the Method of

Generalized Multiple Fourier Seires

Note that for the integrals J [ψ(k)]T,t defined by (2) the mean-square approximation error can be
exactly calculated and efficiently estimated.

Let J [ψ(k)]qT,t be the expression on the right-hand side of (21) before passing to the limit l.i.m.
p1,...,pk→∞

for the case p1 = . . . = pk = q, i.e.

J [ψ(k)]qT,t =

q
∑

j1,...,jk=0

Cjk ...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(22) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

Let us denote

M

{(

J [ψ(k)]T,t − J [ψ(k)]qT,t

)2
}

def
= Eq

k,

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk
def
= Ik.

In [17]-[21], [41], [42] it was shown that

(23) Eq
k ≤ k!



Ik −
q
∑

j1,...,jk=0

C2
jk...j1





for the following two cases:

1. i1, . . . , ik = 1, . . . ,m and T − t ∈ (0,+∞),
2. i1, . . . , ik = 0, 1, . . . ,m and T − t ∈ (0, 1).

The value Eq
k can be calculated exactly.

Theorem 3 [19] (Sect. 1.12), [42] (Sect. 6). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Then

(24) Eq
k = Ik −

q
∑

j1,...,jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






,
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where i1, . . . , ik = 1, . . . ,m; the expression

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another
notations are the same as in Theorems 1, 2.

Note that

M






J [ψ(k)]T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






= Cjk...j1 .

Therefore, for the special case of pairwise different numbers i1, . . . , ik as well as for the case
i1 = . . . = ik from Theorem 3 it follows that [18]-[21], [29], [42]

(25) Eq
k = Ik −

q
∑

j1,...,jk=0

C2
jk...j1 ,

Eq
k = Ik −

q
∑

j1,...,jk=0

Cjk ...j1

(
∑

(j1,...,jk)

Cjk ...j1

)

,

where
∑

(j1,...,jk)

is a sum with respect to all possible permutations (j1, . . . , jk).
Consider some examples [18]-[21], [29], [42] of application of Theorem 3 (i1, i2, i3 = 1, . . . ,m)

(26) Eq
2 = I2 −

q
∑

j1,j2=0

C2
j2j1 −

q
∑

j1,j2=0

Cj2j1Cj1j2 (i1 = i2),

(27) Eq
3 = I3 −

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

(28) Eq
3 = I3 −

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

(29) Eq
3 = I3 −

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2).

The values Eq
4 and Eq

5 were calculated exaclty for all possible combinations of i1, . . . , i5 = 1, . . . ,m
in [18]-[21], [42].
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5. Expansions of Iterated Stratonovich Stochastic Integrals Based on Multiple

Fourier–Legendre Series and Multiple Trigonometric Fourier Seires

In contrast to the iterated Ito stochastic integrals, the iterated Stratonovich stochastic integrals
have simpler expansions than (11) and (21), but the calculation (or estimation) of the mean-square
approximation errors for the latter is a much more difficult problem than for the former. Study this
issue in detail.

Introduce the following iterated Stratonovich stochastic integrals

(30) J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where the notations are the same as in the formula (2) (in this paper, we use the definition of the
Stratonovich stochastic integral from [3]).

Consider a slightly modified and extended theoretical result that adapts Theorems 1, 2 for the
iterated Stratonovich stochastic integrals (30) of multiplicities 2 to 4 (some old results).

Theorem 4 [15]-[21], [26]-[28], [32], [40], [43]-[47], [53]. Assume that {φj(x)}∞j=0 is a complete

orthonormal system of Legendre polynomials or trigonometric functions in L2([t, T ]). In addition,

assume that ψ2(s) is a continuously differentiable function on the interval [t, T ] and ψ1(s), ψ3(s) are
twice continuously differentiable functions on the interval [t, T ]. Then

(31) J∗[ψ(k)]T,t = l.i.m.
q→∞

q
∑

j1,...,jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

,

where k = 2, 3, 4. At that ψ1(s), . . . , ψk(s) ≡ 1 and i1, . . . , ik = 0, 1, . . . ,m in (31) for k = 4, while
i1, . . . , ik = 1, . . . ,m in (31) for k = 2, 3; the other notations are the same as in Theorems 1, 2.

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [19] (Sect. 2.10–2.16), [44] (Sect. 7–13), [45] (Sect. 13–19), [53]
(Sect. 5–11), [57] (Sect. 4–9). Let us formulate four theorems that were obtained using this approach.

Theorem 5 [19], [44], [45], [53], [57]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations

(32) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,
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(33) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (32) and i1, i2, i3 = 1, . . . ,m in (33), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 1, 2.

Theorem 6 [19], [44], [45], [53], [57]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

(34) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(35) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(36) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (34), (35) and i1, . . . , i4 = 1, . . . ,m in (36), constant C
does not depend on p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj4j3j2j1 =

=

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;
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another notations are the same as in Theorem 5.

Theorem 7 [19], [44], [45], [53], [57]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity

(37) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(38) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(39) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (37), (38) and i1, . . . , i5 = 1, . . . ,m in (39), constant C
is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 5, 6.

Theorem 8 [19], [44], [45], [53]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(40) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,
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Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;

another notations are the same as in Theorems 5–7.

Clearly, the expansion (31) is simpler than the expansions (11), (21). However, the calculation of
the mean-square approximation error for the expansion (31) turns out to be much more difficult than
for the expansions (11), (21). We will demonstrate this fact below.

The cases k = 1, 2 are actually not interesting: for k = 1, the Ito and Stratonovich stochastic
integrals of a smooth nonrandom function equal each other with probability 1 (w. p. 1); for k = 2,
the Ito stochastic integrals appearing in the numerical scheme (5) differ w. p. 1 from the corresponding
Stratonovich stochastic integrals by constant values by virtue of the standard relations between the
Ito and Stratonovich stochastic integrals [3]. Consider the triple Stratonovich stochastic integral
defined by

I
∗(i1i2i3)
(000)T,t =

∗T∫

t

∗t3∫

t

∗t2∫

t

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m).

In view of the standard relations between the Ito and Stratonovich stochastic integrals [3] and also
Theorems 1, 2, and 4 (k = 3), we obtain

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=

= M









I
(i1i2i3)
(000)T,t + 1{i1=i2}

1

2

T∫

t

τ∫

t

dsdf (i3)τ + 1{i2=i3}
1

2

T∫

t

τ∫

t

df (i1)s dτ − I
∗(i1i2i3)q
(000)T,t





2






=

= M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t + I

(i1i2i3)q
(000)T,t +

(41) + 1{i1=i2}
1

2

T∫

t

τ∫

t

dsdf (i3)τ + 1{i2=i3}
1

2

T∫

t

τ∫

t

df (i1)s dτ − I
∗(i1i2i3)q
(000)T,t

)2





,

I
(i1i2i3)q
(000)T,t =

q
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(42) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

(43) I
∗(i1i2i3)q
(000)T,t =

q
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,
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where I
(i1i2i3)q
(000)T,t is the approximation defined by (22) (also see (15)) for k = 3 and I

∗(i1i2i3)q
(000)T,t is the

approximation based on Theorem 4 for k = 3.
Substituting (42) and (43) into (41) yields

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=

= M









I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t + 1{i1=i2}




1

2

T∫

t

τ∫

t

dsdf (i3)τ −
q
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3



+

+1{i2=i3}




1

2

T∫

t

τ∫

t

df (i1)s dτ −
q
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1



 −1{i1=i3}

q
∑

j1,j2=0

Cj1j2j1ζ
(i2)
j2





2






≤

≤ 4

(

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t

)2
}

+1{i1=i2}F
(i3)
q +

(44) +1{i2=i3}G
(i1)
q + 1{i1=i3}H

(i2)
q

)

,

where

F (i3)
q = M










1

2

T∫

t

τ∫

t

dsdf (i3)τ −
q
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3





2






,

G(i1)
q = M










1

2

T∫

t

τ∫

t

df (i1)s dτ −
q
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1





2






,

H(i2)
q = M











q
∑

j1,j2=0

Cj1j2j1ζ
(i2)
j2





2






.

For the case of Legendre polynomials or trigonometric functions we have the equalities (for details,
see the proof of Theorem 4 for k = 3 in [15]-[21], [26]-[28], [45])

lim
q→∞

F (i3)
q = 0, lim

q→∞
G(i1)

q = 0, lim
q→∞

H(i2)
q = 0.

However, in accordance with (44) the value

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

with a finite q can be estimated by the sum of

1499



18 D.F. KUZNETSOV

(45) 4M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t

)2
}

,

and three additional terms of a rather complex structure. The value (45) can be calculated exactly
using Theorem 3 or estimated using (23) for the case k = 3.

As is easily observed, this peculiarity will also apply to the iterated Stratonovich stochastic integrals

of multiplicities 4 and 5, with the only difference that the number of additional terms like F
(i3)
q ,

G
(i1)
q , and H

(i2)
q will be considerably higher and their structure will be more complicated. Therefore,

the payment for a relatively simple approximation of the iterated Stratonovich stochastic integrals
(Theorems 4–8) in comparison with the iterated Ito stochastic integrals (Theorems 1, 2) is a much
more difficult calculation or estimation procedure of their mean-square approximation errors (see
Chapter 5 in [19] for detail). This well explains why the main emphasis of the paper is on the
approximation of the iterated Ito stochastic integrals figuring in the numerical scheme (5). Their
approximation involves Theorems 1, 2 for k = 1, . . . , 5 and also a complete orthonormal system of
Legendre polynomials in the space L2([t, T ]). As was established in [19]-[21], [31], [39], the Legendre
polynomials have a series of advantages over the trigonometric functions for the approximation of
iterated stochastic integrals using Theorems 1, 2.

6. Approximation of Iterated Ito Stochastic Integrals Based on Multiple

Fourier–Legendre Series

Consider the approximations of the iterated Ito stochastic integrals that appear in the numerical
scheme (5) using Theorems 1, 2 and the complete orthonormal system of Legendre polynomials in
the space L2([τp, τp+1]) (τp = p∆, N∆ = T, p = 0, 1, . . . , N) [14] (also see [15]-[51], [54]-[56])

(46) I
(i1)
(0)τp+1,τp

=
√
∆ζ

(i1)
0 ,

(47) I
(i1i2)q
(00)τp+1,τp

=
∆

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

,

(48) I
(i1)
(1)τp+1,τp

= −∆3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

I
(i1i2i3)q
(000)τp+1,τp

=

q
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(49) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3i4)q
(0000)τp+1,τp

=

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
4∏

l=1

ζ
(il)
jl

−

1500
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−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}+

+1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

(50) + 1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i2)q
(01)τp+1,τp

= −∆

2
I
(i1i2)q
(00)τp+1,τp

− ∆2

4

(

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

(51) +

q
∑

i=0

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i + 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

I
(i1i2)q
(10)τp+1,τp

= −∆

2
I
(i1i2)q
(00)τp+1,τp

− ∆2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

(52) +

q
∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i+ 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

or

I
(i1i2)q
(01)τp+1,τp

=

q
∑

j1,j2=0

C01
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
(i1i2)q
(10)τp+1,τp

=

q
∑

j1,j2=0

C10
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

;

(53) I
(i1)
(2)τp+1,τp

=
∆5/2

3

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,

I
(i1i2i3)q
(001)τp+1,τp

=

q
∑

j1,j2,j3=0

C001
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(54) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,
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I
(i1i2i3)q
(010)τp+1,τp

=

q
∑

j1,j2,j3=0

C010
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(55) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3)q
(100)τp+1,τp

=

q
∑

j1,j2,j3=0

C100
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(56) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3i4i5)q
(00000)τp+1,τp

=

q
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1

(
5∏

l=1

ζ
(il)
jl

−

−1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j1=j3}1{i1=i3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−

−1{j1=j4}1{i1=i4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{j1=j5}1{i1=i5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j2=j4}1{i2=i4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−

−1{j2=j5}1{i2=i5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−

−1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{j1=j2}1{i1=i2}1{j3=j4}1{i3=i4}ζ
(i5)
j5

+ 1{j1=j2}1{i1=i2}1{j3=j5}1{i3=i5}ζ
(i4)
j4

+

+1{j1=j2}1{i1=i2}1{j4=j5}1{i4=i5}ζ
(i3)
j3

+ 1{j1=j3}1{i1=i3}1{j2=j4}1{i2=i4}ζ
(i5)
j5

+

+1{j1=j3}1{i1=i3}1{j2=j5}1{i2=i5}ζ
(i4)
j4

+ 1{j1=j3}1{i1=i3}1{j4=j5}1{i4=i5}ζ
(i2)
j2

+

+1{j1=j4}1{i1=i4}1{j2=j3}1{i2=i3}ζ
(i5)
j5

+ 1{j1=j4}1{i1=i4}1{j2=j5}1{i2=i5}ζ
(i3)
j3

+

+1{j1=j4}1{i1=i4}1{j3=j5}1{i3=i5}ζ
(i2)
j2

+ 1{j1=j5}1{i1=i5}1{j2=j3}1{i2=i3}ζ
(i4)
j4

+

+1{j1=j5}1{i1=i5}1{j2=j4}1{i2=i4}ζ
(i3)
j3

+ 1{j1=j5}1{i1=i5}1{j3=j4}1{i3=i4}ζ
(i2)
j2

+

+1{j2=j3}1{i2=i3}1{j4=j5}1{i4=i5}ζ
(i1)
j1

+ 1{j2=j4}1{i2=i4}1{j3=j5}1{i3=i5}ζ
(i1)
j1

+

(57) + 1{j2=j5 6=0}1{i2=i5}1{j3=j4 6=0}1{i3=i4}ζ
(i1)
j1

)

,

where

Cj3j2j1 =

τp+1∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

φj1 (x)dxdydz =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
∆3/2C̄j3j2j1 ,

1502
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Cj4j3j2j1 =

τp+1∫

τp

φj4 (u)

u∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

φj1 (x)dxdydzdu =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

16
∆2C̄j4j3j2j1 ,

C01
j2j1 =

τp+1∫

τp

(τp − y)φj2(y)

y∫

τp

φj1(x)dxdy =

=

√

(2j1 + 1)(2j2 + 1)

8
∆2C̄01

j2j1 ,

C10
j2j1 =

τp+1∫

τp

φj2 (y)

y∫

τp

(τp − x)φj1 (x)dxdy =

=

√

(2j1 + 1)(2j2 + 1)

8
∆2C̄10

j2j1 ,

C001
j3j2j1 =

τp+1∫

τp

(τp − z)φj3(z)

z∫

τp

φj2(y)

y∫

τp

φj1(x)dxdydz =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
∆5/2C̄001

j3j2j1 ,

C010
j3j2j1 =

τp+1∫

τp

φj3(z)

z∫

τp

(τp − y)φj2 (y)

y∫

τp

φj1(x)dxdydz =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
∆5/2C̄010

j3j2j1 ,

C100
j3j2j1 =

τp+1∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

(τp − x)φj1 (x)dxdydz =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
∆5/2C̄100

j3j2j1 ,

Cj5j4j3j2j1 =

τp+1∫

τp

φj5 (v)

v∫

τp

φj4 (u)

u∫

τp

φj3 (z)

z∫

τp

φj2 (y)

y∫

τp

φj1(x)dxdydzdudv =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)

32
∆5/2C̄j5j4j3j2j1 ,

1503
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where

C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

C̄j4j3j2j1 =

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

C̄01
j2j1 = −

1∫

−1

(1 + y)Pj2(y)

y∫

−1

Pj1 (x)dxdy,

C̄10
j2j1 = −

1∫

−1

Pj2(y)

y∫

−1

(1 + x)Pj1 (x)dxdy,

C̄100
j3j2j1 = −

1∫

−1

Pj3(z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)(x + 1)dxdydz,

C̄010
j3j2j1 = −

1∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)(y + 1)

y∫

−1

Pj1(x)dxdydz,

C̄001
j3j2j1 = −

1∫

−1

Pj3(z)(z + 1)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

C̄j5j4j3j2j1 =

1∫

−1

Pj5 (v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydzdudv,

where Pi(x) (i = 0, 1, 2, . . .) is the Legendre polynomial and

φi(x) =

√

2i+ 1

∆
Pi

((

x− τp −
∆

2

)
2

∆

)

, i = 0, 1, 2, . . .

Let us consider the exact relations and some estimates for the mean-square approximation errors
of iterated Ito stochastic integrals.

Using Theorem 3, we get [16]-[28], [43], [51]

(58) M

{(

I
(i1i2)
(00)τp+1,τp

− I
(i1i2)q
(00)τp+1,τp

)2
}

=
∆2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

(i1 6= i2),

M

{(

I
(i1i2)
(10)τp+1,τp

− I
(i1i2)q
(10)τp+1,τp

)2
}

= M

{(

I
(i1i2)
(01)τp+1,τp

− I
(i1i2)q
(01)τp+1,τp

)2
}

=

1504
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(59) =
∆4

16

(

5

9
− 2

q
∑

i=2

1

4i2 − 1
−

q
∑

i=1

1

(2i− 1)2(2i+ 3)2
−

q
∑

i=0

(i+ 2)2 + (i + 1)2

(2i+ 1)(2i+ 5)(2i+ 3)2

)

(i1 6= i2),

M

{(

I
(i1i1)
(10)τp+1,τp

− I
(i1i1)q
(10)τp+1,τp

)2
}

= M

{(

I
(i1i1)
(01)τp+1,τp

− I
(i1i1)q
(01)τp+1,τp

)2
}

=

(60) =
∆4

16

(

1

9
−

q
∑

i=0

1

(2i+ 1)(2i+ 5)(2i+ 3)2
− 2

q
∑

i=1

1

(2i− 1)2(2i+ 3)2

)

.

Applying (25)–(29), we obtain

M

{(

I
(i1i2i3)
(000)τp+1,τp

− I
(i1i2i3)q
(000)τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 (i1 6= i2, i1 6= i3, i2 6= i3),

M

{(

I
(i1i2i3)
(000)τp+1,τp

− I
(i1i2i3)q
(000)τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

M

{(

I
(i1i2i3)
(000)τp+1,τp

− I
(i1i2i3)q
(000)τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2),

M

{(

I
(i1i2i3)
(000)τp+1,τp

− I
(i1i2i3)q
(000)τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3).

At the same time using the estimate (23) for i1, . . . , i5 = 1, . . . ,m, we have

M

{(

I
(i1i2)
(01)τp+1,τp

− I
(i1i2)q
(01)τp+1,τp

)2
}

≤ 2

(

∆4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2

)

,

M

{(

I
(i1i2)
(10)τp+1,τp

− I
(i1i2)q
(10)τp+1,τp

)2
}

≤ 2

(

∆4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2

)

,

(61) M

{(

I
(i1i2i3)
(000)τp+1,τp

− I
(i1i2i3)q
(000)τp+1,τp

)2
}

≤ 6

(

∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1

)

,

(62) M

{(

I
(i1i2i3i4)
(0000)τp+1,τp

− I
(i1i2i3i4)q
(0000)τp+1,τp

)2
}

≤ 24

(

∆4

24
−

q
∑

j1,j2,j3,j4=0

C2
j4j3j2j1

)

,

1505



24 D.F. KUZNETSOV

(63) M

{(

I
(i1i2i3)
(100)τp+1,τp

− I
(i1i2i3)q
(100)τp+1,τp

)2
}

≤ 6

(

∆5

60
−

q
∑

j1,j2,j3=0

(
C100

j3j2j1

)2

)

,

(64) M

{(

I
(i1i2i3)
(010)τp+1,τp

− I
(i1i2i3)q
(010)τp+1,τp

)2
}

≤ 6

(

∆5

20
−

q
∑

j1,j2,j3=0

(
C010

j3j2j1

)2

)

,

(65) M

{(

I
(i1i2i3)
(001)τp+1,τp

− I
(i1i2i3)q
(001)τp+1,τp

)2
}

≤ 6

(

∆5

10
−

q
∑

j1,j2,j3=0

(
C001

j3j2j1

)2

)

,

(66) M

{(

I
(i1i2i3i4i5)
(00000)τp+1,τp

− I
(i1i2i3i4i5)q
(00000)τp+1,τp

)2
}

≤ 120




∆5

120
−

q
∑

j1,j2,j3,j4,j5=0

C2
j5i4i3i2j1



 .

As was emphasized in [1], [2], [19]-[21], the Fourier–Legendre coefficients C̄j3j2j1 and C̄j4j3j2j1 (as
well as the Fourier–Legendre coefficients C̄001

j3j2j1
, C̄010

j3j2j1
, C̄100

j3j2j1
, C̄j5j4j3j2j1) can be exactly calculated

using symbolic transformation packages like Derive. The exact values of these Fourier–Legendre
coefficients calculated in Derive were presented in tabular form in the monographs [14]-[28]. Note
that the mendioned Fourier–Legendre coefficients do not depend on the integration step τp+1 − τp of
the numerical method, which can be variable.

Recently, the database with 270,000 exactly calculated Fourier–Legendre coefficients was described
[54]. This database was used in the software package, which is written in the Python programming
language for the implementation of explicit one-step strong numerical methods with orders 0.5, 1.0,
1.5, 2.0, 2.5, and 3.0 of convergence for Ito SDEs with non-commutative noise. The optimization of
the mean-square approximation procedures for iterated Ito stochastic integrals from these numerical
schemes can be found in [56].

Generally speaking, the minimum values q that guarantee the fulfillment of the condition (7) for
each of approximations (see above) are different and abruptly decreasing with the growth of orders
of smallness with respect to ∆ of approximations of iterated Ito stochastic integrals.

For pairwise different i1, . . . , i5 = 1, . . . ,m Theorem 3 gives

(67) M

{(

I
(i1i2i3)
(000)τp+1,τp

− I
(i1i2i3)6
(000)τp+1,τp

)2
}

=
∆3

6
−

6∑

j1,j2,j3=0

C2
j3j2j1 ≈ 0.01956000∆3,

(68) M

{(

I
(i1i2i3)
(100)τp+1,τp

− I
(i1i2i3)2
(100)τp+1,τp

)2
}

=
∆5

60
−

2∑

j1,j2,j3=0

(
C100

j3j2j1

)2 ≈ 0.00815429∆5,

(69) M

{(

I
(i1i2i3)
(010)τp+1,τp

− I
(i1i2i3)2
(010)τp+1,τp

)2
}

=
∆5

20
−

2∑

j1,j2,j3=0

(
C010

j3j2j1

)2 ≈ 0.01739030∆5,

(70) M

{(

I
(i1i2i3)
(001)τp+1,τp

− I
(i1i2i3)2
(001)τp+1,τp

)2
}

=
∆5

10
−

2∑

j1,j2,j3=0

(
C001

j3j2j1

)2 ≈ 0.02528010∆5,
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(71) M

{(

I
(i1i2i3i4)
(0000)τp+1,τp

− I
(i1i2i3i4)2
(0000)τp+1,τp

)2
}

=
∆4

24
−

2∑

j1,j2,j3,j4=0

C2
j4j3j2j1 ≈ 0.02360840∆4,

(72) M

{(

I
(i1i2i3i4i5)
(00000)τp+1,τp

− I
(i1i2i3i4i5)1
(00000)τp+1,τp

)2
}

=
∆5

120
−

1∑

j1,j2,j3,j4,j5=0

C2
j5j4j3j2j1 ≈ 0.00759105∆5.

Recall that the value ∆ acts as the integration step of the numerical method (5) for the Ito SDE
(1), thereby being rather small. Hence, even for q = 6, 2, and 1 the mean-square approximation errors
(67)–(72) of the iterated Ito stochastic integrals of multiplicities 3 to 5 are sufficiently small. Note
that in [3], [7], [8] the iterated stochastic integrals were approximated using the trigonometric Fourier
expansion of the multidimensional Brownian bridge process and the mean-square approximation error
of the iterated stochastic integrals were estimated by the value

C1∆
2

q
,

where C1 is a constant and ∆, q have the same meaning as in (47). Clearly, such an approach is
rougher than the one involving Theorem 3.

Note that the number q must be the same for all approximations of iterated stochastic integrals
from the considered collection in the approach from [3], [7], [8] while the numbers q can be chosen
different for different stochastic integrals from the considered collection in the method based on
Theorems 1–3.

On the basis of the presented expansions (see above) of iterated Ito stochastic integrals we can see
that increasing of multiplicities of these integrals or degree indexes of their weight functions leads to
increasing of orders of smallness with respect to ∆ in the mean-square sense for iterated stochastic in-
tegrals. This leads to a sharp decrease of member quantities (the numbers q) in expansions of iterated
Ito stochastic integrals, which are required for achieving the acceptable accuracy of approximation.

7. Numerical Algorithm With the Order 2.5 of Strong Convergence

In this section, we will write the formulas and recommendations on the numerical method (5) with
the order 2.5 of strong convergence as an algorithm.

Let the Fourier–Legendre coefficients

C̄j3j2j1 , C̄j4j3j2j1 , C̄001
j3j2j1 , C̄010

j3j2j1 , C̄100
j3j2j1 , C̄j5j4j3j2j1

be precalculated [54].

Algorithm 1.

Step 1. Specify the initial parameters of the problem: the integration interval [0, T ], the integra-
tion step ∆ (e.g., the constant one ∆ = T/N, where N > 1; a variable step is also admissible), the
initial condition y0, and the constant C appearing in the condition (7).

Step 2. Let p = 0.

Step 3. Choose the minimum values q under which the right-hand sides of (58)–(66) are not
exceeding the right-hand side of the inequality (7).
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Step 4. Generate a sequence of independent standard Gaussian random variables ζ
(i)
l (l =

0, 1, . . . , q + 2; i = 1, . . . ,m). Here the number q is a maximum from the numbers q chosen at
Step 3.

Step 5. Model the iterated Ito stochastic integrals

I
(i1)
(0)τp+1,τp

, I
(i1)
(1)τp+1,τp

, I
(i1)
(2)τp+1,τp

, I
(i1i2)
(00)τp+1,τp

, I
(i1i2)
(10)τp+1,τp

, I
(i1i2)
(01)τp+1,τp

, I
(i1i2i3)
(000)τp+1,τp

,

I
(i1i2i3)
(100)τp+1,τp

, I
(i1i2i3)
(010)τp+1,τp

, I
(i1i2i3)
(001)τp+1,τp

, I
(i1i2i3i4)
(0000)τp+1,τp

, I
(i1i2i3i4i5)
(00000)τp+1,τp

using the formulas (46)–(57) with the values q chosen at Step 3.

Step 6. Find yp+1 by the formula (5).

Step 7. If p < N − 1, then assign p = p+ 1 and go back to Step 4. Otherwise proceed to Step 8.

Step 8. End of the Algorithm 1.

8. Conclusions

In this paper, the efficient mean-square approximation procedures for the iterated Ito stochastic
integrals of multiplicities 1 to 5 that are based on the multiple Fourier–Legendre series have been
developed. These results can be used for the implementation of the numerical method (5) with the
strong order 2.5 of convergence for the Ito SDEs with multidimensional non-commutative noises.
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NUMERICAL SIMULATION OF 2.5-SET OF ITERATED STRATONOVICH

STOCHASTIC INTEGRALS OF MULTIPLICITIES 1 TO 5 FROM THE

TAYLOR–STRATONOVICH EXPANSION

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to construction of effective procedures of the mean-square
approximation for iterated Stratonovich stochastic integrals of multiplicities 1 to 5. We apply
the method of generalized multiple Fourier series for approximation of iterated stochastic
integrals. More precisely, we use multiple Fourier–Legendre series converging in the sense
of norm in Hilbert space L2([t, T ]

k), k ∈ N. Considered iterated Stratonovich stochastic
integrals are part of the Taylor–Stratonovich expansion. That is why the results of the
article can be applied to implementation of numerical methods with the orders 1.0, 1.5, 2.0
and 2.5 of strong convergence for Ito stochastic differential equations with multidimensional
non-commutative noise.
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2 D.F. KUZNETSOV

1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let f t be a standard m-dimensional Wiener stochastic process, which

is Ft-measurable for any t ∈ [0, T ].We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito stochastic differential equation (SDE) in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying to the equation (1). The nonrandom
functions a : Rn × [0, T ] → R

n, B : Rn × [0, T ] → R
n×m guarantee the existence and uniqueness up

to stochastic equivalence of a solution of the equation (1) [1]. The second integral on the right-hand
side of (1) is interpreted as an Ito stochastic integral. Let x0 be an n-dimensional random variable,

which is F0-measurable and M{|x0|2} < ∞ (M denotes a mathematical expectation). We assume
that x0 and ft − f0 are independent when t > 0.

It is well known [2]-[5] that Ito SDEs are adequate mathematical models of dynamic systems
under the influence of random disturbances. One of the effective approaches to numerical integration
of Ito SDEs is an approach based on the Taylor–Ito and Taylor–Stratonovich expansions [2]-[17].
The most important feature of such expansions is a presence in them of the so-called iterated Ito
and Stratonovich stochastic integrals, which play the key role for solving the problem of numerical
integration of Ito SDEs and have the following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

(3) J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where ψ1(τ), . . . , ψk(τ) are continuous nonrandom functions on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m,

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively (in this paper, we use the definition of
the Stratonovich stochastic integral from [2]).

Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in the classical Taylor–Ito and
Taylor–Stratonovich expansions [2]-[7]. At the same time ψl(τ) ≡ (t− τ)ql (l = 1, . . . , k; q1, . . . , qk =
0, 1, 2, . . .) and i1, . . . , ik = 1, . . . ,m in the unified Taylor–Ito and Taylor–Stratonovich expansions
[8]-[17].

Effective solution of the problem of combined mean-square approximation of collections of the
iterated Ito and Stratonovich stochastic integrals (2), (3) of multiplicities 1 to 5 and beyond composes
the subject of the article.

We want to mention in short that there are two main criteria of numerical methods convergence
for Ito SDEs [2]-[4]: a strong or mean-square criterion and a weak criterion where the subject of
approximation is not the solution of Ito SDE, simply stated, but the distribution of Ito SDE solution.
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NUMERICAL SIMULATION OF 2.5-SET OF ITERATED STRATONOVICH STOCHASTIC INTEGRALS 3

Using the strong numerical methods, we can build sample pathes of Ito SDEs numerically. These
methods require the combined mean-square approximation of collections of the iterated Ito and
Stratonovich stochastic integrals (2) and (3).

The strong numerical methods are using when constructing new mathematical models on the basis
of Ito SDEs, when solving the filtering problem of signal under the influence of random disturbance
in various arrangements, when solving the problem of stochastic optimal control, when solving the
problem of testing procedures of evaluating parameters of stochastic systems etc. [2]-[5].

The problem of effective jointly numerical modeling (in accordance to the mean-square conver-
gence criterion) of the iterated Ito and Stratonovich stochastic integrals (2) and (3) is difficult from
theoretical and computing point of view [2]-[5], [10]-[66].

The only exception is connected with the narrow particular case, when i1 = . . . = ik 6= 0 and
ψ1(s), . . . , ψk(s) ≡ ψ(s). This case allows the investigation with using of the Ito formula [2]-[4].

Note that even for the mentioned coincidence (i1 = . . . = ik 6= 0), but for different functions
ψ1(s), . . . , ψk(s) the mentioned difficulties persist, and relatively simple families of iterated Ito and
Stratonovich stochastic integrals, which can be often met in the applications, cannot be represented
effectively in a finite form (for the mean-square approximation) using the system of standard Gaussian
random variables.

Note that for a number of special types of Ito SDEs the problem of approximation of iterated
stochastic integrals can be simplified but cannot be solved. The equations with additive vector noise,
with additive scalar or non-additive scalar noise, with a small parameter are related to such types of
equations [2]-[4]. For the mentioned types of equations, simplifications are connected with the fact
that either some coefficient functions from stochastic analogues of the Taylor formula (Taylor–Ito and
Taylor–Stratonovich expansions) identically equal to zero, or scalar noise has an essential effect, or
due to the presence of a small parameter we can neglect some members from stochastic analogues of
the Taylor formula, which include difficult for approximation iterated stochastic integrals [2]-[4]. In
this article, we consider Ito SDEs with multidimentional and non-additive noise. The conditions of
commutativity of the noise [2] are also not used.

Seems that iterated stochastic integrals can be approximated by multiple integral sums of different
types [3], [4], [59]. However, this approach implies partitioning of the interval of integration [t, T ]
of iterated stochastic integrals (the length T − t of this interval is a small value, because it is a
step of integration of numerical methods for Ito SDEs) and according to numerical experiments this
additional partitioning leads to significant calculating costs [10].

In [3] (also see [2], [4]) Milstein G.N. proposed to expand (2) or (3) into iterated series of prod-
ucts of standard Gaussian random variables by representing the Wiener process as a trigonometric
Fourier series with random coefficients (the version of the so-called Karhunen–Loeve expansion for
the Brownian bridge process). For example, to obtain the Milstein expansion of (3), the truncated
Fourier expansions of components of the Wiener process fs must be iteratively substituted in the
single integrals, and the integrals must be calculated, starting from the innermost integral. This
is a complicated procedure that does not lead to a general expansion of (3) valid for an arbitrary
multiplicity k. For this reason, only expansions of single, double, and triple stochastic integrals (2)
and (3) were presented in [2] (the integrals (3) for k = 1, 2, 3) and in [3], [4] (the integrals (2) for
k = 1, 2) for the simplest case ψ1(s), ψ2(s), ψ3(s) ≡ 1; i1, i2, i3 = 0, 1, . . . ,m. Moreover, the Milstein
approach [3] leads to iterated application of the operation of limit transition (see above).

It should be noted that the authors of the works [2] (Sect. 5.8, pp. 202–204), [5] (pp. 82-84), [60]
(pp. 438-439), [61] (pp. 263-264) use the Wong–Zakai approximation [62]-[64] (without rigorous proof)
within the frames of the method of expansion of iterated stochastic integrals [3] (1988) based on the
series expansion of the Brownian bridge process (version of the so-called Karhunen-Loeve expansion).
See discussions in [15] (Sect. 2.18, 6.2), [17] (Sect. 2.6.2, 6.2) [39] (Sect. 11), [41] (Sect. 8), [42]
(Sect. 11), [43] (Sect. 6), [44] (Sect. 6) for detail.

Note that in [65] the method of expansion of iterated (double) Ito stochastic integrals (2) (k = 2;
ψ1(s), ψ2(s) ≡ 1; i1, i2 = 1, . . . ,m) based on expansion of the Wiener process using Haar functions and
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4 D.F. KUZNETSOV

trigonometric functions has been considered. The restrictions of the method [65] are also connected
with iterated application of the operation of limit transition (as in the Milstein approach [3] (1988))
at least starting from the third multiplicity of iterated stochastic integrals.

It is necessary to note that the Milstein approach [3] excelled in several times or even in several
orders the methods based on multiple integral sums [3], [4], [59] considering computational costs in
the sense of their diminishing.

An alternative strong approximation method was proposed for (3) in [33], [34] (also see [11]-[17],
[21]-[24], [47]), where J∗[ψ(k)]T,t was represented as the multiple stochastic integral from the certain
discontinuous nonrandom function of k variables, and the function was then expressed as the iterated
generalized Fourier series in complete systems of continuous functions that are orthonormal in the
space L2([t, T ]). In [33], [34] (also see [11]-[17], [21]-[24], [47]) the cases of Legendre polynomials and
trigonometric functions are considered in detail. As a result, the general iterated series expansion of
(3) in terms of products of standard Gaussian random variables was obtained in [33], [34] (also see
[11]-[17], [21]-[24], [47]) for an arbitrary multiplicity k. Hereinafter, this method is referred to as the
method of generalized iterated Fourier series.

It was shown in [33], [34] (also see [11]-[17], [21]-[24], [47]) that the method of generalized iterated
Fourier series leads to the Milstein expansion [3] of (3) in the case of trigonometric functions and to
a substantially simpler expansion of (3) in the case of Legendre polynomials.

Note that the method of generalized iterated Fourier series as well as the Milstein approach [3] lead
to iterated application of the operation of limit transition. As mentioned above, this problem appears
for iterated (triple) stochastic integrals (i1, i2, i3 = 1, . . . ,m) or even for some iterated (double)
stochastic integrals in the case, when ψ1(s), ψ2(s) 6≡ 1 (i1, i2 = 1, . . . ,m) [10] (also see [11]-[32],
[37]-[46], [48]-[50]). The mentioned problem (iterated application of the operation of limit transition)
not appears in the efficient method, which is considered for (2) in Theorems 1, 2 (see below) [10]-[32],
[37]-[46], [48]-[58].

The idea of this method is as follows: the iterated Ito stochastic integral (2) of multiplicity k is
represented as the multiple stochastic integral from the certain discontinuous nonrandom function of
k variables defined on the hypercube [t, T ]k, where [t, T ] is the interval of integration of the iterated
Ito stochastic integral (2). Then, the indicated nonrandom function is expanded in the hypercube
[t, T ]k into the generalized multiple Fourier series converging in the mean-square sense in the space
L2([t, T ]

k). After a number of nontrivial transformations we come (see Theorems 1, 2 below) to the
mean-square convergening expansion of the iterated Ito stochastic integral (2) into the multiple series
of products of standard Gaussian random variables. The coefficients of this series are the coefficients
of generalized multiple Fourier series for the mentioned nonrandom function of k variables, which can
be calculated using the explicit formula regardless of the multiplicity k of the iterated Ito stochastic
integral (2). Hereinafter, this method is referred to as the method of generalized multiple Fourier
series.

Thus, we obtain the following useful possibilities of the method of generalized multiple Fourier
series.

1. There is an explicit formula (see (8) below) for calculation of expansion coefficients of the
iterated Ito stochastic integral (2) with any fixed multiplicity k.

2. We have possibilities for exact calculation of the mean-square error of approximation of the
iterated Ito stochastic integral (2) [12]-[17], [25], [40].

3. Since the used multiple Fourier series is a generalized in the sense that it is constructed using
various complete orthonormal systems of functions in the space L2([t, T ]), then we have new possi-
bilities for approximation — we can use not only trigonometric functions as in [2]-[4], but Legendre
polynomials.

4. As it turned out [10]-[32], [37]-[46], [48]-[57] it is more convenient to work with Legendre polyno-
mials for constructing of approximations of the iterated Ito stochastic integrals (2). Approximations
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based on the Legendre polynomials are essentially simpler than their analogues based on the trigono-
metric functions. Another advantages of the application of Legendre polynomials in the framework
of the mentioned problem are considered in [15]-[17], [29], [37].

5. An approach based on the Karhunen–Loeve expansion of the Brownian bridge process (also see
[65]) leads to iterated application of the operation of limit transition (the operation of limit transition
is implemented only once in Theorems 1, 2 (see below)) starting from the second multiplicity (in the
general case) and third multiplicity (for the case ψ1(s), ψ2(s), ψ3(s) ≡ 1; i1, i2, i3 = 1, . . . ,m) of
iterated Ito stochastic integrals. Multiple series (the operation of limit transition is implemented
only once) are more convenient for approximation than the iterated ones (iterated application of the
operation of limit transition), since partial sums of multiple series converge for any possible case of
convergence to infinity of their upper limits of summation (let us denote them as p1, . . . , pk). For
example, when p1 = . . . = pk = p → ∞. For iterated series, the condition p1 = . . . = pk = p → ∞
obviously does not guarantee the convergence of this series. However, the authors of the works [2]
(Sect. 5.8, pp. 202–204), [5] (pp. 82-84), [60] (pp. 438-439), [61] (pp. 263-264) use the condition
p1 = p2 = p3 = p→ ∞ together with the Wong–Zakai approximation [62]-[64] (but without rigorous
proof) within the frames of the method of expansion of iterated stochastic integrals [3] (1988) based
on the series expansion of the Brownian bridge process. See discussions in [15] (Sect. 2.18, 6.2), [17]
(Sect. 2.6.2, 6.2), [39] (Sect. 11), [41] (Sect. 8), [42] (Sect. 11), [43] (Sect. 6), [44] (Sect. 6) for detail.

As it turned out, Theorems 1, 2 can be adapted for the iterated Stratonovich stochastic integrals
(3) at least for multiplicities 1 to 6 [11]-[17], [22]-[24], [30], [33], [34], [38], [42]-[45], [47], [50], [58].
Expansions of these iterated Stratonovich stochastic integrals turned out much simpler (see Theo-
rems 4–10 below), than the appropriate expansions of the iterated Ito stochastic integrals (2) from
Theorems 1, 2.

2. Explicit One-Step Strong Numerical Schemes With Orders 2.0 and 2.5 for Ito
SDEs Based on the Unified Taylor–Stratonovich expansion

Consider the partition {τj}Nj=0 of the interval [0, T ] such that

0 = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj , ∆τj = τj+1 − τj .

Let yτj
def
= yj , j = 0, 1, . . . , N be a time discrete approximation of the process xt, t ∈ [0, T ], which

is a solution of the Ito SDE (1).

Definiton 1 [2]. We will say that a time discrete approximation yj (j = 0, 1, . . . , N) corresponding
to the maximal step of discretization ∆N , converges strongly with order γ > 0 at time moment T to

the process xt, t ∈ [0, T ], if there exists a constant C > 0, which does not depend on ∆N , and a δ > 0
such that

M{|xT − yT |} ≤ C(∆N )γ

for each ∆N ∈ (0, δ).

Consider the explicit one-step strong numerical scheme with order 2.5 for Ito SDEs based on the
so-called unified Taylor–Stratonovich expansion [9]-[21], [57]

yp+1 = yp +

m∑

i1=1

Bi1 Î
∗(i1)
(0)τp+1,τp

+∆ā+

m∑

i1,i2=1

Gi2Bi1 Î
∗(i2i1)
(00)τp+1,τp

+
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6 D.F. KUZNETSOV

+

m∑

i1=1

(

Gi1 ā
(

∆Î
∗(i1)
(0)τp+1,τp

+ Î
∗(i1)
(1)τp+1,τp

)

− L̄Bi1 Î
∗(i1)
(1)τp+1,τp

)

+

+

m∑

i1,i2,i3=1

Gi3Gi2Bi1 Î
∗(i3i2i1)
(000)τp+1,τp

+
∆2

2
L̄ā+

+

m∑

i1,i2=1

(

Gi2 L̄Bi1

(

Î
∗(i2i1)
(10)τp+1,τp

− Î
∗(i2i1)
(01)τp+1,τp

)

− L̄Gi2Bi1 Î
∗(i2i1)
(10)τp+1,τp

+

+Gi2Gi1 ā
(

Î
∗(i2i1)
(01)τp+1,τp

+∆Î
∗(i2i1)
(00)τp+1,τp

)
)

+

+

m∑

i1,i2,i3,i4=1

Gi4Gi3Gi2Bi1 Î
∗(i4i3i2i1)
(0000)τp+1,τp

+
∆3

6
LLa+

+

m∑

i1=1

(

Gi1 L̄ā

(
1

2
Î
∗(i1)
(2)τp+1,τp

+∆Î
∗(i1)
(1)τp+1,τp

+
∆2

2
Î
∗(i1)
(0)τp+1,τp

)

+

+
1

2
L̄L̄Bi1 Î

∗(i1)
(2)τp+1,τp

− LGi1 ā
(

Î
∗(i1)
(2)τp+1,τp

+∆Î
∗(i1)
(1)τp+1,τp

)
)

+

+
m∑

i1,i2,i3=1

(

Gi3 L̄Gi2Bi1

(

Î
∗(i3i2i1)
(100)τp+1,τp

− Î
∗(i3i2i1)
(010)τp+1,τp

)

+

+Gi3Gi2 L̄Bi1

(

Î
∗(i3i2i1)
(010)τp+1,τp

− Î
∗(i3i2i1)
(001)τp+1,τp

)

+

+Gi3Gi2Gi1 ā
(

∆Î
∗(i3i2i1)
(000)τp+1,τp

+ Î
∗(i3i2i1)
(001)τp+1,τp

)

−

−L̄Gi3Gi2Bi1 Î
∗(i3i2i1)
(100)τp+1,τp

)

+

(4) +

m∑

i1,i2,i3,i4,i5=1

Gi5Gi4Gi3Gi2Bi1 Î
∗(i5i4i3i2i1)
(00000)τp+1,τp

,

where ∆ = T/N (N > 1) is a constant (for simplicity) step of integration, τp = p∆ (p = 0, 1, . . . , N),

Î
∗(i1...ik)
(l1...lk)s,t

is an approximation of the iterated Stratonovich stochastic integral

(5) I
∗(i1...ik)
(l1...lk)s,t

=

∗∫

t

s

(t− tk)
lk . . .

∗∫

t

t2

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk

,

where i1, . . . , ik = 1, . . . ,m, l1, . . . , lk = 0, 1, 2, k = 1, 2, . . . , 5,

ā(x, t) = a(x, t) − 1

2

m∑

j=1

GjBj(x, t),
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L̄ = L− 1

2

m∑

j=1

GjGj ,

L =
∂

∂t
+

n∑

i=1

ai(x, t)
∂

∂xi
+

1

2

m∑

j=1

n∑

l,i=1

Blj(x, t)Bij(x, t)
∂2

∂xl∂xi
,

Gi =

n∑

j=1

Bji(x, t)
∂

∂xj
, i = 1, . . . ,m,

Bi and Bij are the ith column and the ijth element of the matrix function B, ai is the ith element
of the vector function a, xi is the ith element of the column x, the functions

Bi1 , ā, Gi2Bi1 , Gi1 ā, L̄Bi1 , Gi3Gi2Bi1 , L̄ā, LLa, Gi2 L̄Bi1 ,

L̄Gi2Bi1 , Gi2Gi1 ā, Gi4Gi3Gi2Bi1 , Gi1 L̄ā, L̄L̄Bi1 , L̄Gi1 ā, Gi3 L̄Gi2Bi1 , Gi3Gi2 L̄Bi1 ,

Gi3Gi2Gi1 ā, L̄Gi3Gi2Bi1 , Gi5Gi4Gi3Gi2Bi1

are calculated at the point (yp, p).
It is well known that under the standard conditions [2], [10] the numerical scheme (4) has strong

order of convergence 2.5. The major emphasis below will be placed on the approximation of the
iterated Stratonovich stochastic integrals appearing in (4). Therefore, among the standard conditions,
we note the following approximation condition for these stochastic integrals [2], [10]

(6) M

{(

I
∗(i1...ik)
(l1...lk)τp+1,τp

− Î
∗(i1...ik)
(l1...lk)τp+1,τp

)2}

≤ C∆6,

where constant C is independent of ∆.
Note that if we exclude from (4) the terms starting from the term ∆3LLa/6, then we have the

explicit one-step strong numerical scheme with order 2.0 [2], [10], [13]-[21].
Using the numerical scheme (4) or its modifications based on the classical Taylor–Stratonovich

expansion [7], the implicit or multistep analogues of (4) can be constructed [2], [10], [13]-[21]. The
set of the iterated Stratonovich stochastic integrals to be approximated for implementing these mod-
ifications is the same as for the numerical scheme (4) itself. Interestingly, the truncated unified
Taylor–Stratonovich expansion [9] (the foundation of the numerical scheme (4)) contains only 12 dif-
ferent types of the iterated Stratonovich stochastic integrals (5), which cannot be interconnected by
linear relations [10], [13]-[21]. The analogues classical Taylor–Stratonovich expansion [2], [7] contains
17 different types of iterated Stratonovich stochastic integrals, part of which are interconnected by
linear relations and part of which have a higher multiplicity than the iterated Stratonovich stochastic
integrals (5). This fact well explains the use of the numerical scheme (4).

One of the main problems arising in the implementation of the numerical scheme (4) is the joint
numerical modeling of the iterated Stratonovich stochastic integrals figuring in (4).
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3. Expansions of Iterated Ito Stochastic Integrals (Method of Genegalized
Multiple Fourier Series)

An efficient numerical modeling method for iterated Ito stochastic integrals based on generalized
multiple Fourier series was considered in [10] (also see [11]-[32], [37]-[58]).

This method rests on important results presented below (Theorems 1, 2).
Suppose that every ψl(τ) (l = 1, . . . , k) is a function from the space L2([t, T ]). Define the following

function on the hypercube [t, T ]k

(7) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation it is well known that the

generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in the

hypercube [t, T ]k in the mean-square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(8) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient,

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

(9) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [10] (2006), [11]-[32], [37]-[58]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous

nonrandom function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous func-

tions in the space L2([t, T ]). Then
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J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(10) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where J [ψ(k)]T,t is defined by (2),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(11) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0),

Cjk...j1 is the Fourier coefficient (8), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition

of the interval [t, T ], which satisfies the condition (9).

It was shown in [19]-[24] that Theorem 1 is valid for convergence in the mean of degree 2n (n ∈ N).
The convergence with probability 1 in Theorem 1 is proved in [15]-[17], [39], [53] for the cases of
Legendre polynomials and trigonometric functions. Moreover, the complete orthonormal systems
of Haar and Rademacher–Walsh functions in the space L2([t, T ]) can also be applied in Theorem 1
[10]-[24]. The modification of Theorem 1 for complete orthonormal with weigth r(x) ≥ 0 systems of
functions in the space L2([t, T ]) can be found in [14], [15]-[17], [39], [49]. Application of Theorem
1 and Theorem 2 (see below) for the mean-square approximation of iterated stochastic integrals
with respect to the infinite-dimensional Q-Wiener process can be found in the monographs [15]-[17]
(Chapter 7) and in [31], [32], [54], [56].

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 5 [10]-[32], [37]-[58]

(12) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(13) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−
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(14) − 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(15) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(16) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

where 1A is the indicator of the set A.
Note that we will consider the case i1, . . . , i5 = 1, . . . ,m. This case corresponds to the numerical

scheme (4).
For further consideration, let us consider the generalization of formulas (12)–(16) for the case of

an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (2).
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In order to do this, let us introduce some notations. Consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(17) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (17) is a partition and consider the sum with respect to all possible partitions

(18)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (18)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (10) as
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J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(19) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorem 1.

In particular, from (19) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )

jq1

)

.

The last equality obviously agrees with (16).
Let us consider a generalization of Theorem 1 for the case of an arbitrary complete orthonormal

systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [15] (Sect. 1.11), [39] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(20) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 2 was considered in [66]. Note that we use another
notations [15] (Sect. 1.11), [39] (Sect. 15) in comparison with [66]. Moreover, the proof of an analogue
of Theorem 2 from [66] is somewhat different from the proof given in [15] (Sect. 1.11), [39] (Sect. 15).
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4. Calculation of the Mean-Square Approximation Error in the Method of
Generalized Multiple Fourier Seires

Note that for the integrals J [ψ(k)]T,t defined by (2) the mean-square approximation error can be
exactly calculated and efficiently estimated.

Let J [ψ(k)]qT,t be the expression on the right-hand side of (20) before passing to the limit l.i.m.
p1,...,pk→∞

for the case p1 = . . . = pk = q, i.e.

J [ψ(k)]qT,t =

q
∑

j1,...,jk=0

Cjk ...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(21) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

.

Let us denote

M

{(

J [ψ(k)]T,t − J [ψ(k)]qT,t

)2
}

def
= Eq

k,

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk
def
= Ik.

In [13]-[17], [39], [40] it was shown that

(22) Eq
k ≤ k!

(

Ik −
q
∑

j1,...,jk=0

C2
jk...j1

)

for the following two cases:

1. i1, . . . , ik = 1, . . . ,m and T − t ∈ (0,+∞),
2. i1, . . . , ik = 0, 1, . . . ,m and T − t ∈ (0, 1).

The value Eq
k can be calculated exactly.

Theorem 3 [15] (Sect. 1.12), [40] (Sect. 6). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Then

(23) Eq
k = Ik −

q
∑

j1,...,jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






,

where i1, . . . , ik = 1, . . . ,m; the expression

∑

(j1,...,jk)
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means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another
notations are the same as in Theorems 1, 2.

Note that

M






J [ψ(k)]T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






= Cjk...j1 .

Therefore, for the case of pairwise different numbers i1, . . . , ik as well as for the case i1 = . . . = ik
from Theorem 3 it follows that [14], [15]-[17], [25], [40]

(24) Eq
k = Ik −

q
∑

j1,...,jk=0

C2
jk...j1 ,

Eq
k = Ik −

q
∑

j1,...,jk=0

Cjk ...j1

(
∑

(j1,...,jk)

Cjk ...j1

)

,

where

∑

(j1,...,jk)

is a sum with respect to all possible permutations (j1, . . . , jk).
Consider some examples [14], [15]-[17], [25], [40] of application of Theorem 3 (i1, i2, i3 = 1, . . . ,m)

(25) Eq
2 = I2 −

q
∑

j1,j2=0

C2
j2j1 −

q
∑

j1,j2=0

Cj2j1Cj1j2 (i1 = i2),

(26) Eq
3 = I3 −

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

(27) Eq
3 = I3 −

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

(28) Eq
3 = I3 −

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2).

The values Eq
4 and Eq

5 were calculated exaclty for all possible combinations of i1, . . . , i5 = 1, . . . ,m
in [14], [15]-[17], [40].
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5. Expansions of Iterated Stratonovich Stochastic Integrals Based on Multiple
Fourier–Legendre Series and Multiple Trigonometric Fourier Seires

In contrast to the iterated Ito stochastic integrals (2), the iterated Stratonovich stochastic integrals
(3) have simpler expansions (see Theorems 4–10 below) than (10) but the calculation (or estimation)
of mean-square approximation errors for the latter is a more difficult problem than for the former.
We will study this issue in details below.

As we mentioned above, Theorems 1, 2 can be adapted for the iterated Stratonovich stochastic
integrals (3) at least for multiplicities 1 to 6. Expansions of these iterated Stratonovich stochastic
integrals turned out much simpler, than the appropriate expansions of the iterated Ito stochastic
integrals (2) from Theorems 1, 2. Let us formulate some old results on expansions of the iterated
Stratonovich stochastic integrals (3) of multiplicities 2 to 4.

Theorem 4 [11]-[17], [22]-[24], [30], [33], [34], [38], [43], [45], [47]. Assume that the following

conditions are fulfulled:
1. The function ψ2(τ) is continuously differentiable at the interval [t, T ] and the function ψ1(τ) is

twice continuously differentiable at the interval [t, T ].
2. {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or trigonometric func-

tions in the space L2([t, T ]).
Then, the iterated Stratonovich stochastic integral of second multiplicity

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 (i1, i2 = 1, . . . ,m)

is expanded into the following series

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 = l.i.m.

p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

converging in the mean-square sense, where

Cj2j1 =

T∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2;

another notations are the same as in Theorems 1, 2.

Theorem 5 [11]-[17], [22]-[24], [38], [43], [44]. Assume that {φj(x)}∞j=0 is a complete orthonormal

system of Legendre polynomials or trigonomertic functions in the space L2([t, T ]). Moreover, the

function ψ2(τ) is continuously differentiable at the interval [t, T ] and the functions ψ1(τ), ψ3(τ) are

twice continuously differentiable at the interval [t, T ].
Then, for the iterated Stratonovich stochastic integral of third multiplicity

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion
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(29)

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 = l.i.m.

q→∞

q
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

converging in the mean-square sense is valid, where

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2dt3;

another notations are the same as in Theorems 1, 2.

Theorem 6 [11]-[17], [22]-[24], [38], [43], [50]. Suppose that {φj(x)}∞j=0 is a complete orthonormal

system of Legendre polynomials or trigonometric functions in L2([t, T ]). Then, for the iterated Stra-

tonovich stochastic integral of multiplicity 4

∗∫

t

T ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following expansion

∗∫

t

T ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 = l.i.m.

q→∞

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

converging in the mean-square sense is valid, where i1, i2, i3, i4 = 0, 1, . . . ,m,

Cj4j3j2j1 =

T∫

t

φj4(t4)

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4;

another notations are the same as in Theorems 1, 2.

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [15] (Sect. 2.10–2.16), [42] (Sect. 7–13), [43] (Sect. 13–19), [50]
(Sect. 5–11), [58] (Sect. 4–9). Let us formulate four theorems that were obtained using this approach.

Theorem 7 [15], [42], [43], [50], [58]. Suppose that {φj(x)}∞j=0 is a complete orthonormal sys-

tem of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let

ψ1(τ), ψ2(τ), ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the it-

erated Stratonovich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations
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(30) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(31) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (30) and i1, i2, i3 = 1, . . . ,m in (31), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 1, 2.

Theorem 8 [15], [42], [43], [50], [58]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

(32) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(33) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(34) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (32), (33) and i1, . . . , i4 = 1, . . . ,m in (34), constant C
does not depend on p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),
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Cj4j3j2j1 =

=

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 7.

Theorem 9 [15], [42], [43], [50], [58]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity

(35) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(36) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(37) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (35), (36) and i1, . . . , i5 = 1, . . . ,m in (37), constant C
is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 7, 8.

Theorem 10 [15], [42], [43], [50], [58]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(38) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion
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J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;

another notations are the same as in Theorems 7–9.

6. Approximation of Iterated Stratonovich Stochastic Integrals Based on Multiple
Fourier–Legendre Series

As was mentioned above, one of the main problems arising in the implementation of the numerical
scheme (4) is the joint numerical modeling of the iterated Stratonovich stochastic integrals figuring
in (4). Let us consider efficient numerical modeling formulas for the iterated Stratonovich stochastic
integrals based on Theorems 4–9.

Using Theorems 1, 2 (k = 1), Theorems 4–9, and multiple Fourier–Legendre series, we obtain the
following approximations of iterated Stratonovich stochastic integrals from (4) [10]-[50]

(39) I
∗(i1)
(0)τp+1,τp

=
√
∆ζ

(i1)
0 ,

(40) I
∗(i1)
(1)τp+1,τp

= −∆3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

(41) I
∗(i1)
(2)τp+1,τp

=
∆5/2

3

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,

(42) I
∗(i1i2)q
(00)τp+1,τp

=
∆

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

,

I
∗(i1i2)q
(01)τp+1,τp

= −∆

2
I
∗(i1i2)q
(00)τp+1,τp

− ∆2

4

(

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

(43) +

q
∑

i=0

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i + 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,
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I
∗(i1i2)q
(10)τp+1,τp

= −∆

2
I
∗(i1i2)q
(00)τp+1,τp

− ∆2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

(44) +

q
∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i+ 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

or

(45) I
∗(i1i2)q
(01)τp+1,τp

=

q
∑

j1,j2=0

C01
j2j1ζ

(i1)
j1

ζ
(i2)
j2

,

(46) I
∗(i1i2)q
(10)τp+1,τp

=

p
∑

j1,j2=0

C10
j2j1ζ

(i1)
j1

ζ
(i2)
j2

;

(47) I
∗(i1i2i3)q
(000)τp+1,τp

=

q
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(48) I
∗(i1i2i3)q
(100)τp+1,τp

=

q
∑

j1,j2,j3=0

C100
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(49) I
∗(i1i2i3)q
(010)τp+1,τp

=

q
∑

j1,j2,j3=0

C010
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(50) I
∗(i1i2i3)q
(001)τp+1,τp

=

q
∑

j1,j2,j3=0

C001
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(51) I
∗(i1i2i3i4)q
(0000)τp+1,τp

=

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(52) I
∗(i1i2i3i4i5)q
(00000)τp+1,τp

=

q
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

,

where the Fourier–Legendre coefficients have the form

C01
j2j1 =

τp+1∫

τp

(τp − y)φj3(y)

y∫

τp

φj1 (x)dxdy =

√

(2j1 + 1)(2j2 + 1)

8
∆2C̄01

j2j1 ,
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C10
j2j1 =

τp+1∫

τp

φj3 (y)

y∫

τp

(τp − x)φj1 (x)dxdy =

√

(2j1 + 1)(2j2 + 1)

8
∆2C̄10

j2j1 ,

Cj3j2j1 =

τp+1∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

φj1 (x)dxdydz =

(53) =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
∆3/2C̄j3j2j1 ,

Cj4j3j2j1 =

τp+1∫

τp

φj4 (u)

u∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

φj1 (x)dxdydzdu =

(54) =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

16
∆2C̄j4j3j2j1 ,

C001
j3j2j1 =

τp+1∫

τp

(τp − z)φj3(z)

z∫

τp

φj2(y)

y∫

τp

φj1(x)dxdydz =

(55) =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
∆5/2C̄001

j3j2j1 ,

C010
j3j2j1 =

τp+1∫

τp

φj3(z)

z∫

τp

(τp − y)φj2 (y)

y∫

τp

φj1(x)dxdydz =

(56) =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
∆5/2C̄010

j3j2j1 ,

C100
j3j2j1 =

τp+1∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

(τp − x)φj1 (x)dxdydz =

(57) =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
∆5/2C̄100

j3j2j1 ,

Cj5j4j3j2j1 =

τp+1∫

τp

φj5 (v)

v∫

τp

φj4 (u)

u∫

τp

φj3 (z)

z∫

τp

φj2 (y)

y∫

τp

φj1(x)dxdydzdudv =
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(58) =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)

32
∆5/2C̄j5j4j3j2j1 ,

where

C̄01
j2j1 = −

1∫

−1

(1 + y)Pj2(y)

y∫

−1

Pj1 (x)dxdy,

C̄10
j2j1 = −

1∫

−1

Pj2(y)

y∫

−1

(1 + x)Pj1 (x)dxdy,

(59) C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

(60) C̄j4j3j2j1 =

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

(61) C̄100
j3j2j1 = −

1∫

−1

Pj3(z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)(x + 1)dxdydz,

(62) C̄010
j3j2j1 = −

1∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)(y + 1)

y∫

−1

Pj1(x)dxdydz,

(63) C̄001
j3j2j1 = −

1∫

−1

Pj3(z)(z + 1)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

(64) C̄j5j4j3j2j1 =

1∫

−1

Pj5 (v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydzdudv,

where Pi(x) (i = 0, 1, 2, . . .) is the Legendre polynomial and

φi(x) =

√

2i+ 1

∆
Pi

((

x− τp −
∆

2

)
2

∆

)

, i = 0, 1, 2, . . .

The Fourier–Legendre coefficients

(65) C̄01
j2j1 , C̄

10
j2j1 , C̄j3j2j1 , C̄j4j3j2j1 , C̄

001
j3j2j1 , C̄

010
j3j2j1 , C̄

100
j3j2j1 , C̄j5j4j3j2j1
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can be calculated exactly before start of the numerical method (4). The above calculation can be
done with Python, Derive or Maple. In [10], [12]-[24], [41] several tables with these coefficients can
be found. Moreover, in [51], [52] the database with 270,000 exactly calculated Fourier–Legendre
coefficients (including (65)) was described. This database was used in the software package, which is
written in the Python programming language for the implementation of high-order strong numerical
schemes for Ito SDEs with non-commutative noise [51], [52]. Note that the mentioned Fourier–
Legendre coefficients do not depend on the step of integration τp+1 − τp of the numerical scheme,
which can be not a constant in a general case.

On the basis of the presented expansions (see (39)–(52)) of iterated Stratonovich stochastic inte-
grals we can see that increasing of multiplicities of these integrals or degree indexes of their weight
functions leads to increasing of smallness orders with respect to ∆ in the mean-square sense for it-
erated stochastic integrals. This leads to a sharp decrease of member quantities (the numbers q)
in expansions of iterated Stratonovich stochastic integrals, which are required for achieving the ac-
ceptable accuracy of approximation. Generally speaking, the minimal values q that guarantee the
condition (6) for each approximation (39)–(52) are various and abruptly decreasing with the growth
of smallness orders with respect to ∆ in the mean-square sense for iterated stochastic integrals.

Consider in detail the question on calculation and estimation of the mean-square approximation
error for the iterated Stratonovich stochastic integrals (5) (see [15], Chapter 5 for details).

Let us consider the following iterated Ito stochastic integrals

I
(i1...ik)
(l1...lk)T,t =

T∫

t

(t− tk)
lk . . .

t2∫

t

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk ,

where i1, . . . , ik = 1, . . . ,m, l1, . . . , lk = 0, 1, 2, k = 1, 2, . . . , 5.
According to the standard relations between iterated Ito and Stratonovich stochastic integrals, we

obtain w. p. 1 (with probability 1)

I
(i1i2)
(00)τp+1,τp

= I
∗(i1i2)
(00)τp+1,τp

− 1

2
1{i1=i2}∆,

I
(i1i2)
(10)τp+1,τp

= I
∗(i1i2)
(10)τp+1,τp

+
1

4
1{i1=i2}∆

2,

I
(i1i2)
(01)τp+1,τp

= I
∗(i1i2)
(01)τp+1,τp

+
1

4
1{i1=i2}∆

2.

Moreover, the mean-square approximation error for the iterated Ito stochastic integral

I
(i1i2)
(00)τp+1,τp

(i1 6= i2)

equals to the mean-square approximation error for the iterated Stratonovich stochastic integral (see
[15], Sect. 5.1 for details)

I
∗(i1i2)
(00)τp+1,τp

(i1 6= i2).

From Theorem 3 we obtain [10]-[32], [37]-[50]
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(66) M

{
(

I
(i1i2)
(00)τp+1,τp

− I
(i1i2)q
(00)τp+1,τp

)2
}

=
∆2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

(i1 6= i2),

M

{
(

I
(i1i2)
(10)τp+1,τp

− I
(i1i2)q
(10)τp+1,τp

)2
}

= M

{
(

I
(i1i2)
(01)τp+1,τp

− I
(i1i2)q
(01)τp+1,τp

)2
}

=

=
∆4

16

(

5

9
− 2

q
∑

i=2

1

4i2 − 1
−

q
∑

i=1

1

(2i− 1)2(2i+ 3)2
−

(67) −
q
∑

i=0

(i + 2)2 + (i + 1)2

(2i+ 1)(2i+ 5)(2i+ 3)2

)

(i1 6= i2).

The case i1 = i2 is considered in [15], Sect. 5.1.
Let us estimate the mean-square approximation error for the iterated Stratonovich stochastic

integrals (5) of multiplicities k ≥ 3. From (66) (i1 6= i2) we get

M

{(

I
∗(i1i2)
(00)τp+1,τp

− I
∗(i1i2)q
(00)τp+1,τp

)2
}

=
∆2

2

∞∑

i=q+1

1

4i2 − 1
≤

(68) ≤ ∆2

2

∞∫

q

1

4x2 − 1
dx = −∆2

8
ln

∣
∣
∣
∣
1− 2

2q + 1

∣
∣
∣
∣
≤ C1

∆2

q
,

where constant C1 does not depend on ∆.
As was mentioned above, the value ∆ plays the role of integration step in the numerical procedures

for Ito SDEs. Then this value is a sufficiently small. Keeping in mind this circumstance, it is easy to
notice that there exists such a constant C2 that

(69) M

{(

I
∗(i1...ik)
(l1...lk)τp+1,τp

− I
∗(i1...ik)q
(l1...lk)τp+1,τp

)2
}

≤ C2M

{(

I
∗(i1i2)
(00)τp+1,τp

− I
∗(i1i2)q
(00)τp+1,τp

)2
}

,

where I
∗(i1...ik)q
(l1...lk)τp+1,τp

is the approximation of the iterated Stratonovich stochastic integral (5) for k ≥ 3.

From (68) and (69) we finally have

(70) M

{(

I
∗(i1...ik)
(l1...lk)τp+1,τp

− I
∗(i1...ik)q
(l1...lk)τp+1,τp

)2
}

≤ K
∆2

q
,

where constant K does not depend on ∆.
The same idea can be found in [2] for the case of trigonometric functions. Note that, in contrast

to the estimate (70), the constant C in Theorems 7–9 does not depend on q.
Essentially more information about numbers q can be obtained by another approach. We have
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I
∗(i1...ik)
(l1...lk)τp+1,τp

= I
(i1...ik)
(l1...lk)τp+1,τp

w. p. 1

for pairwise different i1, . . . , ik = 1, . . . ,m.
Then, for pairwise different i1, . . . , i5 = 1, . . . ,m from (24) we obtain

M

{(

I
∗(i1i2)
(01)τp+1,τp

− I
∗(i1i2)q
(01)τp+1,τp

)2
}

=
∆4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2
,

M

{(

I
∗(i1i2)
(10)τp+1,τp

− I
∗(i1i2)q
(10)τp+1,τp

)2
}

=
∆4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2
,

M

{(

I
∗(i1i2i3)
(000)τp+1,τp

− I
∗(i1i2i3)q
(000)τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 ,

M

{(

I
∗(i1i2i3i4)
(0000)τp+1,τp

− I
∗(i1i2i3i4)q
(0000)τp+1,τp

)2
}

=
∆4

24
−

q
∑

j1,j2,j3,j4=0

C2
j4j3j2j1 ,

M

{(

I
∗(i1i2i3)
(100)τp+1,τp

− I
∗(i1i2i3)q
(100)τp+1,τp

)2
}

=
∆5

60
−

q
∑

j1,j2,j3=0

(
C100

j3j2j1

)2
,

M

{(

I
∗(i1i2i3)
(010)τp+1,τp

− I
∗(i1i2i3)q
(010)τp+1,τp

)2
}

=
∆5

20
−

q
∑

j1,j2,j3=0

(
C010

j3j2j1

)2
,

M

{(

I
∗(i1i2i3)
(001)τp+1,τp

− I
∗(i1i2i3)q
(001)τp+1,τp

)2
}

=
∆5

10
−

q
∑

j1,j2,j3=0

(
C001

j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4i5)
(00000)τp+1,τp

− I
∗(i1i2i3i4i5)q
(00000)τp+1,τp

)2
}

=
∆5

120
−

q
∑

j1,j2,j3,j4,j5=0

C2
j5i4i3i2j1 .

For example [10]-[24],

M

{(

I
∗(i1i2i3)
(000)τp+1,τp

− I
∗(i1i2i3)6
(000)τp+1,τp

)2
}

=
∆3

6
−

6∑

j3,j2,j1=0

C2
j3j2j1 ≈ 0.01956000∆3,

M

{(

I
∗(i1i2i3)
(100)τp+1,τp

− I
∗(i1i2i3)2
(100)τp+1,τp

)2
}

=
∆5

60
−

2∑

j1,j2,j3=0

(
C100

j3j2j1

)2 ≈ 0.00815429∆5,

M

{(

I
∗(i1i2i3)
(010)τp+1,τp

− I
∗(i1i2i3)2
(010)τp+1,τp

)2
}

=
∆5

20
−

2∑

j1,j2,j3=0

(
C010

j3j2j1

)2 ≈ 0.01739030∆5,
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M

{(

I
∗(i1i2i3)
(001)τp+1,τp

− I
∗(i1i2i3)2
(001)τp+1,τp

)2
}

=
∆5

10
−

2∑

j1,j2,j3=0

(
C001

j3j2j1

)2 ≈ 0.02528010∆5,

M

{(

I
∗(i1i2i3i4)
(0000)τp+1,τp

− I
∗(i1i2i3i4)2
(0000)τp+1,τp

)2
}

=
∆4

24
−

2∑

j1,j2,j3,j4=0

C2
j4j3j2j1 ≈ 0.02360840∆4,

M

{(

I
∗(i1i2i3i4i5)
(00000)τp+1,τp

− I
∗(i1i2i3i4i5)1
(00000)τp+1,τp

)2
}

=
∆5

120
−

1∑

j1,j2,j3,j4,j5=0

C2
j5i4i3i2j1 ≈ 0.00759105∆5.
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EXPLICIT ONE-STEP STRONG NUMERICAL METHODS OF ORDERS 2.0

AND 2.5 FOR ITO STOCHASTIC DIFFERENTIAL EQUATIONS BASED ON

THE UNIFIED TAYLOR–ITO AND TAYLOR–STRATONOVICH EXPANSIONS

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the construction of explicit one-step strong numerical
methods with the orders 2.0 and 2.5 of convergence for Ito stochastic differential equations
with multidimensional non-commutative noise. We consider numerical methods based on
the unified Taylor–Ito and Taylor–Stratonovich expansions. For the numerical modeling
of iterated Ito and Stratonovich stochastic integrals of multiplicities 1 to 5 we apply the
method of multiple Fourier–Legendre series converging in the sense of norm in Hilbert space
L2([t, T ]

k), k = 1, . . . , 5. The article is addressed to engineers who use numerical model-
ing in stochastic control and for solving the non-linear filtering problem. The article will
be interesting to scientists who working in the field of numerical integration of stochastic
differential equations.
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2 D.F. KUZNETSOV

1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-subfields of F, and let f t be a standard m-dimensional Wiener stochastic process, which

is Ft-measurable for any t ∈ [0, T ].We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito stochastic differential equation in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

B(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying the equation (1). The nonrandom func-
tions a : Rn × [0, T ] → R

n, B : Rn × [0, T ] → R
n×m guarantee the existence and uniqueness up to

stochastic equivalence of a solution of the equation (1) [1]. The second integral on the right-hand
side of (1) is interpreted as the Ito stochastic integral. Let x0 be an n-dimensional random variable,

which is F0-measurable and M{|x0|2} < ∞ (M denotes a mathematical expectation). We assume
that x0 and ft − f0 are independent when t > 0.

It is well known [2]-[4] that Ito stochastic differential equations are adequate mathematical models
of dynamic systems under the influence of random disturbances. One of the effective approaches to
numerical integration of Ito stochastic differential equations is an approach based on the Taylor–Ito
and Taylor–Stratonovich expansions [2]-[10]. The most important feature of such expansions is a
presence in them of the so-called iterated Ito and Stratonovich stochastic integrals, which play the
key role for solving the problem of numerical integration of Ito stochastic differential equations and
have the following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

(3) J∗[ψ(k)]T,t =

∗∫

t

T

ψk(tk) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

where every ψl(τ) (l = 1, . . . , k) is a non-random function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m,

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively (in this paper, we use the definition of
the Stratonovich stochastic integral from [2]).

Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in [2]-[7]. At the same time
ψl(τ) ≡ (t− τ)ql (l = 1, . . . , k; q1, . . . , qk = 0, 1, 2, . . .) and i1, . . . , ik = 1, . . . ,m in [8]-[10].

We want to mention in short that there are two main criteria of numerical methods convergence
for Ito stochastic differential equations: a strong or mean-square criterion and a weak criterion, where
the subject of approximation is not the solution of Ito stochastic differential equation, simply stated,
but the distribution of Ito stochastic differential equation solution [2]. Both of the above criteria
are independent, that is, generally speaking, the fulfillment of a strong criterion does not imply the
fulfillment of a weak criterion, and vice versa. Each of two convergence criteria is oriented on solution
of specific classes of mathematical problems connected with stochastic differential equations.
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EXPLICIT ONE-STEP STRONG NUMERICAL METHODS OF ORDERS 2.0 AND 2.5 3

Using the strong numerical methods, we may build sample pathes of Ito stochastic differential
equation numerically. These methods require the combined mean-square approximation of collections
of iterated Ito and Stratonovich stochastic integrals. Effective solution of this problem composes one
of the subjects of this article.

The strong numerical methods are used for constructing new mathematical models on the basis of
Ito stochastic differential equations and also for solving some mathematical problems connected with
Ito stochastic differential equations. Among this problems we mention the following: signal filtering
under the influence of random disturbances in various statements, stochastic optimal control, testing
estimation procedures of parameters of stochastic systems [2].

2. Explicit One-Step Strong Numerical Schemes of Orders 2.0 and 2.5 Based on the

Unified Taylor–Ito expansion

Consider the partition {τj}Nj=0 of the interval [0, T ] such that

0 = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj , ∆τj = τj+1 − τj .

Let yτj
def
= yj , j = 0, 1, . . . , N be a time discrete approximation of the process xt, t ∈ [0, T ], which

is a solution of the Ito stochastic differential equation (1).

Definiton 1 [2]. We will say that a time discrete approximation yj , j = 0, 1, . . . , N, corresponding
to the maximal step of discretization ∆N , converges strongly with order γ > 0 at time moment T to

the process xt, t ∈ [0, T ], if there exists a constant C > 0, which does not depend on ∆N , and a δ > 0
such that

M{|xT − yT |} ≤ C(∆N )γ

for each ∆N ∈ (0, δ).

Consider the explicit one-step strong numerical scheme of order 2.5 based on the so-called unified
Taylor–Ito expansion [11], [14]-[22]

yp+1 = yp +

m∑

i1=1

Bi1 Î
(i1)
(0)τp+1,τp

+∆a+

m∑

i1,i2=1

Gi2Bi1 Î
(i2i1)
(00)τp+1,τp

+

+
m∑

i1=1

(

Gi1a
(

∆Î
(i1)
(0)τp+1,τp

+ Î
(i1)
(1)τp+1,τp

)

− LBi1 Î
(i1)
(1)τp+1,τp

)

+

+

m∑

i1,i2,i3=1

Gi3Gi2Bi1 Î
(i3i2i1)
(000)τp+1,τp

+
∆2

2
La+

+

m∑

i1,i2=1

(

Gi2LBi1

(

Î
(i2i1)
(10)τp+1,τp

− Î
(i2i1)
(01)τp+1,τp

)

− LGi2Bi1 Î
(i2i1)
(10)τp+1,τp

+

+Gi2Gi1a
(

Î
(i2i1)
(01)τp+1,τp

+∆Î
(i2i1)
(00)τp+1,τp

)
)

+
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4 D.F. KUZNETSOV

+

m∑

i1,i2,i3,i4=1

Gi4Gi3Gi2Bi1 Î
(i4i3i2i1)
(0000)τp+1,τp

+
∆3

6
LLa+

+

m∑

i1=1

(

Gi1La

(
1

2
Î
(i1)
(2)τp+1,τp

+∆Î
(i1)
(1)τp+1,τp

+
∆2

2
Î
(i1)
(0)τp+1,τp

)

+

+
1

2
LLBi1 Î

(i1)
(2)τp+1,τp

− LGi1a
(

Î
(i1)
(2)τp+1,τp

+∆Î
(i1)
(1)τp+1,τp

)
)

+

+

m∑

i1,i2,i3=1

(

Gi3LGi2Bi1

(

Î
(i3i2i1)
(100)τp+1,τp

− Î
(i3i2i1)
(010)τp+1,τp

)

+

+Gi3Gi2LBi1

(

Î
(i3i2i1)
(010)τp+1,τp

− Î
(i3i2i1)
(001)τp+1,τp

)

+

+Gi3Gi2Gi1a
(

∆Î
(i3i2i1)
(000)τp+1,τp

+ Î
(i3i2i1)
(001)τp+1,τp

)

−

−LGi3Gi2Bi1 Î
(i3i2i1)
(100)τp+1,τp

)

+

(4) +

m∑

i1,i2,i3,i4,i5=1

Gi5Gi4Gi3Gi2Bi1 Î
(i5i4i3i2i1)
(00000)τp+1,τp

,

where ∆ = T/N (N > 1) is a constant (for simplicity) integration step, τp = p∆ (p = 0, 1, . . . , N),

Î
(i1...ik)
(l1...lk)s,t

denotes an approximation of the iterated Ito stochastic integral of multiplicity k

(5) I
(i1...ik)
(l1...lk)s,t

=

s∫

t

(t− τk)
lk . . .

τ2∫

t

(t− τ1)
l1df (i1)τ1 . . . df (ik)τk

,

L =
∂

∂t
+

n∑

i=1

ai(x, t)
∂

∂xi
+

1

2

m∑

j=1

n∑

l,i=1

Blj(x, t)Bij(x, t)
∂2

∂xl∂xi
,

Gi =

n∑

j=1

Bji(x, t)
∂

∂xj
, i = 1, . . . ,m,

l1, . . . , lk = 0, 1, 2, i1, . . . , ik = 1, . . . ,m, k = 1, 2, . . . , 5, Bi and Bij are the ith column and the ijth
component of the matrix function B, ai is the ith component of the vector function a, xi is the ith
component of the column x, the functions

Bi1 , a, Gi2Bi1 , Gi1a, LBi1 , Gi3Gi2Bi1 , La, LLa, Gi2LBi1 ,

LGi2Bi1 , Gi2Gi1a, Gi4Gi3Gi2Bi1 , Gi1La, LLBi1 , LGi1a, Gi3LGi2Bi1 , Gi3Gi2LBi1 ,

Gi3Gi2Gi1a, LGi3Gi2Bi1 , Gi5Gi4Gi3Gi2Bi1

are calculated at the point (yp, p).
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EXPLICIT ONE-STEP STRONG NUMERICAL METHODS OF ORDERS 2.0 AND 2.5 5

Under the standard conditions [2], [11] the numerical scheme (4) has strong order 2.5 of conver-
gence. The major emphasis below will be placed on the approximation of the iterated Ito stochastic
integrals appearing in (4). Therefore, among the mentioned conditions, we note only the approxima-
tion condition for iterated Ito stochastic integrals [2], [11], which has the form

(6) M

{(

I
(i1...ik)
(l1...lk)τp+1,τp

− Î
(i1...ik)
(l1...lk)τp+1,τp

)2
}

≤ C∆6,

where constant C is independent of ∆.
Note that if we exclude from (4) the terms starting from the term ∆3LLa/6, then we will have

the explicit one-step strong numerical scheme of order 2.0 [2], [11], [14]-[22].
Using the numerical scheme (4) or its modifications based on the Taylor–Ito expansion [7], the

implicit or multistep analogues of (4) can be constructed [2], [11], [14]-[22]. The set of the iterated Ito
stochastic integrals to be approximated for implementing these modifications is the same as for the
numerical scheme (4) itself. Interestingly, the truncated unified Taylor–Ito expansion (the foundation
of the numerical scheme (4)) contains 12 different types of iterated Ito stochastic integrals of the
form (5), which cannot be interconnected by linear relations [11], [14]-[22]. The analogous Taylor–Ito
expansion [2], [7] contains 17 different types of iterated Ito stochastic integrals, part of which are
interconnected by linear relations and part of which have a higher multiplicity than the iterated Ito
stochastic integrals (5). This fact well explains the use of the numerical scheme (4).

One of the main problems arising in the implementation of the numerical scheme (4) is the joint
numerical modeling of the iterated Ito stochastic integrals figuring in (4). In the subsequent sections,
we will consider an efficient numerical modeling method for the iterated Ito stochastic integrals
and also demonstrate which stochastic integrals (Ito or Stratonovich) are preferable for numerical
modeling with a correct estimation of the mean-square approximation error.

3. Method of Numerical Modeling for Iterated Ito Stochastic Integrals Based on

Genegalized Multiple Fourier Series. Direct Approach

An efficient numerical modeling method for the iterated Ito stochastic integrals (2) based on
generalized multiple Fourier series was proposed in [11] (2006); also see [12]-[57]. This method rests
on an important result presented below.

Suppose that every ψl(τ) (l = 1, . . . , k) is a non-random function from the space L2([t, T ]). Define
the following function on the hypercube [t, T ]k

(7) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation it is well known that the

generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in the

hypercube [t, T ]k in the mean-square sense, i.e.
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6 D.F. KUZNETSOV

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
∥

K(t1, . . . , tk)−
p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(8) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk,

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

(9) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [11]-[33], [38]-[47], [49]-[57]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous

non-random function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous func-

tions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(10) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where J [ψ(k)]T,t is defined by (2),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(11) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (8), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval

[t, T ], which satisfies the condition (9).

The convergence in the mean of degree 2n (n ∈ N) [16]-[25] as well as the convergence with
probability 1 [16]-[18], [40], [42] are proved for the approximations from Theorem 1.
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Moreover, the complete orthonormal systems of Haar and Rademacher–Walsh functions in the
space L2([t, T ]) can also be applied in Theorem 1 [11]-[25]. The modification of Theorem 1 for
complete orthonormal with weigth r(x) ≥ 0 systems of functions in the space L2([t, T ]) can be found
in [15]-[18], [50].

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 5 [11]-[33], [38]-[47], [49]-[57]

(12) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(13) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(14) − 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(15) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+
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+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(16) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

where 1A is the indicator of the set A.
We will consider the case i1, . . . , i5 = 1, . . . ,m. Obviously, this case corresponds to the numerical

method (4).
For further consideration, let us consider the generalization of formulas (12)–(16) for the case of

an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (2).
In order to do this, let us introduce some notations. Consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(17) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (17) is a partition and consider the sum with respect to all possible partitions

(18)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (18)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,
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∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (10) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(19) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorem 1.

In particular, from (19) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )
jq1

)

.

The last equality obviously agrees with (16).
Let us consider the generalization of Theorem 1 for the case of an arbitrary complete orthonormal

systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [16] (Sect. 1.11), [40] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion
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J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(20) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 2 was considered in [59]. Note that we use another
notations [16] (Sect. 1.11), [40] (Sect. 15) in comparison with [59]. Moreover, the proof of an analogue
of Theorem 2 from [59] is somewhat different from the proof given in [16] (Sect. 1.11), [40] (Sect. 15).

Note that, for the integrals J [ψ(k)]T,t defined by (2), the mean-square approximation error can be
exactly calculated and efficiently estimated.

Let J [ψ(k)]qT,t be the expression on the right-hand side of (20) before passing to the limit for the
case p1 = . . . = pk = q, i.e.

J [ψ(k)]qT,t =

q
∑

j1,...,jk=0

Cjk ...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(21) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorems 1, 2.
Let us denote

M

{(

J [ψ(k)]T,t − J [ψ(k)]qT,t

)2
}

def
= Eq

k,

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk
def
= Ik.

In [14]-[18], [40], [41] it was shown that

(22) Eq
k ≤ k!



Ik −
q
∑

j1,...,jk=0

C2
jk...j1





for the following two cases:

1. i1, . . . , ik = 1, . . . ,m and T − t ∈ (0,+∞),
2. i1, . . . , ik = 0, 1, . . . ,m and T − t ∈ (0, 1).

The value Eq
k can be calculated exactly.
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Theorem 3 [16] (Sect. 1.12), [41] (Sect. 6). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik =
1, . . . ,m. Then

(23) Ep
k = Ik −

p
∑

j1,...,jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






,

where i1, . . . , ik = 1, . . . ,m; the expression

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another
notations are the same as in Theorems 1, 2.

Note that

M






J [ψ(k)]T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






= Cjk...j1 .

Therefore, for the case of pairwise different numbers i1, . . . , ik as well as for the case i1 = . . . = ik
from Theorem 3 it follows that [15]-[18], [26], [41]

(24) Eq
k = Ik −

q
∑

j1,...,jk=0

C2
jk...j1 ,

Eq
k = Ik −

q
∑

j1,...,jk=0

Cjk ...j1

(
∑

(j1,...,jk)

Cjk ...j1

)

,

where
∑

(j1,...,jk)

is a sum with respect to all possible permutations (j1, . . . , jk).
Consider some examples [15]-[18], [26], [41] of application of Theorem 3 (i1, i2, i3 = 1, . . . ,m)

(25) Eq
2 = I2 −

q
∑

j1,j2=0

C2
j2j1 −

q
∑

j1,j2=0

Cj2j1Cj1j2 (i1 = i2),

(26) Eq
3 = I3 −

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

(27) Eq
3 = I3 −

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),
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(28) Eq
3 = I3 −

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2).

The values Eq
4 and Eq

5 were calculated exaclty for all possible combinations of i1, . . . , i5 = 1, . . . ,m
in [15]-[18], [41].

4. Approximation of Specific Iterated Ito Stochastic Integrals Based on Multiple

Fourier–Legendre Series

Consider approximations of the iterated Ito stochastic integrals that appear in the numerical
scheme (4) using Theorems 1, 2 for the case of complete orthonormal system of Legendre polynomials
in the space L2([τp, τp+1]) (τp = p∆, N∆ = T, p = 0, 1, . . . , N) [11] (also see [12]-[49], [52]-[54])

(29) I
(i1)
(0)τp+1,τp

=
√
∆ζ

(i1)
0 ,

(30) I
(i1i2)q
(00)τp+1,τp

=
∆

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

,

(31) I
(i1)
(1)τp+1,τp

= −∆3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

I
(i1i2i3)q
(000)τp+1,τp

=

q
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(32) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3i4)q
(0000)τp+1,τp

=

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

(33) + 1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,
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I
(i1i2)q
(01)τp+1,τp

= −∆

2
I
(i1i2)q
(00)τp+1,τp

− ∆2

4

(

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

(34) +

q
∑

i=0

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i + 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

I
(i1i2)q
(10)τp+1,τp

= −∆

2
I
(i1i2)q
(00)τp+1,τp

− ∆2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

(35) +

q
∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i + 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

(36) I
(i1)
(2)τp+1,τp

=
∆5/2

3

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,

I
(i1i2i3)q
(001)τp+1,τp

=

q
∑

j1,j2,j3=0

C001
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(37) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3)q
(010)τp+1,τp

=

q
∑

j1,j2,j3=0

C010
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(38) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3)q
(100)τp+1,τp

=

q
∑

j1,j2,j3=0

C100
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(39) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3i4i5)q
(00000)τp+1,τp

=

q
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1

(
5∏

l=1

ζ
(il)
jl

−

−1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j1=j3}1{i1=i3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{j1=j4}1{i1=i4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{j1=j5}1{i1=i5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

1553



14 D.F. KUZNETSOV

−1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j2=j4}1{i2=i4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{j2=j5}1{i2=i5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−

−1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{j1=j2}1{i1=i2}1{j3=j4}1{i3=i4}ζ
(i5)
j5

+ 1{j1=j2}1{i1=i2}1{j3=j5}1{i3=i5}ζ
(i4)
j4

+

+1{j1=j2}1{i1=i2}1{j4=j5}1{i4=i5}ζ
(i3)
j3

+ 1{j1=j3}1{i1=i3}1{j2=j4}1{i2=i4}ζ
(i5)
j5

+

+1{j1=j3}1{i1=i3}1{j2=j5}1{i2=i5}ζ
(i4)
j4

+ 1{j1=j3}1{i1=i3}1{j4=j5}1{i4=i5}ζ
(i2)
j2

+

+1{j1=j4}1{i1=i4}1{j2=j3}1{i2=i3}ζ
(i5)
j5

+ 1{j1=j4}1{i1=i4}1{j2=j5}1{i2=i5}ζ
(i3)
j3

+

+1{j1=j4}1{i1=i4}1{j3=j5}1{i3=i5}ζ
(i2)
j2

+ 1{j1=j5}1{i1=i5}1{j2=j3}1{i2=i3}ζ
(i4)
j4

+

+1{j1=j5}1{i1=i5}1{j2=j4}1{i2=i4}ζ
(i3)
j3

+ 1{j1=j5}1{i1=i5}1{j3=j4}1{i3=i4}ζ
(i2)
j2

+

+1{j2=j3}1{i2=i3}1{j4=j5}1{i4=i5}ζ
(i1)
j1

+ 1{j2=j4}1{i2=i4}1{j3=j5}1{i3=i5}ζ
(i1)
j1

+

(40) + 1{j2=j5 6=0}1{i2=i5}1{j3=j4 6=0}1{i3=i4}ζ
(i1)
j1

)

,

where

Cj3j2j1 =

τp+1∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

φj1 (x)dxdydz =

(41) =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
∆3/2C̄j3j2j1 ,

Cj4j3j2j1 =

τp+1∫

τp

φj4 (u)

u∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

φj1 (x)dxdydzdu =

(42) =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

16
∆2C̄j4j3j2j1 ,

C001
j3j2j1 =

τp+1∫

τp

(τp − z)φj3(z)

z∫

τp

φj2(y)

y∫

τp

φj1(x)dxdydz =

(43) =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
∆5/2C̄001

j3j2j1 ,

C010
j3j2j1 =

τp+1∫

τp

φj3(z)

z∫

τp

(τp − y)φj2 (y)

y∫

τp

φj1(x)dxdydz =

(44) =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
∆5/2C̄010

j3j2j1 ,
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C100
j3j2j1 =

τp+1∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

(τp − x)φj1 (x)dxdydz =

(45) =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
∆5/2C̄100

j3j2j1 ,

Cj5j4j3j2j1 =

τp+1∫

τp

φj5 (v)

v∫

τp

φj4 (u)

u∫

τp

φj3 (z)

z∫

τp

φj2 (y)

y∫

τp

φj1(x)dxdydzdudv =

(46) =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)

32
∆5/2C̄j5j4j3j2j1 ,

where

(47) C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

(48) C̄j4j3j2j1 =

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

(49) C̄100
j3j2j1 = −

1∫

−1

Pj3(z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)(x + 1)dxdydz,

(50) C̄010
j3j2j1 = −

1∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)(y + 1)

y∫

−1

Pj1(x)dxdydz,

(51) C̄001
j3j2j1 = −

1∫

−1

Pj3(z)(z + 1)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

(52) C̄j5j4j3j2j1 =

1∫

−1

Pj5 (v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydzdudv,

where Pi(x) (i = 0, 1, 2, . . .) is the Legendre polynomial and

φi(x) =

√

2i+ 1

∆
Pi

((

x− τp −
∆

2

)
2

∆

)

, i = 0, 1, 2, . . .

1555



16 D.F. KUZNETSOV

Let us consider the exact relations and some estimates for the mean-square errors of approximations
of iterated Ito stochastic integrals.

Using Theorem 3, we obtain [13]-[25], [42], [49]

(53) M

{(

I
(i1i2)
(00)τp+1,τp

− I
(i1i2)q
(00)τp+1,τp

)2
}

=
∆2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

(i1 6= i2),

M

{(

I
(i1i2)
(10)τp+1,τp

− I
(i1i2)q
(10)τp+1,τp

)2
}

= M

{(

I
(i1i2)
(01)τp+1,τp

− I
(i1i2)q
(01)τp+1,τp

)2
}

=

(54) =
∆4

16

(

5

9
− 2

q
∑

i=2

1

4i2 − 1
−

q
∑

i=1

1

(2i− 1)2(2i+ 3)2
−

q
∑

i=0

(i+ 2)2 + (i + 1)2

(2i+ 1)(2i+ 5)(2i+ 3)2

)

(i1 6= i2),

M

{(

I
(i1i1)
(10)τp+1,τp

− I
(i1i1)q
(10)τp+1,τp

)2
}

= M

{(

I
(i1i1)
(01)τp+1,τp

− I
(i1i1)q
(01)τp+1,τp

)2
}

=

(55) =
∆4

16

(

1

9
−

q
∑

i=0

1

(2i+ 1)(2i+ 5)(2i+ 3)2
− 2

q
∑

i=1

1

(2i− 1)2(2i+ 3)2

)

.

Applying (24) and (25)–(28), we get

M

{(

I
(i1i2i3)
(000)τp+1,τp

− I
(i1i2i3)q
(000)τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 (i1 6= i2, i1 6= i3, i2 6= i3),

M

{(

I
(i1i2i3)
(000)τp+1,τp

− I
(i1i2i3)q
(000)τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

M

{(

I
(i1i2i3)
(000)τp+1,τp

− I
(i1i2i3)q
(000)τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2),

M

{(

I
(i1i2i3)
(000)τp+1,τp

− I
(i1i2i3)q
(000)τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3).

At the same time using the estimate (22) for i1, . . . , i5 = 1, . . . ,m, we have

M

{(

I
(i1i2)
(01)τp+1,τp

− I
(i1i2)q
(01)τp+1,τp

)2
}

≤ 2

(

∆4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2

)

,
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M

{(

I
(i1i2)
(10)τp+1,τp

− I
(i1i2)q
(10)τp+1,τp

)2
}

≤ 2

(

∆4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2

)

,

(56) M

{(

I
(i1i2i3)
(000)τp+1,τp

− I
(i1i2i3)q
(000)τp+1,τp

)2
}

≤ 6

(

∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1

)

,

(57) M

{(

I
(i1i2i3i4)
(0000)τp+1,τp

− I
(i1i2i3i4)q
(0000)τp+1,τp

)2
}

≤ 24

(

∆4

24
−

q
∑

j1,j2,j3,j4=0

C2
j4j3j2j1

)

,

(58) M

{(

I
(i1i2i3)
(100)τp+1,τp

− I
(i1i2i3)q
(100)τp+1,τp

)2
}

≤ 6

(

∆5

60
−

q
∑

j1,j2,j3=0

(
C100

j3j2j1

)2

)

,

(59) M

{(

I
(i1i2i3)
(010)τp+1,τp

− I
(i1i2i3)q
(010)τp+1,τp

)2
}

≤ 6

(

∆5

20
−

q
∑

j1,j2,j3=0

(
C010

j3j2j1

)2

)

,

(60) M

{(

I
(i1i2i3)
(001)τp+1,τp

− I
(i1i2i3)q
(001)τp+1,τp

)2
}

≤ 6

(

∆5

10
−

q
∑

j1,j2,j3=0

(
C001

j3j2j1

)2

)

,

(61) M

{(

I
(i1i2i3i4i5)
(00000)τp+1,τp

− I
(i1i2i3i4i5)q
(00000)τp+1,τp

)2
}

≤ 120




∆5

120
−

q
∑

j1,j2,j3,j4,j5=0

C2
j5i4i3i2j1



 .

The Fourier–Legendre coefficients

C̄j3j2j1 , C̄j4j3j2j1 , C̄001
j3j2j1 , C̄010

j3j2j1 , C̄100
j3j2j1 , C̄j5j4j3j2j1

can be calculated exactly using computer algebra systems like Derive. The exact values of these
Fourier–Legendre coefficients were presented in tabular form in the monographs [11]-[25]. Note that
the mendioned Fourier–Legendre coefficients do not depend on the integration step τp+1 − τp of the
numerical method, which can be variable.

Recently, the database with 270,000 exactly calculated Fourier–Legendre coefficients was described
[52], [56]. This database was used in the software package, which is written in the Python program-
ming language for the implementation of explicit one-step strong numerical schemes with orders 0.5,
1.0, 1.5, 2.0, 2.5, and 3.0 of convergence for Ito stochastic differential equations [52], [56]. The opti-
mization of the mean-square approximation procedures for iterated Ito stochastic integrals from these
numerical schemes can be found in [54].

Note that in [2]-[4] (also see [58]) the iterated stochastic integrals were approximated using the
trigonometric Fourier expansion of the multidimensional Brownian bridge process. It is important
to pay attention that the number q must be the same for all approximations of iterated stochastic
integrals from the considered collection in the approcah from [2]-[4]. At the same time the numbers
q can be selected individually for different stochastic integrals from the considred collection in the
method based on Theorems 1–3 (see Sect. 5.3, 6.2 from [16] for details).
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On the basis of the presented expansions (29)–(40) of iterated Ito stochastic integrals we can see
that increasing of multiplicities of these integrals or degree indexes of their weight functions leads to
increasing of smallness orders with respect to ∆ in the mean-square sense for iterated stochastic inte-
grals. This leads to a sharp decrease of member quantities (the numbers q) in expansions of iterated
Ito stochastic integrals, which are required for achieving the acceptable accuracy of approximation.
Generally speaking, the minimum values q that guarantee the fulfillment of the condition (6) for each
approximation (see (29)–(40)) are different and abruptly decreasing with the growth of smallness
order (with respect to ∆) of the approximations of iterated stochastic integrals.

The detailed comparison of the method from [2]-[4] with the method based on Theorems 1–3 can
be found in [16]-[18] (Chapters 2, 5, 6), [30], [38].

5. Approximation of Iterated Ito and Stratonovich Stochastic Integrals. Combined

Approach

In contrast to the iterated Ito stochastic integrals (2), the iterated Stratonovich stochastic integrals
(3) have simpler expansions (see Theorems 4–10 below) than (20). However, the calculation (or
estimation) of the mean-square approximation error for the latter is a more difficult problem than
for the former. Below in this section, we will study this issue in detail.

As it turned out, Theorems 1, 2 can be adapted for the iterated Stratonovich stochastic integrals (3)
at least for multiplicities 1 to 6. Expansions of these iterated Stratonovich stochastic integrals turned
out much simpler than the appropriate expansions of the iterated Ito stochastic integrals (2) from
Theorems 1, 2. Applying this feature and standard relations between iterated Ito and Stratonovich
stochastic integrals, we will get simpler expansions for the iterated Ito stochastic integrals (2) than
the expansions from the previous section. However, as was mentioned above, the estimation of the
mean-square approximation error for the expansions from this section is a nontrivial problem.

Let us first present some old results on expansion of the iterated Stratonovich stochastic integrals
(3) of multiplicities 2 to 4 (Theorems 4–6 below).

Theorem 4 [12]-[18], [23]-[25], [31], [34], [35], [39], [44], [46], [48]. Assume that the following

conditions are fulfilled:
1. The function ψ2(τ) is continuously differentiable at the interval [t, T ] and the function ψ1(τ) is

twice continuously differentiable at the interval [t, T ].
2. {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or trigonometric func-

tions in the space L2([t, T ]).
Then, the iterated Stratonovich stochastic integral of the second multiplicity

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 (i1, i2 = 1, . . . ,m)

is expanded into the double series

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 = l.i.m.

p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

converging in the mean-square sense, where
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Cj2j1 =

T∫

t

ψ2(s2)φj2 (s2)

s2∫

t

ψ1(s1)φj1 (s1)ds1ds2;

another notations are the same as in Theorems 1, 2.

Theorem 5 [12]-[18], [23]-[25], [39], [44], [45]. Assume that {φj(x)}∞j=0 is a complete orthonormal

system of Legendre polynomials or trigonomertic functions in the space L2([t, T ]). Furthermore, the

function ψ2(τ) is continuously differentiable at the interval [t, T ] and the functions ψ1(τ), ψ3(τ) are

twice continuously differentiable at the interval [t, T ]. Then, for the iterated Stratonovich stochastic

integral of third multiplicity

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)

the following expansion

(62)

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 = l.i.m.

q→∞

q
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

converging in the mean-square sense is valid, where

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2dt3;

another notations are the same as in Theorems 1, 2.

Theorem 6 [12]-[18], [23]-[25], [39], [44], [51]. Suppose that {φj(x)}∞j=0 is a complete orthonormal

system of Legendre polynomials or trigonometric functions in L2([t, T ]). Then, for the iterated Stra-

tonovich stochastic integral of multiplicity 4

I
∗(i1i2i3i4)
T,t =

∗∫

t

T ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following expansion

I
∗(i1i2i3i4)
T,t = l.i.m.

q→∞

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

converging in the mean-square sense is valid, where i1, i2, i3, i4 = 0, 1, . . . ,m,

Cj4j3j2j1 =

T∫

t

φj4(t4)

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4,
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w
(i)
τ = f

(i)
τ (i = 1, . . . ,m) are independent standard Wiener processes and w

(0)
τ = τ.

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [16] (Sect. 2.10–2.16), [43] (Sect. 7–13), [44] (Sect. 13–19), [51]
(Sect. 5–11), [55] (Sect. 4–9), [57]. Let us formulate four theorems that were obtained using this
approach.

Theorem 7 [16], [43], [44], [51], [55]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations

(63) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(64) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (63) and i1, i2, i3 = 1, . . . ,m in (64), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 1, 2.

Theorem 8 [16], [43], [44], [51], [55]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

(65) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4
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the following relations

(66) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(67) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (65), (66) and i1, . . . , i4 = 1, . . . ,m in (67), constant C
does not depend on p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj4j3j2j1 =

=

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 7.

Theorem 9 [16], [43], [44], [51], [55]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity

(68) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(69) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(70) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (68), (69) and i1, . . . , i5 = 1, . . . ,m in (70), constant C
is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),
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Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 7, 8.

Theorem 10 [16], [43], [44], [51], [57]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(71) J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;

another notations are the same as in Theorems 7–9.

Let us denote

(72) I
∗(i1...ik)
(l1...lk)T,t =

∗∫

t

T

(t− tk)
lk . . .

∗∫

t

t2

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk ,

where i1, . . . , ik = 1, . . . ,m, l1, . . . , lk = 0, 1, . . . .
Below we will consider the iterated Stratonovich stochastic integrals (72) as well as the iterated

Ito stochastic integrals I
(i1...ik)
(l1...lk)T,t defined by (5).

According to the standard relations between iterated Ito and Stratonovich stochastic integrals as
well as according to Theorems 5, 7, we obtain

I
(i1i2i3)
(000)τp+1,τp

= I
∗(i1i2i3)
(000)τp+1,τp

+ 1{i1=i2}
1

2
I
(i3)
(1)τp+1,τp

−

(73) − 1{i2=i3}
1

2

(

∆I
(i1)
(0)τp+1,τp

+ I
(i1)
(1)τp+1,τp

)

w. p. 1,

where
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(74) I
∗(i1i2i3)
(000)τp+1,τp

= l.i.m.
q→∞

q
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 1, . . . ,m),

where Cj3j2j1 is defined by (41), (47).
From (73), (74) and (29), (31) we obtain the following approximation

I
(i1i2i3)q
(000)τp+1,τp

=

q
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1

4
1{i1=i2}∆

3/2

(

ζ
(i3)
0 +

1√
3
ζ
(i3)
1

)

−

(75) − 1

4
1{i2=i3}∆

3/2

(

ζ
(i1)
0 − 1√

3
ζ
(i1)
1

)

.

For the case i1 = i2 = i3 it is comfortable to use the folowing well known relation

(76) I
(i1i1i1)
(000)τp+1,τp

=
1

6
∆3/2

((

ζ
(i1)
0

)3

− 3ζ
(i1)
0

)

w. p. 1.

Let us consider the iterated Ito stochastic integrals

I
(i3i2i1)
(100)τp+1,τp

, I
(i3i2i1)
(010)τp+1,τp

, I
(i3i2i1)
(001)τp+1,τp

.

According to the standard relations between iterated Ito and Stratonovich stochastic integrals as
well as according to Theorems 5, 7, we obtain

I
(i1i2i3)
(001)τp+1,τp

= I
∗(i1i2i3)
(001)τp+1,τp

+
1

2
1{i1=i2}I

(i3)
(2)τp+1,τp

+

(77) +
1

4
1{i2=i3}

(

∆2I
(i1)
(0)τp+1,τp

− I
(i1)
(2)τp+1,τp

)

w. p. 1,

I
(i1i2i3)
(010)τp+1,τp

= I
∗(i1i2i3)
(010)τp+1,τp

+
1

4
1{i1=i2}I

(i3)
(2)τp+1,τp

+

(78) +
1

4
1{i2=i3}

(

∆2I
(i1
(0)τp+1,τp

− I
(i1)
(2)τp+1,τp

)

w. p. 1,

I
(i1i2i3)
(100)τp+1,τp

= I
∗(i1i2i3)
(100)τp+1,τp

+
1

4
1{i1=i2}I

(i3)
(2)τp+1,τp

−

(79) − 1

2
1{i2=i3}

(

I
(i1)
(2)τp+1,τp

+∆I
(i1)
(1)τp+1,τp

)

w. p. 1,

where

I
∗(i1i2i3)
(001)τp+1,τp

= l.i.m.
q→∞

q
∑

j1,j2,j3=0

C001
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,
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I
∗(i1i2i3)
(010)τp+1,τp

= l.i.m.
q→∞

q
∑

j1,j2,j3=0

C010
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
∗(i1i2i3)
(100)τp+1,τp

= l.i.m.
q→∞

q
∑

j1,j2,j3=0

C100
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

where C001
j3j2j1 , C

010
j3j2j1 , C

100
j3j2j1 are defined by (43)-(45) and (49)-(51). From (77)–(79) and (29), (31),

(36) we obtain the following approximations

I
(i1i2i3)q
(001)τp+1,τp

=

q
∑

j1,j2,j3=0

C001
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+
1

6
1{i1=i2}∆

5/2

(

ζ
(i3)
0 +

√
3

2
ζ
(i3)
1 +

1

2
√
5
ζ
(i3)
2

)

+

(80) +
1

12
1{i2=i3}∆

5/2

(

2ζ
(i1)
0 −

√
3

2
ζ
(i1)
1 − 1

2
√
5
ζ
(i1)
2

)

,

I
(i1i2i3)q
(010)τp+1,τp

=

q
∑

j1,j2,j3=0

C010
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+
1

12
1{i1=i2}∆

5/2

(

ζ
(i3)
0 +

√
3

2
ζ
(i3)
1 +

1

2
√
5
ζ
(i3)
2

)

+

(81) +
1

12
1{i2=i3}∆

5/2

(

2ζ
(i1)
0 −

√
3

2
ζ
(i1)
1 − 1

2
√
5
ζ
(i1)
2

)

,

I
(i1i2i3)q
(100)τp+1,τp

=

q
∑

j1,j2,j3=0

C100
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+
1

12
1{i1=i2}∆

5/2

(

ζ
(i3)
0 +

√
3

2
ζ
(i3)
1 +

1

2
√
5
ζ
(i3)
2

)

+

(82) +
1

12
1{i2=i3}∆

5/2

(

ζ
(i1)
0 − 1√

5
ζ
(i1)
2

)

.

Let us consider the iterated Ito stochastic integral of multiplicity 4. According to the standard
relations between iterated Ito and Stratonovich stochastic integrals as well as according to Theorems
6, 8, we get

I
(i1i2i3i4)
(0000)τp+1,τp

= I
∗(i1i2i3i4)
(0000)τp+1,τp

+
1

2
1{i1=i2}I

(i3i4)
(10)τp+1,τp

−

−1

2
1{i2=i3}

(

I
(i1i4)
(10)τp+1,τp

− I
(i1i4)
(01)τp+1,τp

)

− 1

2
1{i3=i4}

(

∆I
(i1i2)
(00)τp+1,τp

+ I
(i1i2)
(01)τp+1,τp

)

−

(83) − 1

8
∆21{i1=i2}1{i3=i4} w. p. 1,
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I
∗(i1i2i3i4)
(0000)τp+1,τp

= l.i.m.
q→∞

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
(i1i2i3i4)q
(0000)τp+1,τp

=

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

+
1

2
1{i1=i2}I

(i3i4)q
(10)τp+1,τp

−

−1

2
1{i2=i3}

(

I
(i1i4)q
(10)τp+1,τp

− I
(i1i4)q
(01)τp+1,τp

)

− 1

2
1{i3=i4}

(

∆I
(i1i2)q
(00)τp+1,τp

+ I
(i1i2)q
(01)τp+1,τp

)

−

−1

8
∆21{i1=i2}1{i3=i4},

where

I
(i1i2)q
(00)τp+1,τp

, I
(i1i2)q
(01)τp+1,τp

, I
(i1i2)q
(10)τp+1,τp

are determined by the relations (30), (34), (35) and Cj4j3j2j1 is defined by (42), (48).
For the case i1 = i2 = i3 = i4 it is comfortable to use the folowing well known relation

I
(i1i1i1i1)
(0000)τp+1,τp

=
1

24
∆2

((

ζ
(i1)
0

)4

− 6
(

ζ
(i1)
0

)2

+ 3

)

w. p. 1.

Let us consider the iterated Ito stochastic integral of fifth multiplicity using Theorems 6, 9

I
(i1i2i3i4i5)
(00000)τp+1,τp

= I
∗(i1i2i3i4i5)
(00000)τp+1,τp

+
1

2
1{i1=i2}I

(i3i4i5)
(100)τp+1,τp

−

−1

2
1{i2=i3}

(

I
(i1i4i5)
(100)τp+1,τp

− I
(i1i4i5)
(010)τp+1,τp

)

− 1

2
1{i3=i4}

(

I
(i1i2i5)
(010)τp+1,τp

− I
(i1i2i5)
(001)τp+1,τp

)

−

−1

2
1{i4=i5}

(

∆I
(i1i2i3)
(000)τp+1,τp

+ I
(i1i2i3)
(001)τp+1,τp

)

− 1

8
1{i1=i2}1{i3=i4}I

(i5)
(2)τp+1,τp

−

−1

8
1{i2=i3}1{i4=i5}

(

∆2I
(i1)
(0)τp+1,τp

+ 2∆I
(i1)
(1)τp+1,τp

+ I
(i1)
(2)τp+1,τp

)

+

(84) − 1

8
1{i1=i2}1{i4=i5}

(

∆I
(i3)
(1)τp+1,τp

+ I
(i3)
(2)τp+1,τp

)

w. p. 1,

I
∗(i1i2i3i4i5)
(00000)τp+1,τp

= l.i.m.
q→∞

q
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

,
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I
(i1i2i3i4i5)q
(00000)τp+1,τp

=

q
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

+
1

2
1{i1=i2}I

(i3i4i5)q
(100)τp+1,τp

−

−1

2
1{i2=i3}

(

I
(i1i4i5)q
(100)τp+1,τp

− I
(i1i4i5)q
(010)τp+1,τp

)

− 1

2
1{i3=i4}

(

I
(i1i2i5)q
(010)τp+1,τp

− I
(i1i2i5)q
(001)τp+1,τp

)

−

−1

2
1{i4=i5}

(

∆I
(i1i2i3)q
(000)τp+1,τp

+ I
(i1i2i3)q
(001)τp+1,τp

)

− 1

8
1{i1=i2}1{i3=i4}I

(i5)
(2)τp+1,τp

−

−1

8
1{i2=i3}1{i4=i5}

(

∆2I
(i1)
(0)τp+1,τp

+ 2∆I
(i1)
(1)τp+1,τp

+ I
(i1)
(2)τp+1,τp

)

+

−1

8
1{i1=i2}1{i4=i5}

(

∆I
(i3)
(1)τp+1,τp

+ I
(i3)
(2)τp+1,τp

)

,

where

I
(i1i2i3)q
(000)τp+1,τp

, I
(i1i2i3)q
(100)τp+1,τp

, I
(i1i2i3)q
(010)τp+1,τp

, I
(i1i2i3)q
(001)τp+1,τp

, I
(i1)
(0)τp+1,τp

, I
(i1)
(1)τp+1,τp

, I
(i1)
(2)τp+1,τp

are determined by (75), (80)–(82), (29), (31), (36) and Cj5j4j3j2j1 is defined by (46), (52).
For the case i1 = . . . = i5 it is comfortable to use the folowing well known relation

I
(i1i1i1i1i1)
(00000)τp+1,τp

=
1

120
∆5/2

((

ζ
(i1)
0

)5

− 10
(

ζ
(i1)
0

)3

∆+ 15ζ
(i1)
0 ∆2

)

w. p. 1.

Clearly, the expansions from Theorems 4–10 are simpler than the expansions from Theorems 1, 2.
However, the calculation of the mean-square approximation error for the expansions from Theorems
4–10 turns out to be much more difficult than for the expansions from Theorems 1, 2. We will
demonstrate this fact below.

The case k = 1 is actually not interesting. For k = 1, the Ito and Stratonovich stochastic integrals
of a smooth non-random function are equal each other w. p. 1. Moreover, for k = 2

I
(i1i2)
(00)τp+1,τp

= I
∗(i1i2)
(00)τp+1,τp

(i1 6= i2) w. p. 1.

Consider the triple Stratonovich stochastic integral defined by

I
∗(i1i2i3)
(000)T,t =

∗T∫

t

∗t3∫

t

∗t2∫

t

df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m).

In view of the standard relations between Ito and Stratonovich stochastic integrals and also The-
orems 1, 2, 5, 7, we obtain

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=
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= M









I
(i1i2i3)
(000)T,t + 1{i1=i2}

1

2

T∫

t

τ∫

t

dsdf (i3)τ + 1{i2=i3}
1

2

T∫

t

τ∫

t

df (i1)s dτ − I
∗(i1i2i3)q
(000)T,t





2






=

= M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t + I

(i1i2i3)q
(000)T,t +

(85) + 1{i1=i2}
1

2

T∫

t

τ∫

t

dsdf (i3)τ + 1{i2=i3}
1

2

T∫

t

τ∫

t

df (i1)s dτ − I
∗(i1i2i3)q
(000)T,t

)2}

,

I
(i1i2i3)q
(000)T,t =

q
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(86) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

(87) I
∗(i1i2i3)q
(000)T,t =

q
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

where I
(i1i2i3)q
(000)T,t is the approximation defined by the formula (21) (also see (14)) for the case k = 3

and I
∗(i1i2i3)q
(000)T,t is the approximation based on Theorems 5, 7 (see (98) below).

Substituting (86) and (87) into (85) yields

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

=

= M









I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t + 1{i1=i2}




1

2

T∫

t

τ∫

t

dsdf (i3)τ −
q
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3



+

+1{i2=i3}




1

2

T∫

t

τ∫

t

df (i1)s dτ −
q
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1



 −1{i1=i3}

q
∑

j1,j2=0

Cj1j2j1ζ
(i2)
j2





2






≤

≤ 4

(

M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t

)2
}

+1{i1=i2}F
(i3)
q +

(88) +1{i2=i3}G
(i1)
q + 1{i1=i3}H

(i2)
q

)

,

where
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F (i3)
q = M










1

2

T∫

t

τ∫

t

dsdf (i3)τ −
q
∑

j1,j3=0

Cj3j1j1ζ
(i3)
j3





2






,

G(i1)
q = M










1

2

T∫

t

τ∫

t

df (i1)s dτ −
q
∑

j1,j3=0

Cj3j3j1ζ
(i1)
j1





2






,

H(i2)
q = M











q
∑

j1,j2=0

Cj1j2j1ζ
(i2)
j2





2






.

For the cases of Legendre polynomials and trigonometric functions, we have the equalities [12]-[18],
[23]-[25], [39], [44], [45]

lim
q→∞

F (i3)
q = 0, lim

q→∞
G(i1)

q = 0, lim
q→∞

H(i2)
q = 0.

However, in accordance with (88) the value

M

{(

I
∗(i1i2i3)
(000)T,t − I

∗(i1i2i3)q
(000)T,t

)2
}

with a finite q can be estimated by the sum of

(89) 4M

{(

I
(i1i2i3)
(000)T,t − I

(i1i2i3)q
(000)T,t

)2
}

,

and three additional terms of a rather complex structure. The value (89) can be calculated exactly
using Theorem 3 or estimated using (22) for the case k = 3.

As is easily observed, this peculiarity will also apply to the iterated Stratonovich stochastic integrals

of multiplicities 4 and 5 with the only difference that the number of additional terms like F
(i3)
q , G

(i1)
q ,

and H
(i2)
q will be considerably higher and their structure will be more complicated. Therefore, the

payment for relatively simple expansions of the iterated Stratonovich stochastic integrals (Theorems
4–10) in comparison with the iterated Ito stochastic integrals (Theorems 1, 2) is a much more difficult
calculation or estimation procedure of their mean-square approximation errors.

6. Explicit One-Step Strong Numerical Schemes of Orders 2.0 and 2.5 Based on the

Unified Taylor–Stratonovich expansion

Consider the explicit one-step strong numerical scheme of order 2.5 based on the so-called unified
Taylor–Stratonovich expansion [11], [14]-[22]

yp+1 = yp +

m∑

i1=1

Bi1 Î
∗(i1)
(0)τp+1,τp

+∆ā+

m∑

i1,i2=1

Gi2Bi1 Î
∗(i2i1)
(00)τp+1,τp

+
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+
m∑

i1=1

(

Gi1 ā
(

∆Î
∗(i1)
(0)τp+1,τp

+ Î
∗(i1)
(1)τp+1,τp

)

− L̄Bi1 Î
∗(i1)
(1)τp+1,τp

)

+

+

m∑

i1,i2,i3=1

Gi3Gi2Bi1 Î
∗(i3i2i1)
(000)τp+1,τp

+
∆2

2
L̄ā+

+

m∑

i1,i2=1

(

Gi2 L̄Bi1

(

Î
∗(i2i1)
(10)τp+1,τp

− Î
∗(i2i1)
(01)τp+1,τp

)

− L̄Gi2Bi1 Î
∗(i2i1)
(10)τp+1,τp

+

+Gi2Gi1 ā
(

Î
∗(i2i1)
(01)τp+1,τp

+∆Î
∗(i2i1)
(00)τp+1,τp

)
)

+

+

m∑

i1,i2,i3,i4=1

Gi4Gi3Gi2Bi1 Î
∗(i4i3i2i1)
(0000)τp+1,τp

+
∆3

6
LLa+

+

m∑

i1=1

(

Gi1 L̄ā

(
1

2
Î
∗(i1)
(2)τp+1,τp

+∆Î
∗(i1)
(1)τp+1,τp

+
∆2

2
Î
∗(i1)
(0)τp+1,τp

)

+

+
1

2
L̄L̄Bi1 Î

∗(i1)
(2)τp+1,τp

− LGi1 ā
(

Î
∗(i1)
(2)τp+1,τp

+∆Î
∗(i1)
(1)τp+1,τp

)
)

+

+

m∑

i1,i2,i3=1

(

Gi3 L̄Gi2Bi1

(

Î
∗(i3i2i1)
(100)τp+1,τp

− Î
∗(i3i2i1)
(010)τp+1,τp

)

+

+Gi3Gi2 L̄Bi1

(

Î
∗(i3i2i1)
(010)τp+1,τp

− Î
∗(i3i2i1)
(001)τp+1,τp

)

+

+Gi3Gi2Gi1 ā
(

∆Î
∗(i3i2i1)
(000)τp+1,τp

+ Î
∗(i3i2i1)
(001)τp+1,τp

)

−

−L̄Gi3Gi2Bi1 Î
∗(i3i2i1)
(100)τp+1,τp

)

+

(90) +

m∑

i1,i2,i3,i4,i5=1

Gi5Gi4Gi3Gi2Bi1 Î
∗(i5i4i3i2i1)
(00000)τp+1,τp

,

where ∆ = T/N (N > 1) is a constant (for simplicity) step of integration, τp = p∆ (p = 0, 1, . . . , N),

Î
∗(i1...ik)
(l1...lk)s,t

is an approximation of the iterated Stratonovich stochastic integral (72),

ā(x, t) = a(x, t) − 1

2

m∑

j=1

GjBj(x, t),

L̄ = L− 1

2

m∑

j=1

G
(j)
0 G

(j)
0 =

∂

∂t
+

n∑

j=1

ā(j)(x, t)
∂

∂x(j)
,
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L =
∂

∂t
+

n∑

i=1

ai(x, t)
∂

∂xi
+

1

2

m∑

j=1

n∑

l,i=1

Blj(x, t)Bij(x, t)
∂2

∂xl∂xi
,

Gi =
n∑

j=1

Bji(x, t)
∂

∂xj
, i = 1, . . . ,m,

l1, . . . , lk = 0, 1, 2, i1, . . . , ik = 1, . . . ,m, k = 1, 2, . . . , 5, Bi and Bij are the ith column and the ijth
component of the matrix function B, ai is the ith component of the vector function a, xi is the ith
component of the column x, the functions

Bi1 , ā, Gi2Bi1 , Gi1 ā, L̄Bi1 , Gi3Gi2Bi1 , L̄ā, LLa, Gi2 L̄Bi1 ,

L̄Gi2Bi1 , Gi2Gi1 ā, Gi4Gi3Gi2Bi1 , Gi1 L̄ā, L̄L̄Bi1 , L̄Gi1 ā, Gi3 L̄Gi2Bi1 , Gi3Gi2 L̄Bi1 ,

Gi3Gi2Gi1 ā, L̄Gi3Gi2Bi1 , Gi5Gi4Gi3Gi2Bi1

are calculated at the point (yp, p).
Under the standard conditions [2], [11] the numerical scheme (90) has strong order 2.5 of conver-

gence. The major emphasis below will be placed on the approximation of the iterated Stratonovich
stochastic integrals appearing in (90). Therefore, among the mentioned standard conditions, we note
the approximation condition for these stochastic integrals [2], [11], which has the form

(91) M

{(

I
∗(i1...ik)
(l1...lk)τp+1,τp

− Î
∗(i1...ik)
(l1...lk)τp+1,τp

)2
}

≤ C∆6,

where constant C is independent of ∆.
Note that if we exclude from (90) the terms starting from the term ∆3LLa/6, then we will have

the explicit one-step strong numerical scheme of order 2.0 [2], [11], [14]-[22].
Using the numerical scheme (90) or its modifications based on the Taylor–Stratonovich expansion

[7], the implicit or multistep analogues of (90) can be constructed [2], [11], [14]-[22]. The set of the
iterated Stratonovich stochastic integrals to be approximated for implementing these modifications
is the same as for the numerical scheme (90) itself. Interestingly, the truncated unified Taylor–
Stratonovich expansion (the foundation of the numerical scheme (90)) contains 12 different types of
the iterated Stratonovich stochastic integrals (72), which cannot be interconnected by linear relations
[11], [14]-[22]. The analogous Taylor–Stratonovich expansion [2], [7] contains 17 different types of
iterated Stratonovich stochastic integrals, part of which are interconnected by linear relations and
part of which have a higher multiplicity than the iterated Stratonovich stochastic integrals (72). This
fact well explains the use of the numerical scheme (90).

One of the main problems arising in the implementation of the numerical scheme (90) is the joint
numerical modeling of the iterated Stratonovich stochastic integrals figuring in (90). Let us consider
an efficient numerical modeling method for the iterated Stratonovich stochastic integrals based on
Theorems 4–10.

Using Theorems 4–9 and multiple Fourier–Legendre series, we obtain the following approximations
of the iterated Stratonovich stochastic integrals from (90) [11]-[51]

(92) I
∗(i1)
(0)τp+1,τp

=
√
∆ζ

(i1)
0 ,
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(93) I
∗(i1)
(1)τp+1,τp

= −∆3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

(94) I
∗(i1)
(2)τp+1,τp

=
∆5/2

3

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,

(95) I
∗(i1i2)q
(00)τp+1,τp

=
∆

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

,

I
∗(i1i2)q
(01)τp+1,τp

= −∆

2
I
∗(i1i2)q
(00)τp+1,τp

− ∆2

4

(

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

(96) +

q
∑

i=0

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i + 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

I
∗(i1i2)q
(10)τp+1,τp

= −∆

2
I
∗(i1i2)q
(00)τp+1,τp

− ∆2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

(97) +

q
∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i + 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

(98) I
∗(i1i2i3)q
(000)τp+1,τp

=

q
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(99) I
∗(i1i2i3)q
(100)τp+1,τp

=

q
∑

j1,j2,j3=0

C100
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(100) I
∗(i1i2i3)q
(010)τp+1,τp

=

q
∑

j1,j2,j3=0

C010
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(101) I
∗(i1i2i3)q
(001)τp+1,τp

=

q
∑

j1,j2,j3=0

C001
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(102) I
∗(i1i2i3i4)q
(0000)τp+1,τp

=

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

1571



32 D.F. KUZNETSOV

(103) I
∗(i1i2i3i4i5)q
(00000)τp+1,τp

=

q
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

,

where the Fourier–Legendre coefficients

Cj3j2j1 , C100
j3j2j1 , C010

j3j2j1 , C001
j3j2j1 , Cj4j3j2j1 , Cj5j4j3j2j1

are determined by (41)–(46), (47)–(52).
On the basis of the presented expansions (see (92)–(103)) of iterated Stratonovich stochastic inte-

grals we can see that increasing of multiplicities of these integrals or degree indexes of their weight
functions leads to increasing of smallness orders with respect to ∆ in the mean-square sense for it-
erated stochastic integrals. This leads to a sharp decrease of member quantities (the numbers q)
in expansions of iterated Stratonovich stochastic integrals, which are required for achieving the ac-
ceptable accuracy of approximation. Generally speaking, the minimum values q that guarantee the
fulfillment of the condition (91) for each approximation (92)–(103) are different and abruptly de-
creasing with the growth of smallness order (with respect to ∆) of the approximations of iterated
stochastic integrals.

From Theorem 3 for the case i1 6= i2 we obtain

M

{(

I
∗(i1i2)
(00)τp+1,τp

− I
∗(i1i2)q
(00)τp+1,τp

)2
}

=
∆2

2

∞∑

i=q+1

1

4i2 − 1
≤

(104) ≤ ∆2

2

∞∫

q

1

4x2 − 1
dx = −∆2

8
ln

∣
∣
∣
∣
1− 2

2q + 1

∣
∣
∣
∣
≤ C1

∆2

q
,

where constant C1 does not depend on ∆.
As was mentioned above, the value ∆ plays the role of integration step in the numerical procedures

for Ito stochastic differential equations. Thus this value is a sufficiently small. Keeping in mind this
circumstance, it is easy to notice that there exists such a constant C2 that

(105) M

{(

I
∗(i1...ik)
(l1...lk)τp+1,τp

− I
∗(i1...ik)q
(l1...lk)τp+1,τp

)2
}

≤ C2M

{(

I
∗(i1i2)
(00)τp+1,τp

− I
∗(i1i2)q
(00)τp+1,τp

)2
}

,

where I
∗(i1...ik)q
(l1...lk)τp+1,τp

is an approximation of the iterated Stratonovich stochastic integral (72).

From (104) and (105) we finally have

(106) M

{(

I
∗(i1...ik)
(l1...lk)τp+1,τp

− I
∗(i1...ik)q
(l1...lk)τp+1,τp

)2
}

≤ K
∆2

q
,

where constant K does not depend on ∆.
The same idea can be found in [2] for the case of trigonometric functions. Note that, in contrast

to the estimate (106), the constant C in Theorems 7–9 does not depend on q.
We can get significantly more information about numbers q using a different approach. Applying

the standard relation between iterated Ito and Stratonovich stochastic integrals, we have
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I
∗(i1...ik)
(l1...lk)τp+1,τp

= I
(i1...ik)
(l1...lk)τp+1,τp

w. p. 1

for pairwise different i1, . . . , ik = 1, . . . ,m.
Then for i1 6= i2 the following mean-square errors

M

{(

I
∗(i1i2)
(00)τp+1,τp

− I
∗(i1i2)q
(00)τp+1,τp

)2
}

, M

{(

I
∗(i1i2)
(10)τp+1,τp

− I
∗(i1i2)q
(10)τp+1,τp

)2
}

,

M

{(

I
∗(i1i2)
(01)τp+1,τp

− I
∗(i1i2)q
(01)τp+1,τp

)2
}

are defined by (53), (54).
Moreover, for pairwise different i1, . . . , i5 = 1, . . . ,m from (24) we obtain

M

{(

I
∗(i1i2)
(01)τp+1,τp

− I
∗(i1i2)q
(01)τp+1,τp

)2
}

=
∆4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2
,

M

{(

I
∗(i1i2)
(10)τp+1,τp

− I
∗(i1i2)q
(10)τp+1,τp

)2
}

=
∆4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2
,

M

{(

I
∗(i1i2i3)
(000)τp+1,τp

− I
∗(i1i2i3)q
(000)τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 ,

M

{(

I
∗(i1i2i3i4)
(0000)τp+1,τp

− I
∗(i1i2i3i4)q
(0000)τp+1,τp

)2
}

=
∆4

24
−

q
∑

j1,j2,j3,j4=0

C2
j4j3j2j1 ,

M

{(

I
∗(i1i2i3)
(100)τp+1,τp

− I
∗(i1i2i3)q
(100)τp+1,τp

)2
}

=
∆5

60
−

q
∑

j1,j2,j3=0

(
C100

j3j2j1

)2
,

M

{(

I
∗(i1i2i3)
(010)τp+1,τp

− I
∗(i1i2i3)q
(010)τp+1,τp

)2
}

=
∆5

20
−

q
∑

j1,j2,j3=0

(
C010

j3j2j1

)2
,

M

{(

I
∗(i1i2i3)
(001)τp+1,τp

− I
∗(i1i2i3)q
(001)τp+1,τp

)2
}

=
∆5

10
−

q
∑

j1,j2,j3=0

(
C001

j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4i5)
(00000)τp+1,τp

− I
∗(i1i2i3i4i5)q
(00000)τp+1,τp

)2
}

=
∆5

120
−

q
∑

j1,j2,j3,j4,j5=0

C2
j5i4i3i2j1 .

For example [11]-[25],
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M

{(

I
∗(i1i2i3)
(000)τp+1,τp

− I
∗(i1i2i3)6
(000)τp+1,τp

)2
}

=
∆3

6
−

6∑

j3,j2,j1=0

C2
j3j2j1 ≈ 0.01956000∆3,

M

{(

I
∗(i1i2i3)
(100)τp+1,τp

− I
∗(i1i2i3)2
(100)τp+1,τp

)2
}

=
∆5

60
−

2∑

j1,j2,j3=0

(
C100

j3j2j1

)2 ≈ 0.00815429∆5,

M

{(

I
∗(i1i2i3)
(010)τp+1,τp

− I
∗(i1i2i3)2
(010)τp+1,τp

)2
}

=
∆5

20
−

2∑

j1,j2,j3=0

(
C010

j3j2j1

)2 ≈ 0.01739030∆5,

M

{(

I
∗(i1i2i3)
(001)τp+1,τp

− I
∗(i1i2i3)2
(001)τp+1,τp

)2
}

=
∆5

10
−

2∑

j1,j2,j3=0

(
C001

j3j2j1

)2 ≈ 0.02528010∆5,

M

{(

I
∗(i1i2i3i4)
(0000)τp+1,τp

− I
∗(i1i2i3i4)2
(0000)τp+1,τp

)2
}

=
∆4

24
−

2∑

j1,j2,j3,j4=0

C2
j4j3j2j1 ≈ 0.02360840∆4,

M

{(

I
∗(i1i2i3i4i5)
(00000)τp+1,τp

− I
∗(i1i2i3i4i5)1
(00000)τp+1,τp

)2
}

=
∆5

120
−

1∑

j1,j2,j3,j4,j5=0

C2
j5i4i3i2j1 ≈ 0.00759105∆5.
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[59] Rybakov, K.A. Orthogonal expansion of multiple Itô stochastic integrals. Electronic Journal ”Differential Equa-
tions and Control Processes” ISSN 1817-2172 (online), 3 (2021), 109-140. Available at:
http://diffjournal.spbu.ru/EN/numbers/2021.3/article.1.8.html

Dmitriy Feliksovich Kuznetsov

Peter the Great Saint-Petersburg Polytechnic University,

Polytechnicheskaya ul., 29,

195251, Saint-Petersburg, Russia

Email address: sde kuznetsov@inbox.ru

1577

http://arxiv.org/abs/1712.08991
http://arxiv.org/abs/1801.00784
http://arxiv.org/abs/1807.02190
http://arxiv.org/abs/1801.06501
http://arxiv.org/abs/1802.00643
http://arxiv.org/abs/2009.14011
http://www.sde-kuznetsov.spb.ru/20e.pdf
http://arxiv.org/abs/2010.13564
http://diffjournal.spbu.ru/EN/numbers/2022.2/article.1.6.html
http://diffjournal.spbu.ru/EN/numbers/2021.1/article.1.5.html
http://diffjournal.spbu.ru/EN/collection.html
http://diffjournal.spbu.ru/EN/numbers/2021.3/article.1.8.html


ar
X

iv
:1

80
7.

02
19

0v
11

  [
m

at
h.

PR
] 

 1
7 

A
ug

 2
02

2

STRONG NUMERICAL METHODS OF ORDERS 2.0, 2.5, AND 3.0 FOR ITO

STOCHASTIC DIFFERENTIAL EQUATIONS BASED ON THE UNIFIED

STOCHASTIC TAYLOR EXPANSIONS AND MULTIPLE FOURIER–LEGENDRE

SERIES

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the construction of explicit one-step strong numerical
methods with the orders of convergence 2.0, 2,5, and 3.0 for Ito stochastic differential equa-
tions with multidimensional non-commutative noise. We consider the numerical methods
based on the unified Taylor–Ito and Taylor–Stratonovich expansions. For numerical mod-
eling of iterated Ito and Stratonovich stochastic integrals of multiplicities 1 to 6 we apply
the method of multiple Fourier–Legendre series converging in the sense of norm in Hilbert
space L2([t, T ]

k), k = 1, . . . , 6. The article is addressed to engineers who use numerical mod-
eling in stochastic control and for solving the non-linear filtering problem. The article can
be interesting for mathematicians who working in the field of high-order strong numerical
methods for Ito stochastic differential equations.
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1. Introduction

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-continous
family of σ-algebras of F, and let f t be a standard m-dimensional Wiener stochastic process, which

is Ft-measurable for any t ∈ [0, T ].We assume that the components f
(i)
t (i = 1, . . . ,m) of this process

are independent. Consider an Ito stochastic differential equation (SDE) in the integral form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

t∫

0

Σ(xτ , τ)dfτ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying the equation (1). The nonrandom func-
tions a : Rn × [0, T ] → R

n, Σ : Rn × [0, T ] → R
n×m guarantee the existence and uniqueness up to

stochastic equivalence of a solution of the equation (1) [1]. The second integral on the right-hand
side of (1) is interpreted as the Ito stochastic integral. Let x0 be an n-dimensional random variable,

which is F0-measurable and M{|x0|2} < ∞ (M denotes a mathematical expectation). We assume
that x0 and ft − f0 are independent when t > 0.

It is well known [2]-[5] that Ito SDEs are adequate mathematical models of dynamic systems of dif-
ferent physical nature under the influence of random disturbances. One of the effective approaches to
the numerical integration of Ito SDEs is an approach based on the Taylor–Ito and Taylor–Stratonovich
expansions [2]-[10]. The most important feature of such expansions is a presence in them of the so-
called iterated Ito and Stratonovich stochastic integrals, which play the key role for solving the
problem of numerical integration of Ito SDEs and have the following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

(3) J∗[ψ(k)]T,t =

∗T∫

t

ψk(tk) . . .

∗t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where every ψl(τ) (l = 1, . . . , k) is a non-random function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m,

∫

and

∗∫

denote Ito and Stratonovich stochastic integrals, respectively (in this paper, we use the definition of
the Stratonovich stochastic integral from [2]).

Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in [2]-[4], [6], [7]. At the same time
ψl(τ) ≡ (t− τ)ql (l = 1, . . . , k; q1, . . . , qk = 0, 1, 2, . . .) and i1, . . . , ik = 1, . . . ,m in [8]-[10].

Effective solution of the problem of combined mean-square approximation of the iterated Ito and
Stratonovich stochastic integrals (2) and (3) of multiplicities 1 to 6 composes one of the subjects of
this article.

We want to mention in short that there are two main criteria of numerical methods convergence
for Ito SDEs [2]-[4]: a strong or mean-square criterion and a weak criterion where the subject of
approximation is not the solution of Ito SDE, simply stated, but the distribution of Ito SDE solution.

Using strong numerical methods, we may build sample pathes of Ito SDEs numerically. These
methods require combined mean-square approximation of the iterated Ito and Stratonovich stochastic
integrals (2) and (3).
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Also numerical integration of Ito SDEs based on the strong convergence criterion of approximation
is widely used for the numerical solution of different mathematical problems connected with Ito
SDEs. Among these problems, we note the following: signal filtering under influence of random
noises in various statements, optimal stochastic control, testing estimation procedures of parameters
of stochastic systems, stochastic stability and bifurcations analysis [2]-[4].

The problem of effective jointly numerical modeling (in accordance to the mean-square conver-
gence criterion) of the iterated Ito and Stratonovich stochastic integrals (2) and (3) is difficult from
theoretical and computing point of view [2]-[66].

The only exception is connected with a narrow particular case, when i1 = . . . = ik 6= 0 and
ψ1(s), . . . , ψk(s) ≡ ψ(s). This case allows the investigation with using of the Ito formula [2]-[4].

Note that even for the mentioned coincidence (i1 = . . . = ik 6= 0), but for different functions
ψ1(s), . . . , ψk(s) the mentioned difficulties persist, and relatively simple families of iterated Ito and
Stratonovich stochastic integrals, which can be often met in the applications, cannot be represented
effectively in a finite form (for the mean-square approximation) using the system of standard Gaussian
random variables.

Note that for a number of special types of Ito SDEs the problem of approximation of iterated
stochastic integrals can be simplified but cannot be solved. The equations with additive scalar noise,
with additive vector noise, with non-additive scalar noise, with a small parameter are related to such
types of equations [2]-[4]. For the mentioned types of equations, simplifications are connected with the
fact that either some coefficient functions from stochastic analogues of the Taylor formula identically
equal to zero, or scalar noise has a strong effect, or due to the presence of a small parameter we may
neglect some members from the stochastic analogues of the Taylor formula, which include difficult
for approximation iterated stochastic integrals [2]-[4], [13]. In this article, we consider Ito SDEs with
multidimensional, non-additive and non-commutative noise.

Seems that iterated stochastic integrals may be approximated by multiple integral sums of different
types [3], [4], [14]. However, this approach implies partitioning of the interval of integration [t, T ]
of iterated stochastic integrals (the length T − t of this interval is a small value, because it is a
step of integration of numerical methods for Ito SDEs) and according to numerical experiments this
additional partitioning leads to significant calculating costs [5].

In [3] (also see [2], [4], [12], [13]), Milstein proposed to expand (2) or (3) into iterated series in
terms of products of standard Gaussian random variables by representing the Wiener process as a
trigonometric Fourier series with random coefficients (the version of the so-called Karhunen–Loeve
expansion of the Brownian bridge process). To obtain the Milstein expansion of (3), the truncated
Fourier expansions of components of the Wiener process fs must be iteratively substituted in the
single integrals, and the integrals must be calculated, starting from the innermost integral. This
is a complicated procedure that does not lead to a general expansion of (3) valid for an arbitrary
multiplicity k. For this reason, only expansions of single, double, and triple stochastic integrals of the
form (3) were presented in [2], [11]-[13] (k = 1, 2, 3) and in [3], [4] (k = 1, 2) for the simplest case
ψ1(s), ψ2(s), ψ3(s) ≡ 1; i1, i2, i3 = 0, 1, . . . ,m.

Moreover, in [2] (Sect. 5.8, pp. 202–204), [11] (pp. 82-84), [12] (pp. 438-439), [13] (pp. 263-264)
the authors use (without rigorous proof) the Wong–Zakai approximation [67]-[69] within the frames
of the Milstein approach [3] based on the Karhunen–Loeve expansion of the Brownian bridge process
(see discussions in [54] (Sect. 2.18, 6.2), [55], [56] (Sect. 2.6.2, 6.2), [44]).

Note that in [66] the method of expansion of the iterated Ito stochastic integrals (2) (k = 2;
ψ1(s), ψ2(s) ≡ 1; i1, i2 = 1, . . . ,m) based on expansion of the Wiener process using Haar functions
and trigonometric functions has been considered.

It is necessary to note that the Milstein approach [3] excelled in several times or even in several
orders the methods of multiple integral sums [3], [4], [14] considering computational costs in the sense
of their diminishing.

An alternative strong approximation method was proposed for (3) in [15]-[17] (also see [24]-[30]),
where J∗[ψ(k)]T,t was represented as a multiple stochastic integral from the certain discontinuous
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non-random function of k variables, and the function was then expressed as an iterated generalized
Fourier series in a complete systems of continuous functions that are orthonormal in L2([t, T ]). In [15]-
[17] (also see [24]-[30]) the cases of Legendre polynomials and trigonometric functions are considered
in details. As a result, a general iterated series expansion of (3) in terms of products of standard
Gaussian random variables was obtained in [15]-[17] (also see [24]-[30]) for an arbitrary multiplicity
k. Hereinafter, this method is referred to as the method of generalized iterated Fourier series.

It was shown in [15], [16] (also see [18]-[28]) that the method of generalized iterated Fourier series
leads to the Milstein expansion [3] of (3) in the case of trigonometric functions (at least for k = 2;
ψ1(s), ψ2(s) ≡ 1; i1, i2 = 1, . . . ,m) and to a substantially simpler expansion of (3) in the case of
Legendre polynomials.

Note that the method of generalized iterated Fourier series as well as the Milstein approach [3] lead
to iterated application of the operation of limit transition. This problem appears for triple stochastic
integrals (i1, i2, i3 = 1, . . . ,m) or even for some double stochastic integrals in the case, when ψ1(τ),
ψ2(τ) 6≡ 1 (i1, i2 = 1, . . . ,m) [15], [16] (also see [18]-[28]).

The mentioned problem (iterated application of the operation of limit transition) not appears in
the method, which is considered for (2) in Theorems 1, 2 (see below) [5], [18]-[28], [31]-[56]. The idea
of this method is as follows: the iterated Ito stochastic integral (2) of multiplicity k is represented
as the multiple stochastic integral from the certain discontinuous non-random function of k variables
defined on the hypercube [t, T ]k, where [t, T ] is the interval of integration of the iterated Ito stochastic
integral (2). Then, the indicated non-random function of k variables is expanded in the hypercube into
the generalized multiple Fourier series converging in the mean-square sense in the space L2([t, T ]

k).
After a number of nontrivial transformations we come (see Theorems 1, 2 below) to the mean-square
converging expansion of the iterated Ito stochastic integral (2) into the multiple series in terms of
products of standard Gaussian random variables. The coefficients of this series are the coefficients of
generalized multiple Fourier series for the mentioned non-random function of k variables, which can
be calculated using the explicit formula regardless of the multiplicity k of the iterated Ito stochastic
integral (2). Hereinafter, this method is referred to as the method of generalized multiple Fourier
series.

Thus, we obtain the following useful possibilities of the method of generalized multiple Fourier
series.

1. There is the explicit formula (see (8)) for calculation of expansion coefficients of the iterated
Ito stochastic integral (2) with any fixed multiplicity k.

2. We have new possibilities for exact calculation of the mean-square error of approximation of
the iterated Ito stochastic integral (2) (see [19], [20], [31]-[34], [36], [37], [39], [54]-[56]).

3. Since the used multiple Fourier series is a generalized in the sense that it is built using various
complete orthonormal systems of functions in the space L2([t, T ]), then we have new possibilities for
approximation — we may use not only the trigonometric functions as in [2]-[4] but the Legendre
polynomials.

4. As it turned out (see [5], [15], [16], [18]-[37], [40], [42], [45], [46], [50]-[52], [54]-[56]), it is more
convenient to work with Legendre polynomials for constructing of approximations of the iterated Ito
stochastic integrals (2). Approximations based on the Legendre polynomials essentially simpler than
their analogues based on the trigonometric functions. Another advantages of Legendre polynomials
in the framework of the mentioned problem are considered in [34], [52], [54]-[56].

5. The approach based on the Karhunen–Loeve expansion of the Brownian bridge process (also see
[66]) leads to iterated application of the operation of limit transition (the operation of limit transition
is implemented only once in Theorems 1, 2 (see below)) starting from the second multiplicity (in the
general case) and third multiplicity (for the case ψ1(s), ψ2(s), ψ3(s) ≡ 1; i1, i2, i3 = 1, . . . ,m) of
iterated Ito stochastic integrals. Multiple series (the operation of limit transition is implemented
only once) are more convenient for approximation than the iterated ones (iterated application of the
operation of limit transition), since partial sums of multiple series converge for any possible case of
convergence to infinity of their upper limits of summation (let us denote them as p1, . . . , pk). For
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example, when p1 = . . . = pk = p → ∞. For iterated series, the condition p1 = . . . = pk = p → ∞
obviously does not guarantee the convergence of this series.

However, the authors of the works [2] (Sect. 5.8, pp. 202–204), [11] (pp. 82-84), [12] (pp. 438-439),
[13] (pp. 263-264) unreasonably use the condition p1 = p2 = p3 = p → ∞ within the frames of the
Milstein approach [3] based on the series expansion of the Brownian bridge process together with the
Wong–Zakai approximation [67]-[69].

2. Explicit One-Step Strong Numerical Schemes of Orders 2.0, 2.5, and 3.0 Based on

the Unified Taylor–Ito expansion

Consider the partition {τj}Nj=0 of the interval [0, T̄ ] such that

0 = τ0 < . . . < τN = T̄ , ∆N = max
0≤j≤N−1

∆τj , ∆τj = τj+1 − τj .

Let yτj
def
= yj ; j = 0, 1, . . . , N be a time discrete approximation of the process xs, s ∈ [0, T̄ ], which

is a solution of the Ito SDE (1).
Definition 1 [2]. We will say that a time discrete approximation yj ; j = 0, 1, . . . , N, corresponding

to the maximal step of discretization ∆N , converges strongly with order γ > 0 at time moment T̄ to

the process xs, s ∈ [0, T̄ ] if there exists a constant C > 0, which does not depend on ∆N , and a δ > 0
such that

M{|xT̄ − yT̄ |} ≤ C(∆N )γ

for each ∆N ∈ (0, δ).
Consider the following explicit one-step strong numerical scheme of order 3.0 based on the so-called

unified Taylor–Ito expansion [5], [10], [19]-[24], [54]-[56]

yp+1 = yp +

m∑

i1=1

Σi1 Î
(i1)
0τp+1,τp

+∆a+

m∑

i1,i2=1

G
(i2)
0 Σi1 Î

(i2i1)
00τp+1,τp

+

+

m∑

i1=1

[

G
(i1)
0 a

(

∆Î
(i1)
0τp+1,τp

+ Î
(i1)
1τp+1,τp

)

− LΣi1 Î
(i1)
1τp+1,τp

]

+

+
m∑

i1,i2,i3=1

G
(i3)
0 G

(i2)
0 Σi1 Î

(i3i2i1)
000τp+1,τp

+
∆2

2
La+

+

m∑

i1,i2=1

[

G
(i2)
0 LΣi1

(

Î
(i2i1)
10τp+1,τp

− Î
(i2i1)
01τp+1,τp

)

− LG
(i2)
0 Σi1 Î

(i2i1)
10τp+1,τp

+

+G
(i2)
0 G

(i1)
0 a

(

Î
(i2i1)
01τp+1,τp

+∆Î
(i2i1)
00τp+1,τp

)]

+

(4) +

m∑

i1,i2,i3,i4=1

G
(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 Î

(i4i3i2i1)
0000τp+1,τp

+ up+1,p + vp+1,p,
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up+1,p =
m∑

i1=1

[

G
(i1)
0 La

(

1

2
Î
(i1)
2τp+1,τp

+∆Î
(i1)
1τp+1,τp

+
∆2

2
Î
(i1)
0τp+1,τp

)

+

+
1

2
LLΣi1 Î

(i1)
2τp+1,τp

− LG
(i1)
0 a

(

Î
(i1)
2τp+1,τp

+∆Î
(i1)
1τp+1,τp

)
]

+

+

m∑

i1,i2,i3=1

[

G
(i3)
0 LG

(i2)
0 Σi1

(

Î
(i3i2i1)
100τp+1,τp

− Î
(i3i2i1)
010τp+1,τp

)

+

+G
(i3)
0 G

(i2)
0 LΣi1

(

Î
(i3i2i1)
010τp+1,τp

− Î
(i3i2i1)
001τp+1,τp

)

+

+G
(i3)
0 G

(i2)
0 G

(i1)
0 a

(

∆Î
(i3i2i1)
000τp+1,τp

+ Î
(i3i2i1)
001τp+1,τp

)

−

−LG(i3)
0 G

(i2)
0 Σi1 Î

(i3i2i1)
100τp+1,τp

]

+

+

m∑

i1,i2,i3,i4,i5=1

G
(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 Î

(i5i4i3i2i1)
00000τp+1,τp

+

+
∆3

6
LLa,

vp+1,p =

m∑

i1,i2=1

[

G
(i2)
0 G

(i1)
0 La

(
1

2
Î
(i2i1)
02τp+1,τp

+∆Î
(i2i1)
01τp+1,τp

+
∆2

2
Î
(i2i1)
00τp+1,τp

)

+

+
1

2
LLG

(i2)
0 Σi1 Î

(i2i1)
20τp+1,τp

+

+G
(i2)
0 LG

(i1)
0 a

(

Î
(i2i1)
11τp+1,τp

− Î
(i2i1)
02τp+1,τp

+∆
(

Î
(i2i1)
10τp+1,τp

− Î
(i2i1)
01τp+1,τp

))

+

+LG
(i2)
0 LΣi1

(

Î
(i2i1)
11τp+1,τp

− Î
(i2i1)
20τp+1,τp

)

+

+G
(i2)
0 LLΣi1

(
1

2
Î
(i2i1)
02τp+1,τp

+
1

2
Î
(i2i1)
20τp+1,τp

− Î
(i2i1)
11τp+1,τp

)

−

−LG(i2)
0 G

(i1)
0 a

(

∆Î
(i2i1)
10τp+1,τp

+ Î
(i2i1)
11τp+1,τp

)
]

+

+

m∑

i1,i2,i3,i4=1

[

G
(i4)
0 G

(i3)
0 G

(i2)
0 G

(i1)
0 a

(

∆Î
(i4i3i2i1)
0000τp+1,τp

+ Î
(i4i3i2i1)
0001τp+1,τp

)

+

+G
(i4)
0 G

(i3)
0 LG

(i2)
0 Σi1

(

Î
(i4i3i2i1)
0100τp+1,τp

− Î
(i4i3i2i1)
0010τp+1,τp

)

−
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−LG(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 Î

(i4i3i2i1)
1000τp+1,τp

+

+G
(i4)
0 LG

(i3)
0 G

(i2)
0 Σi1

(

Î
(i4i3i2i1)
1000τp+1,τp

− Î
(i4i3i2i1)
0100τp+1,τp

)

+

+G
(i4)
0 G

(i3)
0 G

(i2)
0 LΣi1

(

Î
(i4i3i2i1)
0010τp+1,τp

− Î
(i4i3i2i1)
0001τp+1,τp

)
]

+

+

m∑

i1,i2,i3,i4,i5,i6=1

G
(i6)
0 G

(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 Î

(i6i5i4i3i2i1)
000000τp+1,τp

,

where ∆ = T̄ /N (N > 1) is a constant (for simplicity) step of integration, τp = p∆ (p = 0, 1, . . . , N),

Î
(i1...ik)
l1...lk s,t

is an approximation of the iterated Ito stochastic integral

(5) I
(i1...ik)
l1...lk s,t

=

s∫

t

(t− τk)
lk . . .

τ2∫

t

(t− τ1)
l1df (i1)τ1 . . . df (ik)τk

,

L =
∂

∂t
+

n∑

i=1

ai(x, t)
∂

∂xi
+

1

2

m∑

j=1

n∑

l,i=1

Σlj(x, t)Σij(x, t)
∂2

∂xl∂xi
,

G
(i)
0 =

n∑

j=1

Σji(x, t)
∂

∂xj
, i = 1, . . . ,m,

l1, . . . , lk = 0, 1, 2 . . . , i1, . . . , ik = 1, . . . ,m, k = 1, 2, . . ., Σi is the ith column of the matrix function
Σ and Σij is the ijth component of the matrix function Σ, ai is the ith component of the vector
function a and xi is the ith component of the column x, the columns

Σi1 , a, G
(i2)
0 Σi1 , G

(i1)
0 a, LΣi1 , G

(i3)
0 G

(i2)
0 Σi1 , La, G

(i2)
0 LΣi1 , LG

(i2)
0 Σi1 , G

(i2)
0 G

(i1)
0 a,

G
(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 , G

(i1)
0 La, LLΣi1 , LG

(i1)
0 a, G

(i3)
0 LG

(i2)
0 Σi1 , G

(i3)
0 G

(i2)
0 LΣi1 , G

(i3)
0 G

(i2)
0 G

(i1)
0 a,

LG
(i3)
0 G

(i2)
0 Σi1 , G

(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 , LLa, G

(i2)
0 G

(i1)
0 La, LLG

(i2)
0 Σi1 , G

(i2)
0 LG

(i1)
0 a, LG

(i2)
0 LΣi1 ,

G
(i2)
0 LLΣi1 , LG

(i2)
0 G

(i1)
0 a, G

(i4)
0 G

(i3)
0 G

(i2)
0 G

(i1)
0 a, G

(i4)
0 G

(i3)
0 LG

(i2)
0 Σi1 , LG

(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 ,

G
(i4)
0 LG

(i3)
0 G

(i2)
0 Σi1 , G

(i4)
0 G

(i3)
0 G

(i2)
0 LΣi1 , G

(i6)
0 G

(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Σi1

are calculated at the point (yp, p).
It is well known [2] that under the standard conditions the numerical scheme (4) has strong order

of convergence 3.0. Among these conditions we consider only the condition for approximations of
iterated Ito stochastic integrals from the numerical scheme (4) [2], [5]

(6) M







(

I
(i1...ik)
l1...lk τp+1,τp

− Î
(i1...ik)
l1...lk τp+1,τp

)2





≤ C∆7,
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where Î
(i1...ik)
l1...lk τp+1,τp

is an approximation of I
(i1...ik)
l1...lk τp+1,τp

, constant C does not depend on ∆.

Note that if we exclude up+1,p + vp+1,p from the right-hand side of (4), then we will have the
explicit one-step strong numerical scheme of order 2.0. The right-hand side of (4) but without the
value vp+1,p define the explicit one-step strong numerical scheme of order 2.5.

Note that the truncated unified Taylor–Ito expansion [5], [8], [10], [16], [18]-[28], [54]-[56] contains
the less number of various types of iterated Ito stochastic integrals (moreover, their major part will
have less multiplicities) in comparison with the classical Taylor–Ito expansion [2], [7].

Furthermore, some iterated Ito stochastic integrals from the Taylor–Ito expansion [2], [7] are
connected by linear relations. However, the iterated stochastic integrals from the unified Taylor–Ito
expansion [5], [8], [10], [16], [18]-[28], [54]-[56] cannot be connected by linear relations. Therefore,
we call these families of stochastic integrals from the unified Taylor–Ito expansion as the stochastic
bases [5], [10], [54]-[56]. Note that (4) contains 20 different types of iterated Ito stochastic integrals.
At the same time, the analogue of (4) based on the classical Taylor–Ito expansion [2], [7] contains 29
different types of iterated Ito stochastic integrals.

3. Approximation of iterated Ito Stochastic Integrals Based on Multiple

Fourier–Legendre Series

Suppose that every ψl(τ) (l = 1, . . . , k) is a non-random function from the space L2([t, T ]). Define
the following function on the hypercube [t, T ]k

(7) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation it is well known that the

generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in the

hypercube [t, T ]k in the mean-square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(8) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)
k∏

l=1

φjl(tl)dt1 . . . dtk,

‖f‖ =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of [t, T ] such that

(9) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .
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Theorem 1 [5] (2006), [18]-[28], [31]-[56]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous

non-random function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous func-

tions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(10) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where J [ψ(k)]T,t is defined by (2),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(11) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (8), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval

[t, T ], which satisfies the condition (9).

The convergence in the mean of degree 2n (n ∈ N) [18]-[20], [22]-[28], [54]-[56] as well as the
convergence with probability 1 [38], [40], [54]-[56] of approximations from Theorem 1 are proved.
Moreover, the complete orthonormal systems of Haar and Rademacher–Walsh functions in L2([t, T ])
can also be applied in Theorem 1 [5], [18]-[28], [54]-[56]. The modification of Theorem 1 for complete
orthonormal with weigth r(x) ≥ 0 systems of functions in the space L2([t, T ]) can be found in [20],
[53]-[56]. Application of Theorem 1 and Theorem 2 (see below) for the mean-square approximation of
iterated stochastic integrals with respect to the infinite-dimensional Q-Wiener process can be found
in the monographs [54]-[56] (Chapter 7) and in [36], [37], [58], [62]-[64].

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 6 [5], [18]-[28], [31]-[56]

(12) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(13) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−
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(14) − 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(15) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(16) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i3=i6 6=0}1{j3=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
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−1{i5=i6 6=0}1{j5=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
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−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(17) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,

where 1A is the indicator of the set A.
Note that we will consider the case i1, . . . , i6 = 1, . . . ,m. This case corresponds to the numerical

method (4).
For further consideration, let us consider the generalization of formulas (12)–(17) for the case of

an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (2).
In order to do this, let us introduce some notations. Consider the unordered set {1, 2, . . . , k} and
separate it into two parts: the first part consists of r unordered pairs (sequence order of these pairs
is also unimportant) and the second one consists of the remaining k − 2r numbers. So, we have

(18) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where {g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k}, braces mean an unordered set, and paren-
theses mean an ordered set.

We will say that (18) is a partition and consider the sum with respect to all possible partitions

(19)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (19)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,
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∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4 + a12,54,3 + a15,24,3 + a14,25,3+

+a15,34,2 + a13,54,2 + a14,53,2 + a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (10) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(20) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorem 1.

In particular, from (20) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )
jq1

)

.

The last equality obviously agrees with (16).
Let us consider the generalization of Theorem 1 for the case of an arbitrary complete orthonormal

systems of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [54] (Sect. 1.11), [38] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion
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J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(21) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 2 was considered in [70]. Note that we use another
notations [54] (Sect. 1.11), [38] (Sect. 15) in comparison with [70]. Moreover, the proof of an analogue
of Theorem 2 from [70] is somewhat different from the proof given in [54] (Sect. 1.11), [38] (Sect. 15).

Let us consider the exact calculation and effective estimation of the mean-square error of approxi-
mation J [ψ(k)]qT,t. Here J [ψ(k)]qT,t is the expression on the right-hand side of (21) before passing to
the limit l.i.m.

p1,...,pk→∞
for the case p1 = . . . = pk = q

J [ψ(k)]qT,t =

q
∑

j1,...,jk=0

Cjk ...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

,

where [x] is an integer part of a real number x; another notations are the same as in Theorems 1, 2.

Let us denote

M

{(

J [ψ(k)]T,t − J [ψ(k)]qT,t

)2
}

def
= Eq

k,

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk
def
= Ik.

In [19], [20], [31], [39], [54]-[56] it was shown that

(22) Eq
k ≤ k!



Ik −
q
∑

j1,...,jk=0

C2
jk...j1



 ,

where i1, . . . , ik = 1, . . . ,m (T − t ∈ (0,+∞)) or i1, . . . , ik = 0, 1, . . . ,m (T − t ∈ (0, 1)).

The value Eq
k can be calculated exactly.

Theorem 3 [54] (Sect. 1.12), [39] (Sect. 6). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik =
1, . . . ,m. Then
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(23) Eq
k = Ik −

q
∑

j1,...,jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






,

where i1, . . . , ik = 1, . . . ,m; the expression

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another
notations are the same as in Theorems 1, 2.

Note that

M






J [ψ(k)]T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






= Cjk...j1 .

Then from Theorem 3 for pairwise different i1, . . . , ik and for i1 = . . . = ik we obtain [20], [31],
[39], [54]-[56]

(24) Eq
k = Ik −

q
∑

j1,...,jk=0

C2
jk...j1

,

Eq
k = Ik −

q
∑

j1,...,jk=0

Cjk ...j1

(
∑

(j1,...,jk)

Cjk ...j1

)

,

where
∑

(j1,...,jk)

is a sum with respect to all possible permutations (j1, . . . , jk).
Consider some examples [20], [31], [39], [54]-[56] of application of Theorem 3 (i1, . . . , i5 = 1, . . . ,m)

(25) Eq
2 = I2 −

q
∑

j1,j2=0

C2
j2j1 −

q
∑

j1,j2=0

Cj2j1Cj1j2 (i1 = i2),

(26) Eq
3 = I3 −

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

(27) Eq
3 = I3 −

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

(28) Eq
3 = I3 −

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2),
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Eq
4 = I4 −

q
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2)

Cj4...j1

)

(i1 = i2 6= i3, i4; i3 6= i4),

Eq
4 = I4 −

q
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3)

Cj4...j1

)

(i1 = i3 6= i2, i4; i2 6= i4),

Eq
4 = I4 −

q
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2,j3)

Cj4...j1

)

(i1 = i2 = i3 6= i4),

Eq
4 = I4 −

q
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j3,j4)

Cj4...j1

)

(i2 = i3 = i4 6= i1),

Eq
4 = I4 −

q
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2)

(
∑

(j3,j4)

Cj4...j1

))

(i1 = i2 6= i3 = i4),

Eq
4 = I4 −

q
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3)

(
∑

(j2,j4)

Cj4...j1

))

(i1 = i3 6= i2 = i4),

Eq
5 = I5 −

q
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4)

(
∑

(j3,j5)

Cj5...j1

))

(i1 6= i2 = i4 6= i3 = i5 6= i1),

Eq
5 = I5 −

q
∑

j1,...,j5=0

Cj5...j1

(
∑

(j4,j5)

(
∑

(j1,j2,j3)

Cj5...j1

))

(i1 = i2 = i3 6= i4 = i5),

Eq
5 = I5 −

q
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3,j4,j5)

Cj5...j1

)

(i1 = i3 = i4 = i5 6= i2).

The values Eq
4 and Eq

5 were calculated exaclty for all possible combinations of i1, . . . , i5 = 1, . . . ,m
in [19], [20], [39], [54]-[56].

Let us consider the approximations of iterated Ito stochastic integrals from (4) using (12)–(17) and
complete orthonormal system of Legendre polynomials in the space L2([τp, τp+1]) (τp = p∆, N∆ = T̄ ,
p = 0, 1, . . . , N) [20] (also see [15]-[19], [21]-[56])

I
(i1)
0τp+1,τp

=
√
∆ζ

(i1)
0 ,

(29) I
(i1i2)q
00τp+1,τp

=
∆

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

,
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I
(i1)
1τp+1,τp

= −∆3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

I
(i1i2i3)q
000τp+1,τp

=

q
∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3i4)q
0000τp+1,τp

=

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i2)q
01τp+1,τp

= −∆

2
I
(i1i2)q
00τp+1,τp

− ∆2

4

(

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

+

q
∑

i=0

(

(i+ 2)ζ
(i1)
i ζ

(i2)
i+2 − (i+ 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

I
(i1i2)q
10τp+1,τp

= −∆

2
I
(i1i2)q
00τp+1,τp

− ∆2

4

(

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

+

q
∑

i=0

(

(i+ 1)ζ
(i2)
i+2 ζ

(i1)
i − (i+ 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

))

,

I
(i1)
2τp+1,τp

=
∆5/2

3

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,

I
(i1i2i3)q
001τp+1,τp

=

q
∑

j1,j2,j3=0

C001
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,
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I
(i1i2i3)q
010τp+1,τp

=

q
∑

j1,j2,j3=0

C010
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3)q
100τp+1,τp

=

q
∑

j1,j2,j3=0

C100
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3i4i5)q
00000τp+1,τp

=

q
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1

(
5∏

l=1

ζ
(il)
jl

−

−1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j1=j3}1{i1=i3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{j1=j4}1{i1=i4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{j1=j5}1{i1=i5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{j2=j3}1{i2=i3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j2=j4}1{i2=i4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{j2=j5}1{i2=i5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{j3=j5}1{i3=i5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{j1=j2}1{i1=i2}1{j3=j4}1{i3=i4}ζ
(i5)
j5

+ 1{j1=j2}1{i1=i2}1{j3=j5}1{i3=i5}ζ
(i4)
j4

+

+1{j1=j2}1{i1=i2}1{j4=j5}1{i4=i5}ζ
(i3)
j3

+ 1{j1=j3}1{i1=i3}1{j2=j4}1{i2=i4}ζ
(i5)
j5

+

+1{j1=j3}1{i1=i3}1{j2=j5}1{i2=i5}ζ
(i4)
j4

+ 1{j1=j3}1{i1=i3}1{j4=j5}1{i4=i5}ζ
(i2)
j2

+

+1{j1=j4}1{i1=i4}1{j2=j3}1{i2=i3}ζ
(i5)
j5

+ 1{j1=j4}1{i1=i4}1{j2=j5}1{i2=i5}ζ
(i3)
j3

+

+1{j1=j4}1{i1=i4}1{j3=j5}1{i3=i5}ζ
(i2)
j2

+ 1{j1=j5}1{i1=i5}1{j2=j3}1{i2=i3}ζ
(i4)
j4

+

+1{j1=j5}1{i1=i5}1{j2=j4}1{i2=i4}ζ
(i3)
j3

+ 1{j1=j5}1{i1=i5}1{j3=j4}1{i3=i4}ζ
(i2)
j2

+

+1{j2=j3}1{i2=i3}1{j4=j5}1{i4=i5}ζ
(i1)
j1

+ 1{j2=j4}1{i2=i4}1{j3=j5}1{i3=i5}ζ
(i1)
j1

+

+1{j2=j5 6=0}1{i2=i5}1{j3=j4 6=0}1{i3=i4}ζ
(i1)
j1

)

,

I
(i1i2)q
02τp+1,τp

= −∆2

4
I
(i1i2)q
00τp+1,τp

−∆I
(i1i2)q
01τp+1,τp

+
∆3

8

[

2

3
√
5
ζ
(i2)
2 ζ

(i1)
0 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=0

(

(i+ 2)(i+ 3)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 1)(i+ 2)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

(30) +
(i2 + i− 3)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + 3i− 1)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

− 1

24
1{i1=i2}∆

3,
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I
(i1i2)q
20τp+1,τp

= −∆2

4
I
(i1i2)q
00τp+1,τp

−∆I
(i1i2)q
10τp+1,τp

+
∆3

8

[

2

3
√
5
ζ
(i2)
0 ζ

(i1)
2 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=0

(

(i+ 1)(i+ 2)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 2)(i+ 3)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

(31) +
(i2 + 3i− 1)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + i− 3)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

− 1

24
1{i1=i2}∆

3,

I
(i1i2)q
11τp+1,τp

= −∆2

4
I
(i1i2)q
00τp+1,τp

− ∆

2

(

I
(i1i2)q
10τp+1,τp

+ I
(i1i2)q
01τp+1,τp

)

+
∆3

8

[

1

3
ζ
(i1)
1 ζ

(i2)
1 +

+

q
∑

i=0

(
(i + 1)(i+ 3)

(

ζ
(i2)
i+3 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+3

)

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

(32) +
(i+ 1)2

(

ζ
(i2)
i+1 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+1

)

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

− 1

24
1{i1=i2}∆

3,

I
(i1i2i3i4)q
0001τp+1,τp

=

q
∑

j1,j2,j3,j4=0

C0001
j4j3j2j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i2i3i4)q
0010τp+1,τp

=

q
∑

j1,j2,j3,j4=0

C0010
j4j3j2j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,
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I
(i1i2i3i4)q
0100τp+1,τp

=

q
∑

j1,j2,j3,j4=0

C0100
j4j3j2j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i2i3i4)q
1000τp+1,τp

=

q
∑

j1,j2,j3,j4=0

C1000
j4j3j2j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i2i3i4i5i6)q
000000τp+1,τp

=

q
∑

j1,j2,j3,j4,j5,j6=0

Cj6j5j4j3j2j1

(
6∏

l=1

ζ
(il)
jl

−

−1{j1=j6}1{i1=i6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j2=j6}1{i2=i6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{j3=j6}1{i3=i6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{j4=j6}1{i4=i6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{j5=j6}1{i5=i6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{j1=j3}1{i1=i3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{j1=j4}1{i1=i4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{j1=j5}1{i1=i5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{j2=j4}1{i2=i4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{j2=j5}1{i2=i5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{j3=j4}1{i3=i4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{j4=j5}1{i4=i5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{j1=j2}1{i1=i2}1{j3=j4}1{i3=i4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{j1=j2}1{i1=i2}1{j3=j5}1{i3=i5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{j1=j2}1{i1=i2}1{j4=j5}1{i4=i5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{j1=j3}1{i1=i3}1{j2=j4}1{i2=i4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{j1=j3}1{i1=i3}1{j2=j5}1{i2=i5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{j1=j3}1{i1=i3}1{j4=j5}1{i4=i5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{j1=j4}1{i1=i4}1{j2=j3}1{i2=i3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{j1=j4}1{i1=i4}1{j2=j5}1{i2=i5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{j1=j4}1{i1=i4}1{j3=j5}1{i3=i5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{j1=j5}1{i1=i5}1{j2=j3}1{i2=i3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{j1=j5}1{i1=i5}1{j2=j4}1{i2=i4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{j1=j5}1{i1=i5}1{j3=j4}1{i3=i4}ζ
(i2)
j2

ζ
(i6)
j6

+
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+1{j2=j3}1{i2=i3}1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{j2=j4}1{i2=i4}1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{j2=j5}1{i2=i5}1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{j6=j1}1{i6=i1}1{j3=j4}1{i3=i4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{j6=j1}1{i6=i1}1{j3=j5}1{i3=i5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{j6=j1}1{i6=i1}1{j2=j5}1{i2=i5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{j6=j1}1{i6=i1}1{j2=j4}1{i2=i4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{j6=j1}1{i6=i1}1{j4=j5}1{i4=i5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{j6=j1}1{i6=i1}1{j2=j3}1{i2=i3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{j6=j2}1{i6=i2}1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{j6=j2}1{i6=i2}1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{j6=j2}1{i6=i2}1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{j6=j2}1{i6=i2}1{j1=j5}1{i1=i5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{j6=j2}1{i6=i2}1{j1=j4}1{i1=i4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{j6=j2}1{i6=i2}1{j1=j3}1{i1=i3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{j6=j3}1{i6=i3}1{j2=j5}1{i2=i5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{j6=j3}1{i6=i3}1{j4=j5}1{i4=i5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{j6=j3}1{i6=i3}1{j2=j4}1{i2=i4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{j6=j3}1{i6=i3}1{j1=j5}1{i1=i5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{j6=j3}1{i6=i3}1{j1=j4}1{i1=i4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{j6=j3}1{i6=i3}1{j1=j2}1{i1=i2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{j6=j4}1{i6=i4}1{j3=j5}1{i3=i5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{j6=j4}1{i6=i4}1{j2=j5}1{i2=i5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{j6=j4}1{i6=i4}1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{j6=j4}1{i6=i4}1{j1=j5}1{i1=i5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{j6=j4}1{i6=i4}1{j1=j3}1{i1=i3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{j6=j4}1{i6=i4}1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{j6=j5}1{i6=i5}1{j3=j4}1{i3=i4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{j6=j5}1{i6=i5}1{j2=j4}1{i2=i4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{j6=j5}1{i6=i5}1{j2=j3}1{i2=i3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{j6=j5}1{i6=i5}1{j1=j4}1{i1=i4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{j6=j5}1{i6=i5}1{j1=j3}1{i1=i3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{j6=j5}1{i6=i5}1{j1=j2}1{i1=i2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{j6=j1}1{i6=i1}1{j2=j5}1{i2=i5}1{j3=j4}1{i3=i4}−
−1{j6=j1}1{i6=i1}1{j2=j4}1{i2=i4}1{j3=j5}1{i3=i5}−
−1{j6=j1}1{i6=i1}1{j2=j3}1{i2=i3}1{j4=j5}1{i4=i5}−
−1{j6=j2}1{i6=i2}1{j1=j5}1{i1=i5}1{j3=j4}1{i3=i4}−
−1{j6=j2}1{i6=i2}1{j1=j4}1{i1=i4}1{j3=j5}1{i3=i5}−
−1{j6=j2}1{i6=i2}1{j1=j3}1{i1=i3}1{j4=j5}1{i4=i5}−
−1{j6=j3}1{i6=i3}1{j1=j5}1{i1=i5}1{j2=j4}1{i2=i4}−
−1{j6=j3}1{i6=i3}1{j1=j4}1{i1=i4}1{j2=j5}1{i2=i5}−
−1{j3=j6}1{i3=i6}1{j1=j2}1{i1=i2}1{j4=j5}1{i4=i5}−
−1{j6=j4}1{i6=i4}1{j1=j5}1{i1=i5}1{j2=j3}1{i2=i3}−
−1{j6=j4}1{i6=i4}1{j1=j3}1{i1=i3}1{j2=j5}1{i2=i5}−
−1{j6=j4}1{i6=i4}1{j1=j2}1{i1=i2}1{j3=j5}1{i3=i5}−
−1{j6=j5}1{i6=i5}1{j1=j4}1{i1=i4}1{j2=j3}1{i2=i3}−
−1{j6=j5}1{i6=i5}1{j1=j2}1{i1=i2}1{j3=j4}1{i3=i4}−

−1{j6=j5}1{i6=i5}1{j1=j3}1{i1=i3}1{j2=j4}1{i2=i4}

)

,

where

Cj3j2j1 =

τp+1∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

φj1 (x)dxdydz =
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=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
∆3/2C̄j3j2j1 ,

Cj4j3j2j1 =

τp+1∫

τp

φj4 (u)

u∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

φj1 (x)dxdydzdu =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

16
∆2C̄j4j3j2j1 ,

C001
j3j2j1 =

τp+1∫

τp

(τp − z)φj3(z)

z∫

τp

φj2(y)

y∫

τp

φj1(x)dxdydz =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
∆5/2C̄001

j3j2j1 ,

C010
j3j2j1 =

τp+1∫

τp

φj3(z)

z∫

τp

(τp − y)φj2 (y)

y∫

τp

φj1(x)dxdydz =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
∆5/2C̄010

j3j2j1 ,

C100
j3j2j1 =

τp+1∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

(τp − x)φj1 (x)dxdydz =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
∆5/2C̄100

j3j2j1 ,

Cj5j4j3j2j1 =

τp+1∫

τp

φj5 (v)

v∫

τp

φj4 (u)

u∫

τp

φj3 (z)

z∫

τp

φj2 (y)

y∫

τp

φj1(x)dxdydzdudv =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)

32
∆5/2C̄j5j4j3j2j1 ,

C0001
j4j3j2j1 =

τp+1∫

τp

(τp − u)φj4(u)

u∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

φj1 (x)dxdydzdu =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
∆3C̄0001

j4j3j2j1 ,

C0010
j3j2j1 =

τp+1∫

τp

φj4(u)

u∫

τp

(τp − z)φj3(z)

z∫

τp

φj2 (y)

y∫

τp

φj1(x)dxdydzdu =
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=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
∆3C̄0010

j4j3j2j1 ,

C0100
j4j3j2j1 =

τp+1∫

τp

φj4 (u)

u∫

τp

φj3 (z)

z∫

τp

(τp − y)φj2(y)

y∫

τp

φj1 (x)dxdydzdu =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
∆3C̄0100

j3j2j1 ,

C1000
j4j3j2j1 =

τp+1∫

τp

φj4 (u)

u∫

τp

φj3(z)

z∫

τp

φj2(y)

y∫

τp

(τp − x)φj1 (x)dxdydzdu =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
∆3C̄1000

j4j3j2j1 ,

Cj6j5j4j3j2j1 =

τp+1∫

τp

φj6 (w)

w∫

τp

φj5(v)

v∫

τp

φj4(u)

u∫

τp

φj3 (z)

z∫

τp

φj2 (y)

y∫

τp

φj1(x)dxdydzdudvdw =

=

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)(2j6 + 1)

64
∆3C̄j6j5j4j3j2j1 ,

where

C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

C̄j4j3j2j1 =

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

C̄100
j3j2j1 = −

1∫

−1

Pj3(z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)(x + 1)dxdydz,

C̄010
j3j2j1 = −

1∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)(y + 1)

y∫

−1

Pj1(x)dxdydz,

C̄001
j3j2j1 = −

1∫

−1

Pj3(z)(z + 1)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

C̄j5j4j3j2j1 =

1∫

−1

Pj5 (v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydzdudv,

1600
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C̄1000
j4j3j2j1 = −

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1 (x)(x + 1)dxdydzdu,

C̄0100
j4j3j2j1 = −

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)(y + 1)

y∫

−1

Pj1 (x)dxdydzdu,

C̄0010
j4j3j2j1 = −

1∫

−1

Pj4(u)

u∫

−1

Pj3(z)(z + 1)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)dxdydzdu,

C̄0001
j4j3j2j1 = −

1∫

−1

Pj4(u)(u + 1)

u∫

−1

Pj3 (z)

z∫

−1

Pj2(y)

y∫

−1

Pj1 (x)dxdydzdu,

C̄j6j5j4j3j2j1 =

1∫

−1

Pj6(w)

w∫

−1

Pj5(v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)dxdydzdudvdw,

where Pi(x) (i = 0, 1, 2, . . .) is the Legendre polynomial and

φi(x) =

√

2i+ 1

∆
Pi

((

x− τp −
∆

2

)
2

∆

)

, i = 0, 1, 2, . . .

Let us consider the exact relations and some estimates for the mean-square errors of approxima-
tions of iterated Ito stochastic integrals.

Using Theorem 3, we get [18]-[28], [39] (also see [5], [15], [16], [29]-[37], [54]-[56])

M

{(

I
(i1i2)
00τp+1,τp

− I
(i1i2)q
00τp+1,τp

)2
}

=
∆2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

(i1 6= i2),

M

{(

I
(i1i2)
10τp+1,τp

− I
(i1i2)q
10τp+1,τp

)2
}

= M

{(

I
(i1i2)
01τp+1,τp

− I
(i1i2)q
01τp+1,τp

)2
}

=

=
∆4

16

(

5

9
− 2

q
∑

i=2

1

4i2 − 1
−

q
∑

i=1

1

(2i− 1)2(2i+ 3)2
−

q
∑

i=0

(i + 2)2 + (i + 1)2

(2i+ 1)(2i+ 5)(2i+ 3)2

)

(i1 6= i2),

M

{(

I
(i1i1)
10τp+1,τp

− I
(i1i1)q
10τp+1,τp

)2
}

= M

{(

I
(i1i1)
01τp+1,τp

− I
(i1i1)q
01τp+1,τp

)2
}

=

=
∆4

16

(

1

9
−

q
∑

i=0

1

(2i+ 1)(2i+ 5)(2i+ 3)2
− 2

q
∑

i=1

1

(2i− 1)2(2i+ 3)2

)

.

Applying (24), (25)–(28), we obtain
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M

{(

I
(i1i2)
20τp+1,τp

− I
(i1i2)q
20τp+1,τp

)2
}

=
∆6

30
−

q
∑

j1,j2=0

(
C20

j2j1

)2 −
q
∑

j1,j2=0

C20
j2j1C

20
j1j2 (i1 = i2),

M

{(

I
(i1i2)
20τp+1,τp

− I
(i1i2)q
20τp+1,τp

)2
}

=
∆6

30
−

q
∑

j1,j2=0

(
C20

j2j1

)2
(i1 6= i2),

M

{(

I
(i1i2)
11τp+1,τp

− I
(i1i2)q
11τp+1,τp

)2
}

=
∆6

18
−

q
∑

j1,j2=0

(
C11

j2j1

)2 −
q
∑

j1,j2=0

C11
j2j1C

11
j1j2 (i1 = i2),

M

{(

I
(i1i2)
11τp+1,τp

− I
(i1i2)q
11τp+1,τp

)2
}

=
∆6

18
−

q
∑

j1,j2=0

(
C11

j2j1

)2
(i1 6= i2),

M

{(

I
(i1i2)
02τp+1,τp

− I
(i1i2)q
02τp+1,τp

)2
}

=
∆6

6
−

q
∑

j1,j2=0

(
C02

j2j1

)2 −
q
∑

j1,j2=0

C02
j2j1C

02
j1j2 (i1 = i2),

M

{(

I
(i1i2)
02τp+1,τp

− I
(i1i2)q
02τp+1,τp

)2
}

=
∆6

6
−

q
∑

j1,j2=0

(
C02

j2j1

)2
(i1 6= i2),

M

{(

I
(i1i2i3)
000τp+1,τp

− I
(i1i2i3)q
000τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 (i1 6= i2, i1 6= i3, i2 6= i3),

M

{(

I
(i1i2i3)
000τp+1,τp

− I
(i1i2i3)q
000τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3),

M

{(

I
(i1i2i3)
000τp+1,τp

− I
(i1i2i3)q
000τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2),

M

{(

I
(i1i2i3)
000τp+1,τp

− I
(i1i2i3)q
000τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 −

q
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

where

C20
j2j1 =

τp+1∫

τp

φj2(y)

y∫

τp

φj1 (x)(τp − x)2dxdy =

√

(2j1 + 1)(2j2 + 1)

16
∆3C̄20

j2j1 ,

C02
j2j1 =

τp+1∫

τp

φj2(y)(τp − y)2
y∫

τp

φj1(x)dxdy =

√

(2j1 + 1)(2j2 + 1)

16
∆3C̄02

j2j1 ,

1602
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C11
j2j1 =

τp+1∫

τp

φj2 (y)(τp − y)

y∫

τp

φj1(x)(τp − x)dxdy =

√

(2j1 + 1)(2j2 + 1)

16
∆3C̄11

j2j1 ,

C̄20
j2j1 =

1∫

−1

Pj2(y)

y∫

−1

Pj1(x)(x + 1)2dxdy,

C̄02
j2j1 =

1∫

−1

Pj2(y)(y + 1)2
y∫

−1

Pj1(x)dxdy,

C̄11
j2j1 =

1∫

−1

Pj2(y)(y + 1)

y∫

−1

Pj1 (x)(x + 1)dxdy,

where Pi(x) (i = 0, 1, 2, . . .) is the Legendre polynomial and

φi(x) =

√

2i+ 1

∆
Pi

((

x− τp −
∆

2

)
2

∆

)

, i = 0, 1, 2, . . .

At the same time using the estimate (22) for i1, . . . , i6 = 1, . . . ,m, we get

M

{(

I
(i1i2)
01τp+1,τp

− I
(i1i2)q
01τp+1,τp

)2
}

≤ 2

(

∆4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2

)

,

M

{(

I
(i1i2)
10τp+1,τp

− I
(i1i2)q
10τp+1,τp

)2
}

≤ 2

(

∆4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2

)

,

M

{(

I
(i1i2i3)
000τp+1,τp

− I
(i1i2i3)q
000τp+1,τp

)2
}

≤ 6

(

∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1

)

,

M

{(

I
(i1i2i3i4)
0000τp+1,τp

− I
(i1i2i3i4)q
0000τp+1,τp

)2
}

≤ 24

(

∆4

24
−

q
∑

j1,j2,j3,j4=0

C2
j4j3j2j1

)

,

M

{(

I
(i1i2i3)
100τp+1,τp

− I
(i1i2i3)q
100τp+1,τp

)2
}

≤ 6

(

∆5

60
−

q
∑

j1,j2,j3=0

(
C100

j3j2j1

)2

)

,

M

{(

I
(i1i2i3)
010τp+1,τp

− I
(i1i2i3)q
010τp+1,τp

)2
}

≤ 6

(

∆5

20
−

q
∑

j1,j2,j3=0

(
C010

j3j2j1

)2

)

,

M

{(

I
(i1i2i3)
001τp+1,τp

− I
(i1i2i3)q
001τp+1,τp

)2
}

≤ 6

(

∆5

10
−

q
∑

j1,j2,j3=0

(
C001

j3j2j1

)2

)

,
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M

{(

I
(i1i2i3i4i5)
00000τp+1,τp

− I
(i1i2i3i4i5)q
00000τp+1,τp

)2
}

≤ 120




∆5

120
−

q
∑

j1,j2,j3,j4,j5=0

C2
j5i4i3i2j1



 ,

M

{(

I
(i1i2)
20τp+1,τp

− I
(i1i2)q
20τp+1,τp

)2
}

≤ 2

(

∆6

30
−

q
∑

j2,j1=0

(
C20

j2j1

)2

)

,

M

{(

I
(i1i2)
11τp+1,τp

− I
(i1i2)q
11τp+1,τp

)2
}

≤ 2

(

∆6

18
−

q
∑

j2,j1=0

(
C11

j2j1

)2

)

,

M

{(

I
(i1i2)
02τp+1,τp

− I
(i1i2)q
02τp+1,τp

)2
}

≤ 2

(

∆6

6
−

q
∑

j2,j1=0

(
C02

j2j1

)2

)

,

M

{(

I
(i1i2i3i4)
1000τp+1,τp

− I
(i1i2i3i4)q
1000τp+1,τp

)2
}

≤ 24

(

∆6

360
−

q
∑

j1,j2,j3,j4=0

(
C1000

j4j3j2j1

)2

)

,

M

{(

I
(i1i2i3i4)
0100τp+1,τp

− I
(i1i2i3i4)q
0100τp+1,τp

)2
}

≤ 24

(

∆6

120
−

q
∑

j1,j2,j3,j4=0

(
C0100

j4j3j2j1

)2

)

,

M

{(

I
(i1i2i3i4)
0010τp+1,τp

− I
(i1i2i3i4)q
0010τp+1,τp

)2
}

≤ 24

(

∆6

60
−

q
∑

j1,j2,j3,j4=0

(
C0010

j4j3j2j1

)2

)

,

M

{(

I
(i1i2i3i4)
0001τp+1,τp

− I
(i1i2i3i4)q
0001τp+1,τp

)2
}

≤ 24

(

∆6

36
−

q
∑

j1,j2,j3,j4=0

(
C0001

j4j3j2j1

)2

)

,

M

{(

I
(i1i2i3i4i5i6)
000000τp+1,τp

− I
(i1i2i3i4i5i6)q
000000τp+1,τp

)2
}

≤ 720




∆6

720
−

q
∑

j1,j2,j3,j4,j5,j6=0

C2
j6j5j4j3j2j1



 .

The Fourier–Legendre coefficients

C̄j3j2j1 , C̄j4j3j2j1 , C̄
001
j3j2j1 , C̄

010
j3j2j1 , C̄

100
j3j2j1 , C̄j5j4j3j2j1 , C̄

0001
j4j3j2j1 ,

C̄0010
j4j3j2j1 , C̄

0100
j4j3j2j1 , C̄

1000
j4j3j2j1 , C̄j6j5j4j3j2j1

can be calculated exactly before start of the numerical method (4) using DERIVE or MAPLE (com-
puter algebra systems). In [5], [18]-[28], [40], [54]-[56] several tables with these coefficients can be
found. Note that the mentioned Fourier–Legendre coefficients are independent of the integration step
τp+1 − τp of the numerical scheme, which can be not a constant in a general case.

Note that in [57], [60] the database with 270,000 exactly calculated Fourier–Legendre coefficients
was described. This database was used in the software package [57], [60], which is written in the
Python programming language for the implementation of explicit one-step numerical schemes with
strong orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 of convergence for Ito SDEs. The optimization of the mean-
square approximation procedures for iterated Ito stochastic integrals from these numerical schemes
can be found in [59].
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On the basis of the presented approximations of iterated Ito stochastic integrals we can see that
increasing of multiplicities of these integrals leads to increasing of orders of smallness with respect to
τp+1−τp (τp+1−τp ≪ 1) in the mean-square sense for iterated Ito stochastic integrals. This leads to a
sharp decrease of member quantities in the approximations of iterated Ito stochastic integrals (see the
number q in Theorem 3), which are required for achieving the acceptable accuracy of approximation.

4. Explicit One-Step Strong Numerical Schemes of Orders 2.0, 2.5, and 3.0 Based on

the Unified Taylor–Stratonovich expansion

Consider the following explicit one-step strong numerical scheme of order 3.0 based on the so-called
unified Taylor–Stratonovich expansion [9] (also see [5], [18]-[28], [54]-[56])

yp+1 = yp +
m∑

i1=1

Σi1 Î
∗(i1)
0τp+1,τp

+∆ā+
m∑

i1,i2=1

G
(i2)
0 Σi1 Î

∗(i2i1)
00τp+1,τp

+

+
m∑

i1=1

[

G
(i1)
0 ā

(

∆Î
∗(i1)
0τp+1,τp

+ Î
∗(i1)
1τp+1,τp

)

− L̄Σi1 Î
∗(i1)
1τp+1,τp

]

+

+

m∑

i1,i2,i3=1

G
(i3)
0 G

(i2)
0 Σi1 Î

∗(i3i2i1)
000τp+1,τp

+
∆2

2
L̄ā+

+

m∑

i1,i2=1

[

G
(i2)
0 L̄Σi1

(

Î
∗(i2i1)
10τp+1,τp

− Î
∗(i2i1)
01τp+1,τp

)

− L̄G
(i2)
0 Σi1 Î

∗(i2i1)
10τp+1,τp

+

+G
(i2)
0 G

(i1)
0 ā

(

Î
∗(i2i1)
01τp+1,τp

+∆Î
∗(i2i1)
00τp+1,τp

)]

+

(33) +

m∑

i1,i2,i3,i4=1

G
(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 Î

∗(i4i3i2i1)
0000τp+1,τp

+ qp+1,p + rp+1,p,

qp+1,p =

m∑

i1=1

[

G
(i1)
0 L̄ā

(
1

2
Î
∗(i1)
2τp+1,τp

+∆Î
∗(i1)
1τp+1,τp

+
∆2

2
Î
∗(i1)
0τp+1,τp

)

+

+
1

2
L̄L̄Σi1 Î

∗(i1)
2τp+1,τp

− L̄G
(i1)
0 ā

(

Î
∗(i1)
2τp+1,τp

+∆Î
∗(i1)
1τp+1,τp

)
]

+

+
m∑

i1,i2,i3=1

[

G
(i3)
0 L̄G

(i2)
0 Σi1

(

Î
∗(i3i2i1)
100τp+1,τp

− Î
∗(i3i2i1)
010τp+1,τp

)

+

+G
(i3)
0 G

(i2)
0 L̄Σi1

(

Î
∗(i3i2i1)
010τp+1,τp

− Î
∗(i3i2i1)
001τp+1,τp

)

+

+G
(i3)
0 G

(i2)
0 G

(i1)
0 ā

(

∆Î
∗(i3i2i1)
000τp+1,τp

+ Î
∗(i3i2i1)
001τp+1,τp

)

−
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−L̄G(i3)
0 G

(i2)
0 Σi1 Î

∗(i3i2i1)
100τp+1,τp

]

+

+

m∑

i1,i2,i3,i4,i5=1

G
(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 Î

∗(i5i4i3i2i1)
00000τp+1,τp

+

+
∆3

6
L̄L̄ā,

rp+1,p =

m∑

i1,i2=1

[

G
(i2)
0 G

(i1)
0 L̄ā

(

1

2
Î
∗(i2i1)
02τp+1,τp

+∆Î
∗(i2i1)
01τp+1,τp

+
∆2

2
Î
∗(i2i1)
00τp+1,τp

)

+

+
1

2
L̄L̄G

(i2)
0 Σi1 Î

∗(i2i1)
20τp+1,τp

+G
(i2)
0 L̄G

(i1)
0 ā

(

Î
∗(i2i1)
11τp+1,τp

− Î
∗(i2i1)
02τp+1,τp

+∆
(

Î
∗(i2i1)
10τp+1,τp

− Î
∗(i2i1)
01τp+1,τp

))

+

+L̄G
(i2)
0 L̄Σi1

(

Î
∗(i2i1)
11τp+1,τp

− Î
∗(i2i1)
20τp+1,τp

)

+

+G
(i2)
0 L̄L̄Σi1

(

1

2
Î
∗(i2i1)
02τp+1,τp

+
1

2
Î
∗(i2i1)
20τp+1,τp

− Î
∗(i2i1)
11τp+1,τp

)

−

−L̄G(i2)
0 G

(i1)
0 ā

(

∆Î
∗(i2i1)
10τp+1,τp

+ Î
∗(i2i1)
11τp+1,τp

)
]

+

+

m∑

i1,i2,i3,i4=1

[

G
(i4)
0 G

(i3)
0 G

(i2)
0 G

(i1)
0 ā

(

∆Î
∗(i4i3i2i1)
0000τp+1,τp

+ Î
∗(i4i3i2i1)
0001τp+1,τp

)

+

+G
(i4)
0 G

(i3)
0 L̄G

(i2)
0 Σi1

(

Î
∗(i4i3i2i1)
0100τp+1,τp

− Î
∗(i4i3i2i1)
0010τp+1,τp

)

−

−L̄G(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 Î

∗(i4i3i2i1)
1000τp+1,τp

+

+G
(i4)
0 L̄G

(i3)
0 G

(i2)
0 Σi1

(

Î
∗(i4i3i2i1)
1000τp+1,τp

− Î
∗(i4i3i2i1)
0100τp+1,τp

)

+

+G
(i4)
0 G

(i3)
0 G

(i2)
0 L̄Σi1

(

Î
∗(i4i3i2i1)
0010τp+1,τp

− Î
∗(i4i3i2i1)
0001τp+1,τp

)
]

+

+

m∑

i1,i2,i3,i4,i5,i6=1

G
(i6)
0 G

(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 Î

∗(i6i5i4i3i2i1)
000000τp+1,τp

,
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where ∆ = T̄ /N (N > 1) is a constant (for simplicity) step of integration, τp = p∆ (p = 0, 1, . . . , N),

Î
∗(i1...ik)
l1...lk s,t

is an approximation of the iterated Stratonovich stochastic integral

(34) I
∗(i1...ik)
l1...lk s,t

=

∗∫

t

s

(t− τk)
lk . . .

∗∫

t

τ2

(t− τ1)
l1df (i1)τ1 . . . df (ik)τk ,

ā(x, t) = a(x, t) − 1

2

m∑

j=1

G
(j)
0 Σj(x, t),

L̄ = L− 1

2

m∑

j=1

G
(j)
0 G

(j)
0 =

∂

∂t
+

n∑

j=1

ā(j)(x, t)
∂

∂x(j)
,

L =
∂

∂t
+

n∑

i=1

ai(x, t)
∂

∂xi
+

1

2

m∑

j=1

n∑

l,i=1

Σlj(x, t)Σij(x, t)
∂2

∂xl∂xi
,

G
(i)
0 =

n∑

j=1

Σji(x, t)
∂

∂xj
, i = 1, . . . ,m,

l1, . . . , lk = 0, 1, 2 . . . , i1, . . . , ik = 1, . . . ,m, k = 1, 2, . . ., Σi is the ith column of the matrix function
Σ and Σij is the ijth component of the matrix function Σ, ai is the ith component of the vector
function a and xi is the ith component of the column x, the columns

Σi1 , ā, G
(i2)
0 Σi1 , G

(i1)
0 ā, L̄Σi1 , G

(i3)
0 G

(i2)
0 Σi1 , L̄ā, G

(i2)
0 L̄Σi1 , L̄G

(i2)
0 Σi1 , G

(i2)
0 G

(i1)
0 ā,

G
(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 , G

(i1)
0 L̄ā, L̄L̄Σi1 , L̄G

(i1)
0 ā, G

(i3)
0 L̄G

(i2)
0 Σi1 , G

(i3)
0 G

(i2)
0 L̄Σi1 , G

(i3)
0 G

(i2)
0 G

(i1)
0 ā,

L̄G
(i3)
0 G

(i2)
0 Σi1 , G

(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 , L̄L̄ā, G

(i2)
0 G

(i1)
0 L̄ā, L̄L̄G

(i2)
0 Σi1 , G

(i2)
0 L̄G

(i1)
0 ā, L̄G

(i2)
0 L̄Σi1 ,

G
(i2)
0 L̄L̄Σi1 , L̄G

(i2)
0 G

(i1)
0 ā, G

(i4)
0 G

(i3)
0 G

(i2)
0 G

(i1)
0 ā, G

(i4)
0 G

(i3)
0 L̄G

(i2)
0 Σi1 , L̄G

(i4)
0 G

(i3)
0 G

(i2)
0 Σi1 ,

G
(i4)
0 L̄G

(i3)
0 G

(i2)
0 Σi1 , G

(i4)
0 G

(i3)
0 G

(i2)
0 L̄Σi1 , G

(i6)
0 G

(i5)
0 G

(i4)
0 G

(i3)
0 G

(i2)
0 Σi1

are calculated at the point (yp, p).
It is well known [2] that under the standard conditions the numerical scheme (33) has strong order

of convergence 3.0. Among these conditions we consider only the condition for approximations of
iterated Stratonovich stochastic integrals from the numerical scheme (33) [2], [5]

M







(

I
∗(i1...ik)
l1...lkτp+1,τp

− Î
∗(i1...ik)
l1...lkτp+1,τp

)2





≤ C∆7,

where Î
∗(i1...ik)
l1...lk τp+1,τp

is an approximation of I
∗(i1...ik)
l1...lk τp+1,τp

, constant C does not depend on ∆.

Note that if we exclude qp+1,p + rp+1,p from the right-hand side of (33), then we will have the
explicit one-step strong numerical scheme of order 2.0. The right-hand side of (33) but without the
value rp+1,p and with replacing the value ∆3L̄L̄ā/6 by the value ∆3LLa/6 define the explicit one-step
strong numerical scheme of order 2.5.

Note that the truncated unified Taylor–Stratonovich expansion [9] (also see [5], [18]-[28], [54]-[56])
contains the less number of various types of iterated Stratonovich stochastic integrals (moreover,
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their major part will have less multiplicities) in comparison with the classical Taylor–Stratonovich
expansion [2], [7].

Furthermore, some iterated stochastic integrals from the Taylor–Stratonovich expansion [2], [7]
are connected by linear relations. However, the iterated stochastic integrals from the unified Taylor–
Stratonovich expansion [9] (also see [5], [18]-[28], [54]-[56]) cannot be connected by linear relations.
Therefore, we call these families of stochastic integrals as the stochastic bases [5], [18]-[28], [54]-[56].
Note that (33) contains 20 different types of iterated Stratonovich stochastic integrals. At the same
time, the analogue of (33) based on the classical Taylor–Stratonovich expansion [2], [7] contains 29
different types of iterated stochastic integrals.

5. Fourier–Legendre Expansions of Iterated Stratonovich Stochastic Integrals of

Multiplicities 1 to 6

As noted above, in a number of works of the author Theorems 1, 2 have been adapted for the
iterated Stratonovich stochastic integrals (3) of multiplicities 1 to 6 (the case of multiplicity 1 is given
by (12)). Let us first present some old results.

Theorem 4 [18]-[20], [25]-[28], [41], [47], [54]-[56]. Assume that the following conditions are fulfilled:
1. The function ψ2(τ) is continuously differentiable at the interval [t, T ] and the function ψ1(τ) is

two times continuously differentiable at the interval [t, T ].
2. {φj(x)}∞j=0 is a complete orthonormal system of Legendre polynomials or system of trigonomet-

ric functions in the space L2([t, T ]).
Then, the iterated Stratonovich stochastic integral of multiplicity 2

J∗[ψ(2)]T,t =

∗∫

t

T

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 (i1, i2 = 1, . . . ,m)

is expanded into the converging in the mean-square sense multiple series

J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

,

where the meaning of notations introduced in the formulation of Theorem 1 is remained.

Proving the theorem 4 [18]-[20], [25]-[28], [41], [47], [54]-[56] we used Theorem 1 and double inte-
gration by parts. This procedure leads to the condition of double continuous differentiability of the
function ψ1(τ) at the interval [t, T ]. The mentioned condition can be weakened [17], [35], [42], [49],
[54]-[56] and Theorem 4 will be valid for continuously differentiable functions ψl(τ) (l = 1, 2) at the
interval [t, T ].

Theorem 5 [18]-[20], [25]-[28], [41], [47], [54]-[56]. Assume, that {φj(x)}∞j=0 is a complete ortho-

normal system of Legendre polynomials or trigonomertic functions in the space L2([t, T ]). Further-

more, the function ψ2(τ) is continuously differentiable at the interval [t, T ] and the functions ψ1(τ),
ψ3(τ) are twice continuously differentiable at the interval [t, T ]. Then, for the iterated Stratonovich

stochastic integral of multiplicity 3

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)df
(i1)
t1 df

(i2)
t2 df

(i3)
t3 (i1, i2, i3 = 1, . . . ,m)
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the following expansion

(35) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

converging in the mean-square sense is valid, where

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2(t2)

t2∫

t

ψ1(t1)φj1(t1)dt1dt2dt3;

another notations are the same as in Theorems 1, 2.

Theorem 6 [18]–[20], [25]-[28], [41], [43], [54]-[56]. Assume that {φj(x)}∞j=0 is a complete ortho-

normal system of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for

the iterated Stratonovich stochastic integral of multiplicity 4

I
∗(i1i2i3i4)
T,t =

∗∫

t

T ∗∫

t

t4 ∗∫

t

t3 ∗∫

t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 ,

where i1, i2, i3, i4 = 0, 1, . . . ,m, the following expansion

I
∗(i1i2i3i4)
T,t = l.i.m.

p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

converging in the mean-square sense is valid, where

Cj4j3j2j1 =

T∫

t

φj4(t4)

t4∫

t

φj3(t3)

t3∫

t

φj2(t2)

t2∫

t

φj1(t1)dt1dt2dt3dt4;

w
(i)
τ = f

(i)
τ (i = 1, . . . ,m) are independent standard Wiener processes and w

(0)
τ = τ ; another notations

are the same as in Theorems 1, 2.

Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich
stochastic integrals has been obtained [54] (Sect. 2.10–2.16), [41] (Sect. 13–19), [43] (Sect. 5–11), [44]
(Sect. 7–13), [71] (Sections 4–9). Let us formulate four theorems that were obtained using this
approach.

Theorem 7 [41], [43], [44], [54], [71]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations
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(36) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(37) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (36) and i1, i2, i3 = 1, . . . ,m in (37), constant C is

independent of p,

Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 1, 2.

Theorem 8 [41], [43], [44], [54], [71]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

(38) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(39) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(40) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (38), (39) and i1, . . . , i4 = 1, . . . ,m in (40), constant C
does not depend on p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),
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Cj4j3j2j1 =

=

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 7.

Theorem 9 [41], [43], [44], [54], [71]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity

(41) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5

the following relations

(42) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(43) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (41), (42) and i1, . . . , i5 = 1, . . . ,m in (43), constant C
is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 7, 8.

Theorem 10 [41], [43], [44], [54]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

(44) I
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion
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I
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;

another notations are the same as in Theorems 7–9.

On the base of Theorems 4–10 the folloing hypothesis was formulated in [18]-[20], [25]-[28], [44],
[54]-[56].

Hypothesis 1 [18]-[20], [25]-[28], [44], [54]-[56]. Assume that {φj(x)}∞j=0 is a complete orthonor-

mal system of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Moreover,

every ψl(τ) (l = 1, . . . , k) is an enough smooth nonrandom function on [t, T ]. Then, for the iterated

Stratonovich stochastic integral J∗[ψ(k)]T,t defined by (3) the following expansion

(45) J∗[ψ(k)]T,t = l.i.m.
p→∞

p
∑

j1,...jk=0

Cjk ...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

converging in the mean-square sense is valid, where the notations are the same as in Theorems 1, 2.

Hypothesis 1 allows to approximate the iterated Stratonovich stochastic integral J∗[ψ(k)]T,t by the
sum

J∗[ψ(k)]pT,t =

p
∑

j1,...jk=0

Cjk...j1

k∏

l=1

ζ
(il)
jl

,

where

lim
p→∞

M







(

J∗[ψ(k)]T,t − J∗[ψ(k)]pT,t

)2





= 0.

Note that Hypothesis 1 is proved in [54] (Sect. 2.10) under the condition of convergence of trace
series (also see [41], [43], [44]). In [44], [54]-[56] a more general hypothesis is formulated.

Applying Theorems 4–10, we obtain the following approximations of iterated Stratonovich sto-
chastic integrals from (33)

I
∗(i1)
0τp+1,τp

=
√
∆ζ

(i1)
0 ,

I
∗(i1i2)q
00τp+1,τp

=
∆

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)
)

,

I
∗(i1)
1τp+1,τp

= −∆3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,
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I
∗(i1i2i3)q
000τp+1,τp

=

q
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
∗(i1i2)q
01τp+1,τp

= −∆

2
I
∗(i1i2)q
00τp+1,τp

− ∆2

4

[

1√
3
ζ
(i1)
0 ζ

(i2)
1 +

+

q
∑

i=0

(

(i + 2)ζ
(i1)
i ζ

(i2)
i+2 − (i+ 1)ζ

(i1)
i+2 ζ

(i2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

)]

,

I
∗(i1i2)q
10τp+1,τp

= −∆

2
I
∗(i1i2)q
00τp+1,τp

− ∆2

4

[

1√
3
ζ
(i2)
0 ζ

(i1)
1 +

+

q
∑

i=0

(

(i + 1)ζ
(i2)
i+2 ζ

(i1)
i − (i+ 2)ζ

(i2)
i ζ

(i1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(i1)
i ζ

(i2)
i

(2i− 1)(2i+ 3)

)]

,

I
∗(i1i2i3i4)q
0000τp+1,τp

=

q
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1)
2τp+1,τp

=
∆5/2

3

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,

I
∗(i1i2i3)q
100τp+1,τp

=

q
∑

j1,j2,j3=0

C100
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
∗(i1i2i3)q
010τp+1,τp

=

q
∑

j1,j2,j3=0

C010
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
∗(i1i2i3)q
001τp+1,τp

=

q
∑

j1,j2,j3=0

C001
j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

I
∗(i1i2i3i4i5)q
00000τp+1,τp

=

q
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

,

I
∗(i1i2)q
02τp+1,τp

= −∆2

4
I
∗(i1i2)q
00τp+1,τp

−∆I
∗(i1i2)q
01τp+1,τp

+
∆3

8

[

2

3
√
5
ζ
(i2)
2 ζ

(i1)
0 +
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+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=0

(

(i+ 2)(i+ 3)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 1)(i+ 2)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + i− 3)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + 3i− 1)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

,

I
∗(i1i2)q
20τp+1,τp

= −∆2

4
I
∗(i1i2)q
00τp+1,τp

−∆I
∗(i1i2)q
10τp+1,τp

+
∆3

8

[

2

3
√
5
ζ
(i2)
0 ζ

(i1)
2 +

+
1

3
ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=0

(

(i+ 1)(i+ 2)ζ
(i2)
i+3 ζ

(i1)
i − (i+ 2)(i+ 3)ζ

(i2)
i ζ

(i1)
i+3

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i2 + 3i− 1)ζ

(i2)
i+1 ζ

(i1)
i − (i2 + i− 3)ζ

(i2)
i ζ

(i1)
i+1

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

,

I
∗(i1i2)q
11τp+1,τp

= −∆2

4
I
∗(i1i2)q
00τp+1,τp

− ∆

2

(

I
∗(i1i2)q
10τp+1,τp

+ I
∗(i1i2)q
01τp+1,τp

)

+
∆3

8

[

1

3
ζ
(i1)
1 ζ

(i2)
1 +

+

q
∑

i=0

(
(i + 1)(i+ 3)

(

ζ
(i2)
i+3 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+3

)

√

(2i+ 1)(2i+ 7)(2i+ 3)(2i+ 5)
+

+
(i+ 1)2

(

ζ
(i2)
i+1 ζ

(i1)
i − ζ

(i2)
i ζ

(i1)
i+1

)

√

(2i+ 1)(2i+ 3)(2i− 1)(2i+ 5)

)]

,

I
∗(i1i2i3)q
0001τp+1,τp

=

q
∑

j1,j2,j3,j4=0

C0001
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1i2i3)q
0010τp+1,τp

=

q
∑

j1,j2,j3,j4=0

C0010
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1i2i3)q
0100τp+1,τp

=

q
∑

j1,j2,j3,j4=0

C0100
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1i2i3)q
1000τp+1,τp

=

q
∑

j1,j2,j3,j4=0

C1000
j4j3j2j1ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

I
∗(i1i2i3i4i5i6)q
000000τp+1,τp

=

q
∑

j1,j2,j3,j4,j5,j6=0

Cj5j4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i5)
j5

,
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where formulas for the Fourier–Legendre coefficients

Cj3j2j1 , Cj4j3j2j1 , C
001
j3j2j1 , C

010
j3j2j1 , C

100
j3j2j1 , Cj5j4j3j2j1 , C

0001
j4j3j2j1 , C

0010
j4j3j2j1 ,

C0100
j4j3j2j1 , C

1000
j4j3j2j1 , Cj6j5j4j3j2j1

can be found in Sect. 3.
On the basis of the presented approximations of iterated Stratonovich stochastic integrals we can

see that increasing of multiplicities of these integrals leads to increasing of orders of smallness with
respect to τp+1 − τp (τp+1 − τp ≪ 1) in the mean-square sense for iterated Stratonovich stochastic
integrals. This leads to a sharp decrease of member quantities in the approximations of iterated
Stratonovich stochastic integrals (see the numbers q in the approximations of iterated Stratonovich
stochastic integrals from this section), which are required for achieving the acceptable accuracy of
approximation.

From (29) (i1 6= i2) we have

M

{(

I
∗(i1i2)
00τp+1,τp

− I
∗(i1i2)q
00τp+1,τp

)2
}

=
∆2

2

∞∑

i=q+1

1

4i2 − 1
≤

(46) ≤ ∆2

2

∞∫

q

1

4x2 − 1
dx = −∆2

8
ln

∣
∣
∣
∣
1− 2

2q + 1

∣
∣
∣
∣
≤ C1

∆2

q
,

where C1 is a constant.
Since the value ∆ = τp+1 − τp plays the role of integration step in the numerical scheme (33), then

this value is a sufficiently small.
Keeping in mind this circumstance, it is easy to notice that there exists such a constant C2 that

(47) M

{(

I
∗(i1...ik)
l1...lk τp+1,τp

− I
∗(i1...ik)q
l1...lk τp+1,τp

)2
}

≤ C2M

{(

I
∗(i1i2)
00τp+1,τp

− I
∗(i1i2)q
00τp+1,τp

)2
}

,

where I
∗(i1...ik)q
l1...lk τp+1,τp

is an approximation of the iterated Stratonovich stochastic integral I
∗(i1...ik)
l1...lk τp+1,τp

.

From (46) and (47) we finally obtain

(48) M

{(

I
∗(i1...ik)
l1...lk τp+1,τp

− I
∗(i1...ik)q
l1...lk τp+1,τp

)2
}

≤ C
∆2

q
,

where constant C does not depend on ∆.
The same idea can be found in [2] for the case of trigonometric functions. Note that, in contrast

to the estimate (48), the constant C in Theorems 7–9 does not depend on q.
Since

J∗[ψ(k)]T,t = J [ψ(k)]T,t w. p. 1

for pairwise different i1, . . . , ik = 1, . . . ,m, then we can write for pairwise different i1, . . . , i6 =
1, . . . ,m (see (24))

M

{(

I
∗(i1i2)
01τp+1,τp

− I
∗(i1i2)q
01τp+1,τp

)2
}

=
∆4

4
−

q
∑

j1,j2=0

(
C01

j2j1

)2
,
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M

{(

I
∗(i1i2)
10τp+1,τp

− I
∗(i1i2)q
10τp+1,τp

)2
}

=
∆4

12
−

q
∑

j1,j2=0

(
C10

j2j1

)2
,

M

{(

I
∗(i1i2i3)
000τp+1,τp

− I
∗(i1i2i3)q
000τp+1,τp

)2
}

=
∆3

6
−

q
∑

j3,j2,j1=0

C2
j3j2j1 ,

M

{(

I
∗(i1i2i3i4)
0000τp+1,τp

− I
∗(i1i2i3i4)q
0000τp+1,τp

)2
}

=
∆4

24
−

q
∑

j1,j2,j3,j4=0

C2
j4j3j2j1 ,

M

{(

I
∗(i1i2i3)
100τp+1,τp

− I
∗(i1i2i3)q
100τp+1,τp

)2
}

=
∆5

60
−

q
∑

j1,j2,j3=0

(
C100

j3j2j1

)2
,

M

{(

I
∗(i1i2i3)
010τp+1,τp

− I
∗(i1i2i3)q
010τp+1,τp

)2
}

=
∆5

20
−

q
∑

j1,j2,j3=0

(
C010

j3j2j1

)2
,

M

{(

I
∗(i1i2i3)
001τp+1,τp

− I
∗(i1i2i3)q
001τp+1,τp

)2
}

=
∆5

10
−

q
∑

j1,j2,j3=0

(
C001

j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4i5)
00000τp+1,τp

− I
∗(i1i2i3i4i5)q
00000τp+1,τp

)2
}

=
∆5

120
−

q
∑

j1,j2,j3,j4,j5=0

C2
j5i4i3i2j1 ,

M

{(

I
∗(i1i2)
20τp+1,τp

− I
∗(i1i2)q
20τp+1,τp

)2
}

=
∆6

30
−

q
∑

j2,j1=0

(
C20

j2j1

)2
,

M

{(

I
∗(i1i2)
11τp+1,τp

− I
∗(i1i2)q
11τp+1,τp

)2
}

=
∆6

18
−

q
∑

j2,j1=0

(
C11

j2j1

)2
,

M

{(

I
∗(i1i2)
02τp+1,τp

− I
∗(i1i2)q
02τp+1,τp

)2
}

=
∆6

6
−

q
∑

j2,j1=0

(
C02

j2j1

)2
,

M

{(

I
∗(i1i2i3i4)
1000τp+1,τp

− I
∗(i1i2i3i4)q
1000τp+1,τp

)2
}

=
∆6

360
−

q
∑

j1,j2,j3,j4=0

(
C1000

j4j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4)
0100τp+1,τp

− I
∗(i1i2i3i4)q
0100τp+1,τp

)2
}

=
∆6

120
−

q
∑

j1,j2,j3,j4=0

(
C0100

j4j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4)
0010τp+1,τp

− I
∗(i1i2i3i4)q
0010τp+1,τp

)2
}

=
∆6

60
−

q
∑

j1,j2,j3,j4=0

(
C0010

j4j3j2j1

)2
,

M

{(

I
∗(i1i2i3i4)
0001τp+1,τp

− I
∗(i1i2i3i4)q
0001τp+1,τp

)2
}

=
∆6

36
−

q
∑

j1,j2,j3,j4=0

(
C0001

j4j3j2j1

)2
,
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M

{(

I
∗(i1i2i3i4i5i6)
000000τp+1,τp

− I
∗(i1i2i3i4i5i6)q
000000τp+1,τp

)2
}

=
∆6

720
−

q
∑

j1,j2,j3,j4,j5,j6=0

C2
j6j5j4j3j2j1 .

For example [5] (also see [18]-[28], [54]-[56])

M

{(

I
∗(i1i2i3)
000τp+1

,τp
− I

∗(i1i2i3)6
000τp+1

,τp

)2
}

=
∆3

6
−

6∑

j3,j2,j1=0

C2
j3j2j1 ≈ 0.01956000∆3,

M

{(

I
∗(i1i2i3)
100τp+1,τp

− I
∗(i1i2i3)2
100τp+1,τp

)2
}

=
∆5

60
−

2∑

j1,j2,j3=0

(
C100

j3j2j1

)2 ≈ 0.00815429∆5,

M

{(

I
∗(i1i2i3)
010τp+1,τp

− I
∗(i1i2i3)2
010τp+1,τp

)2
}

=
∆5

20
−

2∑

j1,j2,j3=0

(
C010

j3j2j1

)2 ≈ 0.01739030∆5,

M

{(

I
∗(i1i2i3)
001τp+1,τp

− I
∗(i1i2i3)2
001τp+1,τp

)2
}

=
∆5

10
−

2∑

j1,j2,j3=0

(
C001

j3j2j1

)2 ≈ 0.02528010∆5,

M

{(

I
∗(i1i2i3i4)
0000τp+1,τp

− I
∗(i1i2i3i4)2
0000τp+1,τp

)2
}

=
∆4

24
−

2∑

j1,j2,j3,j4=0

C2
j4j3j2j1 ≈ 0.02360840∆4,

M

{(

I
∗(i1i2i3i4i5)
00000τp+1,τp

− I
∗(i1i2i3i4i5)1
00000τp+1,τp

)2
}

=
∆5

120
−

1∑

j1,j2,j3,j4,j5=0

C2
j5i4i3i2j1 ≈ 0.00759105∆5.

The theory presented in this article was realized [57], [60] in the form of a software package in the
Python programming language. The mentioned software package implements the strong numerical
methods with convergence orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 for Ito SDEs with multidimensional
non-commutative noise based on the unified Taylor–Ito and Taylor–Stratonovich expansions. At that
for the numerical simulation of iterated Ito and Stratonovich stochastic integrals of multiplicities 1
to 6 we applied the formulas based on multiple Fourier–Legendre series [57], [60]. Moreover, we used
[57], [60] the database with 270,000 exactly calculated Fourier–Legendre coefficients.
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[54] Kuznetsov D.F. Strong approximation of iterated Itô and Stratonovich stochastic integrals based on generalized
multiple Fourier series. Application to numerical solution of Itô SDEs and semilinear SPDEs. arXiv:2003.14184
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APPLICATION OF THE METHOD OF APPROXIMATION OF ITERATED ITÔ

STOCHASTIC INTEGRALS BASED ON GENERALIZED MULTIPLE FOURIER

SERIES TO THE HIGH-ORDER STRONG NUMERICAL METHODS FOR

NON-COMMUTATIVE SEMILINEAR STOCHASTIC PARTIAL DIFFERENTIAL

EQUATIONS

DMITRIY F. KUZNETSOV

Abstract. We consider a method for the approximation of iterated stochastic integrals of
arbitrary multiplicity k (k ∈ N) with respect to the infinite-dimensional Q-Wiener process
using the mean-square approximation method of iterated Itô stochastic integrals with respect
to the scalar standard Wiener processes based on generalized multiple Fourier series. The
case of multiple Fourier–Legendre series is considered in details. The results of the article
can be applied to construction of high-order strong numerical methods (with respect to
the temporal discretization) for the approximation of mild solution for non-commutative
semilinear stochastic partial differential equations with multiplicative trace class noise.

1. Introduction

There exists a lot of publications on the subject of numerical integration of stochastic partial
differential equations (SPDEs) (see, for example, [1]-[25]). One of the perspective approaches to the
construction of high-order strong numerical methods (with respect to the temporal discretization) for
SPDEs is based on the Taylor formula in Banach spaces and exponential formula for the mild solution
of SPDEs [12] (2015), [13] (2016). As shown in [12] (2015) and [17] (2007) the exponential Milstein
type approximation method has the strong order of convergence 1.0 − ε (where ε is an arbitrary
small posilive real number) [12] or 1.0 [17]. In [13] the exponential Wagner–Platen type numerical
method for SPDEs with strong order 1.5 − ε (where ε is an arbitrary small posilive real number)
has been considered. An important feature of these numerical methods is a presence in them of the
so-called iterated stochastic integrals with respect to the infinite-dimensional Q-Wiener process [19].
Approximation of these stochastic integrals is a complex problem. This problem can be significantly
simplified if special commutativity conditions be fulfilled [12], [13]. In [25] (2019) two methods of
the mean-square approximation of simplest iterated (double) stochastic integrals with respect to
the infinite-dimensional Q-Wiener process are considered and theorems on the convergence of these
methods are given (the basic idea about Karhunen–Loeve expansion of the Brownian bridge process
was taken from monograph [26] (1988, In Russian)). It is important to note that the approximation
of iterated stochastic integrals with respect to the infinite-dimensional Q-Wiener process can be
reduced to the approximation of iterated Itô stochastic integrals with respect to the scalar standard
Wiener processes. In a lot of author’s publications [27]-[65] the effective methods for the mean-square
approximation of iterated Itô and Stratonovich stochastic integrals with respect to the scalar standard
Wiener processes were proposed and developed. One of these methods [30] (also see [31]-[65]) is based
on generalized multiple Fourier series, in particular, on multiple Fourier–Legendre series. The purpose
of this article is an adaptation of the method [30]-[65] for the mean-square approximation of iterated
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2 D.F. KUZNETSOV

stochastic integrals of multiplicity k (k ∈ N) with respect to the finite-dimensional approximation of
the infinite-dimensional Q-Wiener process.

Let U,H be separable R-Hilbert spaces and LHS(U,H) be a space of Hilbert–Schmidt operators
mapping from U to H. Let (Ω,F,P) be a probability space with a normal filtration {Ft, t ∈ [0, T̄ ]}
[19], let Wt be an U -valued Q-Wiener process with respect to {Ft, t ∈ [0, T̄ ]}, which has a covariance
trace class operator Q ∈ L(U). Here L(U) denotes all bounded linear operators mapping from U to
U . Consider the semilinear parabolic SPDE

(1) dXt = (AXt + F (Xt)) dt+B(Xt)dWt, X0 = ξ, t ∈ [0, T̄ ],

where nonlinear operators F, B (F : H → H , B : H → LHS(U0, H)), linear operator A : D(A) ⊂
H → H as well as the initial value ξ are assumed to satisfy the conditions of existence and uniqueness
of the SPDE (1) mild solution [22] (see also [12], [13]). Here U0 is an R-Hilbert space defined by
U0 = Q1/2(U). The scalar product in U0 is defined as follows 〈u,w〉U0

=
〈
Q−1/2u,Q−1/2w

〉

U
for all

u,w ∈ U0.
As it is known, strong numerical methods with high-orders of accuracy (with respect to the tem-

poral discretization) for approximating the mild solution of the SPDE (1), which are based on the
Taylor formula in Banach spaces and an exponential formula for the mild solution of SPDEs, contain
iterated stochastic integrals with respect to the Q-Wiener process [8], [10]-[13], [17].

Note that the exponential Milstein type numerical scheme [12], [17], [24] and exponential Wagner–
Platen type numerical scheme [13] contain, for example, the following iterated stochastic integrals

(2)

T∫

t

B(Z)dWt1 ,

T∫

t

B′(Z)





t2∫

t

B(Z)dWt1



 dWt2 ,

(3)

T∫

t

F ′(Z)





t2∫

t

B(Z)dWt1



 dt2,

T∫

t

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWt1



 dWt2



 dWt3 ,

(4)

T∫

t

B′(Z)





t2∫

t

F (Z)dt1



 dWt2 ,

T∫

t

B′′(Z)





t2∫

t

B(Z)dWt1 ,

t2∫

t

B(Z)dWt1



 dWt2 ,

where 0 ≤ t < T ≤ T̄ , Z : Ω → H is an Ft/B(H)-measurable mapping and F ′, B′, B′′ denote
Frêchet derivatives. At that, the exponential Milstein type scheme [12] contains integrals (2) while
the exponential Wagner–Platen type scheme [13] contains integrals (2)–(4). It is easy to notice that
the numerical schemes for SPDEs with higher orders of convergence (with respect to the temporal
discretization) in contrast with numerical schemes from [12], [13] will include iterated stochastic
integrals (with respect to the Q-Wiener process) with multiplicities k > 3 [21] (2012). So, this work
is partially devoted to the approximation of iterated stochastic integrals of the form

(5) I[Φ(k)(Z)]T,t =

T∫

t

Φk(Z)



. . .





t3∫

t

Φ2(Z)





t2∫

t

Φ1(Z)dWt1



 dWt2



 . . .



 dWtk ,

where Z : Ω → H is an Ft/B(H)-measurable mapping, Φk(v)( . . . (Φ2(v)(Φ1(v)) . . . )) is a k-linear
Hilbert–Schmidt operator mapping from U0 × . . .× U0

︸ ︷︷ ︸

k times

to H for all v ∈ H, and 0 ≤ t < T ≤ T̄ .
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In Sect. 5 we consider the approximation of more general iterated stochastic integrals than (5). In
Sect. 6, 7 some other types of iterated stochastic integrals of multiplicities 2–4 with respect to the
Q-Wiener process will be considered. In this paper, in all the integrals mentioned above, the infinite-
dimensional Q-Wiener process will be replaced by its finite-dimensional approximation. In [59]-[61],
(also see [44], Chapter 7) one can find a continuation of the studies begun in this work. In [44],
[59]-[61] we consider the approximation of iterated stochastic integrals (2)–(4) with respect to the
infinite-dimensional Q-Wiener process.

Note that the second stochastic integral in (4) is not a special case of the stochastic integral (5) for
k = 3. Nevertheless, the expanded representation of the approximation of stochastic integral (4) has
a close structure to (9) for k = 3 (see below). Moreover, the mentioned representation of stochastic
integral (4) contains the same iterated Itô stochastic integrals of third multiplicity as in (9) for k = 3
(see Sect. 6). These conclusions mean that the main result of this article (Theorem 4, Sect. 5) for
k = 3 can be reformulated naturally for the stochastic integral (4) (see Sect. 6).

It should be noted that by developing an approach from the work [13], which uses the Taylor
formula in Banach spaces and a formula for the mild solution of the SPDE (1), we obviously obtain
a number of other iterated stochastic integrals with respect to the Q-Wiener process. For example,
the following stochastic integrals

T∫

t

B′′′(Z)





t2∫

t

B(Z)dWt1 ,

t2∫

t

B(Z)dWt1 ,

t2∫

t

B(Z)dWt1



 dWt2 ,

T∫

t

B′(Z)





t3∫

t

B′′(Z)





t2∫

t

B(Z)dWt1 ,

t2∫

t

B(Z)dWt1



 dWt2



 dWt3 ,

T∫

t

B′′(Z)





t3∫

t

B(Z)dWt1 ,

t3∫

t

B′(Z)





t2∫

t

B(Z)dWt1



 dWt2



 dWt3 ,

T∫

t

F ′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWt1



 dWt2



 dt3,

T∫

t

F ′′(Z)





t2∫

t

B(Z)dWt1 ,

t2∫

t

B(Z)dWt1



 dt2,

T∫

t

B′′(Z)





t2∫

t

F (Z)dt1,

t2∫

t

B(Z)dWt1



 dWt2

will be considered in Sect. 7. Here Z : Ω → H is an Ft/B(H)-measurable mapping and B′, B′′, B′′′,
F ′, F ′′ are Frêchet derivatives.

Consider eigenvalues λi and eigenfunctions ei(x) of the covariance operatorQ, where i = (i1, . . . , id)
∈ J, x = (x1, . . . , xd), and J = {i : i ∈ N

d, and λi > 0}.
The series representation of the Q-Wiener process has the following form [19]

W(t, x) =
∑

i∈J

ei(x)
√

λiw
(i)
t , t ∈ [0, T̄ ],

or in the shorter notations
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Wt =
∑

i∈J

ei
√

λiw
(i)
t , t ∈ [0, T̄ ],

where w
(i)
t , i ∈ J are independent standard Wiener processes. Note that eigenfunctions ei, i ∈ J

form an orthonormal basis of U [19].
Consider the finite-dimensional approximation of Wt [19]

(6) WM
t =

∑

i∈JM

ei
√

λiw
(i)
t , t ∈ [0, T̄ ],

where JM = {i : 1 ≤ i1, . . . , id ≤M, and λi > 0}.
Using (6) and the relation [19]

(7) w
(i)
t =

1√
λi

〈ei,Wt〉U , i ∈ J,

we obtain

(8) WM
t =

∑

i∈JM

ei 〈ei,Wt〉U , t ∈ [0, T̄ ],

where 〈·, ·〉U is a scalar product in U.
Taking into account (7), (8), we note that the approximation I[Φ(k)(Z)]MT,t of iterated stochastic

integral I[Φ(k)(Z)]T,t (see (5)) can be rewritten with probability 1 (further w. p. 1) in the following
form

I[Φ(k)(Z)]MT,t =

T∫

t

Φk(Z)



. . .





t3∫

t

Φ2(Z)





t2∫

t

Φ1(Z)dW
M
t1



 dWM
t2



 . . .



 dWM
tk

=

=
∑

r1,...,rk∈JM

Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk×

×
T∫

t

. . .

t3∫

t

t2∫

t

d〈er1 ,Wt1〉U d〈er2 ,Wt2〉U . . . d〈erk ,Wtk〉U =

=
∑

r1,...,rk∈JM

Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk
√

λr1λr2 . . . λrk×

(9) ×
T∫

t

. . .

t3∫

t

t2∫

t

dw
(r1)
t1 dw

(r2)
t2 . . . dw

(rk)
tk ,

where 0 ≤ t < T ≤ T̄ .

Remark 1. Obviously, without the loss of generality we can write JM = {1, 2, . . . ,M}.
When special conditions of commutativity for SPDEs in the form (1) be fulfilled it is proposed

to simulate numerically the stochastic integrals (2)–(4) using the simple formulas [12], [13]. In this
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case, the numerical simulation of mentioned stochastic integrals requires the use of increments of the
Q-Wiener process only. However, if these commutativity conditions are not fulfilled (which often
corresponds to SPDEs in numerous applications), the numerical simulation of stochastic integrals
(2)–(4) becomes much more difficult. In [25] two methods for the mean-square approximation of
simplest iterated (double) stochastic integrals with respect to the Q-Wiener process are proposed.
In this article, we consider a substantially more general and effective method for the mean-square
approximation of iterated stochastic integrals of multiplicity k (k ∈ N) with respect to the Q-Wiener
process. The convergence analysis in the transition from JM to J , i.e. from WM

t to Wt is carried out
in [44] (Sect.7.4.2), [45] (Sect.7.4.2), [46], [59], [60] for stochastic integrals of multiplicity k (k = 1, 2, 3)
with respect to the Q-Wiener process (the cases k = 1, 2 is considered in Theorem 1 from [25]).

The monographs [43] (Chapters 5 and 6) and [44] or [45], [46] (Chapters 1, 2, and 5) (also see
[30]-[42], [47]-[58]) are devoted to constructing of efficient methods of the mean-square approximation
of iterated Itô stochastic integrals with respect to the scalar standard Wiener processes. These results
are adapted for iterated Stratonovich stochastic integrals [27]-[58]. Below (Sect. 2–4) we consider a
very short review of results from monographs [43] (Chapters 5 and 6) and [44] or [45], [46] (Chapters
1, 2, and 5) and some new results (Sect. 5–7).

2. Method of Approximation of Iterated Itô Stochastic integrals Based on

Generalized Multiple Fourier Series

Consider more general iterated Itô stochastic integrals than in (9)

(10) J [ψ(k)]
(i1...ik)
T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where 0 ≤ t < T ≤ T̄ and every ψl(τ) (l = 1, . . . , k) is a continuous non-random function on

[t, T ]; w
(i)
τ (i = 1, . . . ,m) are independent standard Wiener processes (see Sect. 1) and w

(0)
τ = τ ;

i1, . . . , ik = 0, 1, . . . ,m. The case ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) will be considered in Theorem 2 (see
below).

Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in L2([t, T ]). Define the

following function on the hypercube [t, T ]k

(11) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

=
k∏

l=1

ψl(tl)
k−1∏

l=1

1{tl<tl+1},

where t1, . . . , tk ∈ [t, T ] for k ≥ 2 and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ]. Here 1A is the indicator of the
set A.

The function K(t1, . . . , tk) is piecewise continuous on the hypercube [t, T ]k. At this situation it
is well known that the generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]

k) converges to
K(t1, . . . , tk) in the hypercube [t, T ]k in the mean-square sense, i.e.

(12) lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,
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where

(13) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient and

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the discretization {τj}Nj=0 of [t, T ] such that

(14) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [30] (2006) (also see [31]-[60]). Suppose that every ψl(τ) (l = 1, . . . , k) is a continu-

ous non-random function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous

functions in L2([t, T ]). Then

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(15) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where

Gk = Hk\Lk; Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(16) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (13), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is the discretization of [t, T ],

which satisfies the condition (14).

Note that in [30]-[57] the version of Theorem 1 for systems of Haar and Rademacher–Walsh func-
tions has been considered. Another modifications and generalizations of Theorem 1 can be found in
the monographs [44]-[46] (also see Theorem 2 below).

It is not difficult to see that for the case of pairwise different numbers i1, . . . , ik = 1, . . . ,m from
Theorem 1 we obtain

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1ζ
(i1)
j1

. . . ζ
(ik)
jk

.

1628
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In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 6 [30]-[58] (the cases k = 7 and k > 7 can be found in [34], [39],
[43]-[46])

(17) J [ψ(1)]
(i1)
T,t = l.i.m.

p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(18) J [ψ(2)]
(i1i2)
T,t = l.i.m.

p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]
(i1i2i3)
T,t = l.i.m.

p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(19) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]
(i1...i4)
T,t = l.i.m.

p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(20) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]
(i1...i5)
T,t = l.i.m.

p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+
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+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(21) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]
(i1...i6)
T,t = l.i.m.

p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i3=i6 6=0}1{j3=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i5=i6 6=0}1{j5=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+
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+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(22) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,

where 1A is the indicator of the set A.
Consider the generalization of (17)–(22) for the case of an arbitrary k (k ∈ N) as well as for the

case of an arbitrary complete orthonormal system of functions {φj(x)}∞j=0 in the space L2([t, T ]) and
ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

In order to do this, let us consider the unordered set {1, 2, . . . , k} and separate it into two parts:
the first part consists of r unordered pairs (sequence order of these pairs is also unimportant) and
the second one consists of the remaining k − 2r numbers. So, we have

(23) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where {g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k}, braces mean an unordered set, and paren-
theses mean an ordered set.

We will say that (23) is a partition and consider the sum with respect to all possible partitions

(24)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (24)

∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,
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∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 = a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 = a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 = a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2 + a52,34,1 + a53,24,1 + a54,23,1.

Now we can formulate the following generalization of Theorem 1.

Theorem 2 [44] (Sect. 1.11), [47] (Sect. 15). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Then the

following expansion

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(25) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 1.

In particular, from (25) for k = 5 we obtain

J [ψ(5)]
(i1...i5)
T,t =

∞∑

j1,...,j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )
jq1

)

.
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The last equality obviously agrees with (21). Note that the correctness of formulas (17)–(22) can
be verified by the fact that if i1 = . . . = i6 = i = 1, . . . ,m and ψ1(s), . . . , ψ6(s) ≡ ψ(s), then we can
derive from (17)–(22) the well known equalities

J [ψ(1)]
(i)
T,t =

1

1!
δ
(i)
T,t,

J [ψ(2)]
(ii)
T,t =

1

2!

((

δ
(i)
T,t

)2

−∆T,t

)

,

J [ψ(3)]
(iii)
T,t =

1

3!

((

δ
(i)
T,t

)3

− 3δ
(i)
T,t∆T,t

)

,

J [ψ(4)]
(iiii)
T,t =

1

4!

((

δ
(i)
T,t

)4

− 6
(

δ
(i)
T,t

)2

∆T,t + 3∆2
T,t

)

,

J [ψ(5)]
(iiiii)
T,t =

1

5!

((

δ
(i)
T,t

)5

− 10
(

δ
(i)
T,t

)3

∆T,t + 15δ
(i)
T,t∆

2
T,t

)

,

J [ψ(6)]
(iiiiii)
T,t =

1

6!

((

δ
(i)
T,t

)6

− 15
(

δ
(i)
T,t

)4

∆T,t + 45
(

δ
(i)
T,t

)2

∆2
T,t − 15∆3

T,t

)

w. p. 1 [31]-[43], where

δ
(i)
T,t =

T∫

t

ψ(s)dw(i)
s , ∆T,t =

T∫

t

ψ2(s)ds.

The above equalities can be independently obtained using the Itô formula and Hermite polynomials
[66].

3. Calculation of the Mean-Square Approximation Error of Iterated Itô

Stochastic Integrals in Theorems 1, 2

Assume that J [ψ(k)]
(i1...ik)p1...pk

T,t is an approximation of (10), which is the expression on the right-

hand side of (25) before passing to the limit l.i.m.
p1,...,pk→∞

. Let us denote

E(i1...ik)p1,...,pk = M

{(

J [ψ(k)]
(i1...ik)
T,t − J [ψ(k)]

(i1...ik)p1,...,pk

T,t

)2}

,

E(i1...ik)p = E
(i1...ik)p1,...,pk

k

∣
∣
∣
p1=...=pk=p

,

(26) Ik = ‖K‖2L2([t,T ]k) =

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk.

In [39]-[46], [55]-[57] it was shown that

(27) E
(i1...ik)p1,...,pk

k ≤ k!



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1



 ,
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where i1, . . . , ik = 1, . . . ,m for 0 < T − t < ∞ and i1, . . . , ik = 0, 1, . . . ,m for 0 < T − t < 1. Note
that the estimate (27) is valid under the conditions of Theorem 2.

The exact calcutation of E(i1...ik)p is presented in the following theorem.

Theorem 3 [44] (Sect. 1.12). Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal

system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik = 1, . . . ,m.

Then

E(i1...ik)p = Ik−

(28) −
p
∑

j1,...,jk=0

Cjk...j1M






J [ψ(k)]

(i1...ik)
T,t

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)dw
(i1)
t1 . . . dw

(ik)
tk






,

where J [ψ(k)]
(i1...ik)p
T,t is the expression on the right-hand side of (25) before passing to the limit

l.i.m.
p1,...,pk→∞

for p1 = . . . = pk = p; the expression

∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another
notations are the same as in Theorems 1, 2.

Note that

M






J [ψ(k)]

(i1...ik)
T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1 (t1)dw
(i1)
t1 . . . dw

(ik)
tk






= Cjk...j1

for i1 . . . ik = 1, . . . ,m.
Then from Theorem 3 for i1, . . . , ik = 1, . . . ,m we obtain [40], [42]-[46]

(29) E(i1...ik)p = Ik −
p
∑

j1,...,jk=0

C2
jk...j1 (pairwise different i1, . . . , ik),

E(i1i2)p = I2 −
p
∑

j1,j2=0

C2
j2j1 −

p
∑

j1,j2=0

Cj2j1Cj1j2 (i1 = i2),

E(i1i2i3)p = I3 −
p
∑

j3,j2,j1=0

C2
j3j2j1 −

p
∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3),

E(i1i2i3i4)p = I4 −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1

(
∑

(j3,j4)

(
∑

(j1,j2)

Cj4j3j2j1

))

(i1 = i2 6= i3 = i4),
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E(i1i2i3i4i5)p = I5 −
p
∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1

(
∑

(j3,j4)

(
∑

(j1,j2,j5)

Cj5j4j3j2j1

))

(i1 = i2 = i5 6= i3 = i4).

4. Some Examples of the Mean-Square Approximations of Iterated Itô Stochastic

Integrals Using Legendre Polynomials

Denote

I
(i1)
(1)T,t =

T∫

t

dw
(i1)
t1 ,

I
(i10)
(10)T,t =

T∫

t

t2∫

t

dw
(i1)
t1 dt2, I

(0i2)
(01)T,t =

T∫

t

t2∫

t

dt1dw
(i2)
t2 ,

I
(i1i2)
(11)T,t =

T∫

t

t2∫

t

dw
(i1)
t1 dw

(i2)
t2 , I

(i1i2i3)
(111)T,t =

T∫

t

t3∫

t

t2∫

t

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 ,

I
(i1i2i3i4)
(1111)T,t =

T∫

t

t4∫

t

t3∫

t

t2∫

t

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 ,

I
(i1i2i3i4i5)
(11111)T,t =

T∫

t

t5∫

t

t4∫

t

t3∫

t

t2∫

t

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 dw

(i5)
t5 ,

where i1, i2, i3, i4, i5 = 1, . . . ,m.
The complete orthonormal system of Legendre polynomials in the space L2([t, T ]) looks as follows

(30) φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

; j = 0, 1, 2, . . . ,

where Pj(x) is the Legendre polynomial.
Using the system of functions (30) and Theorems 1, 2 we obtain the following approximations of

iterated Itô stochastic integrals [27]-[65]

I
(i1)
(1)T,t =

√
T − tζ

(i1)
0 ,

(31) I
(0i1)
(01)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

(32) I
(i10)
(10)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 − 1√

3
ζ
(i1)
1

)

,
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I
(i1i2)q
(11)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

,

I
(i1i2i3)q1
(111)T,t =

q1∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(33) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i1i1)
(111)T,t =

1

6
(T − t)3/2

((

ζ
(i1)
0

)3

− 3ζ
(i1)
0

)

,

I
(i1i2i3i4)q2
(1111)T,t =

q2∑

j1,j2,j3,j4=0

Cj4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

− 1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

− 1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

(34) + 1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i1i1i1)
(1111)T,t =

1

24
(T − t)2

((

ζ
(i1)
0

)4

− 6

(

ζ
(i1)
0

)2

+ 3

)

,

I
(i1i2i3i4i5)q3
(11111)T,t =

q3∑

j1,j2,j3,j4,j5=0

Cj5j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−

−1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i2=i5}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i3=i4}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

− 1{i3=i5}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2}1{j1=j2}1{i3=i5}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2}1{j1=j2}1{i4=i5}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3}1{j1=j3}1{i2=i5}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3}1{j1=j3}1{i4=i5}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4}1{j1=j4}1{i2=i5}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4}1{j1=j4}1{i3=i5}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5}1{j1=j5}1{i2=i3}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5}1{j1=j5}1{i2=i4}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5}1{j1=j5}1{i3=i4}1{j3=j4}ζ
(i2)
j2

+
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+1{i2=i3}1{j2=j3}1{i4=i5}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4}1{j2=j4}1{i3=i5}1{j3=j5}ζ
(i1)
j1

+

(35) + 1{i2=i5}1{j2=j5}1{i3=i4}1{j3=j4}ζ
(i1)
j1

)

,

I
(i1i1i1i1i1)
(11111)T,t =

1

120
(T − t)5/2

((

ζ
(i1)
0

)5

− 10

(

ζ
(i1)
0

)3

+ 15ζ
(i1)
0

)

,

Cj3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(T − t)3/2

8
C̄j3j2j1 ,

Cj4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(T − t)2

16
C̄j4j3j2j1 ,

Cj5j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)(T − t)5/2

32
C̄j5j4j3j2j1 ,

C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

C̄j4j3j2j1 =

1∫

−1

Pj4 (u)

u∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1 (x)dxdydzdu,

C̄j5j4j3j2j1 =

1∫

−1

Pj5 (v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydzdudv,

random variables ζ
(i)
j are defined by (16), and

I
(i1i2)
(11)T,t = l.i.m.

q→∞
I
(i1i2)q
(11)T,t, I

(i1i2i3)
(111)T,t = l.i.m.

q1→∞
I
(i1i2i3)q1
(111)T,t ,

I
(i1i2i3i4)
(1111)T,t = l.i.m.

q2→∞
I
(i1i2i3i4)q2
(1111)T,t , I

(i1i2i3i4i5)
(11111)T,t = l.i.m.

q3→∞
I
(i1i2i3i4i5)q3
(11111)T,t .

Note that T−t≪ 1 (T−t is an integration step with respect to the temporal variable). Thus q1 ≪ q
(see Table 1 [30]-[39], [42]-[46]). Moreover, the values C̄j3j2j1 , C̄j4j3j2j1 , C̄j5j4j3j2j1 do not depend on
T − t. This feature is important because we can use a variable integration step T − t. Coefficients
C̄j3j2j1 , C̄j4j3j2j1 , C̄j5j4j3j2j1 are calculated once and before the start of the numerical scheme. Some
examples of the exact calculation of coefficients C̄j3j2j1 , C̄j4j3j2j1 , C̄j5j4j3j2j1 via Python programming
language can be found in Tables 2–4 (the database with 270,000 exactly calculated Fourier–Legendre
coefficients was described in [62], [63]).

Denote
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16 D.F. KUZNETSOV

Table 1. Minimal numbers q, q1 such that E(i1i2)q, E(i1i2i3)q1 ≤ (T − t)4, q1 ≪ q.

T − t 0.08222 0.05020 0.02310 0.01956
q 19 51 235 328
q1 1 2 5 6

Table 2. Coefficients C̄3jk.

j
k 0 1 2 3 4 5 6

0 0 2
105 0 − 4

315 0 2
693 0

1 4
105 0 − 2

315 0 − 8
3465 0 10

9009

2 2
35 − 2

105 0 4
3465 0 − 74

45045 0

3 2
315 0 − 2

3465 0 16
45045 0 − 10

9009

4 − 2
63

46
3465 0 − 32

45045 0 2
9009 0

5 − 10
693 0 38

9009 0 − 4
9009 0 122

765765

6 0 − 10
3003 0 20

9009 0 − 226
765765 0

Table 3. Coefficients C̄21kl.

k
l 0 1 2

0 2
21 − 2

45
2

315

1 2
315

2
315 − 2

225

2 − 2
105

2
225

2
1155

Table 4. Coefficients C̄101lr.

l
r 0 1

0 4
315 0

1 4
315 − 8

945

E(i1i2)q = M

{(

I
(i1i2)
(11)T,t − I

(i1i2)q
(11)T,t

)2}

,

E(i1i2i3)q1 = M

{(

I
(i1i2i3)
(111)T,t − I

(i1i2i3)q1
(111)T,t

)2}

,

E(i1i2i3i4)q2 = M

{(

I
(i1i2i3i4)
(1111)T,t − I

(i1i2i3i4)q2
(1111)T,t

)2}

,

E(i1i2i3i4i5)q3 = M

{(

I
(i1i2i3i4i5)
(11111)T,t − I

(i1i2i3i4i5)q3
(11111)T,t

)2}

.
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Then for pairwise different i1, i2, i3, i4, i5 = 1, . . . ,m from Theorem 3 we obtain [27]-[65]

(36) E(i1i2)q =
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

,

(37) E(i1i2i3)q1 =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 ,

(38) E(i1i2i3i4)q2 =
(T − t)4

24
−

q2∑

j1,j2,j3,j4=0

C2
j4j3j2j1 ,

(39) E(i1i2i3i4i5)q3 =
(T − t)5

120
−

q3∑

j1,j2,j3,j4,j5=0

C2
j5j4j3j2j1 .

On the basis of the presented approximations of iterated Itô stochastic integrals we can see that
increasing of multiplicities of these integrals leads to increasing of orders of smallness with respect
to T − t (T − t ≪ 1) in the mean-square sense for iterated Itô stochastic integrals. This leads to a
sharp decrease of member quantities in the approximations of iterated Itô stochastic integrals, which
are required for achieving the acceptable accuracy of approximation (q1 ≪ q).

From (37)–(39) we obtain [30]-[39], [42]-[46]

(40) E(i1i2i3)q1
∣
∣
∣
q1=6

≈ 0.01956000(T − t)3,

(41) E(i1i2i3i4)q2
∣
∣
∣
q2=2

≈ 0.02360840(T − t)4,

(42) E(i1i2i3i4i5)q3
∣
∣
∣
q3=1

≈ 0.00759105(T − t)5.

It is not difficult to see that the accuracy in (41) and (42) is significantly better than in (40)
(T − t≪ 1) even for q2 = 2 and q3 = 1. This means that in such situation in formulas (34), (35) the
number of terms can be chosen significantly less than 34 (q2 = 2) and 25 (q3 = 1). So, in practice,
we can leave only few terms in these formulas. For more details see [62]-[65].

5. Approximation of Iterated Stochastic Integrals of Multiplicity k with Respect

to the Q-Wiener Process

Consider the iterated stochastic integral with respect to the Q-Wiener process in the form

I[Φ(k)(Z), ψ(k)]T,t =

(43) =

T∫

t

Φk(Z)



. . .





t3∫

t

Φ2(Z)





t2∫

t

Φ1(Z)ψ1(t1)dWt1



ψ2(t2)dWt2



 . . .



ψk(tk)dWtk ,
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18 D.F. KUZNETSOV

where Z : Ω → H is an Ft/B(H)-measurable mapping, Φk(v)( . . . (Φ2(v)(Φ1(v))) . . . ) is a k-linear
Hilbert–Schmidt operator mapping from U0 × . . .× U0

︸ ︷︷ ︸

k times

to H for all v ∈ H , and ψ1(τ), . . . , ψk(τ) ∈

L2([t, T ]).

Let I[Φ(k)(Z), ψ(k)]MT,t be an approximation of the stochastic integral (43)

I[Φ(k)(Z), ψ(k)]MT,t =

=

T∫

t

Φk(Z)



. . .





t3∫

t

Φ2(Z)





t2∫

t

Φ1(Z)ψ1(t1)dW
M
t1



ψ2(t2)dW
M
t2



 . . .



ψk(tk)dW
M
tk

=

=
∑

r1,r2,...,rk∈JM

Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk×

(44) ×
√

λr1λr2 . . . λrk J [ψ
(k)]

(r1r2...rk)
T,t ,

where 0 ≤ t < T ≤ T̄ , and

J [ψ(k)]
(r1...rk)
T,t =

T∫

t

ψk(tk) . . .

t3∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(r1)
t1 dw

(r2)
t2 . . . dw

(rk)
tk

is the iterated Itô stochastic integral (10), r1, r2, . . . , rk ∈ JM .

Let I[Φ(k)(Z), ψ(k)]M,p1...,pk

T,t be an approximation of the stochastic integral (44)

I[Φ(k)(Z), ψ(k)]M,p1...,pk

T,t =

=
∑

r1,r2,...,rk∈JM

Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk×

(45) ×
√

λr1λr2 . . . λrk J [ψ
(k)]

(r1r2...rk)p1,...,pk

T,t ,

where J [ψ(k)]
(r1r2...rk)p1,...,pk

T,t is defined as a prelimit expression on the right-hand side of (25)

J [ψ(k)]
(r1...rk)p1...pk

T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(rl)
jl

+

[k/2]
∑

m=1

(−1)m×

(46) ×
∑

({{g1,g2},...,{g2m−1,g2m}},{q1,...,qk−2m})

{g1,g2,...,g2m−1,g2m,q1,...,qk−2m}={1,2,...,k}

m∏

s=1

1{rg
2s−1

= rg
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2m∏

l=1

ζ
(rql )

jql

)

.
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Let U, H be separable R-Hilbert spaces, U0 = Q1/2(U), and L(U,H) be the space of linear and
bounded operators mapping from U to H . Let L(U,H)0 = {T |U0 : T ∈ L(U,H)} (here T |U0 is the
restriction of operator T to the space U0). It is known [7] that L(U,H)0 is a dense subset of the space
of Hilbert–Schmidt operators LHS(U0, H).

Theorem 4 [44]-[46], [59], [60], [68]. Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal

system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Furthermore, let the

following conditions be satisfied:
1. Q ∈ L(U) is a nonnegative and symmetric trace class operator (λi and ei (i ∈ J) are its

eigenvalues and eigenfunctions (which form an orthonormal basis of U) correspondingly), and Wτ ,
τ ∈ [0, T̄ ] is an U -valued Q-Wiener process.

2. Z : Ω → H is an Ft/B(H)-measurable mapping.

3. Φ1 ∈ L(U,H)0, Φ2 ∈ L(H,L(U,H)0), and Φk(v)( . . . (Φ2(v)(Φ1(v))) . . . ) is a k-linear Hilbert–

Schmidt operator mapping from U0 × . . .× U0
︸ ︷︷ ︸

k times

to H for all v ∈ H such that

∥
∥
∥
∥
∥
Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk

∥
∥
∥
∥
∥

2

H

≤ Lk <∞

w. p. 1 for all r1, r2, . . . , rk ∈ JM , M ∈ N.

Then

M







∥
∥
∥
∥
∥
I[Φ(k)(Z), ψ(k)]MT,t − I[Φ(k)(Z), ψ(k)]M,p1...pk

T,t

∥
∥
∥
∥
∥

2

H






≤

(47) ≤ Lk(k!)
2 (tr Q)k



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1



 ,

where Ik is defined by (26), tr Q =
∑

i∈J

λi, and

Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk,

K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

.

Remark 2. It should be noted that the right-hand side of the inequality (47) is independent of M
and tends to zero if p1, . . . , pk → ∞ due to the Parseval equality.

Proof. Using (27), we obtain

M







∥
∥
∥
∥
∥
I[Φ(k)(Z), ψ(k)]MT,t − I[Φ(k)(Z), ψ(k)]M,p1...pk

T,t

∥
∥
∥
∥
∥

2

H






=
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= M







∥
∥
∥
∥
∥

∑

r1,r2,...,rk∈JM

Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk
√

λr1λr2 . . . λrk×

(48) ×
(

J [ψ(k)]
(r1r2...rk)
T,t − J [ψ(k)]

(r1r2...rk)p1,...,pk

T,t

)∥
∥
∥
∥
∥

2

H






=

=

∣
∣
∣
∣
∣
∣

M

{
∑

r1,r2,...,rk∈JM

∑

(r,1,r
,
2,...,r

,

k
): {r,1,r

,
2,...,r

,

k
}={r1,r2,...,rk}

〈

Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk ,

Φk(Z)
(
. . .
(
Φ2(Z)

(
Φ1(Z)er,1

)
er,2
)
. . .
)
er,

k

〉

H

√

λr1λr2 . . . λrk

√

λr,1λr
,
2
. . . λr,

k
×

× M

{(

J [ψ(k)]
(r1r2...rk)
T,t − J [ψ(k)]

(r1r2...rk)p1,...,pk

T,t

)

×

(49) ×
(

J [ψ(k)]
(r,1r

,
2...r

,

k
)

T,t − J [ψ(k)]
(r,1r

,
2...r

,

k
)p1,...,pk

T,t

)∣
∣
∣
∣
Ft

}}∣
∣
∣
∣
∣
≤

≤
∑

r1,r2,...,rk∈JM

∑

(r,1,r
,
2,...,r

,

k
): {r,1,r

,
2,...,r

,

k
}={r1,r2,...,rk}

M

{∥
∥
∥
∥
∥
Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk

∥
∥
∥
∥
∥
H

×

×
∥
∥
∥
∥
∥
Φk(Z)

(
. . .
(
Φ2(Z)

(
Φ1(Z)er,1

)
er,2
)
. . .
)
er,

k

∥
∥
∥
∥
∥
H

√

λr1λr2 . . . λrk

√

λr,1λr
,
2
. . . λr,

k
×

×
∣
∣
∣
∣
∣
M

{(

J [ψ(k)]
(r1r2...rk)
T,t − J [ψ(k)]

(r1r2...rk)p1,...,pk

T,t

)

×

×
(

J [ψ(k)]
(r,1r

,
2...r

,

k
)

T,t − J [ψ(k)]
(r,1r

,
2...r

,

k
)p1,...,pk

T,t

)∣
∣
∣
∣
Ft

}∣
∣
∣
∣
∣

}

≤
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≤ Lk

∑

r1,r2,...,rk∈JM

∑

(r,1,r
,
2,...,r

,

k
): {r,1,r

,
2,...,r

,

k
}={r1,r2,...,rk}

√

λr1λr2 . . . λrk

√

λr,1λr
,
2
. . . λr,

k
×

×M

{∣
∣
∣
∣
∣

(

J [ψ(k)]
(r1r2...rk)
T,t − J [ψ(k)]

(r1r2...rk)p1,...,pk

T,t

)

×

×
(

J [ψ(k)]
(r,1r

,
2...r

,

k
)

T,t − J [ψ(k)]
(r,1r

,
2...r

,

k
)p1,...,pk

T,t

)∣
∣
∣
∣
∣

}

≤

≤ Lk

∑

r1,r2,...,rk∈JM

∑

(r,1,r
,
2,...,r

,

k
): {r,1,r

,
2,...,r

,

k
}={r1,r2,...,rk}

√

λr1λr2 . . . λrk

√

λr,1λr
,
2
. . . λr,

k
×

×



M







(

J [ψ(k)]
(r1r2...rk)
T,t − J [ψ(k)]

(r1r2...rk)p1,...,pk

T,t

)2










1/2

×

×



M







(

J [ψ(k)]
(r,1r

,

2...r
,

k
)

T,t − J [ψ(k)]
(r,1r

,

2...r
,

k
)p1,...,pk

T,t

)2










1/2

≤

≤ Lk

∑

r1,r2,...,rk∈JM

∑

(r,1,r
,
2,...,r

,

k
): {r,1,r

,
2,...,r

,

k
}={r1,r2,...,rk}

√

λr1λr2 . . . λrk

√

λr,1λr
,
2
. . . λr,

k
×

×



k!



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1









1/2

k!



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1









1/2

≤

≤ Lk

∑

r1,r2,...,rk∈JM

k! λr1λr2 . . . λrk



k!



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1







 =

= Lk (k!)
2

∑

r1,r2,...,rk∈JM

λr1λr2 . . . λrk



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1



 ≤
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≤ Lk (k!)
2
(tr Q)

k



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1



 ,

where 〈·, ·〉H is a scalar product in H, and

∑

(r,1,r
,
2,...,r

,

k
): {r,1,r

,
2,...,r

,

k
}={r1,r2,...,rk}

means the sum with respect to all possible permutations (r,1, r
,
2, . . . , r

,
k) such that

{r,1, r,2, . . . , r,k} = {r1, r2, . . . , rk}.

The transition from (48) to (49) is based on the following theorem.

Theorem 5 [44]-[46], [68]. The following equality is true

M

{(

J [ψ(k)]
(r1...rk)
T,t − J [ψ(k)]

(r1...rk)p1...pk

T,t

)

×

(50) ×
(

J [ψ(k)]
(m1...mk)
T,t − J [ψ(k)]

(m1...mk)p1...pk

T,t

)∣
∣
∣
∣
Ft

}

= 0

w. p. 1 for all r1, . . . , rk,m1, . . . ,mk ∈ JM (M ∈ N) such that {r1, . . . , rk} 6= {m1, . . . ,mk}.

Proof. Using the standard moment properties of the Itô stochastic integral, we obtain

(51) M

{

J [ψ(k)]
(r1...rk)
T,t J [ψ(k)]

(m1...mk)
T,t

∣
∣
∣
∣
Ft

}

= 0

w. p. 1 for all r1, . . . , rk,m1, . . . ,mk ∈ JM such that (r1, . . . , rk) 6= (m1, . . . ,mk), M ∈ N.
From the proof of Theorem 1.18 in [44] (Sect. 1.12) it follows that

k∏

l=1

ζ
(rl)
jl

+

[k/2]
∑

m=1

(−1)m×

×
∑

({{g1,g2},...,{g2m−1,g2m}},{q1,...,qk−2m})

{g1,g2,...,g2m−1,g2m,q1,...,qk−2m}={1,2,...,k}

m∏

s=1

1{rg
2s−1

= rg
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2m∏

l=1

ζ
(rql )

jql
=
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(52) =
∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)dw
(r1)
t1 . . . dw

(rk)
tk w. p. 1,

where ∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jl swapped
with jq in the permutation (j1, . . . , jk), then rl swapped with rq in the permutation (r1, . . . , rk);
another notations are the same as in Theorem 2.

Using (25) and (52), we get

(53) J [ψ(k)]
(r1...rk)p1...pk

T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1 (t1)dw
(r1)
t1 . . . dw

(rk)
tk ,

where notations are the same as in (52).
Then w. p. 1

M

{

J [ψ(k)]
(m1...mk)
T,t J [ψ(k)]

(r1...rk)p1...pk

T,t

∣
∣
∣
∣
Ft

}

=

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1×

×M






J [ψ(k)]

(m1...mk)
T,t

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)dw
(r1)
t1 . . . dw

(rk)
tk

∣
∣
∣
∣
Ft






.

From the standard moment properties of the Itô stochastic integral it follows that

M






J [ψ(k)]

(m1...mk)
T,t

∑

(j1,...,jk)

T∫

t

φjk(tk) . . .

t2∫

t

φj1 (t1)dw
(r1)
t1 . . . dw

(rk)
tk

∣
∣
∣
∣
Ft






= 0

w. p. 1 for all r1, . . . , rk,m1, . . . ,mk ∈ JM such that {r1, . . . , rk} 6= {m1, . . . ,mk}, M ∈ N.
Then

(54) M

{

J [ψ(k)]
(m1...mk)
T,t J [ψ(k)]

(r1...rk)p1...pk

T,t

∣
∣
∣
∣
Ft

}

= 0

w. p. 1 for all r1, . . . , rk,m1, . . . ,mk ∈ JM (M ∈ N) such that {r1, . . . , rk} 6= {m1, . . . ,mk}.
From (53) it follows that
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M

{

J [ψ(k)]
(r1...rk)p1,...,pk

T,t J [ψ(k)]
(m1...mk)p1,...,pk

T,t

∣
∣
∣
∣
Ft

}

=

=

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

p1∑

q1=0

. . .

pk∑

qk=0

Cqk...q1×

×M










∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)dw
(r1)
t1 . . . dw

(rk)
tk



×

(55) ×




∑

(q1,...,qk)

T∫

t

φqk (tk) . . .

t2∫

t

φq1 (t1)dw
(m1)
t1 . . . dw

(mk)
tk





∣
∣
∣
∣
Ft






= 0

w. p. 1 for all r1, . . . , rk,m1, . . . ,mk ∈ JM (M ∈ N) such that {r1, . . . , rk} 6= {m1, . . . ,mk}.
From (51), (54), and (55) we obtain (50). Theorem 5 is proved.

Corollary 1 [44]-[46], [68]. The following equality is true

M

{(

J [ψ(k)]
(r1...rk)
T,t − J [ψ(k)]

(r1...rk)p1...pk

T,t

)(

J [ψ(l)]
(m1...ml)
T,t − J [ψ(l)]

(m1...ml)q1...ql
T,t

)∣
∣
∣
∣
Ft

}

= 0

w. p. 1 for all l = 1, 2, . . . , k−1, and r1, . . . , rk,m1, . . . ,ml ∈ JM , p1, . . . , pk, q1, . . . , ql = 0, 1, 2, . . .

6. Approximation of Some Iterated Stochastic Integrals of Second and Third

Miltiplicity with Respect to the Q-Wiener Process

This section is devoted to the approximation of iterated stochastic integrals of the following form
(see Sect. 1)

(56) I0[B(Z), F (Z)]MT,t =

T∫

t

B′(Z)





t2∫

t

F (Z)dt1



 dWM
t2 ,

(57) I1[B(Z), F (Z)]MT,t =

T∫

t

F ′(Z)





t2∫

t

B(Z)dWM
t1



 dt2,

(58) I2[B(Z)]MT,t =

T∫

t

B′′(Z)





t2∫

t

B(Z)dWM
t1 ,

t2∫

t

B(Z)dWM
t1



 dWM
t2 .
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Let conditions 1 and 2 of Theorem 4 be fulfilled. Let B′′(v)(B(v), B(v)) be a 3-linear Hilbert–
Schmidt operator mapping from U0 × U0 × U0 to H for all v ∈ H .

Then we have w. p. 1 (see (44))

(59) I0[B(Z), F (Z)]MT,t =
∑

r1∈JM

B′(Z)F (Z)er1
√

λr1I
(0r1)
(01)T,t,

(60) I1[B(Z), F (Z)]MT,t =
∑

r1∈JM

F ′(Z)(B(Z)er1)
√

λr1I
(r10)
(10)T,t,

I2[B(Z)]MT,t =
∑

r1,r2,r3∈JM

B′′(Z) (B(Z)er1 , B(Z)er2) er3
√

λr1λr2λr3×

(61) ×
T∫

t





s∫

t

dw(r1)
τ

s∫

t

dw(r2)
τ



 dw(r3)
s .

Using the Itô formula, we obtain

(62)

s∫

t

dw(r1)
τ

s∫

t

dw(r2)
τ = I

(r1r2)
(11)s,t + I

(r2r1)
(11)s,t + 1{r1=r2}(s− t) w. p. 1.

From (62) we have

(63)

T∫

t





s∫

t

dw(r1)
τ

s∫

t

dw(r2)
τ



 dw(r3)
s = I

(r1r2r3)
(111)T,t + I

(r2r1r3)
(111)T,t + 1{r1=r2}I

(0r3)
(01)T,t w. p. 1.

Note that in (59), (60), (62), and (63) we use the notations from Sect. 4.
After substituting (63) into (61), we have

I2[B(Z)]MT,t =
∑

r1,r2,r3∈JM

B′′(Z) (B(Z)er1 , B(Z)er2) er3
√

λr1λr2λr3×

(64) ×
(

I
(r1r2r3)
(111)T,t + I

(r2r1r3)
(111)T,t + 1{r1=r2}I

(0r3)
(01)T,t

)

w. p. 1.

Taking into account (31) and (32), we put for q = 1

(65) I
(0r3)q
(01)T,t = I

(0r3)
(01)T,t =

(T − t)3/2

2

(

ζ
(r3)
0 +

1√
3
ζ
(r3)
1

)

(q = 1) w. p. 1,

(66) I
(r10)q
(10)T,t = I

(r10)
(10)T,t =

(T − t)3/2

2

(

ζ
(r1)
0 − 1√

3
ζ
(r1)
1

)

(q = 1) w. p. 1,
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where I
(0r3)q
(01)T,t, I

(r10)q
(10)T,t denote the approximations of corresponding iterated Itô stochastic integrals.

Denote by I0[B(Z), F (Z)]M,q
T,t , I1[B(Z), F (Z)]M,q

T,t , I2[B(Z)]M,q
T,t the approximations of iterated sto-

chastic integrals (59), (60), (64)

(67) I0[B(Z), F (Z)]M,q
T,t =

∑

r1∈JM

B′(Z)F (Z)er1
√

λr1I
(0r1)q
(01)T,t,

(68) I1[B(Z), F (Z)]M,q
T,t =

∑

r1∈JM

F ′(Z)(B(Z)er1)
√

λr1I
(r10)q
(10)T,t,

I2[B(Z)]M,q
T,t =

∑

r1,r2,r3∈JM

B′′(Z) (B(Z)er1 , B(Z)er2) er3
√

λr1λr2λr3×

(69) ×
(

I
(r1r2r3)q
(111)T,t + I

(r2r1r3)q
(111)T,t + 1{r1=r2}I

(0r3)q
(01)T,t

)

,

where q ≥ 1, and the approximations I
(r1r2r3)q
(111)T,t , I

(r2r1r3)q
(111)T,t are defined by (33).

From (59), (60), (64), (67)–(69) it follows that

I0[B(Z), F (Z)]MT,t − I0[B(Z), F (Z)]M,q
T,t = 0 w. p. 1,

I1[B(Z), F (Z)]MT,t − I1[B(Z), F (Z)]M,q
T,t = 0 w. p. 1,

I2[B(Z)]MT,t − I2[B(Z)]M,q
T,t =

∑

r1,r2,r3∈JM

B′′(Z) (B(Z)er1 , B(Z)er2) er3
√

λr1λr2λr3×

×
((

I
(r1r2r3)
(111)T,t − I

(r1r2r3)q
(111)T,t

)

+
(

I
(r2r1r3)
(111)T,t − I

(r2r1r3)q
(111)T,t

))

w. p. 1.

Repeating with an insignificant modification the proof of Theorem 4 for the case k = 3, we obtain

M

{∥
∥
∥
∥
I2[B(Z)]MT,t − I2[B(Z)]M,q

T,t

∥
∥
∥
∥

2

H

}

≤

≤ 4C(3!)2 (tr Q)
3

(

(T − t)3

6
−

q
∑

j1,j2,j3=0

C2
j3j2j1

)

,

where here and further constant C has the same meaning as constant Lk in Theorem 4 (k is the
multiplicity of the iterated stochastic integral), and
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Cj3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(T − t)3/2

8
C̄j3j2j1 ,

C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

where Pj(x) is the Legendre polynomial.

7. Approximation of Some Iterated Stochastic Integrals of Third and Fourth

Miltiplicity with Respect to the Q-Wiener Process

In this section, we consider the approximation of iterated stochastic integrals of the following form
(see Sect. 1)

I3[B(Z)]MT,t =

T∫

t

B′′′(Z)





t2∫

t

B(Z)dWM
t1 ,

t2∫

t

B(Z)dWM
t1 ,

t2∫

t

B(Z)dWM
t1



 dWM
t2 ,

I4[B(Z)]MT,t =

T∫

t

B′(Z)





t3∫

t

B′′(Z)





t2∫

t

B(Z)dWM
t1 ,

t2∫

t

B(Z)dWM
t1



 dWM
t2



 dWM
t3 ,

I5[B(Z)]MT,t =

T∫

t

B′′(Z)





t3∫

t

B(Z)dWM
t1 ,

t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 dWM
t2



 dWM
t3 ,

I6[B(Z), F (Z)]MT,t =

T∫

t

F ′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 dWM
t2



 dt3,

I7[B(Z), F (Z)]MT,t =

T∫

t

F ′′(Z)





t2∫

t

B(Z)dWM
t1 ,

t2∫

t

B(Z)dWM
t1



 dt2,

I8[B(Z), F (Z)]MT,t =

T∫

t

B′′(Z)





t2∫

t

F (Z)dt1,

t2∫

t

B(Z)dWM
t1



 dWM
t2 .

Consider the stochastic integral I3[B(Z)]MT,t. Let conditions 1 and 2 of Theorem 4 be fulfilled. Let

B′′′(v)(B(v), B(v), B(v)) be a 4-linear Hilbert–Schmidt operator mapping from U0×U0×U0×U0 to
H for all v ∈ H .

We have (see (44))
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I3[B(Z)]MT,t =
∑

r1,r2,r3,r4∈JM

B′′′(Z) (B(Z)er1 , B(Z)er2 , B(Z)er3) er4
√

λr1λr2λr3λr4×

(70) ×
T∫

t





s∫

t

dw(r1)
τ

s∫

t

dw(r2)
τ

s∫

t

dw(r3)
τ



 dw(r4)
s w. p. 1.

From [43] (pp. A.438–A.439) (also see [44]-[46]) or using the Itô formula we obtain

I
(r1)
(1)s,tI

(r2)
(1)s,tI

(r3)
(1)s,t =

= I
(r1r2r3)
(111)s,t + I

(r1r3r2)
(111)s,t + I

(r2r1r3)
(111)s,t + I

(r2r3r1)
(111)s,t + I

(r3r1r2)
(111)s,t + I

(r3r2r1)
(111)s,t +

+1{r1=r2}

(

I
(r30)
(10)s,t + I

(0r3)
(01)s,t

)

+ 1{r1=r3}

(

I
(r20)
(10)s,t + I

(0r2)
(01)s,t

)

+

+1{r2=r3}

(

I
(r10)
(10)s,t + I

(0r1)
(01)s,t

)

=

(71) =
∑

(r1,r2,r3)

I
(r1r2r3)
(111)s,t + (s− t)

(

1{r2=r3}I
(r1)
(1)s,t + 1{r1=r3}I

(r2)
(1)s,t + 1{r1=r2}I

(r3)
(1)s,t

)

w. p. 1,

where
∑

(r1,r2,r3)

means the sum with respect to all possible permutations (r1, r2, r3) and we use the notations from
Sect. 4.

After substituting (71) into (70), we obtain

I3[B(Z)]MT,t =
∑

r1,r2,r3,r4∈JM

B′′′(Z) (B(Z)er1 , B(Z)er2 , B(Z)er3) er4
√

λr1λr2λr3λr4×

(72) ×
(

∑

(r1,r2,r3)

I
(r1r2r3r4)
(1111)T,t − 1{r1=r2}J

(r3r4)
(01)T,t − 1{r1=r3}J

(r2r4)
(01)T,t − 1{r2=r3}J

(r1r4)
(01)T,t

)

w. p. 1,

where

(73) J
(r1r2)
(01)T,t =

T∫

t

(t− s)

s∫

t

dw(r1)
τ dw(r2)

s .

Denote by I3[B(Z)]M,q
T,t the approximation of the iterated stochastic integral (72), which has the

following form
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I3[B(Z)]M,q
T,t =

∑

r1,r2,r3,r4∈JM

B′′′(Z) (B(Z)er1 , B(Z)er2 , B(Z)er3) er4
√

λr1λr2λr3λr4×

(74) ×




∑

(r1,r2,r3)

I
(r1r2r3r4)q
(1111)T,t − 1{r1=r2}J

(r3r4)q
(01)T,t − 1{r1=r3}J

(r2r4)q
(01)T,t − 1{r2=r3}J

(r1r4)q
(01)T,t



 ,

where the approximations I
(r1r2r3r4)q
(1111)T,t , J

(r1r2)q
(01)T,t are based on Theorems 1, 2 and Legendre polynomials.

The approximation J
(r1r2)q
(01)T,t of the stochastic integral J

(r1r2)
(01)T,t (r1, r2 = 1, . . . ,M), which is based on

Theorems 1, 2 and Legendre polynomials has the following form (see [43] (formula (6.91), p. A.544)
or [39] (formula (5.7), p. A.249))

J
(r1r2)q
(01)T,t = −T − t

2
I
(r1r2)q
(11)T,t −

(T − t)2

4

(

1√
3
ζ
(r1)
0 ζ

(r2)
1 +

(75) +

q
∑

i=0

(

(i + 2)ζ
(r1)
i ζ

(r2)
i+2 − (i + 1)ζ

(r1)
i+2 ζ

(r2)
i

√

(2i+ 1)(2i+ 5)(2i+ 3)
− ζ

(r1)
i ζ

(r2)
i

(2i− 1)(2i+ 3)

))

,

(76) I
(r1r2)q
(11)T,t =

T − t

2

(

ζ
(r1)
0 ζ

(r2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(r1)
i−1 ζ

(r2)
i − ζ

(r1)
i ζ

(r2)
i−1

)

− 1{r1=r2}

)

,

where notations are the same as in Theorems 1, 2.
Moreover (see [43] (formula (6.106), p. A.551) or [39] (formula (5.19), p. A.252–A.253)),

M

{(

J
(r1r2)
(01)T,t − J

(r1r2)q
(01)T,t

)2
}

=
(T − t)4

16
×

(77) ×
(

5

9
− 2

q
∑

i=2

1

4i2 − 1
−

q
∑

i=1

1

(2i− 1)2(2i+ 3)2
−

q
∑

i=0

(i+ 2)2 + (i+ 1)2

(2i+ 1)(2i+ 5)(2i+ 3)2

)

(r1 6= r2).

From (27), (29) we obtain

M

{(

J
(r1r2)
(01)T,t − J

(r1r2)q
(01)T,t

)2
}

≤

≤ (T − t)4

8

(

5

9
− 2

q
∑

i=2

1

4i2 − 1
−

q
∑

i=1

1

(2i− 1)2(2i+ 3)2
−

q
∑

i=0

(i+ 2)2 + (i+ 1)2

(2i+ 1)(2i+ 5)(2i+ 3)2

)

,

where r1, r2 = 1, . . . ,M.
From (72), (74) it follows that
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I3[B(Z)]MT,t − I3[B(Z)]M,q
T,t =

=
∑

r1,r2,r3,r4∈JM

B′′′(Z) (B(Z)er1 , B(Z)er2 , B(Z)er3) er4
√

λr1λr2λr3λr4×

×
(

∑

(r1,r2,r3)

(

I
(r1r2r3r4)
(1111)T,t − I

(r1r2r3r4)q
(1111)T,t

)

− 1{r1=r2}

(

J
(r3r4)
(01)T,t − J

(r3r4)q
(01)T,t

)

−

(78) −1{r1=r3}

(

J
(r2r4)
(01)T,t − J

(r2r4)q
(01)T,t

)

− 1{r2=r3}

(

J
(r1r4)
(01)T,t − J

(r1r4)q
(01)T,t

)
)

w. p. 1.

Repeating with an insignificant modification the proof of Theorem 4 for the cases k = 2, 4, we
obtain

M

{∥
∥
∥
∥
I3[B(Z)]MT,t − I3[B(Z)]M,q

T,t

∥
∥
∥
∥

2

H

}

≤

≤ C (tr Q)4
(

62(4!)2

(

(T − t)4

24
−

q
∑

j1,j2,j3,j4=0

C2
j4j3j2j1

)

+ 32(2!)2Eq

)

,

where Eq is the right-hand side of (77), and

(79) Cj4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(T − t)2

16
C̄j4j3j2j1 ,

C̄j4j3j2j1 =

1∫

−1

Pj4 (u)

u∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1 (x)dxdydzdu,

where Pj(x) is the Legendre polynomial.
Consider the stochastic integral I4[B(Z)]MT,t. Let conditions 1 and 2 of Theorem 4 be fulfilled. Let

B′(v)(B′′(v)(B(v), B(v))) be a 4-linear Hilbert–Schmidt operator mapping from U0 × U0 × U0 × U0

to H for all v ∈ H .
We have (see (44))

I4[B(Z)]MT,t =
∑

r1,r2,r3,r4∈JM

B′(Z) (B′′(Z) (B(Z)er1 , B(Z)er2) er3) er4
√

λr1λr2λr3λr4×

(80) ×
T∫

t

s∫

t





τ∫

t

dw(r1)
u

τ∫

t

dw(r2)
u



 dw(r3)
τ dw(r4)

s w. p. 1.
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From (63) and (80) we obtain

I4[B(Z)]MT,t =
∑

r1,r2,r3,r4∈JM

B′(Z) (B′′(Z) (B(Z)er1 , B(Z)er2) er3) er4
√

λr1λr2λr3λr4×

(81) ×
(

I
(r1r2r3r4)
(1111)T,t + I

(r2r1r3r4)
(1111)T,t − 1{r1=r2}J

(r3r4)
(10)T,t

)

w. p. 1,

where

(82) J
(r3r4)
(10)T,t =

T∫

t

s∫

t

(t− τ)dw(r3)
τ dw(r4)

s .

Denote by I4[B(Z)]M,q
T,t the approximation of the iterated stochastic integral (81), which has the

following form

I4[B(Z)]M,q
T,t =

∑

r1,r2,r3,r4∈JM

B′(Z) (B′′(Z) (B(Z)er1 , B(Z)er2) er3) er4
√

λr1λr2λr3λr4×

(83) ×
(

I
(r1r2r3r4)q
(1111)T,t + I

(r2r1r3r4)q
(1111)T,t − 1{r1=r2}J

(r3r4)q
(10)T,t

)

w. p. 1,

where the approximations I
(r1r2r3r4)q
(1111)T,t , J

(r1r2)q
(10)T,t are based on Theorems 1, 2 and Legendre polynomials.

The approximation J
(r1r2)q
(10)T,t of the stochastic integral J

(r1r2)
(10)T,t (r1, r2 = 1, . . . ,M), which is based on

Theorems 1, 2 and Legendre polynomials has the following form (see [43] (formula (6.92), p. A.544)
or [39] (formula (5.8), p. A.249))

J
(r1r2)q
(10)T,t = −T − t

2
I
(r1r2)q
(11)T,t −

(T − t)2

4

(

1√
3
ζ
(r2)
0 ζ

(r1)
1 +

(84) +

q
∑

i=0

(

(i + 1)ζ
(r2)
i+2 ζ

(r1)
i − (i + 2)ζ

(r2)
i ζ

(r1)
i+2

√

(2i+ 1)(2i+ 5)(2i+ 3)
+

ζ
(r1)
i ζ

(r2)
i

(2i− 1)(2i+ 3)

))

,

where the approximation I
(r1r2)q
(11)T,t is defined by (76).

Moreover,

(85) M

{(

J
(r1r2)
(10)T,t − J

(r1r2)q
(10)T,t

)2
}

= Eq (r1 6= r2),
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where Eq is the right-hand side of (77) (see [43] (formula (6.106), p. A.551) or [39] (formula (5.19),
p. A.252–A.253)).

From (81), (83) it follows that

I4[B(Z)]MT,t − I4[B(Z)]M,q
T,t =

=
∑

r1,r2,r3,r4∈JM

B′(Z) (B′′(Z) (B(Z)er1 , B(Z)er2) er3) er4
√

λr1λr2λr3λr4×

×
(
(

I
(r1r2r3r4)
(1111)T,t − I

(r1r2r3r4)q
(1111)T,t

)

+
(

I
(r2r1r3r4)
(1111)T,t − I

(r2r1r3r4)q
(1111)T,t

)

−

−1{r1=r2}

(

J
(r3r4)
(10)T,t − J

(r3r4)q
(10)T,t

)
)

w. p. 1.

Repeating with an insignificant modification the proof of Theorem 4 for the cases k = 2, 4, we
obtain

M

{∥
∥
∥
∥
I4[B(Z)]MT,t − I4[B(Z)]M,q

T,t

∥
∥
∥
∥

2

H

}

≤

≤ C (tr Q)4
(

22(4!)2

(

(T − t)4

24
−

q
∑

j1,j2,j3,j4=0

C2
j4j3j2j1

)

+ (2!)2Eq

)

,

where Eq is the right-hand side of (77), and Cj4j3j2j1 is defined by (79).
Consider the stochastic integral I5[B(Z)]MT,t. Let conditions 1 and 2 of Theorem 4 be fulfilled. Let

B′′(v)(B(v), B′(v)(B(v))) be a 4-linear Hilbert–Schmidt operator mapping from U0 × U0 × U0 × U0

to H for all v ∈ H .
We have (see (44))

I5[B(Z)]MT,t =
∑

r1,r2,r3,r4∈JM

B′′(Z)(B(Z)er3 , B
′(Z)(B(Z)er2)er1)er4

√

λr1λr2λr3λr4×

(86) ×
T∫

t





s∫

t

dw(r3)
τ

s∫

t

τ∫

t

dw(r2)
u dw(r1)

τ



 dw(r4)
s w. p. 1.

Using the theorem on the integration order replacement in iterated Itô stochastic integrals (see
[43] (p. A.150, p. A.163), [44]-[46], [67]) or the Itô formula, we obtain

T∫

t





s∫

t

dw(r3)
τ

s∫

t

τ∫

t

dw(r2)
u dw(r1)

τ



 dw(r4)
s =
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= I
(r2r1r3r4)
(1111)T,t + I

(r2r3r1r4)
(1111)T,t + I

(r3r2r1r4)
(1111)T,t +

(87) + 1{r1=r3}

(

J
(r2r4)
(10)T,t − J

(r2r4)
(01)T,t

)

− 1{r2=r3}J
(r1r4)
(10)T,t w. p. 1,

where we use the notations from Sect. 4, and J
(r1r2)
(01)T,t, J

(r1r2)
(10)T,t are defined by (73), (82).

After substituting (87) into (86), we obtain

I5[B(Z)]MT,t =
∑

r1,r2,r3,r4∈JM

B′′(Z)(B(Z)er3 , B
′(Z)(B(Z)er2)er1)er4

√

λr1λr2λr3λr4×

×
(

I
(r2r1r3r4)
(1111)T,t + I

(r2r3r1r4)
(1111)T,t + I

(r3r2r1r4)
(1111)T,t +

(88) +1{r1=r3}

(

J
(r2r4)
(10)T,t − J

(r2r4)
(01)T,t

)

− 1{r2=r3}J
(r1r4)
(10)T,t

)

w. p. 1.

Denote by I5[B(Z)]M,q
T,t the approximation of the iterated stochastic integral (88), which has the

following form

I5[B(Z)]M,q
T,t =

∑

r1,r2,r3,r4∈JM

B′′(Z)(B(Z)er3 , B
′(Z)(B(Z)er2)er1)er4

√

λr1λr2λr3λr4×

×
(

I
(r2r1r3r4)q
(1111)T,t + I

(r2r3r1r4)q
(1111)T,t + I

(r3r2r1r4)q
(1111)T,t +

(89) +1{r1=r3}

(

J
(r2r4)q
(10)T,t − J

(r2r4)q
(01)T,t

)

− 1{r2=r3}J
(r1r4)q
(10)T,t

)

w. p. 1,

where the approximations I
(r1r2r3r4)q
(1111)T,t , J

(r1r2)q
(01)T,t , and J

(r1r2)q
(10)T,t are based on Theorems 1, 2 and Legendre

polynomials.
From (88), (89) it follows that

I5[B(Z)]MT,t − I5[B(Z)]M,q
T,t =

∑

r1,r2,r3,r4∈JM

B′′(Z)(B(Z)er3 , B
′(Z)(B(Z)er2)er1)er4

√

λr1λr2λr3λr4×

×
(
(

I
(r2r1r3r4)
(1111)T,t − I

(r2r1r3r4)q
(1111)T,t

)

+
(

I
(r2r3r1r4)
(1111)T,t − I

(r2r3r1r4)q
(1111)T,t

)

+
(

I
(r3r2r1r4)
(1111)T,t − I

(r3r2r1r4)q
(1111)T,t

)

+

+1{r1=r3}

((

J
(r2r4)
(10)T,t − J

(r2r4)q
(10)T,t

)

−
(

J
(r2r4)
(01)T,t − J

(r2r4)q
(01)T,t

))

− 1{r2=r3}

(

J
(r1r4)
(10)T,t − J

(r1r4)q
(10)T,t

)
)

w. p. 1.
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Repeating with an insignificant modification the proof of Theorem 4 for the cases k = 2, 4 and
taking into account (85), we obtain

M

{∥
∥
∥
∥
I5[B(Z)]MT,t − I5[B(Z)]M,q

T,t

∥
∥
∥
∥

2

H

}

≤

≤ C (tr Q)
4

(

32(4!)2

(

(T − t)4

24
−

q
∑

j1,j2,j3,j4=0

C2
j4j3j2j1

)

+ 32(2!)2Eq

)

,

where Eq is the right-hand side of (77), and Cj4j3j2j1 is defined by (79).
Consider the stochastic integral I6[B(Z), F (Z)]MT,t. Let conditions 1 and 2 of Theorem 4 be fulfilled.

We have (see (44))

I6[B(Z), F (Z)]MT,t =
∑

r1,r2∈JM

F ′(Z)(B′(Z)(B(Z)er1)er2)
√

λr1λr2×

(90) ×
T∫

t

s∫

t

τ∫

t

dw(r1)
u dw(r2)

τ ds w. p. 1.

Using the theorem on the integration order replacement in iterated Itô stochastic integrals (see
[43] (p. A.150, p. A.163), [44]-[46], [67]) or the Itô formula, we obtain

(91)

T∫

t

s∫

t

τ∫

t

dw(r1)
u dw(r2)

τ ds = (T − t)I
(r1r2)
(11)T,t + J

(r1r2)
(01)T,t w. p. 1.

After substituting (91) into (90) we have

I6[B(Z), F (Z)]MT,t =
∑

r1,r2∈JM

F ′(Z)(B′(Z)(B(Z)er1)er2)
√

λr1λr2×

(92) ×
(

(T − t)I
(r1r2)
(11)T,t + J

(r1r2)
(01)T,t

)

w. p. 1.

Denote by I6[B(Z), F (Z)]M,q
T,t the approximation of the iterated stochastic integral (92), which has

the following form

I6[B(Z), F (Z)]M,q
T,t =

∑

r1,r2∈JM

F ′(Z)(B′(Z)(B(Z)er1)er2)
√

λr1λr2×

(93) ×
(

(T − t)I
(r1r2)q
(11)T,t + J

(r1r2)q
(01)T,t

)

,
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where the approximations J
(r1r2)q
(01)T,t , I

(r1r2)q
(11)T,t are defined by (75), (76).

From (92), (93) it follows that

I6[B(Z), F (Z)]MT,t − I6[B(Z), F (Z)]M,q
T,t =

∑

r1,r2∈JM

F ′(Z)(B′(Z)(B(Z)er1)er2)
√

λr1λr2×

×
(

(T − t)
(

I
(r1r2)
(11)T,t − I

(r1r2)q
(11)T,t

)

+
(

J
(r1r2)
(01)T,t − J

(r1r2)q
(01)T,t

)
)

w. p. 1.

Repeating with an insignificant modification the proof of Theorem 4 for the case k = 2, we obtain

M

{∥
∥
∥
∥
I6[B(Z), F (Z)]MT,t − I6[B(Z), F (Z)]M,q

T,t

∥
∥
∥
∥

2

H

}

≤

≤ 2C(2!)2 (tr Q)2
(

(T − t)2Gq + Eq

)

,

where Gq and Eq are the right-hand sides of (36) and (77) correspondingly.
Consider the stochastic integral I7[B(Z), F (Z)]MT,t. Let conditions 1 and 2 of Theorem 4 be fulfilled.

Then we have (see (44)) w. p. 1

I7[B(Z), F (Z)]MT,t =
∑

r1,r2∈JM

F ′′(Z) (B(Z)er1 , B(Z)er2)
√

λr1λr2×

(94) ×
T∫

t





s∫

t

dw(r1)
τ

s∫

t

dw(r2)
τ



 ds.

Using the Itô formula, we obtain

(95)

s∫

t

dw(r1)
τ

s∫

t

dw(r2)
τ = I

(r1r2)
(11)s,t + I

(r2r1)
(11)s,t + 1{r1=r2}(s− t) w. p. 1,

where we use the notations from Sect. 4.
From (95) and (91) we have

T∫

t





s∫

t

dw(r1)
τ

s∫

t

dw(r2)
τ



 ds =

=

T∫

t

I
(r1r2)
(11)s,tds+

T∫

t

I
(r2r1)
(11)s,tds+ 1{r1=r2}

(T − t)2

2
=
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= (T − t)
(

I
(r1r2)
(11)T,t + I

(r2r1)
(11)T,t

)

+ J
(r1r2)
(01)T,t + J

(r2r1)
(01)T,t + 1{r1=r2}

(T − t)2

2
=

= (T − t)
(

I
(r1)
(1)T,tI

(r2)
(1)T,t − 1{r1=r2}(T − t)

)

+ J
(r1r2)
(01)T,t + J

(r2r1)
(01)T,t + 1{r1=r2}

(T − t)2

2
=

= (T − t)I
(r1)
(1)T,tI

(r2)
(1)T,t + J

(r1r2)
(01)T,t + J

(r2r1)
(01)T,t−

(96) − 1{r1=r2}
(T − t)2

2
w. p. 1.

After substituting (96) into (94) we obtain

I7[B(Z), F (Z)]MT,t =
∑

r1,r2∈JM

F ′′(Z) (B(Z)er1 , B(Z)er2)
√

λr1λr2×

(97) ×
(

(T − t)I
(r1)
(1)T,tI

(r2)
(1)T,t + J

(r1r2)
(01)T,t + J

(r2r1)
(01)T,t − 1{r1=r2}

(T − t)2

2

)

w. p. 1.

Denote by I7[B(Z), F (Z)]M,q
T,t the approximation of the iterated stochastic integral (97), which has

the following form

I7[B(Z), F (Z)]M,q
T,t =

∑

r1,r2∈JM

F ′′(Z) (B(Z)er1 , B(Z)er2)
√

λr1λr2×

(98) ×
(

(T − t)I
(r1)
(1)T,tI

(r2)
(1)T,t + J

(r1r2)q
(01)T,t + J

(r2r1)q
(01)T,t − 1{r1=r2}

(T − t)2

2

)

,

where the approximation J
(r1r2)q
(01)T,t is defined by (75).

From (97), (98) it follows that

I7[B(Z), F (Z)]MT,t − I7[B(Z), F (Z)]M,q
T,t =

∑

r1,r2∈JM

F ′′(Z) (B(Z)er1 , B(Z)er2)
√

λr1λr2×

×
(
(

J
(r1r2)
(01)T,t − J

(r1r2)q
(01)T,t

)

+
(

J
(r2r1)
(01)T,t − J

(r2r1)q
(01)T,t

)
)

w. p. 1.

Repeating with an insignificant modification the proof of Theorem 4 for the case k = 2, we obtain
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M

{∥
∥
∥
∥
I7[B(Z), F (Z)]MT,t − I7[B(Z), F (Z)]M,q

T,t

∥
∥
∥
∥

2

H

}

≤

≤ 22C(2!)2 (tr Q)
2
Eq,

where Eq is the right-hand side of (77).
Consider the stochastic integral I8[B(Z), F (Z)]MT,t. Let conditions 1 and 2 of Theorem 4 be fulfilled.

Then we have (see (44)) w. p. 1

(99) I8[B(Z), F (Z)]MT,t = −
∑

r1,r2∈JM

B′′(Z) (F (Z), B(Z)er1) er2
√

λr1λr2J
(r1r2)
(01)T,t.

Denote by I8[B(Z), F (Z)]M,q
T,t the approximation of the iterated stochastic integral (99), which has

the following form

(100) I8[B(Z), F (Z)]M,q
T,t = −

∑

r1,r2∈JM

B′′(Z) (F (Z), B(Z)er1) er2
√

λr1λr2J
(r1r2)q
(01)T,t ,

where the approximation J
(r1r2)q
(01)T,t is defined by (75).

From (99), (100) it follows that

I8[B(Z), F (Z)]MT,t − I8[B(Z), F (Z)]M,q
T,t =

= −
∑

r1,r2∈JM

B′′(Z) (F (Z), B(Z)er1) er2
√

λr1λr2×

×
(

J
(r1r2)
(01)T,t − J

(r1r2)q
(01)T,t

)

w. p. 1.

Repeating with an insignificant modification the proof of Theorem 4 for the case k = 2, we obtain

M

{∥
∥
∥
∥
I8[B(Z), F (Z)]MT,t − I8[B(Z), F (Z)]M,q

T,t

∥
∥
∥
∥

2

H

}

≤ C(2!)2 (tr Q)
2
Eq,

where Eq is the right-hand side of (77).
Using computational experiments it was shown in [64], [65] (also see [44], Sect. 5.4) that we can

neglect the multiplier factor k! in the estimate (27). As a result, the computational costs for the
approximation of iterated Itô stochastic integrals are significantly reduced. For the same reason, we
can replace the multiplier factor (k!)2 by k! in the formula (47) in practical calculations.
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APPLICATION OF MULTIPLE FOURIER–LEGENDRE SERIES TO

IMPLEMENTATION OF STRONG EXPONENTIAL MILSTEIN AND

WAGNER–PLATEN METHODS FOR NON-COMMUTATIVE SEMILINEAR

STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the application of multiple Fourier–Legendre series
to implementation of strong exponential Milstein and Wagner–Platen methods for non-
commutative semilinear stochastic partial differential equations with multiplicative trace
class noise. These methods have strong orders of convergence 1.0 − ε and 1.5 − ε corre-
spondingly (here ε is an arbitrary small positive real number) with respect to the temporal
discretization. The theorem on mean-square convergence of approximations of iterated sto-
chastic integrals of multiplicities 1 to 3 with respect to the infinite-dimensional Q-Wiener
process is formulated and proved. The results of the article can be applied to implementa-
tion of exponential Milstein and Wagner–Platen methods for non-commutative semilinear
stochastic partial differential equations with multiplicative trace class noise.

1. Introduction

It is well-known that one of the effective approaches to the construction of high-order strong
numerical methods (with respect to the temporal discretization) for stochastic partial differential
equations (SPDEs) is based on the Taylor formula in Banach spaces and exponential formula for the
mild solution of SPDEs [1]-[6]. A significant step in this direction was made in [2], [3], where the
exponential Milstein and Wagner–Platen methods for semilinear SPDEs were constructed. Under the
appropriate conditions [2], [3] these methods have strong orders of convergence 1.0 − ε and 1.5 − ε
correspondingly (where ε is an arbitrary small posilive real number) with respect to the temporal
discretization.

An important feature of the mentioned numerical methods is the presence in them of the so-
called iterated stochastic integrals with respect to the infinite-dimensional Q-Wiener process [7]. The
problem of numerical modeling of these stochastic integrals was solved in [2], [3] for the case when
special commutativity conditions are fulfilled.

If the mentioned commutativity conditions are not fulfilled, which often corresponds to SPDEs in
numerous applications, the numerical simulation of iterated stochastic integrals with respect to the
infinite-dimensional Q-Wiener process becomes much more difficult. Note that the exponential Mil-
stein scheme [2] contains the iterated stochastic integrals of multiplicities 1 and 2 with respect to the
infinite-dimensional Q-Wiener process and the exponential Wagner–Platen scheme [3] contains the
mentioned stochastic integrals of multiplicities 1 to 3. In [8] two methods of the mean-square approx-
imation of iterated stochastic integrals from the Milstein scheme [2] have been considered. Note that
the mean-square error of approximation of these stochastic integrals consists of two components [8].

Mathematics Subject Classification: 60H05, 60H10, 42B05, 42C10.

Keywords: Non-commutative semilinear Stochastic partial differential equation, Multiplicative trace

class noise, Infinite-dimensional Q-Wiener process, Iterated Itô stochastic integral, Generalized multiple

Fourier series, Multiple Fourier–Legendre series, Exponential Milstein scheme, Exponential Wagner–

Platen scheme, Legendre polynomials, Mean-square approximation, Expansion.
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2 D.F. KUZNETSOV

The first component is related with the finite-dimentional approximation of the infinite-dimentional
Q-Wiener process while the second one is connected with the approximation of iterated Itô stochastic
integrals with respect to the scalar standard Brownian motions. In the author’s publications [9], [10],
[23], [24] the problem of the mean-square approximation of iterated stochastic integrals with respect
to the infinite-dimensional Q-Wiener process in the sense of second component of approximation er-
ror (see above) has been solved for an arbitrary multiplicity k (k ∈ N) of stochastic integrals. More
precisely, in [9], [10] (also see [23], [24]) the method of generalized multiple Fourier series [11]-[54]
for the approximation of iterated Itô stochastic integrals with respect to the scalar standard Brow-
nian motions was adapted for iterated stochastic integrals with respect to the infinite-dimensional
Q-Wiener process (in the sense of second component of the approximation error).

In this article, we extend the method for estimating the first component of approximation error
from [8] for iterated stochastic integrals of multiplicities 1 to 3 with respect to the infinite-dimensional
Q-Wiener process. In addition, we combine the obtained results with the results from [9], [10]. Thus,
the results of the article can be applied to the implementation of exponential Milstein and Wagner–
Platen schemes for semilinear SPDEs with multiplicative trace class noise and without the conditions
of commutativity for SPDEs.

2. Exponential Milstein and Wagner–Platen Numerical Schemes for

Non-Commutative Semilinear SPDEs

Let U,H be separable R-Hilbert spaces and LHS(U,H) be a space of Hilbert–Schmidt operators
mapping from U to H. Let (Ω,F,P) be a probability space with a normal filtration {Ft, t ∈ [0, T̄ ]}
[7], let Wt be an U -valued Q-Wiener process with respect to {Ft, t ∈ [0, T̄ ]}, which has a covariance
trace class operator Q ∈ L(U). Here L(U) denotes all bounded linear operators mapping from U to
U. Consider an R-Hilbert space U0 = Q1/2(U) with a scalar product

〈u,w〉U0
=
〈

Q−1/2u,Q−1/2w
〉

U

for all u,w ∈ U0.
Consider the semilinear parabolic SPDE

(1) dXt = (AXt + F (Xt)) dt+B(Xt)dWt, X0 = ξ, t ∈ [0, T̄ ],

where nonlinear operators F, B (F : H → H , B : H → LHS(U0, H)), linear operator A : D(A) ⊂
H → H as well as the initial value ξ are assumed to satisfy the conditions of existence and uniqueness
of the SPDE (1) mild solution (see [3], Assumptions A1–A4).

It is well-known [6] that Assumptions A1–A4 [3] guarantee the existence and uniqueness (up to
modifications) of the mild solution Xt : [0, T̄ ]× Ω → H of the SPDE (1)

(2) Xt = exp(At)ξ +

t∫

0

exp(A(t − τ))F (Xτ )dτ +

t∫

0

exp(A(t− τ))B(Xτ )dWτ

with probability 1 (further w. p. 1) for all t ∈ [0, T̄ ], where exp(At), t ≥ 0 is the semigroup generated
by the operator A.

Consider eigenvalues λi and eigenfunctions ei(x) of the covariance operatorQ, where i = (i1, . . . , id)
∈ J, x = (x1, . . . , xd), and J = {i : i ∈ N

d, and λi > 0}.
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The series representation of the Q-Wiener process has the following form [7]

Wt =
∑

i∈J

ei
√

λiw
(i)
t or Wt =

∑

i∈JM

ei 〈ei,Wt〉U ,

where t ∈ [0, T̄ ], w
(i)
t (i ∈ J) are independent standard Wiener processes and 〈·, ·〉U is a scalar product

in U.
Note that eigenfunctions ei, i ∈ J form an orthonormal basis of U [7]. Consider the finite-dimen-

sional approximation of Wt [7]

(3) WM
t =

∑

i∈JM

ei
√

λiw
(i)
t , t ∈ [0, T̄ ],

where

(4) JM = {i : 1 ≤ i1, . . . , id ≤M, and λi > 0}.

Remark 1. Obviously, without the loss of generality we can write JM = {1, 2, . . . ,M}.
Let ∆ > 0, τp = p∆ (p = 0, 1, . . . , N), and N∆ = T̄ . Consider the following exponential Milstein

and Wagner–Platen numerical schemes for the SPDE (1) [2], [3]

Yp+1 = exp (A∆)




Yp +∆F (Yp) +

τp+1∫

τp

B(Yp)dWs+

(5) +

τp+1∫

τp

B′(Yp)






s∫

τp

B(Yp)dWτ




 dWs




 ,

(an exponential Milstein scheme)

Yp+1 = exp

(
A∆

2

)

×

×




exp

(
A∆

2

)

Yp +∆F (Yp) +
∆2

2
F ′(Yp)

(

AYp + F (Yp)

)

+

τp+1∫

τp

B(Yp)dWs+

+
∆2

4

∑

i∈J

λiF
′′(Yp)

(

B(Yp)ei, B(Yp)ei

)

+

τp+1∫

τp

B′(Yp)






s∫

τp

B(Yp)dWτ




 dWs+

+A






τp+1∫

τp

s∫

τp

B(Yp)dWτds−
∆

2

τp+1∫

τp

B(Yp)dWs




+
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4 D.F. KUZNETSOV

+∆

τp+1∫

τp

B′(Yp)

(

AYp + F (Yp)

)

dWs −
τp+1∫

τp

s∫

τp

B′(Yp)

(

AYp + F (Yp)

)

dWτds+

+
1

2

τp+1∫

τp

B′′(Yp)






s∫

τp

B(Yp)dWτ ,

s∫

τp

B(Yp)dWτ




 dWs+

+

τp+1∫

τp

F ′(Yp)






s∫

τp

B(Yp)dWτ




 ds+

(6) +

τp+1∫

τp

B′(Yp)






s∫

τp

B′(Yp)






τ∫

τp

B(Yp)dWθ




 dWτ




 dWs




 ,

(an exponential Wagner–Platen scheme)

where Yp is an approximation of Xτp (mild solution (2) at the time moment τp), p = 0, 1, . . . , N, and
B′, B′′, F ′, F ′′ are Frêchet derivatives. In addition to the temporal discretization, the implementation
of numerical schemes (5) and (6) also requires a finite-dimensional approximation of the spaces H ,
U . Further, we will consider this approximation only for the space U .

Let us consider the following iterated Itô stochastic integrals

I
(r1)
(1)T,t =

T∫

t

dw
(r1)
t1 ,

I
(r10)
(10)T,t =

T∫

t

t2∫

t

dw
(r1)
t1 dt2, I

(0r2)
(01)T,t =

T∫

t

t2∫

t

dt1dw
(r2)
t2 ,

I
(r1r2)
(11)T,t =

T∫

t

t2∫

t

dw
(r1)
t1 dw

(r2)
t2 ,

I
(r1r2r3)
(111)T,t =

T∫

t

t3∫

t

t2∫

t

dw
(r1)
t1 dw

(r2)
t2 dw

(r3)
t3 ,

where r1, r2, r3 ∈ JM , 0 ≤ t < T ≤ T̄ , and JM is defined by (4).
Let us replace the infinite-dimensional Q-Wiener process in the iterated stochastic integrals from

(5), (6) by its finite-dimensional approximation (3). Then we have w. p. 1

(7)

τp+1∫

τp

B(Yp)dW
M
s =

∑

r1∈JM

B(Yp)er1
√

λr1I
(r1)
(1)τp+1,τp

,
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A






τp+1∫

τp

s∫

τp

B(Yp)dW
M
τ ds− ∆

2

τp+1∫

τp

B(Yp)dW
M
s




 = A

τp+1∫

τp

B(Yp)
(τp+1

2
− s+

τp
2

)

dWM
s =

(8) =
∑

r1∈JM

AB(Yp)er1
√

λr1

(
∆

2
I
(r1)
(1)τp+1,τp

− I
(0r1)
(01)τp+1,τp

)

,

∆

τp+1∫

τp

B′(Yp)

(

AYp + F (Yp)

)

dWM
s −

τp+1∫

τp

s∫

τp

B′(Yp)

(

AYp + F (Yp)

)

dWM
τ ds =

=

τp+1∫

τp

B′(Yp)

s∫

τp

(

AYp + F (Yp)

)

dτdWM
s =

(9) =
∑

r1∈JM

B′(Yp)

(

AYp + F (Yp)

)

er1
√

λr1I
(0r1)
(01)τp+1,τp

,

τp+1∫

τp

F ′(Yp)






s∫

τp

B(Yp)dW
M
τ




 ds =

(10) =
∑

r1∈JM

F ′(Yp)B(Yp)er1
√

λr1

(

∆I
(r1)
(1)τp+1,τp

− I
(0r1)
(01)τp+1,τp

)

,

τp+1∫

τp

B′(Yp)






s∫

τp

B(Yp)dW
M
τ




 dWM

s =

(11) =
∑

r1,r2∈JM

B′(Yp) (B(Yp)er1) er2
√

λr1λr2I
(r1r2)
(11)τp+1,τp

,

τp+1∫

τp

B′(Yp)






s∫

τp

B′(Yp)






τ∫

τp

B(Yp)dW
M
θ




 dWM

τ




 dWM

s =

(12) =
∑

r1,r2,r3∈JM

B′(Yp) (B
′(Yp) (B(Yp)er1) er2) er3

√

λr1λr2λr3I
(r1r2r3)
(111)τp+1,τp

,
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6 D.F. KUZNETSOV

τp+1∫

τp

B′′(Yp)






s∫

τp

B(Yp)dW
M
τ ,

s∫

τp

B(Yp)dW
M
τ




 dWM

s =

=
∑

r1,r2,r3∈JM

B′′(Yp) (B(Yp)er1 , B(Yp)er2) er3
√

λr1λr2λr3×

(13) ×
τp+1∫

τp






s∫

τp

dw(r1)
τ

s∫

τp

dw(r2)
τ




 dw(r3)

s .

Note that in (8)–(10) we used the Itô formula. Moreover, using the Itô formula we obtain

(14)

s∫

τp

dw(r1)
τ

s∫

τp

dw(r2)
τ = I

(r1r2)
(11)s,τp

+ I
(r2r1)
(11)s,τp

+ 1{r1=r2}(s− τp) w. p. 1.

From (14) we have

(15)

τp+1∫

τp






s∫

τp

dw(r1)
τ

s∫

τp

dw(r2)
τ




 dw(r3)

s = I
(r1r2r3)
(111)τp+1,τp

+ I
(r2r1r3)
(111)τp+1,τp

+ 1{r1=r2}I
(0r3)
(01)τp+1,τp

w. p. 1.

After substituting (15) into (13), we obtain

τp+1∫

τp

B′′(Yp)






s∫

τp

B(Yp)dW
M
τ ,

s∫

τp

B(Yp)dW
M
τ




 dWM

s =

=
∑

r1,r2,r3∈JM

B′′(Z) (B(Z)er1 , B(Z)er2) er3
√

λr1λr2λr3×

(16) ×
(

I
(r1r2r3)
(111)τp+1,τp

+ I
(r2r1r3)
(111)τp+1,τp

+ 1{r1=r2}I
(0r3)
(01)τp+1,τp

)

w. p. 1.

Thus, for the implementation of numerical schemes (5) and (6) we need to approximate the fol-
lowing collection of iterated Itô stochastic integrals

I
(r1)
(1)T,t, I

(0r1)
(01)T,t, I

(r1r2)
(11)T,t, I

(r1r2r3)
(111)T,t ,

where r1, r2, r3 ∈ JM , 0 ≤ t < T ≤ T̄ .
The monographs [22] (Chapters 5, 6) and [23] or [24] (Chapters 1, 2, and 5) (also see [11]-[21], [26]-

[54]) are devoted to the constructing of efficient methods (based on generalized multiple Fourier series)
of the mean-square approximation of iterated Itô stochastic integrals with respect to components
of the finite-dimensional Wiener process. These results are also adapted for iterated Stratonovich

1669



APPLICATION OF MULTIPLE FOURIER–LEGENDRE SERIES 7

stochastic integrals [16]-[24], [28], [33], [35]-[42], [46], [49], [50], [52], [54]. In Sect. 3, we consider a
very short review of the results from monographs [22] (Chapters 5, 6) and [23] or [24] (Chapters 1,
2, and 5).

3. Method of Approximation of Iterated Itô Stohastic integrals Based on

Generalized Multiple Fourier Series. The Case of Multiple Fourier–Le-

gendre Series

Consider the following iterated Itô stochastic integrals

(17) J [ψ(k)]
(i1...ik)
T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

where 0 ≤ t < T ≤ T̄ , every ψl(τ) (l = 1, . . . , k) is a continuous non-random function on [t, T ], w
(i)
τ

(i = 1, . . . ,m) are independent standard Wiener processes, w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m. The

case ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) will be considered in Theorem 2 (see below).
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

Define the following function on the hypercube [t, T ]k

(18) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

=
k∏

l=1

ψl(tl)
k−1∏

l=1

1{tl<tl+1},

where t1, . . . , tk ∈ [t, T ] for k ≥ 2 and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ]. Here 1A is the indicator of the
set A.

The function K(t1, . . . , tk) is piecewise continuous on the hypercube [t, T ]k. At this situation it
is well known that the generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]

k) converges to
K(t1, . . . , tk) on the hypercube [t, T ]k in the mean-square sense, i.e.

(19) lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(20) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient and

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.
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8 D.F. KUZNETSOV

Consider the discretization {τj}Nj=0 of [t, T ] such that

(21) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [11] (2006) (also see [9], [10], [12]-[54]). Suppose that every ψl(τ) (l = 1, . . . , k) is

a continuous non-random function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of

continuous functions in L2([t, T ]). Then

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(22) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where

Gk = Hk\Lk, Hk =

{

(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1

}

,

Lk =

{

(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k

}

,

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(23) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (20), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is the discretization of [t, T ],

which satisfies the condition (21).
Note that in [11]-[24], [32] the version of Theorem 1 for systems of Haar and Rademacher–Walsh

functions has been considered. Another version of Theorem 1 related to the application of complete
orthonormal with weight r(t1) . . . r(tk) ≥ 0 systems of functions in L2([t, T ]

k) has been considered
in [22]-[24], [44]. A generalization of Theorem 1 to the case of an arbitrary complete orthonormal
system of functions {φj(x)}∞j=0 in the space L2([t, T ]) as well as ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) will be
considered below (see Theorem 2).

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 5 [11]-[54] (cases k = 6, 7 and k > 7 can be found in [12]-[54])

(24) J [ψ(1)]
(i1)
T,t = l.i.m.

p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,

(25) J [ψ(2)]
(i1i2)
T,t = l.i.m.

p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,
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J [ψ(3)]
(i1i2i3)
T,t = l.i.m.

p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(26) − 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

−1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]
(i1...i4)
T,t = l.i.m.

p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(27) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]
(i1...i5)
T,t = l.i.m.

p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

(28) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

where 1A is the indicator of the set A.
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10 D.F. KUZNETSOV

Consider the generalization of (24)–(28) for the case of an arbitrary k (k ∈ N) as well as for the
case of an arbitrary complete orthonormal system of functions {φj(x)}∞j=0 in the space L2([t, T ]) and
ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

In order to do this, let us consider the unordered set {1, 2, . . . , k} and separate it into two parts:
the first part consists of r unordered pairs (sequence order of these pairs is also unimportant) and
the second one consists of the remaining k − 2r numbers. So, we have

(29) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where {g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k}, braces mean an unordered set and paren-
theses mean an ordered set.

We will say that (29) is a partition and consider the sum with respect to all possible partitions

(30)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Theorem 2 [23] (Sect. 1.11), [32] (Sect. 15). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Then the

following expansion

J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(31) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 1.

In particular, from (31) for k = 5 we obtain

J [ψ(5)]
(i1...i5)
T,t = l.i.m.

p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}

3∏

l=1

ζ
(iql )

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig
1
= ig

2
6=0}1{jg

1
= jg

2
}1{ig

3
= ig

4
6=0}1{jg

3
= jg

4
}ζ

(iq1 )

jq1

)

.
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The last equality obviously agrees with (28). Note that the correctness of formulas (24)–(28) can
be verified by the fact that if i1 = . . . = i5 = i = 1, . . . ,m and ψ1(s), . . . , ψ6(s) ≡ ψ(s), then we
can derive from (24)–(28) the well known equalities (the cases k = 2, 3 were discussed in details in
[12]-[24], [32])

J [ψ(1)]
(i)
T,t =

1

1!
δ
(i)
T,t,

J [ψ(2)]
(ii)
T,t =

1

2!

((

δ
(i)
T,t

)2

−∆T,t

)

,

J [ψ(3)]
(iii)
T,t =

1

3!

((

δ
(i)
T,t

)3

− 3δ
(i)
T,t∆T,t

)

,

J [ψ(4)]
(iiii)
T,t =

1

4!

((

δ
(i)
T,t

)4

− 6
(

δ
(i)
T,t

)2

∆T,t + 3∆2
T,t

)

,

J [ψ(5)]
(iiiii)
T,t =

1

5!

((

δ
(i)
T,t

)5

− 10
(

δ
(i)
T,t

)3

∆T,t + 15δ
(i)
T,t∆

2
T,t

)

w. p. 1, where

δ
(i)
T,t =

T∫

t

ψ(s)dw(i)
s , ∆T,t =

T∫

t

ψ2(s)ds.

The above equalities can be independently obtained using the Itô formula and Hermite polynomials
[61].

Assume that J [ψ(k)]
(i1...ik)p1...pk

T,t is an approximation of the stochastic integral (17), which is the

expression on the right-hand side of (31) before passing to the limit l.i.m.
p1,...,pk→∞

. Let us denote

E(i1...ik)p1,...,pk = M

{(

J [ψ(k)]
(i1...ik)
T,t − J [ψ(k)]

(i1...ik)p1,...,pk

T,t

)2
}

,

(32) Ik = ‖K‖2L2([t,T ]k) =

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk, E(i1...ik)p1,...,pk

∣
∣
∣
p1=...=pk=p

def
= E(i1...ik)p.

In [21], [22]-[24], [32], [34] it was shown that

(33) E
(i1...ik)p1,...,pk

k ≤ k!



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1



 ,

where i1, . . . , ik = 1, . . . ,m for 0 < T − t < ∞ and i1, . . . , ik = 0, 1, . . . ,m for 0 < T − t < 1. Note
that the estimate (33) is valid under the conditions of Theorem 2.
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12 D.F. KUZNETSOV

Let us consider some approximations of iterated Itô stochastic integrals using Theorems 1, 2 and
multiple Fourier–Legendre series.

The complete orthonormal system of Legendre polynomials in the space L2([t, T ]) looks as follows

(34) φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

, j = 0, 1, 2, . . . ,

where Pj(x) is the Legendre polynomial.
Using the system of functions (34) and Theorems 1, 2 we obtain the following approximations

of iterated Itô stochastic integrals [9]-[58] (also see early publications [62] (1997), [63] (1998), [64]
(2000))

(35) I
(i1)
(1)T,t =

√
T − tζ

(i1)
0 ,

(36) I
(0i1)
(01)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

(37) I
(i10)
(10)T,t =

(T − t)3/2

2

(

ζ
(i1)
0 − 1√

3
ζ
(i1)
1

)

,

(38) I
(i1i2)q
(11)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

,

I
(i1i2i3)q1
(111)T,t =

q1∑

j1,j2,j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

(39) −1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i1i1)
(111)T,t =

1

6
(T − t)3/2

((

ζ
(i1)
0

)3

− 3ζ
(i1)
0

)

,

Cj3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(T − t)3/2

8
C̄j3j2j1 ,

C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,
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Table 1. Minimal numbers q, q1 such that E(i1i2)q, E(i1i2i3)q1 ≤ (T − t)4, q1 ≪ q.

T − t 0.08222 0.05020 0.02310 0.01956
q 19 51 235 328
q1 1 2 5 6

Table 2. Coefficients C̄3jk.

j
k 0 1 2 3 4 5 6

0 0 2
105 0 − 4

315 0 2
693 0

1 4
105 0 − 2

315 0 − 8
3465 0 10

9009

2 2
35 − 2

105 0 4
3465 0 − 74

45045 0

3 2
315 0 − 2

3465 0 16
45045 0 − 10

9009

4 − 2
63

46
3465 0 − 32

45045 0 2
9009 0

5 − 10
693 0 38

9009 0 − 4
9009 0 122

765765

6 0 − 10
3003 0 20

9009 0 − 226
765765 0

standard Gaussian random variables ζ
(i)
j (i 6= 0) are defined by (23), and

I
(i1i2)
(11)T,t = l.i.m.

q→∞
I
(i1i2)q
(11)T,t,

I
(i1i2i3)
(111)T,t = l.i.m.

q1→∞
I
(i1i2i3)q1
(111)T,t .

Note that T − t ≪ 1 (T − t is an integration step with respect to the temporal variable). Thus
q1 ≪ q (see Table 1 [9]-[24], [35]). Moreover, the values C̄j3j2j1 do not depend on T − t. This feature
is important because we can use a variable integration step T − t. Coefficients C̄j3j2j1 are calculated
once and before the start of the numerical scheme. Some examples of exact calculation of coefficients
C̄j3j2j1 via Python programming language can be found in Table 2 (the database with 270,000 exactly
calculated Fourier–Legendre coefficients was described in [55], [56]).

According to the notations introduced above, we have

E(i1i2)q = M

{(

I
(i1i2)
(11)T,t − I

(i1i2)q
(11)T,t

)2}

,

E(i1i2i3)q1 = M

{(

I
(i1i2i3)
(111)T,t − I

(i1i2i3)q1
(111)T,t

)2}

.

Then for pairwise different i1, i2, i3 = 1, . . . ,m we obtain [9]-[24], [34]

(40) E(i1i2)q =
(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

,
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14 D.F. KUZNETSOV

(41) E(i1i2i3)q1 =
(T − t)3

6
−

q1∑

j1,j2,j3=0

C2
j3j2j1 .

On the basis of the presented approximations of iterated Itô stochastic integrals we can see that
increasing of multiplicities of these integrals leads to increasing of orders of smallness with respect to
T − t (T − t ≪ 1) in the mean-square sense for iterated Itô stochastic integrals. This leads to sharp
decrease of member quantities in the approximations of iterated Itô stochastic integrals, which are
required for achieving the acceptable accuracy of approximation (q1 ≪ q).

From (41) we obtain [9]-[24], [35], [54] (for more details see [55]-[58])

(42) E(i1i2i3)q1
∣
∣
∣
q1=6

≈ 0.01956000(T − t)3.

4. Approximation of Iterated Stochastic Integrals of Multiplicity k with Respect

to the Q-Wiener Process

Consider the iterated Itô stochastic integral with respect to the Q-Wiener process in the following
form

I[Φ(k)(Z), ψ(k)]T,t =

(43) =

T∫

t

Φk(Z)



. . .





t3∫

t

Φ2(Z)





t2∫

t

Φ1(Z)ψ1(t1)dWt1



ψ2(t2)dWt2



 . . .



ψk(tk)dWtk ,

where Z : Ω → H is an Ft/B(H)-measurable mapping, Φk(v)( . . . (Φ2(v)(Φ1(v))) . . . ) is a k-linear
Hilbert–Schmidt operator mapping from U0 × . . .× U0

︸ ︷︷ ︸

k times

to H for all v ∈ H, and ψ1(τ), . . . , ψk(τ) ∈

L2([t, T ]).

Let I[Φ(k)(Z), ψ(k)]MT,t be an approximation of the stochastic integral (43)

I[Φ(k)(Z), ψ(k)]MT,t =

=

T∫

t

Φk(Z)



. . .





t3∫

t

Φ2(Z)





t2∫

t

Φ1(Z)ψ1(t1)dW
M
t1



ψ2(t2)dW
M
t2



 . . .



ψk(tk)dW
M
tk

=

=
∑

r1,r2,...,rk∈JM

Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk×

(44) ×
√

λr1λr2 . . . λrk J [ψ
(k)]

(r1r2...rk)
T,t ,
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where 0 ≤ t < T ≤ T̄ and

J [ψ(k)]
(r1...rk)
T,t =

T∫

t

ψk(tk) . . .

t3∫

t

ψ2(t2)

t2∫

t

ψ1(t1)dw
(r1)
t1 dw

(r2)
t2 . . . dw

(rk)
tk

is the iterated Itô stochastic integral (17), r1, r2, . . . , rk ∈ JM .

Let I[Φ(k)(Z), ψ(k)]M,p1...,pk

T,t be an approximation of the stochastic integral (44)

I[Φ(k)(Z), ψ(k)]M,p1...,pk

T,t =
∑

r1,r2,...,rk∈JM

Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk×

(45) ×
√

λr1λr2 . . . λrk J [ψ
(k)]

(r1r2...rk)p1,...,pk

T,t ,

where J [ψ(k)]
(r1r2...rk)p1,...,pk

T,t is defined as a prelimit expression on the right-hand side of (31)

J [ψ(k)]
(r1...rk)p1...pk

T,t =

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(rl)
jl

+

[k/2]
∑

m=1

(−1)m×

(46) ×
∑

({{g1,g2},...,{g2m−1,g2m}},{q1,...,qk−2m})

{g1,g2,...,g2m−1,g2m,q1,...,qk−2m}={1,2,...,k}

m∏

s=1

1{rg
2s−1

= rg
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2m∏

l=1

ζ
(rql )

jql

)

.

Let U, H be separable R-Hilbert spaces, U0 = Q1/2(U), and L(U,H) be the space of linear and
bounded operators mapping from U to H . Let L(U,H)0 = {T |U0 : T ∈ L(U,H)} (here T |U0 is the
restriction of operator T to the space U0). It is known [7] that L(U,H)0 is a dense subset of the space
of Hilbert–Schmidt operators LHS(U0, H).

Theorem 3 [9], [10], [23]-[25]. Suppose that {φj(x)}∞j=0 is an arbitrary complete orthonormal

system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Furthermore, let the

following conditions be satisfied:
1. Q ∈ L(U) is a nonnegative and symmetric trace class operator (λi and ei (i ∈ J) are its

eigenvalues and eigenfunctions (which form an orthonormal basis of U) correspondingly), and Wτ ,
τ ∈ [0, T̄ ] is an U -valued Q-Wiener process.

2. Z : Ω → H is an Ft/B(H)-measurable mapping.

3. Φ1 ∈ L(U,H)0, Φ2 ∈ L(H,L(U,H)0), and Φk(v)( . . . (Φ2(v)(Φ1(v))) . . . ) is a k-linear Hilbert–

Schmidt operator mapping from U0 × . . .× U0
︸ ︷︷ ︸

k times

to H for all v ∈ H such that

∥
∥
∥
∥
∥
Φk(Z) (. . . (Φ2(Z) (Φ1(Z)er1) er2) . . .) erk

∥
∥
∥
∥
∥

2

H

≤ Lk <∞

w. p. 1 for all r1, r2, . . . , rk ∈ JM , M ∈ N. Then
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M







∥
∥
∥
∥
∥
I[Φ(k)(Z), ψ(k)]MT,t − I[Φ(k)(Z), ψ(k)]M,p1...pk

T,t

∥
∥
∥
∥
∥

2

H






≤

(47) ≤ Lk(k!)
2 (tr Q)

k



Ik −
p1∑

j1=0

. . .

pk∑

jk=0

C2
jk...j1



 ,

where Ik is defined by (32), tr Q =
∑

i∈J

λi, and

Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk,

K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk), t1 < . . . < tk

0, otherwise

.

Remark 2. It should be noted that the right-hand side of the inequality (47) is independent of M
and tends to zero if p1, . . . , pk → ∞ due to the Parseval equality.

5. Approximation of Iterated Stochastic Integrals From the Exponential Milstein

and Wagner–Platen Schemes for SPDEs

This section is devoted to the approximation of iterated stochastic integrals from the Milstein
scheme (5) and Wagner–Platen scheme (6) for SPDEs. These integrals have the following form

(48) J1[B(Z)]T,t =

T∫

t

B(Z)dWs,

(49) J2[B(Z)]T,t = A





T∫

t

s∫

t

B(Z)dWτds−
(T − t)

2

T∫

t

B(Z)dWs



 ,

(50) J3[B(Z), F (Z)]T,t =

T∫

t

B′(Z)





t2∫

t

(

AZ + F (Z)

)

dt1



 dWt2 ,

(51) J4[B(Z), F (Z)]T,t =

T∫

t

F ′(Z)





t2∫

t

B(Z)dWt1



 dt2,
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(52) I1[B(Z)]T,t =

T∫

t

B′(Z)





s∫

t

B(Z)dWτ



 dWs,

(53) I2[B(Z)]T,t =

T∫

t

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWt1



 dWt2



 dWt3 ,

(54) I3[B(Z)]T,t =

T∫

t

B′′(Z)





t2∫

t

B(Z)dWt1 ,

t2∫

t

B(Z)dWt1



 dWt2 ,

where Z : Ω → H is an Ft/B(H)-measurable mapping, 0 ≤ t < T ≤ T̄ .
Note that according to (7)–(10), (35), and (36) we can write w. p. 1

J1[B(Z)]MT,t =

T∫

t

B(Z)dWM
s = (T − t)1/2

∑

r1∈JM

B(Z)er1
√

λr1ζ
(r1)
0 ,

J2[B(Z)]MT,t = A





T∫

t

s∫

t

B(Z)dWM
τ ds− (T − t)

2

T∫

t

B(Z)dWM
s



 =

(55) = − (T − t)3/2

2
√
3

∑

r1∈JM

AB(Z)er1
√

λr1ζ
(r1)
1 ,

J3[B(Z), F (Z)]MT,t =

T∫

t

B′(Z)





t2∫

t

(

AZ + F (Z)

)

dt1



 dWM
t2 =

(56) =
(T − t)3/2

2

∑

r1∈JM

B′(Z)

(

AZ + F (Z)

)

er1
√

λr1

(

ζ
(r1)
0 +

1√
3
ζ
(r1)
1

)

,

J4[B(Z), F (Z)]MT,t =

T∫

t

F ′(Z)





t2∫

t

B(Z)dWM
t1



 dt2 =

(57) =
(T − t)3/2

2

∑

r1∈JM

F ′(Z)B(Z)er1
√

λr1

(

ζ
(r1)
0 − 1√

3
ζ
(r1)
1

)

,

where ζ
(r1)
0 , ζ

(r1)
1 (r1 ∈ JM ) are independent standard Gaussian random variables.
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Let I1[B(Z)]MT,t, I2[B(Z)]MT,t, I3[B(Z)]MT,t be approximations of stochastic integrals (52)–(54), which

have the following form (see (11), (12), and (16))

I1[B(Z)]MT,t =

T∫

t

B′(Z)





s∫

t

B(Z)dWM
τ



 dWM
s =

(58) =
∑

r1,r2∈JM

B′(Z) (B(Z)er1) er2
√

λr1λr2I
(r1r2)
(11)T,t,

I2[B(Z)]MT,t =

T∫

t

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 dWM
t2



 dWM
t3 =

(59) =
∑

r1,r2,r3∈JM

B′(Z) (B′(Z) (B(Z)er1) er2) er3
√

λr1λr2λr3I
(r1r2r3)
(111)T,t ,

I3[B(Z)]MT,t =

T∫

t

B′′(Z)





t2∫

t

B(Z)dWM
t1 ,

t2∫

t

B(Z)dWM
t1



 dWM
t2 =

=
∑

r1,r2,r3∈JM

B′′(Z) (B(Z)er1 , B(Z)er2) er3
√

λr1λr2λr3×

(60) ×
(

I
(r1r2r3)
(111)T,t + I

(r2r1r3)
(111)T,t + 1{r1=r2}I

(0r3)
(01)T,t

)

.

Let I1[B(Z)]M,q
T,t , I2[B(Z)]M.q

T,t , I3[B(Z)]M,q
T,t be approximations of stochastic integrals (58)–(60),

which are represented as follows

I1[B(Z)]M,q
T,t =

∑

r1,r2∈JM

B′(Z) (B(Z)er1) er2
√

λr1λr2I
(r1r2)q
(11)T,t ,

I2[B(Z)]M,q
T,t =

∑

r1,r2,r3∈JM

B′(Z) (B′(Z) (B(Z)er1) er2) er3×

(61) ×
√

λr1λr2λr3I
(r1r2r3)q
(111)T,t ,

I3[B(Z)]M,q
T,t =

∑

r1,r2,r3∈JM

B′′(Z) (B(Z)er1 , B(Z)er2) er3
√

λr1λr2λr3×
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(62) ×
(

I
(r1r2r3)q
(111)T,t + I

(r2r1r3)q
(111)T,t + 1{r1=r2}I

(0r3)q
(01)T,t

)

,

where q ≥ 1 and the approximations I
(r1r2)q
(11)T,t , I

(r1r2r3)q
(111)T,t , I

(r2r1r3)q
(111)T,t are defined by (38), (39).

Recall that LHS(U0, H) is a space of Hilbert–Schmidt operators mapping from U0 to H. Let

L
(2)
HS(U0, H) and L

(3)
HS(U0, H) be spaces of bilinear and 3-linear Hilbert–Schmidt operators mapping

from U0 × U0 to H and from U0 × U0 × U0 to H correspondingly. Furthermore, let ‖·‖LHS(U0,H),

‖·‖
L

(2)
HS

(U0,H)
, and ‖·‖

L
(3)
HS

(U0,H)
be operator norms in these spaces.

Theorem 4 [59] (also see [23]-[25], [60]). Let the conditions 1, 2 of Theorem 3 be fulfilled. Let

B(v) be a Hilbert–Schmidt operator mapping from U0 to H for all v ∈ H, B′(v)(B(v)) be a bilin-

ear Hilbert–Schmidt operator mapping from U0 × U0 to H for all v ∈ H, and B′(v)(B′(v)(B(v))),
B′′(v)(B(v), B(v)) be 3-linear Hilbert–Schmidt operators mapping from U0 × U0 × U0 to H for all

v ∈ H (we suppose that Frêchet derivatives B′, B′′ exist (see Sect. 2)). Moreover, let there exists a

constant C such that w. p. 1

∥
∥
∥
∥
B(Z)Q−α

∥
∥
∥
∥
LHS(U0,H)

< C,

∥
∥
∥
∥
B′(Z)(B(Z))Q−α

∥
∥
∥
∥
L

(2)
HS

(U0,H)

< C

∥
∥
∥
∥
B′(Z)(B′(Z)(B(Z)))Q−α

∥
∥
∥
∥
L

(3)
HS

(U0,H)

< C,

∥
∥
∥
∥
B′′(Z)(B(Z), B(Z))Q−α

∥
∥
∥
∥
L

(3)
HS

(U0,H)

< C,

for some α > 0. Then

M







∥
∥
∥
∥
∥
I1[B(Z)]T,t − I1[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






≤

(63) ≤ (T − t)2



C0 (tr Q)
2




1

2
−

q
∑

j=1

1

4j2 − 1



+KQ

(

sup
i∈J\JM

λi

)2α


 ,

M







∥
∥
∥
∥
∥
I2[B(Z)]T,t − I2[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






≤

(64) ≤ (T − t)3



C1 (tr Q)
3

(

1

6
−

q
∑

j1,j2,j3=0

Ĉ2
j3j2j1

)

+ LQ

(

sup
i∈J\JM

λi

)2α


 ,
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M







∥
∥
∥
∥
∥
I3[B(Z)]T,t − I3[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






≤

(65) ≤ (T − t)3



C2 (tr Q)
3

(

1

6
−

q
∑

j1,j2,j3=0

Ĉ2
j3j2j1

)

+MQ

(

sup
i∈J\JM

λi

)2α


 ,

where q ∈ N, C0, C1, C2,KQ, LQ,MQ <∞, and

Ĉj3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
C̄j3j2j1 ,

C̄j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

where Pj(x) (j = 0, 1, 2, . . .) is the Legendre polynomial.

Remark 3. Note that the estimate like (63) has been derived in [8] (also see [2]) with the dif-

ference connected with the first term on the right-hand side of (63). In [8] the authors used the

Karhunen–Loeve expansion of the Brownian bridge process for the approximation of iterated Itô sto-

chastic integrals with respect to the scalar standard Wiener processes. In this article we apply Theorem

1 and the system of Legendre polynomials for obtainment the first term on the right-hand side of (63).

Proof. The estimate (63) directly follows from Theorem 3 of this article (the first term on the
right-hand side of (63)) and Theorem 1 from [8] (the second term on the right-hand side of (63)).
Further C3, C4, . . . denote various constants.

Let us prove the estimates (64), (65). Using the elementary inequality (a + b)2 ≤ 2(a2 + b2) and
Theorem 3, we obtain

M







∥
∥
∥
∥
∥
I2[B(Z)]T,t − I2[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






≤

≤ 2



M







∥
∥
∥
∥
∥
I2[B(Z)]T,t − I2[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






+M







∥
∥
∥
∥
∥
I2[B(Z)]MT,t − I2[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H









 ≤

(66) ≤ 2M







∥
∥
∥
∥
∥
I2[B(Z)]T,t − I2[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






+ C3(T − t)3 (tr Q)

3

(

1

6
−

q
∑

j1,j2,j3=0

Ĉ2
j3j2j1

)

,

M







∥
∥
∥
∥
∥
I3[B(Z)]T,t − I3[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






≤
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(67) ≤ 2



M







∥
∥
∥
∥
∥
I3[B(Z)]T,t − I3[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






+M







∥
∥
∥
∥
∥
I3[B(Z)]MT,t − I3[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H









 .

Repeating with an insignificant modification the proof of Theorem 3 for the case k = 3 (see for
delails [9] (pp. 39–44) or [10], [23]-[25]), we have

(68) M

{∥
∥
∥
∥
I3[B(Z)]MT,t − I3[B(Z)]M,q

T,t

∥
∥
∥
∥

2

H

}

≤ 4C(3!)2 (tr Q)
3
(T − t)3

(

1

6
−

q
∑

j1,j2,j3=0

Ĉ2
j3j2j1

)

,

where constant C has the same meaning as constant Lk in Theorem 3 (k is the multiplicity of the
iterated stochastic integral).

Combining (67) and (68), we obtain

M







∥
∥
∥
∥
∥
I3[B(Z)]T,t − I3[B(Z)]M,q

T,t

∥
∥
∥
∥
∥

2

H






≤

(69) ≤ 2M







∥
∥
∥
∥
∥
I3[B(Z)]T,t − I3[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






+ C4(T − t)3 (tr Q)

3

(

1

6
−

q
∑

j1,j2,j3=0

Ĉ2
j3j2j1

)

.

Let us evaluate the values

M







∥
∥
∥
∥
∥
I2[B(Z)]T,t − I2[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






, M







∥
∥
∥
∥
∥
I3[B(Z)]T,t − I3[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






.

Using the elementary inequality (a+ b+ c)2 ≤ 3(a2 + b2 + c2), we have

(70) M







∥
∥
∥
∥
∥
I2[B(Z)]T,t − I2[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






≤ 3

(

E1,M
T,t + E2,M

T,t + E3,M
T,t

)

,

(71) M







∥
∥
∥
∥
∥
I3[B(Z)]T,t − I3[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






≤ 3

(

G1,M
T,t +G2,M

T,t +G3,M
T,t

)

,

where
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E1,M
T,t = M







∥
∥
∥
∥
∥
∥

T∫

t

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)



 dWt2



 dWt3

∥
∥
∥
∥
∥
∥

2

H







,

E2,M
T,t = M







∥
∥
∥
∥
∥
∥

T∫

t

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 d
(
Wt2 −WM

t2

)



 dWt3

∥
∥
∥
∥
∥
∥

2

H







,

E3,M
T,t = M







∥
∥
∥
∥
∥
∥

T∫

t

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 dWM
t2



 d
(
Wt3 −WM

t3

)

∥
∥
∥
∥
∥
∥

2

H







,

G1,M
T,t = M







∥
∥
∥
∥
∥
∥

T∫

t

B′′(Z)





t2∫

t

B(Z)dWt1 ,

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)



 dWt2

∥
∥
∥
∥
∥
∥

2

H







,

G2,M
T,t = M







∥
∥
∥
∥
∥
∥

T∫

t

B′′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)
,

t2∫

t

B(Z)dWM
t1



 dWt2

∥
∥
∥
∥
∥
∥

2

H







,

G3,M
T,t = M







∥
∥
∥
∥
∥
∥

T∫

t

B′′(Z)





t2∫

t

B(Z)dWM
t1 ,

t2∫

t

B(Z)dWM
t1



 d
(
Wt2 −WM

t2

)

∥
∥
∥
∥
∥
∥

2

H







.

We have

E1,M
T,t =

T∫

t

M







∥
∥
∥
∥
∥
∥

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)



 dWt2





∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt3 ≤

≤ C5

T∫

t

M







∥
∥
∥
∥
∥
∥

t3∫

t

B′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)



 dWt2

∥
∥
∥
∥
∥
∥

2

H







dt3 =

= C5

T∫

t

t3∫

t

M







∥
∥
∥
∥
∥
∥

B′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)





∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt2dt3 ≤
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(72) ≤ C6

T∫

t

t3∫

t

M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

2

H







dt2dt3 ≤

(73) ≤ C6

(

sup
i∈J\JM

λi

)2α T∫

t

t3∫

t

t2∫

t

M

{∥
∥
∥
∥
B(Z)Q−α

∥
∥
∥
∥

2

LHS(U0,H)

}

dt1dt2dt3 ≤

(74) ≤ C7

(

sup
i∈J\JM

λi

)2α

(T − t)3.

Note that the transition from (72) to (73) was made by analogy with the proof of Theorem 1 in
[8] (also see [2]). More precisely, taking into account the relation Qαei = λαi ei, we have (see [8], Sect.
3.1)

M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

2

H







=

= M







∥
∥
∥
∥
∥
∥

∑

i∈J\JM

√

λi

t2∫

t

B(Z)eidw
(i)
t1

∥
∥
∥
∥
∥
∥

2

H







=

=
∑

i∈J\JM

λi

t2∫

t

M

{∥
∥
∥
∥
B(Z)Q−αQαei

∥
∥
∥
∥

2

H

}

dt1 =

=
∑

i∈J\JM

λ1+2α
i

t2∫

t

M

{∥
∥
∥
∥
B(Z)Q−αei

∥
∥
∥
∥

2

H

}

dt1 =

=

(

sup
i∈J\JM

λi

)2α t2∫

t

M







∑

i∈J\JM

λi

∥
∥
∥
∥
B(Z)Q−αei

∥
∥
∥
∥

2

H






dt1 ≤

≤
(

sup
i∈J\JM

λi

)2α t2∫

t

M

{
∑

i∈J

λi

∥
∥
∥
∥
B(Z)Q−αei

∥
∥
∥
∥

2

H

}

dt1 =

(75) =

(

sup
i∈J\JM

λi

)2α t2∫

t

M

{∥
∥
∥
∥
B(Z)Q−α

∥
∥
∥
∥

2

LHS(U0,H)

}

dt1.
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Further we also will use the estimate like (75). We have

E2,M
T,t =

=

T∫

t

M







∥
∥
∥
∥
∥
∥

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 d
(
Wt2 −WM

t2

)





∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt3 ≤

≤ C8

T∫

t

M







∥
∥
∥
∥
∥
∥

t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 d
(
Wt2 −WM

t2

)

∥
∥
∥
∥
∥
∥

2

H







dt3 ≤

≤ C8

(

sup
i∈J\JM

λi

)2α T∫

t

t3∫

t

M







∥
∥
∥
∥
∥
∥

B′(Z)





t2∫

t

B(Z)dWM
t1



Q−α

∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt2dt3 ≤

≤ C8

(

sup
i∈J\JM

λi

)2α T∫

t

t3∫

t

M

{∥
∥
∥
∥
B′(Z) (B(Z))Q−α

∥
∥
∥
∥

2

L
(2)
HS

(U0,H)

}

(t2 − t)dt2dt3 ≤

(76) ≤ C9

(

sup
i∈J\JM

λi

)2α

(T − t)3,

E3,M
T,t ≤

(

sup
i∈J\JM

λi

)2α

×

×
T∫

t

M







∥
∥
∥
∥
∥
∥

B′(Z)





t3∫

t

B′(Z)





t2∫

t

B(Z)dWM
t1



 dWM
t2



Q−α

∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt3 ≤

≤ C10

(

sup
i∈J\JM

λi

)2α T∫

t

M

{∥
∥
∥
∥
B′(Z) (B′(Z) (B(Z)))Q−α

∥
∥
∥
∥

2

L
(3)
HS

(U0,H)

}

(t3 − t)2

2
dt3 ≤

(77) ≤ C11

(

sup
i∈J\JM

λi

)2α

(T − t)3.

Combining (66), (70), (74)–(77), we obtain (64). We have
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G1,M
T,t =

T∫

t

M







∥
∥
∥
∥
∥
∥

B′′(Z)





t2∫

t

B(Z)dWt1 ,

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)





∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt3 ≤

≤ C12

T∫

t

M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)dWt1

∥
∥
∥
∥
∥
∥

2

H

∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

2

H







dt3 ≤

≤ C12

T∫

t




M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)dWt1

∥
∥
∥
∥
∥
∥

4

H












1/2


M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

4

H












1/2

dt3 ≤

≤ C13

T∫

t

t2∫

t

(

M

{∥
∥
∥
∥
B(Z)

∥
∥
∥
∥

4

LHS(U0,H)

})1/2

dt1




M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

4

H












1/2

dt3 ≤

(78) ≤ C14

T∫

t

(t2 − t)




M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

4

H












1/2

dt3.

Let us estimate the right-hand side of (78). Let s > t. For fixed M ∈ N and for some N > M
(N ∈ N) we have

M







∥
∥
∥
∥
∥
∥

s∫

t

B(Z)d
(
WN

t1 −WM
t1

)

∥
∥
∥
∥
∥
∥

4

H







=

= M







〈
∑

j∈JN\JM

√

λjB(Z)ej

(

w(j)
s −w

(j)
t

)

,
∑

j′∈JN\JM

√

λj′B(Z)ej′
(

w(j′)
s −w

(j′)
t

)
〉2

H






=

=
∑

j,j′,l,l′∈JN\JM

√

λjλj′λlλl′ M

{〈

B(Z)ej , B(Z)ej′

〉

H

〈

B(Z)el, B(Z)el′

〉

H

×

×M

{(

w(j)
s −w

(j)
t

)(

w(j′)
s −w

(j′)
t

)(

w(l)
s −w

(l)
t

)(

w(l′)
s −w

(l′)
t

)
∣
∣
∣
∣
Ft

}}

=
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= 3(s− t)2
∑

j∈JN\JM

λ2jM

{∥
∥
∥
∥
B(Z)ej

∥
∥
∥
∥

4

H

}

+

+(s− t)2
∑

j,j′∈JN\JM(j 6=j′)

λjλj′

(

M

{∥
∥
∥
∥
B(Z)ej

∥
∥
∥
∥

2

H

∥
∥
∥
∥
B(Z)ej′

∥
∥
∥
∥

2

H

}

+2

〈

B(Z)ej , B(Z)ej′

〉2

H

)

≤

≤ 3(s− t)2




∑

j∈JN\JM

λ2jM

{∥
∥
∥
∥
B(Z)ej

∥
∥
∥
∥

4

H

}

+

+
∑

j,j′∈JN\JM(j 6=j′)

λjλj′M

{∥
∥
∥
∥
B(Z)ej

∥
∥
∥
∥

2

H

∥
∥
∥
∥
B(Z)ej′

∥
∥
∥
∥

2

H

}

 =

= 3(s− t)2M










∑

j∈JN\JM

λj

∥
∥
∥
∥
B(Z)ej

∥
∥
∥
∥

2

H





2






≤

≤ 3(s− t)2

(

sup
i∈JN\JM

λi

)4α

M










∑

j∈JN\JM

λj

∥
∥
∥
∥
B(Z)Q−αej

∥
∥
∥
∥

2

H





2






≤

(79) ≤ C15(s− t)2

(

sup
i∈JN\JM

λi

)4α

M

{∥
∥
∥
∥
B(Z)Q−α

∥
∥
∥
∥

4

LHS(U0,H)

}

.

Performing the passage to the limit lim
N→∞

in (79) and using (78), we have

(80) G1,M
T,t ≤ C16

(

sup
i∈J\JM

λi

)2α

(T − t)3.

Absolutely analogously we obtain

(81) G2,M
T,t ≤ C17

(

sup
i∈J\JM

λi

)2α

(T − t)3.

Let us estimate G3,M
T,t . We have
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G3,M
T,t ≤

(

sup
i∈J\JM

λi

)2α

×

×
T∫

t

M







∥
∥
∥
∥
∥
∥

B′′(Z)





t2∫

t

B(Z)dWM
t1 ,

t2∫

t

B(Z)dWM
t1



Q−α

∥
∥
∥
∥
∥
∥

2

LHS(U0,H)







dt2 ≤

≤
(

sup
i∈J\JM

λi

)2α
∑

i∈J

∑

j,l∈JM

λiλjλl

T∫

t

(t2 − t)2×

×
(

M

{∥
∥
∥
∥
∥
B′′(Z)(B(Z)ej , B(Z)el)Q

−αei

∥
∥
∥
∥
∥

2

H

}

+

+M

{∥
∥
∥
∥
∥
B′′(Z)(B(Z)ej , B(Z)ej)Q

−αei

∥
∥
∥
∥
∥
H

×

×
∥
∥
∥
∥
∥
B′′(Z)(B(Z)el, B(Z)el)Q

−αei

∥
∥
∥
∥
∥
H

}

+

+M

{∥
∥
∥
∥
∥
B′′(Z)(B(Z)ej , B(Z)el)Q

−αei

∥
∥
∥
∥
∥
H

×

×
∥
∥
∥
∥
∥
B′′(Z)(B(Z)el, B(Z)ej)Q

−αei

∥
∥
∥
∥
∥
H

})

dt2 ≤

(82) ≤ C18

(

sup
i∈J\JM

λi

)2α

(T − t)3.

Combaining (69), (71), and (80)–(82), we get (65). Theorem 4 is proved.
Let us consider the convergence analysis for the stochastic integrals (49)–(51) (convergence of the

stochastic integral (48) follows from (75) (see Theorem 1 in [8] or [2])).
Using the Itô formula, we obtain w. p. 1 [3]

J2[B(Z)]T,t =

T∫

t

(
T

2
− s+

t

2

)

AB(Z)dWs,

J3[B(Z), F (Z)]T,t =

T∫

t

(s− t)B′(Z)

(

AZ + F (Z)

)

dWs.

1690



28 D.F. KUZNETSOV

Suppose that

M

{∥
∥
∥
∥
B′(Z)

(

AZ + F (Z)

)

Q−α

∥
∥
∥
∥

2

LHS(U0,H)

}

<∞,

M

{∥
∥
∥
∥
AB(Z)Q−α

∥
∥
∥
∥

2

LHS(U0,H)

}

<∞

for some α > 0.
Then by analogy with (75) we get

M







∥
∥
∥
∥
∥
J2[B(Z)]T,t − J2[B(Z)]MT,t

∥
∥
∥
∥
∥

2

H






≤

≤ C19(T − t)3

(

sup
i∈J\JM

λi

)2α

,

M







∥
∥
∥
∥
∥
J3[B(Z), F (Z)]T,t − J3[B(Z), F (Z)]MT,t

∥
∥
∥
∥
∥

2

H






≤

≤ C20(T − t)3

(

sup
i∈J\JM

λi

)2α

,

where J2[B(Z)]MT,t, J3[B(Z), F (Z)]MT,t are defined by (55), (56).
Moreover, in conditions of Theorem 4 we obtain

M







∥
∥
∥
∥
∥
J4[B(Z), F (Z)]T,t − J4[B(Z), F (Z)]MT,t

∥
∥
∥
∥
∥

2

H






=

= M







∥
∥
∥
∥
∥
∥

T∫

t

F ′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)



 dt2

∥
∥
∥
∥
∥
∥

2

H







≤

≤ (T − t)

T∫

t

M







∥
∥
∥
∥
∥
∥

F ′(Z)





t2∫

t

B(Z)d
(
Wt1 −WM

t1

)





∥
∥
∥
∥
∥
∥

2

H







dt2 ≤
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≤ C21(T − t)

T∫

t

M







∥
∥
∥
∥
∥
∥

t2∫

t

B(Z)d
(
Wt1 −WM

t1

)

∥
∥
∥
∥
∥
∥

2

H







dt2 ≤

≤ C21(T − t)

(

sup
i∈J\JM

λi

)2α T∫

t

t2∫

t

M

{∥
∥
∥
∥
B(Z)Q−α

∥
∥
∥
∥

2

LHS(U0,H)

}

dt1dt2 ≤

≤ C22(T − t)3

(

sup
i∈J\JM

λi

)2α

,

where J4[B(Z), F (Z)]MT,t is defined by (57).
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INTEGRATION ORDER REPLACEMENT TECHNIQUE FOR ITERATED ITO

STOCHASTIC INTEGRALS AND ITERATED STOCHASTIC INTEGRALS

WITH RESPECT TO MARTINGALES

DMITRIY F. KUZNETSOV

Abstract. The article is devoted to the integration order replacement technique for iter-

ated Ito stochastic integrals and iterated stochastic integrals with respect to martingales.

We consider the class of iterated Ito stochastic integrals, for which with probability 1 the

formulas of integration order replacement corresponding to the rules of classical integral

calculus are correct. The theorems on integration order replacement for the class of iter-

ated Ito stochastic integrals are proved. Many examples of this theorems usage have been

considered. These results are generalized for the class of iterated stochastic integrals with

respect to martingales.
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2 D.F. KUZNETSOV

1. Introduction

In this article, we performed rather laborious work connected with the theorems on integration
order replacement for iterated Ito stochastic integrals. However, there may appear a question about
a practical usefulness of this theory, since the significant part of its conclusions directly follows from
the Ito formula [1].

It is not difficult to see that to obtain various relations for iterated Ito stochastic integrals (see,
for example, Sect. 6) using the Ito formula, first of all these relations should be guessed. Then it is
necessary to introduce corresponding Ito processes and afterwards to use the Ito formula. It is clear
that this process requires intellectual expenses and it is not always trivial.

On the other hand, the technique on integration order replacement introduced in this article is
formally comply with the similar technique for Riemann integrals, although it is related to Ito inte-
grals, and it provides a possibility to perform transformations naturally (as with Riemann integrals)
with iterated Ito stochastic integrals and to obtain various relations for them.

So, in order to implementation of transformations of the specific class of Ito processes, which is
represented by iterated Ito stochastic integrals, it is more naturally and easier to use the theorems
on integration order replacement, than the Ito formula.

Many examples of these theorems usage are presented in Sect. 6.
Note that in a lot of publications of the author [2]-[18] the integration order replacement technique

for iterated Ito stochastic integrals has been successfully applied for the proof and development of the
method of approximation of iterated Ito and Stratonovich stochastic integrals based on generalized
multiple Fourier series as well as for the construction of the so-called unified Taylor–Ito and Taylor–
Stratonovich expansions.

Let (Ω,F,P) be a complete probability space and let f(t, ω) : [0, T ] × Ω → R be the standard
Wiener process defined on the probability space (Ω,F,P). Further, we will use the following notation:

f(t, ω)
def
= ft.

Let us consider the family of σ-algebras {Ft, t ∈ [0, T ]} defined on the probability space (Ω,F,P)
and connected with the Wiener process ft in such a way that

1. Fs ⊂ Ft ⊂ F for s < t.

2. The Wiener process ft is Ft-measurable for all t ∈ [0, T ].

3. The process ft+∆ − ft for all t ≥ 0, ∆ > 0 is independent with the events of σ-algebra Ft.

Let us introduce the class M2([0, T ]) of functions ξ : [0, T ]× Ω → R, which satisfy the conditions:

1. The function ξ(t, ω) is measurable with respect to the pair of variables (t, ω).

2. The function ξ(t, ω) is Ft-measurable for all t ∈ [0, T ] and ξ(τ, ω) is independent with increments
ft+∆ − ft for t ≥ τ, ∆ > 0.

3. The following relation is fulfilled

T∫

0

M

{

(ξ(t, ω))
2
}

dt <∞.

4. M
{

(ξ(t, ω))
2
}

<∞ for all t ∈ [0, T ].

For any partition τ
(N)
j , j = 0, 1, . . . , N of the interval [0, T ] such that

(1) 0 = τ
(N)
0 < τ

(N)
1 < . . . < τ

(N)
N = T, max

0≤j≤N−1

∣
∣
∣τ

(N)
j+1 − τ

(N)
j

∣
∣
∣ → 0 if N → ∞
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we will define the sequense of step functions

ξ(N)(t, ω) = ξj(ω) w. p. 1 for t ∈
[

τ
(N)
j , τ

(N)
j+1

)

,

where j = 0, 1, . . . , N − 1, N = 1, 2, . . . . Here and further, w. p. 1 means with probability 1.
Let us define the Ito stochastic integral for ξ(t, ω) ∈ M2([0, T ]) as the following mean-square limit

[1]

(2) l.i.m.
N→∞

N−1∑

j=0

ξ(N)
(

τ
(N)
j , ω

)(

f
(

τ
(N)
j+1 , ω

)

− f
(

τ
(N)
j , ω

))
def
=

T∫

0

ξτdfτ ,

where ξ(N)(t, ω) is any step function, which converges to the function ξ(t, ω) in the following sense

(3) lim
N→∞

T∫

0

M

{∣
∣
∣ξ(N)(t, ω)− ξ(t, ω)

∣
∣
∣

2
}

dt = 0.

It is well known [1] that the Ito stochastic integral exists as the limit (2) and it does not depend
on the selection of sequence ξ(N)(t, ω). We suppose that standard properties of the Ito stochastic
integral are well known to the reader (see, for example, [1]).

Let us define the stochastic integral for ξτ ∈ M2([0, T ]) as the following mean-square limit

l.i.m.
N→∞

N−1∑

j=0

ξ(N)
(

τ
(N)
j , ω

)(

τ
(N)
j+1 − τ

(N)
j

)
def
=

T∫

0

ξτdτ,

where ξ(N)(t, ω) is any step function from the class M2([0, T ]), which converges in the sense (3) to
the function ξ(t, ω).

We will introduce the class S2([0, T ]) of functions ξ : [0, T ]×Ω → R, which satisfy the conditions:

1. ξ(τ, ω) ∈ M2([0, T ]).

2. ξ(τ, ω) is the mean-square continuous random process at the interval [0, T ].

As we noted above, the Ito stochastic integral exists in the mean-square sense (see (2)), if the
random process ξ(τ, ω) ∈ M2([0, T ]), i.e., perhaps this process does not satisfy the property of the
mean-square continuity on the interval [0, T ]. In this article we will formulate and prove the theorems
on integration order replacement for the special class of iterated Ito stochastic integrals. At the same
time, the condition of the mean-square continuity of integrand in the innermost stochastic integral
will be significant.

Let us introduce the following class of iterated stochastic integrals

J [φ, ψ(k)]T,t =

T∫

t

ψ1(t1) . . .

tk−1∫

t

ψk(tk)

tk∫

t

φτdw
(k+1)
τ dw

(k)
tk . . . dw

(1)
t1 ,

where φ(τ, ω)
def
= φτ , φτ ∈ S2([t, T ]), every ψl(τ) (l = 1, . . . , k) is a continous nonrandom function

at the interval [t, T ], here and further w
(l)
τ = fτ or w

(l)
τ = τ for τ ∈ [t, T ] (l = 1, . . . , k + 1),

(ψ1, . . . , ψk)
def
= ψ(k), ψ(1) def

= ψ1.
We will call the stochastic integral J [φ, ψ(k)]T,t as the iterated Ito stochastic integral.
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4 D.F. KUZNETSOV

It is well known that for the iterated Riemann integral in the case of specific conditions the formula
on integration order replacement is correct. In particular, if the nonrandom functions f(x) and g(x)
are continuous at the interval [a, b], then

(4)

b∫

a

f(x)

x∫

a

g(y)dydx =

b∫

a

g(y)

b∫

y

f(x)dxdy.

If we suppose that for the Ito stochastic integral

J [φ, ψ1]T,t =

T∫

t

ψ1(s)

s∫

t

φτdw
(2)
τ dw(1)

s

the formula on integration order replacement, which is similar to (4), is valid, then we will have

(5)

T∫

t

ψ1(s)

s∫

t

φτdw
(2)
τ dw(1)

s =

T∫

t

φτ

T∫

τ

ψ1(s)dw
(1)
s dw(2)

τ .

If, in addition w
(1)
s , w

(2)
s = fs (s ∈ [t, T ]) in (5), then the stochastic process

ητ = φτ

T∫

τ

ψ1(s)dw
(1)
s

does not belong to the class M2([t, T ]), and, consequently, for the Ito stochastic integral

T∫

t

ητdw
(2)
τ

on the right-hand side of (5) the conditions of its existence are not fulfilled.
At the same time

(6)

T∫

t

dfs

T∫

t

ds =

T∫

t

(s− t)dfs +

T∫

t

(fs − ft)ds w. p. 1,

and we can obtain this equality, for example, using the Ito formula, but (6) can be considered as a
result of integration order replacement (see below).

Actually, we can demonstrate that

T∫

t

(fs − ft)ds =

T∫

t

s∫

t

dfτds =

T∫

t

T∫

τ

dsdfτ w. p. 1.

Then

T∫

t

(s− t)dfs +

T∫

t

(fs − ft)ds =

T∫

t

τ∫

t

dsdfτ +

T∫

t

T∫

τ

dsdfτ =

T∫

t

dfs

T∫

t

ds w. p. 1.
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The aim of this article is to establish the strict mathematical sense of the formula (5) for the case

w
(1)
s , w

(2)
s = fs (s ∈ [t, T ]) as well as its analogue corresponding to the iterated Ito stochastic integral

J [φ, ψ(k)]T,t, k ≥ 2. At that, we will use the definition of the Ito stochastic integral which is more
general than (2).

Let us consider the partition τ
(N)
j , j = 0, 1, . . . , N of the interval [t, T ] such that

(7) t = τ
(N)
0 < τ

(N)
1 < . . . < τ

(N)
N = T, max

0≤j≤N−1

∣
∣
∣τ

(N)
j+1 − τ

(N)
j

∣
∣
∣ → 0 if N → ∞.

In [19] Stratonovich R.L. introduced the definition of the so-called combined stochastic integral
for the specific class of integrated processes. Taking this definition as a foundation, let us consider
the following construction of stochastic integral

(8) l.i.m.
N→∞

N−1∑

j=0

φτj
(
fτj+1 − fτj

)
θτj+1

def
=

T∫

t

φτdfτθτ ,

where φτ , θτ ∈ S2([t, T ]), {τj}
N
j=0 is the partition of the interval [t, T ], which satisfies to the condition

(1) (for simplicity we write here and sometimes further τj instead of τ
(N)
j ).

Further, we will prove existence of the integral (8) for φτ ∈ S2([t, T ]) and θτ from a little bit
narrower class of processes than S2([t, T ]). In addition, the integral defined by (8) will be used for the
formulation and proof of the theorem on integration order replacement for the iterated Ito stochastic
integrals J [φ, ψ(k)]T,t, k ≥ 1.

Note that under the appropriate conditions the following properties of stochastic integrals defined
by the formula (8) can be proved

T∫

t

φτdfτg(τ) =

T∫

t

φτg(τ)dfτ w. p. 1,

where g(τ) is a continuous nonrandom function at the interval [t, T ],

T∫

t

(αφτ + βψτ ) dfτθτ = α

T∫

t

φτdfτθτ + β

T∫

t

ψτdfτθτ w. p. 1,

T∫

t

φτdfτ (αθτ + βψτ ) = α

T∫

t

φτdfτθτ + β

T∫

t

φτdfτψτ w. p. 1,

where α, β ∈ R.
At that, we suppose that the stochastic processes φτ , θτ , and ψτ are such that the integrals included

in the mentioned properties exist.

2. Formulation of the Theorem on Integration Order Replacement for Iterated

Ito Stochastic Integrals of Arbitrary Multiplicity

Let us define the stochastic integrals Î[ψ(k)]T,s, k ≥ 1 of the form
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Î[ψ(k)]T,s =

T∫

s

ψk(tk)dw
(k)
tk

T∫

tk

ψk−1(tk−1)dw
(k−1)
tk−1

. . .

T∫

t2

ψ1(t1)dw
(1)
t1

in accordance with the definition (8) by the following recurrence relation

(9) Î[ψ(k)]T,t
def
= l.i.m.

N→∞

N−1∑

l=0

ψk(τl)∆w
(k)
τl
Î[ψ(k−1)]T,τl+1

,

where k ≥ 1, Î[ψ(0)]T,s
def
= 1, [s, T ] ⊆ [t, T ], here and further ∆w

(i)
τl = w

(i)
τl+1 − w

(i)
τl , i = 1, . . . , k + 1,

l = 0, 1, . . . , N − 1.
Then, we will define the iterated stochastic integral Ĵ [φ, ψ(k)]T,t, k ≥ 1

Ĵ [φ, ψ(k)]T,t =

T∫

t

φsdw
(k+1)
s Î[ψ(k)]T,s

similarly in accordance with the definition (8)

Ĵ [φ, ψ(k)]T,t
def
= l.i.m.

N→∞

N−1∑

l=0

φτl∆w
(k+1)
τl

Î[ψ(k)]T,τl+1
.

Let us formulate the theorem on integration order replacement for iterated Ito stochastic integrals.

Theorem 1 [20], [21] (also see [2]-[7], [16]-[18]). Suppose that φτ ∈ S2([t, T ]) and every ψl(τ)
(l = 1, . . . , k) is a continuous nonrandom function at the interval [t, T ]. Then, the stochastic integral

Ĵ [φ, ψ(k)]T,t (k ≥ 1) exists and

J [φ, ψ(k)]T,t = Ĵ [φ, ψ(k)]T,t w. p. 1.

3. Proof of Theorem 1 for the Case of Iterated Ito Stochastic Integrals of

Multiplicity 2

First, let us prove Theorem 1 for the case k = 1. We have

J [φ, ψ1]T,t
def
= l.i.m.

N→∞

N−1∑

l=0

ψ1(τl)∆w
(1)
τl

τl∫

t

φτdw
(2)
τ =

(10) = l.i.m.
N→∞

N−1∑

l=0

ψ1(τl)∆w
(1)
τl

l−1∑

j=0

τj+1∫

τj

φτdw
(2)
τ ,

1702



INTEGRATION ORDER REPLACEMENT TECHNIQUE 7

Ĵ [φ, ψ1]T,t
def
= l.i.m.

N→∞

N−1∑

j=0

φτj∆w
(2)
τj

T∫

τj+1

ψ1(s)dw
(1)
s =

= l.i.m.
N→∞

N−1∑

j=0

φτj∆w
(2)
τj

N−1∑

l=j+1

τl+1∫

τl

ψ1(s)dw
(1)
s =

(11) = l.i.m.
N→∞

N−1∑

l=0

τl+1∫

τl

ψ1(s)dw
(1)
s

l−1∑

j=0

φτj∆w
(2)
τj .

It is clear that if the difference εN of prelimit expressions on the right-hand sides of (10) and (11)

tends to zero when N → ∞ in the mean-square sense, then the stochastic integral Ĵ [φ, ψ1]T,t exists
and

J [φ, ψ1]T,t = Ĵ [φ, ψ1]T,t w. p. 1.

The difference εN can be presented in the form εN = ε̃N + ε̂N , where

ε̃N =
N−1∑

l=0

ψ1(τl)∆w
(1)
τl

l−1∑

j=0

τj+1∫

τj

(
φτ − φτj

)
dw(2)

τ ;

ε̂N =

N−1∑

l=0

τl+1∫

τl

(ψ1(τl)− ψ1(s)) dw
(1)
s

l−1∑

j=0

φτj∆w
(2)
τj .

We will demonstrate that

l.i.m.
N→∞

εN = 0.

In order to do it we will analyze four cases:

1. w
(2)
τ = fτ , ∆w

(1)
τl = ∆fτl .

2. w
(2)
τ = τ, ∆w

(1)
τl = ∆fτl .

3. w
(2)
τ = fτ , ∆w

(1)
τl = ∆τl.

4. w
(2)
τ = τ, ∆w

(1)
τl = ∆τl.

Consider the well known standard moment properties of stochastic integrals [1]

M







∣
∣
∣
∣
∣
∣

t∫

t0

ξτdfτ

∣
∣
∣
∣
∣
∣

2






=

t∫

t0

M
{
|ξτ |

2
}
dτ,
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(12) M







∣
∣
∣
∣
∣
∣

t∫

t0

ξτdτ

∣
∣
∣
∣
∣
∣

2






≤ (t− t0)

t∫

t0

M
{
|ξτ |

2
}
dτ,

where ξτ ∈ M2([t0, t]).
For Case 1 using standard moment properties for the Ito stochastic integral as well as mean-square

continuity (which means uniform mean-square continuity) of the process φτ on the interval [t, T ], we
obtain

M

{

|ε̃N |
2
}

=

N−1∑

k=0

ψ2
1(τk)∆τk

k−1∑

j=0

τj+1∫

τj

M

{∣
∣φτ − φτj

∣
∣
2
}

dτ <

< C2ε
N−1∑

k=0

∆τk

k−1∑

j=0

∆τj < C2ε
(T − t)2

2
,

i.e. M
{

|ε̃N |
2
}

→ 0 when N → ∞. Here ∆τj < δ(ε), j = 0, 1, . . . , N − 1 (δ(ε) > 0 exists for any ε > 0

and it does not depend on τ), |ψ1(τ)| < C.
Let us consider Case 2. Using the Minkowski inequality, uniform mean-square continuity of the

process φτ as well as the estimate (12) for the stochastic integral, we have

M

{

|ε̃N |2
}

=

N−1∑

k=0

ψ2
1(τk)∆τkM












k−1∑

j=0

τj+1∫

τj

(φτ − φτj )dτ






2





≤

≤

N−1∑

k=0

ψ2
1(τk)∆τk







k−1∑

j=0




M












τj+1∫

τj

(φτ − φτj )dτ






2










1/2 





2

<

< C2ε

N−1∑

k=0

∆τk





k−1∑

j=0

∆τj





2

< C2ε
(T − t)3

3
,

i.e. M
{

|ε̃N |
2
}

→ 0 when N → ∞. Here ∆τj < δ(ε), j = 0, 1, . . . , N − 1 (δ(ε) > 0 exists for any ε > 0

and it does not depend on τ), |ψ1(τ)| < C.
For Case 3 using the Minkowski inequality, standard moment properties for the Ito stochastic

integral as well as uniform mean-square continuity of the process φτ , we find

M

{

|ε̃N |
2
}

≤







N−1∑

k=0

|ψ1(τk)|∆τk




M












k−1∑

j=0

τj+1∫

τj

(φτ − φτj )dfτ






2










1/2 





2

=
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=







N−1∑

k=0

|ψ1(τk)|∆τk






k−1∑

j=0

τj+1∫

τj

M
{
|φτ − φτj |

2
}
dτ






1/2






2

<

< C2ε






N−1∑

k=0

∆τk





k−1∑

j=0

∆τj





1/2





2

< C2ε
4(T − t)3

9
,

i.e. M
{

|ε̃N |2
}

→ 0 when N → ∞. Here ∆τj < δ(ε), j = 0, 1, . . . , N − 1 (δ(ε) > 0 exists for any ε > 0

and it does not depend on τ), |ψ1(τ)| < C.
Finally, for Case 4 using the Minkowski inequality, uniform mean-square continuity of the process

φτ as well as the estimate (12) for the stochastic integral, we obtain

M

{

|ε̃N |2
}

≤







N−1∑

k=0

k−1∑

j=0

|ψ1(τk)|∆τk




M












τj+1∫

τj

(φτ − φτj )dτ






2










1/2 





2

<

< C2ε





N−1∑

k=0

∆τk

k−1∑

j=0

∆τj





2

< C2ε
(T − t)4

4
,

i.e. M
{

|ε̃N |
2
}

→ 0 when N → ∞. Here ∆τj < δ(ε), j = 0, 1, . . . , N − 1 (δ(ε) > 0 exists for any ε > 0

and it does not depend on τ), |ψ1(τ)| < C.
Thus, we have proved that

l.i.m.
N→∞

ε̃N = 0.

Analogously, taking into account the uniform continuity of the function ψ1(τ) on the interval [t, T ],
we can demonstrate that

l.i.m.
N→∞

ε̂N = 0.

Consequently,

l.i.m.
N→∞

εN = 0.

Theorem 1 is proved for the case k = 1.

Remark 1. Proving Theorem 1, we used the fact that if the stochastic process φt is mean-square

continuous at the interval [t, T ], then it is uniformly mean-square continuous at this interval, i.e. ∀
ε > 0 ∃ δ(ε) > 0 such that for all t1, t2 ∈ [t, T ] satisfying the condition |t1 − t2| < δ(ε) the inequality

M

{

|φt1 − φt2 |
2
}

< ε

is fulfilled (here δ(ε) does not depend on t1 and t2).

Proof. Suppose that the stochastic process φt is mean-square continuous at the interval [t, T ], but
not uniformly mean-square continuous at this interval. Then for some ε > 0 and ∀ δ(ε) > 0 ∃
t1, t2 ∈ [t, T ] such that |t1 − t2| < δ(ε), but
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M

{

|φt1 − φt2 |
2
}

≥ ε.

Consequently, for δ = δn = 1/n (n ∈ N) ∃ t
(n)
1 , t

(n)
2 ∈ [t, T ] such that

∣
∣
∣t
(n)
1 − t

(n)
2

∣
∣
∣ <

1

n
,

but

M

{∣
∣
∣φt(n)

1
− φ

t
(n)
2

∣
∣
∣

2
}

≥ ε.

The sequence t
(n)
1 (n ∈ N) is bounded, consequently, according to the Bolzano–Weierstrass Theo-

rem, we can choose from it the subsequence t
(kn)
1 (n ∈ N) that converges to a certain number t̃ (it is

simple to demonstrate that t̃ ∈ [t, T ]). Similarly to it and in virtue of the inequality

∣
∣
∣t
(n)
1 − t

(n)
2

∣
∣
∣ <

1

n

we have t
(kn)
2 → t̃ when n→ ∞.

According to the mean-square continuity of the process φt at the moment t̃ and the elementary

inequality (a+ b)2 ≤ 2(a2 + b2), we obtain

0 ≤ M

{∣
∣
∣φt(kn)

1
− φ

t
(kn)
2

∣
∣
∣

2
}

≤

≤ 2

(

M

{∣
∣
∣φt(kn)

1
− φt̃

∣
∣
∣

2
}

+M

{∣
∣
∣φt(kn)

2
− φt̃

∣
∣
∣

2
})

→ 0

when n→ ∞. Then

lim
n→∞

M

{∣
∣
∣φt(kn)

1
− φ

t
(kn)
2

∣
∣
∣

2
}

= 0.

It is impossible by virtue of the fact that

M

{∣
∣
∣φt(kn)

1
− φ

t
(kn)
2

∣
∣
∣

2
}

≥ ε > 0.

The obtained contradiction proves the required statement.

4. Proof of Theorem 1 for the Case of Iterated Ito Stochastic Integrals of

Arbitrary Multiplicity

Let us prove Theorem 1 for the case k > 1. In order to do it we will introduce the following
notations

I[ψ(r+1)
q ]θ,s

def
=

θ∫

s

ψq(t1) . . .

tr∫

s

ψq+r(tr+1)dw
(q+r)
tr+1

. . . dw
(q)
t1 ,
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J [φ, ψ(r+1)
q ]θ,s

def
=

θ∫

s

ψq(t1) . . .

tr∫

s

ψq+r(tr+1)

tr+1∫

s

φτdw
(q+r+1)
τ dw

(q+r)
tr+1

. . . dw
(q)
t1 ,

G[ψ(r+1)
q ]n,m =

n−1∑

jq=m

jq−1
∑

jq+1=m

. . .

jq+r−1−1
∑

jq+r=m

r+q
∏

l=q

I[ψl]τjl+1,τjl
,

(ψq, . . . , ψq+r)
def
= ψ(r+1)

q , ψ(1)
q

def
= ψq,

(ψ1, . . . , ψr+1)
def
= ψ

(r+1)
1 , ψ

(r+1)
1

def
= ψ(r+1)

Note that according to notations introduced above

I[ψl]s,θ =

s∫

θ

ψl(τ)dw
(l)
τ .

To prove Theorem 1 for k > 1 it is enough to show that

(13) J [φ, ψ(k)]T,t = l.i.m.
N→∞

S[φ, ψ(k)]N = Ĵ [φ, ψ(k)]T,t w. p. 1,

where

S[φ, ψ(k)]N = G[ψ(k)]N,0

jk−1
∑

l=0

φτl∆w
(k+1)
τl ,

where ∆w
(k+1)
τl = w

(k+1)
τl+1 − w

(k+1)
τl .

First, let us prove the right equality in (13). We have

(14) Ĵ [φ, ψ(k)]T,t
def
= l.i.m.

N→∞

N−1∑

l=0

φτl∆w
(k+1)
τl Î[ψ(k)]T,τl+1

.

On the basis of the inductive hypothesis we obtain that

(15) I[ψ(k)]T,τl+1
= Î[ψ(k)]T,τl+1

w. p. 1,

where Î[ψ(k)]T,s is defined in accordance with (9) and

I[ψ(k)]T,s =

T∫

s

ψ1(t1) . . .

tk−2∫

s

ψk−1(tk−1)

tk−1∫

s

ψk(tk)dw
(k)
tk dw

(k−1)
tk−1

. . . dw
(1)
t1 .

Let us note that when k ≥ 4 (for k = 2, 3 the arguments are similar) due to additivity of the Ito
stochastic integral the following equalities are correct
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I[ψ(k)]T,τl+1
=

N−1∑

j1=l+1

τj1+1∫

τj1

ψ1(t1)

t1∫

τl+1

ψ2(t2)I[ψ
(k−2)
3 ]t2,τl+1

dw
(2)
t2 dw

(1)
t1 =

=
N−1∑

j1=l+1

τj1+1∫

τj1

ψ1(t1)






j1−1
∑

j2=l+1

τj2+1∫

τj2

+

t1∫

τj1




ψ2(t2)I[ψ

(k−2)
3 ]t2,τl+1

dw
(2)
t2 dw

(1)
t1 =

(16) = . . . = G[ψ(k)]N,l+1 +H [ψ(k)]N,l+1 w. p. 1,

where

H [ψ(k)]N,l+1 =

N−1∑

j1=l+1

τj1+1∫

τj1

ψ1(s)

s∫

τj1

ψ2(τ)I[ψ
(k−2)
3 ]τ,τl+1

dw(2)
τ dw(1)

s +

+
k−2∑

r=2

G[ψ(r−1)]N,l+1

jr−1−1
∑

jr=l+1

τjr+1∫

τjr

ψr(s)

s∫

τjr

ψr+1(τ)I[ψ
(k−r−1)
r+2 ]τ,τl+1

dw(r+1)
τ dw(r)

s +

(17) +G[ψ(k−2)]N,l+1

jk−2−1
∑

jk−1=l+1

I[ψ
(2)
k−1]τjk−1+1,τjk−1

.

Let us substitute (16) into (15) and (15) into (14). Then w. p. 1

(18) Ĵ [φ, ψ(k)]T,t = l.i.m.
N→∞

N−1∑

l=0

φτl∆w
(k+1)
τl

(

G[ψ(k)]N,l+1 +H [ψ(k)]N,l+1

)

.

Since

(19)

N−1∑

j1=0

j1−1
∑

j2=0

. . .

jk−1−1
∑

jk=0

aj1...jk =

N−1∑

jk=0

N−1∑

jk−1=jk+1

. . .

N−1∑

j1=j2+1

aj1...jk ,

where aj1...jk are scalars, then

(20) G[ψ(k)]N,l+1 =

N−1∑

jk=l+1

. . .

N−1∑

j1=j2+1

k∏

l=1

I[ψl]τjl+1,τjl
.

Let us substitute (20) into
N−1∑

l=0

φτl∆w
(k+1)
τl G[ψ(k)]N,l+1

and again use the formula (19). Then
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(21)

N−1∑

l=0

φτl∆w
(k+1)
τl G[ψ(k)]N,l+1 = S[φ, ψ(k)]N .

Let us suppose that the limit

(22) l.i.m.
N→∞

S[φ, ψ(k)]N

exists (its existence will be proved further).
Then from (21) and (18) it follows that for proof of the right equality in (13) we have to demonstrate

that w. p. 1

(23) l.i.m.
N→∞

N−1∑

l=0

φτl∆w
(k+1)
τl H [ψ(k)]N,l+1 = 0.

Analyzing the second moment of the prelimit expression on the left-hand side of (23) and taking into

account (17), the independence of φτl , ∆w
(k+1)
τl , and H [ψ(k)]N,l+1 as well as the standard estimates

for second moments of stochastic integrals and the Minkowski inequality, we find that (23) is correct.
Thus, by the assumption of existence of the limit (22) we obtain that the right equality in (13) is
fulfilled.

Let us demonstrate that the left equality in (13) is also fulfilled.
We have

(24) J [φ, ψ(k)]T,t
def
= l.i.m.

N→∞

N−1∑

l=0

ψ1(τl)∆w
(1)
τl J [φ, ψ

(k−1)
2 ]τl,t.

Let us use for the integral J [φ, ψ
(k−1)
2 ]τl,t in (24) the same arguments, which resulted to the relation

(16) for the integral I[ψ(k)]T,τl+1
. After that let us substitute the expression obtained for the integral

J [φ, ψ
(k−1)
2 ]τl,t into (24).

Further, using the Minkowski inequality and standard estimates for second moments of stochastic
integrals it is easy to obtain that

(25) J [φ, ψ(k)]T,t = l.i.m.
N→∞

R[φ, ψ(k)]N w. p. 1,

where

R[φ, ψ(k)]N =

N−1∑

j1=0

ψ1(τj1 )∆w
(1)
τj1
G[ψ

(k−1)
2 ]j1,0

jk−1
∑

l=0

τl+1∫

τl

φτdw
(k+1)
τ .

We will demonstrate that

(26) l.i.m.
N→∞

R[φ, ψ(k)]N = l.i.m.
N→∞

S[φ, ψ(k)]N w. p. 1.

It is easy to see that

(27) R[φ, ψ(k)]N = U [φ, ψ(k)]N + V [φ, ψ(k)]N + S[φ, ψ(k)]N w. p. 1,

where
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U [φ, ψ(k)]N =

N−1∑

j1=0

ψ1(τj1 )∆w
(1)
τj1
G[ψ

(k−1)
2 ]j1,0

jk−1
∑

l=0

I[∆φ]τl+1,τl ,

V [φ, ψ(k)]N =

N−1∑

j1=0

I[∆ψ1]τj1+1,τj1
G[ψ

(k−1)
2 ]j1,0

jk−1
∑

l=0

φτl∆w
(k+1)
τl ,

I[∆ψ1]τj1+1,τj1
=

τj1+1∫

τj1

(ψ1(τj1 )− ψ1(τ))dw
(1)
τ ,

I[∆φ]τl+1,τl =

τl+1∫

τl

(φτ − φτl)dw
(k+1)
τ .

Using the Minkowski inequality, standard estimates for second moments of stochastic integrals,
the condition that the process φτ belongs to the class S2([t, T ]) as well as continuity (which means
uniform continuity) of the function ψ1(τ), we obtain that

l.i.m.
N→∞

V [φ, ψ(k)]N = l.i.m.
N→∞

U [φ, ψ(k)]N = 0 w. p. 1.

Then, considering (27), we obtain (26). From (26) and (25) it follows that the left equality in (13)
is fulfilled.

Note that the limit (22) exists because it is equal to the stochastic integral J [φ, ψ(k)]T,t, which
exists under the conditions of Theorem 1. So, the chain of equalities (13) is proved. Theorem 1 is
proved.

5. Corollaries and Generalizations of Theorem 1

Denote Dk = {(t1, . . . , tk) : t ≤ t1 < . . . < tk ≤ T }. We will use the same symbol Dk to denote the
open and closed domains corresponding to the domain Dk. However, we always specify what domain
we consider (open or closed).

Suppose that the following conditions are fulfilled:

AI. ξτ ∈ S2([t, T ]).

AII. Φ(t1, . . . , tk−1) is a continuous nonrandom function in the closed domain Dk−1.

Let us define the following stochastic integrals

Ĵ [ξ,Φ]
(k)
T,t =

T∫

t

ξtkdw
(ik)
tk

. . .

T∫

t3

dw
(i2)
t2

T∫

t2

Φ(t1, t2, . . . , tk−1)dw
(i1)
t1

def
=

def
= l.i.m.

N→∞

N−1∑

l=0

ξτl∆w(ik)
τl

T∫

τl+1

dw
(ik−1)
tk−1

. . .

T∫

t3

dw
(i2)
t2

T∫

t2

Φ(t1, t2, . . . , tk−1)dw
(i1)
t1
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for k ≥ 3 and

Ĵ [ξ,Φ]
(2)
T,t =

T∫

t

ξt2dw
(i2)
t2

T∫

t2

Φ(t1)dw
(i1)
t1

def
=

def
= l.i.m.

N→∞

N−1∑

l=0

ξτl∆w(i2)
τl

T∫

τl+1

Φ(t1)dw
(i1)
t1

for k = 2. Here w
(i)
τ = f

(i)
τ if i = 1, . . . ,m and w

(0)
τ = τ, f

(i)
τ (i = 1, . . . ,m) are Fτ -measurable for all

τ ∈ [0, T ] (0 ≤ t < T ) independent standard Wiener processes, i1, . . . , ik = 0, 1, . . . ,m.
Let us denote

(28) J [ξ,Φ]
(k)
T,t =

T∫

t

. . .

tk−1∫

t

Φ(t1, . . . , tk−1)ξtkdw
(ik)
tk . . . dw

(i1)
t1 , k ≥ 2,

where the right-hand side of (28) is the iterated Ito stochastic integral.
Let us introduce the following iterated stochastic integrals

J̃ [Φ]
(k−1)
T,t =

T∫

t

dw
(ik−1)
tk−1

. . .

T∫

t3

dw
(i2)
t2

T∫

t2

Φ(t1, t2, . . . , tk−1)dw
(i1)
t1

def
=

def
= l.i.m.

N→∞

N−1∑

l=0

∆w(ik−1)
τl

T∫

τl+1

dw
(ik−2)
tk−2

. . .

T∫

t3

dw
(i2)
t2

T∫

t2

Φ(t1, t2, . . . , tk−1)dw
(i1)
t1 ,

J ′[Φ]
(k−1)
T,t =

T∫

t

. . .

tk−2∫

t

Φ(t1, . . . , tk−1)dw
(ik−1)
tk−1

. . . dw
(i1)
t1 , k ≥ 2.

Similarly to the proof of Theorem 1 it is easy to demonstrate that under the condition AII the

stochastic integral J̃ [Φ]
(k−1)
T,t exists and

(29) J ′[Φ]
(k−1)
T,t = J̃ [Φ]

(k−1)
T,t w. p. 1.

Moreover, using (29) the following generalization of Theorem 1 can be proved similarly to the
proof of Theorem 1.

Theorem 2 [20], [21] (also see [2]-[7], [16]-[18]). Suppose that the conditions AI, AII of this section

are fulfilled. Then, the stochastic integral Ĵ [ξ,Φ]
(k)
T,t exists and for k ≥ 2

J [ξ,Φ]
(k)
T,t = Ĵ [ξ,Φ]

(k)
T,t w. p. 1.

Let us consider the following stochastic integrals
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I =

T∫

t

df
(i2)
t2

T∫

t2

Φ1(t1, t2)df
(i1)
t1 , J =

T∫

t

t2∫

t

Φ2(t1, t2)df
(i1)
t1 df

(i2)
t2 .

If we consider
T∫

t2

Φ1(t1, t2)df
(i1)
t1

as the integrand of I and

t2∫

t

Φ2(t1, t2)df
(i1)
t1

as the integrand of J , then, due to independence of these integrands we may mistakenly think that
M{IJ} = 0.

But it is not the fact. Actually, using the integration order replacement technique in the stochastic
integral I, we have w. p. 1

I =

T∫

t

t1∫

t

Φ1(t1, t2)df
(i2)
t2 df

(i1)
t1 =

T∫

t

t2∫

t

Φ1(t2, t1)df
(i2)
t1 df

(i1)
t2 .

So, using the standard properties of the Ito stochastic integral [1], we get

M{IJ} = 1{i1=i2}

T∫

t

t2∫

t

Φ1(t2, t1)Φ2(t1, t2)dt1dt2,

where 1{A} is the indicator of the set A.
Let us consider the following statement.

Theorem 3 [20], [21] (also see [2]-[7], [16]-[18]). Let the conditions of Theorem 1 are fulfilled and

h(τ) is a continuous nonrandom function at the interval [t, T ]. Then

(30)

T∫

t

φτdw
(k+1)
τ h(τ)Î [ψ(k)]T,τ =

T∫

t

φτh(τ)dw
(k+1)
τ Î[ψ(k)]T,τ w. p. 1,

where stochastic integrals on the left-hand side of (30) as well as on the right-hand side of (30) exist.

Proof. According to Theorem 1, the iterated stochastic integral on the right-hand side of (30)
exists. In addition

T∫

t

φτh(τ)dw
(k+1)
τ Î[ψ(k)]T,τ =

T∫

t

φτdw
(k+1)
τ h(τ)Î [ψ(k)]T,τ−

−l.i.m.
N→∞

N−1∑

j=0

φτj∆h(τj)∆w
(k+1)
τj Î[ψ(k)]T,τj+1 w. p. 1,
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where ∆h(τj) = h(τj+1)− h(τj).
Using the arguments which resulted to the right equality in (13), we obtain

l.i.m.
N→∞

N−1∑

l=0

φτl∆h(τl)∆w
(k+1)
τl

Î[ψ(k)]T,τl+1
=

(31) = l.i.m.
N→∞

G[ψ(k)]N,0

jk−1
∑

l=0

φτl∆h(τl)∆w
(k+1)
τl w. p. 1.

Using the Minkowski inequality, standard estimates for second moments of stochastic integrals as
well as continuity of the function h(τ), we obtain that the second moment of the prelimit expression
on the right-hand side of (31) tends to zero when N → ∞. Theorem is proved.

Let us consider one corollary of Theorem 1.

Theorem 4 [20], [21] (also see [2]-[7], [16]-[18]). Under the conditions of Theorem 3 the following

equality is fulfilled

T∫

t

h(t1)

t1∫

t

φτdw
(k+2)
τ dw

(k+1)
t1 Î[ψ(k)]T,t1 =

(32) =

T∫

t

φτdw
(k+2)
τ

T∫

τ

h(t1)dw
(k+1)
t1 Î[ψ(k)]T,t1 w. p. 1.

Moreover, the stochastic integrals in (32) exist.

Proof. Using Theorem 1 two times, we obtain

T∫

t

φτdw
(k+2)
τ

T∫

τ

h(t1)dw
(k+1)
t1 Î[ψ(k)]T,t1 =

=

T∫

t

ψ1(t1) . . .

tk−1∫

t

ψk(tk)

tk∫

t

ρτdw
(k+1)
τ dw

(k)
tk . . . dw

(1)
t1 =

=

T∫

t

ρτdw
(k+1)
τ

T∫

τ

ψk(tk)dw
(k)
tk . . .

T∫

t2

ψ1(t1)dw
(1)
t1 w. p. 1,

where

ρτ
def
= h(τ)

τ∫

t

φsdw
(k+2)
s .

Theorem 4 is proved.
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18 D.F. KUZNETSOV

6. Examples of Integration Order Replacement Technique for the Concrete

Iterated Ito Stochastic Integrals

As we mentioned above, the formulas from this section could be obtained using the Ito formula.
However, the method based on Theorem 1 is more simple and familiar, since it deals with usual rules
of the integration order replacement for Riemann integrals.

Using the integration order replacement technique for iterated Ito stochastic integrals (Theorem
1), we obtain the following equalities which are fulfilled w. p. 1

T∫

t

t2∫

t

dft1dt2 =

T∫

t

(T − t1)dft1 ,

T∫

t

cos(t2 − T )

t2∫

t

dft1dt2 =

T∫

t

sin(T − t1)dft1 ,

T∫

t

sin(t2 − T )

t2∫

t

dft1dt2 =

T∫

t

(cos(T − t1)− 1) dft1 ,

T∫

t

eα(t2−T )

t2∫

t

dft1dt2 =
1

α

T∫

t

(

1− eα(t1−T )
)

dft1 , α 6= 0,

T∫

t

(t2 − T )α
t2∫

t

dft1dt2 = −
1

α+ 1

T∫

t

(t1 − T )α+1dft1 , α 6= −1,

J(100)T,t =
1

2

T∫

t

(T − t1)
2dft1 ,

J(010)T,t =

T∫

t

(t1 − t)(T − t1)dft1 ,

(33) J(110)T,t =

T∫

t

(T − t2)

t2∫

t

dft1dft2 ,

J(101)T,t =

T∫

t

t2∫

t

(t2 − t1)dft1dft2 ,

J(1011)T,t =

T∫

t

t3∫

t

t2∫

t

(t2 − t1)dft1dft2dft3 ,
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J(1101)T,t =

T∫

t

t3∫

t

(t3 − t2)

t2∫

t

dft1dft2dft3 ,

J(1110)T,t =

T∫

t

(T − t3)

t3∫

t

t2∫

t

dft1dft2dft3 ,

J(1100)T,t =
1

2

T∫

t

(T − t2)
2

t2∫

t

dft1dft2 ,

J(1001)T,t =
1

2

T∫

t

t2∫

t

(t2 − t1)
2dft1dft2 ,

(34) J(1010)T,t =

T∫

t

(T − t2)

t2∫

t

(t2 − t1)dft1dft2 ,

J(0110)T,t =

T∫

t

(T − t2)

t2∫

t

(t1 − t)dft1dft2 ,

J(0101)T,t =

T∫

t

t2∫

t

(t2 − t1)(t1 − t)dft1dft2 ,

J(0010)T,t =
1

2

T∫

t

(T − t1)(t1 − t)2dft1 ,

J(0100)T,t =
1

2

T∫

t

(T − t1)
2(t1 − t)dft1 ,

J(1000)T,t =
1

3!

T∫

t

(T − t1)
3dft1 ,

J(1 0...0
︸︷︷︸
k−1

)T,t =
1

(k − 1)!

T∫

t

(T − t1)
k−1dft1 ,

J(11 0...0
︸︷︷︸
k−2

)T,t =
1

(k − 2)!

T∫

t

(T − t2)
k−2

t2∫

t

dft1dft2 ,
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J( 1...1
︸︷︷︸
k−1

0)T,t =

T∫

t

(T − t1)J( 1...1
︸︷︷︸
k−2

)t1,tdft1 ,

J(1 0...0
︸︷︷︸
k−2

1)T,t =
1

(k − 2)!

T∫

t

t2∫

t

(t2 − t1)
k−2dft1dft2 ,

J(10 1...1
︸︷︷︸
k−2

)T,t =

T∫

t

. . .

t3∫

t

t2∫

t

(t2 − t1)dft1dft2 . . . dftk−1
,

J( 1...1
︸︷︷︸
k−2

01)T,t =

T∫

t

tk−1∫

t

(tk−1 − tk−2)

tk−2∫

t

. . .

t2∫

t

dft1 . . . dftk−3
dftk−2

dftk−1
,

J(10)T,t + J(01)T,t = (T − t)J(1)T,t,

J(110)T,t + J(101)T,t + J(011)T,t = (T − t)J(11)T,t,

J(001)T,t + J(010)T,t + J(100)T,t =
(T − t)2

2
J(1)T,t,

J(1100)T,t + J(1010)T,t + J(1001)T,t + J(0110)T,t+

+J(0101)T,t + J(0011)T,t =
(T − t)2

2
J(11)T,t,

J(1000)T,t + J(0100)T,t + J(0010)T,t + J(0001)T,t =
(T − t)3

3!
J(1)T,t,

J(1110)T,t + J(1101)T,t + J(1011)T,t + J(0111)T,t = (T − t)J(111)T,t,

k∑

l=1

J( 0...0
︸︷︷︸
l−1

1 0...0
︸︷︷︸
k−l

)T,t =
1

(k − 1)!
(T − t)k−1J(1)T,t,

k∑

l=1

J( 1...1
︸︷︷︸
l−1

0 1...1
︸︷︷︸
k−l

)T,t = (T − t)J( 1...1
︸︷︷︸
k−1

)T,t,
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∑

l1+...+lk=m

li∈{0, 1}, i=1,...,k

J(l1...lk)T,t =
(T − t)k−m

(k −m)!
J( 1...1
︸︷︷︸

m

)T,t,

where

J(l1...lk)T,t =

T∫

t

. . .

t2∫

t

dw
(1)
t1 . . . dw

(k)
tk
,

li = 1 when w
(i)
ti = fti and li = 0 when w

(i)
ti = ti (i = 1, . . . , k), fτ is a standard Wiener process.

Let us consider two examples and show explicitly the technique on integration order replacement
for iterated Ito stochastic integrals.

Example 1. Let us prove the equality (33). Using Theorems 1 and 3, we obtain

J(110)T,t
def
=

T∫

t

t3∫

t

t2∫

t

dft1dft2dt3 =

=

T∫

t

dft1

T∫

t1

dft2

T∫

t2

dt3 =

=

T∫

t

dft1

T∫

t1

dft2(T − t2) =

=

T∫

t

dft1

T∫

t1

(T − t2)dft2 =

=

T∫

t

(T − t2)

t2∫

t

dft1dft2 w. p. 1.

Example 2. Let us prove the equality (34). Using Theorems 1 and 3, we obtain

J(1010)T,t
def
=

T∫

t

t4∫

t

t3∫

t

t2∫

t

dft1dt2dft3dt4 =

=

T∫

t

dft1

T∫

t1

dt2

T∫

t2

dft3

T∫

t3

dt4 =

=

T∫

t

dft1

T∫

t1

dt2

T∫

t2

dft3(T − t3) =
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=

T∫

t

dft1

T∫

t1

dt2

T∫

t2

(T − t3)dft3 =

=

T∫

t

(T − t3)

t3∫

t

t2∫

t

dft1dt2dft3 =

=

T∫

t

(T − t3)





t3∫

t

t2∫

t

dft1dt2



 dft3 =

=

T∫

t

(T − t3)





t3∫

t

dft1

t3∫

t1

dt2



 dft3 =

=

T∫

t

(T − t3)





t3∫

t

dft1(t3 − t1)



 dft3 =

=

T∫

t

(T − t3)





t3∫

t

(t3 − t1)dft1



 dft3 =

=

T∫

t

(T − t2)

t2∫

t

(t2 − t1)dft1dft2 w. p. 1.

7. Integration Order Replacement Technique for Iterated Stochastic Integrals

With Respect to Martingale

In this section, we will generalize the theorems on integration order replacement for iterated Ito
stochastic integrals to the class of iterated stochastic integrals with respect to martingale.

Let (Ω,F,P) be a complete probability space and let {Ft, t ∈ [0, T ]} be a nondecreasing family of
σ-algebras defined on the probability space (Ω,F,P). Suppose that Mt, t ∈ [0, T ] is an Ft-measurable
martingale for all t ∈ [0, T ], which satisfies the condition M {|Mt|} < ∞. Moreover, for all t ∈ [0, T ]
there exists an Ft- measurable and nonnegative w. p. 1 stochastic process ρt, t ∈ [0, T ] such that

M

{

(Ms −Mt)
2 | Ft

}

= M







s∫

t

ρτdτ

∣
∣
∣
∣
Ft






w. p. 1,

where 0 ≤ t < s ≤ T.
Let us consider the class H2(ρ, [0, T ]) of stochastic processes ϕt, t ∈ [0, T ], which are Ft-measurable

for all t ∈ [0, T ] and satisfy the condition

M







T∫

0

ϕ2
tρtdt






<∞.
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For any partition τ
(N)
j , j = 0, 1, . . . , N of the interval [0, T ] such that

(35) 0 = τ
(N)
0 < τ

(N)
1 < . . . < τ

(N)
N = T, max

0≤j≤N−1

∣
∣
∣τ

(N)
j+1 − τ

(N)
j

∣
∣
∣ → 0 if N → ∞

we will define the sequence of step functions

ϕ(N)(t, ω) = ϕj(ω) w. p. 1 for t ∈
[

τ
(N)
j , τ

(N)
j+1

)

,

where j = 0, 1, . . . , N − 1, N = 1, 2, . . .
Let us define the stochastic integral with respect to martingale for ϕ(t, ω) ∈ H2(ρ, [0, T ]) as the

following mean-square limit [1]

l.i.m.
N→∞

N−1∑

j=0

ϕ(N)
(

τ
(N)
j , ω

)(

M
(

τ
(N)
j+1 , ω

)

−M
(

τ
(N)
j , ω

))
def
=

T∫

0

ϕτdMτ ,

where ϕ(N)(t, ω) is any step function from the class H2(ρ, [0, T ]), which converges to the function
ϕ(t, ω) in the following sense

lim
N→∞

T∫

0

M

{∣
∣
∣ϕ(N)(t, ω)− ϕ(t, ω)

∣
∣
∣

2
}

ρtdt = 0.

It is well known [1] that the stochastic integral

T∫

0

ϕτdMτ

exists and it does not depend on the selection of sequence ϕ(N)(t, ω).

Let H̃2(ρ, [0, T ]) be the class of stochastic processes ϕτ , τ ∈ [0, T ], which are mean-square contin-
uous for all τ ∈ [0, T ] and belong to the class H2(ρ, [0, T ]).

Let us consider the following iterated stochastic integrals

(36) S[φ, ψ(k)]T,t =

T∫

t

ψ1(t1) . . .

tk−1∫

t

ψk(tk)

tk∫

t

φτdM
(k+1)
τ dM

(k)
tk

. . . dM
(1)
t1 ,

(37) S[ψ(k)]T,t =

T∫

t

ψ1(t1) . . .

tk−1∫

t

ψk(tk)dM
(k)
tk . . . dM

(1)
t1 .

Here φτ ∈ H̃2(ρ, [t, T ]) and ψ1(τ), . . . , ψk(τ) are continuous nonrandom functions at the interval [t, T ],

M
(l)
τ =Mτ or M

(l)
τ = τ if τ ∈ [t, T ], l = 1, . . . , k + 1, Mτ is the martingale defined above.

Let us define the iterated stochastic integral Ŝ[ψ(k)]T,s, 0 ≤ t ≤ s ≤ T, k ≥ 1 with respect to
martingale

Ŝ[ψ(k)]T,s =

T∫

s

ψk(tk)dM
(k)
tk

. . .

T∫

t2

ψ1(t1)dM
(1)
t1

by the following recurrence relation
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(38) Ŝ[ψ(k)]T,t
def
= l.i.m.

N→∞

N−1∑

l=0

ψk(τl)∆M
(k)
τl Ŝ[ψ

(k−1)]T,τl+1
,

where k ≥ 1, Ŝ[ψ(0)]T,s
def
= 1, [s, T ] ⊆ [t, T ], here and further ∆M

(i)
τl =M

(i)
τl+1 −M

(i)
τl , i = 1, . . . , k+1,

l = 0, 1, . . . , N − 1, {τl}
N
l=0 is the partition of the interval [t, T ], which satisfies the condition similar

to (35), another notations are the same as in (36), (37).

Further, let us define the iterated stochastic integral Ŝ[φ, ψ(k)]T,t, k ≥ 1 of the form

Ŝ[φ, ψ(k)]T,t =

T∫

t

φsdM
(k+1)
s Ŝ[ψ(k)]T,s

by the equality

Ŝ[φ, ψ(k)]T,t
def
= l.i.m.

N→∞

N−1∑

l=0

φτl∆M
(k+1)
τl Ŝ[ψ(k)]T,τl+1

,

where the sense of notations included in (36)–(38) is saved.
Let us formulate the theorem on integration order replacement for the iterated stochastic integrals

with respect to martingale, which is the generalization of Theorem 1.

Theorem 5 [20], [21] (also see [2]-[7], [16]-[18]). Let φτ ∈ H̃2(ρ, [t, T ]), every ψl(τ) (l = 1, . . . , k)
is a continuous nonrandom function at the interval [t, T ], and |ρτ | ≤ K <∞ w. p. 1 for all τ ∈ [t, T ].

Then, the stochastic integral Ŝ[φ, ψ(k)]T,t exists and

S[φ, ψ(k)]T,t = Ŝ[φ, ψ(k)]T,t w. p. 1.

The proof of Theorem 5 is similar to the proof of Theorem 1.

Remark 2. Let us note that we can propose another variant of the conditions in Theorem 5.
For example, if we not require the boundedness of the process ρτ , then it is necessary to require the

fulfillment of the following additional conditions:

1. M{|ρτ |} <∞ for all τ ∈ [t, T ].

2. The process ρτ is independent with the processes φτ and Mτ .

Remark 3. Note that it is well known the construction of stochastic integral with respect to the

Wiener process with integrable process, which is not an Fτ -measurable stochastic process — the so-

called Stratonovich stochastic integral [19].

The stochastic integral Ŝ[φ, ψ(k)]T,t is also the stochastic integral with integrable process, which is

not an Fτ -measurable stochastic process. However, under the conditions of Theorem 5

S[φ, ψ(k)]T,t = Ŝ[φ, ψ(k)]T,t w. p. 1,

where S[φ, ψ(k)]T,t is a usual iterated stochastic integral with respect to martingale. If, for example,

Mτ , τ ∈ [t, T ] is the Wiener process, then the question on connection between stochastic integral

Ŝ[φ, ψ(k)]T,t and Stratonovich stochastic integral is solving as a standard question on connection

between Stratonovich and Ito stochastic integrals [19].
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Let us consider several statements, which are the generalizations of theorems formulated in the
previous sections.

Assume that Dk = {(t1, . . . , tk) : t ≤ t1 < . . . < tk ≤ T } and the following conditions are met:

BI. ξτ ∈ H̃2(ρ, [t, T ]).

BII. Φ(t1, . . . , tk−1) is a continuous nonrandom function in the closed domain Dk−1 (recall that
we use the same symbol Dk−1 to denote the open and closed domains corresponding to the domain
Dk−1; however, we always specify what domain we consider (open or closed)).

Let us define the following stochastic integrals with respect to martingale

Ŝ[ξ,Φ]
(k)
T,t =

T∫

t

ξtkdM
(k)
tk . . .

T∫

t3

dM
(2)
t2

T∫

t2

Φ(t1, t2, . . . , tk−1)dM
(1)
t1

def
=

def
= l.i.m.

N→∞

N−1∑

l=0

ξτl∆M
(k)
τl

T∫

τl+1

dM
(k−1)
tk−1

. . .

T∫

t3

dM
(2)
t2

T∫

t2

Φ(t1, t2, . . . , tk−1)dM
(1)
t1

for k ≥ 3 and

Ŝ[ξ,Φ]
(2)
T,t =

T∫

t

ξt2dM
(2)
t2

T∫

t2

Φ(t1)dM
(1)
t1

def
=

def
= l.i.m.

N→∞

N−1∑

l=0

ξτl∆M
(2)
τl

T∫

τl+1

Φ(t1)dM
(1)
t1

for k = 2, where the sense of notations included in (36)–(38) is saved. Moreover, the stochastic

process ξτ , τ ∈ [t, T ] belongs to the class H̃2(ρ, [t, T ]).
In addition, let

(39) S[ξ,Φ]
(k)
T,t =

T∫

t

. . .

tk−1∫

t

Φ(t1, . . . , tk−1)ξtkdM
(k)
tk . . . dM

(1)
t1 , k ≥ 2,

where the right-hand side of (39) is the iterated stochastic integral with respect to martingale.
Let us introduce the following iterated stochastic integrals with respect to martingale

S̃[Φ]
(k−1)
T,t =

T∫

t

dM
(k−1)
tk−1

. . .

T∫

t3

dM
(2)
t2

T∫

t2

Φ(t1, t2, . . . , tk−1)dM
(1)
t1

def
=

def
= l.i.m.

N→∞

N−1∑

l=0

∆M (k−1)
τl

T∫

τl+1

dM
(k−2)
tk−2

. . .

T∫

t3

dM
(2)
t2

T∫

t2

Φ(t1, t2, . . . , tk−1)dM
(1)
t1 ,

S′[Φ]
(k−1)
T,t =

T∫

t

. . .

tk−2∫

t

Φ(t1, . . . , tk−1)dM
(k−1)
tk−1

. . . dM
(1)
t1 , k ≥ 2.

1721



26 D.F. KUZNETSOV

It is easy to demonstrate similarly to the proof of Theorem 5 that under the condition BII the

stochastic integral S̃[Φ]
(k−1)
T,t exists and

S′[Φ]
(k−1)
T,t = S̃[Φ]

(k−1)
T,t w. p. 1.

In its turn, using this fact we can prove the following theorem similarly to the proof of Theorem 5.

Theorem 6 [20], [21] (also see [2]-[7], [16]-[18]). Let the conditions BI, BII of this section are

fulfilled and |ρτ | ≤ K <∞ w. p. 1 for all τ ∈ [t, T ]. Then, the stochastic integral Ŝ[ξ,Φ]
(k)
T,t exists and

for k ≥ 2

S[ξ,Φ]
(k)
T,t = Ŝ[ξ,Φ]

(k)
T,t w. p. 1.

Theorem 6 is the generalization of Theorem 2 for the case of iterated stochastic integrals with
respect to martingale.

Let us consider two statements.

Theorem 7 [20], [21] (also see [2]-[7], [16]-[18]). Let the conditions of Theorem 5 are fulfilled and

h(τ) is a continuous nonrandom function at the interval [t, T ]. Then

(40)

T∫

t

φτdM
(k+1)
τ h(τ)Ŝ[ψ(k)]T,τ =

T∫

t

φτh(τ)dM
(k+1)
τ Ŝ[ψ(k)]T,τ w. p. 1

and stochastic integrals on the left-hand side of (40) as well as on the right-hand side of (40) exist.

Theorem 8 [20], [21] (also see [2]-[7], [16]-[18]). Under the conditions of Theorem 7

T∫

t

h(t1)

t1∫

t

φτdM
(k+2)
τ dM

(k+1)
t1 Ŝ[ψ(k)]T,t1 =

(41) =

T∫

t

φτdM
(k+2)
τ

T∫

τ

h(t1)dM
(k+1)
t1 Ŝ[ψ(k)]T,t1 w. p. 1.

Moreover, the stochastic integrals in (41) exist.

The proofs of Theorems 7 and 8 are similar to the proofs of Theorems 3 and 4 correspondingly.

Remark 4. The integration order replacement technique for iterated Ito stochastic integrals (The-
orems 1–4) [2]-[15], [16]-[18] has been successfully applied for construction of the so-called unified

Taylor–Ito and Taylor–Stratonovich expansions [16]-[18] (see references therein) as well as for proof

and development of the mean-square approximation method for iterated Ito and Stratonovich stochas-

tic integrals based on generalized multiple Fourier series [16]-[18] (see references therein).
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OPTIMIZATION OF THE MEAN-SQUARE APPROXIMATION PROCEDURES

FOR ITERATED ITO STOCHASTIC INTEGRALS OF MULTIPLICITIES 1 TO 5

FROM THE UNIFIED TAYLOR–ITO EXPANSION BASED ON MULTIPLE

FOURIER–LEGENDRE SERIES

MIKHAIL D. KUZNETSOV AND DMITRIY F. KUZNETSOV

Abstract. The article is devoted to optimization of the mean-square approximation proce-
dures for iterated Ito stochastic integrals of multiplicities 1 to 5. The mentioned stochastic
integrals are part of strong numerical methods with convergence orders 1.0, 1.5, 2.0, and 2.5
for Ito stochastic differential equations with multidimensional non-commutative noise based
on the unified Taylor–Ito expansion and multiple Fourier–Legendre series converging in the
sense of norm in Hilbert space L2([t, T ]

k) (k = 1, . . . , 5). In this article we use multiple
Fourier–Legendre series within the framework of the method of expansion and mean-square
approximation of iterated Ito stochastic integrals based on generalized multiple Fourier se-
ries. We show that the lengths of sequences of independent standard Gaussian random
variables required for the mean-square approximation of iterated Ito stochastic integrals
of multiplicities 1 to 5 can be significantly reduced without the loss of the mean-square
accuracy of approximation for these stochastic integrals.
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1. Explicit One-Step Strong Numerical Methods with Convergence Orders 1.0, 1.5,
2.0, and 2.5 for Ito SDEs Based on the Unified Taylor–Ito Expansion

Let (Ω, F, P) be a complete probability space, let {Ft, t ∈ [0, T ]} be a nondecreasing right-
continuous family of σ-algebras of F, and let f t be a standard m-dimensional Wiener stochastic

process, which is Ft-measurable for any t ∈ [0, T ].We assume that the components f
(i)
t (i = 1, . . . ,m)

of this process are independent. Consider an Ito stochastic differential equation (SDE) in the integral
form

(1) xt = x0 +

t∫

0

a(xτ , τ)dτ +

m∑

i=1

t∫

0

Bi(xτ , τ)df
(i)
τ , x0 = x(0, ω).

Here xt is some n-dimensional stochastic process satisfying the Ito SDE (1). The nonrandom functions
a(x, t) : Rn× [0, T ] → R

n, B(x, t) : Rn× [0, T ] → R
n×m guarantee the existence and uniqueness up to

stochastic equivalence of a solution of the Ito SDE (1) [1]. The second integral on the right-hand side
of (1) is interpreted as an Ito stochastic integral and Bi(x, t) is the ith colomn of the matrix function

B(x, t). Let x0 be an n-dimensional random variable, which is F0-measurable and M
{
|x0|2

}
<∞ (M

is an expectation operator). We assume that x0 and ft − f0 are independent when t > 0.
It is well known that one of the promising approaches to the numerical integration of Ito SDEs is an

approach based on the stochastic Taylor expansions [2]-[10]. The essential feature of such stochastic
expansions is a presence in them of the so-called iterated Ito and Stratonovich stochastic integrals,
which play the key role for solving the problem of numerical integration of Ito SDEs and have the
following form

(2) J [ψ(k)]T,t =

T∫

t

ψk(tk) . . .

t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk ,

(3) J∗[ψ(k)]T,t =

∗T∫

t

ψk(tk) . . .

∗t2∫

t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk

,

where every ψl(τ) (l = 1, . . . , k) is a nonrandom function on [t, T ], w
(i)
τ = f

(i)
τ for i = 1, . . . ,m and

w
(0)
τ = τ,

∫

and

∗∫
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denote Ito and Stratonovich stochastic integrals, respectively; i1, . . . , ik = 0, 1, . . . ,m (in this paper,
we use the definition of the Stratonovich stochastic integral from [3]).

Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in the classical Taylor–Ito and
Taylor–Stratonovich expansions [3], [4]. At the same time ψl(τ) ≡ (t− τ)ql (l = 1, . . . , k; q1, . . . , qk =
0, 1, 2, . . .) and i1, . . . , ik = 1, . . . ,m in the unified Taylor–Ito and Taylor–Stratonovich expansions
[5]-[14].

Let C2,1(Rn×[0, T ]) be the space of functions R(x, t) : Rn×[0, T ] → R
1 with the following property:

these functions are twice continuously differentiable in x and have one continuous derivative in t. Let
us consider the following differential operators on the space C2,1(Rn × [0, T ])

(4) L =
∂

∂t
+

n∑

i=1

a(i)(x, t)
∂

∂x(i)
+

1

2

m∑

j=1

n∑

l,i=1

B(lj)(x, t)B(ij)(x, t)
∂2

∂x(l)∂x(i)
,

(5) G
(i)
0 =

n∑

j=1

B(ji)(x, t)
∂

∂x(j)
, i = 1, . . . ,m,

where a(i)(x, t) is the ith component of the vector function a(x, t) and B(ij)(x, t) is the ijth element
of the matrix function B(x, t).

Consider the following sequence of differential operators

G(i)
p =

1

p

(

G
(i)
p−1L− LG

(i)
p−1

)

, p = 1, 2, . . . , i = 1, . . . ,m,

where L and G
(i)
0 , i = 1, . . . ,m are defined by the equalities (4), (5).

For the further consideration, we need to introduce the following set of iterated Ito stochastic
integrals

(6) I
(i1...ik)
(l1...lk)s,t

=

s∫

t

(t− tk)
lk . . .

t2∫

t

(t− t1)
l1df

(i1)
t1 . . . df

(ik)
tk

,

where l1, . . . , lk = 0, 1, . . . and i1, . . . , lk = 1, . . . ,m.
Assume that R(x, t), a(x, t), and Bi(x, t), i = 1, . . . ,m are enough smooth functions with respect

to the variables x and t. Then for all s, t ∈ [0, T ] such that s > t we can write the following unified
Taylor–Ito expansion [5]-[14]

R(xs, s) = R(xt, t) +

r∑

q=1

∑

(k,j,l1,...,lk)∈Dq

(s− t)j

j!

m∑

i1,...,ik=1

G
(i1)
l1

. . . G
(ik)
lk

LjR(xt, t) I
(i1...ik)
(l1...lk)s,t

+

(7) + (Hr+1)s,t w. p. 1,

where

LjR(x, t)
def
=







L . . . L
︸ ︷︷ ︸

j

R(x, t) for j ≥ 1

R(x, t) for j = 0

,
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(8) Dq =

{

(k, j, l1, . . . , lk) : k + 2

(

j +

k∑

p=1

lp

)

= q; k, j, l1, . . . , lk = 0, 1, . . .

}

,

and (Hr+1)s,t is the remainder term in integral form [5]-[14].

Consider the partition {τp}Np=0 of the interval [0, T ] such that

(9) 0 = τ0 < τ1 < . . . < τN = T, ∆N = max
0≤j≤N−1

|τj+1 − τj | .

Let yτj
def
= yj , j = 0, 1, . . . , N be a time discrete approximation of the process xt, t ∈ [0, T ], which

is a solution of the Ito SDE (1).

Definiton 1 [3]. We will say that a time discrete approximation yj , j = 0, 1, . . . , N, corresponding
to the maximal step of discretization ∆N , converges strongly with order γ > 0 at time moment T to

the process xt, t ∈ [0, T ], if there exists a constant C > 0, which does not depend on ∆N , and a δ > 0
such that

M{|xT − yT |} ≤ C(∆N )γ

for each ∆N ∈ (0, δ).

From (7) for s = τp+1 and t = τp we obtain the following representation for family of explicit
one-step strong numerical schemes for the Ito SDE (1)

yp+1 = yp +

r∑

q=1

∑

(k,j,l1,...,lk)∈Dq

(τp+1 − τp)
j

j!

m∑

i1,...,ik=1

G
(i1)
l1

. . . G
(ik)
lk

Lj yp Î
(i1...ik)
(l1...lk)τp+1,τp

+

(10) + 1{r=2d−1,d∈N}
(τp+1 − τp)

(r+1)/2

((r + 1)/2)!
L(r+1)/2yp,

where Î
(i1...ik)
(l1...lk)τp+1,τp

is an approximation of the iterated Ito stochastic integral (6). The equality (10)

should be understood componentwise with respect to the components y
(i)
p of the column yp. Let for

simplicity τp = p∆, ∆ = T/N, T = τN , p = 0, 1, . . . , N.
It is known [3] that under the standard conditions the numerical scheme (10) has strong order of

convergence r/2 (r ∈ N).
Further, we consider particular cases of the numerical scheme (10) for r = 2, 3, 4, and 5, i.e. explicit

one-step strong numerical schemes with convergence orders 1.0, 1.5, 2.0, and 2.5 for the Ito SDE (1).

At that for simplicity we will write a, La, Bi, G
(i)
0 Bj etc. instead of a(yp, τp), La(yp, τp), Bi(yp, τp),

G
(i)
0 Bj(yp, τp) etc. correspondingly. Here L and G

(i)
0 , i = 1, . . . ,m are defined by the equalities (4),

(5). Thus, we obtain the following numerical schemes.

Milstein scheme (Scheme with strong order 1.0)

(11) yp+1 = yp +

m∑

i1=1

Bi1 Î
(i1)
(0)τp+1,τp

+∆a+

m∑

i1,i2=1

G
(i1)
0 Bi2 Î

(i1i2)
(00)τp+1,τp

.
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Scheme with strong order 1.5

yp+1 = yp +

m∑

i1=1

Bi1 Î
(i1)
(0)τp+1,τp

+∆a+

m∑

i1,i2=1

G
(i1)
0 Bi2 Î

(i1i2)
(00)τp+1,τp

+

+

m∑

i1=1

[

G
(i1)
0 a

(

∆Î
(i1)
(0)τp+1,τp

+ Î
(i1)
(1)τp+1,τp

)

− LBi1 Î
(i1)
(1)τp+1,τp

]

+

(12) +

m∑

i1,i2,i3=1

G
(i1)
0 G

(i2)
0 Bi3 Î

(i1i2i3)
(000)τp+1,τp

+
∆2

2
La.

Scheme with strong order 2.0

yp+1 = yp +

m∑

i1=1

Bi1 Î
(i1)
(0)τp+1,τp

+∆a+

m∑

i1,i2=1

G
(i1)
0 Bi2 Î

(i1i2)
(00)τp+1,τp

+

+

m∑

i1=1

[

G
(i1)
0 a

(

∆Î
(i1)
(0)τp+1,τp

+ Î
(i1)
(1)τp+1,τp

)

− LBi1 Î
(i1)
(1)τp+1,τp

]

+

+
m∑

i1,i2,i3=1

G
(i1)
0 G

(i2)
0 Bi3 Î

(i1i2i3)
(000)τp+1,τp

+
∆2

2
La+

+

m∑

i1,i2=1

[

G
(i1)
0 LBi2

(

Î
(i1i2)
(10)τp+1,τp

− Î
(i1i2)
(01)τp+1,τp

)

− LG
(i1)
0 Bi2 Î

(i1i2)
(10)τp+1,τp

+

+G
(i1)
0 G

(i2)
0 a

(

Î
(i1i2)
(01)τp+1,τp

+∆Î
(i1i2)
(00)τp+1,τp

)]

+

(13) +
m∑

i1,i2,i3,i4=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 Bi4 Î

(i1i2i3i4)
(0000)τp+1,τp

.

Scheme with strong order 2.5

yp+1 = yp +
m∑

i1=1

Bi1 Î
(i1)
(0)τp+1,τp

+∆a+
m∑

i1,i2=1

G
(i1)
0 Bi2 Î

(i1i2)
(00)τp+1,τp

+

+

m∑

i1=1

[

G
(i1)
0 a

(

∆Î
(i1)
(0)τp+1,τp

+ Î
(i1)
(1)τp+1,τp

)

− LBi1 Î
(i1)
(1)τp+1,τp

]

+
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+

m∑

i1,i2,i3=1

G
(i1)
0 G

(i2)
0 Bi3 Î

(i1i2i3)
(000)τp+1,τp

+
∆2

2
La+

+

m∑

i1,i2=1

[

G
(i1)
0 LBi2

(

Î
(i1i2)
(10)τp+1,τp

− Î
(i1i2)
(01)τp+1,τp

)

− LG
(i1)
0 Bi2 Î

(i1i2)
(10)τp+1,τp

+

+G
(i1)
0 G

(i2)
0 a

(

Î
(i1i2)
(01)τp+1,τp

+∆Î
(i1i2)
(00)τp+1,τp

)]

+

+

m∑

i1,i2,i3,i4=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 Bi4 Î

(i1i2i3i4)
(0000)τp+1,τp

+

+

m∑

i1=1

[

G
(i1)
0 La

(
1

2
Î
(i1)
(2)τp+1,τp

+∆Î
(i1)
(1)τp+1,τp

+
∆2

2
Î
(i1)
(0)τp+1,τp

)

+

+
1

2
LLBi1 Î

(i1)
(2)τp+1,τp

− LG
(i1)
0 a

(

Î
(i1)
(2)τp+1,τp

+∆Î
(i1)
(1)τp+1,τp

)
]

+

+

m∑

i1,i2,i3=1

[

G
(i1)
0 LG

(i2)
0 Bi3

(

Î
(i1i2i3)
(100)τp+1,τp

− Î
(i1i2i3)
(010)τp+1,τp

)

+

+G
(i1)
0 G

(i2)
0 LBi3

(

Î
(i1i2i3)
(010)τp+1,τp

− Î
(i1i2i3)
(001)τp+1,τp

)

+

+G
(i1)
0 G

(i2)
0 G

(i3)
0 a

(

∆Î
(i1i2i3)
(000)τp+1,τp

+ Î
(i1i2i3)
(001)τp+1,τp

)

−

−LG(i1)
0 G

(i2)
0 Bi3 Î

(i1i2i3)
(100)τp+1,τp

]

+

+

m∑

i1,i2,i3,i4,i5=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 G

(i4)
0 Bi5 Î

(i1i2i3i4i5)
(00000)τp+1,τp

+

(14) +
∆3

6
LLa.

It is well known [3] that under the standard conditions the numerical schemes (12)–(14) have
strong orders of convergence 1.0, 1.5, 2.0, and 2.5 correspondingly. Among these conditions we
consider only the condition for approximations of iterated Ito stochastic integrals from the numerical
schemes (12)–(14) [3] (also see [6])

(15) M







(

I
(i1...ik)
(l1...lk)τp+1,τp

− Î
(i1...ik)
(l1...lk)τp+1,τp

)2





≤ C∆r+1,

where constant C is independent of ∆ and r/2 is the strong order of convergence for the numerical
schemes (12)–(14), i.e. r/2 = 1.0, 1.5, 2.0, and 2.5.
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Note that the numerical schemes (11)–(14) are unrealizable in practice without effective procedures
for the numerical simulation of iterated Ito stochastic integrals from (10). That is why in the next
section, we consider the effective method of the mean-square approximation of iterated Ito and
Stratonovich stochastic integrals of arbitrary multiplicity k (k ∈ N).

2. Method of Expansion and Mean-Square Approximation of Iterated Ito and
Stratonovich Stochastic Integrals Based on Generalized Multiple Fourier Series

Let us consider the effective approach to expansion and mean-square approximation of iterated Ito
stochastic integrals [6] (2006), [7]-[14], [17]-[47] (the so-called method of generalized multiple Fourier
series).

The idea of this method is as follows: the iterated Ito stochastic integral (2) of the multiplicity k
(k ∈ N) is represented as the multiple stochastic integral from the certain discontinuous nonrandom
function of k variables defined on the hypercube [t, T ]k. Here [t, T ] is the interval of integration of
the iterated Ito stochastic integral (2). Then, the mentioned nonrandom function of k variables is
expanded in the hypercube [t, T ]k into the generalized multiple Fourier series converging in the mean-
square sense in the space L2([t, T ]

k). After a number of nontrivial transformations we come to the
mean-square converging expansion of the iterated Ito stochastic integral (2) into the multiple series
of products of standard Gaussian random variables. The coefficients of this series are the coefficients
of generalized multiple Fourier series for the mentioned nonrandom function of k variables, which can
be calculated using the explicit formula regardless of the multiplicity k of the iterated Ito stochastic
integral (2).

Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). Define the following function on the hypercube [t, T ]k

(16) K(t1, . . . , tk) =







ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ], k ≥ 2,

and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].
Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in the space L2([t, T ]).

The function K(t1, . . . , tk) belongs to the space L2([t, T ]
k). At this situation it is well known that the

generalized multiple Fourier series of K(t1, . . . , tk) ∈ L2([t, T ]
k) is converging to K(t1, . . . , tk) in the

hypercube [t, T ]k in the mean-square sense, i.e.

lim
p1,...,pk→∞

∥
∥
∥
∥
∥
K(t1, . . . , tk)−

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

k∏

l=1

φjl(tl)

∥
∥
∥
∥
∥
L2([t,T ]k)

= 0,

where

(17) Cjk...j1 =

∫

[t,T ]k

K(t1, . . . , tk)

k∏

l=1

φjl(tl)dt1 . . . dtk

is the Fourier coefficient,

1732



8 M.D. KUZNETSOV AND D.F. KUZNETSOV

‖f‖L2([t,T ]k) =






∫

[t,T ]k

f2(t1, . . . , tk)dt1 . . . dtk






1/2

.

Consider the partition {τj}Nj=0 of the interval [t, T ] such that

(18) t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N → ∞, ∆τj = τj+1 − τj .

Theorem 1 [6] (2006), [7]-[14], [17]-[47]. Suppose that every ψl(τ) (l = 1, . . . , k) is a continu-

ous nonrandom function on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous

functions in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

−

(19) − l.i.m.
N→∞

∑

(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)

,

where J [ψ(k)]T,t is defined by (2),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

(20) ζ
(i)
j =

T∫

t

φj(s)dw
(i)
s

are independent standard Gaussian random variables for various i or j (if i 6= 0), Cjk...j1 is the

Fourier coefficient (17), ∆w
(i)
τj = w

(i)
τj+1 −w

(i)
τj (i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval

[t, T ], which satisfies the condition (18).

Note that the adaptation of Theorem 1 for complete orthonormal systems of Haar and Rademacher–
Walsh functions in the space L2([t, T ]) can be found in [6]-[14], [17]-[21], [24]-[26].

In order to evaluate the significance of Theorem 1 for practice we will demonstrate its transformed
particular cases for k = 1, . . . , 6 [6]-[14], [17]-[47]

(21) J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑

j1=0

Cj1ζ
(i1)
j1

,
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(22) J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2 6=0}1{j1=j2}

)

,

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

−

(23) −1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

)

,

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑

j1=0

. . .

p4∑

j4=0

Cj4...j1

(
4∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

(24) + 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)

,

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑

j1=0

. . .

p5∑

j5=0

Cj5...j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+
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(25) + 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)

,

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑

j1=0

. . .

p6∑

j6=0

Cj6...j1

(
6∏

l=1

ζ
(il)
jl

−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i6 6=0}1{j2=j6}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i3=i6 6=0}1{j3=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i4=i6 6=0}1{j4=j6}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i5=i6 6=0}1{j5=j6}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

− 1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

ζ
(i6)
j6

−
−1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

ζ
(i6)
j6

− 1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i6)
j6

−
−1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

ζ
(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

ζ
(i6)
j6

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

ζ
(i6)
j6

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i6)
j6

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i6)
j6

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i6)
j6

+ 1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

ζ
(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3

ζ
(i4)
j4

+ 1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3

ζ
(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

+ 1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i4)
j4

+ 1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4

ζ
(i5)
j5

+ 1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i5)
j5

+ 1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

+
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+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

+ 1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

(26) −1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)

,

where 1A is the indicator of the set A.
Thus, we obtain the following advantages and new possibilities of the method of generalized mul-

tiple Fourier series (Theorem 1) in comparison with the well known methods of approximation of
iterated stochastic integrals [2]-[4], [48]-[58].

1. There is an explicit formula (see (17)) for calculation of expansion coefficients of the iterated
Ito stochastic integral (2) with any fixed multiplicity k (k ∈ N).

2. We have new possibilities for exact calculation and effective estimation of the mean-square
approximation error of iterated Ito stochastic integral [12]-[14], [24], [25], [32] (see Sect. 3, 4).

3. Since the used multiple Fourier series is a generalized in the sense that it is built using various
complete orthonormal systems of functions in the space L2([t, T ]), then we have new possibilities for
approximation — we can use not only trigonometric functions as in [2]-[4], [48], [54], [55], [57], [58],
but Legendre polynomials.

4. As it turned out [12]-[14], [28] (also see [5]-[11], [15]-[25], [30], [34]-[36], [38]-[41], [45])-[47]) it is
more convenient to work with the Legendre polynomials for constructing of approximations of the
iterated Ito stochastic integrals (2). Approximations based on the Legendre polynomials essentially
simpler than their analogues based on the trigonometric functions (see [2]-[4], [48]-[58]). Another
advantages of the application of Legendre polynomials in the framework of the mentioned problem
are considered in [12]-[14] (Sect. 5.3), [35], [36].

5. The approach to expansion of iterated stochastic integrals based on the Karhunen–Loeve ex-
pansion of the Brownian bridge process [2]-[4], [48], [54], [55], [57], [58] leads to iterated application
of the operation of limit transition (the operation of limit transition is implemented only once in
Theorem 1) starting from the second multiplicity (in the general case) and third multiplicity (for the
case ψ1(s), ψ2(s), ψ3(s) ≡ 1; i1, i2, i3 = 0, 1, . . . ,m) of the iterated Ito stochastic integrals (2). The
same problem (iterated application of the operation of limit transition) also appears in the method of
expansion of iterated stochastic integrals based on the Wiener process series expansion using various
complete orthonormal system of functions in the space L2([t, T ]) [49], [50]. Multiple series (the oper-
ation of limit transition is implemented only once) are more convenient for approximation than the
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iterated ones (iterated application of the operation of limit transition), since partial sums of multiple
series converge for any possible case of convergence to infinity of their upper limits of summation
(let us denote them as p1, . . . , pk). For example, when p1 = . . . = pk = p → ∞. For iterated series,
the condition p1 = . . . = pk = p → ∞ obviously does not guarantee the convergence of this series.
However, in [3] (Sect. 5.8, pp. 202–204), [4] (pp. 82-84), [48] (pp. 438-439), [55] (pp. 263-264) the
authors use (without rigorous proof) the condition p1 = p2 = p3 = p → ∞ within the frames of
the mentioned approach based on the Karhunen–Loeve expansion of the Brownian bridge process [2]
together with the Wong–Zakai approximation [59]-[61] (see discussions in [12] (Sect. 2.18, 6.2), [13]
(Sect. 2.6.2, 6.2), [14] (Sect. 2.6.2, 6.2), [26] (Sect. 11), [27] (Sect. 6), [28] (Sect. 8), [29] (Sect. 6) for
detail).

6. Constructing the expansions of iterated Ito stochastic integrals from Theorem 1, we saved all
information about these integrals. That is why it is natural to expect that the mentioned expan-
sions will converge with probability 1 and in the mean of degree 2n (n ∈ N). The convergence with
probability 1 in Theorem 1 is proved [12]-[14], [26], [28], [32], [45] for complete orthonormal sys-
tems of Legendre polynomials and trigonometric functions in the space L2([t, T ]). Furthermore, the
convergence in the mean of degree 2n (n ∈ N) in Theorem 1 is proved in [8]-[14], [17]-[21], [24]-[26].

7. The versions of Theorem 1 for complete orthonormal with weight r(t1) . . . r(tk) systems of func-
tions in the space L2([t, T ]

k) (k ∈ N) as well as for some other types of iterated stochastic integrals
(iterated stochastic integrals with respect to martingale Poisson measures and iterated stochastic
integrals with respect to martingales) were obtained in [12]-[14], [37] (also see [6]-[10], [17]-[21], [24],
[25]).

8. The adaptation of Theorem 1 for iterated Stratonovich stochastic integrals of multiplicities 1 to
6 is realized in [12]-[14], [17]-[21], [24], [25], [27], [29], [31], [33] (see Theorems 3–7 below).

9. Application of Theorem 1 and Theorem 2 (see below) for the mean-square approximation of
iterated stochastic integrals with respect to the infinite-dimensional Q-Wiener process can be found
in the monographs [12]-[14] (Chapter 7) and in [38]-[41].

For further consideration, let us consider the generalization of formulas (21)–(26) for the case of
an arbitrary multiplicity k (k ∈ N) of the iterated Ito stochastic integral J [ψ(k)]T,t defined by (2)
as well as for the case of an arbitrary complete orthonormal systems of functions in L2([t, T ]) and
ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]). In order to do this, let us introduce some notations. Consider the
unordered set {1, 2, . . . , k} and separate it into two parts: the first part consists of r unordered pairs
(sequence order of these pairs is also unimportant) and the second one consists of the remaining k−2r
numbers. So, we have

(27) ({{g1, g2}, . . . , {g2r−1, g2r}
︸ ︷︷ ︸

part 1

}, {q1, . . . , qk−2r
︸ ︷︷ ︸

part 2

}),

where

{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.
We will say that (27) is a partition and consider the sum with respect to all possible partitions

(28)
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r ,q1...qk−2r
.

Below there are several examples of sums in the form (28)
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∑

({g1,g2})
{g1,g2}={1,2}

ag1g2 = a12,

∑

({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑

({g1,g2},{q1,q2})
{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,

∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can formulate the following generalization of Theorem 1.

Theorem 2 [12] (Sect. 1.11), [26] (Sect. 15). Suppose that ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]) and

{φj(x)}∞j=0 is an arbitrary complete orthonormal system of functions in the space L2([t, T ]). Then the

following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑

j1=0

. . .

pk∑

jk=0

Cjk...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

(29) ×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

converging in the mean-square sense is valid, where [x] is an integer part of a real number x; another
notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 2 was considered in [62]. Note that we use another
notations [12] (Sect. 1.11), [26] (Sect. 15) in comparison with [62]. Moreover, the proof of an analogue
of Theorem 2 from [62] is somewhat different from the proof given in [12] (Sect. 1.11), [26] (Sect. 15).
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As we mentioned above, in a number of works [12]-[14], [17]-[21], [24], [25], [27], [29], [31], [33]
Theorem 1 is adapted for the iterated Stratonovich stochastic integrals (3) of multiplicities 2 to 6
(the case of multiplicity 1 is given by (21)). Let as collect some old results in the following theorem.

Theorem 3 [12]-[14], [17]-[21], [24], [25], [27], [29], [31], [33]. Suppose that {φj(x)}∞j=0 is a complete

orthonormal system of Legendre polynomials or trigonometric functions in the space L2([t, T ]). At
the same time ψ2(τ) is a continuously differentiable function on [t, T ] and ψ1(τ), ψ3(τ) are twice

continuously differentiable functions on [t, T ]. Then

(30) J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑

j1=0

p2∑

j2=0

Cj2j1ζ
(i1)
j1

ζ
(i2)
j2

(i1, i2 = 1, . . . ,m),

(31) J∗[ψ(3)]T,t = l.i.m.
p1,p2,p3→∞

p1∑

j1=0

p2∑

j2=0

p3∑

j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 0, 1, . . . ,m),

(32) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

(i1, i2, i3 = 1, . . . ,m),

(33) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,...,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

(i1, . . . , i4 = 0, 1, . . . ,m),

where J∗[ψ(k)]T,t is defined by (3), and ψl(τ) ≡ 1 (l = 1, . . . , 4) in (31), (33); another notations are

the same as in Theorems 1, 2.
Recently, a new approach to the expansion and mean-square approximation of iterated Stratonovich

stochastic integrals has been obtained [12] (Sect. 2.10–2.16), [27] (Sect. 13–19), [31] (Sect. 5–11), [44]
(Sect. 7–13), [63] (Sect. 4–9). Let us formulate four theorems that were obtained using this approach.

Theorem 4 [12], [27], [31], [44], [63]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ),
ψ3(τ) are continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratono-

vich stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫

t

T

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (i1, i2, i3 = 0, 1, . . . ,m)

the following relations

(34) J∗[ψ(3)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

,

(35) M









J∗[ψ(3)]T,t −
p
∑

j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3





2






≤ C

p

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (34) and i1, i2, i3 = 1, . . . ,m in (35), constant C is

independent of p,
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Cj3j2j1 =

T∫

t

ψ3(t3)φj3 (t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3

and

ζ
(i)
j =

T∫

t

φj(τ)df
(i)
τ

are independent standard Gaussian random variables for various i or j (in the case when i 6= 0);
another notations are the same as in Theorems 1, 2.

Theorem 5 [12], [27], [31], [44], [63]. Let {φj(x)}∞j=0 be a complete orthonormal system of Legendre

polynomials or trigonometric functions in the space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be

continuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochas-

tic integral of fourth multiplicity

(36) J∗[ψ(4)]T,t =

∗∫

t

T

ψ4(t4)

∗∫

t

t4

ψ3(t3)

∗∫

t

t3

ψ2(t2)

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

the following relations

(37) J∗[ψ(4)]T,t = l.i.m.
p→∞

p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

,

(38) M









J∗[ψ(4)]T,t −
p
∑

j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (36), (37) and i1, . . . , i4 = 1, . . . ,m in (38), constant C
does not depend on p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj4j3j2j1 =

T∫

t

ψ4(t4)φj4(t4)

t4∫

t

ψ3(t3)φj3(t3)

t3∫

t

ψ2(t2)φj2 (t2)

t2∫

t

ψ1(t1)φj1 (t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 4.

Theorem 6 [12], [27], [31], [44], [63]. Assume that {φj(x)}∞j=0 is a complete orthonormal system of

Legendre polynomials or trigonometric functions in the space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are con-

tinuously differentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fifth multiplicity

(39) J∗[ψ(5)]T,t =

∗∫

t

T

ψ5(t5) . . .

∗∫

t

t2

ψ1(t1)dw
(i1)
t1 . . . dw

(i5)
t5
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the following relations

(40) J∗[ψ(5)]T,t = l.i.m.
p→∞

p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5

,

(41) M









J∗[ψ(5)]T,t −
p
∑

j1,...,j5=0

Cj5...j1ζ
(i1)
j1

. . . ζ
(i5)
j5





2






≤ C

p1−ε

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (39), (40) and i1, . . . , i5 = 1, . . . ,m in (41), constant C
is independent of p, ε is an arbitrary small positive real number for the case of complete orthonormal

system of Legendre polynomials in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal

system of trigonometric functions in the space L2([t, T ]),

Cj5...j1 =

T∫

t

ψ5(t5)φj5 (t5) . . .

t2∫

t

ψ1(t1)φj1 (t1)dt1 . . . dt5;

another notations are the same as in Theorems 4, 5.

Theorem 7 [12], [27], [31], [44]. Suppose that {φj(x)}∞j=0 is a complete orthonormal system

of Legendre polynomials or trigonometric functions in the space L2([t, T ]). Then, for the iterated

Stratonovich stochastic integral of sixth multiplicity

J
∗(i1...i6)
T,t =

∗∫

t

T

. . .

∗∫

t

t2

dw
(i1)
t1 . . . dw

(i6)
t6

the following expansion

J
∗(i1...i6)
T,t = l.i.m.

p→∞

p
∑

j1,...,j6=0

Cj6...j1ζ
(i1)
j1

. . . ζ
(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6...j1 =

T∫

t

φj6(t6) . . .

t2∫

t

φj1 (t1)dt1 . . . dt6;

another notations are the same as in Theorems 4–6.

3. Estimate for the Mean-Square Approximation Error in the Method of
Approximation of Iterated Ito Stochastic Integrals Based on Generalized

Multiple Fourier Series

Assume that J [ψ(k)]pT,t is the approximation of (2), which is the expression on the right-hand side

of (29) before passing to the limit l.i.m.
p1,...,pk→∞

for the case p1 = . . . = pk = p, i.e.
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J [ψ(k)]pT,t =

p
∑

j1,...,jk=0

Cjk ...j1

(
k∏

l=1

ζ
(il)
jl

+

[k/2]
∑

r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})

{g1,g2,...,g2r−1 ,g2r,q1,...,qk−2r}={1,2,...,k}

r∏

s=1

1{ig
2s−1

= ig
2s

6=0}1{jg
2s−1

= jg
2s

}

k−2r∏

l=1

ζ
(iql )

jql

)

.

Let us denote

M

{(

J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

def
= Ep

k ,

‖K‖2L2([t,T ]k) =

∫

[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk
def
= Ik.

When proving Theorems 1 and 2 [12]-[14] (also see [21]-[26]), we have proved the following estimate

(42) Ep
k ≤ k!



Ik −
p
∑

j1,...,jk=0

C2
jk...j1



 ,

where i1, . . . , ik = 1, . . . ,m for T − t ∈ (0,∞) and i1, . . . , ik = 0, 1, . . . ,m for T − t ∈ (0, 1); another
notations are the same as in Theorems 1, 2.

Combining the estimates (15) and (42), we obtain

(43) k!



Ik −
p
∑

j1,...,jk=0

C2
jk ...j1



 ≤ C(T − t)r+1,

where constant C is independent of T − t.
It is not difficult to see that the multiplier factor k! on the left-hand side of (43) leads to a significant

increase of the minimal natural number p satisfying the estimate (43). For example, for the numerical
methods (11)–(14) we will have the following multiplier factors on the left-hand side of the inequality
(43): 2! = 2, 3! = 6, 4! = 24, 5! = 120.

As we will see in the next section, the mentioned problem can be partially overcome if we calculate
the mean-square approximation error Ep

k exactly.

4. Exact Formulas for the Mean-Square Approximation Error in the Method of
Approximation of Iterated Ito Stochastic Integrals Based on Generalized

Multiple Fourier Series

This section is devoted to exact expressions for the mean-square approximation error in Theorems
1, 2 for iterated Ito stochastic integrals of arbitrary multiplicity k (k ∈ N).

As it turned out, the value Ep
k can be calculated exactly.
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Theorem 8 [12] (Sect. 1.12), [32] (Sect. 6). Suppose that {φj(x)}∞j=0 is an arbitrary complete

orthonormal system of functions in the space L2([t, T ]) and ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik =
1, . . . ,m. Then

(44) Ep
k = Ik −

p
∑

j1,...,jk=0

Cjk...j1M






J [ψ(k)]T,t

∑

(j1,...,jk)

T∫

t

φjk (tk) . . .

t2∫

t

φj1 (t1)df
(i1)
t1 . . . df

(ik)
tk






,

where i1, . . . , ik = 1, . . . ,m; the expression
∑

(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same time if jr swapped

with jq in the permutation (j1, . . . , jk), then ir swapped with iq in the permutation (i1, . . . , ik); another
notations are the same as in Theorems 1, 2.

Note that

M






J [ψ(k)]T,t

T∫

t

φjk(tk) . . .

t2∫

t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk






= Cjk...j1 .

Then we can obtain the following particular cases of Theorem 8 for k = 1, . . . , 5 and i1, . . . , i5 =
1, . . . ,m [12]-[14], [22], [25], [32].

The case k = 1

Ep
1 = I1 −

p
∑

j1=0

C2
j1 .

The case k = 2

(I). i1 6= i2:

(45) Ep
2 = I2 −

p
∑

j1,j2=0

C2
j2j1 .

(II). i1 = i2 :

(46) Ep
2 = I2 −

p
∑

j1,j2=0

C2
j2j1 −

p
∑

j1,j2=0

Cj2j1Cj1j2 .

The case k = 3

(I). i1 6= i2, i1 6= i3, i2 6= i3 :

(47) Ep
3 = I3 −

p
∑

j1,j2,j3=0

C2
j3j2j1 .
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(II). i1 = i2 = i3 :

(48) Ep
3 = I3 −

p
∑

j1,j2,j3=0

Cj3j2j1

(
∑

(j1,j2,j3)

Cj3j2j1

)

.

(III).1. i1 = i2 6= i3 :

(49) Ep
3 = I3 −

p
∑

j1,j2,j3=0

C2
j3j2j1 −

p
∑

j1,j2,j3=0

Cj3j1j2Cj3j2j1 .

(III).2. i1 6= i2 = i3 :

(50) Ep
3 = I3 −

p
∑

j1,j2,j3=0

C2
j3j2j1 −

p
∑

j1,j2,j3=0

Cj2j3j1Cj3j2j1 .

(III).3. i1 = i3 6= i2 :

(51) Ep
3 = I3 −

p
∑

j1,j2,j3=0

C2
j3j2j1 −

p
∑

j1,j2,j3=0

Cj3j2j1Cj1j2j3 .

The case k = 4

(I). i1, . . . , i4 are pairwise different:

(52) Ep
4 = I4 −

p
∑

j1,...,j4=0

C2
j4...j1 .

(II). i1 = i2 = i3 = i4:

(53) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,...,j4)

Cj4...j1

)

.

(III).1. i1 = i2 6= i3, i4; i3 6= i4 :

(54) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2)

Cj4...j1

)

.

(III).2. i1 = i3 6= i2, i4; i2 6= i4 :

(55) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3)

Cj4...j1

)

.

(III).3. i1 = i4 6= i2, i3; i2 6= i3 :

(56) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j4)

Cj4...j1

)

.
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(III).4. i2 = i3 6= i1, i4; i1 6= i4 :

(57) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j3)

Cj4...j1

)

.

(III).5. i2 = i4 6= i1, i3; i1 6= i3 :

(58) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j4)

Cj4...j1

)

.

(III).6. i3 = i4 6= i1, i2; i1 6= i2 :

(59) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j3,j4)

Cj4...j1

)

.

(IV).1. i1 = i2 = i3 6= i4:

(60) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2,j3)

Cj4...j1

)

.

(IV).2. i2 = i3 = i4 6= i1:

(61) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j2,j3,j4)

Cj4...j1

)

.

(IV).3. i1 = i2 = i4 6= i3:

(62) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2,j4)

Cj4...j1

)

.

(IV).4. i1 = i3 = i4 6= i2:

(63) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3,j4)

Cj4...j1

)

.

(V).1. i1 = i2 6= i3 = i4:

(64) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j2)

(
∑

(j3,j4)

Cj4...j1

))

.

(V).2. i1 = i3 6= i2 = i4:

(65) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j3)

(
∑

(j2,j4)

Cj4...j1

))

.
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(V).3. i1 = i4 6= i2 = i3:

(66) Ep
4 = I4 −

p
∑

j1,...,j4=0

Cj4...j1

(
∑

(j1,j4)

(
∑

(j2,j3)

Cj4...j1

))

.

The case k = 5

(I). i1, . . . , i5 are pairwise different:

(67) Ep
5 = I5 −

p
∑

j1,...,j5=0

C2
j5...j1 .

(II). i1 = i2 = i3 = i4 = i5:

(68) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,...,j5)

Cj5...j1

)

.

(III).1. i1 = i2 6= i3, i4, i5 (i3, i4, i5 are pairwise different):

(69) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2)

Cj5...j1

)

.

(III).2. i1 = i3 6= i2, i4, i5 (i2, i4, i5 are pairwise different):

(70) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3)

Cj5...j1

)

.

(III).3. i1 = i4 6= i2, i3, i5 (i2, i3, i5 are pairwise different):

(71) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j4)

Cj5...j1

)

.

(III).4. i1 = i5 6= i2, i3, i4 (i2, i3, i4 are pairwise different):

(72) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j5)

Cj5...j1

)

.

(III).5. i2 = i3 6= i1, i4, i5 (i1, i4, i5 are pairwise different):

(73) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j3)

Cj5...j1

)

.
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(III).6. i2 = i4 6= i1, i3, i5 (i1, i3, i5 are pairwise different):

(74) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4)

Cj5...j1

)

.

(III).7. i2 = i5 6= i1, i3, i4 (i1, i3, i4 are pairwise different):

(75) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j5)

Cj5...j1

)

.

(III).8. i3 = i4 6= i1, i2, i5 (i1, i2, i5 are pairwise different):

(76) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j3,j4)

Cj5...j1

)

.

(III).9. i3 = i5 6= i1, i2, i4 (i1, i2, i4 are pairwise different):

(77) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j3,j5)

Cj5...j1

)

.

(III).10. i4 = i5 6= i1, i2, i3 (i1, i2, i3 are pairwise different):

(78) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j4,j5)

Cj5...j1

)

.

(IV).1. i1 = i2 = i3 6= i4, i5 (i4 6= i5):

(79) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2,j3)

Cj5...j1

)

.

(IV).2. i1 = i2 = i4 6= i3, i5 (i3 6= i5):

(80) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2,j4)

Cj5...j1

)

.

(IV).3. i1 = i2 = i5 6= i3, i4 (i3 6= i4):

(81) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2,j5)

Cj5...j1

)

.

(IV).4. i2 = i3 = i4 6= i1, i5 (i1 6= i5):

(82) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j3,j4)

Cj5...j1

)

.
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(IV).5. i2 = i3 = i5 6= i1, i4 (i1 6= i4):

(83) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j3,j5)

Cj5...j1

)

.

(IV).6. i2 = i4 = i5 6= i1, i3 (i1 6= i3):

(84) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4,j5)

Cj5...j1

)

.

(IV).7. i3 = i4 = i5 6= i1, i2 (i1 6= i2):

(85) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j3,j4,j5)

Cj5...j1

)

.

(IV).8. i1 = i3 = i5 6= i2, i4 (i2 6= i4):

(86) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3,j5)

Cj5...j1

)

.

(IV).9. i1 = i3 = i4 6= i2, i5 (i2 6= i5):

(87) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3,j4)

Cj5...j1

)

.

(IV).10. i1 = i4 = i5 6= i2, i3 (i2 6= i3):

(88) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j4,j5)

Cj5...j1

)

.

(V).1. i1 = i2 = i3 = i4 6= i5:

(89) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2,j3,j4)

Cj5...j1

)

.

(V).2. i1 = i2 = i3 = i5 6= i4:

(90) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2,j3,j5)

Cj5...j1

)

.

(V).3. i1 = i2 = i4 = i5 6= i3:

(91) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2,j4,j5)

Cj5...j1

)

.
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(V).4. i1 = i3 = i4 = i5 6= i2:

(92) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3,j4,j5)

Cj5...j1

)

.

(V).5. i2 = i3 = i4 = i5 6= i1:

(93) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j3,j4,j5)

Cj5...j1

)

.

(VI).1. i5 6= i1 = i2 6= i3 = i4 6= i5:

(94) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2)

(
∑

(j3,j4)

Cj5...j1

))

.

(VI).2. i5 6= i1 = i3 6= i2 = i4 6= i5:

(95) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3)

(
∑

(j2,j4)

Cj5...j1

))

.

(VI).3. i5 6= i1 = i4 6= i2 = i3 6= i5:

(96) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j4)

(
∑

(j2,j3)

Cj5...j1

))

.

(VI).4. i4 6= i1 = i2 6= i3 = i5 6= i4:

(97) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2)

(
∑

(j3,j5)

Cj5...j1

))

.

(VI).5. i4 6= i1 = i5 6= i2 = i3 6= i4:

(98) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j5)

(
∑

(j2,j3)

Cj5...j1

))

.

(VI).6. i4 6= i2 = i5 6= i1 = i3 6= i4:

(99) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j5)

(
∑

(j1,j3)

Cj5...j1

))

.

(VI).7. i3 6= i2 = i5 6= i1 = i4 6= i3:

(100) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j5)

(
∑

(j1,j4)

Cj5...j1

))

.
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(VI).8. i3 6= i1 = i2 6= i4 = i5 6= i3:

(101) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2)

(
∑

(j4,j5)

Cj5...j1

))

.

(VI).9. i3 6= i2 = i4 6= i1 = i5 6= i3:

(102) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4)

(
∑

(j1,j5)

Cj5...j1

))

.

(VI).10. i2 6= i1 = i4 6= i3 = i5 6= i2:

(103) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j4)

(
∑

(j3,j5)

Cj5...j1

))

.

(VI).11. i2 6= i1 = i3 6= i4 = i5 6= i2:

(104) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3)

(
∑

(j4,j5)

Cj5...j1

))

.

(VI).12. i2 6= i1 = i5 6= i3 = i4 6= i2:

(105) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j5)

(
∑

(j3,j4)

Cj5...j1

))

.

(VI).13. i1 6= i2 = i3 6= i4 = i5 6= i1:

(106) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j3)

(
∑

(j4,j5)

Cj5...j1

))

.

(VI).14. i1 6= i2 = i4 6= i3 = i5 6= i1:

(107) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4)

(
∑

(j3,j5)

Cj5...j1

))

.

(VI).15. i1 6= i2 = i5 6= i3 = i4 6= i1:

(108) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j5)

(
∑

(j3,j4)

Cj5...j1

))

.

(VII).1. i1 = i2 = i3 6= i4 = i5:

(109) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j4,j5)

(
∑

(j1,j2,j3)

Cj5...j1

))

.
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(VII).2. i1 = i2 = i4 6= i3 = i5:

(110) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j3,j5)

(
∑

(j1,j2,j4)

Cj5...j1

))

.

(VII).3. i1 = i2 = i5 6= i3 = i4:

(111) Ep = I −
p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j3,j4)

(
∑

(j1,j2,j5)

Cj5...j1

))

.

(VII).4. i2 = i3 = i4 6= i1 = i5:

(112) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j5)

(
∑

(j2,j3,j4)

Cj5...j1

))

.

(VII).5. i2 = i3 = i5 6= i1 = i4:

(113) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j4)

(
∑

(j2,j3,j5)

Cj5...j1

))

.

(VII).6. i2 = i4 = i5 6= i1 = i3:

(114) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j3)

(
∑

(j2,j4,j5)

Cj5...j1

))

.

(VII).7. i3 = i4 = i5 6= i1 = i2:

(115) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j1,j2)

(
∑

(j3,j4,j5)

Cj5...j1

))

.

(VII).8. i1 = i3 = i5 6= i2 = i4:

(116) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j4)

(
∑

(j1,j3,j5)

Cj5...j1

))

.

(VII).9. i1 = i3 = i4 6= i2 = i5:

(117) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j5)

(
∑

(j1,j3,j4)

Cj5...j1

))

.

(VII).10. i1 = i4 = i5 6= i2 = i3:

(118) Ep
5 = I5 −

p
∑

j1,...,j5=0

Cj5...j1

(
∑

(j2,j3)

(
∑

(j1,j4,j5)

Cj5...j1

))

.
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Obviously, the above formulas do not contain multiplier factors 2!, 3!, 4!, and 5! in contrast to the
estimate (42). However, the number of the mentioned conditions is quite large, which is inconvenient
for practical calculations.

In the papers [46] and [47], it was proposed the hypothesis that all the formulas (45)-(118) can be
replaced by the following equalities

Ep
2 = I2 −

p
∑

j1,j2=0

C2
j2j1 ,

Ep
3 = I3 −

p
∑

j1,j2,j3=0

C2
j3j2j1 ,

Ep
4 = I4 −

p
∑

j1,...,j4=0

C2
j4...j1 ,

Ep
5 = I5 −

p
∑

j1,...,j5=0

C2
j5...j1 ,

where i1, . . . , i5 = 1, . . . ,m.
At that, the specified replacement will not lead to a noticeable loss of the mean-square accuracy

of approximation of iterated Ito stochastic integrals from the family (6).
This paper is devoted to the detailed confirmation of the hypothesis from [46], [47] for the case of

multiple Fourier–Legendre series.
It should be noted that unlike the method based on Theorems 1 and 2, existing approaches to

the mean-square approximation of iterated stochastic integrals (see, for example, [2]-[4], [48]-[58]) do
not allow choosing different numbers p for approximations of different iterated stochastic integrals.
Moreover, the noted approaches [2]-[4], [48]-[58] exclude the possibility for obtaining of approximate
and exact expressions for the mean-square approximation error similar to the formulas (42), (44).

5. Approximations of Iterated Ito Stochastic Integrals from the Numerical
Schemes (11)–(14) Using Legendre Polynomials

In this section, we consider the approximations of the iterated Ito stochastic integrals (6) of mul-
tiplicities 1 to 5 based on Theorems 1, 2 and multiple Fourier–Legendre series.

The numerical schemes (11)–(14) contain the following set (see (6)) of iterated Ito stochastic
integrals

(119) I
(i1)
(0)T,t, I

(i1)
(1)T,t, I

(i1)
(2)T,t, I

(i1i2)
(00)T,t, I

(i1i2)
(10)T,t, I

(i1i2)
(01)T,t, I

(i1i2i3)
(000)T,t, I

(i1i2i3i4)
(0000)T,t ,

(120) I
(i1i2i3i4i5)
(00000)T,t , I

(i1i2i3)
(100)T,t, I

(i1i2i3)
(010)T,t, I

(i1i2i3)
(001)T,t.

Let us consider the complete orthonormal system of Legendre polynomials in the space L2([t, T ])
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(121) φj(x) =

√

2j + 1

T − t
Pj

((

x− T + t

2

)
2

T − t

)

, j = 0, 1, 2, . . . ,

where Pj(x) is the Legendre polynomial

Pj(x) =
1

2jj!

dj

dxj
(
x2 − 1

)j
.

Using Theorems 1, 2 and the system of functions (121), we obtain the following formulas for
numerical modeling of the stochastic integrals (119), (120) [5]-[47]

I
(i1)
(0)T,t =

√
T − tζ

(i1)
0 ,

I
(i1)
(1)T,t = − (T − t)3/2

2

(

ζ
(i1)
0 +

1√
3
ζ
(i1)
1

)

,

I
(i1)
(2)T,t =

(T − t)5/2

3

(

ζ
(i1)
0 +

√
3

2
ζ
(i1)
1 +

1

2
√
5
ζ
(i1)
2

)

,

(122) I
(i1i2)q
(00)T,t =

T − t

2

(

ζ
(i1)
0 ζ

(i2)
0 +

q
∑

i=1

1√
4i2 − 1

(

ζ
(i1)
i−1 ζ

(i2)
i − ζ

(i1)
i ζ

(i2)
i−1

)

− 1{i1=i2}

)

,

I
(i1i2i3)q1
(000)T,t =

q1∑

j1,j2,j3=0

C000
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

(123) I
(i1i2)q2
(10)T,t =

q2∑

j1,j2=0

C10
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

(124) I
(i1i2)q2
(01)T,t =

q2∑

j1,j2=0

C01
j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

− 1{i1=i2}1{j1=j2}

)

,

I
(i1i2i3i4)q3
(0000)T,t =

q3∑

j1,j2,j3,j4=0

C0000
j4j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

−
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−1{i1=i4}1{j1=j4}ζ
(i2)
j2

ζ
(i3)
j3

− 1{i2=i3}1{j2=j3}ζ
(i1)
j1

ζ
(i4)
j4

−
−1{i2=i4}1{j2=j4}ζ

(i1)
j1

ζ
(i3)
j3

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}+

+1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)

,

I
(i1i2i3i4i5)q4
(00000)T,t =

q4∑

j1,j2,j3,j4,j5=0

C00000
j5j4j3j2j1

(
5∏

l=1

ζ
(il)
jl

−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

ζ
(i4)
j4

ζ
(i5)
j5

−
−1{i1=i4}1{j1=j4}ζ

(i2)
j2

ζ
(i3)
j3

ζ
(i5)
j5

− 1{i1=i5}1{j1=j5}ζ
(i2)
j2

ζ
(i3)
j3

ζ
(i4)
j4

−
−1{i2=i3}1{j2=j3}ζ

(i1)
j1

ζ
(i4)
j4

ζ
(i5)
j5

− 1{i2=i4}1{j2=j4}ζ
(i1)
j1

ζ
(i3)
j3

ζ
(i5)
j5

−
−1{i2=i5}1{j2=j5}ζ

(i1)
j1

ζ
(i3)
j3

ζ
(i4)
j4

− 1{i3=i4}1{j3=j4}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i5)
j5

−
−1{i3=i5}1{j3=j5}ζ

(i1)
j1

ζ
(i2)
j2

ζ
(i4)
j4

− 1{i4=i5}1{j4=j5}ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2}1{j1=j2}1{i3=i5}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2}1{j1=j2}1{i4=i5}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3}1{j1=j3}1{i2=i5}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3}1{j1=j3}1{i4=i5}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4}1{j1=j4}1{i2=i5}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4}1{j1=j4}1{i3=i5}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5}1{j1=j5}1{i2=i3}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5}1{j1=j5}1{i2=i4}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5}1{j1=j5}1{i3=i4}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3}1{j2=j3}1{i4=i5}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4}1{j2=j4}1{i3=i5}1{j3=j5}ζ
(i1)
j1

+

+1{i2=i5}1{j2=j5}1{i3=i4}1{j3=j4}ζ
(i1)
j1

)

,

I
(i1i2i3)q5
(001)T,t =

q5∑

j1,j2,j3=0

C001
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

I
(i1i2i3)q6
(010)T,t =

q6∑

j1,j2,j3=0

C010
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

1754



30 M.D. KUZNETSOV AND D.F. KUZNETSOV

I
(i1i2i3)q7
(100)T,t =

q7∑

j1,j2,j3=0

C100
j3j2j1

(

ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3

− 1{i1=i2}1{j1=j2}ζ
(i3)
j3

−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1

− 1{i1=i3}1{j1=j3}ζ
(i2)
j2

)

,

where 1A is the indicator of the set A,

(125) C000
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
(T − t)3/2C̄000

j3j2j1 ,

(126) C01
j2j1 =

√

(2j1 + 1)(2j2 + 1)

8
(T − t)2C̄01

j2j1 ,

(127) C10
j2j1 =

√

(2j1 + 1)(2j2 + 1)

8
(T − t)2C̄10

j2j1 ,

(128) C0000
j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

16
(T − t)2C̄0000

j4j3j2j1 ,

(129) C001
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄001

j3j2j1 ,

(130) C010
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄010

j3j2j1 ,

(131) C100
j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄100

j3j2j1 ,

(132) C00000
j5j4j3j2j1 =

√

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)

32
(T − t)5/2C̄00000

j5j4j3j2j1 ,

where

(133) C̄000
j3j2j1 =

1∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

(134) C̄01
j2j1 = −

1∫

−1

(1 + y)Pj2(y)

y∫

−1

Pj1 (x)dxdy,
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(135) C̄10
j2j1 = −

1∫

−1

Pj2(y)

y∫

−1

(1 + x)Pj1 (x)dxdy,

(136) C̄0000
j4j3j2j1 =

1∫

−1

Pj4 (u)

u∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1 (x)dxdydzdu,

(137) C̄001
j3j2j1 = −

1∫

−1

Pj3(z)(z + 1)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydz,

(138) C̄010
j3j2j1 = −

1∫

−1

Pj3 (z)

z∫

−1

Pj2 (y)(y + 1)

y∫

−1

Pj1(x)dxdydz,

(139) C̄100
j3j2j1 = −

1∫

−1

Pj3(z)

z∫

−1

Pj2 (y)

y∫

−1

Pj1(x)(x + 1)dxdydz,

(140) C̄00000
j5j4j3j2j1 =

1∫

−1

Pj5 (v)

v∫

−1

Pj4(u)

u∫

−1

Pj3(z)

z∫

−1

Pj2(y)

y∫

−1

Pj1(x)dxdydzdudv;

another notations are the same as in Theorems 1, 2.

6. Optimization of Approximations of Iterated Ito Stochastic Integrals from the
Numerical Schemes (11)–(14)

This section is devoted to the optimization of approximations of iterated Ito stochastic inte-
grals from the numerical schemes (11)–(14). More precisely, we discuss how minimize the numbers
q, q1, q2, . . . , q7 from Sect. 5.

Let us combine the relations (122), (125)-(140) with (45)-(118). Thus, we have the following
formulas.

The case k = 2 for the integral I
(i1i2)
(00)T,t

2.1.a. i1 6= i2:

(141) Ep
2 = (T − t)2

(

1

2
− 1

4
− 1

2

p
∑

i=1

1

4i2 − 1

)

=
(T − t)2

2

(

1

2
−

p
∑

i=1

1

4i2 − 1

)

.
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2.2.a. i1 = i2 :

Ep
2 = (T − t)2




1

2
− 1

16

p
∑

j1,j2=0

(2j1 + 1)(2j2 + 1)C̄00
j2j1




∑

(j1,j2)

C̄00
j2j1







 ≡ 0.

The case k = 2 for the integral I
(i1i2)
(01)T,t

2.1.b. i1 6= i2:

(142) Ep
2 = (T − t)4




1

4
− 1

64

p
∑

j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄01

j2j1

)2



 .

2.2.b. i1 = i2 :

(143) Ep
2 = (T − t)4




1

4
− 1

64

p
∑

j1,j2=0

(2j1 + 1)(2j2 + 1)C̄01
j2j1




∑

(j1,j2)

C̄01
j2j1







 .

The case k = 2 for the integral I
(i1i2)
(10)T,t

2.1.c. i1 6= i2:

(144) Ep
2 = (T − t)4




1

12
− 1

64

p
∑

j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄10

j2j1

)2



 .

2.2.c. i1 = i2 :

(145) Ep
2 = (T − t)4




1

12
− 1

64

p
∑

j1,j2=0

(2j1 + 1)(2j2 + 1)C̄10
j2j1




∑

(j1,j2)

C̄10
j2j1







 .

The case k = 3 for the integral I
(i1i2i3)
(000)T,t

3.1.a. i1 6= i2, i1 6= i3, i2 6= i3 :

(146) Ep
3 = (T − t)3




1

6
− 1

64

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000

j3j2j1

)2



 .

3.2.a. i1 = i2 = i3 :

Ep
3 = (T − t)3




1

6
− 1

64

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)C̄000
j3j2j1




∑

(j1,j2,j3)

C̄000
j3j2j1







 ≡ 0.
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3.3.1.a. i1 = i2 6= i3 :

(147) Ep
3 = (T − t)3




1

6
− 1

64

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
((
C̄000

j3j2j1

)2
+ C̄000

j3j1j2C̄
000
j3j2j1

)



 .

3.3.2.a. i1 6= i2 = i3 :

(148) Ep
3 = (T − t)3




1

6
− 1

64

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
((
C̄000

j3j2j1

)2
+ C̄000

j2j3j1C̄
000
j3j2j1

)



 .

3.3.3.a. i1 = i3 6= i2 :

(149) Ep
3 = (T − t)3




1

6
− 1

64

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
((
C̄000

j3j2j1

)2
+ C̄000

j3j2j1C̄
000
j1j2j3

)



 .

The case k = 3 for the integral I
(i1i2i3)
(001)T,t

3.1.b. i1 6= i2, i1 6= i3, i2 6= i3 :

(150) Ep
3 = (T − t)5




1

10
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄001

j3j2j1

)2



 .

3.2.b. i1 = i2 = i3 :

(151) Ep
3 = (T − t)5




1

10
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)C̄001
j3j2j1




∑

(j1,j2,j3)

C̄001
j3j2j1







 .

3.3.1.b. i1 = i2 6= i3 :

(152) Ep
3 = (T−t)5




1

10
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
((
C̄001

j3j2j1

)2
+ C̄001

j3j1j2C̄
001
j3j2j1

)



 .

3.3.2.b. i1 6= i2 = i3 :

(153) Ep
3 = (T−t)5




1

10
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
((
C̄001

j3j2j1

)2
+ C̄001

j2j3j1C̄
001
j3j2j1

)



 .

3.3.3.b. i1 = i3 6= i2 :

(154) Ep
3 = (T−t)5




1

10
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
((
C̄001

j3j2j1

)2
+ C̄001

j3j2j1C̄
001
j1j2j3

)



 .
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The case k = 3 for the integral I
(i1i2i3)
(010)T,t

3.1.c. i1 6= i2, i1 6= i3, i2 6= i3 :

(155) Ep
3 = (T − t)5




1

20
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄010

j3j2j1

)2



 .

3.2.c. i1 = i2 = i3 :

(156) Ep
3 = (T − t)5




1

20
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)C̄010
j3j2j1




∑

(j1,j2,j3)

C̄010
j3j2j1







 .

3.3.1.c. i1 = i2 6= i3 :

(157) Ep
3 = (T−t)5




1

20
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
((
C̄010

j3j2j1

)2
+ C̄010

j3j1j2C̄
010
j3j2j1

)



 .

3.3.2.c. i1 6= i2 = i3 :

(158) Ep
3 = (T−t)5




1

20
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
((
C̄010

j3j2j1

)2
+ C̄010

j2j3j1C̄
010
j3j2j1

)



 .

3.3.3.c. i1 = i3 6= i2 :

(159) Ep
3 = (T−t)5




1

20
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
((
C̄010

j3j2j1

)2
+ C̄010

j3j2j1C̄
010
j1j2j3

)



 .

The case k = 3 for the integral I
(i1i2i3)
(100)T,t

3.1.d. i1 6= i2, i1 6= i3, i2 6= i3 :

(160) Ep
3 = (T − t)5




1

60
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄100

j3j2j1

)2



 .

3.2.d. i1 = i2 = i3 :

(161) Ep
3 = (T − t)5




1

60
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)C̄100
j3j2j1




∑

(j1,j2,j3)

C̄100
j3j2j1







 .

3.3.1.d. i1 = i2 6= i3 :

(162) Ep
3 = (T−t)5




1

60
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
((
C̄100

j3j2j1

)2
+ C̄100

j3j1j2C̄
100
j3j2j1

)



 .
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3.3.2.d. i1 6= i2 = i3 :

(163) Ep
3 = (T−t)5




1

60
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
((
C̄100

j3j2j1

)2
+ C̄100

j2j3j1C̄
100
j3j2j1

)



 .

3.3.3.d. i1 = i3 6= i2 :

(164) Ep
3 = (T−t)5




1

60
− 1

256

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
((
C̄100

j3j2j1

)2
+ C̄100

j3j2j1C̄
100
j1j2j3

)



 .

The case k = 4 for the integral I
(i1i2i3i4)
(0000)T,t

4.1. i1, . . . , i4 are pairwise different:

(165) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

·
(
C̄0000

j4...j1

)2



 .

4.2. i1 = i2 = i3 = i4:

Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j1,...,j4)

C̄0000
j4...j1







 ≡ 0.

4.3.1. i1 = i2 6= i3, i4; i3 6= i4 :

(166) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j1,j2)

C̄0000
j4...j1







 .

4.3.2. i1 = i3 6= i2, i4; i2 6= i4 :

(167) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j1,j3)

C̄0000
j4...j1







 .

4.3.3. i1 = i4 6= i2, i3; i2 6= i3 :

(168) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j1,j4)

C̄0000
j4...j1







 .

4.3.4. i2 = i3 6= i1, i4; i1 6= i4 :

(169) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j2,j3)

C̄0000
j4...j1







 .
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4.3.5. i2 = i4 6= i1, i3; i1 6= i3 :

(170) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j2,j4)

C̄0000
j4...j1







 .

4.3.6. i3 = i4 6= i1, i2; i1 6= i2 :

(171) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j3,j4)

C̄0000
j4...j1







 .

4.4.1. i1 = i2 = i3 6= i4:

(172) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j1,j2,j3)

C̄0000
j4...j1







 .

4.4.2. i2 = i3 = i4 6= i1:

(173) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j2,j3,j4)

C̄0000
j4...j1







 .

4.4.3. i1 = i2 = i4 6= i3:

(174) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j1,j2,j4)

C̄0000
j4...j1







 .

4.4.4. i1 = i3 = i4 6= i2:

(175) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j1,j3,j4)

C̄0000
j4...j1







 .

4.5.1. i1 = i2 6= i3 = i4:

(176) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j1,j2)




∑

(j3,j4)

C̄0000
j4...j1











 .

4.5.2. i1 = i3 6= i2 = i4:

(177) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j1,j3)




∑

(j2,j4)

C̄0000
j4...j1











 .

4.5.3. i1 = i4 6= i2 = i3:

(178) Ep
4 = (T − t)4




1

24
− 1

256

p
∑

j1,...,j4=0

(
4∏

l=1

(2jl + 1)

)

· C̄0000
j4...j1




∑

(j1,j4)




∑

(j2,j3)

C̄0000
j4...j1











 .
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The case k = 5 for the integral I
(i1i2i3i4i5)
(00000)T,t

5.1. i1, . . . , i5 are pairwise different:

(179) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

·
(
C̄00000

j5...j1

)2



 .

5.2. i1 = i2 = i3 = i4 = i5:

Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,...,j5)

C̄00000
j5...j1







 ≡ 0.

5.3.1. i1 = i2 6= i3, i4, i5 (i3, i4, i5 are pairwise different):

(180) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j2)

C̄00000
j5...j1







 .

5.3.2. i1 = i3 6= i2, i4, i5 (i2, i4, i5 are pairwise different):

(181) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j3)

C̄00000
j5...j1







 .

5.3.3. i1 = i4 6= i2, i3, i5 (i2, i3, i5 are pairwise different):

(182) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j4)

C̄00000
j5...j1







 .

5.3.4. i1 = i5 6= i2, i3, i4 (i2, i3, i4 are pairwise different):

(183) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j5)

C̄00000
j5...j1







 .

5.3.5. i2 = i3 6= i1, i4, i5 (i1, i4, i5 are pairwise different):

(184) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j3)

C̄00000
j5...j1







 .

5.3.6. i2 = i4 6= i1, i3, i5 (i1, i3, i5 are pairwise different):

(185) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j4)

C̄00000
j5...j1







 .
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5.3.7. i2 = i5 6= i1, i3, i4 (i1, i3, i4 are pairwise different):

(186) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j5)

C̄00000
j5...j1







 .

5.3.8. i3 = i4 6= i1, i2, i5 (i1, i2, i5 are pairwise different):

(187) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j3,j4)

C̄00000
j5...j1







 .

5.3.9. i3 = i5 6= i1, i2, i4 (i1, i2, i4 are pairwise different):

(188) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j3,j5)

C̄00000
j5...j1







 .

5.3.10. i4 = i5 6= i1, i2, i3 (i1, i2, i3 are pairwise different):

(189) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j4,j5)

C̄00000
j5...j1







 .

5.4.1. i1 = i2 = i3 6= i4, i5 (i4 6= i5):

(190) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j2,j3)

C̄00000
j5...j1







 .

5.4.2. i1 = i2 = i4 6= i3, i5 (i3 6= i5):

(191) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j2,j4)

C̄00000
j5...j1







 .

5.4.3. i1 = i2 = i5 6= i3, i4 (i3 6= i4):

(192) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j2,j5)

C̄00000
j5...j1







 .

5.4.4. i2 = i3 = i4 6= i1, i5 (i1 6= i5):

(193) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j3,j4)

C̄00000
j5...j1







 .
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5.4.5. i2 = i3 = i5 6= i1, i4 (i1 6= i4):

(194) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j3,j5)

C̄00000
j5...j1







 .

5.4.6. i2 = i4 = i5 6= i1, i3 (i1 6= i3):

(195) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j4,j5)

C̄00000
j5...j1







 .

5.4.7. i3 = i4 = i5 6= i1, i2 (i1 6= i2):

(196) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j3,j4,j5)

C̄00000
j5...j1







 .

5.4.8. i1 = i3 = i5 6= i2, i4 (i2 6= i4):

(197) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j3,j5)

C̄00000
j5...j1







 .

5.4.9. i1 = i3 = i4 6= i2, i5 (i2 6= i5):

(198) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j3,j4)

C̄00000
j5...j1







 .

5.4.10. i1 = i4 = i5 6= i2, i3 (i2 6= i3):

(199) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j4,j5)

C̄00000
j5...j1







 .

5.5.1. i1 = i2 = i3 = i4 6= i5:

(200) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j2,j3,j4)

C̄00000
j5...j1







 .

5.5.2. i1 = i2 = i3 = i5 6= i4:

(201) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j2,j3,j5)

C̄00000
j5...j1







 .
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5.5.3. i1 = i2 = i4 = i5 6= i3:

(202) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j2,j4,j5)

C̄00000
j5...j1







 .

5.5.4. i1 = i3 = i4 = i5 6= i2:

(203) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j3,j4,j5)

C̄00000
j5...j1







 .

5.5.5. i2 = i3 = i4 = i5 6= i1:

(204) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j3,j4,j5)

C̄00000
j5...j1







 .

5.6.1. i5 6= i1 = i2 6= i3 = i4 6= i5:

(205) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j2)




∑

(j3,j4)

C̄00000
j5...j1











 .

5.6.2. i5 6= i1 = i3 6= i2 = i4 6= i5:

(206) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j3)




∑

(j2,j4)

C̄00000
j5...j1











 .

5.6.3. i5 6= i1 = i4 6= i2 = i3 6= i5:

(207) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j4)




∑

(j2,j3)

C̄00000
j5...j1











 .

5.6.4. i4 6= i1 = i2 6= i3 = i5 6= i4:

(208) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j2)




∑

(j3,j5)

C̄00000
j5...j1











 .

5.6.5. i4 6= i1 = i5 6= i2 = i3 6= i4:

(209) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j5)




∑

(j2,j3)

C̄00000
j5...j1











 .

1765



OPTIMIZATION OF THE MEAN-SQUARE APPROXIMATION PROCEDURES 41

5.6.6. i4 6= i2 = i5 6= i1 = i3 6= i4:

(210) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j5)




∑

(j1,j3)

C̄00000
j5...j1











 .

5.6.7. i3 6= i2 = i5 6= i1 = i4 6= i3:

(211) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j5)




∑

(j1,j4)

C̄00000
j5...j1











 .

5.6.8. i3 6= i1 = i2 6= i4 = i5 6= i3:

(212) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j2)




∑

(j4,j5)

C̄00000
j5...j1











 .

5.6.9. i3 6= i2 = i4 6= i1 = i5 6= i3:

(213) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j4)




∑

(j1,j5)

C̄00000
j5...j1











 .

5.6.10. i2 6= i1 = i4 6= i3 = i5 6= i2:

(214) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j4)




∑

(j3,j5)

C̄00000
j5...j1











 .

5.6.11. i2 6= i1 = i3 6= i4 = i5 6= i2:

(215) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j3)




∑

(j4,j5)

C̄00000
j5...j1











 .

5.6.12. i2 6= i1 = i5 6= i3 = i4 6= i2:

(216) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j5)




∑

(j3,j4)

C̄00000
j5...j1











 .

5.6.13. i1 6= i2 = i3 6= i4 = i5 6= i1:

(217) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j3)




∑

(j4,j5)

C̄00000
j5...j1











 .
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5.6.14. i1 6= i2 = i4 6= i3 = i5 6= i1:

(218) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j4)




∑

(j3,j5)

C̄00000
j5...j1











 .

5.6.15. i1 6= i2 = i5 6= i3 = i4 6= i1:

(219) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j5)




∑

(j3,j4)

C̄00000
j5...j1











 .

5.7.1. i1 = i2 = i3 6= i4 = i5:

(220) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j4,j5)




∑

(j1,j2,j3)

C̄00000
j5...j1











 .

5.7.2. i1 = i2 = i4 6= i3 = i5:

(221) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j3,j5)




∑

(j1,j2,j4)

C̄00000
j5...j1











 .

5.7.3. i1 = i2 = i5 6= i3 = i4:

(222) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j3,j4)




∑

(j1,j2,j5)

C̄00000
j5...j1











 .

5.7.4. i2 = i3 = i4 6= i1 = i5:

(223) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j5)




∑

(j2,j3,j4)

C̄00000
j5...j1











 .

5.7.5. i2 = i3 = i5 6= i1 = i4:

(224) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j4)




∑

(j2,j3,j5)

C̄00000
j5...j1











 .

5.7.6. i2 = i4 = i5 6= i1 = i3:

(225) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j3)




∑

(j2,j4,j5)

C̄00000
j5...j1











 .
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5.7.7. i3 = i4 = i5 6= i1 = i2:

(226) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j1,j2)




∑

(j3,j4,j5)

C̄00000
j5...j1











 .

5.7.8. i1 = i3 = i5 6= i2 = i4:

(227) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j4)




∑

(j1,j3,j5)

C̄00000
j5...j1











 .

5.7.9. i1 = i3 = i4 6= i2 = i5:

(228) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j5)




∑

(j1,j3,j4)

C̄00000
j5...j1











 .

5.7.10. i1 = i4 = i5 6= i2 = i3:

(229) Ep
5 = (T − t)5




1

120
− 1

322

p
∑

j1,...,j5=0

(
5∏

l=1

(2jl + 1)

)

· C̄00000
j5...j1




∑

(j2,j3)




∑

(j1,j4,j5)

C̄00000
j5...j1











 .

Denote q(α) the numbers p from the formulas (141)-(229), where α are the numbers of the cases
corresponding to the formulas (141)-(229). For example, q(2.2.b) is the number p from the formula
(143), q(5.7.10) is the number p from the formula (229), etc.

Let

(230) Ep
2 ≤ (T − t)4, Ep

3 ≤ (T − t)4

where Ep
2 is defined by (141) and Ep

3 is defined by (146)-(149).
Let

(231) Ep
2 ≤ (T − t)5, Ep

3 ≤ (T − t)5, Ep
4 ≤ (T − t)5

where Ep
2 is defined by (141)-(145), Ep

3 is defined by (146)-(149), and Ep
4 is defined by (165)-(178).

Let

(232) Ep
2 ≤ (T − t)6, Ep

3 ≤ (T − t)6, Ep
4 ≤ (T − t)6, Ep

5 ≤ (T − t)6,

where Ep
2 is defined by (141)-(145), Ep

3 is defined by (146)-(164), Ep
4 is defined by (165)-(178), and

Ep
5 is defined by (179)-(229).
Note that the conditions (230)-(232) are particular cases of (15) for r = 3, 4, and 5.
Let us show by numerical experiments (see Tables 1–13) that in most situations the following

inequalities are fullfilled (under conditions (230)-(232))
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Table 1. Stochastic integral I
(i1i2i3)
(000)T,t. The condition (230).

T − t 0.011 0.008 0.0045 0.0035 0.0027 0.0025

q(3.1.a) 12 16 28 36 47 50
q(3.3.1.a) 6 8 14 18 23 25
q(3.3.2.a) 6 8 14 18 23 25

q(3.3.3.a) 12 16 28 36 47 51

Table 2. Stochastic integrals I
(i1i2)
(01)T,t, I

(i1i2)
(10)T,t. The condition (231).

T − t 0.010 0.005 0.0025

q(2.1.b) 4 8 16
q(2.2.b) 1 1 1

q(2.1.c) 4 8 16
q(2.2.c) 1 1 1

(233) q(2.1.b) ≥ q(2.2.b), q(2.1.c) ≥ q(2.2.c),

(234) q(3.1.a) ≥ q(3.3.1.a), q(3.3.2.a), q(3.3.3.a),

(235) q(3.1.b) ≥ q(3.2.b), q(3.3.1.b), q(3.3.2.b), q(3.3.3.b),

(236) q(3.1.c) ≥ q(3.2.c), q(3.3.1.c), q(3.3.2.c), q(3.3.3.c),

(237) q(3.1.d) ≥ q(3.2.d), q(3.3.1.d), q(3.3.2.d), q(3.3.3.d),

(238) q(4.1) ≥ q(4.3.1), . . . , q(4.3.6), q(4.4.1), . . . , q(4.4.4), q(4.5.1), . . . , q(4.5.3),

(239) q(5.1) ≥ q(5.3.1), . . . , q(5.3.10), q(5.4.1), . . . , q(5.4.10), q(5.5.1), . . . , q(5.5.5),

(240) q(5.1) ≥ q(5.6.1), . . . , q(5.6.15), q(5.7.1), . . . , q(5.7.10),

where all numbers in the inequalities (233)-(240) are minimal natural numbers satisfying the condi-
tions (230)-(232).

In Tables 1–13, we can see the results of numerical experiments. These results confirm (in most
situations) the inequalities (233)-(240)).

Let us show by numerical experiments that we can choose the minimal natural numbers p satisfying
the inequalities (230)-(232) only for the values Ep

2 , E
p
3 , E

p
4 , E

p
5 defined by the relations (141), (142),
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Table 3. T − t = 0.01. The condition (232).

I
(i1i2i3)
(001)T,t I

(i1i2i3)
(010)T,t I

(i1i2i3)
(100)T,t

q(3.1.b) = 6 q(3.1.c) = 4 q(3.1.d) = 2
q(3.2.b) = 0 q(3.2.c) = 0 q(3.2.d) = 0
q(3.3.1.b) = 3 q(3.3.1.c) = 3 q(3.3.1.d) = 1
q(3.3.2.b) = 3 q(3.3.2.c) = 1 q(3.3.2.d) = 1
q(3.3.3.b) = 6 q(3.3.3.c) = 4 q(3.3.3.d) = 2

Table 4. Stochastic integral I
(i1i2i3i4)
(0000)T,t . The condition (231).

T − t 0.011 0.008 0.0045 0.0042 0.0040

q(4.1) 6 8 14 15 16
q(4.3.1) 4 5 10 11 11
q(4.3.2) 6 8 14 15 16
q(4.3.3) 6 8 14 15 16
q(4.3.4) 3 5 9 9 10
q(4.3.5) 6 8 14 15 16
q(4.3.6) 4 5 10 11 11
q(4.4.1) 2 3 4 5 5
q(4.4.2) 2 3 4 5 5
q(4.4.3) 4 6 10 11 11
q(4.4.4) 4 6 10 11 11
q(4.5.1) 2 3 5 6 6
q(4.5.2) 6 8 14 15 16
q(4.5.3) 3 5 9 9 10

(144), (146), (150), (155), (160), (165), (179). At that, we can suppose i1, . . . , i5 = 1, . . . ,m in these
relations and use the above numbers p for all remaining cases. This means that we can ignore all the
formulas (143), (145), (147)-(149), (151)-(154), (156)-(159), (161)-(164), (166)-(178), (180)-(229). As
a result, we will not get a noticeable loss of the mean-square approximation accuracy for iterated Ito
stochastic integrals. The detailed numerical confirmation of the above hypothesis can be found in
Tables 14–22.

Taking into account the results of this article, we can recommend the following conditions for
choosing the minimal natural numbers q, q1, q2, . . . , q7 (see Sect. 5) for the numerical schemes (11)–
(14) (constant C (see below) has the same meaning as in the condition (15)).

Milstein scheme (11)

(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

≤ C(T − t)3.
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Table 5. T − t = 0.011. Stochastic integral I
(i1i2i3i4i5)
(00000)T,t . The condition (232).

q(5.1) = 0 q(5.3.1) = 0 q(5.4.1) = 0 q(5.5.1) = 0 q(5.6.1) = 0 q(5.7.1) = 0
q(5.3.2) = 0 q(5.4.2) = 0 q(5.5.2) = 0 q(5.6.2) = 0 q(5.7.2) = 0
q(5.3.3) = 0 q(5.4.3) = 0 q(5.5.3) = 0 q(5.6.3) = 0 q(5.7.3) = 0
q(5.3.4) = 0 q(5.4.4) = 0 q(5.5.4) = 0 q(5.6.4) = 0 q(5.7.4) = 0
q(5.3.5) = 0 q(5.4.5) = 0 q(5.5.5) = 0 q(5.6.5) = 0 q(5.7.5) = 0
q(5.3.6) = 0 q(5.4.6) = 0 q(5.6.6) = 0 q(5.7.6) = 0
q(5.3.7) = 0 q(5.4.7) = 0 q(5.6.7) = 0 q(5.7.7) = 0
q(5.3.8) = 0 q(5.4.8) = 0 q(5.6.8) = 0 q(5.7.8) = 0
q(5.3.9) = 0 q(5.4.9) = 0 q(5.6.9) = 0 q(5.7.9) = 0
q(5.3.10) = 0 q(5.4.10) = 0 q(5.6.10) = 0 q(5.7.10) = 0

q(5.6.11) = 0
q(5.6.12) = 0
q(5.6.13) = 0
q(5.6.14) = 0
q(5.6.15) = 0

Table 6. T − t = 0.008. Stochastic integral I
(i1i2i3i4i5)
(00000)T,t . The condition (232).

q(5.1) = 1 q(5.3.1) = 1 q(5.4.1) = 0 q(5.5.1) = 0 q(5.6.1) = 1 q(5.7.1) = 0
q(5.3.2) = 1 q(5.4.2) = 0 q(5.5.2) = 0 q(5.6.2) = 1 q(5.7.2) = 0
q(5.3.3) = 1 q(5.4.3) = 0 q(5.5.3) = 0 q(5.6.3) = 1 q(5.7.3) = 0
q(5.3.4) = 1 q(5.4.4) = 0 q(5.5.4) = 0 q(5.6.4) = 1 q(5.7.4) = 0
q(5.3.5) = 1 q(5.4.5) = 0 q(5.5.5) = 0 q(5.6.5) = 1 q(5.7.5) = 0
q(5.3.6) = 1 q(5.4.6) = 0 q(5.6.6) = 1 q(5.7.6) = 0
q(5.3.7) = 1 q(5.4.7) = 0 q(5.6.7) = 1 q(5.7.7) = 0
q(5.3.8) = 1 q(5.4.8) = 0 q(5.6.8) = 1 q(5.7.8) = 0
q(5.3.9) = 1 q(5.4.9) = 0 q(5.6.9) = 1 q(5.7.9) = 0
q(5.3.10) = 1 q(5.4.10) = 0 q(5.6.10) = 1 q(5.7.10) = 0

q(5.6.11) = 1
q(5.6.12) = 1
q(5.6.13) = 1
q(5.6.14) = 1
q(5.6.15) = 1

Strong Taylor–Ito scheme with convergence order 1.5 (12)

(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

≤ C(T − t)4,
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Table 7. T − t = 0.0045. Stochastic integral I
(i1i2i3i4i5)
(00000)T,t . The condition (232).

q(5.1) = 4 q(5.3.1) = 4 q(5.4.1) = 2 q(5.5.1) = 1 q(5.6.1) = 2 q(5.7.1) = 1
q(5.3.2) = 4 q(5.4.2) = 3 q(5.5.2) = 2 q(5.6.2) = 4 q(5.7.2) = 3
q(5.3.3) = 4 q(5.4.3) = 3 q(5.5.3) = 2 q(5.6.3) = 3 q(5.7.3) = 2
q(5.3.4) = 4 q(5.4.4) = 2 q(5.5.4) = 2 q(5.6.4) = 3 q(5.7.4) = 2
q(5.3.5) = 3 q(5.4.5) = 3 q(5.5.5) = 1 q(5.6.5) = 3 q(5.7.5) = 3
q(5.3.6) = 4 q(5.4.6) = 3 q(5.6.6) = 4 q(5.7.6) = 3
q(5.3.7) = 4 q(5.4.7) = 2 q(5.6.7) = 4 q(5.7.7) = 1
q(5.3.8) = 3 q(5.4.8) = 4 q(5.6.8) = 2 q(5.7.8) = 4
q(5.3.9) = 4 q(5.4.9) = 3 q(5.6.9) = 4 q(5.7.9) = 3
q(5.3.10) = 3 q(5.4.10) = 3 q(5.6.10) = 4 q(5.7.10) = 2

q(5.6.11) = 3
q(5.6.12) = 3
q(5.6.13) = 2
q(5.6.14) = 4
q(5.6.15) = 3

Table 8. T − t = 0.0042. Stochastic integral I
(i1i2i3i4i5)
(00000)T,t . The condition (232).

q(5.1) = 5 q(5.3.1) = 5 q(5.4.1) = 2 q(5.5.1) = 1 q(5.6.1) = 2 q(5.7.1) = 1
q(5.3.2) = 5 q(5.4.2) = 4 q(5.5.2) = 2 q(5.6.2) = 4 q(5.7.2) = 3
q(5.3.3) = 5 q(5.4.3) = 4 q(5.5.3) = 2 q(5.6.3) = 3 q(5.7.3) = 2
q(5.3.4) = 5 q(5.4.4) = 2 q(5.5.4) = 2 q(5.6.4) = 4 q(5.7.4) = 2
q(5.3.5) = 3 q(5.4.5) = 3 q(5.5.5) = 1 q(5.6.5) = 3 q(5.7.5) = 3
q(5.3.6) = 4 q(5.4.6) = 4 q(5.6.6) = 5 q(5.7.6) = 3
q(5.3.7) = 5 q(5.4.7) = 2 q(5.6.7) = 5 q(5.7.7) = 1
q(5.3.8) = 3 q(5.4.8) = 5 q(5.6.8) = 2 q(5.7.8) = 4
q(5.3.9) = 5 q(5.4.9) = 3 q(5.6.9) = 4 q(5.7.9) = 3
q(5.3.10) = 4 q(5.4.10) = 4 q(5.6.10) = 5 q(5.7.10) = 2

q(5.6.11) = 4
q(5.6.12) = 3
q(5.6.13) = 2
q(5.6.14) = 4
q(5.6.15) = 3

(T − t)3




1

6
− 1

64

q1∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000

j3j2j1

)2



 ≤

≤ C(T − t)4.
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Table 9. T − t = 0.0035. Stochastic integral I
(i1i2i3i4i5)
(00000)T,t . The condition (232).

q(5.1) = 6 q(5.3.1) = 6 q(5.4.1) = 3 q(5.5.1) = 1 q(5.6.1) = 3 q(5.7.1) = 3
q(5.3.2) = 6 q(5.4.2) = 4 q(5.5.2) = 3 q(5.6.2) = 6 q(5.7.2) = 4
q(5.3.3) = 6 q(5.4.3) = 4 q(5.5.3) = 3 q(5.6.3) = 4 q(5.7.3) = 3
q(5.3.4) = 6 q(5.4.4) = 2 q(5.5.4) = 3 q(5.6.4) = 4 q(5.7.4) = 2
q(5.3.5) = 4 q(5.4.5) = 4 q(5.5.5) = 1 q(5.6.5) = 4 q(5.7.5) = 4
q(5.3.6) = 6 q(5.4.6) = 4 q(5.6.6) = 6 q(5.7.6) = 4
q(5.3.7) = 6 q(5.4.7) = 3 q(5.6.7) = 6 q(5.7.7) = 1
q(5.3.8) = 4 q(5.4.8) = 6 q(5.6.8) = 3 q(5.7.8) = 6
q(5.3.9) = 6 q(5.4.9) = 4 q(5.6.9) = 6 q(5.7.9) = 4
q(5.3.10) = 4 q(5.4.10) = 4 q(5.6.10) = 6 q(5.7.10) = 3

q(5.6.11) = 4
q(5.6.12) = 4
q(5.6.13) = 3
q(5.6.14) = 6
q(5.6.15) = 4

Table 10. Milstein scheme. Stochastic integral I
(i1i2)
(00)T,t. The condition (230).

T − t 2−1 2−4 2−8 2−12

q(2.1.a) 1 2 32 512

Table 11. Scheme with strong order 1.5. Stochastic integrals I
(i1i2)
(00)T,t, I

(i1i2i3)
(000)T,t. The

condition (230).

T − t 2−1 2−3 2−5 2−8

q(2.1.a) 1 8 128 8192

q(3.1.a) 0 1 4 32
q(3.3.1.a) 0 0 2 16
q(3.3.2.a) 0 0 2 16

q(3.3.3.a) 0 0 4 33

Strong Taylor–Ito scheme with convergence order 2.0 (13)

(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

≤ C(T − t)5,
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Table 12. Scheme with strong order 2.0. Stochastic integrals I
(i1i2)
(00)T,t, I

(i1i2i3)
(000)T,t,

I
(i1i2)
(01)T,t, I

(i1i2)
(10)T,t, I

(i1i2i3i4)
(0000)T,t . The condition (231).

T − t 2−1 2−2 2−3 2−4

q(2.1.a) 1 8 64 512

q(3.1.a) 0 2 8 32
q(3.3.1.a) 0 1 4 16
q(3.3.2.a) 0 1 4 16

q(3.3.3.a) 0 2 8 33

q(2.1.b) 0 0 1 1
q(2.2.b) 0 0 0 0

q(2.1.c) 0 0 0 0
q(2.2.c) 0 0 0 0

q(4.1) 0 0 0 0
q(4.3.1) 0 0 0 0
· · · · · · · · · · · · · · ·
q(4.3.6) 0 0 0 0
q(4.4.1) 0 0 0 0
· · · · · · · · · · · · · · ·
q(4.4.4) 0 0 0 0
q(4.5.1) 0 0 0 0
q(4.5.2) 0 0 0 0
q(4.5.3) 0 0 0 0

(T − t)3




1

6
− 1

64

q1∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000

j3j2j1

)2



 ≤ C(T − t)5,

(T − t)4




1

4
− 1

64

q2∑

j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄01

j2j1

)2



 ≤ C(T − t)5,

(T − t)4




1

12
− 1

64

q2∑

j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄10

j2j1

)2



 ≤ C(T − t)5,

(T − t)4




1

24
− 1

256

q3∑

j1,...,j4=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)
(
C̄0000

j4...j1

)2



 ≤

≤ C(T − t)5.
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Table 13. Scheme with strong order 2.5. Stochastic integrals I
(i1i2)
(00)T,t, I

(i1i2i3)
(000)T,t,

I
(i1i2)
(01)T,t, I

(i1i2)
(10)T,t, I

(i1i2i4)
(0000)T,t, I

(i1i2i3)
(001)T,t, I

(i1i2i3)
(010)T,t, I

(i1i2i3)
(100)T,t, I

(i1i2i3i4i5)
(00000)T,t . The condition

(232).

T − t 2−1 2−3/2 2−2 2−5/2

q(2.1.a) 2 8 32 128

q(3.1.a) 1 3 8 23
q(3.3.1.a) 0 1 4 11
q(3.3.2.a) 0 1 4 11
q(3.3.3.a) 0 3 8 23

q(2.1.b) 0 1 1 2
q(2.2.b) 0 0 0 0

q(2.1.c) 0 0 0 2
q(2.2.c) 0 0 0 0

q(4.1) 0 0 0 2
q(4.3.1) 0 0 0 1
q(4.3.2) 0 0 0 1
q(4.3.3) 0 0 0 2
q(4.3.4) 0 0 0 1
q(4.3.5) 0 0 0 1
q(4.3.6) 0 0 0 1
q(4.4.1) 0 0 0 0
q(4.4.2) 0 0 0 0
q(4.4.3) 0 0 0 0
q(4.4.4) 0 0 0 0
q(4.5.1) 0 0 0 1
q(4.5.2) 0 0 0 1
q(4.5.3) 0 0 0 1

q(3.1.b) 0 0 0 0
q(3.2.b) 0 0 0 0
q(3.3.1.b) 0 0 0 0
q(3.3.2.b) 0 0 0 0
q(3.3.3.b) 0 0 0 0

q(3.1.c) 0 0 0 0
q(3.2.c) 0 0 0 0
q(3.3.1.c) 0 0 0 0
q(3.3.2.c) 0 0 0 0
q(3.3.3.c) 0 0 0 0

q(3.1.d) 0 0 0 0
q(3.2.d) 0 0 0 0
q(3.3.1.d) 0 0 0 0
q(3.3.2.d) 0 0 0 0
q(3.3.3.d) 0 0 0 0

All numbers q(α) for I
(i1i2i3i4i5)
(00000)T,t are equal to zero

1775



OPTIMIZATION OF THE MEAN-SQUARE APPROXIMATION PROCEDURES 51

Table 14. Stochastic integral I
(i1i2i3)
(000)T,t. The values Ep

3/(T − t)3
def
= E.

T − t 0.011 0.008 0.0045 0.0035 0.0027 0.0025

q(3.1.a) 12 16 28 36 47 50
E 0.010154 0.007681 0.004433 0.003456 0.002652 0.002494
q(3.3.1.a) 12 16 28 36 47 50
E 0.005077 0.003841 0.002216 0.001728 0.001326 0.001247
q(3.3.2.a) 12 16 28 36 47 50
E 0.005077 0.003841 0.002216 0.001728 0.001326 0.001247
q(3.3.3.a) 12 16 28 36 47 50
E 0.010308 0.007787 0.004480 0.003488 0.002673 0.002513

Strong Taylor–Ito scheme with convergence order 2.5 (14)

(T − t)2

2

(

1

2
−

q
∑

i=1

1

4i2 − 1

)

≤ C(T − t)6,

(T − t)3




1

6
− 1

64

q1∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000

j3j2j1

)2



 ≤ C(T − t)6,

(T − t)4




1

4
− 1

64

q2∑

j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄01

j2j1

)2



 ≤ C(T − t)6,

(T − t)4




1

12
− 1

64

q2∑

j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄10

j2j1

)2



 ≤ C(T − t)6,

(T − t)4




1

24
− 1

256

q3∑

j1,...,j4=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)
(
C̄0000

j4...j1

)2



 ≤ C(T − t)6,

(T − t)4




1

120
− 1

322

q4∑

j1,...,j5=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)
(
C̄00000

j5...j1

)2



 ≤ C(T − t)6,

(T − t)5




1

10
− 1

256

q5∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄001

j3j2j1

)2



 ≤ C(T − t)6,
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Table 15. Stochastic integral I
(i1i2i3i4)
(0000)T,t . The values Ep

4/(T − t)4
def
= E.

T − t 0.011 0.008 0.0045 0.0042

q(4.1) 6 8 14 15
E 0.009636 0.007425 0.004378 0.004096
q(4.3.1) 6 8 14 15
E 0.006771 0.005191 0.003041 0.002843
q(4.3.2) 6 8 14 15
E 0.009722 0.007502 0.004424 0.004139
q(4.3.3) 6 8 14 15
E 0.009641 0.007427 0.004379 0.004097
q(4.3.4) 6 8 14 15
E 0.005997 0.004614 0.002720 0.002545
q(4.3.5) 6 8 14 15
E 0.009722 0.007502 0.004424 0.004139
q(4.3.6) 6 8 14 15
E 0.006771 0.005191 0.003041 0.002843
q(4.4.1) 6 8 14 15
E 0.003095 0.002364 0.001379 0.001290
q(4.4.2) 6 8 14 15
E 0.003095 0.002364 0.001379 0.001290
q(4.4.3) 6 8 14 15
E 0.006885 0.005282 0.003090 0.002889
q(4.4.4) 6 8 14 15
E 0.006885 0.005282 0.003090 0.002889
q(4.5.1) 6 8 14 15
E 0.003690 0.002834 0.001663 0.001555
q(4.5.2) 6 8 14 15
E 0.009756 0.007545 0.004457 0.004170
q(4.5.3) 6 8 14 15
E 0.006010 0.004621 0.002722 0.002547

Table 16. Stochastic integrals I
(i1i2)
(01)T,t, I

(i1i2)
(10)T,t. The values Ep

2/(T − t)4
def
= E.

T − t 0.010 0.005 0.0025

q(2.1.b) 4 8 16
E 0.008950 0.004660 0.002383
q(2.2.b) 4 8 16
E 0.000042 0.000006 0.000001
q(2.1.c) 4 8 16
E 0.008950 0.004660 0.002383
q(2.2.c) 4 8 16
E 0.000042 0.000006 0.000001
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Table 17. T − t = 0.011. Stochastic integral I
(i1i2i3i4i5)
(00000)T,t . The values Ep

5/(T − t)5
def
= E.

q(5.1) = 0 q(5.3.1) = 0 q(5.4.1) = 0 q(5.5.1) = 0 q(5.6.1) = 0 q(5.7.1) = 0
E=0.008264 E=0.008195 E=0.007917 E=0.006667 E=0.008056 E=0.007500

q(5.3.2) = 0 q(5.4.2) = 0 q(5.5.2) = 0 q(5.6.2) = 0 q(5.7.2) = 0
E=0.008195 E=0.007917 E=0.006667 E=0.008056 E=0.007500

q(5.3.3) = 0 q(5.4.3) = 0 q(5.5.3) = 0 q(5.6.3) = 0 q(5.7.3) = 0
E=0.008195 E=0.007917 E=0.006667 E=0.008056 E=0.007500

q(5.3.4) = 0 q(5.4.4) = 0 q(5.5.4) = 0 q(5.6.4) = 0 q(5.7.4) = 0
E=0.008195 E=0.007917 E=0.006667 E=0.008056 E=0.007500

q(5.3.5) = 0 q(5.4.5) = 0 q(5.5.5) = 0 q(5.6.5) = 0 q(5.7.5) = 0
E=0.008195 E=0.007917 E=0.006667 E=0.008056 E=0.007500

q(5.3.6) = 0 q(5.4.6) = 0 q(5.6.6) = 0 q(5.7.6) = 0
E=0.008195 E=0.007917 E=0.008056 E=0.007500

q(5.3.7) = 0 q(5.4.7) = 0 q(5.6.7) = 0 q(5.7.7) = 0
E=0.008195 E=0.007917 E=0.008056 E=0.007500

q(5.3.8) = 0 q(5.4.8) = 0 q(5.6.8) = 0 q(5.7.8) = 0
E=0.008195 E=0.007917 E=0.008056 E=0.007500

q(5.3.9) = 0 q(5.4.9) = 0 q(5.6.9) = 0 q(5.7.9) = 0
E=0.008195 E=0.007917 E=0.008056 E=0.007500

q(5.3.10) = 0 q(5.4.10) = 0 q(5.6.10) = 0 q(5.7.10) = 0
E=0.008195 E=0.007917 E=0.008056 E=0.007500

q(5.6.11) = 0
E=0.008056

q(5.6.12) = 0
E=0.008056

q(5.6.13) = 0
E=0.008056

q(5.6.14) = 0
E=0.008056

q(5.6.15) = 0
E=0.008056
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Table 18. T − t = 0.008. Stochastic integral I
(i1i2i3i4i5)
(00000)T,t . The values Ep

5/(T − t)5
def
= E.

q(5.1) = 1 q(5.3.1) = 1 q(5.4.1) = 1 q(5.5.1) = 1 q(5.6.1) = 1 q(5.7.1) = 1
E=0.007590 E=0.007570 E=0.005488 E=0.003272 E=0.006052 E=0.004175

q(5.3.2) = 1 q(5.4.2) = 1 q(5.5.2) = 1 q(5.6.2) = 1 q(5.7.2) = 1
E=0.007300 E=0.006701 E=0.005292 E=0.007058 E=0.006105

q(5.3.3) = 1 q(5.4.3) = 1 q(5.5.3) = 1 q(5.6.3) = 1 q(5.7.3) = 1
E=0.007558 E=0.006976 E=0.005774 E=0.007014 E=0.006072

q(5.3.4) = 1 q(5.4.4) = 1 q(5.5.4) = 1 q(5.6.4) = 1 q(5.7.4) = 1
E=0.007570 E=0.005995 E=0.005292 E=0.006467 E=0.005955

q(5.3.5) = 1 q(5.4.5) = 1 q(5.5.5) = 1 q(5.6.5) = 1 q(5.7.5) = 1
E=0.007084 E=0.006679 E=0.003272 E=0.007054 E=0.006576

q(5.3.6) = 1 q(5.4.6) = 1 q(5.6.6) = 1 q(5.7.6) = 1
E=0.007432 E=0.006701 E=0.007260 E=0.006105

q(5.3.7) = 1 q(5.4.7) = 1 q(5.6.7) = 1 q(5.7.7) = 1
E=0.007558 E=0.005488 E=0.007521 E=0.003236

q(5.3.8) = 1 q(5.4.8) = 1 q(5.6.8) = 1 q(5.7.8) = 1
E=0.007084 E=0.007134 E=0.005819 E=0.006797

q(5.3.9) = 1 q(5.4.9) = 1 q(5.6.9) = 1 q(5.7.9) = 1
E=0.007300 E=0.006679 E=0.007412 E=0.006576

q(5.3.10) = 1 q(5.4.10) = 1 q(5.6.10) = 1 q(5.7.10) = 1
E=0.006962 E=0.006976 E=0.007260 E=0.006072

q(5.6.11) = 1
E=0.006467

q(5.6.12) = 1
E=0.007054

q(5.6.13) = 1
E=0.006052

q(5.6.14) = 1
E=0.007058

q(5.6.15) = 1
E=0.007014
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Table 19. T − t = 0.0045. Stochastic integral I
(i1i2i3i4i5)
(00000)T,t . The values Ep

5/(T − t)5
def
= E.

q(5.1) = 4 q(5.3.1) = 4 q(5.4.1) = 4 q(5.5.1) = 4 q(5.6.1) = 4 q(5.7.1) = 4
E=0.004209 E=0.004208 E=0.002351 E=0.001055 E=0.002247 E=0.002065

q(5.3.2) = 4 q(5.4.2) = 4 q(5.5.2) = 4 q(5.6.2) = 4 q(5.7.2) = 4
E=0.004204 E=0.003461 E=0.002379 E=0.004149 E=0.003428

q(5.3.3) = 4 q(5.4.3) = 4 q(5.5.3) = 4 q(5.6.3) = 4 q(5.7.3) = 4
E=0.004212 E=0.003460 E=0.002624 E=0.003168 E=0.002256

q(5.3.4) = 4 q(5.4.4) = 4 q(5.5.4) = 4 q(5.6.4) = 4 q(5.7.4) = 4
E=0.004208 E=0.001982 E=0.002379 E=0.003451 E=0.001982

q(5.3.5) = 4 q(5.4.5) = 4 q(5.5.5) = 4 q(5.6.5) = 4 q(5.7.5) = 4
E=0.003161 E=0.003189 E=0.001055 E=0.003160 E=0.003191

q(5.3.6) = 4 q(5.4.6) = 4 q(5.6.6) = 4 q(5.7.6) = 4
E=0.004180 E=0.003461 E=0.004206 E=0.003428

q(5.3.7) = 4 q(5.4.7) = 4 q(5.6.7) = 4 q(5.7.7) = 4
E=0.004212 E=0.002351 E=0.004214 E=0.001318

q(5.3.8) = 4 q(5.4.8) = 4 q(5.6.8) = 4 q(5.7.8) = 4
E=0.003161 E=0.004201 E=0.002590 E=0.004124

q(5.3.9) = 4 q(5.4.9) = 4 q(5.6.9) = 4 q(5.7.9) = 4
E=0.004204 E=0.003189 E=0.004180 E=0.003191

q(5.3.10) = 4 q(5.4.10) = 4 q(5.6.10) = 4 q(5.7.10) = 4
E=0.003456 E=0.003460 E=0.004206 E=0.002256

q(5.6.11) = 4
E=0.003451

q(5.6.12) = 4
E=0.003160

q(5.6.13) = 4
E=0.002247

q(5.6.14) = 4
E=0.00414

q(5.6.15) = 4
E=0.003168
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Table 20. T − t = 0.0042. Stochastic integral I
(i1i2i3i4i5)
(00000)T,t . The values Ep

5/(T − t)5
def
= E.

q(5.1) = 5 q(5.3.1) = 5 q(5.4.1) = 5 q(5.5.1) = 5 q(5.6.1) = 5 q(5.7.1) = 5
E=0.003557 E=0.003556 E=0.001940 E=0.000863 E=0.001863 E=0.001728

q(5.3.2) = 5 q(5.4.2) = 5 q(5.5.2) = 5 q(5.6.2) = 5 q(5.7.2) = 5
E=0.003564 E=0.002910 E=0.001969 E=0.003539 E=0.002897

q(5.3.3) = 5 q(5.4.3) = 5 q(5.5.3) = 5 q(5.6.3) = 5 q(5.7.3) = 5
E=0.003559 E=0.002897 E=0.002188 E=0.002639 E=0.001869

q(5.3.4) = 5 q(5.4.4) = 5 q(5.5.4) = 5 q(5.6.4) = 5 q(5.7.4) = 5
E=0.003556 E=0.001642 E=0.001969 E=0.002903 E=0.001641

q(5.3.5) = 5 q(5.4.5) = 5 q(5.5.5) = 5 q(5.6.5) = 5 q(5.7.5) = 5
E=0.002634 E=0.002661 E=0.000863 E=0.002634 E=0.002664

q(5.3.6) = 5 q(5.4.6) = 5 q(5.6.6) = 5 q(5.7.6) = 5
E=0.003552 E=0.002910 E=0.003566 E=0.002897

q(5.3.7) = 5 q(5.4.7) = 5 q(5.6.7) = 5 q(5.7.7) = 5
E=0.003559 E=0.001940 E=0.003561 E=0.001090

q(5.3.8) = 5 q(5.4.8) = 5 q(5.6.8) = 5 q(5.7.8) = 5
E=0.002634 E=0.003572 E=0.002155 E=0.003531

q(5.3.9) = 5 q(5.4.9) = 5 q(5.6.9) = 5 q(5.7.9) = 5
E=0.003564 E=0.002661 E=0.003552 E=0.002664

q(5.3.10) = 5 q(5.4.10) = 5 q(5.6.10) = 5 q(5.7.10) = 5
E=0.002894 E=0.002897 E=0.003566 E=0.001869

q(5.6.11) = 5
E=0.002903

q(5.6.12) = 5
E=0.002634

q(5.6.13) = 5
E=0.001863

q(5.6.14) = 5
E=0.003539

q(5.6.15) = 5
E=0.002639
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Table 21. T − t = 0.0035. Stochastic integral I
(i1i2i3i4i5)
(00000)T,t . The values Ep

5/(T − t)5
def
= E.

q(5.1) = 6 q(5.3.1) = 6 q(5.4.1) = 6 q(5.5.1) = 6 q(5.6.1) = 6 q(5.7.1) = 6
E=0.003071 E=0.003071 E=0.001650 E=0.000729 E=0.001591 E=0.001591

q(5.3.2) = 6 q(5.4.2) = 6 q(5.5.2) = 6 q(5.6.2) = 6 q(5.7.2) = 6
E=0.003083 E=0.002503 E=0.001676 E=0.003074 E=0.002500

q(5.3.3) = 6 q(5.4.3) = 6 q(5.5.3) = 6 q(5.6.3) = 6 q(5.7.3) = 6
E=0.003073 E=0.002486 E=0.001872 E=0.002260 E=0.001596

q(5.3.4) = 6 q(5.4.4) = 6 q(5.5.4) = 6 q(5.6.4) = 6 q(5.7.4) = 6
E=0.003071 E=0.001399 E=0.001676 E=0.002497 E=0.001399

q(5.3.5) = 6 q(5.4.5) = 6 q(5.5.5) = 6 q(5.6.5) = 6 q(5.7.5) = 6
E=0.002256 E=0.002281 E=0.000729 E=0.002256 E=0.002284

q(5.3.6) = 6 q(5.4.6) = 6 q(5.6.6) = 6 q(5.7.6) = 6
E=0.003077 E=0.002503 E=0.003085 E=0.002500

q(5.3.7) = 6 q(5.4.7) = 6 q(5.6.7) = 6 q(5.7.7) = 6
E=0.003073 E=0.001650 E=0.003074 E=0.000928

q(5.3.8) = 6 q(5.4.8) = 6 q(5.6.8) = 6 q(5.7.8) = 6
E=0.002256 E=0.003096 E=0.001841 E=0.003074

q(5.3.9) = 6 q(5.4.9) = 6 q(5.6.9) = 6 q(5.7.9) = 6
E=0.003083 E=0.002281 E=0.003077 E=0.002284

q(5.3.10) = 6 q(5.4.10) = 6 q(5.6.10) = 6 q(5.7.10) = 6
E=0.002484 E=0.002486 E=0.003085 E=0.001596

q(5.6.11) = 6
E=0.002497

q(5.6.12) = 6
E=0.002256

q(5.6.13) = 6
E=0.001591

q(5.6.14) = 6
E=0.003074

q(5.6.15) = 6
E=0.002260
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Table 22. T − t = 0.01. The values Ep
3/(T − t)5

def
= E.

I
(i1i2i3)
(001)T,t I

(i1i2i3)
(010)T,t I

(i1i2i3)
(100)T,t

q(3.1.b) = 6 q(3.1.c) = 4 q(3.1.d) = 2
E=0.009425 E=0.009051 E=0.008154

q(3.2.b) = 0 q(3.2.c) = 4 q(3.2.d) = 2
E=0.000007 E=0.000049 E=0.000147

q(3.3.1.b) = 6 q(3.3.1.c) = 4 q(3.3.1.d) = 2
E=0.004361 E=0.006366 E=0.004142

q(3.3.2.b) = 6 q(3.3.2.c) = 4 q(3.3.2.d) = 2
E=0.005044 E=0.002731 E=0.004778

q(3.3.3.b) = 6 q(3.3.3.c) = 4 q(3.3.3.d) = 2
E=0.009557 E=0.009152 E=0.007963

Table 23. Comparison of the conditions (241), (242).

T − t 2−1 2−2 2−3 2−4 2−5 2−6

p 0 0 1 2 4 8
(p+ 1)3 1 1 8 27 125 729
p′ 1 3 6 12 24 48
(p′ + 1)3 8 64 343 2197 15625 117649

(T − t)5




1

20
− 1

256

q6∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄010

j3j2j1

)2



 ≤ C(T − t)6,

(T − t)5




1

60
− 1

256

q7∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄100

j3j2j1

)2



 ≤ C(T − t)6.

Note that in this paper we use the database with 270,000 exactly calculated Fourier–Legendre
coefficients (see [46], [47]) for detail).

Let us consider the minimal natural numbers p, p′, q, q′, r, r′ satisfying the conditions

(241) (T − t)3




1

6
− 1

64

p
∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000

j3j2j1

)2



 ≤ (T − t)4,
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Table 24. Comparison of the conditions (243), (244).

T − t 2−1 2−3/2 2−2 2−5/2 2−3 2−7/2

q 0 0 0 0 0 0
(q + 1)4 1 1 1 1 1 1
q′ 3 4 6 9 12 17
(q′ + 1)4 256 625 2401 10000 28561 104976

Table 25. Comparison of the conditions (245), (246).

T − t 2−1/8 2−1/4 2−1/2 2−3/4 2−1

r 0 0 0 0 0
(r + 1)5 1 1 1 1 1
r′ 1 2 3 4 5
(r′ + 1)5 32 243 1024 3125 7776

(242) 6(T − t)3




1

6
− 1

64

p′

∑

j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000

j3j2j1

)2



 ≤ (T − t)4,

(243) (T − t)4




1

24
− 1

256

q
∑

j1,...,j4=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)
(
C̄0000

j4...j1

)2



 ≤ (T − t)5,

(244) 24(T − t)4




1

24
− 1

256

q′
∑

j1,...,j4=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)
(
C̄0000

j4...j1

)2



 ≤ (T − t)5,

(T − t)4




1

120
− 1

322

r∑

j1,...,j5=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)
(
C̄00000

j5...j1

)2



 ≤

(245) ≤ (T − t)6,

120(T − t)4




1

120
− 1

322

r′∑

j1,...,j5=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)
(
C̄00000

j5...j1

)2



 ≤

(246) ≤ (T − t)6,
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where the inequalities (242), (244), (246) are particular cases of the formula (43) for r = 3, 4, and 5.
In Tables 23–25, we can see the numerical comparison of the conditions (241), (243), (245) with

the conditions (242), (244), (246), respectively. Obviously, the conditions (241), (243), (245) (i.e.
conditions without the multiplier factors 3!, 4!, and 5!) essentially reduce the calculation costs for the
mean-square approximations of iterated Ito stochastic integrals

I
(i1i2i3)
(000)T,t, I

(i1i2i3i4)
(0000)T,t , I

(i1i2i3i4i5)
(00000)T,t (i1, i2, i3, i4, i5 = 1, . . . ,m).
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Multidimensional Non-Commutative

Noise Based on the Unified Taylor–Itô
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Abstract. The article is devoted to the implementation of strong numeri-
cal methods with convergence orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 for Itô
stochastic differential equations with multidimensional non-commutative noise
based on multiple Fourier–Legendre series and unified Taylor–Itô and Taylor–
Stratonovich expansions. Algorithms for the implementation of these methods
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are constructed and a package of programs in the Python programming lan-
guage is presented. An important part of this software package concerning the
mean-square approximation of iterated Itô and Stratonovich stochastic inte-
grals of multiplicities 1 to 6 with respect to components of the multidimensional
Wiener process is based on the method of generalized multiple Fourier series.
More precisely, we used multiple Fourier–Legendre series converging in the sense
of norm in Hilbert space for the mean-square approximation of iterated Itô and
Stratonovich stochastic integrals.
Key words: Software package, Python programming language, numerical
method, strong convergence, Itô stochastic differential equation, multidimen-
sional Wiener process, non-commutative noise, unified Taylor–Itô expansion,
unified Taylor–Stratonovich expansion, Milstein scheme, high-order strong nu-
merical scheme, iterated Itô stochastic integral, iterated Stratonovich stochastic
integral, mean-square approximation, generalized multiple Fourier series, mul-
tiple Fourier–Legendre series, Legendre polynomial.
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Numerical Schemes (12)–(16) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.6 Approximations of Iterated Stratonovich Stochastic Integrals from the Numerical

Schemes (24)–(28) Using Legendre Polynomials . . . . . . . . . . . . . . . . . . 58

2

1790



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

2.7 Numerical Algorithm for Linear Stationary Systems of Itô SDEs Based on Spec-
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5.5 Example of Linear System of Itô SDEs (Solar Activity) . . . . . . . . . . . . . . 128

5.6 Visualization and Numerical Results for Solar Activity Model . . . . . . . . . . 128
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1 Introduction

As known, Itô stochastic differential equations (SDEs) have appeared in the
theory of random processes relatively recently [1] (1951). Nevertheless, to date,
a large number of mathematical models for dynamical systems of different phys-
ical nature under the influence of random perturbations have been built on the
basis of such equations [2]-[16]. Among them we note mathematical models
in stochastic financial mathematics [5]-[7], [10]-[12], geophysics [2], [4], genetics
[13], hydrology [2], epidemiology [9], chemical kinetics [2], [9], biology [8], [15],
seismology [2], electrodynamics [16] and many other fields [2], [9], [14]. In ad-
dition, Itô SDEs arise when solving a number of mathematical problems, such
as filtration [2], [3], [17]-[21], stochastic control [2], [17], stochastic stability [2],
parameter estimation of stochastic systems [2], [3], [22].

Exact solutions of Itô SDEs are known in rare cases. For this reason, it
becomes necessary to construct numerical methods for Itô SDEs. Moreover,
the problem of numerical solution of Itô SDEs often occurs even in cases when
the exact solution of Itô SDE is known. This means that in some cases, knowing
the exact solution of the Itô SDE does not allow us to simulate it numerically
in a simple way.

This article is devoted to the implementation of high-order strong numeri-
cal methods for systems of Itô SDEs with multidimensional non-commutative
noise. More precisely, we consider strong numerical methods with convergence
orders 1.0, 1.5, 2.0, 2.5, and 3.0. The article also considers the Euler method,
which under suitable conditions [2] has the order 0.5 of strong convergence. To
construct the mentioned numerical methods in this article, we use the so-called
unified Taylor–Itô and Taylor–Stratonovich expansions [24]-[27], [68]. The im-
portant components of these expansions are the iterated Itô and Stratonovich
stochastic integrals, which are functionals of a complex structure with respect
to the components of a multidimensional Wiener process.

It should be noted that it is impossible to construct a numerical method
for Itô SDE in a general case (multidimensional non-commutative noise) that
includes only increments of the multidimensional Wiener processes, but has a
higher order of convergence (in the mean-square sense) than the Euler method
(simplest numerical method for Itô SDEs). This result is known as the ”Clark–
Cameron paradox” [23] (1980) and well explains the need to use high-order
numerical methods for Itô SDEs, since the accuracy of the Euler method is
insufficient for solving a number of practical problems related to Itô SDEs [2].

5
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According to the ”Clark–Cameron paradox” [23], avoidance of the problem of
mean-square approximation of the mentioned iterated stochastic integrals is
impossible in the general case when constructing high-order strong numerical
methods for Itô SDEs.

The problem of mean-square approximation of iterated Itô and Stratonovich
stochastic integrals in the context of the numerical integration of Itô SDEs was
considered in a number of works [2], [3], [7], [8], [28]-[40].

It should be explained why the results of these works are insufficient for
constructing effective procedures for the implementation of strong numerical
methods of order 1.5 and higher for Itô SDEs.

There exists an approach to the mean-square approximation of iterated
stochastic integrals based on integral sums [28], [35], [36]. Note that one of
the variants of this method is based on reducing the problem of mean-square
approximation of iterated stochastic integrals to the numerical integration of
systems of linear Itô SDEs by the Euler method [40]. However, this approach
[28], [35], [36], [40] implies the partitioning of the interval of integration for
iterated stochastic integrals. It should be noted that the length of this interval is
an integration step for numerical methods for Itô SDEs, which is already a fairly
small value even without additional partitioning. Computational experiments
show that the numerical modeling of iterated stochastic integrals by the method
of integral sums [28], [35], [36], [40] leads to unacceptably high computational
cost and accumulation of computation errors [43].

More efficient approach of the mean-square approximation of iterated
stochastic integrals is based on the expansion of the so-called Brownian bridge
process into the trigonometric Fourier series with random terms (version of the
so-called Karhunen–Loève expansion) [2], [3], [7], [28], [29], [34], [35], [38], [39].
However, in [28], [34], [35], [39], this approach was used to approximate only
iterated stochastic integrals of multiplicities 1 and 2, which makes it possible
to implement numerical method with order 1.0 of strong convergence for Itô
SDEs (Milstein method [28]). In papers [2], [3], [7], [29], the approximation of
iterated stochastic integrals of multiplicities 1 to 3 was considered by the above
approach, which makes it possible to implement numerical methods with orders
1.0 and 1.5 of strong convergence for Itô SDEs. However, formulas concerning
integrals of multiplicity 3 turned out to be too complicated and did not find
wide application in practice. Moreover, these formulas (for iterated stochastic
integrals of multiplicity 3) were obtained without strict theoretical justification
and exclude the possibility of effective estimation of the mean-square error of
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approximation (see discussion in [26] (Sect. 2.6.2, 6.2) for details).

It should be noted that in papers [30], [31], a similar approach was used to
approximate iterated stochastic integrals of multiplicities 1 to 3 based on the
series expansion of the Wiener process using trigonometric functions and Haar
functions. In [41] orthonormal expansions of functions in terms of Walsh series
were used to represent the iterated stochastic integrals.

Note that the iterated stochastic integrals under consideration are the ran-
dom variables with unknown density functions. The only exception is the iter-
ated Itô stochastic integral with multiplicity 2 [32]. However, the knowledge of
density function of the mentioned stochastic integral gives no simple way of its
approximation [32].

In this work, we use a more efficient method of the mean-square approxi-
mation of iterated Itô and Stratonovich stochastic integrals than the methods
considered above. This method (the so-called method of generalized multiple
Fourier series) is based on the theory constructed in Chapters 1, 2, and 5 of
monographs [26], [27], [68] (also see bibliography therein). The method of gen-
eralized multiple Fourier series made it possible in this work to successfully
implement the procedures for the mean-square approximation of iterated Itô
and Stratonovich stochastic integrals of multiplicities 1 to 6. In this case, we
use multiple Fourier–Legendre series, that is, we have chosen Legendre poly-
nomials as a basis system of functions for approximating iterated stochastic
integrals. It is important to note that the Legendre polynomials were first
applied in the context of this problem in [44] (1997), while in the works of
other authors Legendre polynomials were not considered as a system of basis
functions for approximating iterated stochastic integrals (an exception is work
[37]). As shown in [45], the Legendre polynomials are an optimal system of basis
functions for approximating iterated Itô and Stratonovich stochastic integrals.

In this article, to build the SDE-MATH software package in the Python pro-
gramming language, we use a database with 270,000 exactly calculated Fourier–
Legendre coefficients to approximate iterated Itô and Stratonovich stochastic
integrals of multiplicities 1 to 6. It should be noted that the procedures for
the mean-square approximation of iterated stochastic integrals of multiplicities
4, 5, and 6 constructed in this work have no analogues in the literature. At
the same time, we propose a much more convenient procedure for the mean-
square approximation of iterated stochastic integrals of multiplicity 3 than in
works [2], [3], [7], [29]. This procedure provides an accurate calculation of the
mean-square error of approximation of the mentioned stochastic integrals.
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Another important feature of the presented software package is the use of
unified Taylor–Itô and Taylor–Stratonovich expansions [24]-[27], [68] for con-
structing strong numerical methods with convergence orders 1.5, 2.0, 2.5, and
3.0 for Itô SDEs. Unified Taylor–Itô and Taylor—Stratonovich expansions make
it possible (in contrast with its classical analogues [2]) to use the minimal sets of
iterated Itô and Stratonovich stochastic integrals. This property well explains
the motive for using the mentioned unified expansions.

The results of this work on the approximation of iterated stochastic integrals
can be used to numerically solve various types of SDEs. For example, for
semilinear SPDEs with multiplicative trace class noise [26], [27], [68] (Chapter
7), [46], [47]. This is due to the fact that iterated stochastic integrals are a
universal tool for constructing high-order strong numerical methods for various
types of SDEs. In recent years, the mentioned numerical methods have been
constructed for SDEs with jumps [7], SPDEs with multiplicative trace class
noise [48]-[50], McKean SDEs [51], SDEs with switchings [52], mean-field SDEs
[53], Itô–Volterra stochastic integral equations [50], etc.

There are many publications in which codes of programs in various pro-
gramming languages are given for the numerical solution of SDEs [3], [9], [14],
[54]-[62]. Among them, we note the software described in [3], [55], [57], [61].
Some of the mentioned works [3], [55], [57], [58], [61] are based on the results of
monograph [2] on the approximation of iterated stochastic integrals (see above
discusson on the disadvantages of approach [2]). Other publications [9], [14],
[54], [56] do not use the modeling of iterated stochastic integrals for the case of
multidimensional non-commutative noise at all.

In this article, we develop software for the numerical integration of Itô
SDEs based on theoretical results and MATLAB codes from monographs [59],
[62] for modeling iterated stochastic integrals of multiplicities 1 to 6 (the case
of multidimensional non-commutative noise). In addition, we provide software
(as a part of the SDE-MATH software package) for the numerical integration
of linear stationary systems of Itô SDEs based on the results of article [63] and
MATLAB codes from monographs [59], [62].

In Sect. 7 we discuss possible directions for the development of the SDE-
MATH software package. In particular, the parallelization of computations, the
implementation of methods of the Runge–Kutta type [2], [7], [43], [62] and mul-
tistep numerical methods for Itô SDEs [2], [7], [43], [62], the development of a
part of the software package for solving filtering problem and stochastic optimal
control problem [2], as well as improvement of the graphical user interface.
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2 Theoretical Results Underlying the SDE-MATH Soft-

ware Package

2.1 Strong Numerical Methods with Convergence Orders 0.5, 1.0,

1.5, 2.0, 2.5, and 3.0 for Itô SDEs Based on the Unified Taylor–

Itô Expansion

Let (Ω, F, P) be a complete probability space and let {Ft, t ∈ [0, T ]} be a
nondecreasing right-continuous family of σ-algebras of F. Let wt be a standard
m-dimensional Wiener stochastic process with independent components w

(i)
t

(i = 1, . . . ,m), which is Ft-measurable for any t ∈ [0, T ]. Consider an Itô SDE
in the integral form

xt = x0 +

t∫
0

a(xτ , τ)dτ +
m∑
i=1

t∫
0

Bi(xτ , τ)dw(i)
τ , x0 = x(0, ω), (1)

where xt ∈ Rn is a solution of the Itô SDE (1), the nonrandom functions
a(x, t) : Rn × [0, T ] → Rn, B(x, t) : Rn × [0, T ] → Rn×m guarantee the exis-
tence and uniqueness up to stochastic equivalence of a solution of (1) [64], the
second integral on the right-hand side of (1) is interpreted as an Itô stochas-
tic integral, Bi(x, t) is the ith colomn of the matrix function B(x, t), x0 is an
n-dimensional and F0-measurable random variable, M

{
|x0|2

}
< ∞ (M is an

expectation operator). We assume that x0 and wt −w0 are independent when
t > 0.

It is well known that one of the effective approaches to the numerical in-
tegration of Itô SDEs is an approach based on the Taylor–Itô and Taylor–
Stratonovich expansions [2], [7], [43]. The essential feature of such expansions
is the so-called iterated Itô and Stratonovich stochastic integrals, which have
the form

J [ψ(k)]T,t =

T∫
t

ψk(tk) . . .

t2∫
t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk , (2)

J∗[ψ(k)]T,t =

∗T∫
t

ψk(tk) . . .

∗t2∫
t

ψ1(t1)dw
(i1)
t1 . . . dw

(ik)
tk , (3)

where every ψl(τ) (l = 1, . . . , k) is a nonrandom function on [t, T ], w
(i)
τ (i =

9
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1, . . . ,m) are independent standard Wiener processes and w
(0)
τ

def
= τ,∫

and

∗∫
denote Itô and Stratonovich stochastic integrals, respectively; i1, . . . , ik =
0, 1, . . . ,m (see definitions in [2]).

Note that ψl(τ) ≡ 1 (l = 1, . . . , k) and i1, . . . , ik = 0, 1, . . . ,m in the classical
Taylor–Itô and Taylor–Stratonovich expansions [2]. At the same time ψl(τ) ≡
(t − τ)ql (l = 1, . . . , k; q1, . . . , qk = 0, 1, 2, . . .) and i1, . . . , ik = 1, . . . ,m in the
unified Taylor–Itô and Taylor–Stratonovich expansions [24], [25] (also see [26],
[27], [68], Chapter 4).

Let C2,1(Rn×[0, T ]) be the space of functions R(x, t) : Rn×[0, T ]→ R1 with
the following property: these functions are twice continuously differentiable in x
and have one continuous derivative in t. Let us consider the following differential
operators on the space C2,1(Rn × [0, T ])

L =
∂

∂t
+

n∑
i=1

a(i)(x, t)
∂

∂x(i)
+

1

2

m∑
j=1

n∑
l,i=1

B(lj)(x, t)B(ij)(x, t)
∂2

∂x(l)∂x(i)
, (4)

G
(i)
0 =

n∑
j=1

B(ji)(x, t)
∂

∂x(j)
, i = 1, . . . ,m, (5)

where a(i)(x, t) is the ith component of the vector function a(x, t) and B(ij)(x, t)
is the ijth component of the matrix function B(x, t).

Consider the following sequence of differential operators

G(i)
p =

1

p

(
G

(i)
p−1L− LG

(i)
p−1

)
, p = 1, 2, . . . , i = 1, . . . ,m,

where L and G
(i)
0 , i = 1, . . . ,m are defined by (4), (5).

For the further consideration, we need to introduce the following set of
iterated Itô stochastic integrals

I
(i1...ik)
(l1...lk)s,t =

s∫
t

(t− tk)lk . . .
t2∫
t

(t− t1)l1dw(i1)
t1 . . . dw

(ik)
tk , (6)

where l1, . . . , lk = 0, 1, . . . and i1, . . . , ik = 1, . . . ,m.

10
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Assume that R(x, t), a(x, t), and Bi(x, t), i = 1, . . . ,m are enough smooth
functions with respect to the variables x and t. Then for all s, t ∈ [0, T ] such
that s > t we can write the following unified Taylor–Itô expansion [24] (also see
[26], [27], [68], Chapter 4)

R(xs, s) =

= R(xt, t) +
r∑
q=1

∑
(k,j,l1,...,lk)∈Dq

(s− t)j

j!

m∑
i1,...,ik=1

G
(i1)
l1

. . . G
(ik)
lk
LjR(xt, t) I

(i1...ik)
(l1...lk)s,t+

+ (Hr+1)s,t w. p. 1, (7)

where

LjR(x, t)
def
=


L . . . L︸ ︷︷ ︸

j

R(x, t) for j ≥ 1

R(x, t) for j = 0

,

Dq =

{
(k, j, l1, . . . , lk) : k + 2

(
j +

k∑
p=1

lp

)
= q; k, j, l1, . . . , lk = 0, 1, . . .

}
,

(8)

and (Hr+1)s,t is the remainder term in integral form [26], [27], [68].

Consider the partition {τp}Np=0 of the interval [0, T ] such that

0 = τ0 < τ1 < . . . < τN = T, ∆N = max
0≤j≤N−1

|τj+1 − τj| . (9)

Let yτj
def
= yj, j = 0, 1, . . . , N be a time discrete approximation of the

process xt, t ∈ [0, T ], which is a solution of the Itô SDE (1).

Definiton 1 [2]. We will say that a time discrete approximation yj, j =
0, 1, . . . , N, corresponding to the maximal step of discretization ∆N , converges
strongly with order γ > 0 at time moment T to the process xt, t ∈ [0, T ], if
there exists a constant C > 0, which does not depend on ∆N , and a δ > 0 such
that M{|xT − yT |} ≤ C(∆N)γ for each ∆N ∈ (0, δ).

From (7) for s = τp+1 and t = τp we obtain the following representation of
explicit one-step strong numerical scheme for the Itô SDE (1)

yp+1 = yp +
r∑
q=1

∑
(k,j,l1,...,lk)∈Dq

(τp+1 − τp)j

j!

m∑
i1,...,ik=1

G
(i1)
l1

. . . G
(ik)
lk
Ljyp Î

(i1...ik)
(l1...lk)τp+1,τp

+

11
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+ 1{r=2d−1,d∈N}
(τp+1 − τp)(r+1)/2

((r + 1)/2)!
L(r+1)/2yp, (10)

where Î
(i1...ik)
(l1...lk)τp+1,τp

is an approximation of the iterated Itô stochastic integral (6)

and 1A is the indicator of the set A. Note that we understand the equality (10)

componentwise with respect to the components y
(i)
p of the column yp. Also for

simplicity we put τp = p∆, ∆ = T/N, p = 0, 1, . . . , N.

Under the appropriate conditions [2] the numerical scheme (10) has strong
order r/2 (r ∈ N) of convergence.

Below we consider particular cases of the numerical scheme (10) for r =
1, 2, 3, 4, 5, and 6, i.e. explicit one-step strong numerical schemes with conver-
gence orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 for the Itô SDE (1) [26], [27], [65],

[66]. At that for simplicity we will write a, La, Bi, G
(i)
0 Bj etc. instead of

a(yp, τp), La(yp, τp), Bi(yp, τp), G
(i)
0 Bj(yp, τp) etc. correspondingly. Moreover,

the operators L and G
(i)
0 , i = 1, . . . ,m are defined by (4), (5).

Scheme with strong order 0.5 (Euler scheme)

yp+1 = yp +
m∑
i1=1

Bi1 Î
(i1)
(0)τp+1,τp

+ ∆a. (11)

Scheme with strong order 1.0 (Milstein scheme)

yp+1 = yp +
m∑
i1=1

Bi1 Î
(i1)
(0)τp+1,τp

+ ∆a +
m∑

i1,i2=1

G
(i1)
0 Bi2 Î

(i1i2)
(00)τp+1,τp

. (12)

Scheme with strong order 1.5

yp+1 = yp +
m∑
i1=1

Bi1 Î
(i1)
(0)τp+1,τp

+ ∆a +
m∑

i1,i2=1

G
(i1)
0 Bi2 Î

(i1i2)
(00)τp+1,τp

+

+
m∑
i1=1

[
G

(i1)
0 a

(
∆Î

(i1)
(0)τp+1,τp

+ Î
(i1)
(1)τp+1,τp

)
− LBi1 Î

(i1)
(1)τp+1,τp

]
+

+
m∑

i1,i2,i3=1

G
(i1)
0 G

(i2)
0 Bi3 Î

(i1i2i3)
(000)τp+1,τp

+
∆2

2
La. (13)
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Scheme with strong order 2.0

yp+1 = yp +
m∑
i1=1

Bi1 Î
(i1)
(0)τp+1,τp

+ ∆a +
m∑

i1,i2=1

G
(i1)
0 Bi2 Î

(i1i2)
(00)τp+1,τp

+

+
m∑
i1=1

[
G

(i1)
0 a

(
∆Î

(i1)
(0)τp+1,τp

+ Î
(i1)
(1)τp+1,τp

)
− LBi1 Î

(i1)
(1)τp+1,τp

]
+

+
m∑

i1,i2,i3=1

G
(i1)
0 G

(i2)
0 Bi3 Î

(i1i2i3)
(000)τp+1,τp

+
∆2

2
La+

+
m∑

i1,i2=1

[
G

(i1)
0 LBi2

(
Î

(i1i2)
(10)τp+1,τp

− Î(i1i2)
(01)τp+1,τp

)
− LG(i1)

0 Bi2 Î
(i1i2)
(10)τp+1,τp

+

+G
(i1)
0 G

(i2)
0 a

(
Î

(i1i2)
(01)τp+1,τp

+ ∆Î
(i1i2)
(00)τp+1,τp

)]
+

+
m∑

i1,i2,i3,i4=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 Bi4 Î

(i1i2i3i4)
(0000)τp+1,τp

. (14)

Scheme with strong order 2.5

yp+1 = yp +
m∑
i1=1

Bi1 Î
(i1)
(0)τp+1,τp

+ ∆a +
m∑

i1,i2=1

G
(i1)
0 Bi2 Î

(i1i2)
(00)τp+1,τp

+

+
m∑
i1=1

[
G

(i1)
0 a

(
∆Î

(i1)
(0)τp+1,τp

+ Î
(i1)
(1)τp+1,τp

)
− LBi1 Î

(i1)
(1)τp+1,τp

]
+

+
m∑

i1,i2,i3=1

G
(i1)
0 G

(i2)
0 Bi3 Î

(i1i2i3)
(000)τp+1,τp

+
∆2

2
La+

+
m∑

i1,i2=1

[
G

(i1)
0 LBi2

(
Î

(i1i2)
(10)τp+1,τp

− Î(i1i2)
(01)τp+1,τp

)
− LG(i1)

0 Bi2 Î
(i1i2)
(10)τp+1,τp

+

+G
(i1)
0 G

(i2)
0 a

(
Î

(i1i2)
(01)τp+1,τp

+ ∆Î
(i1i2)
(00)τp+1,τp

)]
+

+
m∑

i1,i2,i3,i4=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 Bi4 Î

(i1i2i3i4)
(0000)τp+1,τp

+
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+
m∑
i1=1

[
G

(i1)
0 La

(
1

2
Î

(i1)
(2)τp+1,τp

+ ∆Î
(i1)
(1)τp+1,τp

+
∆2

2
Î

(i1)
(0)τp+1,τp

)
+

+
1

2
LLBi1 Î

(i1)
(2)τp+1,τp

− LG(i1)
0 a

(
Î

(i1)
(2)τp+1,τp

+ ∆Î
(i1)
(1)τp+1,τp

)]
+

+
m∑

i1,i2,i3=1

[
G

(i1)
0 LG

(i2)
0 Bi3

(
Î

(i1i2i3)
(100)τp+1,τp

− Î(i1i2i3)
(010)τp+1,τp

)
+

+G
(i1)
0 G

(i2)
0 LBi3

(
Î

(i1i2i3)
(010)τp+1,τp

− Î(i1i2i3)
(001)τp+1,τp

)
+

+G
(i1)
0 G

(i2)
0 G

(i3)
0 a

(
∆Î

(i1i2i3)
(000)τp+1,τp

+ Î
(i1i2i3)
(001)τp+1,τp

)
−

−LG(i1)
0 G

(i2)
0 Bi3 Î

(i1i2i3)
(100)τp+1,τp

]
+

+
m∑

i1,i2,i3,i4,i5=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 G

(i4)
0 Bi5 Î

(i1i2i3i4i5)
(00000)τp+1,τp

+

+
∆3

6
LLa. (15)

Scheme with strong order 3.0

yp+1 = yp +
m∑
i1=1

Bi1 Î
(i1)
(0)τp+1,τp

+ ∆a +
m∑

i1,i2=1

G
(i1)
0 Bi2 Î

(i1i2)
(00)τp+1,τp

+

+
m∑
i1=1

[
G

(i1)
0 a

(
∆Î

(i1)
(0)τp+1,τp

+ Î
(i1)
(1)τp+1,τp

)
− LBi1 Î

(i1)
(1)τp+1,τp

]
+

+
m∑

i1,i2,i3=1

G
(i1)
0 G

(i2)
0 Bi3 Î

(i1i2i3)
(000)τp+1,τp

+
∆2

2
La+

+
m∑

i1,i2=1

[
G

(i1)
0 LBi2

(
Î

(i1i2)
(10)τp+1,τp

− Î(i1i2)
(01)τp+1,τp

)
− LG(i1)

0 Bi2 Î
(i1i2)
(10)τp+1,τp

+

+G
(i1)
0 G

(i2)
0 a

(
Î

(i1i2)
(01)τp+1,τp

+ ∆Î
(i1i2)
(00)τp+1,τp

)]
+

+
m∑

i1,i2,i3,i4=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 Bi4 Î

(i1i2i3i4)
(0000)τp+1,τp

+ qp+1,p + rp+1,p, (16)
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where

qp+1,p =
m∑
i1=1

[
G

(i1)
0 La

(
1

2
Î

(i1)
(2)τp+1,τp

+ ∆Î
(i1)
(1)τp+1,τp

+
∆2

2
Î

(i1)
(0)τp+1,τp

)
+

+
1

2
LLBi1 Î

(i1)
(2)τp+1,τp

− LG(i1)
0 a

(
Î

(i1)
(2)τp+1,τp

+ ∆Î
(i1)
(1)τp+1,τp

)]
+

+
m∑

i1,i2,i3=1

[
G

(i1)
0 LG

(i2)
0 Bi3

(
Î

(i1i2i3)
(100)τp+1,τp

− Î(i1i2i3)
(010)τp+1,τp

)
+

+G
(i1)
0 G

(i2)
0 LBi3

(
Î

(i1i2i3)
(010)τp+1,τp

− Î(i1i2i3)
(001)τp+1,τp

)
+

+G
(i1)
0 G

(i2)
0 G

(i3)
0 a

(
∆Î

(i1i2i3)
(000)τp+1,τp

+ Î
(i1i2i3)
(001)τp+1,τp

)
−

−LG(i1)
0 G

(i2)
0 Bi3 Î

(i1i2i3)
(100)τp+1,τp

]
+

+
m∑

i1,i2,i3,i4,i5=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 G

(i4)
0 Bi5 Î

(i1i2i3i4i5)
(00000)τp+1,τp

+

+
∆3

6
LLa,

and

rp+1,p =
m∑

i1,i2=1

[
G

(i1)
0 G

(i2)
0 La

(
1

2
Î

(i1i2)
(02)τp+1,τp

+ ∆Î
(i1i2)
(01)τp+1,τp

+
∆2

2
Î

(i1i2)
(00)τp+1,τp

)
+

+
1

2
LLG

(i1)
0 Bi2 Î

(i1i2)
(20)τp+1,τp

+

+G
(i1)
0 LG

(i2)
0 a

(
Î

(i1i2)
(11)τp+1,τp

− Î(i1i2)
(02)τp+1,τp

+ ∆
(
Î

(i1i2)
(10)τp+1,τp

− Î(i1i2)
(01)τp+1,τp

))
+

+LG
(i1)
0 LBi2

(
Î

(i1i2)
(11)τp+1,τp

− Î(i1i2)
(20)τp+1,τp

)
+

+G
(i1)
0 LLBi2

(
1

2
Î

(i1i2)
(02)τp+1,τp

+
1

2
Î

(i1i2)
(20)τp+1,τp

− Î(i1i2)
(11)τp+1,τp

)
−

−LG(i1)
0 G

(i2)
0 a

(
∆Î

(i1i2)
(10)τp+1,τp

+ Î
(i1i2)
(11)τp+1,τp

)]
+
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+
m∑

i1,i2,i3,i4=1

[
G

(i1)
0 G

(i2)
0 G

(i3)
0 G

(i4)
0 a

(
∆Î

(i1i2i3i4)
(0000)τp+1,τp

+ Î
(i1i2i3i4)
(0001)τp+1,τp

)
+

+G
(i1)
0 G

(i2)
0 LG

(i3)
0 Bi4

(
Î

(i1i2i3i4)
(0100)τp+1,τp

− Î(i1i2i3i4)
(0010)τp+1,τp

)
−

−LG(i1)
0 G

(i2)
0 G

(i3)
0 Bi4 Î

(i1i2i3i4)
(1000)τp+1,τp

+

+G
(i1)
0 LG

(i2)
0 G

(i3)
0 Bi4

(
Î

(i1i2i3i4)
(1000)τp+1,τp

− Î(i1i2i3i4)
(0100)τp+1,τp

)
+

+G
(i1)
0 G

(i2)
0 G

(i3)
0 LBi4

(
Î

(i1i2i3i4)
(0010)τp+1,τp

− Î(i1i2i3i4)
(0001)τp+1,τp

)]
+

+
m∑

i1,i2,i3,i4,i5,i6=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 G

(i4)
0 G

(i5)
0 Bi6 Î

(i1i2i3i4i5i6)
(000000)τp+1,τp

.

Under the suitable conditions [2] the numerical schemes (12)–(16) have
strong orders 1.0, 1.5, 2.0, 2.5, and 3.0 of convergence correspondingly. Among
these conditions we consider only the condition for approximations of iterated
Itô stochastic integrals from (12)–(16) [2] (also see [43])

M


(
I

(i1...ik)
(l1...lk)τp+1,τp

− Î(i1...ik)
(l1...lk)τp+1,τp

)2
 ≤ C∆r+1, (17)

where constant C is independent of ∆ and r/2 are the strong convergence orders
for the numerical schemes (12)–(16), i.e. r/2 = 1.0, 1.5, 2.0, 2.5, and 3.0.

Note that the numerical schemes (12)–(16) are unrealizable in practice with-
out procedures for the numerical simulation of iterated Itô stochastic integrals
from (10). In Sect. 2.3 we give a brief overview of the effective method of the
mean-square approximation of iterated Itô and Stratonovich stochastic integrals
of arbitrary multiplicity k (k ∈ N).

2.2 Strong Numerical Methods with Convergence Orders 1.0, 1.5,

2.0, 2.5, and 3.0 for Itô SDEs Based on the Unified Taylor–Stra-

tonovich Expansion

Let us consider the following differential operator on the space C2,1(Rn× [0, T ])

16
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L̄ = L− 1

2

m∑
i=1

G
(i)
0 G

(i)
0 , (18)

where operators L and G
(i)
0 , i = 1, . . . ,m are defined by (4), (5).

Define the following sequence of differential operators

Ḡ(i)
p

def
=

1

p

(
Ḡ

(i)
p−1L̄− L̄Ḡ

(i)
p−1

)
, p = 1, 2, . . . , i = 1, . . . ,m, (19)

where Ḡ
(i)
0

def
= G

(i)
0 , i = 1, . . . ,m. The operators L̄ and G

(i)
0 , i = 1, . . . ,m are

defined by (18) and (5) correspondingly.

For the further consideration, we need to introduce the following set of
iterated Stratonovich stochastic integrals

I
∗(i1...ik)
(l1...lk)s,t =

∗s∫
t

(t− tk)lk . . .
∗t2∫
t

(t− t1)l1dw(i1)
t1 . . . dw

(ik)
tk , (20)

where l1, . . . , lk = 0, 1, . . . and i1, . . . , ik = 1, . . . ,m.

Assume that R(x, t), a(x, t), and Bi(x, t), i = 1, . . . ,m are enough smooth
functions with respect to the variables x and t. Then for all s, t ∈ [0, T ] such
that s > t we can write the following unified Taylor–Stratonovich expansion
[25] (also see [26], [27], [68], Chapter 4)

R(xs, s) =

= R(xt, t) +
r∑
q=1

∑
(k,j,l1,...,lk)∈Dq

(s− t)j

j!

m∑
i1,...,ik=1

Ḡ
(i1)
l1

. . . Ḡ
(ik)
lk
L̄jR(xt, t) I

∗(i1...ik)
(l1...lk)s,t+

+
(
H̄r+1

)
s,t

w. p. 1, (21)

where

L̄jR(x, t)
def
=


L̄ . . . L̄︸ ︷︷ ︸

j

R(x, t) for j ≥ 1

R(x, t) for j = 0

,

the set Dq is defined by the equality (8) and
(
H̄r+1

)
s,t

is the remainder term in

integral form [25] (also see [26], [27], [68], Chapter 4).
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Consider the partition (9) of the interval [0, T ]. From (21) for s = τp+1

and t = τp we obtain the following representation of explicit one-step strong
numerical scheme for the Itô SDE (1)

yp+1 = yp +
r∑
q=1

∑
(k,j,l1,...,lk)∈Dq

(τp+1 − τp)j

j!

m∑
i1,...,ik=1

Ḡ
(i1)
l1

. . . Ḡ
(ik)
lk
L̄jyp Î

∗(i1...ik)
(l1...lk)τp+1,τp

+

+ 1{r=2d−1,d∈N}
(τp+1 − τp)(r+1)/2

((r + 1)/2)!
L(r+1)/2yp, (22)

where Î
∗(i1...ik)
(l1...lk)τp+1,τp

is an approximation of the iterated Stratonovich stochastic

integral (20) and 1A is the indicator of the set A. Note that we understand the

equality (22) componentwise with respect to the components y
(i)
p of the column

yp. Also for simplicity we put τp = p∆, ∆ = T/N, p = 0, 1, . . . , N.

Under the appropriate conditions [2] the numerical scheme (22) has strong
order r/2 (r ∈ N) of convergence.

Denote

ā(x, t) = a(x, t)− 1

2

m∑
j=1

G
(j)
0 Bj(x, t),

where Bj(x, t) is the jth column of the matrix function B(x, t).

It is not difficult to show that (see (18))

L̄ =
∂

∂t
+

n∑
i=1

ā(i)(x, t)
∂

∂x(i)
, (23)

where ā(i)(x, t) is the ith component of the vector function ā(x, t).

Below we consider particular cases of the numerical scheme (22) for r =
2, 3, 4, 5, and 6, i.e. explicit one-step strong numerical schemes with convergence
orders 1.0, 1.5, 2.0, 2.5, and 3.0 for the Itô SDE (1) [26], [27], [67], [68]. At that

for simplicity we will write ā, L̄ā, La, Bi, G
(i)
0 Bj etc. instead of ā(yp, τp),

L̄ā(yp, τp), La(yp, τp), Bi(yp, τp), G
(i)
0 Bj(yp, τp) etc. correspondingly.

Scheme with strong order 1.0

yp+1 = yp +
m∑
i1=1

Bi1 Î
∗(i1)
(0)τp+1,τp

+ ∆ā +
m∑

i1,i2=1

G
(i1)
0 Bi2 Î

∗(i1i2)
(00)τp+1,τp

. (24)
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Scheme with strong order 1.5

yp+1 = yp +
m∑
i1=1

Bi1 Î
∗(i1)
(0)τp+1,τp

+ ∆ā +
m∑

i1,i2=1

G
(i1)
0 Bi2 Î

∗(i1i2)
(00)τp+1,τp

+

+
m∑
i1=1

[
G

(i1)
0 ā

(
∆Î
∗(i1)
(0)τp+1,τp

+ Î
∗(i1)
(1)τp+1,τp

)
− L̄Bi1 Î

∗(i1)
(1)τp+1,τp

]
+

+
m∑

i1,i2,i3=1

G
(i1)
0 G

(i2)
0 Bi3 Î

∗(i1i2i3)
(000)τp+1,τp

+
∆2

2
La. (25)

Scheme with strong order 2.0

yp+1 = yp +
m∑
i1=1

Bi1 Î
∗(i1)
(0)τp+1,τp

+ ∆ā +
m∑

i1,i2=1

G
(i1)
0 Bi2 Î

∗(i1i2)
(00)τp+1,τp

+

+
m∑
i1=1

[
G

(i1)
0 ā

(
∆Î
∗(i1)
(0)τp+1,τp

+ Î
∗(i1)
(1)τp+1,τp

)
− L̄Bi1 Î

∗(i1)
(1)τp+1,τp

]
+

+
m∑

i1,i2,i3=1

G
(i1)
0 G

(i2)
0 Bi3 Î

∗(i1i2i3)
(000)τp+1,τp

+
∆2

2
L̄ā+

+
m∑

i1,i2=1

[
G

(i1)
0 L̄Bi2

(
Î
∗(i1i2)
(10)τp+1,τp

− Î∗(i1i2)
(01)τp+1,τp

)
− L̄G(i1)

0 Bi2 Î
∗(i1i2)
(10)τp+1,τp

+

+G
(i1)
0 G

(i2)
0 ā

(
Î
∗(i1i2)
(01)τp+1,τp

+ ∆Î
∗(i1i2)
(00)τp+1,τp

)]
+

+
m∑

i1,i2,i3,i4=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 Bi4 Î

∗(i1i2i3i4)
(0000)τp+1,τp

. (26)

Scheme with strong order 2.5

yp+1 = yp +
m∑
i1=1

Bi1 Î
∗(i1)
(0)τp+1,τp

+ ∆ā +
m∑

i1,i2=1

G
(i1)
0 Bi2 Î

∗(i1i2)
(00)τp+1,τp

+

+
m∑
i1=1

[
G

(i1)
0 ā

(
∆Î
∗(i1)
(0)τp+1,τp

+ Î
∗(i1)
(1)τp+1,τp

)
− L̄Bi1 Î

∗(i1)
(1)τp+1,τp

]
+
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+
m∑

i1,i2,i3=1

G
(i1)
0 G

(i2)
0 Bi3 Î

∗(i1i2i3)
(000)τp+1,τp

+
∆2

2
L̄ā+

+
m∑

i1,i2=1

[
G

(i1)
0 L̄Bi2

(
Î
∗(i1i2)
(10)τp+1,τp

− Î∗(i1i2)
(01)τp+1,τp

)
− L̄G(i1)

0 Bi2 Î
∗(i1i2)
(10)τp+1,τp

+

+G
(i1)
0 G

(i2)
0 ā

(
Î
∗(i1i2)
(01)τp+1,τp

+ ∆Î
∗(i1i2)
(00)τp+1,τp

)]
+

+
m∑

i1,i2,i3,i4=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 Bi4 Î

∗(i1i2i3i4)
(0000)τp+1,τp

+

+
m∑
i1=1

[
G

(i1)
0 L̄ā

(
1

2
Î
∗(i1)
(2)τp+1,τp

+ ∆Î
∗(i1)
(1)τp+1,τp

+
∆2

2
Î
∗(i1)
(0)τp+1,τp

)
+

+
1

2
L̄L̄Bi1 Î

∗(i1)
(2)τp+1,τp

− L̄G(i1)
0 ā

(
Î
∗(i1)
(2)τp+1,τp

+ ∆Î
∗(i1)
(1)τp+1,τp

)]
+

+
m∑

i1,i2,i3=1

[
G

(i1)
0 L̄G

(i2)
0 Bi3

(
Î
∗(i1i2i3)
(100)τp+1,τp

− Î∗(i1i2i3)
(010)τp+1,τp

)
+

+G
(i1)
0 G

(i2)
0 L̄Bi3

(
Î
∗(i1i2i3)
(010)τp+1,τp

− Î∗(i1i2i3)
(001)τp+1,τp

)
+

+G
(i1)
0 G

(i2)
0 G

(i3)
0 ā

(
∆Î
∗(i1i2i3)
(000)τp+1,τp

+ Î
∗(i1i2i3)
(001)τp+1,τp

)
−

−L̄G(i1)
0 G

(i2)
0 Bi3 Î

∗(i1i2i3)
(100)τp+1,τp

]
+

+
m∑

i1,i2,i3,i4,i5=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 G

(i4)
0 Bi5 Î

∗(i1i2i3i4i5)
(00000)τp+1,τp

+

+
∆3

6
LLa. (27)

Scheme with strong order 3.0

yp+1 = yp +
m∑
i1=1

Bi1 Î
∗(i1)
(0)τp+1,τp

+ ∆ā +
m∑

i1,i2=1

G
(i1)
0 Bi2 Î

∗(i1i2)
(00)τp+1,τp

+

+
m∑
i1=1

[
G

(i1)
0 ā

(
∆Î
∗(i1)
(0)τp+1,τp

+ Î
∗(i1)
(1)τp+1,τp

)
− L̄Bi1 Î

∗(i1)
(1)τp+1,τp

]
+
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+
m∑

i1,i2,i3=1

G
(i1)
0 G

(i2)
0 Bi3 Î

∗(i1i2i3)
(000)τp+1,τp

+
∆2

2
L̄ā+

+
m∑

i1,i2=1

[
G

(i1)
0 L̄Bi2

(
Î
∗(i1i2)
(10)τp+1,τp

− Î∗(i1i2)
(01)τp+1,τp

)
− L̄G(i1)

0 Bi2 Î
∗(i1i2)
(10)τp+1,τp

+

+G
(i1)
0 G

(i2)
0 ā

(
Î
∗(i1i2)
(01)τp+1,τp

+ ∆Î
∗(i1i2)
(00)τp+1,τp

)]
+

+
m∑

i1,i2,i3,i4=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 Bi4 Î

∗(i1i2i3i4)
(0000)τp+1,τp

+ qp+1,p + rp+1,p, (28)

where

qp+1,p =
m∑
i1=1

[
G

(i1)
0 L̄ā

(
1

2
Î
∗(i1)
(2)τp+1,τp

+ ∆Î
∗(i1)
(1)τp+1,τp

+
∆2

2
Î
∗(i1)
(0)τp+1,τp

)
+

+
1

2
L̄L̄Bi1 Î

∗(i1)
(2)τp+1,τp

− L̄G(i1)
0 ā

(
Î
∗(i1)
(2)τp+1,τp

+ ∆Î
∗(i1)
(1)τp+1,τp

)]
+

+
m∑

i1,i2,i3=1

[
G

(i1)
0 L̄G

(i2)
0 Bi3

(
Î
∗(i1i2i3)
(100)τp+1,τp

− Î∗(i1i2i3)
(010)τp+1,τp

)
+

+G
(i1)
0 G

(i2)
0 L̄Bi3

(
Î
∗(i1i2i3)
(010)τp+1,τp

− Î∗(i1i2i3)
(001)τp+1,τp

)
+

+G
(i1)
0 G

(i2)
0 G

(i3)
0 ā

(
∆Î
∗(i1i2i3)
(000)τp+1,τp

+ Î
∗(i1i2i3)
(001)τp+1,τp

)
−

−L̄G(i1)
0 G

(i2)
0 Bi3 Î

∗(i1i2i3)
(100)τp+1,τp

]
+

+
m∑

i1,i2,i3,i4,i5=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 G

(i4)
0 Bi5 Î

∗(i1i2i3i4i5)
(00000)τp+1,τp

+

+
∆3

6
L̄L̄ā,

and

rp+1,p =
m∑

i1,i2=1

[
G

(i1)
0 G

(i2)
0 L̄ā

(
1

2
Î
∗(i1i2)
(02)τp+1,τp

+ ∆Î
∗(i1i2)
(01)τp+1,τp

+
∆2

2
Î
∗(i1i2)
(00)τp+1,τp

)
+

+
1

2
L̄L̄G

(i1)
0 Bi2 Î

∗(i1i2)
(20)τp+1,τp

+
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+G
(i1)
0 L̄G

(i2)
0 ā

(
Î
∗(i1i2)
(11)τp+1,τp

− Î∗(i1i2)
(02)τp+1,τp

+ ∆
(
Î
∗(i1i2)
(10)τp+1,τp

− Î∗(i1i2)
(01)τp+1,τp

))
+

+L̄G
(i1)
0 L̄Bi2

(
Î
∗(i1i2)
(11)τp+1,τp

− Î∗(i1i2)
(20)τp+1,τp

)
+

+G
(i1)
0 L̄L̄Bi2

(
1

2
Î
∗(i1i2)
(02)τp+1,τp

+
1

2
Î
∗(i1i2)
(20)τp+1,τp

− Î∗(i1i2)
(11)τp+1,τp

)
−

−L̄G(i1)
0 G

(i2)
0 ā

(
∆Î
∗(i1i2)
(10)τp+1,τp

+ Î
∗(i1i2)
(11)τp+1,τp

)]
+

+
m∑

i1,i2,i3,i4=1

[
G

(i1)
0 G

(i2)
0 G

(i3)
0 G

(i4)
0 ā

(
∆Î
∗(i1i2i3i4)
(0000)τp+1,τp

+ Î
∗(i1i2i3i4)
(0001)τp+1,τp

)
+

+G
(i1)
0 G

(i2)
0 L̄G

(i3)
0 Bi4

(
Î
∗(i1i2i3i4)
(0100)τp+1,τp

− Î∗(i1i2i3i4)
(0010)τp+1,τp

)
−

−L̄G(i1)
0 G

(i2)
0 G

(i3)
0 Bi4 Î

∗(i1i2i3i4)
(1000)τp+1,τp

+

+G
(i1)
0 L̄G

(i2)
0 G

(i3)
0 Bi4

(
Î
∗(i1i2i3i4)
(1000)τp+1,τp

− Î∗(i1i2i3i4)
(0100)τp+1,τp

)
+

+G
(i1)
0 G

(i2)
0 G

(i3)
0 L̄Bi4

(
Î
∗(i1i2i3i4)
(0010)τp+1,τp

− Î∗(i1i2i3i4)
(0001)τp+1,τp

)]
+

+
m∑

i1,i2,i3,i4,i5,i6=1

G
(i1)
0 G

(i2)
0 G

(i3)
0 G

(i4)
0 G

(i5)
0 Bi6 Î

∗(i1i2i3i4i5i6)
(000000)τp+1,τp

.

Under the suitable conditions [2] the numerical schemes (24)–(28) have
strong orders 1.0, 1.5, 2.0, 2.5, and 3.0 of convergence correspondingly. Among
these conditions we consider only the condition for approximations of iterated
Stratonovich stochastic integrals from (24)–(28) [2] (also see [43])

M


(
I
∗(i1...ik)
(l1...lk)τp+1,τp

− Î∗(i1...ik)
(l1...lk)τp+1,τp

)2
 ≤ C∆r+1, (29)

where constant C is independent of ∆ and r/2 are the strong convergence orders
for the numerical schemes (24)–(28), i.e. r/2 = 1.0, 1.5, 2.0, 2.5, and 3.0.

Note that the numerical schemes (24)–(28) are unrealizable in practice with-
out procedures for the numerical simulation of iterated Stratonovich stochastic
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integrals from (22). The next section is devoted to the effective method of the
mean-square approximation of iterated Itô and Stratonovich stochastic integrals
of arbitrary multiplicity k (k ∈ N).

2.3 Method of Expansion and Approximation of Iterated Itô and

Stratonovich Stochastic Integrals Based on Generalized Multi-

ple Fourier Series

Let us consider the effective approach to expansion of iterated Itô stochastic
integrals [43] (2006) (also see [26], [27], [45]-[47], [59], [62], [68], [69]). This
method is reffered to as the method of generalized multiple Fourier series.

Suppose that every ψl(τ) (l = 1, . . . , k) is a nonrandom function from the
space L2([t, T ]). Define the following function on the hypercube [t, T ]k

K(t1, . . . , tk) =


ψ1(t1) . . . ψk(tk) for t1 < . . . < tk

0 otherwise

, t1, . . . , tk ∈ [t, T ],

(30)
where k ≥ 2 and K(t1) ≡ ψ1(t1) for t1 ∈ [t, T ].

Suppose that {φj(x)}∞j=0 is a complete orthonormal system of functions in
the space L2([t, T ]).

The function K(t1, . . . , tk) belongs to the space L2([t, T ]k). At this situation
it is well known that the generalized multiple Fourier series of K(t1, . . . , tk) ∈
L2([t, T ]k) is converging to K(t1, . . . , tk) in the hypercube [t, T ]k in the mean-
square sense, i.e.

lim
p1,...,pk→∞

∥∥∥∥∥K(t1, . . . , tk)−
p1∑
j1=0

. . .

pk∑
jk=0

Cjk...j1

k∏
l=1

φjl(tl)

∥∥∥∥∥
L2([t,T ]k)

= 0,

where

Cjk...j1 =

∫
[t,T ]k

K(t1, . . . , tk)
k∏
l=1

φjl(tl)dt1 . . . dtk (31)

is the Fourier coefficient and

‖f‖L2([t,T ]k) =

 ∫
[t,T ]k

f 2(t1, . . . , tk)dt1 . . . dtk


1/2

.
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Consider the partition {τj}Nj=0 of the interval [t, T ] such that

t = τ0 < . . . < τN = T, ∆N = max
0≤j≤N−1

∆τj → 0 if N →∞, ∆τj = τj+1−τj.

(32)

Theorem 1 [43] (2006) (also see [26], [27], [45]-[47], [59], [62], [68], [69]).

Suppose that every ψl(τ) (l = 1, . . . , k) is a continuous nonrandom function on

[t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous functions

in the space L2([t, T ]). Then

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑
j1=0

. . .

pk∑
jk=0

Cjk...j1

(
k∏
l=1

ζ
(il)
jl
−

− l.i.m.
N→∞

∑
(l1,...,lk)∈Gk

φj1(τl1)∆w(i1)
τl1

. . . φjk(τlk)∆w(ik)
τlk

)
, (33)

where J [ψ(k)]T,t is defined by (2),

Gk = Hk\Lk, Hk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1},

Lk = {(l1, . . . , lk) : l1, . . . , lk = 0, 1, . . . , N − 1; lg 6= lr (g 6= r); g, r = 1, . . . , k},

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m,

ζ
(i)
j =

T∫
t

φj(s)dw
(i)
s (34)

are independent standard Gaussian random variables for various i or j (in the

case when i 6= 0), Cjk...j1 is the Fourier coefficient (31), ∆w
(i)
τj = w

(i)
τj+1 − w

(i)
τj

(i = 0, 1, . . . ,m), {τj}Nj=0 is a partition of the interval [t, T ], which satisfies the
condition (32).

Note that a number of modifications and generalizations of Theorem 1 can
be found in [26], [27], [68].

Consider transformed particular cases of (33) for k = 1, . . . , 6 [26], [27], [59],
[62], [68], [69]

J [ψ(1)]T,t = l.i.m.
p1→∞

p1∑
j1=0

Cj1ζ
(i1)
j1
, (35)
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J [ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑
j1=0

p2∑
j2=0

Cj2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
− 1{i1=i2 6=0}1{j1=j2}

)
, (36)

J [ψ(3)]T,t = l.i.m.
p1,...,p3→∞

p1∑
j1=0

p2∑
j2=0

p3∑
j3=0

Cj3j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3
− 1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1
− 1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2

)
, (37)

J [ψ(4)]T,t = l.i.m.
p1,...,p4→∞

p1∑
j1=0

. . .

p4∑
j4=0

Cj4...j1

(
4∏
l=1

ζ
(il)
jl
−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3
ζ

(i4)
j4
− 1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2
ζ

(i4)
j4
−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2
ζ

(i3)
j3
− 1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1
ζ

(i4)
j4
−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1
ζ

(i3)
j3
− 1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1
ζ

(i2)
j2

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4} + 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}+

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}

)
, (38)

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑
j1=0

. . .

p5∑
j5=0

Cj5...j1

(
5∏
l=1

ζ
(il)
jl
−

−1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3
ζ

(i4)
j4
ζ

(i5)
j5
− 1{i1=i3 6=0}1{j1=j3}ζ

(i2)
j2
ζ

(i4)
j4
ζ

(i5)
j5
−

−1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2
ζ

(i3)
j3
ζ

(i5)
j5
− 1{i1=i5 6=0}1{j1=j5}ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
−

−1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1
ζ

(i4)
j4
ζ

(i5)
j5
− 1{i2=i4 6=0}1{j2=j4}ζ

(i1)
j1
ζ

(i3)
j3
ζ

(i5)
j5
−

−1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1
ζ

(i3)
j3
ζ

(i4)
j4
− 1{i3=i4 6=0}1{j3=j4}ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i5)
j5
−

−1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i4)
j4
− 1{i4=i5 6=0}1{j4=j5}ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3

+
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+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1

+

+ 1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1

)
, (39)

J [ψ(6)]T,t = l.i.m.
p1,...,p6→∞

p1∑
j1=0

. . .

p6∑
j6=0

Cj6...j1

(
6∏
l=1

ζ
(il)
jl
−

−1{i1=i6 6=0}1{j1=j6}ζ
(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i5)
j5
− 1{i2=i6 6=0}1{j2=j6}ζ

(i1)
j1
ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i5)
j5
−

−1{i3=i6 6=0}1{j3=j6}ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i4)
j4
ζ

(i5)
j5
− 1{i4=i6 6=0}1{j4=j6}ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i5)
j5
−

−1{i5=i6 6=0}1{j5=j6}ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
− 1{i1=i2 6=0}1{j1=j2}ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i5)
j5
ζ

(i6)
j6
−

−1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2
ζ

(i4)
j4
ζ

(i5)
j5
ζ

(i6)
j6
− 1{i1=i4 6=0}1{j1=j4}ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i5)
j5
ζ

(i6)
j6
−

−1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i6)
j6
− 1{i2=i3 6=0}1{j2=j3}ζ

(i1)
j1
ζ

(i4)
j4
ζ

(i5)
j5
ζ

(i6)
j6
−

−1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1
ζ

(i3)
j3
ζ

(i5)
j5
ζ

(i6)
j6
− 1{i2=i5 6=0}1{j2=j5}ζ

(i1)
j1
ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i6)
j6
−

−1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i5)
j5
ζ

(i6)
j6
− 1{i3=i5 6=0}1{j3=j5}ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i4)
j4
ζ

(i6)
j6
−

−1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i5)
j5
ζ

(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i4)
j4
ζ

(i6)
j6

+

+1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i3)
j3
ζ

(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i5)
j5
ζ

(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i4)
j4
ζ

(i6)
j6

+

+1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2
ζ

(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i5)
j5
ζ

(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3
ζ

(i6)
j6

+

+1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2
ζ

(i6)
j6

+
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+1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4
ζ

(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3
ζ

(i6)
j6

+

+1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2
ζ

(i6)
j6

+

+1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1
ζ

(i6)
j6

+

+1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1
ζ

(i6)
j6

+

+1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1
ζ

(i6)
j6

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i4 6=0}1{j3=j4}ζ
(i2)
j2
ζ

(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i3=i5 6=0}1{j3=j5}ζ
(i2)
j2
ζ

(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}ζ
(i3)
j3
ζ

(i4)
j4

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}ζ
(i3)
j3
ζ

(i5)
j5

+

+1{i6=i1 6=0}1{j6=j1}1{i4=i5 6=0}1{j4=j5}ζ
(i2)
j2
ζ

(i3)
j3

+

+1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}ζ
(i4)
j4
ζ

(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1
ζ

(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1
ζ

(i3)
j3

+

+1{i6=i2 6=0}1{j6=j2}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1
ζ

(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}ζ
(i3)
j3
ζ

(i4)
j4

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}ζ
(i3)
j3
ζ

(i5)
j5

+

+1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}ζ
(i4)
j4
ζ

(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1
ζ

(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i4=i5 6=0}1{j4=j5}ζ
(i1)
j1
ζ

(i2)
j2

+

+1{i6=i3 6=0}1{j6=j3}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1
ζ

(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2
ζ

(i4)
j4

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2
ζ

(i5)
j5

+

+1{i6=i3 6=0}1{j6=j3}1{i1=i2 6=0}1{j1=j2}ζ
(i4)
j4
ζ

(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i3=i5 6=0}1{j3=j5}ζ
(i1)
j1
ζ

(i2)
j2

+
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+1{i6=i4 6=0}1{j6=j4}1{i2=i5 6=0}1{j2=j5}ζ
(i1)
j1
ζ

(i3)
j3

+

+1{i6=i4 6=0}1{j6=j4}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1
ζ

(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}ζ
(i2)
j2
ζ

(i3)
j3

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2
ζ

(i5)
j5

+

+1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3
ζ

(i5)
j5

+

+1{i6=i5 6=0}1{j6=j5}1{i3=i4 6=0}1{j3=j4}ζ
(i1)
j1
ζ

(i2)
j2

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i4 6=0}1{j2=j4}ζ
(i1)
j1
ζ

(i3)
j3

+

+1{i6=i5 6=0}1{j6=j5}1{i2=i3 6=0}1{j2=j3}ζ
(i1)
j1
ζ

(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}ζ
(i2)
j2
ζ

(i3)
j3

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}ζ
(i2)
j2
ζ

(i4)
j4

+

+1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}ζ
(i3)
j3
ζ

(i4)
j4
−

−1{i6=i1 6=0}1{j6=j1}1{i2=i5 6=0}1{j2=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i4 6=0}1{j2=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i1 6=0}1{j6=j1}1{i2=i3 6=0}1{j2=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i5 6=0}1{j1=j5}1{i3=i4 6=0}1{j3=j4}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i4 6=0}1{j1=j4}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i2 6=0}1{j6=j2}1{i1=i3 6=0}1{j1=j3}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i5 6=0}1{j1=j5}1{i2=i4 6=0}1{j2=j4}−
−1{i6=i3 6=0}1{j6=j3}1{i1=i4 6=0}1{j1=j4}1{i2=i5 6=0}1{j2=j5}−
−1{i3=i6 6=0}1{j3=j6}1{i1=i2 6=0}1{j1=j2}1{i4=i5 6=0}1{j4=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i5 6=0}1{j1=j5}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i3 6=0}1{j1=j3}1{i2=i5 6=0}1{j2=j5}−
−1{i6=i4 6=0}1{j6=j4}1{i1=i2 6=0}1{j1=j2}1{i3=i5 6=0}1{j3=j5}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i4 6=0}1{j1=j4}1{i2=i3 6=0}1{j2=j3}−
−1{i6=i5 6=0}1{j6=j5}1{i1=i2 6=0}1{j1=j2}1{i3=i4 6=0}1{j3=j4}−

−1{i6=i5 6=0}1{j6=j5}1{i1=i3 6=0}1{j1=j3}1{i2=i4 6=0}1{j2=j4}

)
, (40)
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where 1A is the indicator of the set A.

A detailed discussion of advantages of the method based on Theorem 1 over
the approximation methods from works [2], [3], [7], [8], [28]-[36], [38]-[40] can
be found in [26] (Sect. 1.1.10) or in [27], [68].

For further consideration, let us consider the generalization of formulas
(35)–(40) for the case of an arbitrary multiplicity k (k ∈ N) of the iterated Ito
stochastic integral J [ψ(k)]T,t defined by (2). In order to do this, let us introduce
some notations. Consider the unordered set {1, 2, . . . , k} and separate it into
two parts: the first part consists of r unordered pairs (sequence order of these
pairs is also unimportant) and the second one consists of the remaining k − 2r
numbers. So, we have

({{g1, g2}, . . . , {g2r−1, g2r}︸ ︷︷ ︸
part 1

}, {q1, . . . , qk−2r︸ ︷︷ ︸
part 2

}), (41)

where
{g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k},

braces mean an unordered set, and parentheses mean an ordered set.

We will say that (41) is a partition and consider the sum with respect to
all possible partitions ∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})
{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

ag1g2,...,g2r−1g2r,q1...qk−2r . (42)

Below there are several examples of sums in the form (42)∑
({g1,g2})

{g1,g2}={1,2}

ag1g2 = a12,

∑
({{g1,g2},{g3,g4}})
{g1,g2,g3,g4}={1,2,3,4}

ag1g2g3g4 = a1234 + a1324 + a2314,

∑
({g1,g2},{q1,q2})

{g1,g2,q1,q2}={1,2,3,4}

ag1g2,q1q2 =

= a12,34 + a13,24 + a14,23 + a23,14 + a24,13 + a34,12,
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∑
({g1,g2},{q1,q2,q3})

{g1,g2,q1,q2,q3}={1,2,3,4,5}

ag1g2,q1q2q3 =

= a12,345 + a13,245 + a14,235 + a15,234 + a23,145 + a24,135+

+a25,134 + a34,125 + a35,124 + a45,123,

∑
({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

ag1g2,g3g4,q1 =

= a12,34,5 + a13,24,5 + a14,23,5 + a12,35,4 + a13,25,4 + a15,23,4+

+a12,54,3 + a15,24,3 + a14,25,3 + a15,34,2 + a13,54,2 + a14,53,2+

+a52,34,1 + a53,24,1 + a54,23,1.

Now we can write (33) as

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑
j1=0

. . .

pk∑
jk=0

Cjk...j1

(
k∏
l=1

ζ
(il)
jl

+

[k/2]∑
r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})
{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏
s=1

1{ig2s−1= ig2s 6=0}1{jg2s−1= jg2s }

k−2r∏
l=1

ζ
(iql)

jql

)
, (43)

where [x] is an integer part of a real number x; another notations are the same
as in Theorem 1.

In particular, from (43) for k = 5 we obtain

J [ψ(5)]T,t = l.i.m.
p1,...,p5→∞

p1∑
j1=0

. . .

p5∑
j5=0

Cj5...j1

(
5∏
l=1

ζ
(il)
jl
−

−
∑

({g1,g2},{q1,q2,q3})
{g1,g2,q1,q2,q3}={1,2,3,4,5}

1{ig1= ig2 6=0}1{jg1= jg2}

3∏
l=1

ζ
(iql)

jql
+

+
∑

({{g1,g2},{g3,g4}},{q1})
{g1,g2,g3,g4,q1}={1,2,3,4,5}

1{ig1= ig2 6=0}1{jg1= jg2}
1{ig3= ig4 6=0}1{jg3= jg4 }

ζ
(iq1)
jq1

)
.

The last equality obviously agrees with (39).
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Let us consider the generalization of Theorem 1 for the case of an arbi-
trary complete orthonormal systems of functions in the space L2([t, T ]) and
ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]).

Theorem 2 [68] (Sect. 1.11), [89] (Sect. 15). Suppose that ψ1(τ), . . . ,

ψk(τ) ∈ L2([t, T ]) and {φj(x)}∞j=0 is an arbitrary complete orthonormal system

of functions in the space L2([t, T ]). Then the following expansion

J [ψ(k)]T,t = l.i.m.
p1,...,pk→∞

p1∑
j1=0

. . .

pk∑
jk=0

Cjk...j1

(
k∏
l=1

ζ
(il)
jl

+

[k/2]∑
r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})
{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏
s=1

1{ig2s−1= ig2s 6=0}1{jg2s−1= jg2s }

k−2r∏
l=1

ζ
(iql)

jql

)
(44)

converging in the mean-square sense is valid, where [x] is an integer part of a
real number x; another notations are the same as in Theorem 1.

It should be noted that an analogue of Theorem 2 was considered in [123].
Note that we use another notations [68] (Sect. 1.11), [89] (Sect. 15) in compar-
ison with [123]. Moreover, the proof of an analogue of Theorem 2 from [123] is
somewhat different from the proof given in [68] (Sect. 1.11), [89] (Sect. 15).

As it turned out, Theorems 1, 2 can be adapted for the iterated Stratonovich
stochastic integrals (3) of multiplicities 1 to 6 [26], [27], [68]-[70] (also see bib-
liography therein). Let as collect some old results in the following theorem.

Theorem 3 [26], [27], [68]-[70]. Suppose that {φj(x)}∞j=0 is a complete

orthonormal system of Legendre polynomials or trigonometric functions in the

space L2([t, T ]). At the same time ψ2(τ) is a continuously differentiable function

on [t, T ] and ψ1(τ), ψ3(τ) are twice continuously differentiable functions on

[t, T ]. Then

J∗[ψ(2)]T,t = l.i.m.
p1,p2→∞

p1∑
j1=0

p2∑
j2=0

Cj2j1ζ
(i1)
j1
ζ

(i2)
j2

(i1, i2 = 1, . . . ,m), (45)

J∗[ψ(3)]T,t = l.i.m.
p1,p2,p3→∞

p1∑
j1=0

p2∑
j2=0

p3∑
j3=0

Cj3j2j1ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3

(i1, i2, i3 = 0, 1, . . . ,m),

(46)
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J∗[ψ(3)]T,t = l.i.m.
p→∞

p∑
j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3

(i1, i2, i3 = 1, . . . ,m), (47)

J∗[ψ(4)]T,t = l.i.m.
p→∞

p∑
j1,...,j4=0

Cj4j3j2j1ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4

(i1, . . . , i4 = 0, 1, . . . ,m),

(48)
where J∗[ψ(k)]T,t is defined by (3), and ψl(τ) ≡ 1 (l = 1, . . . , 4) in (46), (48);
another notations are the same as in Theorems 1, 2.

Recently, a new approach to the expansion and mean-square approximation
of iterated Stratonovich stochastic integrals has been obtained [68] (Sect. 2.10–
2.16), [93] (Sect. 13–19), [98] (Sect. 5–11), [99] (Sect. 7–13), [100] (Sect. 4–9).

Let us formulate four theorems that were obtained using this approach.

Theorem 4 [68], [93], [98], [99], [100]. Suppose that {φj(x)}∞j=0 is a com-

plete orthonormal system of Legendre polynomials or trigonometric functions

in the space L2([t, T ]). Furthermore, let ψ1(τ), ψ2(τ), ψ3(τ) are continuously dif-

ferentiable nonrandom functions on [t, T ]. Then, for the iterated Stratonovich

stochastic integral of third multiplicity

J∗[ψ(3)]T,t =

∗∫
t

T

ψ3(t3)

∗∫
t

t3

ψ2(t2)

∗∫
t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 (49)

the following relations

J∗[ψ(3)]T,t = l.i.m.
p→∞

p∑
j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
, (50)

M


(
J∗[ψ(3)]T,t −

p∑
j1,j2,j3=0

Cj3j2j1ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3

)2
 ≤ C

p
(51)

are fulfilled, where i1, i2, i3 = 0, 1, . . . ,m in (49), (50) and i1, i2, i3 = 1, . . . ,m

in (51), constant C is independent of p,

Cj3j2j1 =

T∫
t

ψ3(t3)φj3(t3)

t3∫
t

ψ2(t2)φj2(t2)

t2∫
t

ψ1(t1)φj1(t1)dt1dt2dt3
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and

ζ
(i)
j =

T∫
t

φj(τ)df (i)
τ

are independent standard Gaussian random variables for various i or j (in the
case when i 6= 0); another notations are the same as in Theorems 1, 2.

Theorem 5 [68], [93], [98], [99], [100]. Let {φj(x)}∞j=0 be a complete or-

thonormal system of Legendre polynomials or trigonometric functions in the

space L2([t, T ]). Furthermore, let ψ1(τ), . . . , ψ4(τ) be continuously differentiable

nonrandom functions on [t, T ]. Then, for the iterated Stratonovich stochastic

integral of fourth multiplicity

J∗[ψ(4)]T,t =

∗∫
t

T

ψ4(t4)

∗∫
t

t4

ψ3(t3)

∗∫
t

t3

ψ2(t2)

∗∫
t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4

(52)

the following relations

J∗[ψ(4)]T,t = l.i.m.
p→∞

p∑
j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
, (53)

M


(
J∗[ψ(4)]T,t −

p∑
j1,j2,j3,j4=0

Cj4j3j2j1ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4

)2
 ≤ C

p1−ε (54)

are fulfilled, where i1, . . . , i4 = 0, 1, . . . ,m in (52), (53) and i1, . . . , i4 = 1, . . . ,m

in (54), constant C does not depend on p, ε is an arbitrary small positive real

number for the case of complete orthonormal system of Legendre polynomials

in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal system

of trigonometric functions in the space L2([t, T ]),

Cj4j3j2j1 =

=

T∫
t

ψ4(t4)φj4(t4)

t4∫
t

ψ3(t3)φj3(t3)

t3∫
t

ψ2(t2)φj2(t2)

t2∫
t

ψ1(t1)φj1(t1)dt1dt2dt3dt4;

another notations are the same as in Theorem 4.
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Theorem 6 [68], [93], [98], [99], [100]. Assume that {φj(x)}∞j=0 is a complete

orthonormal system of Legendre polynomials or trigonometric functions in the

space L2([t, T ]) and ψ1(τ), . . . , ψ5(τ) are continuously differentiable nonrandom

functions on [t, T ]. Then, for the iterated Stratonovich stochastic integral of fifth

multiplicity

J∗[ψ(5)]T,t =

=

∗∫
t

T

ψ5(t5)

∗∫
t

t5

ψ4(t4)

∗∫
t

t4

ψ3(t3)

∗∫
t

t3

ψ2(t2)

∗∫
t

t2

ψ1(t1)dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 dw

(i5)
t5

(55)

the following relations

J∗[ψ(5)]T,t = l.i.m.
p→∞

p∑
j1,j2,j3,j4,j5=0

Cj5j4j3j2j1ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i5)
j5
, (56)

M


(
J∗[ψ(5)]T,t −

p∑
j1,j2,j3,j4,j5=0

Cj5j4j3j2j1ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i5)
j5

)2
 ≤

≤ C

p1−ε (57)

are fulfilled, where i1, . . . , i5 = 0, 1, . . . ,m in (55), (56) and i1, . . . , i5 = 1, . . . ,m

in (57), constant C is independent of p, ε is an arbitrary small positive real

number for the case of complete orthonormal system of Legendre polynomials

in the space L2([t, T ]) and ε = 0 for the case of complete orthonormal system

of trigonometric functions in the space L2([t, T ]),

Cj5j4j3j2j1 =

T∫
t

ψ5(t5)φj5(t5)

t5∫
t

ψ4(t4)φj4(t4)

t4∫
t

ψ3(t3)φj3(t3)×

×
t3∫
t

ψ2(t2)φj2(t2)

t2∫
t

ψ1(t1)φj1(t1)dt1dt2dt3dt4dt5;

another notations are the same as in Theorems 4, 5.
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Theorem 7 [68], [93], [98], [99]. Suppose that {φj(x)}∞j=0 is a complete

orthonormal system of Legendre polynomials or trigonometric functions in the

space L2([t, T ]). Then, for the iterated Stratonovich stochastic integral of sixth

multiplicity

I
∗(i1i2i3i4i5i6)
T,t =

=

∗∫
t

T ∗∫
t

t6 ∗∫
t

t5 ∗∫
t

t4 ∗∫
t

t3 ∗∫
t

t2

dw
(i1)
t1 dw

(i2)
t2 dw

(i3)
t3 dw

(i4)
t4 dw

(i5)
t5 dw

(i6)
t6

the following expansion

I
∗(i1i2i3i4i5i6)
T,t =

= l.i.m.
p→∞

p∑
j1,j2,j3,j4,j5,j6=0

Cj6j5j4j3j2j1ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i5)
j5
ζ

(i6)
j6

that converges in the mean-square sense is valid, where i1, . . . , i6 = 0, 1, . . . ,m,

Cj6j5j4j3j2j1 =

=

T∫
t

φj6(t6)

t6∫
t

φj5(t5)

t5∫
t

φj4(t4)

t4∫
t

φj3(t3)

t3∫
t

φj2(t2)

t2∫
t

φj1(t1)dt1dt2dt3dt4dt5dt6;

another notations are the same as in Theorems 4–6.

Consider the following Hypothesis on expansion of the iterated Stratonovich
stochastic integrals (3) of arbitrary multiplicity k (k ∈ N).

Hypothesis 1 [26], [27], [68], [69]. Assume that {φj(x)}∞j=0 is a complete

orthonormal system of Legendre polynomials or trigonometric functions in the

space L2([t, T ]). Moreover, every ψl(τ) (l = 1, . . . , k) is an enough smooth

nonrandom function on [t, T ]. Then, for the iterated Stratonovich stochastic

integral (3) of multiplicity k the following expansion

J∗[ψ(k)]T,t = l.i.m.
p→∞

p∑
j1,...jk=0

Cjk...j1

k∏
l=1

ζ
(il)
jl

(58)

that converges in the mean-square sense is valid, where notations are the same
as in Theorems 1, 2.
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Hypothesis 1 allows to approximate the iterated Stratonovich stochastic
integral J∗[ψ(k)]T,t by the sum

J∗[ψ(k)]pT,t =

p∑
j1,...jk=0

Cjk...j1

k∏
l=1

ζ
(il)
jl
, (59)

where

lim
p→∞

M


(
J∗[ψ(k)]T,t − J∗[ψ(k)]pT,t

)2
 = 0.

Note that Hypothesis 1 is proved in [68] (Sect. 2.10) under the condition of
convergence of trace series (also see [93], [98], [99]).

Assume that J [ψ(k)]pT,t is the approximation of (2), which is the expression
on the right-hand side of (44) before passing to the limit for the case p1 = . . . =
pk = p, i.e.

J [ψ(k)]pT,t =

p∑
j1,...,jk=0

Cjk...j1

(
k∏
l=1

ζ
(il)
jl

+

[k/2]∑
r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})
{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏
s=1

1{ig2s−1= ig2s 6=0}1{jg2s−1= jg2s }

k−2r∏
l=1

ζ
(iql)

jql

)
, (60)

where [x] is an integer part of a real number x; another notations are the same
as in Theorems 1, 2.

Let us denote

M

{(
J [ψ(k)]T,t − J [ψ(k)]pT,t

)2
}

def
= Ep

k,

‖K‖2
L2([t,T ]k) =

∫
[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk
def
= Ik.

For the futher consideration, we need the following useful estimate [26], [27],
[68]

Ep
k ≤ k!

(
Ik −

p∑
j1,...,jk=0

C2
jk...j1

)
, (61)

where i1, . . . , ik = 1, . . . ,m for T − t ∈ (0,∞) and i1, . . . , ik = 0, 1, . . . ,m for
T − t ∈ (0, 1); another notations are the same as in Theorems 1, 2.
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The value Ep
k can be calculated exactly.

Theorem 8 [68] (Sect. 1.12), [91] (Sect. 6). Suppose that {φj(x)}∞j=0 is an

arbitrary complete orthonormal system of functions in the space L2([t, T ]) and

ψ1(τ), . . . , ψk(τ) ∈ L2([t, T ]), i1, . . . , ik = 1, . . . ,m. Then

Ep
k = Ik−

=

p∑
j1,...,jk=0

Cjk...j1M

J [ψ(k)]T,t
∑

(j1,...,jk)

T∫
t

φjk(tk) . . .

t2∫
t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk

 ,

(62)

where i1, . . . , ik = 1, . . . ,m; the expression∑
(j1,...,jk)

means the sum with respect to all possible permutations (j1, . . . , jk). At the same
time if jr swapped with jq in the permutation (j1, . . . , jk), then ir swapped with iq
in the permutation (i1, . . . , ik); another notations are the same as in Theorems
1, 2.

Note that

M

J [ψ(k)]T,t

T∫
t

φjk(tk) . . .

t2∫
t

φj1(t1)df
(i1)
t1 . . . df

(ik)
tk

 = Cjk...j1.

Then from Theorem 8 we obtain

Ep
k = Ik −

p∑
j1,...,jk=0

C2
jk...j1

(i1, . . . , ik are pairwise different), (63)

Ep
k = Ik −

p∑
j1,...,jk=0

Cjk...j1

 ∑
(j1,...,jk)

Cjk...j1

 (i1 = . . . = ik). (64)

Consider some examples of the application of Theorem 8 (i1, . . . , i5 =
1, . . . ,m):

Ep
2 = I2 −

p∑
j1,j2=0

C2
j2j1
−

p∑
j1,j2=0

Cj2j1Cj1j2 (i1 = i2), (65)

37

1825



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

Ep
3 = I3 −

p∑
j3,j2,j1=0

C2
j3j2j1

−
p∑

j3,j2,j1=0

Cj3j1j2Cj3j2j1 (i1 = i2 6= i3), (66)

Ep
3 = I3 −

p∑
j3,j2,j1=0

C2
j3j2j1

−
p∑

j3,j2,j1=0

Cj2j3j1Cj3j2j1 (i1 6= i2 = i3), (67)

Ep
3 = I3 −

p∑
j3,j2,j1=0

C2
j3j2j1

−
p∑

j3,j2,j1=0

Cj3j2j1Cj1j2j3 (i1 = i3 6= i2), (68)

Ep
4 = I4 −

p∑
j1,...,j4=0

Cj4...j1

∑
(j1,j2)

Cj4...j1

 (i1 = i2 6= i3, i4; i3 6= i4), (69)

Ep
4 = I4 −

p∑
j1,...,j4=0

Cj4...j1

∑
(j1,j3)

Cj4...j1

 (i1 = i3 6= i2, i4; i2 6= i4), (70)

Ep
4 = I4 −

p∑
j1,...,j4=0

Cj4...j1

∑
(j2,j3)

Cj4...j1

 (i2 = i3 6= i1, i4; i1 6= i4), (71)

Ep
4 = I4 −

p∑
j1,...,j4=0

Cj4...j1

∑
(j1,j4)

Cj4...j1

 (i1 = i4 6= i2, i3; i2 6= i3), (72)

Ep
4 = I4 −

p∑
j1,...,j4=0

Cj4...j1

∑
(j1,j4)

∑
(j2,j3)

Cj4...j1

 (i1 = i4 6= i2 = i3), (73)

Ep
4 = I4 −

p∑
j1,...,j4=0

Cj4...j1

 ∑
(j1,j2,j3)

Cj4...j1

 (i1 = i2 = i3 6= i4), (74)

Ep
4 = I4 −

p∑
j1,...,j4=0

Cj4...j1

 ∑
(j2,j3,j4)

Cj4...j1

 (i2 = i3 = i4 6= i1), (75)
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Ep
4 = I4 −

p∑
j1,...,j4=0

Cj4...j1

 ∑
(j1,j2,j4)

Cj4...j1

 , (i1 = i2 = i4 6= i3), (76)

Ep
4 = I4 −

p∑
j1,...,j4=0

Cj4...j1

 ∑
(j1,j3,j4)

Cj4...j1

 (i1 = i3 = i4 6= i2), (77)

Ep
5 = I5 −

p∑
j1,...,j5=0

Cj5...j1

∑
(j1,j2)

Cj5...j1

 , (78)

where i1 = i2 6= i3, i4, i5 and i3, i4, i5 are pairwise different,

Ep
5 = I5 −

p∑
j1,...,j5=0

Cj5...j1

∑
(j2,j3)

Cj5...j1

 , (79)

where i2 = i3 6= i1, i4, i5 and i1, i4, i5 are pairwise different,

Ep
5 = I5 −

p∑
j1,...,j5=0

Cj5...j1

∑
(j1,j3)

Cj5...j1

 , (80)

where i1 = i3 6= i2, i4, i5 and i2, i4, i5 are pairwise different,

Ep
5 = I5 −

p∑
j1,...,j5=0

Cj5...j1

∑
(j1,j4)

Cj5...j1

 , (81)

where i1 = i4 6= i2, i3, i5 and i2, i3, i5 are pairwise different,

Ep
5 = I5 −

p∑
j1,...,j5=0

Cj5...j1

∑
(j1,j5)

Cj5...j1

 , (82)

where i1 = i5 6= i2, i3, i4 and i2, i3, i4 are pairwise different.

Ep
5 = I5 −

p∑
j1,...,j5=0

Cj5...j1

∑
(j2,j4)

Cj5...j1

 , (83)

where i2 = i4 6= i1, i3, i5 and i1, i3, i5 are pairwise different.
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Ep
5 = I5 −

p∑
j1,...,j5=0

Cj5...j1

∑
(j4,j5)

Cj5...j1

 , (84)

where i4 = i5 6= i1, i2, i3 and i1, i2, i3 are pairwise different,

Ep
5 = I5 −

p∑
j1,...,j5=0

Cj5...j1

∑
(j2,j4)

∑
(j3,j5)

Cj5...j1

 (i1 6= i2 = i4 6= i3 = i5 6= i1).

(85)

2.4 Approximations of Iterated Itô Stochastic Integrals from the

Numerical Schemes (11)–(16) Using Legendre Polynomials

This section is devoted to approximation of the iterated Itô stochastic integrals
(6) of multiplicities 1 to 6 based on Theorems 1, 2. At that we will use multiple
Fourier–Legendre series for approximation of the mentioned stochastic integrals.

The numerical schemes (11)–(16) contain the following set (see (6)) of iter-
ated Itô stochastic integrals

I
(i1)
(0)T,t, I

(i1)
(1)T,t, I

(i1)
(2)T,t, I

(i1i2)
(00)T,t, I

(i1i2)
(10)T,t, I

(i1i2)
(01)T,t, I

(i1i2i3)
(000)T,t, I

(i1i2i3i4)
(0000)T,t, (86)

I
(i1i2i3i4i5)
(00000)T,t , I

(i1i2)
(02)T,t, I

(i1i2)
(20)T,t, I

(i1i2)
(11)T,t, I

(i1i2i3)
(100)T,t, I

(i1i2i3)
(010)T,t, I

(i1i2i3)
(001)T,t, (87)

I
(i1i2i3i4)
(0001)T,t, I

(i1i2i3i4)
(0010)T,t, I

(i1i2i3i4)
(0100)T,t, I

(i1i2i3i4)
(1000)T,t, I

(i1i2i3i4i5i6)
(000000)T,t . (88)

Let us consider the complete orthonormal system of Legendre polynomials
in the space L2([t, T ])

φj(x) =

√
2j + 1

T − t
Pj

((
x− T + t

2

)
2

T − t

)
, j = 0, 1, 2, . . . , (89)

where Pj(x) is the Legendre polynomial

Pj(x) =
1

2jj!

dj

dxj
(
x2 − 1

)j
.

Using Theorems 1, 2 and well known properties of the Legendre polynomi-
als, we obtain the following formulas for numerical modeling of the stochastic
integrals (86)–(88) [26], [27], [43]-[47], [68], [69], [71]-[73]

I
(i1)
(0)T,t =

√
T − tζ(i1)

0 , (90)
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I
(i1)
(1)T,t = −(T − t)3/2

2

(
ζ

(i1)
0 +

1√
3
ζ

(i1)
1

)
, (91)

I
(i1)
(2)T,t =

(T − t)5/2

3

(
ζ

(i1)
0 +

√
3

2
ζ

(i1)
1 +

1

2
√

5
ζ

(i1)
2

)
, (92)

I
(i1i2)q
(00)T,t =

T − t
2

(
ζ

(i1)
0 ζ

(i2)
0 +

q∑
i=1

1√
4i2 − 1

(
ζ

(i1)
i−1ζ

(i2)
i − ζ(i1)

i ζ
(i2)
i−1

)
− 1{i1=i2}

)
,

(93)

I
(i1i2i3)q1
(000)T,t =

q1∑
j1,j2,j3=0

C000
j3j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
− 1{i1=i2}1{j1=j2}ζ

(i3)
j3
−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1
− 1{i1=i3}1{j1=j3}ζ

(i2)
j2

)
, (94)

I
(i1i2)q2
(10)T,t =

q2∑
j1,j2=0

C10
j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
− 1{i1=i2}1{j1=j2}

)
, (95)

I
(i1i2)q2
(01)T,t =

q2∑
j1,j2=0

C01
j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
− 1{i1=i2}1{j1=j2}

)
, (96)

I
(i1i2i3i4)q3
(0000)T,t =

q3∑
j1,j2,j3,j4=0

C0000
j4j3j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3
ζ

(i4)
j4
− 1{i1=i3}1{j1=j3}ζ

(i2)
j2
ζ

(i4)
j4
−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2
ζ

(i3)
j3
− 1{i2=i3}1{j2=j3}ζ

(i1)
j1
ζ

(i4)
j4
−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1
ζ

(i3)
j3
− 1{i3=i4}1{j3=j4}ζ

(i1)
j1
ζ

(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+ 1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)
, (97)

I
(i1i2i3i4i5)q4
(00000)T,t =

q4∑
j1,j2,j3,j4,j5=0

C00000
j5j4j3j2j1

(
5∏
l=1

ζ
(il)
jl
−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3
ζ

(i4)
j4
ζ

(i5)
j5
− 1{i1=i3}1{j1=j3}ζ

(i2)
j2
ζ

(i4)
j4
ζ

(i5)
j5
−
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−1{i1=i4}1{j1=j4}ζ
(i2)
j2
ζ

(i3)
j3
ζ

(i5)
j5
− 1{i1=i5}1{j1=j5}ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1
ζ

(i4)
j4
ζ

(i5)
j5
− 1{i2=i4}1{j2=j4}ζ

(i1)
j1
ζ

(i3)
j3
ζ

(i5)
j5
−

−1{i2=i5}1{j2=j5}ζ
(i1)
j1
ζ

(i3)
j3
ζ

(i4)
j4
− 1{i3=i4}1{j3=j4}ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i5)
j5
−

−1{i3=i5}1{j3=j5}ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i4)
j4
− 1{i4=i5}1{j4=j5}ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4}ζ
(i5)
j5

+ 1{i1=i2}1{j1=j2}1{i3=i5}1{j3=j5}ζ
(i4)
j4

+

+1{i1=i2}1{j1=j2}1{i4=i5}1{j4=j5}ζ
(i3)
j3

+ 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}ζ
(i5)
j5

+

+1{i1=i3}1{j1=j3}1{i2=i5}1{j2=j5}ζ
(i4)
j4

+ 1{i1=i3}1{j1=j3}1{i4=i5}1{j4=j5}ζ
(i2)
j2

+

+1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}ζ
(i5)
j5

+ 1{i1=i4}1{j1=j4}1{i2=i5}1{j2=j5}ζ
(i3)
j3

+

+1{i1=i4}1{j1=j4}1{i3=i5}1{j3=j5}ζ
(i2)
j2

+ 1{i1=i5}1{j1=j5}1{i2=i3}1{j2=j3}ζ
(i4)
j4

+

+1{i1=i5}1{j1=j5}1{i2=i4}1{j2=j4}ζ
(i3)
j3

+ 1{i1=i5}1{j1=j5}1{i3=i4}1{j3=j4}ζ
(i2)
j2

+

+1{i2=i3}1{j2=j3}1{i4=i5}1{j4=j5}ζ
(i1)
j1

+ 1{i2=i4}1{j2=j4}1{i3=i5}1{j3=j5}ζ
(i1)
j1

+

+ 1{i2=i5}1{j2=j5}1{i3=i4}1{j3=j4}ζ
(i1)
j1

)
, (98)

I
(i1i2)q5
(20)T,t =

q5∑
j1,j2=0

C20
j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
− 1{i1=i2}1{j1=j2}

)
, (99)

I
(i1i2)q6
(11)T,t =

q6∑
j1,j2=0

C11
j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
− 1{i1=i2}1{j1=j2}

)
, (100)

I
(i1i2)q7
(02)T,t =

q7∑
j1,j2=0

C02
j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
− 1{i1=i2}1{j1=j2}

)
, (101)

I
(i1i2i3)q8
(001)T,t =

q8∑
j1,j2,j3=0

C001
j3j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
− 1{i1=i2}1{j1=j2}ζ

(i3)
j3
−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1
− 1{i1=i3}1{j1=j3}ζ

(i2)
j2

)
, (102)

42

1830



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

I
(i1i2i3)q9
(010)T,t =

q9∑
j1,j2,j3=0

C010
j3j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
− 1{i1=i2}1{j1=j2}ζ

(i3)
j3
−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1
− 1{i1=i3}1{j1=j3}ζ

(i2)
j2

)
, (103)

I
(i1i2i3)q10
(100)T,t =

q10∑
j1,j2,j3=0

C100
j3j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
− 1{i1=i2}1{j1=j2}ζ

(i3)
j3
−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1
− 1{i1=i3}1{j1=j3}ζ

(i2)
j2

)
, (104)

I
(i1i2i3i4)q11
(0001)T,t =

q11∑
j1,j2,j3,j4=0

C0001
j4j3j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3
ζ

(i4)
j4
− 1{i1=i3}1{j1=j3}ζ

(i2)
j2
ζ

(i4)
j4
−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2
ζ

(i3)
j3
− 1{i2=i3}1{j2=j3}ζ

(i1)
j1
ζ

(i4)
j4
−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1
ζ

(i3)
j3
− 1{i3=i4}1{j3=j4}ζ

(i1)
j1
ζ

(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+ 1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)
, (105)

I
(i1i2i3i4)q12
(0010)T,t

q12∑
j1,j2,j3,j4=0

C0010
j4j3j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3
ζ

(i4)
j4
− 1{i1=i3}1{j1=j3}ζ

(i2)
j2
ζ

(i4)
j4
−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2
ζ

(i3)
j3
− 1{i2=i3}1{j2=j3}ζ

(i1)
j1
ζ

(i4)
j4
−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1
ζ

(i3)
j3
− 1{i3=i4}1{j3=j4}ζ

(i1)
j1
ζ

(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+ 1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)
, (106)
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I
(i1i2i3i4)q13
(0100)T,t =

q13∑
j1,j2,j3,j4=0

C0100
j4j3j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3
ζ

(i4)
j4
− 1{i1=i3}1{j1=j3}ζ

(i2)
j2
ζ

(i4)
j4
−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2
ζ

(i3)
j3
− 1{i2=i3}1{j2=j3}ζ

(i1)
j1
ζ

(i4)
j4
−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1
ζ

(i3)
j3
− 1{i3=i4}1{j3=j4}ζ

(i1)
j1
ζ

(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+ 1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)
, (107)

I
(i1i2i3i4)q14
(1000)T,t =

q14∑
j1,j2,j3,j4=0

C1000
j4j3j2j1

(
ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
−

−1{i1=i2}1{j1=j2}ζ
(i3)
j3
ζ

(i4)
j4
− 1{i1=i3}1{j1=j3}ζ

(i2)
j2
ζ

(i4)
j4
−

−1{i1=i4}1{j1=j4}ζ
(i2)
j2
ζ

(i3)
j3
− 1{i2=i3}1{j2=j3}ζ

(i1)
j1
ζ

(i4)
j4
−

−1{i2=i4}1{j2=j4}ζ
(i1)
j1
ζ

(i3)
j3
− 1{i3=i4}1{j3=j4}ζ

(i1)
j1
ζ

(i2)
j2

+

+1{i1=i2}1{j1=j2}1{i3=i4}1{j3=j4} + 1{i1=i3}1{j1=j3}1{i2=i4}1{j2=j4}+

+ 1{i1=i4}1{j1=j4}1{i2=i3}1{j2=j3}

)
, (108)

I
(i1i2i3i4i5i6)q15
(000000)T,t =

q15∑
j1,j2,j3,j4,j5,j6=0

C000000
j6j5j4j3j2j1

(
6∏
l=1

ζ
(il)
jl
−

−1{j1=j6}1{i1=i6}ζ
(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i5)
j5
− 1{j2=j6}1{i2=i6}ζ

(i1)
j1
ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i5)
j5
−

−1{j3=j6}1{i3=i6}ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i4)
j4
ζ

(i5)
j5
− 1{j4=j6}1{i4=i6}ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i5)
j5
−

−1{j5=j6}1{i5=i6}ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
− 1{j1=j2}1{i1=i2}ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i5)
j5
ζ

(i6)
j6
−

−1{j1=j3}1{i1=i3}ζ
(i2)
j2
ζ

(i4)
j4
ζ

(i5)
j5
ζ

(i6)
j6
− 1{j1=j4}1{i1=i4}ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i5)
j5
ζ

(i6)
j6
−

−1{j1=j5}1{i1=i5}ζ
(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i6)
j6
− 1{j2=j3}1{i2=i3}ζ

(i1)
j1
ζ

(i4)
j4
ζ

(i5)
j5
ζ

(i6)
j6
−

−1{j2=j4}1{i2=i4}ζ
(i1)
j1
ζ

(i3)
j3
ζ

(i5)
j5
ζ

(i6)
j6
− 1{j2=j5}1{i2=i5}ζ

(i1)
j1
ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i6)
j6
−
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−1{j3=j4}1{i3=i4}ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i5)
j5
ζ

(i6)
j6
− 1{j3=j5}1{i3=i5}ζ

(i1)
j1
ζ

(i2)
j2
ζ

(i4)
j4
ζ

(i6)
j6
−

−1{j4=j5}1{i4=i5}ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i6)
j6

+

+1{j1=j2}1{i1=i2}1{j3=j4}1{i3=i4}ζ
(i5)
j5
ζ

(i6)
j6

+ 1{j1=j2}1{i1=i2}1{j3=j5}1{i3=i5}ζ
(i4)
j4
ζ

(i6)
j6

+

+1{j1=j2}1{i1=i2}1{j4=j5}1{i4=i5}ζ
(i3)
j3
ζ

(i6)
j6

+ 1{j1=j3}1{i1=i3}1{j2=j4}1{i2=i4}ζ
(i5)
j5
ζ

(i6)
j6

+

+1{j1=j3}1{i1=i3}1{j2=j5}1{i2=i5}ζ
(i4)
j4
ζ

(i6)
j6

+ 1{j1=j3}1{i1=i3}1{j4=j5}1{i4=i5}ζ
(i2)
j2
ζ

(i6)
j6

+

+1{j1=j4}1{i1=i4}1{j2=j3}1{i2=i3}ζ
(i5)
j5
ζ

(i6)
j6

+ 1{j1=j4}1{i1=i4}1{j2=j5}1{i2=i5}ζ
(i3)
j3
ζ

(i6)
j6

+

+1{j1=j4}1{i1=i4}1{j3=j5}1{i3=i5}ζ
(i2)
j2
ζ

(i6)
j6

+ 1{j1=j5}1{i1=i5}1{j2=j3}1{i2=i3}ζ
(i4)
j4
ζ

(i6)
j6

+

+1{j1=j5}1{i1=i5}1{j2=j4}1{i2=i4}ζ
(i3)
j3
ζ

(i6)
j6

+ 1{j1=j5}1{i1=i5}1{j3=j4}1{i3=i4}ζ
(i2)
j2
ζ

(i6)
j6

+

+1{j2=j3}1{i2=i3}1{j4=j5}1{i4=i5}ζ
(i1)
j1
ζ

(i6)
j6

+ 1{j2=j4}1{i2=i4}1{j3=j5}1{i3=i5}ζ
(i1)
j1
ζ

(i6)
j6

+

+1{j2=j5}1{i2=i5}1{j3=j4}1{i3=i4}ζ
(i1)
j1
ζ

(i6)
j6

+ 1{j6=j1}1{i6=i1}1{j3=j4}1{i3=i4}ζ
(i2)
j2
ζ

(i5)
j5

+

+1{j6=j1}1{i6=i1}1{j3=j5}1{i3=i5}ζ
(i2)
j2
ζ

(i4)
j4

+ 1{j6=j1}1{i6=i1}1{j2=j5}1{i2=i5}ζ
(i3)
j3
ζ

(i4)
j4

+

+1{j6=j1}1{i6=i1}1{j2=j4}1{i2=i4}ζ
(i3)
j3
ζ

(i5)
j5

+ 1{j6=j1}1{i6=i1}1{j4=j5}1{i4=i5}ζ
(i2)
j2
ζ

(i3)
j3

+

+1{j6=j1}1{i6=i1}1{j2=j3}1{i2=i3}ζ
(i4)
j4
ζ

(i5)
j5

+ 1{j6=j2}1{i6=i2}1{j3=j5}1{i3=i5}ζ
(i1)
j1
ζ

(i4)
j4

+

+1{j6=j2}1{i6=i2}1{j4=j5}1{i4=i5}ζ
(i1)
j1
ζ

(i3)
j3

+ 1{j6=j2}1{i6=i2}1{j3=j4}1{i3=i4}ζ
(i1)
j1
ζ

(i5)
j5

+

+1{j6=j2}1{i6=i2}1{j1=j5}1{i1=i5}ζ
(i3)
j3
ζ

(i4)
j4

+ 1{j6=j2}1{i6=i2}1{j1=j4}1{i1=i4}ζ
(i3)
j3
ζ

(i5)
j5

+

+1{j6=j2}1{i6=i2}1{j1=j3}1{i1=i3}ζ
(i4)
j4
ζ

(i5)
j5

+ 1{j6=j3}1{i6=i3}1{j2=j5}1{i2=i5}ζ
(i1)
j1
ζ

(i4)
j4

+

+1{j6=j3}1{i6=i3}1{j4=j5}1{i4=i5}ζ
(i1)
j1
ζ

(i2)
j2

+ 1{j6=j3}1{i6=i3}1{j2=j4}1{i2=i4}ζ
(i1)
j1
ζ

(i5)
j5

+

+1{j6=j3}1{i6=i3}1{j1=j5}1{i1=i5}ζ
(i2)
j2
ζ

(i4)
j4

+ 1{j6=j3}1{i6=i3}1{j1=j4}1{i1=i4}ζ
(i2)
j2
ζ

(i5)
j5

+

+1{j6=j3}1{i6=i3}1{j1=j2}1{i1=i2}ζ
(i4)
j4
ζ

(i5)
j5

+ 1{j6=j4}1{i6=i4}1{j3=j5}1{i3=i5}ζ
(i1)
j1
ζ

(i2)
j2

+

+1{j6=j4}1{i6=i4}1{j2=j5}1{i2=i5}ζ
(i1)
j1
ζ

(i3)
j3

+ 1{j6=j4}1{i6=i4}1{j2=j3}1{i2=i3}ζ
(i1)
j1
ζ

(i5)
j5

+

+1{j6=j4}1{i6=i4}1{j1=j5}1{i1=i5}ζ
(i2)
j2
ζ

(i3)
j3

+ 1{j6=j4}1{i6=i4}1{j1=j3}1{i1=i3}ζ
(i2)
j2
ζ

(i5)
j5

+

+1{j6=j4}1{i6=i4}1{j1=j2}1{i1=i2}ζ
(i3)
j3
ζ

(i5)
j5

+ 1{j6=j5}1{i6=i5}1{j3=j4}1{i3=i4}ζ
(i1)
j1
ζ

(i2)
j2

+

+1{j6=j5}1{i6=i5}1{j2=j4}1{i2=i4}ζ
(i1)
j1
ζ

(i3)
j3

+ 1{j6=j5}1{i6=i5}1{j2=j3}1{i2=i3}ζ
(i1)
j1
ζ

(i4)
j4

+

+1{j6=j5}1{i6=i5}1{j1=j4}1{i1=i4}ζ
(i2)
j2
ζ

(i3)
j3

+ 1{j6=j5}1{i6=i5}1{j1=j3}1{i1=i3}ζ
(i2)
j2
ζ

(i4)
j4

+

+1{j6=j5}1{i6=i5}1{j1=j2}1{i1=i2}ζ
(i3)
j3
ζ

(i4)
j4
−
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−1{j6=j1}1{i6=i1}1{j2=j5}1{i2=i5}1{j3=j4}1{i3=i4}−
−1{j6=j1}1{i6=i1}1{j2=j4}1{i2=i4}1{j3=j5}1{i3=i5}−
−1{j6=j1}1{i6=i1}1{j2=j3}1{i2=i3}1{j4=j5}1{i4=i5}−
−1{j6=j2}1{i6=i2}1{j1=j5}1{i1=i5}1{j3=j4}1{i3=i4}−
−1{j6=j2}1{i6=i2}1{j1=j4}1{i1=i4}1{j3=j5}1{i3=i5}−
−1{j6=j2}1{i6=i2}1{j1=j3}1{i1=i3}1{j4=j5}1{i4=i5}−
−1{j6=j3}1{i6=i3}1{j1=j5}1{i1=i5}1{j2=j4}1{i2=i4}−
−1{j6=j3}1{i6=i3}1{j1=j4}1{i1=i4}1{j2=j5}1{i2=i5}−
−1{j3=j6}1{i3=i6}1{j1=j2}1{i1=i2}1{j4=j5}1{i4=i5}−
−1{j6=j4}1{i6=i4}1{j1=j5}1{i1=i5}1{j2=j3}1{i2=i3}−
−1{j6=j4}1{i6=i4}1{j1=j3}1{i1=i3}1{j2=j5}1{i2=i5}−
−1{j6=j4}1{i6=i4}1{j1=j2}1{i1=i2}1{j3=j5}1{i3=i5}−
−1{j6=j5}1{i6=i5}1{j1=j4}1{i1=i4}1{j2=j3}1{i2=i3}−
−1{j6=j5}1{i6=i5}1{j1=j2}1{i1=i2}1{j3=j4}1{i3=i4}−

−1{j6=j5}1{i6=i5}1{j1=j3}1{i1=i3}1{j2=j4}1{i2=i4}

)
, (109)

where 1A is the indicator of the set A and

C000
j3j2j1

=

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)

8
(T − t)3/2C̄000

j3j2j1
, (110)

C01
j2j1

=

√
(2j1 + 1)(2j2 + 1)

8
(T − t)2C̄01

j2j1
, (111)

C10
j2j1

=

√
(2j1 + 1)(2j2 + 1)

8
(T − t)2C̄10

j2j1
, (112)

C0000
j4j3j2j1

=

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

16
(T − t)2C̄0000

j4j3j2j1
, (113)

C02
j2j1

=

√
(2j1 + 1)(2j2 + 1)

16
(T − t)3C̄02

j2j1
, (114)
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C20
j2j1

=

√
(2j1 + 1)(2j2 + 1)

16
(T − t)3C̄20

j2j1
, (115)

C11
j2j1

=

√
(2j1 + 1)(2j2 + 1)

16
(T − t)3C̄11

j2j1
, (116)

C001
j3j2j1

=

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄001

j3j2j1
, (117)

C010
j3j2j1

=

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄010

j3j2j1
, (118)

C100
j3j2j1

=

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)

16
(T − t)5/2C̄100

j3j2j1
, (119)

C00000
j5j4j3j2j1

=

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)

32
(T − t)5/2C̄00000

j5j4j3j2j1
,

(120)

C0001
j4j3j2j1

=

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄0001

j4j3j2j1
, (121)

C0010
j3j2j1

=

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄0010

j4j3j2j1
, (122)

C0100
j4j3j2j1

=

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄0100

j3j2j1
, (123)

C1000
j4j3j2j1

=

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)

32
(T − t)3C̄1000

j4j3j2j1
, (124)

C000000
j6j5j4j3j2j1

=

=

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)(2j6 + 1)

64
(T − t)3C̄000000

j6j5j4j3j2j1
,

(125)
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where

C̄000
j3j2j1

=

1∫
−1

Pj3(z)

z∫
−1

Pj2(y)

y∫
−1

Pj1(x)dxdydz, (126)

C̄01
j2j1

= −
1∫

−1

(1 + y)Pj2(y)

y∫
−1

Pj1(x)dxdy, (127)

C̄10
j2j1

= −
1∫

−1

Pj2(y)

y∫
−1

(1 + x)Pj1(x)dxdy, (128)

C̄0000
j4j3j2j1

=

1∫
−1

Pj4(u)

u∫
−1

Pj3(z)

z∫
−1

Pj2(y)

y∫
−1

Pj1(x)dxdydzdu, (129)

C̄02
j2j1

=

1∫
−1

Pj2(y)(y + 1)2

y∫
−1

Pj1(x)dxdy, (130)

C̄20
j2j1

=

1∫
−1

Pj2(y)

y∫
−1

Pj1(x)(x+ 1)2dxdy, (131)

C̄11
j2j1

=

1∫
−1

Pj2(y)(y + 1)

y∫
−1

Pj1(x)(x+ 1)dxdy, (132)

C̄001
j3j2j1

= −
1∫

−1

Pj3(z)(z + 1)

z∫
−1

Pj2(y)

y∫
−1

Pj1(x)dxdydz, (133)

C̄010
j3j2j1

= −
1∫

−1

Pj3(z)

z∫
−1

Pj2(y)(y + 1)

y∫
−1

Pj1(x)dxdydz, (134)

C̄100
j3j2j1

= −
1∫

−1

Pj3(z)

z∫
−1

Pj2(y)

y∫
−1

Pj1(x)(x+ 1)dxdydz, (135)

C̄00000
j5j4j3j2j1

=

1∫
−1

Pj5(v)

v∫
−1

Pj4(u)

u∫
−1

Pj3(z)

z∫
−1

Pj2(y)

y∫
−1

Pj1(x)dxdydzdudv, (136)
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C̄1000
j4j3j2j1

= −
1∫

−1

Pj4(u)

u∫
−1

Pj3(z)

z∫
−1

Pj2(y)

y∫
−1

Pj1(x)(x+ 1)dxdydzdu, (137)

C̄0100
j4j3j2j1

= −
1∫

−1

Pj4(u)

u∫
−1

Pj3(z)

z∫
−1

Pj2(y)(y + 1)

y∫
−1

Pj1(x)dxdydzdu, (138)

C̄0010
j4j3j2j1

= −
1∫

−1

Pj4(u)

u∫
−1

Pj3(z)(z + 1)

z∫
−1

Pj2(y)

y∫
−1

Pj1(x)dxdydzdu, (139)

C̄0001
j4j3j2j1

= −
1∫

−1

Pj4(u)(u+ 1)

u∫
−1

Pj3(z)

z∫
−1

Pj2(y)

y∫
−1

Pj1(x)dxdydzdu, (140)

C̄000000
j6j5j4j3j2j1

=

=

1∫
−1

Pj6(w)

w∫
−1

Pj5(v)

v∫
−1

Pj4(u)

u∫
−1

Pj3(z)

z∫
−1

Pj2(y)

y∫
−1

Pj1(x)dxdydzdudvdw;

(141)

another notations are the same as in Theorems 1, 2.

2.5 Optimization of Approximations of Iterated Itô Stochastic In-

tegrals from the Numerical Schemes (12)–(16)

This section is devoted to the optimization of approximations of iterated Itô
stochastic integrals from the numerical schemes (12)–(16). More precisely, we
discuss how to minimize the numbers q, q1, q2, . . . , q15 from Sect. 2.4.

Suppose that ε > 0 is the mean-square accuracy of approximation of the
iterated Itô stochastic integrals (6), i.e.

E
(i1...ik)p
(l1...lk)T,t

def
= M

{(
I

(i1...ik)
(l1...lk)T,t − I

(i1...ik)p
(l1...lk)T,t

)2
}
≤ ε,

where I
(i1...ik)p
(l1...lk)T,t, p ∈ N is the approximation of the iterated Itô stochastic in-

tegral I
(i1...ik)
(l1...lk)T,t. Then from (93) and (61) we obtain the following conditions
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for choosing the numbers q, q1, q2, . . . , q15 for approximations of the iterated Itô
stochastic integrals (86)–(88) [26], [27], [68]

E
(i1i2)q
(00)T,t =

(T − t)2

2

(
1

2
−

q∑
i=1

1

4i2 − 1

)
≤ ε (i1 6= i2), (142)

E
(i1i2i3)q1
(000)T,t ≤ 6

(
(T − t)3

6
−

q1∑
j1,j2,j3=0

(
C000
j3j2j1

)2

)
≤ ε, (143)

E
(i1i2)q2
(01)T,t ≤ 2

(
(T − t)4

4
−

q2∑
j1,j2=0

(
C01
j2j1

)2

)
≤ ε, (144)

E
(i1i2)q2
(10)T,t ≤ 2

(
(T − t)4

12
−

q2∑
j1,j2=0

(
C10
j2j1

)2

)
≤ ε, (145)

E
(i1...i4)q3
(0000)T,t ≤ 24

(
(T − t)4

24
−

q3∑
j1,j2,j3,j4=0

(
C0000
j4j3j2j1

)2

)
≤ ε, (146)

E
(i1...i5)q4
(00000)T,t ≤ 120

(
(T − t)5

120
−

q4∑
j1,j2,j3,j4,j5=0

(
C00000
j5j4j3j2j1

)2

)
≤ ε, (147)

E
(i1i2)q5
(20)T,t ≤ 2

(
(T − t)6

30
−

q5∑
j2,j1=0

(
C20
j2j1

)2

)
≤ ε, (148)

E
(i1i2)q6
(11)T,t ≤ 2

(
(T − t)6

18
−

q6∑
j2,j1=0

(
C11
j2j1

)2

)
≤ ε, (149)

E
(i1i2)q7
(02)T,t ≤ 2

(
(T − t)6

6
−

q7∑
j2,j1=0

(
C02
j2j1

)2

)
≤ ε, (150)

E
(i1i2i3)q8
(001)T,t ≤ 6

(
(T − t)5

10
−

q8∑
j1,j2,j3=0

(
C001
j3j2j1

)2

)
≤ ε, (151)

E
(i1i2i3)q9
(010)T,t ≤ 6

(
(T − t)5

20
−

q9∑
j1,j2,j3=0

(
C010
j3j2j1

)2

)
≤ ε, (152)

E
(i1i2i3)q10
(100)T,t ≤ 6

(
(T − t)5

60
−

q10∑
j1,j2,j3=0

(
C100
j3j2j1

)2

)
≤ ε, (153)
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E
(i1...i4)q11
(0001)T,t ≤ 24

(
(T − t)6

36
−

q11∑
j1,j2,j3,j4=0

(
C0001
j4j3j2j1

)2

)
≤ ε, (154)

E
(i1...i4)q12
(0010)T,t ≤ 24

(
(T − t)6

60
−

q12∑
j1,j2,j3,j4=0

(
C0010
j4j3j2j1

)2

)
≤ ε, (155)

E
(i1...i4)q13
(0100)T,t ≤ 24

(
(T − t)6

120
−

q13∑
j1,j2,j3,j4=0

(
C0100
j4j3j2j1

)2

)
≤ ε, (156)

E
(i1...i4)q14
(1000)T,t ≤ 24

(
(T − t)6

360
−

q14∑
j1,j2,j3,j4=0

(
C1000
j4j3j2j1

)2

)
≤ ε, (157)

E
(i1...i6)q15
(000000)T,t ≤ 720

(
(T − t)6

720
−

q15∑
j1,j2,j3,j4,j5,j6=0

(Cj6j5j4j3j2j1)
2

)
≤ ε. (158)

Taking into account (17) and (110)–(141), (142)–(158), we obtain the fol-
lowing conditions for choosing the numbers q, q1, q2, . . . , q15 for the numerical
schemes (12)–(16) (constant C is independent of T − t (see below)).

Milstein scheme (12)

1

2

(
1

2
−

q∑
i=1

1

4i2 − 1

)
≤ C(T − t).

Strong Taylor–Itô scheme (13) with convergence order 1.5

1

2

(
1

2
−

q∑
i=1

1

4i2 − 1

)
≤ C(T − t)2,

6

(
1

6
− 1

64

q1∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000
j3j2j1

)2

)
≤ C(T−t). (159)

Strong Taylor–Itô scheme (14) with convergence order 2.0

1

2

(
1

2
−

q∑
i=1

1

4i2 − 1

)
≤ C(T − t)3,
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6

(
1

6
− 1

64

q1∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000
j3j2j1

)2

)
≤ C(T−t)2, (160)

2

(
1

4
− 1

64

q2∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄01
j2j1

)2

)
≤ C(T − t), (161)

2

(
1

12
− 1

64

q2∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄10
j2j1

)2

)
≤ C(T − t), (162)

24

(
1

24
− 1

256

q3∑
j1,...,j4=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)
(
C̄0000
j4...j1

)2

)
≤

≤ C(T − t). (163)

Strong Taylor–Itô scheme (15) with convergence order 2.5

1

2

(
1

2
−

q∑
i=1

1

4i2 − 1

)
≤ C(T − t)4,

6

(
1

6
− 1

64

q1∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000
j3j2j1

)2

)
≤ C(T − t)3, (164)

2

(
1

4
− 1

64

q2∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄01
j2j1

)2

)
≤ C(T − t)2, (165)

2

(
1

12
− 1

64

q2∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄10
j2j1

)2

)
≤ C(T − t)2, (166)

24

(
1

24
− 1

256

q3∑
j1,...,j4=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)
(
C̄0000
j4...j1

)2

)
≤

≤ C(T − t)2, (167)

6

(
1

10
− 1

256

q8∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄001
j3j2j1

)2

)
≤

≤ C(T − t), (168)
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6

(
1

20
− 1

256

q9∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄010
j3j2j1

)2

)
≤

≤ C(T − t), (169)

6

(
1

60
− 1

256

q10∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄100
j3j2j1

)2

)
≤

≤ C(T − t), (170)

120

(
1

120
− 1

322

q4∑
j1,...,j5=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)×

×
(
C̄00000
j5...j1

)2

)
≤ C(T − t). (171)

Strong Taylor–Itô scheme (16) with convergence order 3.0

1

2

(
1

2
−

q∑
i=1

1

4i2 − 1

)
≤ C(T − t)5,

6

(
1

6
− 1

64

q1∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000
j3j2j1

)2

)
≤ C(T − t)4, (172)

2

(
1

4
− 1

64

q2∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄01
j2j1

)2

)
≤ C(T − t)3, (173)

2

(
1

12
− 1

64

q2∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄10
j2j1

)2

)
≤ C(T − t)3, (174)

24

(
1

24
− 1

256

q3∑
j1,...,j4=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)
(
C̄0000
j4...j1

)2

)
≤

≤ C(T − t)3, (175)

6

(
1

10
− 1

256

q8∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄001
j3j2j1

)2

)
≤

≤ C(T − t)2, (176)
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6

(
1

20
− 1

256

q9∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄010
j3j2j1

)2

)
≤

≤ C(T − t)2, (177)

6

(
1

60
− 1

256

q10∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄100
j3j2j1

)2

)
≤

≤ C(T − t)2, (178)

120

(
1

120
− 1

322

q4∑
j1,...,j5=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)×

×
(
C̄00000
j5...j1

)2

)
≤ C(T − t)2, (179)

2

(
1

30
− 1

256

q5∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄20
j2j1

)2

)
≤ C(T − t), (180)

2

(
1

18
− 1

256

q6∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄11
j2j1

)2

)
≤ C(T − t), (181)

2

(
1

6
− 1

256

q7∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄02
j2j1

)2

)
≤ C(T − t), (182)

24

(
1

36
− 1

322

q11∑
j1,...,j4=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)
(
C̄0001
j4...j1

)2

)
≤

≤ C(T − t), (183)

24

(
1

60
− 1

322

q12∑
j1,...,j4=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)
(
C̄0010
j4...j1

)2

)
≤

≤ C(T − t), (184)

24

(
1

120
− 1

322

q13∑
j1,...,j4=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)
(
C̄0100
j4...j1

)2

)
≤

≤ C(T − t), (185)
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24

(
1

360
− 1

322

q14∑
j1,...,j4=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)
(
C̄1000
j4...j1

)2

)
≤

≤ C(T − t), (186)

720

(
1

720
− 1

642

q15∑
j1,...,j6=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)(2j6 + 1)×

×
(
C̄000000
j6...j1

)2

)
≤ C(T − t). (187)

Taking into account Theorem 8 and the results of Listings 5 and 6 (see
Sect. 5) we decided to exclude the multiplier factors k! from the left-hand sides
of (159), (160)–(163), (164)–(171), (172)–(187). The detailed numerical con-
firmation of the mentioned possibility can be found in [74]. This means that
we will use the following conditions for choosing the numbers q, q1, q2, . . . , q15

for the numerical schemes (12)–(16) (constant C is independent of T − t (see
below)).

Milstein scheme (12)

1

2

(
1

2
−

q∑
i=1

1

4i2 − 1

)
≤ C(T − t). (188)

Strong Taylor–Itô scheme (13) with convergence order 1.5

1

2

(
1

2
−

q∑
i=1

1

4i2 − 1

)
≤ C(T − t)2, (189)

1

6
− 1

64

q1∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000
j3j2j1

)2 ≤ C(T − t). (190)

Strong Taylor–Itô scheme (14) with convergence order 2.0

1

2

(
1

2
−

q∑
i=1

1

4i2 − 1

)
≤ C(T − t)3, (191)

1

6
− 1

64

q1∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000
j3j2j1

)2 ≤ C(T − t)2, (192)
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1

4
− 1

64

q2∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄01
j2j1

)2 ≤ C(T − t), (193)

1

12
− 1

64

q2∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄10
j2j1

)2 ≤ C(T − t), (194)

1

24
− 1

256

q3∑
j1,...,j4=0

(2j1 +1)(2j2 +1)(2j3 +1)(2j4 +1)
(
C̄0000
j4...j1

)2 ≤ C(T − t). (195)

Strong Taylor–Itô scheme (15) with convergence order 2.5

1

2

(
1

2
−

q∑
i=1

1

4i2 − 1

)
≤ C(T − t)4, (196)

1

6
− 1

64

q1∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000
j3j2j1

)2 ≤ C(T − t)3, (197)

1

4
− 1

64

q2∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄01
j2j1

)2 ≤ C(T − t)2, (198)

1

12
− 1

64

q2∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄10
j2j1

)2 ≤ C(T − t)2, (199)

1

24
− 1

256

q3∑
j1,...,j4=0

(2j1 +1)(2j2 +1)(2j3 +1)(2j4 +1)
(
C̄0000
j4...j1

)2 ≤ C(T−t)2, (200)

1

10
− 1

256

q8∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄001
j3j2j1

)2 ≤ C(T − t), (201)

1

20
− 1

256

q9∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄010
j3j2j1

)2 ≤ C(T − t), (202)

1

60
− 1

256

q10∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄100
j3j2j1

)2 ≤ C(T − t), (203)

1

120
− 1

322

q4∑
j1,...,j5=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)
(
C̄00000
j5...j1

)2 ≤

≤ C(T − t). (204)
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Strong Taylor–Itô scheme (16) with convergence order 3.0

1

2

(
1

2
−

q∑
i=1

1

4i2 − 1

)
≤ C(T − t)5, (205)

1

6
− 1

64

q1∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄000
j3j2j1

)2 ≤ C(T − t)4, (206)

1

4
− 1

64

q2∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄01
j2j1

)2 ≤ C(T − t)3, (207)

1

12
− 1

64

q2∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄10
j2j1

)2 ≤ C(T − t)3, (208)

1

24
− 1

256

q3∑
j1,...,j4=0

(2j1 +1)(2j2 +1)(2j3 +1)(2j4 +1)
(
C̄0000
j4...j1

)2 ≤ C(T−t)3, (209)

1

10
− 1

256

q8∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄001
j3j2j1

)2 ≤ C(T − t)2, (210)

1

20
− 1

256

q9∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄010
j3j2j1

)2 ≤ C(T − t)2, (211)

1

60
− 1

256

q10∑
j1,j2,j3=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)
(
C̄100
j3j2j1

)2 ≤ C(T − t)2, (212)

1

120
− 1

322

q4∑
j1,...,j5=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)
(
C̄00000
j5...j1

)2 ≤

≤ C(T − t)2, (213)

1

30
− 1

256

q5∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄20
j2j1

)2 ≤ C(T − t), (214)

1

18
− 1

256

q6∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄11
j2j1

)2 ≤ C(T − t), (215)

1

6
− 1

256

q7∑
j1,j2=0

(2j1 + 1)(2j2 + 1)
(
C̄02
j2j1

)2 ≤ C(T − t), (216)
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1

36
− 1

322

q11∑
j1,...,j4=0

(2j1 +1)(2j2 +1)(2j3 +1)(2j4 +1)
(
C̄0001
j4...j1

)2 ≤ C(T − t), (217)

1

60
− 1

322

q12∑
j1,...,j4=0

(2j1 +1)(2j2 +1)(2j3 +1)(2j4 +1)
(
C̄0010
j4...j1

)2 ≤ C(T − t), (218)

1

120
− 1

322

q13∑
j1,...,j4=0

(2j1 +1)(2j2 +1)(2j3 +1)(2j4 +1)
(
C̄0100
j4...j1

)2 ≤ C(T−t), (219)

1

360
− 1

322

q14∑
j1,...,j4=0

(2j1 +1)(2j2 +1)(2j3 +1)(2j4 +1)
(
C̄1000
j4...j1

)2 ≤ C(T−t), (220)

1

720
− 1

642

q15∑
j1,...,j6=0

(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1)(2j5 + 1)(2j6 + 1)×

×
(
C̄000000
j6...j1

)2 ≤ C(T − t). (221)

2.6 Approximations of Iterated Stratonovich Stochastic Integrals

from the Numerical Schemes (24)–(28) Using Legendre Polyno-

mials

This section is devoted to approximation of the Stratonovich stochastic integrals
(20) of multiplicities 1 to 6 based on Theorems 3–7. At that we will use multiple
Fourier–Legendre series for approximation of the mentioned stochastic integrals.

The numerical schemes (24)–(28) contain the following set (see (20)) of
iterated Stratonovich stochastic integrals

I
∗(i1)
(0)T,t, I

∗(i1)
(1)T,t, I

∗(i1)
(2)T,t, I

∗(i1i2)
(00)T,t, I

∗(i1i2)
(10)T,t, I

∗(i1i2)
(01)T,t, I

∗(i1i2i3)
(000)T,t , I

∗(i1i2i3i4)
(0000)T,t , (222)

I
∗(i1i2i3i4i5)
(00000)T,t , I

∗(i1i2)
(02)T,t, I

∗(i1i2)
(20)T,t, I

∗(i1i2)
(11)T,t, I

∗(i1i2i3)
(100)T,t , I

∗(i1i2i3)
(010)T,t , I

∗(i1i2i3)
(001)T,t , (223)

I
∗(i1i2i3i4)
(0001)T,t , I

∗(i1i2i3i4)
(0010)T,t , I

∗(i1i2i3i4)
(0100)T,t , I

∗(i1i2i3i4)
(1000)T,t , I

∗(i1i2i3i4i5i6)
(000000)T,t . (224)

Using Theorems 3–7 and well known properties of the Legendre polynomi-
als, we obtain the following formulas for numerical modeling of the stochastic
integrals (222)–(224) [26], [27], [43]-[47], [68], [69], [71]-[73]

I
∗(i1)
(0)T,t =

√
T − tζ(i1)

0 , (225)
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I
∗(i1)
(1)T,t = −(T − t)3/2

2

(
ζ

(i1)
0 +

1√
3
ζ

(i1)
1

)
, (226)

I
∗(i1)
(2)T,t =

(T − t)5/2

3

(
ζ

(i1)
0 +

√
3

2
ζ

(i1)
1 +

1

2
√

5
ζ

(i1)
2

)
, (227)

I
∗(i1i2)q
(00)T,t =

T − t
2

(
ζ

(i1)
0 ζ

(i2)
0 +

q∑
i=1

1√
4i2 − 1

(
ζ

(i1)
i−1ζ

(i2)
i − ζ(i1)

i ζ
(i2)
i−1

))
, (228)

I
∗(i1i2i3)q1
(000)T,t =

q1∑
j1,j2,j3=0

C000
j3j2j1

ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
, (229)

I
∗(i1i2)q2
(10)T,t =

q2∑
j1,j2=0

C10
j2j1
ζ

(i1)
j1
ζ

(i2)
j2
, (230)

I
∗(i1i2)q2
(01)T,t =

q2∑
j1,j2=0

C01
j2j1
ζ

(i1)
j1
ζ

(i2)
j2
, (231)

I
(i1i2i3i4)q3
(0000)T,t =

q3∑
j1,j2,j3,j4=0

C0000
j4j3j2j1

ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
, (232)

I
(i1i2i3i4i5)q4
(00000)T,t =

q4∑
j1,j2,j3,j4,j5=0

C00000
j5j4j3j2j1

ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i5)
j5
, (233)

I
∗(i1i2)q5
(20)T,t =

q5∑
j1,j2=0

C20
j2j1
ζ

(i1)
j1
ζ

(i2)
j2
, (234)

I
(i1i2)q6
(11)T,t =

q6∑
j1,j2=0

C11
j2j1
ζ

(i1)
j1
ζ

(i2)
j2
, (235)

I
(i1i2)q7
(02)T,t =

q7∑
j1,j2=0

C02
j2j1
ζ

(i1)
j1
ζ

(i2)
j2
, (236)

I
∗(i1i2i3)q8
(001)T,t =

q8∑
j1,j2,j3=0

C001
j3j2j1

ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
, (237)

I
(i1i2i3)q9
(010)T,t =

q9∑
j1,j2,j3=0

C010
j3j2j1

ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
, (238)
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I
(i1i2i3)q10
(100)T,t =

q10∑
j1,j2,j3=0

C100
j3j2j1

ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
, (239)

I
(i1i2i3i4)q11
(0001)T,t =

q11∑
j1,j2,j3,j4=0

C0001
j4j3j2j1

ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
, (240)

I
(i1i2i3i4)q12
(0010)T,t =

q12∑
j1,j2,j3,j4=0

C0010
j4j3j2j1

ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
, (241)

I
(i1i2i3i4)q13
(0100)T,t =

q13∑
j1,j2,j3,j4=0

C0100
j4j3j2j1

ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
, (242)

I
(i1i2i3i4)q14
(1000)T,t =

q14∑
j1,j2,j3,j4=0

C1000
j4j3j2j1

ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
, (243)

I
(i1i2i3i4i5i6)q15
(000000)T,t =

q15∑
j1,j2,j3,j4,j5,j6=0

C000000
j6j5j4j3j2j1

ζ
(i1)
j1
ζ

(i2)
j2
ζ

(i3)
j3
ζ

(i4)
j4
ζ

(i5)
j5
ζ

(i6)
j6
, (244)

where 1A is the indicator of the set A; another notations are the same as in
Sect. 2.4.

The question on choosing the numbers q1, q2, . . . , q15 in (229)–(244) turned
out to be nontrivial [26], [27], [68] (Chapter 5). The expansions (229)–(244)
for iterated Stratonovich stochastic integrals are simpler than their analogues
(94)–(109) for iterated Itô stochastic integrals. However, the calculation of the
mean-square approximation error for iterated Stratonovich stochastic integrals
turns out to be much more difficult than for iterated Itô stochastic integrals [26],
[27], [68] (Chapter 5). Below we give some reasoning regarding this problem.

Denote

E
∗(i1...ik)p
(l1...lk)T,t

def
= M

{(
I
∗(i1...ik)
(l1...lk)T,t − I

∗(i1...ik)p
(l1...lk)T,t

)2
}
,

where I
∗(i1...ik)p
(l1...lk)T,t, p ∈ N is the approximation of the iterated Stratonovich stochas-

tic integral I
∗(i1...ik)
(l1...lk)T,t.

From (228) for i1 6= i2 we obtain [26], [27], [68]

E
∗(i1i2)q
(00)T,t =

(T − t)2

2

∞∑
i=q+1

1

4i2 − 1
≤ (T − t)2

2

∞∫
q

1

4x2 − 1
dx =
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= −(T − t)2

8
ln

∣∣∣∣1− 2

2q + 1

∣∣∣∣ ≤ C1
(T − t)2

q
, (245)

where constant C1 is independent of q.

It is easy to notice that for a sufficiently small T − t (recall that T − t� 1
since it is a step of integration for numerical schemes for Itô SDEs) there exists
a constant C2 such that

E
∗(i1...ik)q
(l1...lk)T,t ≤ C2E

∗(i1i2)q
(00)T,t . (246)

From (245) and (246) we finally obtain

E
∗(i1...ik)q
(l1...lk)T,t ≤ C

(T − t)2

q
, (247)

where constant C does not depend on T − t. The same idea can be found in [2]
in the framework of the method based on the trigonometric expansion of the
Brownian bridge process. Note that, in contrast to (247), the constant C in
Theorems 4–6 does not depend on q.

Obviously, we can get more information about the numbers q1, q2, . . . , q15

(these numbers are different for different iterated Stratonovich stochastic inte-
grals) using the another approach. Since

J∗[ψ(k)]T,t = J [ψ(k)]T,t w. p. 1

for pairwise different i1, . . . , ik = 1, . . . ,m, where J [ψ(k)]T,t, J
∗[ψ(k)]T,t are de-

fined by (2) and (3) correspondingly, then for pairwise different i1, . . . , i6 =
1, . . . ,m from (63) we obtain [26], [27], [68]

E
∗(i1i2)q
(00)T,t =

(T − t)2

2

(
1

2
−

q∑
i=1

1

4i2 − 1

)
, (248)

E
∗(i1i2i3)q1
(000)T,t =

(T − t)3

6
−

q1∑
j3,j2,j1=0

(
C000
j3j2j1

)2
, (249)

E
∗(i1i2)q2
(01)T,t =

(T − t)4

4
−

q2∑
j1,j2=0

(
C01
j2j1

)2
, (250)

E
∗(i1i2)q2
(10)T,t =

(T − t)4

12
−

q2∑
j1,j2=0

(
C10
j2j1

)2
, (251)
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E
∗(i1...i4)q3
(0000)T,t =

(T − t)4

24
−

q3∑
j1,j2,j3,j4=0

(
C0000
j4j3j2j1

)2
, (252)

E
∗(i1...i5)q4
(00000)T,t =

(T − t)5

120
−

q4∑
j1,j2,j3,j4,j5=0

(
C00000
j5i4i3i2j1

)2
, (253)

E
∗(i1i2)q5
(20)T,t =

(T − t)6

30
−

q5∑
j2,j1=0

(
C20
j2j1

)2
, (254)

E
∗(i1i2)q6
(11)T,t =

(T − t)6

18
−

q6∑
j2,j1=0

(
C11
j2j1

)2
, (255)

E
∗(i1i2)q7
(02)T,t =

(T − t)6

6
−

q7∑
j2,j1=0

(
C02
j2j1

)2
, (256)

E
∗(i1i2i3)q8
(001)T,t =

(T − t)5

10
−

q8∑
j1,j2,j3=0

(
C001
j3j2j1

)2
, (257)

E
∗(i1i2i3)q9
(010)T,t =

(T − t)5

20
−

q9∑
j1,j2,j3=0

(
C010
j3j2j1

)2
, (258)

E
∗(i1i2i3)q10
(100)T,t =

(T − t)5

60
−

q10∑
j1,j2,j3=0

(
C100
j3j2j1

)2
, (259)

E
∗(i1...i4)q11
(0001)T,t =

(T − t)6

36
−

q11∑
j1,j2,j3,j4=0

(
C0001
j4j3j2j1

)2
, (260)

E
∗(i1...i4)q12
(0010)T,t =

(T − t)6

60
−

q12∑
j1,j2,j3,j4=0

(
C0010
j4j3j2j1

)2
, (261)

E
∗(i1...i4)q13
(0100)T,t =

(T − t)6

120
−

q13∑
j1,j2,j3,j4=0

(
C0100
j4j3j2j1

)2
, (262)

E
∗(i1...i4)q14
(1000)T,t =

(T − t)6

360
−

q14∑
j1,j2,j3,j4=0

(
C1000
j4j3j2j1

)2
, (263)

E
∗(i1...i6)q15
(000000)T,t =

(T − t)6

720
−

q15∑
j1,j2,j3,j4,j5,j6=0

(
C000000
j6j5j4j3j2j1

)2
. (264)
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Table 1. High-order strong Taylor–Stratonovich schemes.

Order of convergence Scheme Conditions for choosing the numbers q, q1, . . . , q15

1.0 (24) (188)

1.5 (25) (189), (190)

2.0 (26) (191)–(195)

2.5 (27) (196)–(204)

3.0 (28) (205)–(221)

Taking into account (248)–(264) and the results of paper [74], we use in
the SDE-MATH software package the conditions from Table 1 for choosing the
numbers q, q1, q2, . . . , q15 for the numerical schemes (24)–(28).

Note that in the SDE-MATH software package, which is presented in the fol-
lowing sections, we use the following upper bounds b on the numbers q1, . . . , q15

b = 56 for q1, b = 15 for q2, q3, b = 6 for q4, q8, q9, q10,

b = 2 for q5, q6, q7, q11, q12, q13, q14, q15.

This means that for the implementing of the numerical methods (13)–(16)
and (25)–(28) we use in the SDE-MATH software package the following quan-
tities of the exactly calculated Fourier–Legendre coefficients

573 = 185,193 for C000
j3j2j1

,

163 = 4,096 for each of C10
j2j1
, C01

j2j1
,

164 = 65,536 for C0000
j4j3j2j1

,

73 = 343 for each of C100
j3j2j1

, C010
j3j2j1

, C001
j3j2j1

,

75 = 16,807 for C00000
j5j4j3j2j1

,

32 = 9 for each of C20
j2j1
, C02

j2j1
, C11

j2j1
,

34 = 81 for each of C1000
j4j3j2j1

, C0100
j4j3j2j1

, C0010
j4j3j2j1

, C0001
j4j3j2j1

,

36 = 729 for C000000
j6j5j4j3j2j1

.

It should be noted that unlike the method based on Theorems 1–8, exist-
ing and well-known approaches to the mean-square approximation of iterated
stochastic integrals based on the trigonometric basis functions [2], [3], [7], [28],
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[29], [35], [38] do not allow choosing theoretically different numbers q for approx-
imations of different iterated stochastic integrals (starting form the multiplicity
2 of stochastic integrals). Moreover, the noted approaches [2], [3], [7], [28],
[29], [35], [38] exclude the possibility for obtaining of approximate and exact
expressions for the mean-square approximation error similar to the formulas
(61), (62).

2.7 Numerical Algorithm for Linear Stationary Systems of Itô SDEs

Based on Spectral Decomposition

Consider the following linear stationary system of Itô SDEs

dxt = (Axt +Bu(t)) dt+ Fdwt, x0 = x(0), t ∈ [0, T ], (265)

where xt ∈ Rn is a solution of the system (265), u(t) : [0, T ] → Rk is a non-
random function, A ∈ Rn×n, F ∈ Rn×m, B ∈ Rn×k, and wt is a standard m-
dimensional Wiener process with independent components w

(i)
t , i = 1, . . . ,m.

Also we suppose that n, m, k ≥ 1. The process yt = Hxt ∈ R1 is interpreted
as an output process of the system (265), where H ∈ R1×n.

It is well-known that the solution of (265) has the form [4]

xt = eA(t−t0)xt0 +

t∫
t0

eA(t−s)Bu(s)ds+

t∫
t0

eA(t−s)Fdws, 0 ≤ t0 ≤ t ≤ T, (266)

where eC is a matrix exponent

∞∑
j=0

Cj

j!
def
= eC ,

C is a square matrix, and C0 def
= I is a unity matrix.

Consider the partition {τp}Np=0 of [0, T ] such that τp = p∆, ∆ > 0. For
simplicity, we will suppose that u(s), s ∈ [0, T ] can be approximated by the
step function, i.e. u(s) ≈ û(s), s ∈ [0, T ], where û(s) = u(τp) for s ∈ [τp, τp+1),
p = 0, 1, . . . , N − 1 (more accurate approximations of u(s) are discussed in [63]
(also see [59], [62])). Substituting t = τp+1, t0 = τp, and û(s) instead of u(s)
into (266), we obtain

x̂p+1 = eA∆x̂p + A−1
(
eA∆ − I

)
Bu(p∆) + w̃p+1(∆), x0 = x(0), (267)

64

1852



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

where x̂p is the approximation of xτp and

∆∫
0

eA(∆−s)Fdws+p∆
def
= w̃p+1(∆).

Also we assume that ŷp = Hx̂p, where ŷp is the approximation of yτp. The
random column w̃p+1(∆) admits the following representation [4]

w̃p+1(∆) = SD(∆)ΛD(∆)w̄p+1, (268)

where w̄p ∈ Rn is a column of independent standard Gaussian random variables
such that M

{
w̄pw̄

T
q

}
= O for p 6= q, O is a zero matrix of size n × n, SD(∆)

is a matrix of orthonormal eigenvectors of the matrix Df(∆) and Λ2
D(∆) is a

diagonal matrix on the main diagonal of which are the eigenvalues of the matrix
Df(∆), the matrix Df(∆) is defined by

Df(∆) = M
{
w̃p+1(∆)w̃T

p+1(∆)
}

=

∆∫
0

exp(A(∆− s))FFTexp(AT(∆− s))ds,

where CT is a transposed matrix C. Moreover, Df(∆) = Df(t)
∣∣
t=∆

, where
Df(t) is a solution of the following Cauchy problem [4]

dDf

dt
(t) = ADf(t) +Df(t)A

T + FFT, Df(0) = O.

In the SDE-MATH software package, we implement the numerical modeling
of the system (265) by the formulas (267), (268). At that we use Algorithms
2.3–2.6 from [63] (also see [62], Chapter 11) for the implemetation of (268).

3 The Structure of the SDE-MATH Software Package

3.1 Development Tools

The software package was implemented with Python programming language.
The main reason to use it is a huge community and significant amount of helpful
libraries for calculations and mathematics. The development was performed in
free to use Atom text editor1.

1All programs in Python programming language from this paper were written by the first author
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3.2 Dependency Libraries

In the development of the SDE-MATH software package such libraries as
SymPy, NumPy, PyQt5, and Matplotlib were involved. All these libraries and
tools are free and open source.

• SymPy is a Python library able to perform symbolic algebra calculations.

• NumPy is a library which specialization is efficient mathematical calcula-
tions. Most part of this library is written in C programming language that
guarantees high calculation performance.

• The database is SQLite3. This is a tiny database for a local usage on one
machine.

• Matplotlib library is a piece of software used to present obtained results in
a best way.

• PyQt5 is a library used to build graphical user interface for the SDE-MATH
software package.

3.3 Architecture

Taking into account, that the SDE-MATH software package is oriented on a nu-
merical modeling its architecture is clear. There are two main statements. The
first is that mathematical formulas are strongly integrated with SymPy library.
By that we mean that they completely rely on SymPy. And the second is usage
of database to make some calculations able for caching. The architecture itself
is provided on Figure 1. Here all parts of the software package can be seen.

The main package is responsible for startup, so it decides which part of the
software package must be started. The software package has several modes of
operation. The objectives now are

• Run program to calculate and store the Fourier–Legendre coefficients in
few text files with further loading in database.

• Run program with graphical user interface. This is the main program entry
for the SDE-MATH software package.
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Modeling

Database

File
system

Use

Use

Main package
(program entry)

Tools

Use

SymPy

NumPy

SQLite3

Use

Use

Use

Accuracy calculation 
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Use
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Graphical User 
Interface

Use

PyQt5
Use

Figure 1: The SDE-MATH software package architecture
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On the current state of development the main entry package booting up
PyQt5 library with all necessary widgets. More detailed description of this
process will be provided later.

Moving further, the modeling package comes up. This package responsible
for all work referenced to modeling including initialization of modeling environ-
ment, calculations loops and more. Also, it depends on accuracy calculation
module deciding which amount of members in each approximation of iterated
stochastic integral should be used in modeling of the Itô SDE (1) solution.

Accuracy calculation module accepts the order of strong numerical scheme
for the Itô SDE (1) and its integration step and then calculates necessary
amount of members in approximations of iterated Itô and Stratonovich stochas-
tic integrals.

Symbolic algebra module is the construction part which combines many
supplementary differential operators with strong numerical schemes for the Itô
SDE (1). Having these components combined this module performs simplifica-
tion of resulting formula so the modeling package can do its modeling work.

Tools module provides some functionality related to bootstrap of runtime
environment and external instruments such as database and file system.

3.3.1 Integration with SymPy

Class inheritance tree was extended to implement strong numerical schemes for
Itô SDEs. While numerical schemes for Itô SDEs were being implemented it was
also necessary to implement supplementary subprograms. SymPy is a Python
library able to perform symbolic algebra calculations. This is a core part of
the project since it is differentiates input functions, builds and simplifies strong
numerical schemes for Itô SDEs to model the Itô SDE (1) solution. Without
this part the program package cannot be able to provide such flexible input of
data.

3.3.2 Purpose of NumPy

NumPy is a library that helps with calculation optimizations in this project.
The library specialization is efficient mathematical calculations. The main us-
age case is to calculate compiled symbolic formulas with it. It has integration
with SymPy to replace symbolic functions with high performance numerical
functions.
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3.3.3 Purpose of SQLite Database

The database was used to store the precalculated Fourier–Legendre coefficients,
so getting them from there made numerical modeling much faster, because cal-
culation process for these Fourier–Legendre coefficients involve high-cost sym-
bolic operations. The database contains only one table, and might be thought
redundant, but modeling needs hundreds (or even thousands) of precalculated
coefficients. Obviously, calculation of them at runtime is terribly inefficient, but
text files also not the best choice. Text files provide a sequential access memory
and combining different accuracy values q1, . . . , q15 it causes sequential search
which extends time to give the result. That is where database comes up. The
random access allows to get any Fourier–Legendre coefficient or any quantity
of them which makes solution as flexible as it possible.

The download of precalculated Fourier–Legendre coefficients is built in sup-
plemental subprograms to provide fluent calculation pipeline. Having the pre-
calculated Fourier–Legendre coefficient not found, subprogram initiates calcu-
lation for it with following store in the database.

Op. 1

Op. 2 C

Op. 4Op. 3

Formula calculation tree

Database

Request for a
calculation

Result of
calculation

C

id index_string value

0 0:0:0_0:0:0 4/3

1 0:0:1_0:0:0 -2/3

2 0:0:2_0:0:0 2/15

3 0:0:3_0:0:0 0

4 0:0:4_0:0:0 0

5 0:0:5_0:0:0 0

... ... ...

Figure 2: Fourier–Legendre coefficients calculations explanation
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It is an interesting note that having mentioned earlier optimization done,
the calculations performance were increased in several times. Now the most
heavy operation is symbolic simplifications before modeling. The actual mod-
eling takes seconds, for thousands of iterations on m components of stochastic
process, so it is not such important how long modeling period of time, as the
accuracy that needs to be accomplished.

The scheme of calculation process is presented on Figure 2.

3.3.4 Purpose of Matplotlib

Matplotlib library is a piece of software used to present obtained results in
a best way. This library has many features, but feature that needed in this
project is to print charts with modeling results in a PyQt5 widget. Thus the
data visualization is integrated in graphical user interface.

3.4 Implementation Plan

The implementation of SDE-MATH software package was performed sequen-
tially. The components of SDE-MATH software package were implemented in
order of their necessity for calculation pipeline completion.

3.4.1 Calculation of the Fourier–Legendre Coefficients

The Fourier–Legendre coefficients for the approximations of iterated Itô and
Stratonovich stochastic integrals were implemented and placed in Listings 43–
61. This was the first step since the Fourier–Legendre coefficients involved
almost in every strong numerical scheme for the Itô SDE (1).

Also it is important to note that the SDE-MATH software package contains
a Python script intended for generating of Fourier–Legendre coefficients using
multiprocessing. This script placed in Listing 62 and already contains tasks
that were performed to generate about 300,000 Fourier–Legendre coefficients.
Similarly, user can run and calculate additional Fourier–Legendre coefficients
if they are needed. To determine which Fourier–Legendre coefficients will be
calculated user must specify pairs of starting and ending values of components
in lower multi-index and specify upper multi-index of the Fourier–Legendre
coefficient. For example (((0, 15), (0, 15), (0, 15)), (0, 1, 0)). This means that
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program calculates the Fourier–Legendre coefficients C010
j3j2j1

, where j1, j2, j3 ∈
{0, 1, . . . , 14}.

3.4.2 Differential Operators L, L̄, G
(i)
0 , i = 1, . . . ,m

Moving further, strong numerical schemes for Itô SDEs rely on the differential
operators (4), (5), and (23). They were implemented and placed in Listings
64–67.

3.4.3 Approximations of Iterated Stochastic Integrals

The next step is implementation of approximations of iterated Itô and Stratono-
vich stochastic integrals for the numerical schemes (12)–(16), (24)–(28). They
are implemented and definition of their classes are placed in Listings 69–108.

3.4.4 Strong Numerical Schemes for Itô SDEs

The strong numerical schemes (12)–(16), (24)–(28) for Itô SDEs were imple-
mented. They are placed in Listings 110–131.

3.4.5 Graphical User Interface

Finally, the graphical user interface was implemented. The source codes refer-
enced to graphical user interface are placed in Listings 7–42.

4 Software Package Graphical User Interface

For the SDE-MATH software package mentioned above the graphical user in-
terface was developed. The graphical user interface is important and massive
part of SDE-MATH software package because it allows user to perform mod-
eling experiments without programming skills and understanding of program
package architecture and principles of work.

4.1 Information Model of The Graphical User Interface

The development of graphical user interface was started from consideration of
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Figure 3: Information model of graphical user interface

experiments and routines which can be performed with the SDE-MATH soft-
ware package. The graphical user interface is aimed on provision of user capa-
bilities to perform nonlinear and linear systems of Itô SDEs modeling experi-
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ments. The information model which schematically describes the graphical user
interface structure is presented on Figure 3.

4.1.1 Processing Screens

To represent long duration processes the graphical user interface has two dialogs
which can be seen on Figure 3, in Windows 1 and 6. The first one represents
database preparing process on application very first run. During this process the
Fourier–Legendre coefficients are being loaded into the SQLite database. This
screen appears also when user calculates new Fourier–Legendre coefficients. The
other screen shows logs during modeling experiment.

4.1.2 Greetings Dialog

After the SDE-MATH software package has completed the database prepa-
ration, it shows greeting dialog which represents short information about its
purposes. The greeting dialog can be seen on Figure 3 in Window 2.

4.1.3 Main Menu Dialog

In the main menu of the SDE-MATH software package user can choose one of
strong numerical schemes for Itô SDEs to perform modeling experiments. The
main menu dialog can be seen on Figure 3 in Window 3.

4.1.4 Visualization Tool

It is important to note that the main SDE-MATH software package window has
a checkbox in right upper corner which do switching on and off charts window.
In any time user can call this window or hide it if it is not needed. The charts
window is universal utility for modeling experiments results visualization. This
window has few instruments on it. The left side bar contains all curves labels,
and control elements for hiding, showing, and deleting curves. On the right side
of the window there are plot which draws the curves. The charts window can
be seen on Figure 3, it is Window 3.

4.1.5 Data Input Dialogs

Since the software package has options to perform linear Itô SDEs modeling
experiments it is necessary to provide user with input fields for numerical data
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both scalar and matrix. On the other side, for nonlinear Itô SDEs it is necessary
to provide symbolic input. The choice of control elements is conditioned by the
above obstacles. On Figure 3, and especially in Windows 4 and 5, these input
controls can be seen. There are ”LineEditWidget” and ”TableWidget” which
are sufficient to provide input abilities. The topic of input data validation is
also important but to be more accurate referenced to user experience rather
than to information model, so it will be described further.

4.2 The User Experience and Implementation Results

The above part represents the structure of software package but not the dynam-
ics and user experience of it. Let us discuss the SDE-MATH software package
user experience on few examples provided further on Figures 4–36. This exam-
ples represent two scenarios of the SDE-MATH software package use.

The database preparation screen is presented on Figure 4. During the
database preparation this screen displays informational message and spinning
visualizer of process continuation.

The screen that presented on Figure 5 appears every time when software
package runs unless user presses ”Ok” button with marked checkbox. In such
case this message screen will not be shown again.

On Figure 6 the main menu dialog is presented. In this dialog user can
choose any strong numerical scheme for Itô SDEs to perform modeling experi-
ment.

The tooltip example can be seen on Figure 7. Such tooltips displayed with
characteristic icon are placed all over software package interface to help user
with explanations.

As noted earlier, the dedicated charts window is universal tool for visualiza-
tion. The specific examples of such visualization are presented on Figure 8,19,
34–36.

The initial state of input dialogs for nonlinear and linear Itô SDEs are
displayed on Figures 9 and 20. At that moment user can start to input the
data.

The example of wrong scalar data input is presented on Figures 10, 15, 21,
and 31. When user input wrong data the error message appears and ”Next” or
”Perform modeling” button is blocked. The input field is being checked all the
user data input process, and as soon as wrong character is entered notification
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pops up.

If scalar data is correct the ”Next” button is automatically unblocked. On
Figures 11, 16, 22, and 32 the examples of scenario are displayed.

On Figures 12, 13, and 28 the example of correct matrix data input is
presented. In this particular case the input is symbolic. Symbolic algebra
input errors are much harder to determine so this is done on further stages, in
modeling runtime.

In the other case when matrix input data are numerical, the validation is
performed right after user has finished input. The examples of incorrect matrix
numerical input can be found on Figure 24.

When user finishes input with a success the ”Next” or ”Perform modeling”
button is automatically unblocked. On Figures 23, 25–27, 29, and 30 that can
be clearly seen.

The Figures 17, 18, and 33 displays sequence of log messages emerged during
the modeling process.

After modeling has been done the focus moves to the charts window where
obtained modeling results can be seen. The results of modeling is displayed
on Figures 19, 34–36. On Figures 35 and 36 the expectations and variances of
obtained components of solution are displayed.

Figure 4: Fourier–Legendre coefficients database preparation screen
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Figure 5: Greetings screen

Figure 6: Main menu dialog
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Figure 7: Tooltip

Figure 8: Charts window
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Figure 9: Nonlinear system of Itô SDEs data input

Figure 10: Wrong data input
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Figure 11: Correct data input

Figure 12: Vector function a(x, t) input
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Figure 13: Matrix function B(x, t) input

Figure 14: Initial data input
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Figure 15: Wrong data input

Figure 16: Correct data input
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Figure 17: Modeling logs

Figure 18: Modeling logs
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Figure 19: Modeling results

Figure 20: Linear system of Itô SDEs data input
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Figure 21: Wrong data input

Figure 22: Correct data input
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Figure 23: Matrix A input

Figure 24: Wrong matrix A input
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Figure 25: Correct matrix A input

Figure 26: Matrix B input
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Figure 27: Matrix F input

Figure 28: Vector function u(t) input
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Figure 29: Matrix H input

Figure 30: Initial data input
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Figure 31: Wrong data input

Figure 32: Correct data input
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Figure 33: Modeling logs

Figure 34: Modeling results (components of solution)
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Figure 35: Modeling results (expectations)

Figure 36: Modeling results (variances)
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5 The Results Obtained Using the SDE-MATH Software

Package

This section represents the results that were obtained with the SDE-MATH
software package at the current stage of the development.

5.1 The Calculated Fourier–Legendre Coefficients

When application runs first time it performs loading of Fourier–Legendre coef-
ficients basic pack in the database from the files. Further, in Listings 1–4 few
examples of them can be seen.

Listing 1: The Fourier–Legendre coefficients C000
j3j2j1

examples

1 C 0 : 0 : 0 = 4/3

2 C 0 : 0 : 1 = −2/3

3 C 0 : 0 : 2 = 2/15

4 C 0 : 0 : 3 = 0

5 . . .

6 C 0 : 6 : 4 = −4/429

7 C 0 : 6 : 5 = 2/143

8 C 0 : 6 : 6 = 2/2145

9 C 1 : 0 : 0 = 2/3

10 . . .

11 C 47 : 3 3 : 4 4 = 3874457388633368/31334948307735906710660485

12 C 47 : 3 3 : 4 5 = 0

13 C 47 : 3 3 : 4 6 = 52892292737827468/2224781329849249376456894435

14 C 47 : 3 4 : 0 = 0

15 C 47 : 3 4 : 1 = 0

Listing 2: The Fourier–Legendre coefficients C0000
j4j3j2j1

examples

1 C 0 : 0 : 0 : 0 = 2/3

2 C 0 : 0 : 0 : 1 = −2/5

3 C 0 : 0 : 0 : 2 = 2/15

4 C 0 : 0 : 1 : 0 = −2/15

5 C 0 : 0 : 1 : 1 = 2/15

6 . . .

7 C 1 : 1 : 0 : 1 = −2/35

8 C 1 : 1 : 0 : 2 = 0

9 C 1 : 1 : 1 : 0 = 2/105

10 C 1 : 1 : 1 : 1 = 0

11 . . .

12 C 20 : 2 0 : 2 0 : 1 = −2401828/165607444685315115

13 C 20 : 2 0 : 2 0 : 2 = 0

14 C 20 : 2 0 : 2 0 : 3 = −1241929832/77669891557412788935

15 C 20 : 2 0 : 2 0 : 4 = 0
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Listing 3: The Fourier–Legendre coefficients C00000
j5j4j3j2j1

examples

1 C 0 : 0 : 0 : 0 : 0 = 4/15

2 C 0 : 0 : 0 : 0 : 1 = −8/45

3 C 0 : 0 : 0 : 1 : 0 = −4/45

4 C 0 : 0 : 0 : 1 : 1 = 8/105

5 C 0 : 0 : 1 : 0 : 0 = 0

6 C 0 : 0 : 1 : 0 : 1 = 4/315

7 . . .

8 C 1 : 1 : 0 : 1 : 0 = −4/315

9 C 1 : 1 : 0 : 1 : 1 = 4/315

10 C 1 : 1 : 1 : 0 : 0 = 2/105

11 C 1 : 1 : 1 : 0 : 1 = −8/945

12 C 1 : 1 : 1 : 1 : 0 = 2/945

13 C 1 : 1 : 1 : 1 : 1 = 0

14 . . .

15 C 20 : 2 0 : 2 0 : 2 0 : 1 = 0

16 C 20 : 2 0 : 2 0 : 2 0 : 2 = −249877207023610010/10969028984480026752856704371

17 C 20 : 2 0 : 2 0 : 2 0 : 3 = 0

18 C 20 : 2 0 : 2 0 : 2 0 : 4 = −307937246954575016/571102494076952592887484313076115

Listing 4: The Fourier–Legendre coefficients C000000
j6j5j4j3j2j1

examples

1 C 0 : 0 : 0 : 0 : 0 : 0 = 4/45

2 C 0 : 0 : 0 : 0 : 0 : 1 = −4/63

3 C 0 : 0 : 0 : 0 : 0 : 2 = 2/63

4 C 0 : 0 : 0 : 0 : 1 : 0 = −4/105

5 . . .

6 C 2 : 1 : 0 : 1 : 0 : 2 = −2/1575

7 C 2 : 1 : 0 : 1 : 1 : 0 = 38/22275

8 C 2 : 1 : 0 : 1 : 1 : 1 = −2/1575

9 C 2 : 1 : 0 : 1 : 1 : 2 = 68/81081

10 . . .

11 C 15 : 1 5 : 1 5 : 1 5 : 1 5 : 1 5 = 0

12 C 15 : 1 5 : 1 5 : 1 5 : 1 5 : 1 6 = −798538765964/243076352242280511713913783475

13 C 15 : 1 5 : 1 5 : 1 5 : 1 5 : 1 7 = 0

14 C 15 : 1 5 : 1 5 : 1 5 : 1 5 : 1 8 = −59075427603328/17302616709609603697454044769175

5.2 Accuracy Settings

From Theorem 7 (see formulas (63)–(85)) it follows that the number p in the
formula (60) should be chosen individually for various combinations of indices
i1, . . . , ik ∈ {1, . . . ,m}. As follows from Listing 5 (see below) and the results of
work [74], these numbers p in the overwhelming majority of cases do not exceed
the number p from the formula (63). Moreover, all the mentioned numbers p
are many times less than the number p selected using the formula (61) (due to
the presence of the multiplier factor k! on the left-hand side of (61)).

In this work, we have replaced the mentioned numbers p for all possible
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combinations of indices i1, . . . , ik ∈ {1, . . . ,m} with the number p according to
the formula (63). This is possible due to the results of Listing 6. This listing
shows that the above replacement does not lead to noticeable accuracy loss of
the mean square approximation of iterated Itô stochastic integrals (for more
details see [74]).

Thus, in this paper we decided to exclude the multiplier factor k! in the
conditions for choosing the numbers q1, . . . , q15 (see (188)–(221)). Recall that
these numbers are used to construct the approximations of iterated Itô and
Stratonovich stochastic integrals from the numerical schemes (13)–(16), (25)–
(28). The test script was written. The results of its work are presented in
Listings 5 and 6, where

1. dt is the integration step;

2. q1(1,2) means p from (66), q1(2,3) means p from (67), q1(1,3) means p
from (68), q1 means p from (63) for k = 3;

3. C = 1 (see (17) and (29));

4. error 1 means the left-hand side of (190);

5. error 2 means the left-hand side of (66) divided by (T − t)3;

6. error 3 means the left-hand side of (68) divided by (T − t)3;

7. error 4 means the left-hand side of (67) divided by (T − t)3.

The above idea of calculation of the numbers q1, . . . , q15 is described in
Listing 109.

Listing 5: Accuracy calculation module

1

2 dt = 0.011

3 q1 = 12

4 q1 (1 , 2) = 6

5 q1 (1 , 3) = 12

6 q1 (2 , 3) = 6

7

8 dt = 0.008

9 q1 = 16

10 q1 (1 , 2) = 8

11 q1 (1 , 3) = 16

12 q1 (2 , 3) = 8
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13

14 dt = 0.0045

15 q1 = 28

16 q1 (1 , 2) = 14

17 q1 (1 , 3) = 28

18 q1 (2 , 3) = 14

19

20 dt = 0.0035

21 q1 = 36

22 q1 (1 , 2) = 18

23 q1 (1 , 3) = 36

24 q1 (2 , 3) = 18

25

26 dt = 0.0027

27 q1 = 47

28 q1 (1 , 2) = 23

29 q1 (1 , 3) = 47

30 q1 (2 , 3) = 23

31

32 dt = 0.0025

33 q1 = 50

34 q1 (1 , 2) = 25

35 q1 (1 , 3) = 51

36 q1 (2 , 3) = 25

37

38

39 Process f i n i s h e d with e x i t code 0

Listing 6: Accuracy calculation module

1

2 dt = 0.011

3 e r r o r 1 = 0.010153888451696458

4 q1 = 12

5 e r r o r 2 = 0.005076944225848201

6 q1 (1 , 2) = 12

7 e r r o r 3 = 0.010307776903394072

8 q1 (1 , 3) = 12

9 e r r o r 4 = 0.005076944225848284

10 q1 (2 , 3) = 12

11

12 dt = 0.008

13 e r r o r 1 = 0.007681193827577537

14 q1 = 16

15 e r r o r 2 = 0.003840596913789046

16 q1 (1 , 2) = 16

17 e r r o r 3 = 0.0077866300793989485

18 q1 (1 , 3) = 16

19 e r r o r 4 = 0.003840596913789157

20 q1 (2 , 3) = 16

21

22 dt = 0.0045
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23 e r r o r 1 = 0.004432832059862973

24 q1 = 28

25 e r r o r 2 = 0.0022164160299319446

26 q1 (1 , 2) = 28

27 e r r o r 3 = 0.004479699207443705

28 q1 (1 , 3) = 28

29 e r r o r 4 = 0.002216416029932139

30 q1 (2 , 3) = 28

31

32 dt = 0.0035

33 e r r o r 1 = 0.0034564405520411956

34 q1 = 36

35 e r r o r 2 = 0.0017282202760207088

36 q1 (1 , 2) = 36

37 e r r o r 3 = 0.003488223569838411

38 q1 (1 , 3) = 36

39 e r r o r 4 = 0.0017282202760210141

40 q1 (2 , 3) = 36

41

42 dt = 0.0027

43 e r r o r 1 = 0.0026523659377455377

44 q1 = 47

45 e r r o r 2 = 0.00132618296887127

46 q1 (1 , 2) = 47

47 e r r o r 3 = 0.0026731529281250332

48 q1 (1 , 3) = 47

49 e r r o r 4 = 0.0013261829688714366

50 q1 (2 , 3) = 47

51

52 dt = 0.0025

53 e r r o r 1 = 0.002494053620431952

54 q1 = 50

55 e r r o r 2 = 0.0012470268102122428

56 q1 (1 , 2) = 50

57 e r r o r 3 = 0.0025128597161119537

58 q1 (1 , 3) = 50

59 e r r o r 4 = 0.0012470268102123538

60 q1 (2 , 3) = 50

61

62

63 Process f i n i s h e d with e x i t code 0

5.3 Testing Example (Nonlinear System of Itô SDEs)

The input data for testing of the SDE-MATH software package correspond
to the autonomous variant of nonlinear system of Itô SDE (1) with multidi-
mensional non-commutative noise. More precisely, we choose n = 2, m = 2,
x

(1)
0 = 1, x

(2)
0 = 1.5,
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a
(
x(1),x(2)

)
=

−5x(1)

−5x(2)

 ,

B
(
x(1),x(2)

)
=

0.5 · sin
(
x(1)
)

x(2)

x(2) 0.5 · cos
(
x(1)
)
 .

Figures 37–92 related to the strong high-order Taylor–Itô and Taylor–Stra-
tonovich schemes (12)–(16), (24)–(28) for the Itô SDE (1) represent modeling
results.

Test machine specifications are CPU with maximum core frequency 4.2 GHz
and 16GB of RAM.

5.4 Visualization and Numerical Results for Nonlinear System of

Itô SDEs Obtained via the SDE-MATH Software Package

This subsection is fully devoted to modeling logs and results visualization. They
are presented on Figures 37–91

Euler scheme (dt = 0.001) Milstein scheme (C = 50, dt = 0.001)

Figure 37: Modeling logs
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Figure 38: Strong Taylor–Itô scheme of order 1.5 (C = 50, dt = 0.001)

Figure 39: Strong Taylor–Itô schemes of orders 0.5, 1.0, and 1.5 (x
(1)
t component, C = 50,

dt = 0.001)
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Figure 40: Strong Taylor–Itô schemes of orders 0.5, 1.0, and 1.5 (x
(2)
t component, C = 50,

dt = 0.001)

Euler scheme (dt = 0.005) Milstein scheme (C = 500, dt = 0.005)

Figure 41: Modeling logs
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Strong Taylor–Itô scheme of order 1.5 (C =

500, dt = 0.005)

Strong Taylor–Itô scheme of order 2.0 (C =

500, dt = 0.005)

Figure 42: Modeling logs

Figure 43: Strong Taylor–Itô schemes of orders 0.5, 1.0, 1.5, and 2.0 (x
(1)
t component, C = 500,

dt = 0.005)
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Figure 44: Strong Taylor–Itô schemes of orders 0.5, 1.0, 1.5, and 2.0 (x
(2)
t component, C = 500,

dt = 0.005)

Figure 45: Strong Taylor–Itô schemes of orders 0.5, 1.0, 1.5, 2.0, and 2.5 (x
(1)
t component,

C = 7500, dt = 0.01)
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Euler scheme (dt = 0.01) Milstein scheme (C = 7500, dt = 0.01)

Strong Taylor–Itô scheme of order 1.5 (C =

7500, dt = 0.01)

Strong Taylor–Itô scheme of order 2.0 (C =

7500, dt = 0.01)

Strong Taylor–Itô scheme of order 2.5 (C =

7500, dt = 0.01)

Figure 46: Modeling logs
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Figure 47: Strong Taylor–Itô schemes of orders 0.5, 1.0, 1.5, 2.0, and 2.5 (x
(2)
t component,

C = 7500, dt = 0.01)

Figure 48: Strong Taylor–Itô schemes of orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 (x
(1)
t component,

C = 14000, dt = 0.025)
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Euler scheme (dt = 0.025) Milstein scheme (C = 14000, dt = 0.025)

Strong Taylor–Itô scheme of order 1.5 (C =

14000, dt = 0.025)

Strong Taylor–Itô scheme of order 2.0 (C =

14000, dt = 0.025)

Strong Taylor–Itô scheme of order 2.5 (C =

14000, dt = 0.025)

Strong Taylor–Itô scheme of order 3.0 (C =

14000, dt = 0.025)

Figure 49: Modeling logs
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Figure 50: Strong Taylor–Itô schemes of orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 (x
(2)
t component,

C = 14000, dt = 0.025)

Strong Taylor–Stratonovich scheme of order

1.0 (C = 50, dt = 0.001)

Strong Taylor–Stratonovich scheme of order

1.5 (C = 50, dt = 0.001)

Figure 51: Modeling logs

105

1893



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

Figure 52: Strong Taylor–Stratonovich schemes of orders 1.0 and 1.5 (x
(1)
t component, C = 50,

dt = 0.001)

Figure 53: Strong Taylor–Stratonovich schemes of orders 1.0 and 1.5 (x
(2)
t component, C = 50,

dt = 0.001)
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Figure 54: Strong Taylor–Stratonovich schemes of orders 1.0, 1.5, and 2.0 (x
(1)
t component,

C = 500, dt = 0.005)

Strong Taylor–Stratonovich scheme of order

1.0 (C = 500, dt = 0.005)

Strong Taylor–Stratonovich scheme of order

1.5 (C = 500, dt = 0.005)

Figure 55: Modeling logs
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Figure 56: Strong Taylor–Stratonovich scheme of order 2.0 (C = 500, dt = 0.005)

Figure 57: Strong Taylor–Stratonovich schemes of orders 1.0, 1.5, and 2.0 (x
(2)
t component,

C = 500, dt = 0.005)
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Figure 58: Strong Taylor–Stratonovich schemes of orders 1.0, 1.5, 2.0, and 2.5 (x
(1)
t component,

C = 7500, dt = 0.01)

Strong Taylor–Stratonovich scheme of order

1.0 (C = 7500, dt = 0.01)

Strong Taylor–Stratonovich scheme of order

1.5 (C = 7500, dt = 0.01)

Figure 59: Modeling logs
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Strong Taylor–Stratonovich scheme of order

2.0 (C = 7500, dt = 0.01)

Strong Taylor–Stratonovich scheme of order

2.5 (C = 7500, dt = 0.01)

Figure 60: Modeling logs

Figure 61: Strong Taylor–Stratonovich schemes of orders 1.0, 1.5, 2.0, and 2.5 (x
(2)
t component,

C = 7500, dt = 0.01)
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Strong Taylor–Stratonovich scheme of order

1.0 (C = 14000, dt = 0.025)

Strong Taylor–Stratonovich scheme of order

1.5 (C = 14000, dt = 0.025)

Strong Taylor–Stratonovich scheme of order

2.0 (C = 14000, dt = 0.025)

Strong Taylor–Stratonovich scheme of order

2.5 (C = 14000, dt = 0.025)

Strong Taylor–Stratonovich scheme of order

3.0 (C = 14000, dt = 0.025)

Figure 62: Modeling logs
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Figure 63: Strong Taylor–Stratonovich schemes of orders 1.0, 1.5, 2.0, 2.5, and 3.0 (x
(1)
t com-

ponent, C = 14000, dt = 0.025)

Figure 64: Strong Taylor–Stratonovich schemes of orders 1.0, 1.5, 2.0, 2.5, and 3.0 (x
(2)
t com-

ponent, C = 14000, dt = 0.025)
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Figure 65: Strong Taylor–Itô schemes of orders 0.5, 1.0, and 1.5 (x
(1)
t component, C = 0.1,

dt = 0.07)

Euler scheme (dt = 0.07) Milstein scheme (C = 0.1, dt = 0.07)

Figure 66: Modeling logs
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Figure 67: Strong Taylor–Itô scheme of order 1.5 (C = 0.1, dt = 0.07)

Figure 68: Strong Taylor–Itô schemes of orders 0.5, 1.0, and 1.5 (x
(2)
t component, C = 0.1,

dt = 0.07)
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Figure 69: Strong Taylor–Itô schemes of orders 0.5, 1.0, 1.5, and 2.0 (x
(1)
t component, C = 0.5,

dt = 0.15)

Euler scheme (dt = 0.15) Milstein scheme (C = 0.5, dt = 0.15)

Figure 70: Modeling logs
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Strong Taylor–Itô scheme of order 1.5 (C =

0.5, dt = 0.15)

Strong Taylor–Itô scheme of order 2.0 (C =

0.5, dt = 0.15)

Figure 71: Modeling logs

Figure 72: Strong Taylor–Itô schemes of orders 0.5, 1.0, 1.5, and 2.0 (x
(2)
t component, C = 0.5,

dt = 0.15)
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Euler scheme (dt = 0.2) Milstein scheme (C = 0.8, dt = 0.2)

Strong Taylor–Itô scheme of order 1.5 (C =

0.8, dt = 0.2)

Strong Taylor–Itô scheme of order 2.0 (C =

0.8, dt = 0.2)

Strong Taylor–Itô scheme of order 2.5 (C =

0.8, dt = 0.2)

Figure 73: Modeling logs
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Figure 74: Strong Taylor–Itô schemes of orders 0.5, 1.0, 1.5, 2.0, and 2.5 (x
(1)
t component,

C = 0.8, dt = 0.2)

Figure 75: Strong Taylor–Itô schemes of orders 0.5, 1.0, 1.5, 2.0, and 2.5 (x
(2)
t component,

C = 0.8, dt = 0.2)
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Euler scheme (dt = 0.2) Milstein scheme (C = 4, dt = 0.2)

Strong Taylor–Itô scheme of order 1.5 (C = 4,

dt = 0.2)

Strong Taylor–Itô scheme of order 2.0 (C = 4,

dt = 0.2)

Strong Taylor–Itô scheme of order 2.5 (C = 4,

dt = 0.2)

Strong Taylor–Itô scheme of order 3.0 (C = 4,

dt = 0.2)

Figure 76: Modeling logs
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Figure 77: Strong Taylor–Itô schemes of orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 (x
(1)
t component,

C = 4, dt = 0.2)

Figure 78: Strong Taylor–Itô schemes of orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 (x
(2)
t component,

C = 4, dt = 0.2)

120

1908



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

Strong Taylor–Stratonovich scheme of order

1.0 (C = 0.1, dt = 0.07)

Strong Taylor–Stratonovich scheme of order

1.5 (C = 0.1, dt = 0.07)

Figure 79: Modeling logs

Figure 80: Strong Taylor–Stratonovich schemes of orders 1.0 and 1.5 (x
(1)
t component, C = 0.1,

dt = 0.07)
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Figure 81: Strong Taylor–Stratonovich schemes of orders 1.0 and 1.5 (x
(2)
t component, C = 0.1,

dt = 0.07)

Strong Taylor–Stratonovich scheme of order

1.0 (C = 0.5, dt = 0.15)

Strong Taylor–Stratonovich scheme of order

1.5 (C = 0.5, dt = 0.15)

Figure 82: Modeling logs
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Figure 83: Strong Taylor–Stratonovich scheme of order 2.0 (C = 0.5, dt = 0.15)

Figure 84: Strong Taylor–Stratonovich schemes of orders 1.0, 1.5, and 2.0 (x
(1)
t component,

C = 0.5, dt = 0.15)
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Figure 85: Strong Taylor–Stratonovich schemes of orders 1.0, 1.5, and 2.0 (x
(2)
t component,

C = 0.5, dt = 0.15)

Strong Taylor–Stratonovich scheme of order

1.0 (C = 0.8, dt = 0.2)

Strong Taylor–Stratonovich scheme of order

1.5 (C = 0.8, dt = 0.2)

Figure 86: Modeling logs

124

1912



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

Strong Taylor–Stratonovich scheme of order

2.0 (C = 0.8, dt = 0.2)

Strong Taylor–Stratonovich scheme of order

2.5 (C = 0.8, dt = 0.2)

Figure 87: Modeling logs

Figure 88: Strong Taylor–Stratonovich schemes of orders 1.0, 1.5, 2.0, and 2.5 (x
(1)
t component,

C = 0.8, dt = 0.2)
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Figure 89: Strong Taylor–Stratonovich schemes of orders 1.0, 1.5, 2.0, and 2.5 (x
(2)
t component,

C = 0.8, dt = 0.2)

Figure 90: Strong Taylor–Stratonovich schemes of orders 1.0, 1.5, 2.0, 2.5, and 3.0 (x
(1)
t com-

ponent, C = 4, dt = 0.2)
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Strong Taylor–Stratonovich scheme of order

1.0 (C = 4, dt = 0.2)

Strong Taylor–Stratonovich scheme of order

1.5 (C = 4, dt = 0.2)

Strong Taylor–Stratonovich scheme of order

2.0 (C = 4, dt = 0.2)

Strong Taylor–Stratonovich scheme of order

2.5 (C = 4, dt = 0.2)

Strong Taylor–Stratonovich scheme of order

3.0 (C = 4, dt = 0.2)

Figure 91: Modeling logs
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Figure 92: Strong Taylor–Stratonovich schemes of orders 1.0, 1.5, 2.0, 2.5, and 3.0 (x
(2)
t com-

ponent, C = 4, dt = 0.2)

5.5 Example of Linear System of Itô SDEs (Solar Activity)

Consider a mathematical model of the solar activity without its average value
in a form of the system of linear Itô SDEs (265) [4]. In (265) we choose [4]

n = 2, m = 1, k = 2, x
(1)
0 = 7, x

(2)
0 = −0.25,

A =

 0 1

−0.3205 −0.14

 , B =

 0 0

0 0

 , (269)

u(t) ≡

 0

0

 , F =

 0

5.08

 . (270)

5.6 Visualization and Numerical Results for Solar Activity Model

This subsection is devoted to the visualization and numerical results for the
model of solar activity (265), (269), (270).
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Figure 93: Modeling logs for solar activity model

Figure 94: Solar activity model (x
(1)
t component)
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Figure 95: Solar activity model (x
(2)
t component)

Figure 96: Solar activity model (expectations)
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Figure 97: Solar activity model (variances)

5.7 Example of Abstract Linear System of Itô SDEs

Now consider the system of linear Itô SDEs (265) with the following data

n = 4, m = 5, k = 3, x
(1)
0 = 1, x

(2)
0 = 2, x

(3)
0 = −1, x

(4)
0 = −2, (271)

A =



−1 0 0 0

0 −2 0 0

0 0 −3 0

0 0 0 −4


, B =



1 1 1

1 1 1

1 1 1

1 1 1


, F =



0.2 0.1 0.1 0.1 0.1

0.1 0.2 0.1 0.1 0.1

0.1 0.1 0.2 0.1 0.1

0.1 0.1 0.1 0.2 0.1


,

(272)

u(t) ≡
(

0 0 0
)T
, H =

(
0.1 0.1 0.1 0.1

)
. (273)
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5.8 Visualization and Numerical Results for Abstract Linear System

of Itô SDEs Obtained via the SDE-MATH Software Package

This subsection is devoted to the visualization and numerical results for the
model (265), (271)–(273).

Figure 98: Modeling logs (linear system of Itô SDEs (265), (271)–(273))

Figure 99: Linear system of Itô SDEs (265), (271)–(273) (components of solution)
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Figure 100: Linear system of Itô SDEs (265), (271)–(273) (expectations)

Figure 101: Linear system of Itô SDEs (265), (271)–(273) (variances)
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6 Source Codes of the SDE-MATH Software Package in

the Python Programming Language

6.1 Source Codes of Graphical User Interface

6.1.1 Source Codes of Main Menu

Listing 7: Configuration file example

1 ”””

2 Conf igurat ion f i l e example , change t h i s paths to yours

3 ”””

4

5 # Paths to resources

6 r e s ou r c e s = ” . / r e s ou r c e s /”

7

8 # Path to database

9 database = ” . / r e s ou r c e s / database . db”

10

11 # Size o f read b u f f e r f o r the Fourier−Legendre c o e f f i c i e n t s

12 r e a d b u f f e r s i z e = 8192

13

14 # Recursion l im i t f o r the Fourier−Legendre c a l c u l a t i o n s

15 r e c u r s i o n l im i t = 10 ∗∗ 8

Listing 8: Program entry

1 #!/ usr / bin /env python

2 import l o gg ing

3 import os

4 import sys

5

6 from PyQt5 import QtGui , QtWidgets

7 from PyQt5 . QtWidgets import QApplication

8 from PyQt5 . QtWinExtras import QWinTaskbarButton

9

10 from c on f i g import database , images

11 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

12 from t o o l s . database import connect , d i s connec t

13 from ui . main . main window import MainWindow

14

15

16 def main ( ) :

17

18 l ogg ing . bas i cCon f i g (

19 l e v e l=logg ing . INFO,

20 format=”%(asct ime ) s − %(levelname ) s − %(message ) s ” ,

21 datefmt=”%H:%M:%S”
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22 )

23

24 app = QApplication ( sys . argv )

25 app . setWindowIcon (QtGui . QIcon ( os . path . j o i n ( images , ” func t i on . png” ) ) )

26 app . s e t S t y l e (QtWidgets . QStyleFactory . c r e a t e ( ’ Fusion ’ ) )

27

28 main window = MainWindow( )

29

30 main window . taskbar button = QWinTaskbarButton ( )

31 main window . taskbar button . se tOver layIcon (QtGui . QIcon ( ” r e s ou r c e s / func t i on . svg” ) )

32

33 e x i t ( app . exec ( ) )

34

35

36 i f name == ” main ” :

37 main ( )

Listing 9: Main window

1 from PyQt5 . QtCore import QThreadPool , pyqtS igna l

2 from PyQt5 . QtWidgets import QStackedWidget , QMainWindow

3 from sympy . phys i c s . mechanics . t e s t s . t e s t sy s t em import lam

4

5 from i n i t . i n i t i a l i z a t i o n import i n i t i a l i z a t i o n

6 from t o o l s . f s y s import i s l o c k e d

7 from ui . a s y n c c a l l s . worker import Worker

8 from ui . cha r t s . charts window import PlotWindow

9 from ui . main . g r e e t i n g s import GreetingsWidget

10 from ui . main .menu . base import MainMenuWidget

11 from ui . main . modeling . l i n e a r . base import LinearModelingWidget

12 from ui . main . modeling . n on l i e a r . base import NonlinearModelingWidget

13 from ui . main . p rog r e s s . complex progres s import ComplexProgressWidget

14 from ui . main . p rog r e s s . s imp l e p r og r e s s import SimpleProgressWidget

15

16

17 class MainWindow(QMainWindow) :

18

19 main window close = pyqtS igna l ( )

20 s t a r t s imp l e p r o g r e s s = pyqtS igna l ( str )

21 s t op s imp l e p r o g r e s s = pyqtS igna l ( str )

22

23 def i n i t ( s e l f ) :

24 super (QMainWindow , s e l f ) . i n i t ( )

25

26 s e l f . plot window = PlotWindow ( )

27

28 s e l f . s t ack widge t = QStackedWidget ( s e l f )

29

30 s e l f . main menu = MainMenuWidget ( s e l f . s tack widge t )

31 s e l f . complex progres s = ComplexProgressWidget ( s e l f . s t ack widge t )

32 s e l f . s imp l e p r og r e s s = SimpleProgressWidget ( s e l f . s tack widge t )

33 s e l f . g r e e t i n g s = GreetingsWidget ( s e l f . s tack widge t )

34 s e l f . l i n e a r mode l i ng = LinearModelingWidget ( s e l f . s tack widge t )
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35 s e l f . non l inear mode l ing = NonlinearModelingWidget ( s e l f . s t ack widge t )

36

37 s e l f . s t ack widge t . addWidget ( s e l f . main menu )

38 s e l f . s t ack widge t . addWidget ( s e l f . non l inear mode l ing )

39 s e l f . s t ack widge t . addWidget ( s e l f . l i n e a r mode l i ng )

40 s e l f . s t ack widge t . addWidget ( s e l f . g r e e t i n g s )

41 s e l f . s t ack widge t . addWidget ( s e l f . s imp l e p r og r e s s )

42 s e l f . s t ack widge t . addWidget ( s e l f . complex progres s )

43

44 s e l f . setCentra lWidget ( s e l f . s t ack widge t )

45

46 s e l f . e x e c i n i t ( )

47

48 s e l f . setWindowTitle ( ”SDE−MATH: so f tware package” )

49 s e l f . setMinimumSize (640 , 480)

50 s e l f . r e s i z e (800 , 600)

51 s e l f . show ( )

52

53 s e l f . main menu . group1 . show non l i n ea r d i a l og . connect ( s e l f . show nonl inear )

54 s e l f . main menu . group2 . show non l i n ea r d i a l og . connect ( s e l f . show nonl inear )

55 s e l f . main menu . group3 . s h ow l i n e a r d i a l o g . connect (

56 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . l i n e a r mode l i ng ) )

57

58 s e l f . non l inear mode l ing . show main menu . connect (

59 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . main menu ) )

60 s e l f . non l inear mode l ing . s t a r t p r o g r e s s . connect (

61 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . complex progres s ) )

62

63 s e l f . l i n e a r mode l i ng . show main menu . connect (

64 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . main menu ) )

65 s e l f . l i n e a r mode l i ng . s t a r t p r o g r e s s . connect (

66 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . complex progres s ) )

67

68 s e l f . g r e e t i n g s . show main menu . connect (

69 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . main menu ) )

70

71 s e l f . g r e e t i n g s . show main menu . connect (

72 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . main menu ) )

73

74 s e l f . g r e e t i n g s . show main menu . connect (

75 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . main menu ) )

76

77 s e l f . complex progres s . back btn . c l i c k e d . connect (

78 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . main menu ) )

79

80 # p l o t event s

81

82 s e l f . main window close . connect ( s e l f . plot window . c l o s e )

83

84 s e l f . main menu . cha r t s check . c l i c k e d . connect ( s e l f . plot window . s e tV i s i b l e )

85 s e l f . plot window . charts show . connect (

86 lambda : s e l f . main menu . cha r t s check . setChecked (True ) )

87 s e l f . plot window . cha r t s h i d e . connect (

88 lambda : s e l f . main menu . cha r t s check . setChecked ( Fa l se ) )

89
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90 s e l f . non l inear mode l ing . draw chart . connect ( s e l f . plot window . c h a r t s l i s t . new items )

91 s e l f . non l inear mode l ing . draw chart . connect ( s e l f . plot window . p l o t w idge t . new items )

92 s e l f . non l inear mode l ing . draw chart . connect ( s e l f . plot window . show )

93

94 s e l f . non l inear mode l ing . cha r t s check . stateChanged . connect ( s e l f . plot window . s e tV i s i b l e

)

95 s e l f . plot window . charts show . connect (

96 lambda : s e l f . non l inear mode l ing . cha r t s check . setChecked (True ) )

97 s e l f . plot window . cha r t s h i d e . connect (

98 lambda : s e l f . non l inear mode l ing . cha r t s check . setChecked ( Fa l se ) )

99

100 s e l f . l i n e a r mode l i ng . draw chart . connect ( s e l f . plot window . c h a r t s l i s t . new items )

101 s e l f . l i n e a r mode l i ng . draw chart . connect ( s e l f . plot window . p l o t w idge t . new items )

102 s e l f . l i n e a r mode l i ng . draw chart . connect ( s e l f . plot window . show )

103

104 s e l f . l i n e a r mode l i ng . cha r t s check . c l i c k e d . connect ( s e l f . plot window . s e tV i s i b l e )

105 s e l f . plot window . charts show . connect (

106 lambda : s e l f . l i n e a r mode l i ng . cha r t s check . setChecked (True ) )

107 s e l f . plot window . cha r t s h i d e . connect (

108 lambda : s e l f . l i n e a r mode l i ng . cha r t s check . setChecked ( Fa l se ) )

109

110 s e l f . l i n e a r mode l i ng . s t a r t p r o g r e s s . connect ( s e l f . complex progres s . sp in )

111 s e l f . non l inear mode l ing . s t a r t p r o g r e s s . connect ( s e l f . complex progres s . sp in )

112 s e l f . l i n e a r mode l i ng . s t op p r og r e s s . connect ( s e l f . complex progres s . stop )

113 s e l f . non l inear mode l ing . s t op p r og r e s s . connect ( s e l f . complex progres s . stop )

114

115 def c loseEvent ( s e l f , event ) :

116 s e l f . main window close . emit ( )

117

118 def e x e c i n i t ( s e l f ) :

119 s e l f . s imp l e p r og r e s s . sp in ( ”Prepar ing the database . . . ” )

120 s e l f . s t ack widge t . setCurrentWidget ( s e l f . s imp l e p r og r e s s )

121

122 worker = Worker ( i n i t i a l i z a t i o n )

123 worker . s i g n a l s . f i n i s h e d . connect ( s e l f . i n i t d on e )

124

125 QThreadPool . g l oba l I n s t an c e ( ) . s t a r t ( worker )

126

127 def i n i t d on e ( s e l f ) :

128 i f not i s l o c k e d ( ” . welcome . l ock ” ) :

129 s e l f . s t ack widge t . setCurrentWidget ( s e l f . g r e e t i n g s )

130 else :

131 s e l f . s t ack widge t . setCurrentWidget ( s e l f . main menu )

132 s e l f . s imp l e p r og r e s s . stop ( )

133

134 def show nonl inear ( s e l f , scheme id ) :

135 s e l f . non l inear mode l ing . set scheme ( scheme id )

136 s e l f . s t ack widge t . setCurrentWidget ( s e l f . non l inear mode l ing )

Listing 10: Greetings window

1 from PyQt5 . QtCore import pyqtSignal , Qt

2 from PyQt5 . QtWidgets import QPushButton , QVBoxLayout , QWidget , QSizePol icy , \
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3 QSpacerItem , QHBoxLayout , QLabel , QCheckBox , QApplication , QStyle

4

5 from t o o l s . f s y s import lock , unlock

6 from ui . main . svg import SVG

7

8

9 class GreetingsWidget (QWidget ) :

10

11 show main menu = pyqtS igna l ( )

12

13 def i n i t ( s e l f , parent=None ) :

14 super (QWidget , s e l f ) . i n i t ( parent )

15

16 header = QLabel ( ”Welcome to SDE−MATH Software Package f o r ”

17 ” the Numerical So lu t i on o f Systems o f I t o SDEs” )

18 font = header . f ont ( )

19 font . s e tPo in tS i z e (15)

20 header . setAl ignment (Qt . A l i gnJu s t i f y )

21 header . setWordWrap (True )

22 header . setFont ( f ont )

23

24 welcome = QLabel (

25 ”Exact s o l u t i o n s o f I t o SDEs are known in ra r e ca s e s . For t h i s ”

26 ” reason , i t becomes nece s sa ry to cons t ruc t numerica l methods f o r ”

27 ” I t o SDEs . Moreover , the problem o f numerica l s o l u t i o n o f I t o SDEs ”

28 ” o f t en occurs even in ca s e s when the exact s o l u t i o n o f I t o SDE i s known . ”

29 ”This means that in some cases , knowing the exact s o l u t i o n to the I t o ”

30 ”SDE does not a l low us to s imulate i t numer i ca l ly in a s imple way . ” , s e l f

31 )

32

33 font = welcome . f ont ( )

34 welcome . setFont ( f ont )

35

36 welcome . setAl ignment (Qt . A l i gnJu s t i f y )

37 welcome . setWordWrap (True )

38 welcome . s e t S i z ePo l i c y ( QSizePol icy ( QSizePol icy . Expanding , QSizePol icy .Minimum) )

39

40 check aga in = QCheckBox( ”Do not show again ” , s e l f )

41 next btn = QPushButton ( ”Ok” , s e l f )

42 next btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP DialogApplyButton ) )

43

44 check aga in . c l i c k e d . connect ( s e l f . check l o ck )

45 next btn . c l i c k e d . connect (lambda : s e l f . show main menu . emit ( ) )

46

47 c on t r o l s = QHBoxLayout ( )

48 c on t r o l s . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

49 c on t r o l s . addWidget ( check aga in )

50 c on t r o l s . addWidget ( next btn )

51 c on t r o l s . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

52

53 eq1 = QHBoxLayout ( )

54 eq1 . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

55 eq1 . addWidget (SVG(” equat ion1 . svg” , s c a l e f a c t o r =1.) )

56 eq1 . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

57
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58 eq2 = QHBoxLayout ( )

59 eq2 . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

60 eq2 . addWidget (SVG(” equat ion2 . svg” , s c a l e f a c t o r =1.) )

61 eq2 . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

62

63 column = QVBoxLayout ( )

64 column . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding ) )

65 column . addWidget ( header )

66 column . addItem (QSpacerItem (0 , 15 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

67 column . addLayout ( eq1 )

68 column . addItem (QSpacerItem (0 , 15 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

69 column . addLayout ( eq2 )

70 column . addItem (QSpacerItem (0 , 15 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

71 column . addWidget ( welcome )

72 column . addItem (QSpacerItem (0 , 30 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

73 column . addLayout ( c on t r o l s )

74 column . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding ) )

75

76 layout = QHBoxLayout ( )

77 layout . addItem (QSpacerItem (50 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

78 layout . addLayout ( column )

79 layout . addItem (QSpacerItem (50 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

80

81 s e l f . setLayout ( layout )

82

83 def check l o ck ( s e l f ) :

84 i f s e l f . sender ( ) . isChecked ( ) :

85 lock ( ” . welcome . l ock ” )

86 else :

87 unlock ( ” . welcome . l ock ” )

Listing 11: Info icon

1 from PyQt5 . QtCore import QSize

2 from PyQt5 . QtWidgets import QWidget , QApplication , QStyle , QLabel

3

4

5 class In f o I con (QLabel ) :

6

7 def i n i t ( s e l f , t ex t : str , parent=None ) :

8 super (QWidget , s e l f ) . i n i t ( parent )

9

10 s e l f . setToolTip ( t ext )

11 s e l f . s e tS ty l eShe e t ( ”QToolTip {background : white ;} ” )
12 s e l f . setPixmap ( QApplication . s t y l e ( ) . s tandardIcon (

13 QStyle . SP MessageBoxInformation ) . pixmap ( QSize (16 , 16) ) )

Listing 12: Error widget

1 from PyQt5 . QtCore import QSize

2 from PyQt5 . QtWidgets import QWidget , QApplication , QStyle , QLabel , QHBoxLayout ,

QSpacerItem , QSizePol icy
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3

4

5 class ErrorWidget (QWidget ) :

6

7 def i n i t ( s e l f , t ex t : str , parent=None ) :

8 super (QWidget , s e l f ) . i n i t ( parent )

9

10 msg m = QLabel ( t ex t )

11 msg m . s e tS ty l eShe e t ( ”QLabel { c o l o r : rgb (230 , 0 , 0) ; }” )
12

13 msg i = QLabel ( )

14 msg i . s e tS ty l eShe e t ( ”QToolTip { background : white ; }” )
15 msg i . setPixmap ( QApplication . s t y l e ( ) . s tandardIcon (

16 QStyle . SP MessageBoxCrit ica l ) . pixmap ( QSize (16 , 16) ) )

17

18 layout = QHBoxLayout ( )

19 layout . setContentsMargins (0 , 0 , 0 , 0)

20 layout . addWidget ( msg i )

21 layout . addWidget (msg m)

22 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

23

24 s e l f . setLayout ( layout )

Listing 13: Svg picture

1 import os

2

3 from PyQt5 . QtCore import QSize

4 from PyQt5 . QtSvg import QSvgWidget

5 from PyQt5 . QtWidgets import QSizePol icy

6

7 from c on f i g import images

8

9

10 class SVG(QSvgWidget ) :

11

12 def i n i t ( s e l f , name : str , s c a l e f a c t o r =1.) :

13 super (QSvgWidget , s e l f ) . i n i t ( )

14

15 s e l f . load ( os . path . j o i n ( images , name) )

16

17 s e l f . s c a l e f a c t o r = s c a l e f a c t o r

18 s e l f . s e t S i z ePo l i c y ( QSizePol icy . Fixed , QSizePol icy . Fixed )

19

20 def s i z eH in t ( s e l f ) :

21 s i z e = s e l f . r ende re r ( ) . d e f a u l t S i z e ( )

22 return QSize ( s i z e . width ( ) ∗ s e l f . s c a l e f a c t o r ,

23 s i z e . he ight ( ) ∗ s e l f . s c a l e f a c t o r )

Listing 14: Main menu (base part)

1 from PyQt5 . QtWidgets import QWidget , QSizePol icy , QSpacerItem , QHBoxLayout , QVBoxLayout ,
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QCheckBox , QLabel

2

3 from ui . main . i n f o import In f o I con

4 from ui . main .menu . l i n e a r import LinearGroupWidget

5 from ui . main .menu . t a y l o r i t o import ItoGroupWidget

6 from ui . main .menu . t a y l o r s t r a t on ov i c h import StratonovichGroupWidget

7

8

9 class MainMenuWidget (QWidget ) :

10

11 def i n i t ( s e l f , parent=None ) :

12 super (QWidget , s e l f ) . i n i t ( parent )

13

14 s e l f . cha r t s check = QCheckBox( ”Charts window” , s e l f )

15

16 icon = In fo I con ( ”This i s char t s window checkbox , i t w i l l \n”
17 ” f o l l ow you on every app l i c a t i on d ia log , so \n”
18 ”you can e a s i l y open or c l o s e window with av a i l a b l e char t s ” )

19

20 bar l ayout = QHBoxLayout ( )

21 bar l ayout . addItem (QSpacerItem (0 , 35 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

22 bar l ayout . addWidget ( i con )

23 bar l ayout . addWidget ( s e l f . cha r t s check )

24

25 header = QLabel ( ” Strong Numerical Schemes f o r I t o SDEs” , parent=s e l f )

26 font = header . f ont ( )

27 font . s e tPo in tS i z e (15)

28 header . setFont ( f ont )

29

30 icon = In fo I con ( ”You are now in main menu , you can choose \n”
31 ”any scheme to perform modeling” )

32

33 header l ayout = QHBoxLayout ( )

34 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding )

)

35 header l ayout . addWidget ( i con )

36 header l ayout . addWidget ( header )

37 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding )

)

38

39 s e l f . group3 = LinearGroupWidget ( s e l f )

40 s e l f . group1 = ItoGroupWidget ( s e l f )

41 s e l f . group2 = StratonovichGroupWidget ( s e l f )

42

43 menu layout = QHBoxLayout ( )

44 menu layout . addWidget ( s e l f . group1 )

45 menu layout . addWidget ( s e l f . group2 )

46 menu layout . addWidget ( s e l f . group3 )

47

48 layout = QVBoxLayout ( )

49 layout . addLayout ( bar l ayout )

50 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding ) )

51 layout . addLayout ( header l ayout )

52 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding ) )

53 layout . addLayout ( menu layout )
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54 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding ) )

55

56 s e l f . setLayout ( layout )

Listing 15: Main menu (linear part)

1 from PyQt5 . QtCore import pyqtS igna l

2 from PyQt5 . QtWidgets import QPushButton , QVBoxLayout , QSizePol icy , QSpacerItem , QGroupBox

3

4

5 class LinearGroupWidget (QGroupBox) :

6

7 s h ow l i n e a r d i a l o g = pyqtS igna l ( )

8

9 def i n i t ( s e l f , parent=None ) :

10 super (QGroupBox , s e l f ) . i n i t ( parent )

11

12 l i n e a r b t n = QPushButton ( ”Di spe r s i on Spec t r a l Decomposition” )

13

14 layout = QVBoxLayout ( )

15 layout . addWidget ( l i n e a r b t n )

16 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding ) )

17

18 s e l f . setLayout ( layout )

19

20 s e l f . s e tT i t l e ( ” Linear I t o SDEs Systems Modeling” )

21 s e l f . s e t S i z ePo l i c y ( QSizePol icy ( QSizePol icy . Expanding , QSizePol icy . Expanding ) )

22

23 l i n e a r b t n . c l i c k e d . connect (lambda : s e l f . s h ow l i n e a r d i a l o g . emit ( ) )

Listing 16: Main menu (Taylor-Itô part)

1 from PyQt5 . QtCore import pyqtS igna l

2 from PyQt5 . QtWidgets import QPushButton , QVBoxLayout , QSizePol icy , QSpacerItem , QGroupBox

3

4

5 class ItoGroupWidget (QGroupBox) :

6

7 show non l i n ea r d i a l og = pyqtS igna l ( int )

8

9 def i n i t ( s e l f , parent=None ) :

10 super (QGroupBox , s e l f ) . i n i t ( parent )

11

12 btn1 = QPushButton ( ”Euler ” )

13 btn2 = QPushButton ( ”Mi l s t e i n ” )

14 btn3 = QPushButton ( ”Convergence Order 1 .5 ” )

15 btn4 = QPushButton ( ”Convergence Order 2 .0 ” )

16 btn5 = QPushButton ( ”Convergence Order 2 .5 ” )

17 btn6 = QPushButton ( ”Convergence Order 3 .0 ” )

18

19 layout = QVBoxLayout ( )

20 layout . addWidget ( btn1 )
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21 layout . addWidget ( btn2 )

22 layout . addWidget ( btn3 )

23 layout . addWidget ( btn4 )

24 layout . addWidget ( btn5 )

25 layout . addWidget ( btn6 )

26 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding ) )

27

28 s e l f . setLayout ( layout )

29

30 s e l f . s e tT i t l e ( ”Taylor−I t o Schemes” )

31 s e l f . s e t S i z ePo l i c y ( QSizePol icy ( QSizePol icy . Expanding , QSizePol icy . Expanding ) )

32

33 btn1 . c l i c k e d . connect (lambda : s e l f . s how non l i n ea r d i a l og . emit (0 ) )

34 btn2 . c l i c k e d . connect (lambda : s e l f . s how non l i n ea r d i a l og . emit (1 ) )

35 btn3 . c l i c k e d . connect (lambda : s e l f . s how non l i n ea r d i a l og . emit (2 ) )

36 btn4 . c l i c k e d . connect (lambda : s e l f . s how non l i n ea r d i a l og . emit (3 ) )

37 btn5 . c l i c k e d . connect (lambda : s e l f . s how non l i n ea r d i a l og . emit (4 ) )

38 btn6 . c l i c k e d . connect (lambda : s e l f . s how non l i n ea r d i a l og . emit (5 ) )

Listing 17: Main menu (Taylor–Stratonovich part)

1 from PyQt5 . QtCore import pyqtS igna l

2 from PyQt5 . QtWidgets import QPushButton , QVBoxLayout , QSizePol icy , QSpacerItem , QGroupBox

3

4

5 class StratonovichGroupWidget (QGroupBox) :

6

7 show non l i n ea r d i a l og = pyqtS igna l ( int )

8

9 def i n i t ( s e l f , parent=None ) :

10 super (QGroupBox , s e l f ) . i n i t ( parent )

11

12 btn1 = QPushButton ( ”Convergence Order 1 .0 ” )

13 btn2 = QPushButton ( ”Convergence Order 1 .5 ” )

14 btn3 = QPushButton ( ”Convergence Order 2 .0 ” )

15 btn4 = QPushButton ( ”Convergence Order 2 .5 ” )

16 btn5 = QPushButton ( ”Convergence Order 3 .0 ” )

17

18 layout = QVBoxLayout ( )

19 layout . addWidget ( btn1 )

20 layout . addWidget ( btn2 )

21 layout . addWidget ( btn3 )

22 layout . addWidget ( btn4 )

23 layout . addWidget ( btn5 )

24 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding ) )

25

26 s e l f . setLayout ( layout )

27

28 s e l f . s e tT i t l e ( ”Taylor−Stratonov ich Schemes” )

29 s e l f . s e t S i z ePo l i c y ( QSizePol icy ( QSizePol icy . Expanding , QSizePol icy . Expanding ) )

30

31 btn1 . c l i c k e d . connect (lambda : s e l f . s how non l i n ea r d i a l og . emit (6 ) )

32 btn2 . c l i c k e d . connect (lambda : s e l f . s how non l i n ea r d i a l og . emit (7 ) )
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33 btn3 . c l i c k e d . connect (lambda : s e l f . s how non l i n ea r d i a l og . emit (8 ) )

34 btn4 . c l i c k e d . connect (lambda : s e l f . s how non l i n ea r d i a l og . emit (9 ) )

35 btn5 . c l i c k e d . connect (lambda : s e l f . s how non l i n ea r d i a l og . emit (10) )

Listing 18: Complex progress view

1 import l o gg ing

2

3 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QVBoxLayout , QSpacerItem , QSizePol icy ,

\
4 QListWidget , QLabel , QPushButton , QApplication , QStyle

5 from pyqtsp inner . sp inner import WaitingSpinner

6

7 from ui . main . p rog r e s s . l o g hand l e r import LogHandler

8

9

10 class ComplexProgressWidget (QWidget ) :

11

12 def i n i t ( s e l f , parent=None ) :

13 super (QWidget , s e l f ) . i n i t ( parent )

14

15 s e l f . sp inner = WaitingSpinner ( s e l f ,

16 rad iu s =5.0 ,

17 l i n e s =10,

18 l i n e l e n g t h =5.0 ,

19 centerOnParent=False )

20 s e l f . l i s t w i d g e t = QListWidget ( s e l f )

21 s e l f . handler = LogHandler ( s e l f . handle message )

22

23 s e l f . l a b e l = QLabel ( s e l f )

24 font = s e l f . l a b e l . f ont ( )

25 font . s e tPo in tS i z e (15)

26 s e l f . l a b e l . setFont ( f ont )

27

28 s e l f . back btn = QPushButton ( ”Ok” )

29 s e l f . back btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP DialogApplyButton ) )

30 s e l f . back btn . h ide ( )

31

32 sp inne r l ayou t = QHBoxLayout ( )

33 sp inne r l ayou t . addWidget ( s e l f . sp inner )

34 sp inne r l ayou t . addWidget ( s e l f . l a b e l )

35 sp inne r l ayou t . addSpacerItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding ,

36 QSizePol icy .Minimum) )

37

38 bottom bar = QHBoxLayout ( )

39 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

40 bottom bar . addWidget ( s e l f . back btn )

41

42 layout = QVBoxLayout ( )

43 layout . addLayout ( sp i nne r l ayou t )

44 layout . addWidget ( s e l f . l i s t w i d g e t )

45 layout . addLayout ( bottom bar )

46
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47 s e l f . setLayout ( layout )

48

49 def handle message ( s e l f , t ex t ) :

50 s e l f . l i s t w i d g e t . addItem ( text )

51 s e l f . l i s t w i d g e t . scrol lToBottom ( )

52

53 def sp in ( s e l f , t ex t ) :

54 s e l f . l i s t w i d g e t . c l e a r ( )

55 l ogg ing . getLogger ( ) . addHandler ( s e l f . handler )

56 s e l f . back btn . h ide ( )

57 s e l f . sp inner . s t a r t ( )

58 s e l f . l a b e l . setText ( t ex t )

59

60 def stop ( s e l f , t ex t ) :

61 s e l f . back btn . show ( )

62 s e l f . l i s t w i d g e t . scrol lToBottom ( )

63 s e l f . l a b e l . setText ( t ex t )

64 s e l f . sp inner . stop ( )

65 l ogg ing . getLogger ( ) . removeHandler ( s e l f . handler )

Listing 19: Simple progress view

1 from PyQt5 . QtCore import Qt

2 from PyQt5 . QtWidgets import QVBoxLayout , QWidget , QLabel , QSpacerItem , QSizePol icy

3 from pyqtsp inner . sp inner import WaitingSpinner

4

5

6 class SimpleProgressWidget (QWidget ) :

7

8 def i n i t ( s e l f , parent=None ) :

9 super (QWidget , s e l f ) . i n i t ( parent )

10

11 s e l f . sp inner = WaitingSpinner ( s e l f , r ad iu s =15.0 , l i n e s =10, l i n e l e n g t h =15.0)

12

13 s e l f . l a b e l = QLabel ( )

14 s e l f . l a b e l . setAl ignment (Qt . Al ignCenter )

15 font = s e l f . l a b e l . f ont ( )

16 font . s e tPo in tS i z e (15)

17 s e l f . l a b e l . setFont ( f ont )

18

19 layout = QVBoxLayout ( )

20 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding ) )

21 layout . addWidget ( s e l f . sp inner )

22 layout . addItem (QSpacerItem (0 , 50 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

23 layout . addWidget ( s e l f . l a b e l )

24 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding ) )

25

26 s e l f . setLayout ( layout )

27

28 def sp in ( s e l f , t ex t ) :

29 s e l f . sp inner . s t a r t ( )

30 s e l f . l a b e l . setText ( t ex t )

31
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32 def stop ( s e l f ) :

33 s e l f . sp inner . stop ( )

Listing 20: Log handler for application

1 import l o gg ing

2

3

4 class LogHandler ( l ogg ing . Handler ) :

5

6 def i n i t ( s e l f , c a l l b a ck ) :

7 super ( ) . i n i t ( )

8 s e l f . c a l l b a ck = ca l l b a ck

9 s e l f . setFormatter ( l ogg ing . Formatter ( ”%(asct ime ) s − %(message ) s ” , ”%H:%M:%S” ) )

10

11 def handle ( s e l f , r ecord ) :

12 s e l f . c a l l b a ck ( s e l f . format ( r ecord ) )

Listing 21: Matrix widget

1 from PyQt5 . QtWidgets import QTableWidgetItem , QTableWidget , QSizePol icy

2

3

4 class MatrixWidget (QTableWidget ) :

5

6 def i n i t ( s e l f , parent=None ) :

7 super (QTableWidget , s e l f ) . i n i t ( parent )

8

9 s e l f . itemChanged . connect ( s e l f . i tem changed )

10 s e l f .m = [ [ ”0” ] ]

11

12 s e l f . setRowCount (1 )

13 s e l f . setColumnCount (1 )

14 s e l f . se t I tem (0 , 0 , CustomItem ( ”0” ) )

15

16 s e l f . s e t S i z ePo l i c y ( QSizePol icy ( QSizePol icy . Expanding , QSizePol icy . Expanding ) )

17

18 def r e s i z e w ( s e l f , w: int ) :

19

20 s e l f . b l o ckS i gna l s (True )

21

22 old w = s e l f . columnCount ( )

23 s e l f . setColumnCount (w)

24 h = s e l f . rowCount ( )

25

26 s e l f .m = [ [ s e l f .m[ i ] [ j ] i f i < h and j < old w else ”0”

27 for j in range (w) ]

28 for i in range (h) ]

29

30 for i in range (h) :

31 for j in range (w) :

32 item = s e l f . item ( i , j )
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33 i f item i s not None :

34 item . setText ( s e l f .m[ i ] [ j ] )

35 else :

36 s e l f . set I tem ( i , j , CustomItem ( s e l f .m[ i ] [ j ] ) )

37

38 s e l f . b l o ckS i gna l s ( Fa l se )

39

40 def r e s i z e h ( s e l f , h : int ) :

41

42 s e l f . b l o ckS i gna l s (True )

43

44 o ld h = s e l f . rowCount ( )

45 w = s e l f . columnCount ( )

46 s e l f . setRowCount (h)

47

48 s e l f .m = [ [ s e l f .m[ i ] [ j ] i f i < o ld h and j < w else ”0”

49 for j in range (w) ]

50 for i in range (h) ]

51

52 for i in range (h) :

53 for j in range (w) :

54 item = s e l f . item ( i , j )

55 i f item i s not None :

56 item . setText ( s e l f .m[ i ] [ j ] )

57 else :

58 s e l f . set I tem ( i , j , CustomItem ( s e l f .m[ i ] [ j ] ) )

59

60 s e l f . b l o ckS i gna l s ( Fa l se )

61

62 def i tem changed ( s e l f , item ) :

63 s e l f .m[ item . row ( ) ] [ item . column ( ) ] = item . t ext ( )

64

65

66 class CustomItem (QTableWidgetItem ) :

67

68 def i n i t ( s e l f , va lue : str ) :

69 super (QTableWidgetItem , s e l f ) . i n i t ( va lue )

70

71 s e l f . v a l i d = True

6.1.2 Source Codes of Charts Window

Listing 22: Charts window

1 from PyQt5 . QtCore import pyqtS igna l

2 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QMainWindow , QSp l i t t e r

3

4 from ui . cha r t s . s i d e . a v a i l a b l e c h a r t s w i d g e t import Avai lableChartsWidget

5 from ui . cha r t s . v i s u a l s . cha r t s w idge t import ChartsWidget

6

7
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8 class PlotWindow (QMainWindow) :

9

10 charts show = pyqtS igna l ( )

11 cha r t s h i d e = pyqtS igna l ( )

12

13 def i n i t ( s e l f ) :

14 super (QMainWindow , s e l f ) . i n i t ( )

15

16 s e l f . p l o t w idge t = ChartsWidget ( s e l f )

17 s e l f . c h a r t s l i s t = Avai lableChartsWidget ( s e l f )

18

19 s p l i t t e r = QSp l i t t e r ( )

20 s p l i t t e r . addWidget ( s e l f . c h a r t s l i s t )

21 s p l i t t e r . addWidget ( s e l f . p l o t w idge t )

22 s p l i t t e r . s e t S i z e s ( [ s p l i t t e r . width ( ) / 0 . 85 ,

23 s p l i t t e r . width ( ) / 0 . 1 5 ] )

24

25 layout = QHBoxLayout( s e l f )

26 layout . addWidget ( s p l i t t e r )

27

28 c en t r a l w idg e t = QWidget ( )

29 c en t r a l w idg e t . setLayout ( layout )

30 s e l f . setCentra lWidget ( c en t r a l w idg e t )

31

32 s e l f . setWindowTitle ( ”SDE−MATH: char t s window” )

33 s e l f . r e s i z e (1200 , 800)

34

35 s e l f . c h a r t s l i s t . on show a l l . connect ( s e l f . p l o t w idge t . show a l l )

36 s e l f . c h a r t s l i s t . o n h i d e a l l . connect ( s e l f . p l o t w idge t . h i d e a l l )

37 s e l f . c h a r t s l i s t . on remove a l l . connect ( s e l f . p l o t w idge t . d e l e t e a l l )

38

39 def showEvent ( s e l f , event ) :

40 s e l f . charts show . emit ( )

41

42 def c loseEvent ( s e l f , event ) :

43 s e l f . c h a r t s h i d e . emit ( )

Listing 23: Curves list

1 import os

2

3 from PyQt5 import QtGui

4 from PyQt5 . QtCore import pyqtS igna l

5 from PyQt5 . QtWidgets import QVBoxLayout , QWidget , QSizePol icy , QSpacerItem , \
6 QScrol lArea , QLabel , QHBoxLayout , QPushButton , QApplication , QStyle

7

8 from c on f i g import images

9 from ui . cha r t s . s i d e . i tem widget import ItemWidget

10 from ui . main . i n f o import In f o I con

11

12

13 class Avai lableChartsWidget (QWidget ) :

14
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15 o n h i d e a l l = pyqtS igna l ( )

16 on show a l l = pyqtS igna l ( )

17 on remove a l l = pyqtS igna l ( )

18

19 def i n i t ( s e l f , parent=None ) :

20 super (QWidget , s e l f ) . i n i t ( parent )

21

22 s e l f . i tems = dict ( )

23

24 s e l f . spacer = QSpacerItem (0 , 0 , QSizePol icy .Minimum , QSizePol icy . Expanding )

25 s e l f . p l o t w idge t = s e l f . parent ( ) . p l o t w idge t

26

27 remove a l l = QPushButton ( )

28 remove a l l . s e tF l a t (True )

29 remove a l l . s e t I c on (

30 QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP DialogResetButton ) )

31

32 h i d e a l l = QPushButton ( )

33 h i d e a l l . s e tF l a t (True )

34 h i d e a l l . s e t I c on (QtGui . QIcon ( os . path . j o i n ( images , ” c ro s s ed . png” ) ) )

35

36 show a l l = QPushButton ( )

37 show a l l . s e tF l a t (True )

38 show a l l . s e t I c on (QtGui . QIcon ( os . path . j o i n ( images , ” eye . png” ) ) )

39

40 header l ayout = QHBoxLayout ( )

41 header l ayout . addWidget (

42 In f o I con ( ”Here You w i l l s e e a l l modeling s e r i e s \n”
43 ”You can hide them or de l e t e , i f you need to ” ) )

44 header l ayout . addItem (

45 QSpacerItem (5 , 0 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

46 header l ayout . addWidget (QLabel ( ”Curves” ) )

47 header l ayout . addItem (

48 QSpacerItem (5 , 0 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

49 header l ayout . setContentsMargins (0 , 0 , 0 , 0)

50 header l ayout . s e tSpac ing (0 )

51 header l ayout . addItem (

52 QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

53 header l ayout . addWidget ( show a l l )

54 header l ayout . addWidget ( h i d e a l l )

55 header l ayout . addWidget ( r emove a l l )

56

57 s e l f . l ayout = QVBoxLayout ( )

58 s e l f . l ayout . setContentsMargins (3 , 3 , 3 , 3)

59 s e l f . l ayout . s e tSpac ing (2 )

60

61 s c r o l l w i d g e t = QWidget ( s e l f )

62 s c r o l l w i d g e t . setLayout ( s e l f . l ayout )

63

64 s c r o l l a r e a = QScrol lArea ( s e l f )

65 s c r o l l a r e a . se tWidgetRes izab le (True )

66 s c r o l l a r e a . setWidget ( s c r o l l w i d g e t )

67

68 s e l f . l ayout . addItem ( s e l f . spacer )

69
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70 layout = QVBoxLayout ( )

71 layout . setContentsMargins (0 , 0 , 0 , 0)

72 layout . addLayout ( header l ayout )

73 layout . addWidget ( s c r o l l a r e a )

74

75 s e l f . setLayout ( layout )

76

77 s e l f . s e t S i z ePo l i c y (

78 QSizePol icy ( QSizePol icy . MinimumExpanding ,

79 QSizePol icy . MinimumExpanding ) )

80

81 show a l l . c l i c k e d . connect ( s e l f . show a l l )

82 h i d e a l l . c l i c k e d . connect ( s e l f . h i d e a l l )

83 r emove a l l . c l i c k e d . connect ( s e l f . d e l e t e a l l )

84

85 def new items ( s e l f , l i n e s : l i s t ) :

86 s e l f . l ayout . removeItem ( s e l f . spacer )

87

88 for i in range ( len ( l i n e s ) ) :

89 i tem widget = ItemWidget ( l i n e s [ i ] . name , l i n e s [ i ] . co lo r , parent=s e l f )

90 i tem widget . uid = l i n e s [ i ] . uid

91 i tem widget . on show . connect ( s e l f . p l o t w idge t . show item )

92 item widget . on hide . connect ( s e l f . p l o t w idge t . h ide i t em )

93 item widget . on de l e t e . connect ( s e l f . p l o t w idge t . d e l e t e i t em )

94 item widget . on de l e t e . connect ( s e l f . d e l e t e i t em )

95 s e l f . i tems [ l i n e s [ i ] . uid ] = item widget

96

97 s e l f . p l o t w idge t . h i d e l a b e l . connect (lambda uid : s e l f . i tems [ uid ] . h ide ( ) )

98 s e l f . p l o t w idge t . show labe l . connect (lambda uid : s e l f . i tems [ uid ] . show ( ) )

99

100 s e l f . l ayout . addWidget ( i tem widget )

101

102 s e l f . l ayout . addItem ( s e l f . spacer )

103

104 def de l e t e i t em ( s e l f ) :

105 s = s e l f . sender ( )

106 s . se tParent (None )

107 s e l f . i tems . pop ( s . uid )

108 s e l f . l ayout . removeWidget ( s )

109

110 def d e l e t e a l l ( s e l f ) :

111 for item in s e l f . i tems . va lue s ( ) :

112 item . setParent (None )

113 s e l f . l ayout . removeWidget ( item )

114 s e l f . i tems . c l e a r ( )

115 s e l f . on remove a l l . emit ( )

116

117 def h i d e a l l ( s e l f ) :

118 for item in s e l f . i tems . va lue s ( ) :

119 item . checkbox . b l o ckS i gna l s (True )

120 item . checkbox . setChecked ( Fa l se )

121 item . checkbox . b l o ckS i gna l s ( Fa l se )

122 s e l f . o n h i d e a l l . emit ( )

123

124 def show a l l ( s e l f ) :
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125 for item in s e l f . i tems . va lue s ( ) :

126 item . checkbox . b l o ckS i gna l s (True )

127 item . checkbox . setChecked (True )

128 item . checkbox . b l o ckS i gna l s ( Fa l se )

129 s e l f . on show a l l . emit ( )

Listing 24: Curves list item

1 from PyQt5 . QtCore import pyqtS igna l

2 from PyQt5 . QtWidgets import QPushButton , QSizePol icy , QHBoxLayout , QStyle , \
3 QApplication , QCheckBox , QVBoxLayout , QLabel , QSpacerItem , QFrame

4

5

6 class ItemWidget (QFrame) :

7

8 on de l e t e = pyqtS igna l ( object )

9 on hide = pyqtS igna l ( int )

10 on show = pyqtS igna l ( int )

11

12 def i n i t ( s e l f , name , co lo r , parent=None ) :

13 super (QFrame , s e l f ) . i n i t ( parent )

14

15 s e l f . uid = 0

16

17 s e l f . setFrameShape (QFrame . Sty ledPanel )

18 s e l f . s e tS ty l eShe e t ( ”QFrame { background : white ; }” )
19

20 s e l f . checkbox = QCheckBox(name)

21 s e l f . checkbox . setChecked (True )

22

23 btn = QPushButton ( )

24 btn . s e tF l a t (True )

25 btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP DialogCancelButton ) )

26

27 unde r l i n e = QLabel ( )

28 unde r l i n e . s e t S i z ePo l i c y ( QSizePol icy ( QSizePol icy . Expanding , QSizePol icy .Maximum) )

29 unde r l i n e . setMaximumHeight (3 )

30 unde r l i n e . s e tS ty l eShe e t ( f ”QLabel {{ background : { c o l o r } ; }}” )
31

32 layout = QHBoxLayout ( )

33 layout . setContentsMargins (3 , 3 , 3 , 3)

34 layout . s e tSpac ing (0 )

35 layout . addWidget ( s e l f . checkbox )

36 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

37 layout . addWidget ( btn )

38

39 l ayou t unde r l i n ed = QVBoxLayout ( )

40 l ayou t unde r l i n ed . setContentsMargins (0 , 0 , 0 , 0)

41 l ayou t unde r l i n ed . se tSpac ing (0 )

42 l ayou t unde r l i n ed . addLayout ( layout )

43 l ayou t unde r l i n ed . addWidget ( unde r l i n e )

44

45 s e l f . setLayout ( l ayou t unde r l i n ed )
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46

47 s e l f . checkbox . stateChanged . connect ( s e l f . checkbox changed )

48 btn . c l i c k e d . connect (lambda : s e l f . on de l e t e . emit ( s e l f . uid ) )

49

50 def checkbox changed ( s e l f , v ) :

51 i f v > 0 :

52 s e l f . on show . emit ( s e l f . uid )

53 else :

54 s e l f . on hide . emit ( s e l f . uid )

Listing 25: Charts area

1 import matp lo t l i b . pyplot as p l t

2 from PyQt5 . QtCore import pyqtS igna l

3 from PyQt5 . QtWidgets import QSizePol icy , QFrame , QHBoxLayout , QPushButton , \
4 QSpacerItem

5 from PyQt5 . QtWidgets import QVBoxLayout

6 from matp lo t l i b . backends . backend qt5agg import FigureCanvasQTAgg as FigureCanvas

7

8 from ui . cha r t s . v i s u a l s . c o l o r import Color

9 from ui . cha r t s . v i s u a l s . t oo lba r import ToolBar

10 from ui . main . i n f o import In f o I con

11

12

13 class ChartsWidget (QFrame) :

14

15 h i d e l a b e l = pyqtS igna l ( int )

16 show labe l = pyqtS igna l ( int )

17

18 def i n i t ( s e l f , parent=None ) :

19 super (QFrame , s e l f ) . i n i t ( parent )

20

21 s e l f . p l o t s = dict ( )

22 s e l f . mode = 0

23

24 s e l f . setFrameStyle (QFrame . Sty ledPanel )

25 s e l f . s e tS ty l eShe e t ( ”QFrame { background : white ; }” )
26

27 s e l f . f i g u r e = p l t . f i g u r e ( )

28 s e l f . canvas = FigureCanvas ( s e l f . f i g u r e )

29 s e l f . canvas . mpl connect ( ’ r e s i z e e v e n t ’ , s e l f . o n r e s i z e )

30 s e l f . t oo lba r = ToolBar ( s e l f . canvas , s e l f )

31

32 s e l f . ax = s e l f . f i g u r e . add subplot (111)

33 s e l f . ax . margins (0 )

34 s e l f . ax . g r i d ( ax i s=’ both ’ , alpha =.3)

35 s e l f . ax . r e l im ( v i s i b l e o n l y=True )

36 s e l f . ax . au to s ca l e ( )

37

38 s e l f . f i g u r e . t i g h t l a y ou t ( )

39 s e l f . canvas . draw ( )

40

41 s e l f . b tn t o f n = QPushButton ( ” T r a j e c t o r i e s ” )
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42 s e l f . b tn t o f n . s e tF l a t (True )

43 s e l f . btn to mx = QPushButton ( ”Expectat ions ” )

44 s e l f . btn to mx . s e tF l a t (True )

45 s e l f . btn to dx = QPushButton ( ”Var iances ” )

46 s e l f . btn to dx . s e tF l a t (True )

47

48 t oo l b a r l a you t = QHBoxLayout ( )

49 t oo l b a r l a you t . setContentsMargins (0 , 0 , 0 , 0)

50 t oo l b a r l a you t . s e tSpac ing (0 )

51 t oo l b a r l a you t . addItem (QSpacerItem (15 , 0 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

52 t oo l b a r l a you t . addWidget ( In f o I con ( ”Cl i ck t h i s buttons to switch p l o t modes\n”
53 ”between t r a j e c t o r i e s , expec ta t i on s and va r i ance s ” ) )

54 t oo l b a r l a you t . addItem (QSpacerItem (15 , 0 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

55 t oo l b a r l a you t . addWidget ( s e l f . b tn t o f n )

56 t oo l b a r l a you t . addWidget ( s e l f . btn to mx )

57 t oo l b a r l a you t . addWidget ( s e l f . btn to dx )

58 t oo l b a r l a you t . addWidget ( s e l f . t oo lba r )

59 t oo l b a r l a you t . addItem (QSpacerItem (15 , 0 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

60

61 layout = QVBoxLayout ( )

62 layout . setContentsMargins (0 , 0 , 0 , 0)

63 layout . s e tSpac ing (0 )

64 layout . addLayout ( t o o l b a r l a you t )

65 layout . addWidget ( s e l f . canvas )

66

67 s e l f . setLayout ( layout )

68

69 s e l f . s e t S i z ePo l i c y ( QSizePol icy ( QSizePol icy . Expanding , QSizePol icy . Expanding ) )

70

71 s e l f . b tn t o f n . pre s s ed . connect ( s e l f . fn mode )

72 s e l f . btn to mx . pre s s ed . connect ( s e l f . mx mode)

73 s e l f . btn to dx . pre s s ed . connect ( s e l f . dx mode )

74

75 def r e s c a l e ( s e l f ) :

76 s e l f . ax . r e l im ( v i s i b l e o n l y=True )

77 s e l f . ax . au to s ca l e ( )

78 s e l f . canvas . draw ( )

79

80 def c l e a r ( s e l f ) :

81 for f in s e l f . p l o t s . va lue s ( ) :

82 s e l f . h i d e l a b e l . emit ( f . uid )

83 i f f . l i n e f n i s not None :

84 f . l i n e f n . s e t v i s i b l e ( Fa l se )

85 i f f . l ine mx i s not None :

86 f . l ine mx . s e t v i s i b l e ( Fa l se )

87 i f f . l i n e dx i s not None :

88 f . l i n e dx . s e t v i s i b l e ( Fa l se )

89

90 def fn mode ( s e l f ) :

91

92 s e l f . mode = 0

93

94 s e l f . c l e a r ( )

95

96 for f in s e l f . p l o t s . va lue s ( ) :
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97 i f f . l i n e f n i s not None :

98 s e l f . show labe l . emit ( f . uid )

99 i f f . v i s i b l e :

100 f . l i n e f n . s e t v i s i b l e (True )

101

102 s e l f . r e s c a l e ( )

103

104 def mx mode( s e l f ) :

105

106 s e l f . mode = 1

107

108 s e l f . c l e a r ( )

109

110 for f in s e l f . p l o t s . va lue s ( ) :

111 i f f . l ine mx i s not None :

112 s e l f . show labe l . emit ( f . uid )

113 i f f . v i s i b l e :

114 f . l ine mx . s e t v i s i b l e (True )

115

116 s e l f . r e s c a l e ( )

117

118 def dx mode ( s e l f ) :

119

120 s e l f . mode = 2

121

122 s e l f . c l e a r ( )

123

124 for f in s e l f . p l o t s . va lue s ( ) :

125 i f f . l i n e dx i s not None :

126 s e l f . show labe l . emit ( f . uid )

127 i f f . v i s i b l e :

128 f . l i n e dx . s e t v i s i b l e (True )

129

130 s e l f . r e s c a l e ( )

131

132 def new items ( s e l f , l i n e s : l i s t ) :

133

134 for l i n e in l i n e s :

135 s e l f . p l o t s [ l i n e . uid ] = l i n e

136

137 for f in s e l f . p l o t s . va lue s ( ) :

138 i f f . l i n e f n i s None and f . fn i s not None :

139 f . l i n e f n = s e l f . ax . p l o t ( f . t , f . fn , l i n ew id th=1, c o l o r=f . c o l o r ) [ 0 ]

140 i f f . l ine mx i s None and f .mx i s not None :

141 f . l ine mx = s e l f . ax . p l o t ( f . t , f .mx, l i n ew id th=1, c o l o r=f . c o l o r ) [ 0 ]

142 i f f . l i n e dx i s None and f . dx i s not None :

143 f . l i n e dx = s e l f . ax . p l o t ( f . t , f . dx , l i n ew id th=1, c o l o r=f . c o l o r ) [ 0 ]

144

145 i f s e l f . mode == 0 :

146 s e l f . fn mode ( )

147

148 i f s e l f . mode == 1 :

149 s e l f . mx mode ( )

150

151 i f s e l f . mode == 2 :
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152 s e l f . dx mode ( )

153

154 def de l e t e i t em ( s e l f , uid : int ) :

155 item = s e l f . p l o t s . pop ( uid )

156 Color . f r e e ( item . c o l o r )

157 i f item . l i n e f n i s not None :

158 item . l i n e f n . remove ( )

159 i f item . l ine mx i s not None :

160 item . l ine mx . remove ( )

161 i f item . l i n e dx i s not None :

162 item . l i n e dx . remove ( )

163

164 s e l f . r e s c a l e ( )

165

166 def h ide i t em ( s e l f , uid : int ) :

167 item = s e l f . p l o t s [ uid ]

168 i f item . l i n e f n i s not None and s e l f . mode == 0 :

169 item . l i n e f n . s e t v i s i b l e ( Fa l se )

170 i f item . l ine mx i s not None and s e l f . mode == 1 :

171 item . l ine mx . s e t v i s i b l e ( Fa l se )

172 i f item . l i n e dx i s not None and s e l f . mode == 2 :

173 item . l i n e dx . s e t v i s i b l e ( Fa l se )

174 item . v i s i b l e = False

175

176 s e l f . r e s c a l e ( )

177

178 def show item ( s e l f , uid : int ) :

179 item = s e l f . p l o t s [ uid ]

180 i f item . l i n e f n i s not None and s e l f . mode == 0 :

181 item . l i n e f n . s e t v i s i b l e (True )

182 i f item . l ine mx i s not None and s e l f . mode == 1 :

183 item . l ine mx . s e t v i s i b l e (True )

184 i f item . l i n e dx i s not None and s e l f . mode == 2 :

185 item . l i n e dx . s e t v i s i b l e (True )

186 item . v i s i b l e = True

187

188 s e l f . r e s c a l e ( )

189

190 def show a l l ( s e l f ) :

191 for item in s e l f . p l o t s . va lue s ( ) :

192 i f item . l i n e f n i s not None and s e l f . mode == 0 :

193 item . l i n e f n . s e t v i s i b l e (True )

194 i f item . l ine mx i s not None and s e l f . mode == 1 :

195 item . l ine mx . s e t v i s i b l e (True )

196 i f item . l i n e dx i s not None and s e l f . mode == 2 :

197 item . l i n e dx . s e t v i s i b l e (True )

198 item . v i s i b l e = True

199

200 s e l f . r e s c a l e ( )

201

202 def h i d e a l l ( s e l f ) :

203 for item in s e l f . p l o t s . va lue s ( ) :

204 i f item . l i n e f n i s not None and s e l f . mode == 0 :

205 item . l i n e f n . s e t v i s i b l e ( Fa l se )

206 i f item . l ine mx i s not None and s e l f . mode == 1 :
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207 item . l ine mx . s e t v i s i b l e ( Fa l se )

208 i f item . l i n e dx i s not None and s e l f . mode == 2 :

209 item . l i n e dx . s e t v i s i b l e ( Fa l se )

210 item . v i s i b l e = False

211

212 s e l f . r e s c a l e ( )

213

214 def d e l e t e a l l ( s e l f ) :

215 for item in reversed ( s e l f . p l o t s . va lue s ( ) ) :

216 Color . f r e e ( item . c o l o r )

217 i f item . l i n e f n i s not None :

218 item . l i n e f n . remove ( )

219 i f item . l ine mx i s not None :

220 item . l ine mx . remove ( )

221 i f item . l i n e dx i s not None :

222 item . l i n e dx . remove ( )

223

224 s e l f . p l o t s . c l e a r ( )

225

226 s e l f . r e s c a l e ( )

227

228 def o n r e s i z e ( s e l f , event ) :

229 s e l f . f i g u r e . t i g h t l a y ou t ( )

230 s e l f . canvas . draw ( )

Listing 26: Curves color

1 from random import cho i c e

2

3

4 class Color :

5

6 r e s e r v e d c o l o r s = [

7 ”#f f 834a ” ,

8 ”#f f e 1 0 0 ” ,

9 ”#c700c7 ” ,

10 ”#24e280” ,

11 ”#1100 f f ” ,

12 ”#f f 1 e 2 2 ” ,

13 ]

14 a v a i l a b l e c o l o r s = [

15 ”#f f 834a ” ,

16 ”#f f e 1 0 0 ” ,

17 ”#c700c7 ” ,

18 ”#24e280” ,

19 ”#1100 f f ” ,

20 ”#f f 1 e 2 2 ” ,

21 ]

22

23 def new ( c l s , ∗ args , ∗∗kwargs ) :

24

25 try :

26 return c l s . a v a i l a b l e c o l o r s . pop ( )
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27

28 except IndexError :

29 return f ”#{ ’ ’ . j o i n ( [ cho i c e ( ’0123456789ABCDEF ’ ) f o r j in range (6 ) ] ) }”
30

31 @classmethod

32 def f r e e ( c l s , code : str ) :

33

34 i f code in c l s . r e s e r v e d c o l o r s :

35 c l s . a v a i l a b l e c o l o r s . append ( code )

Listing 27: Curve

1 from ui . cha r t s . v i s u a l s . c o l o r import Color

2

3

4 class Line :

5 count = 0

6

7 def i n i t ( s e l f , name , t , fn , mx=None , dx=None ) :

8 s e l f . name = name

9 s e l f . t = t

10 s e l f . fn = fn

11 s e l f .mx = mx

12 s e l f . dx = dx

13 s e l f . l i n e f n = None

14 s e l f . l ine mx = None

15 s e l f . l i n e dx = None

16 s e l f . v i s i b l e = True

17 s e l f . c o l o r = Color ( )

18

19 s e l f . uid = Line . count

20 Line . count += 1

6.1.3 Source Codes of Input for Nonlinear Systems of Itô SDEs

Listing 28: Base part of data input for nonlinear systems

1 import l o gg ing

2

3 import numpy as np

4 from PyQt5 . QtCore import QThreadPool , pyqtS igna l

5 from PyQt5 . QtWidgets import QCheckBox , QPushButton , QStyle , QApplication ,\
6 QSizePol icy , QHBoxLayout , QSpacerItem , QVBoxLayout , QStackedWidget , \
7 QWidget , QLabel

8 from sympy import Matrix

9

10 import c on f i g

11 from mathematics . sde . non l in ea r . d r i v e r s . e u l e r import eu l e r

12 from mathematics . sde . non l in ea r . d r i v e r s . m i l s t e i n import mi l s t e i n

13 from mathematics . sde . non l in ea r . d r i v e r s . s t r o n g t a y l o r i t o 1 p 5 import s t r o n g t a y l o r i t o 1 p 5
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14 from mathematics . sde . non l in ea r . d r i v e r s . s t r o n g t a y l o r i t o 2 p 0 import s t r o n g t a y l o r i t o 2 p 0

15 from mathematics . sde . non l in ea r . d r i v e r s . s t r o n g t a y l o r i t o 2 p 5 import s t r o n g t a y l o r i t o 2 p 5

16 from mathematics . sde . non l in ea r . d r i v e r s . s t r o n g t a y l o r i t o 3 p 0 import s t r o n g t a y l o r i t o 3 p 0

17 from mathematics . sde . non l in ea r . d r i v e r s . s t r ong t ay l o r s t r a t onov i c h 1p0 import

s t r ong t ay l o r s t r a t onov i c h 1p0

18 from mathematics . sde . non l in ea r . d r i v e r s . s t r ong t ay l o r s t r a t onov i c h 1p5 import

s t r ong t ay l o r s t r a t onov i c h 1p5

19 from mathematics . sde . non l in ea r . d r i v e r s . s t r ong t ay l o r s t r a t onov i c h 2p0 import

s t r ong t ay l o r s t r a t onov i c h 2p0

20 from mathematics . sde . non l in ea r . d r i v e r s . s t r ong t ay l o r s t r a t onov i c h 2p5 import

s t r ong t ay l o r s t r a t onov i c h 2p5

21 from mathematics . sde . non l in ea r . d r i v e r s . s t r ong t ay l o r s t r a t onov i c h 3p0 import

s t r ong t ay l o r s t r a t onov i c h 3p0

22 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

23 from t o o l s import database

24 from ui . a s y n c c a l l s . worker import Worker

25 from ui . cha r t s . v i s u a l s . l i n e import Line

26 from ui . main . modeling . n on l i e a r . s tep1 import Step1

27 from ui . main . modeling . n on l i e a r . s tep2 import Step2

28 from ui . main . modeling . n on l i e a r . s tep3 import Step3

29 from ui . main . modeling . n on l i e a r . s tep4 import Step4

30 from ui . main . modeling . n on l i e a r . s tep5 import Step5

31

32

33 class NonlinearModelingWidget (QWidget ) :

34

35 show main menu = pyqtS igna l ( )

36 s t a r t p r o g r e s s = pyqtS igna l ( str )

37 s t op p r og r e s s = pyqtS igna l ( str )

38 draw chart = pyqtS igna l ( l i s t )

39

40 def i n i t ( s e l f , parent=None ) :

41 super (QWidget , s e l f ) . i n i t ( parent )

42

43 s e l f . l o gg e r = logg ing . getLogger ( name )

44 s e l f . scheme id = 0

45 s e l f . schemes = [

46 ( eu l e r , ”Euler ” , ”Euler Scheme” ) ,

47 ( mi l s t e in , ”Mi l s t e i n ” , ”Mi l s t e i n Scheme” ) ,

48 ( s t r o n g t a y l o r i t o 1p5 , ”Taylor−I t o 1 .5 ” ,

49 ”Strong Taylor−I t o Scheme with Convergence Order 1 .5 ” ) ,

50 ( s t r o n g t a y l o r i t o 2p0 , ”Taylor−I t o 2 .0 ” ,

51 ”Strong Taylor−I t o Scheme with Convergence Order 2 .0 ” ) ,

52 ( s t r o n g t a y l o r i t o 2p5 , ”Taylor−I t o 2 .5 ” ,

53 ”Strong Taylor−I t o Scheme with Convergence Order 2 .5 ” ) ,

54 ( s t r o n g t a y l o r i t o 3p0 , ”Taylor−I t o 3 .0 ” ,

55 ”Strong Taylor−I t o Scheme with Convergence Order 3 .0 ” ) ,

56 ( s t r ong t ay l o r s t r a t onov i ch 1p0 , ”Taylor−Str . 1 . 0 ” ,

57 ”Strong Taylor−Stratonov ich Scheme with Convergence Order 1 .0 ” ) ,

58 ( s t r ong t ay l o r s t r a t onov i ch 1p5 , ”Taylor−Str . 1 . 5 ” ,

59 ”Strong Taylor−Stratonov ich Scheme with Convergence Order 1 .5 ” ) ,

60 ( s t r ong t ay l o r s t r a t onov i ch 2p0 , ”Taylor−Str . 2 . 0 ” ,

61 ”Strong Taylor−Stratonov ich Scheme with Convergence Order 2 .0 ” ) ,

62 ( s t r ong t ay l o r s t r a t onov i ch 2p5 , ”Taylor−Str . 2 . 5 ” ,

63 ”Strong Taylor−Stratonov ich Scheme with Convergence Order 2 .5 ” ) ,
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64 ( s t r ong t ay l o r s t r a t onov i ch 3p0 , ”Taylor−Str . 3 . 0 ” ,

65 ”Strong Taylor−Stratonov ich Scheme with Convergence Order 3 .0 ” ) ,

66 ]

67

68 s e l f . s t ack widge t = QStackedWidget ( s e l f )

69

70 s e l f . s tep1 = Step1 ( )

71 s e l f . s tep2 = Step2 ( )

72 s e l f . s tep3 = Step3 ( )

73 s e l f . s tep4 = Step4 ( )

74 s e l f . s tep5 = Step5 ( )

75

76 back btn = QPushButton ( ”Back” , s e l f )

77 back btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowBack ) )

78

79 s e l f . cha r t s check = QCheckBox( ”Charts window” , s e l f )

80

81 s e l f . scheme name = QLabel ( )

82 s e l f . scheme name . s e t S i z ePo l i c y ( QSizePol icy . Expanding , QSizePol icy .Minimum)

83

84 bar l ayout = QHBoxLayout ( )

85 bar l ayout . addWidget ( back btn )

86 bar l ayout . addItem (QSpacerItem (10 , 35 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

87 bar l ayout . addWidget ( s e l f . scheme name )

88 bar l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

89 bar l ayout . addWidget ( s e l f . cha r t s check )

90

91 s e l f . s t ack widge t . addWidget ( s e l f . s tep1 )

92 s e l f . s t ack widge t . addWidget ( s e l f . s tep2 )

93 s e l f . s t ack widge t . addWidget ( s e l f . s tep3 )

94 s e l f . s t ack widge t . addWidget ( s e l f . s tep4 )

95 s e l f . s t ack widge t . addWidget ( s e l f . s tep5 )

96

97 layout = QVBoxLayout ( )

98 layout . addLayout ( bar l ayout )

99 layout . addWidget ( s e l f . s tack widge t )

100

101 s e l f . setLayout ( layout )

102

103 back btn . c l i c k e d . connect ( s e l f . show main menu . emit )

104 back btn . c l i c k e d . connect (

105 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep1 ) )

106

107 s e l f . s tep1 . next btn . c l i c k e d . connect (

108 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep2 ) )

109 s e l f . s tep2 . prev btn . c l i c k e d . connect (

110 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep1 ) )

111 s e l f . s tep2 . next btn . c l i c k e d . connect (

112 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep3 ) )

113 s e l f . s tep3 . prev btn . c l i c k e d . connect (

114 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep2 ) )

115 s e l f . s tep3 . next btn . c l i c k e d . connect (

116 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep4 ) )

117 s e l f . s tep4 . prev btn . c l i c k e d . connect (

118 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep3 ) )
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119 s e l f . s tep4 . next btn . c l i c k e d . connect (

120 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep5 ) )

121 s e l f . s tep5 . prev btn . c l i c k e d . connect (

122 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep4 ) )

123

124 s e l f . s tep5 . run btn . c l i c k e d . connect (

125 lambda : s e l f . run model ing ( ) )

126 s e l f . s tep5 . run btn . c l i c k e d . connect (

127 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep1 ) )

128

129 s e l f . s tep1 . n va l i d . connect ( s e l f . s tep2 . matrix . r e s i z e h )

130 s e l f . s tep1 . n va l i d . connect ( s e l f . s tep3 . matrix . r e s i z e h )

131 s e l f . s tep1 . n va l i d . connect ( s e l f . s tep4 . matrix . r e s i z e h )

132

133 s e l f . s tep1 . m val id . connect ( s e l f . s tep3 . matrix . r e s i z e w )

134

135 def set scheme ( s e l f , scheme id ) :

136 s e l f . scheme id = scheme id

137 s e l f . scheme name . setText ( s e l f . schemes [ scheme id ] [ 2 ] )

138 i f scheme id == 0 :

139 s e l f . s tep5 . count c ( Fa l se )

140 else :

141 s e l f . s tep5 . count c (True )

142

143 def run model ing ( s e l f ) :

144 s e l f . s t a r t p r o g r e s s . emit ( ”The modeling i s be ing performed . . . ” )

145

146 worker = Worker ( s e l f . r ou t in e )

147 worker . s i g n a l s . r e s u l t . connect ( s e l f . on mode l i n g f i n i s h )

148 worker . s i g n a l s . e r r o r . connect ( s e l f . on mode l ing corrupted )

149 QThreadPool . g l oba l I n s t an c e ( ) . s t a r t ( worker )

150

151 def r ou t in e ( s e l f ) :

152

153 scheme = s e l f . schemes [ s e l f . scheme id ]

154

155 a = Matrix ( s e l f . s tep2 . matrix .m)

156 b = Matrix ( s e l f . s tep3 . matrix .m)

157

158 x0 = np . ndarray ( shape=( s e l f . s tep4 . matrix . rowCount ( ) ,

159 s e l f . s tep4 . matrix . columnCount ( ) ) , dtype=f loat )

160 for i in range ( s e l f . s tep4 . matrix . rowCount ( ) ) :

161 for j in range ( s e l f . s tep4 . matrix . columnCount ( ) ) :

162 x0 [ i ] [ j ] = f loat ( s e l f . s tep4 . matrix .m[ i ] [ j ] )

163

164 i f s e l f . s tep5 . s != 0 :

165 np . random . seed ( s e l f . s tep5 . s )

166

167 database . connect ( c on f i g . database )

168

169 i f s e l f . scheme id == 0 :

170 r e s u l t = scheme [ 0 ] (

171 x0 , a , b ,

172 ( s e l f . s tep5 . t0 ,

173 s e l f . s tep5 . dt ,
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174 s e l f . s tep5 . t1 )

175 )

176 else :

177 C. pre load (56 , 56 , 56 , 56 , 56)

178 r e s u l t = scheme [ 0 ] (

179 x0 , a , b , s e l f . s tep5 . c ,

180 ( s e l f . s tep5 . t0 ,

181 s e l f . s tep5 . dt ,

182 s e l f . s tep5 . t1 )

183 )

184

185 database . d i s connec t ( )

186

187 l i n e s = [ Line ( f ”{ scheme [ 1 ] } , x{ i + 1}” ,

188 np . array ( r e s u l t [ 1 ] ) . astype ( f loat ) ,

189 np . array ( r e s u l t [ 0 ] [ i , : ] ) . astype ( f loat ) )

190 for i in range ( len ( r e s u l t [ 0 ] ) ) ]

191

192 return l i n e s

193

194 def on mode l i n g f i n i s h ( s e l f , r e s u l t ) :

195 s e l f . s t op p r og r e s s . emit ( ”The modeling has been completed ! ” )

196 s e l f . draw chart . emit ( r e s u l t )

197

198 def on mode l ing corrupted ( s e l f , r e s u l t ) :

199

200 s e l f . l o gg e r . e r r o r ( r e s u l t [ 0 ] )

201 s e l f . l o gg e r . e r r o r ( r e s u l t [ 1 ] )

202 s e l f . l o gg e r . e r r o r ( r e s u l t [ 2 ] )

203

204 s e l f . s t op p r og r e s s . emit ( ”The modeling f a i l e d ! ” )

Listing 29: Step 1 of data input for nonlinear systems

1 from PyQt5 . QtCore import pyqtS igna l

2 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QGridLayout , QLineEdit , QLabel , \
3 QVBoxLayout , QSpacerItem , QSizePol icy , QPushButton , QApplication , QStyle

4

5 from ui . main . e r r o r import ErrorWidget

6 from ui . main . i n f o import In f o I con

7 from ui . main . svg import SVG

8

9

10 class Step1 (QWidget ) :

11

12 n va l i d = pyqtS igna l ( int )

13 m val id = pyqtS igna l ( int )

14

15 def i n i t ( s e l f , parent=None ) :

16 super (QWidget , s e l f ) . i n i t ( parent )

17

18 s e l f . n i s v a l i d = False

19 s e l f . m i s v a l i d = False
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20

21 s e l f . i npu t s t a ck = s e l f . parent ( )

22

23 i n f o n = In fo I con ( ”Dimension o f l i n e a r system o f I t o SDEs” )

24 info m = In fo I con ( ”Dimension o f vec to r Wiener p roc e s s ” )

25

26 l a b e l n = QLabel ( ”n” )

27 labe l m = QLabel ( ”m” )

28

29 s e l f . l i n e e d i t n = QLineEdit ( )

30 s e l f . l i n e ed i t m = QLineEdit ( )

31

32 s e l f . msg n = ErrorWidget ( ”Wrong value ! ” )

33 s e l f . msg n . hide ( )

34

35 s e l f . msg m = ErrorWidget ( ”Wrong value ! ” )

36 s e l f . msg m . hide ( )

37

38 g r i d l a you t = QGridLayout ( )

39 g r i d l a you t . addWidget ( s e l f . msg n , 0 , 2)

40 g r i d l a you t . addWidget ( s e l f . msg m , 2 , 2)

41 g r i d l a you t . addWidget ( in fo n , 1 , 0)

42 g r i d l a you t . addWidget ( info m , 3 , 0)

43 g r i d l a you t . addWidget ( l abe l n , 1 , 1)

44 g r i d l a you t . addWidget ( label m , 3 , 1)

45 g r i d l a you t . addWidget ( s e l f . l i n e e d i t n , 1 , 2)

46 g r i d l a you t . addWidget ( s e l f . l i n e ed i t m , 3 , 2)

47

48 header = QLabel ( ”Dimensions s e t t i n g s ” , parent=s e l f )

49 font = header . f ont ( )

50 font . s e tPo in tS i z e (15)

51 header . setFont ( f ont )

52

53 s e l f . next btn = QPushButton ( ”Next” , s e l f )

54 s e l f . next btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowForward ) )

55 s e l f . next btn . setEnabled ( Fa l se )

56

57 header l ayout = QHBoxLayout ( )

58 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

59 header l ayout . addWidget ( header )

60 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

61

62 bottom bar = QHBoxLayout ( )

63 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

64 bottom bar . addWidget ( s e l f . next btn )

65

66 eq1 = QHBoxLayout ( )

67 eq1 . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

68 eq1 . addWidget (SVG(” equat ion1 . svg” , s c a l e f a c t o r =1.) )

69 eq1 . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

70

71 eq2 = QHBoxLayout ( )

72 eq2 . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

73 eq2 . addWidget (SVG(” equat ion2 . svg” , s c a l e f a c t o r =1.) )

74 eq2 . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )
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75

76 e q u a l i t i e s l a y o u t = QVBoxLayout ( )

77 e q u a l i t i e s l a y o u t . addLayout ( eq1 )

78 e q u a l i t i e s l a y o u t . addItem (QSpacerItem (0 , 20 , QSizePol icy .Minimum , QSizePol icy .Minimum

) )

79 e q u a l i t i e s l a y o u t . addLayout ( eq2 )

80

81 equa l i t i e s w r ap = QHBoxLayout ( )

82 e qua l i t i e s w r ap . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum)

)

83 e qua l i t i e s w r ap . addLayout ( e q u a l i t i e s l a y o u t )

84 e qua l i t i e s w r ap . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum)

)

85

86 gr id wrap = QHBoxLayout ( )

87 gr id wrap . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

88 gr id wrap . addLayout ( g r i d l a you t )

89 gr id wrap . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

90

91 layout = QVBoxLayout ( )

92 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy .Minimum , QSizePol icy . Expanding ) )

93 layout . addLayout ( e qua l i t i e s w r ap )

94 layout . addItem (QSpacerItem (0 , 25 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

95 layout . addLayout ( header l ayout )

96 layout . addItem (QSpacerItem (0 , 5 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

97 layout . addLayout ( gr id wrap )

98 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy .Minimum , QSizePol icy . Expanding ) )

99 layout . addItem (QSpacerItem (0 , 25 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

100 layout . addLayout ( bottom bar )

101

102 s e l f . setLayout ( layout )

103

104 s e l f . l i n e e d i t n . textChanged . connect ( s e l f . v a l i d a t e n )

105 s e l f . l i n e ed i t m . textChanged . connect ( s e l f . va l idate m )

106

107 def va l i da t e f o rm ( s e l f ) :

108 i f s e l f . n i s v a l i d and s e l f . m i s v a l i d :

109 s e l f . next btn . setEnabled (True )

110 else :

111 s e l f . next btn . setEnabled ( Fa l se )

112

113 def va l i d a t e n ( s e l f , va lue ) :

114 try :

115 typed va lue = int ( va lue )

116 i f typed va lue <= 0 :

117 raise ValueError ( )

118

119 s e l f . n i s v a l i d = True

120 s e l f . n va l i d . emit ( typed va lue )

121 s e l f . msg n . hide ( )

122

123 except ValueError :

124 s e l f . n i s v a l i d = False

125 s e l f . msg n . show ( )

126
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127 f ina l ly :

128 s e l f . v a l i da t e f o rm ( )

129

130 def va l idate m ( s e l f , va lue ) :

131 try :

132 typed va lue = int ( va lue )

133 i f typed va lue <= 0 :

134 raise ValueError ( )

135

136 s e l f . m i s v a l i d = True

137 s e l f . m val id . emit ( typed va lue )

138 s e l f . msg m . hide ( )

139

140 except ValueError :

141 s e l f . m i s v a l i d = False

142 s e l f . msg m . show ( )

143

144 f ina l ly :

145 s e l f . v a l i da t e f o rm ( )

Listing 30: Step 2 of data input for nonlinear systems

1 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QLabel , QSpacerItem , QSizePol icy , \
2 QVBoxLayout , QPushButton , QApplication , QStyle

3

4 from ui . main . e r r o r import ErrorWidget

5 from ui . main . i n f o import In f o I con

6 from ui . main . modeling . matr ix widget import MatrixWidget

7

8

9 class Step2 (QWidget ) :

10

11 def i n i t ( s e l f , parent=None ) :

12 super (QWidget , s e l f ) . i n i t ( parent )

13

14 s e l f . e r r o r s = 0

15

16 header = QLabel ( ” Se t t i ng o f column a (x , t ) ” , parent=s e l f )

17 font = header . f ont ( )

18 font . s e tPo in tS i z e (15)

19 header . setFont ( f ont )

20

21 i n f o = In fo I con ( ”Elements o f column a (x , t ) are expected to be func t i on s \n”
22 ” S i z e : n x 1\n”
23 ”Functions must be s e t in python and SymPy notat ion ” )

24

25 s e l f . msg = ErrorWidget ( ”Wrong va lue s in matrix ! ” )

26 s e l f . msg . h ide ( )

27

28 s e l f . matrix = MatrixWidget ( s e l f )

29

30 s e l f . next btn = QPushButton ( ”Next” , s e l f )

31 s e l f . next btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowForward ) )
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32

33 s e l f . prev btn = QPushButton ( ”Back” , s e l f )

34 s e l f . prev btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowBack ) )

35

36 header l ayout = QHBoxLayout ( )

37 header l ayout . addWidget ( i n f o )

38 header l ayout . addWidget ( header )

39 header l ayout . addWidget ( s e l f . msg)

40 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

41

42 bottom bar = QHBoxLayout ( )

43 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

44 bottom bar . addWidget ( s e l f . prev btn )

45 bottom bar . addWidget ( s e l f . next btn )

46

47 layout = QVBoxLayout ( )

48 layout . addLayout ( header l ayout )

49 layout . addWidget ( s e l f . matrix )

50 layout . addLayout ( bottom bar )

51

52 s e l f . setLayout ( layout )

Listing 31: Step 3 of data input for nonlinear systems

1 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QLabel , QSpacerItem , QSizePol icy , \
2 QVBoxLayout , QPushButton , QApplication , QStyle

3

4 from ui . main . e r r o r import ErrorWidget

5 from ui . main . i n f o import In f o I con

6 from ui . main . modeling . matr ix widget import MatrixWidget

7

8

9 class Step3 (QWidget ) :

10

11 def i n i t ( s e l f , parent=None ) :

12 super (QWidget , s e l f ) . i n i t ( parent )

13

14 s e l f . e r r o r s = 0

15

16 header = QLabel ( ” Se t t i ng o f matrix B(x , t ) ” , parent=s e l f )

17 font = header . f ont ( )

18 font . s e tPo in tS i z e (15)

19 header . setFont ( f ont )

20

21 i n f o = In fo I con ( ”Elements o f matrix B(x , t ) are expected to be func t i on s \n”
22 ” S i z e : n x m\n”
23 ”Functions must be s e t in python and SymPy notat ion ” )

24

25 s e l f . msg = ErrorWidget ( ”Wrong va lue s in matrix ! ” )

26 s e l f . msg . h ide ( )

27

28 s e l f . matrix = MatrixWidget ( s e l f )

29
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30 s e l f . next btn = QPushButton ( ”Next” , s e l f )

31 s e l f . next btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowForward ) )

32

33 s e l f . prev btn = QPushButton ( ”Back” , s e l f )

34 s e l f . prev btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowBack ) )

35

36 header l ayout = QHBoxLayout ( )

37 header l ayout . addWidget ( i n f o )

38 header l ayout . addWidget ( header )

39 header l ayout . addWidget ( s e l f . msg)

40 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

41

42 bottom bar = QHBoxLayout ( )

43 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

44 bottom bar . addWidget ( s e l f . prev btn )

45 bottom bar . addWidget ( s e l f . next btn )

46

47 layout = QVBoxLayout ( )

48 layout . addLayout ( header l ayout )

49 layout . addWidget ( s e l f . matrix )

50 layout . addLayout ( bottom bar )

51

52 s e l f . setLayout ( layout )

Listing 32: Step 4 of data input for nonlinear systems

1 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QVBoxLayout , QLabel , \
2 QSpacerItem , QSizePol icy , QPushButton , QApplication , QStyle

3

4 from ui . main . e r r o r import ErrorWidget

5 from ui . main . i n f o import In f o I con

6 from ui . main . modeling . matr ix widget import MatrixWidget

7

8

9 class Step4 (QWidget ) :

10

11 def i n i t ( s e l f , parent=None ) :

12 super (QWidget , s e l f ) . i n i t ( parent )

13

14 s e l f . e r r o r s = 0

15

16 header = QLabel ( ” Se t t i ng o f column x0” , parent=s e l f )

17 font = header . f ont ( )

18 font . s e tPo in tS i z e (15)

19 header . setFont ( f ont )

20

21 i n f o = In fo I con ( ”Elements o f column x0 are expected to be f unc t i on s \n”
22 ” S i z e : n x 1\n”
23 ”Functions must be s e t in python and SymPy notat ion ” )

24

25 s e l f . msg = ErrorWidget ( ”Wrong va lue s in matrix ! ” )

26 s e l f . msg . h ide ( )

27
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28 s e l f . matrix = MatrixWidget ( s e l f )

29

30 s e l f . next btn = QPushButton ( ”Next” , s e l f )

31 s e l f . next btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowForward ) )

32

33 s e l f . prev btn = QPushButton ( ”Back” , s e l f )

34 s e l f . prev btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowBack ) )

35

36 header l ayout = QHBoxLayout ( )

37 header l ayout . addWidget ( i n f o )

38 header l ayout . addWidget ( header )

39 header l ayout . addWidget ( s e l f . msg)

40 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

41

42 bottom bar = QHBoxLayout ( )

43 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

44 bottom bar . addWidget ( s e l f . prev btn )

45 bottom bar . addWidget ( s e l f . next btn )

46

47 layout = QVBoxLayout ( )

48 layout . addLayout ( header l ayout )

49 layout . addWidget ( s e l f . matrix )

50 layout . addLayout ( bottom bar )

51

52 s e l f . setLayout ( layout )

Listing 33: Step 5 of data input for nonlinear systems

1 import sys

2

3 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QLabel , QLineEdit , \
4 QGridLayout , QVBoxLayout , QSizePol icy , QSpacerItem , QPushButton , \
5 QApplication , QStyle

6

7 from ui . main . e r r o r import ErrorWidget

8 from ui . main . i n f o import In f o I con

9

10

11 class Step5 (QWidget ) :

12

13 def i n i t ( s e l f , parent=None ) :

14 super (QWidget , s e l f ) . i n i t ( parent )

15

16 s e l f . t0 = sys . f l o a t i n f o .min

17 s e l f . dt = 0

18 s e l f . t1 = sys . f l o a t i n f o .max

19 s e l f . s = 0

20 s e l f . c = 0

21

22 s e l f . t 0 i s v a l i d = False

23 s e l f . d t i s v a l i d = False

24 s e l f . t 1 i s v a l i d = False

25 s e l f . s i s v a l i d = True
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26 s e l f . c i s v a l i d = False

27

28 s e l f . i npu t s t a ck = s e l f . parent ( )

29

30 i n f o t 0 = In fo I con ( ” Star t po int o f i n t e g r a t i o n i n t e r v a l \n”
31 ”Must be in [ 0 , t1 ) range ” )

32 i n f o d t = In fo I con ( ” In t e g r a t i on step \n”
33 ”Must be s e t in (0 , 1) i n t e r v a l ” )

34 i n f o t 1 = In fo I con ( ” Fina l po int o f i n t e g r a t i o n i n t e r v a l \n”
35 ”Must be more then t0 ” )

36 i n f o s = In fo I con ( ”This i s random genera tor seed \n”
37 ” I f You do not want to use s p e c i f i c \n”
38 ” seed j u s t l e ave t h i s f i e l d empty” )

39 s e l f . i n f o c = In fo I con ( ”The constant which d e f i n e s approximation accuracy ” )

40

41 l a b e l t 0 = QLabel ( ” t0 ” )

42 l a b e l d t = QLabel ( ”dt” )

43 l a b e l t 1 = QLabel ( ” t1 ” )

44 l a b e l s = QLabel ( ” seed ” )

45 s e l f . l a b e l c = QLabel ( ”C” )

46

47 s e l f . l i n e e d i t t 0 = QLineEdit ( )

48 s e l f . l i n e e d i t d t = QLineEdit ( )

49 s e l f . l i n e e d i t t 1 = QLineEdit ( )

50 s e l f . l i n e e d i t s = QLineEdit ( )

51 s e l f . l i n e e d i t c = QLineEdit ( )

52

53 s e l f . msg t0 = ErrorWidget ( ”Wrong value ! ” )

54 s e l f . msg t0 . h ide ( )

55

56 s e l f . msg dt = ErrorWidget ( ”Wrong value ! ” )

57 s e l f . msg dt . h ide ( )

58

59 s e l f . msg t1 = ErrorWidget ( ”Wrong value ! ” )

60 s e l f . msg t1 . h ide ( )

61

62 s e l f . msg s = ErrorWidget ( ”Wrong value ! ” )

63 s e l f . msg s . h ide ( )

64

65 s e l f . msg c = ErrorWidget ( ”Wrong value ! ” )

66 s e l f . msg c . h ide ( )

67

68 header = QLabel ( ”Accuracy s e t t i n g s ” , parent=s e l f )

69 font = header . f ont ( )

70 font . s e tPo in tS i z e (15)

71 header . setFont ( f ont )

72

73 s e l f . prev btn = QPushButton ( ”Back” , s e l f )

74 s e l f . prev btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowBack ) )

75

76 s e l f . run btn = QPushButton ( ”Perform modeling” , s e l f )

77 s e l f . run btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowForward ) )

78 s e l f . run btn . setEnabled ( Fa l se )

79

80 header l ayout = QHBoxLayout ( )

168

1956



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

81 header l ayout . addWidget ( header )

82 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

83

84 bottom bar = QHBoxLayout ( )

85 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

86 bottom bar . addWidget ( s e l f . prev btn )

87 bottom bar . addWidget ( s e l f . run btn )

88

89 g r i d l a you t = QGridLayout ( )

90

91 g r i d l a you t . addWidget ( s e l f . msg t0 , 0 , 2)

92

93 g r i d l a you t . addWidget ( i n f o t 0 , 1 , 0)

94 g r i d l a you t . addWidget ( l a b e l t 0 , 1 , 1)

95 g r i d l a you t . addWidget ( s e l f . l i n e e d i t t 0 , 1 , 2)

96

97 g r i d l a you t . addWidget ( s e l f . msg dt , 0 , 5)

98

99 g r i d l a you t . addWidget ( i n f o d t , 1 , 3)

100 g r i d l a you t . addWidget ( l ab e l d t , 1 , 4)

101 g r i d l a you t . addWidget ( s e l f . l i n e e d i t d t , 1 , 5)

102

103 g r i d l a you t . addWidget ( s e l f . msg t1 , 0 , 8)

104

105 g r i d l a you t . addWidget ( i n f o t 1 , 1 , 6)

106 g r i d l a you t . addWidget ( l a b e l t 1 , 1 , 7)

107 g r i d l a you t . addWidget ( s e l f . l i n e e d i t t 1 , 1 , 8)

108

109 g r i d l a you t . addWidget ( s e l f . msg s , 2 , 2)

110

111 g r i d l a you t . addWidget ( i n f o s , 3 , 0)

112 g r i d l a you t . addWidget ( l a b e l s , 3 , 1)

113 g r i d l a you t . addWidget ( s e l f . l i n e e d i t s , 3 , 2)

114

115 g r i d l a you t . addWidget ( s e l f . msg c , 2 , 5)

116

117 g r i d l a you t . addWidget ( s e l f . i n f o c , 3 , 3)

118 g r i d l a you t . addWidget ( s e l f . l a b e l c , 3 , 4)

119 g r i d l a you t . addWidget ( s e l f . l i n e e d i t c , 3 , 5)

120

121 column layout = QVBoxLayout ( )

122 column layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding )

)

123 column layout . addLayout ( header l ayout )

124 column layout . addItem (QSpacerItem (0 , 25 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

125 column layout . addLayout ( g r i d l a you t )

126 column layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding )

)

127

128 c on t r o l l a y ou t = QHBoxLayout ( )

129 c on t r o l l a y ou t . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding

) )

130 c on t r o l l a y ou t . addLayout ( column layout )

131 c on t r o l l a y ou t . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding

) )
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132

133 layout = QVBoxLayout ( )

134 layout . addLayout ( c on t r o l l a y ou t )

135 layout . addLayout ( bottom bar )

136

137 s e l f . setLayout ( layout )

138

139 s e l f . l i n e e d i t t 0 . textChanged . connect ( s e l f . v a l i d a t e t 0 )

140 s e l f . l i n e e d i t t 0 . textChanged . connect ( s e l f . v a l i d a t e t 1 )

141 s e l f . l i n e e d i t t 0 . textChanged . connect ( s e l f . v a l i d a t e d t )

142 s e l f . l i n e e d i t d t . textChanged . connect ( s e l f . v a l i d a t e d t )

143 s e l f . l i n e e d i t t 1 . textChanged . connect ( s e l f . v a l i d a t e t 0 )

144 s e l f . l i n e e d i t t 1 . textChanged . connect ( s e l f . v a l i d a t e t 1 )

145 s e l f . l i n e e d i t t 1 . textChanged . connect ( s e l f . v a l i d a t e d t )

146 s e l f . l i n e e d i t s . textChanged . connect ( s e l f . v a l i d a t e s )

147 s e l f . l i n e e d i t c . textChanged . connect ( s e l f . v a l i d a t e c )

148

149 def count c ( s e l f , f l a g : bool ) :

150 i f f l a g :

151 s e l f . i n f o c . show ( )

152 s e l f . l a b e l c . show ( )

153 s e l f . l i n e e d i t c . show ( )

154 s e l f . v a l i d a t e c ( )

155 else :

156 s e l f . i n f o c . h ide ( )

157 s e l f . l a b e l c . h ide ( )

158 s e l f . l i n e e d i t c . h ide ( )

159 s e l f . c i s v a l i d = True

160

161 s e l f . msg c . h ide ( )

162

163 def va l i da t e f o rm ( s e l f ) :

164 i f s e l f . t 0 i s v a l i d \
165 and s e l f . d t i s v a l i d \
166 and s e l f . t 1 i s v a l i d \
167 and s e l f . s i s v a l i d \
168 and s e l f . c i s v a l i d :

169 s e l f . run btn . setEnabled (True )

170 else :

171 s e l f . run btn . setEnabled ( Fa l se )

172

173 def v a l i d a t e t 0 ( s e l f ) :

174 try :

175 typed va lue = f loat ( s e l f . l i n e e d i t t 0 . t ex t ( ) )

176 i f typed va lue >= s e l f . t1 :

177 raise ValueError ( )

178

179 s e l f . t 0 i s v a l i d = True

180 s e l f . t0 = typed va lue

181 s e l f . msg t0 . h ide ( )

182

183 except ValueError :

184 s e l f . t 0 i s v a l i d = False

185 s e l f . msg t0 . show ( )

186
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187 def va l i d a t e d t ( s e l f ) :

188 try :

189 typed va lue = f loat ( s e l f . l i n e e d i t d t . t ex t ( ) )

190 i f typed va lue <= 0 \
191 or ( s e l f . t1 − s e l f . t0 ) / typed va lue < 1 \
192 or typed va lue >= 1 :

193 raise ValueError ( )

194

195 s e l f . d t i s v a l i d = True

196 s e l f . dt = typed va lue

197 s e l f . msg dt . h ide ( )

198 s e l f . v a l i da t e f o rm ( )

199

200 except ValueError :

201 s e l f . d t i s v a l i d = False

202 s e l f . msg dt . show ( )

203

204 def v a l i d a t e t 1 ( s e l f ) :

205 try :

206 typed va lue = f loat ( s e l f . l i n e e d i t t 1 . t ex t ( ) )

207 i f typed va lue <= s e l f . t0 :

208 raise ValueError ( )

209

210 s e l f . t 1 i s v a l i d = True

211 s e l f . t1 = typed va lue

212 s e l f . msg t1 . h ide ( )

213

214 except ValueError :

215 s e l f . t 1 i s v a l i d = False

216 s e l f . msg t1 . show ( )

217

218 def v a l i d a t e s ( s e l f ) :

219 try :

220 i f s e l f . l i n e e d i t s . t ex t ( ) == ”” :

221 s e l f . s i s v a l i d = True

222 s e l f . s = 0

223 else :

224 typed va lue = int ( s e l f . l i n e e d i t s . t ex t ( ) )

225 i f typed va lue <= 0 :

226 raise ValueError ( )

227 s e l f . s = typed va lue

228

229 s e l f . s i s v a l i d = True

230 s e l f . msg s . h ide ( )

231

232 except ValueError :

233 s e l f . s i s v a l i d = False

234 s e l f . msg s . show ( )

235

236 f ina l ly :

237 s e l f . v a l i da t e f o rm ( )

238

239 def v a l i d a t e c ( s e l f ) :

240 try :

241 typed va lue = f loat ( s e l f . l i n e e d i t c . t ex t ( ) )
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242 i f typed va lue <= 0 :

243 raise ValueError ( )

244

245 s e l f . c i s v a l i d = True

246 s e l f . c = typed va lue

247 s e l f . msg c . h ide ( )

248

249 except ValueError :

250 s e l f . c i s v a l i d = False

251 s e l f . msg c . show ( )

252

253 f ina l ly :

254 s e l f . v a l i da t e f o rm ( )

6.1.4 Source Codes of Input for Linear Systems of Itô SDEs

Listing 34: Base part of data input for linear systems

1 import l o gg ing

2 from time import time

3

4 import numpy as np

5 from PyQt5 . QtCore import QThreadPool , pyqtS igna l

6 from PyQt5 . QtWidgets import QCheckBox , QPushButton , QStyle , QApplication , \
7 QSizePol icy , QHBoxLayout , QSpacerItem , QVBoxLayout , QStackedWidget , \
8 QWidget , QLabel

9

10 from mathematics . sde . l i n e a r . d indet import dindet

11 from mathematics . sde . l i n e a r . d i s t o r t i o n s import Symbolic , ComplexDistort ion

12 from mathematics . sde . l i n e a r . i n t e g r a t i o n import I n t e g r a l

13 from mathematics . sde . l i n e a r . s toch import s toch

14 from ui . a s y n c c a l l s . worker import Worker

15 from ui . cha r t s . v i s u a l s . l i n e import Line

16 from ui . main . modeling . l i n e a r . s tep1 import Step1

17 from ui . main . modeling . l i n e a r . s tep2 import Step2

18 from ui . main . modeling . l i n e a r . s tep3 import Step3

19 from ui . main . modeling . l i n e a r . s tep4 import Step4

20 from ui . main . modeling . l i n e a r . s tep5 import Step5

21 from ui . main . modeling . l i n e a r . s tep6 import Step6

22 from ui . main . modeling . l i n e a r . s tep7 import Step7

23 from ui . main . modeling . l i n e a r . s tep8 import Step8

24

25

26 class LinearModelingWidget (QWidget ) :

27

28 show main menu = pyqtS igna l ( )

29 s t a r t p r o g r e s s = pyqtS igna l ( str )

30 s t op p r og r e s s = pyqtS igna l ( str )

31 draw chart = pyqtS igna l ( l i s t )

32

33 def i n i t ( s e l f , parent=None ) :
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34 super (QWidget , s e l f ) . i n i t ( parent )

35

36 s e l f . l o gg e r = logg ing . getLogger ( name )

37

38 s e l f . s t ack widge t = QStackedWidget ( s e l f )

39

40 s e l f . s tep1 = Step1 ( )

41 s e l f . s tep2 = Step2 ( )

42 s e l f . s tep3 = Step3 ( )

43 s e l f . s tep4 = Step4 ( )

44 s e l f . s tep5 = Step5 ( )

45 s e l f . s tep6 = Step6 ( )

46 s e l f . s tep7 = Step7 ( )

47 s e l f . s tep8 = Step8 ( )

48

49 back btn = QPushButton ( ”Back” , s e l f )

50 back btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowBack ) )

51

52 s e l f . cha r t s check = QCheckBox( ”Charts window” , s e l f )

53

54 s e l f . scheme name = QLabel ( ” Linear Systems o f I t o SDEs” )

55

56 bar l ayout = QHBoxLayout ( )

57 bar l ayout . addWidget ( back btn )

58 bar l ayout . addItem (QSpacerItem (10 , 35 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

59 bar l ayout . addWidget ( s e l f . scheme name )

60 bar l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

61 bar l ayout . addWidget ( s e l f . cha r t s check )

62

63 s e l f . s t ack widge t . addWidget ( s e l f . s tep1 )

64 s e l f . s t ack widge t . addWidget ( s e l f . s tep2 )

65 s e l f . s t ack widge t . addWidget ( s e l f . s tep3 )

66 s e l f . s t ack widge t . addWidget ( s e l f . s tep4 )

67 s e l f . s t ack widge t . addWidget ( s e l f . s tep5 )

68 s e l f . s t ack widge t . addWidget ( s e l f . s tep6 )

69 s e l f . s t ack widge t . addWidget ( s e l f . s tep7 )

70 s e l f . s t ack widge t . addWidget ( s e l f . s tep8 )

71

72 layout = QVBoxLayout ( )

73 layout . addLayout ( bar l ayout )

74 layout . addWidget ( s e l f . s tack widge t )

75

76 s e l f . setLayout ( layout )

77

78 back btn . c l i c k e d . connect ( s e l f . show main menu . emit )

79 back btn . c l i c k e d . connect (

80 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep1 ) )

81

82 s e l f . s tep1 . next btn . c l i c k e d . connect (

83 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep2 ) )

84 s e l f . s tep2 . prev btn . c l i c k e d . connect (

85 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep1 ) )

86 s e l f . s tep2 . next btn . c l i c k e d . connect (

87 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep3 ) )

88 s e l f . s tep3 . prev btn . c l i c k e d . connect (

173

1961



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

89 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep2 ) )

90 s e l f . s tep3 . next btn . c l i c k e d . connect (

91 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep4 ) )

92 s e l f . s tep4 . prev btn . c l i c k e d . connect (

93 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep3 ) )

94 s e l f . s tep4 . next btn . c l i c k e d . connect (

95 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep5 ) )

96 s e l f . s tep5 . prev btn . c l i c k e d . connect (

97 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep4 ) )

98 s e l f . s tep5 . next btn . c l i c k e d . connect (

99 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep6 ) )

100 s e l f . s tep6 . prev btn . c l i c k e d . connect (

101 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep5 ) )

102 s e l f . s tep6 . next btn . c l i c k e d . connect (

103 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep7 ) )

104 s e l f . s tep7 . prev btn . c l i c k e d . connect (

105 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep6 ) )

106 s e l f . s tep7 . next btn . c l i c k e d . connect (

107 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep8 ) )

108 s e l f . s tep8 . prev btn . c l i c k e d . connect (

109 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep7 ) )

110

111 s e l f . s tep8 . run btn . c l i c k e d . connect (

112 lambda : s e l f . run model ing ( ) )

113 s e l f . s tep8 . run btn . c l i c k e d . connect (

114 lambda : s e l f . s t ack widge t . setCurrentWidget ( s e l f . s tep1 ) )

115

116 s e l f . s tep1 . n va l i d . connect ( s e l f . s tep2 . matrix . r e s i z e h )

117 s e l f . s tep1 . n va l i d . connect ( s e l f . s tep2 . matrix . r e s i z e w )

118

119 s e l f . s tep1 . n va l i d . connect ( s e l f . s tep3 . matrix . r e s i z e h )

120 s e l f . s tep1 . k va l i d . connect ( s e l f . s tep3 . matrix . r e s i z e w )

121

122 s e l f . s tep1 . n va l i d . connect ( s e l f . s tep4 . matrix . r e s i z e h )

123 s e l f . s tep1 . m val id . connect ( s e l f . s tep4 . matrix . r e s i z e w )

124

125 s e l f . s tep1 . k va l i d . connect ( s e l f . s tep5 . matrix . r e s i z e h )

126

127 s e l f . s tep1 . n va l i d . connect ( s e l f . s tep6 . matrix . r e s i z e w )

128

129 s e l f . s tep1 . n va l i d . connect ( s e l f . s tep7 . matrix . r e s i z e h )

130

131 def run model ing ( s e l f ) :

132 s e l f . s t a r t p r o g r e s s . emit ( ”The modeling i s be ing performed . . . ” )

133

134 worker = Worker ( s e l f . r ou t in e )

135 worker . s i g n a l s . r e s u l t . connect ( s e l f . on mode l i n g f i n i s h )

136 worker . s i g n a l s . e r r o r . connect ( s e l f . on mode l ing corrupted )

137 QThreadPool . g l oba l I n s t an c e ( ) . s t a r t ( worker )

138

139 def r ou t in e ( s e l f ) :

140 n = int ( s e l f . s tep1 . l i n e e d i t n . t ex t ( ) )

141 m = int ( s e l f . s tep1 . l i n e ed i t m . t ext ( ) )

142 k = int ( s e l f . s tep1 . l i n e e d i t k . t ex t ( ) )

143 t0 = f loat ( s e l f . s tep8 . l i n e e d i t t 0 . t ex t ( ) )
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144 dt = f loat ( s e l f . s tep8 . l i n e e d i t d t . t ex t ( ) )

145 t1 = f loat ( s e l f . s tep8 . l i n e e d i t t 1 . t ex t ( ) )

146

147 s e l f . l o gg e r . i n f o ( ”Reading input data” )

148

149 i n t e g r a l = In t e g r a l (n)

150

151 i n t e g r a l . k , i n t e g r a l .m, i n t e g r a l . dt , i n t e g r a l . t0 , i n t e g r a l . tk = \
152 k , m, dt , t0 , t1

153

154 i n t e g r a l . m a = np . array ( [ [ f loat ( s e l f . s tep2 . matrix .m[ i ] [ j ] )

155 for j in range ( s e l f . s tep2 . matrix . columnCount ( ) ) ]

156 for i in range ( s e l f . s tep2 . matrix . rowCount ( ) ) ] )

157

158 i n t e g r a l . mat b = np . array ( [ [ f loat ( s e l f . s tep3 . matrix .m[ i ] [ j ] )

159 for j in range ( s e l f . s tep3 . matrix . columnCount ( ) ) ]

160 for i in range ( s e l f . s tep3 . matrix . rowCount ( ) ) ] )

161

162 i n t e g r a l . mat f = np . array ( [ [ f loat ( s e l f . s tep4 . matrix .m[ i ] [ j ] )

163 for j in range ( s e l f . s tep4 . matrix . columnCount ( ) ) ]

164 for i in range ( s e l f . s tep4 . matrix . rowCount ( ) ) ] )

165

166 i n t e g r a l .m h = np . array ( [ [ f loat ( s e l f . s tep6 . matrix .m[ i ] [ j ] )

167 for j in range ( s e l f . s tep6 . matrix . columnCount ( ) ) ]

168 for i in range ( s e l f . s tep6 . matrix . rowCount ( ) ) ] )

169

170 i n t e g r a l . m x0 = np . array ( [ [ f loat ( s e l f . s tep7 . matrix .m[ i ] [ j ] )

171 for j in range ( s e l f . s tep7 . matrix . columnCount ( ) ) ]

172 for i in range ( s e l f . s tep7 . matrix . rowCount ( ) ) ] )

173

174 i n t e g r a l .m mx0 = np . array ( [ [ f loat ( s e l f . s tep7 . matrix .m[ i ] [ j ] )

175 for j in range ( s e l f . s tep7 . matrix . columnCount ( ) ) ]

176 for i in range ( s e l f . s tep7 . matrix . rowCount ( ) ) ] )

177

178 i n t e g r a l . m dx0 = np . z e r o s ( ( i n t e g r a l . n , i n t e g r a l . n ) )

179

180 s e l f . l o gg e r . i n f o ( ” Input i s c o r r e c t ” )

181 s e l f . l o gg e r . i n f o ( ” Ca l cu la t i on o f Ad and Bd ( Algorithm 11 . 2 ) ” )

182

183 i n t e g r a l . m ad , i n t e g r a l . m bd = dindet (

184 i n t e g r a l . n , i n t e g r a l . k , i n t e g r a l . m a , i n t e g r a l . mat b , i n t e g r a l . dt )

185

186 s e l f . l o gg e r . i n f o ( ” Ca l cu la t i on o f Fd ( Algorithm 11 . 6 ) ” )

187

188 i n t e g r a l . m fd = stoch ( i n t e g r a l . n , i n t e g r a l . m a , i n t e g r a l . mat f , i n t e g r a l . dt )

189

190 mat u = np . array ( [ [ object ] ] ∗ s e l f . s tep5 . matrix . rowCount ( ) )

191 for i in range ( s e l f . s tep5 . matrix . rowCount ( ) ) :

192 mat u [ i ] [ 0 ] = Symbolic ( s e l f . s tep5 . matrix .m[ i ] [ 0 ] )

193

194 i n t e g r a l . d i s t o r t i o n = ComplexDistort ion ( s e l f . s tep5 . matrix . rowCount ( ) , mat u )

195

196 s e l f . l o gg e r . i n f o ( ” S ta r t i ng modeling loop ” )

197

198 s t a r t t ime = time ( )
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199 i n t e g r a l . i n t e g r a t e ( )

200

201 s e l f . l o gg e r . i n f o ( f ” I n t e g r a t i on took {( time ( ) − s t a r t t ime ) : . 3 f } seconds ” )

202

203 l i n e s = [ Line ( f ”Linear , x{ i + 1}” ,

204 np . array ( i n t e g r a l . v t ) . astype ( f loat ) ,

205 np . array ( i n t e g r a l . m xt [ i , : ] ) . astype ( f loat ) ,

206 mx=np . array ( i n t e g r a l .m mx[ i , : ] ) . astype ( f loat ) ,

207 dx=np . array ( i n t e g r a l . m dx [ i , : ] ) . astype ( f loat ) )

208 for i in range ( i n t e g r a l . m xt . shape [ 0 ] ) ]

209

210 name = f ”Linear ”

211

212 l i n e s . append ( Line ( f ”Linear , y” ,

213 np . array ( i n t e g r a l . v t ) . astype ( f loat ) ,

214 np . array ( i n t e g r a l . v yt ) . astype ( f loat ) ,

215 mx=np . array ( i n t e g r a l . v my) . astype ( f loat ) ,

216 dx=np . array ( i n t e g r a l . v dy ) . astype ( f loat ) ) )

217

218 return l i n e s

219

220 def on mode l i n g f i n i s h ( s e l f , r e s u l t ) :

221 s e l f . s t op p r og r e s s . emit ( ”The modeling has been completed ! ” )

222 s e l f . draw chart . emit ( r e s u l t )

223

224 def on mode l ing corrupted ( s e l f , r e s u l t ) :

225 s e l f . l o gg e r . e r r o r ( r e s u l t [ 0 ] )

226 s e l f . l o gg e r . e r r o r ( r e s u l t [ 1 ] )

227 s e l f . l o gg e r . e r r o r ( r e s u l t [ 2 ] )

228

229 s e l f . s t op p r og r e s s . emit ( ”The modeling f a i l e d ! ” )

Listing 35: Step 1 of data input for linear systems

1 from PyQt5 . QtCore import pyqtS igna l

2 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QGridLayout , QLineEdit , QLabel , \
3 QVBoxLayout , QSpacerItem , QSizePol icy , QPushButton , QApplication , QStyle

4

5 from ui . main . e r r o r import ErrorWidget

6 from ui . main . i n f o import In f o I con

7 from ui . main . svg import SVG

8

9

10 class Step1 (QWidget ) :

11

12 n va l i d = pyqtS igna l ( int )

13 m val id = pyqtS igna l ( int )

14 k va l i d = pyqtS igna l ( int )

15

16 def i n i t ( s e l f , parent=None ) :

17 super (QWidget , s e l f ) . i n i t ( parent )

18

19 s e l f . n i s v a l i d = False
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20 s e l f . m i s v a l i d = False

21 s e l f . k i s v a l i d = False

22

23 s e l f . i npu t s t a ck = s e l f . parent ( )

24

25 i n f o n = In fo I con ( ”Dimension o f l i n e a r system o f I t o SDEs” )

26 info m = In fo I con ( ”Dimension o f vec to r Wiener p roc e s s ” )

27 i n f o k = In fo I con ( ”Dimension o f vec to r func t i on u( t ) ” )

28

29 l a b e l n = QLabel ( ”n” )

30 labe l m = QLabel ( ”m” )

31 l a b e l k = QLabel ( ”k” )

32

33 s e l f . l i n e e d i t n = QLineEdit ( )

34 s e l f . l i n e ed i t m = QLineEdit ( )

35 s e l f . l i n e e d i t k = QLineEdit ( )

36

37 s e l f . msg n = ErrorWidget ( ”Wrong value ! ” )

38 s e l f . msg n . hide ( )

39

40 s e l f . msg m = ErrorWidget ( ”Wrong value ! ” )

41 s e l f . msg m . hide ( )

42

43 s e l f . msg k = ErrorWidget ( ”Wrong value ! ” )

44 s e l f . msg k . h ide ( )

45

46 g r i d l a you t = QGridLayout ( )

47 g r i d l a you t . addWidget ( s e l f . msg n , 0 , 2)

48 g r i d l a you t . addWidget ( s e l f . msg m , 2 , 2)

49 g r i d l a you t . addWidget ( s e l f . msg k , 4 , 2)

50 g r i d l a you t . addWidget ( in fo n , 1 , 0)

51 g r i d l a you t . addWidget ( info m , 3 , 0)

52 g r i d l a you t . addWidget ( in f o k , 5 , 0)

53 g r i d l a you t . addWidget ( l abe l n , 1 , 1)

54 g r i d l a you t . addWidget ( label m , 3 , 1)

55 g r i d l a you t . addWidget ( l abe l k , 5 , 1)

56 g r i d l a you t . addWidget ( s e l f . l i n e e d i t n , 1 , 2)

57 g r i d l a you t . addWidget ( s e l f . l i n e ed i t m , 3 , 2)

58 g r i d l a you t . addWidget ( s e l f . l i n e e d i t k , 5 , 2)

59

60 header = QLabel ( ”Dimensions s e t t i n g s ” , parent=s e l f )

61 font = header . f ont ( )

62 font . s e tPo in tS i z e (15)

63 header . setFont ( f ont )

64

65 s e l f . next btn = QPushButton ( ”Next” , s e l f )

66 s e l f . next btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowForward ) )

67 s e l f . next btn . setEnabled ( Fa l se )

68

69 header l ayout = QHBoxLayout ( )

70 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

71 header l ayout . addWidget ( header )

72 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

73

74 bottom bar = QHBoxLayout ( )
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75 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

76 bottom bar . addWidget ( s e l f . next btn )

77

78 eq1 = QHBoxLayout ( )

79 eq1 . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

80 eq1 . addWidget (SVG(” equat ion3 . svg” , s c a l e f a c t o r =1.) )

81 eq1 . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

82

83 eq2 = QHBoxLayout ( )

84 eq2 . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

85 eq2 . addWidget (SVG(” equat ion4 . svg” , s c a l e f a c t o r =1.) )

86 eq2 . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

87

88 e q u a l i t i e s l a y o u t = QVBoxLayout ( )

89 e q u a l i t i e s l a y o u t . addLayout ( eq1 )

90 e q u a l i t i e s l a y o u t . addItem (QSpacerItem (0 , 25 , QSizePol icy .Minimum , QSizePol icy .Minimum

) )

91 e q u a l i t i e s l a y o u t . addLayout ( eq2 )

92

93 equa l i t i e s w r ap = QHBoxLayout ( )

94 e qua l i t i e s w r ap . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum)

)

95 e qua l i t i e s w r ap . addLayout ( e q u a l i t i e s l a y o u t )

96 e qua l i t i e s w r ap . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum)

)

97

98 gr id wrap = QHBoxLayout ( )

99 gr id wrap . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

100 gr id wrap . addLayout ( g r i d l a you t )

101 gr id wrap . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

102

103 layout = QVBoxLayout ( )

104 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy .Minimum , QSizePol icy . Expanding ) )

105 layout . addLayout ( e qua l i t i e s w r ap )

106 layout . addItem (QSpacerItem (0 , 25 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

107 layout . addLayout ( header l ayout )

108 layout . addItem (QSpacerItem (0 , 5 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

109 layout . addLayout ( gr id wrap )

110 layout . addItem (QSpacerItem (0 , 0 , QSizePol icy .Minimum , QSizePol icy . Expanding ) )

111 layout . addItem (QSpacerItem (0 , 25 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

112 layout . addLayout ( bottom bar )

113

114 s e l f . setLayout ( layout )

115

116 s e l f . l i n e e d i t n . textChanged . connect ( s e l f . v a l i d a t e n )

117 s e l f . l i n e ed i t m . textChanged . connect ( s e l f . va l idate m )

118 s e l f . l i n e e d i t k . textChanged . connect ( s e l f . v a l i d a t e k )

119

120 def va l i da t e f o rm ( s e l f ) :

121 i f s e l f . n i s v a l i d and s e l f . m i s v a l i d and s e l f . k i s v a l i d :

122 s e l f . next btn . setEnabled (True )

123 else :

124 s e l f . next btn . setEnabled ( Fa l se )

125

126 def va l i d a t e n ( s e l f , va lue ) :
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127 try :

128 typed va lue = int ( va lue )

129 i f typed va lue <= 0 :

130 raise ValueError ( )

131

132 s e l f . n i s v a l i d = True

133 s e l f . n va l i d . emit ( typed va lue )

134 s e l f . msg n . hide ( )

135

136 except ValueError :

137 s e l f . n i s v a l i d = False

138 s e l f . msg n . show ( )

139

140 f ina l ly :

141 s e l f . v a l i da t e f o rm ( )

142

143 def va l idate m ( s e l f , va lue ) :

144 try :

145 typed va lue = int ( va lue )

146 i f typed va lue <= 0 :

147 raise ValueError ( )

148

149 s e l f . m i s v a l i d = True

150 s e l f . m val id . emit ( typed va lue )

151 s e l f . msg m . hide ( )

152

153 except ValueError :

154 s e l f . m i s v a l i d = False

155 s e l f . msg m . show ( )

156

157 f ina l ly :

158 s e l f . v a l i da t e f o rm ( )

159

160 def va l i d a t e k ( s e l f , va lue ) :

161 try :

162 typed va lue = int ( va lue )

163 i f typed va lue <= 0 :

164 raise ValueError ( )

165

166 s e l f . k i s v a l i d = True

167 s e l f . k v a l i d . emit ( typed va lue )

168 s e l f . msg k . h ide ( )

169

170 except ValueError :

171 s e l f . k i s v a l i d = False

172 s e l f . msg k . show ( )

173

174 f ina l ly :

175 s e l f . v a l i da t e f o rm ( )

Listing 36: Step 2 of data input for linear systems

1 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QLabel , QSpacerItem , QSizePol icy , \
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2 QVBoxLayout , QPushButton , QApplication , QStyle

3

4 from ui . main . e r r o r import ErrorWidget

5 from ui . main . i n f o import In f o I con

6 from ui . main . modeling . matr ix widget import MatrixWidget

7

8

9 class Step2 (QWidget ) :

10

11 def i n i t ( s e l f , parent=None ) :

12 super (QWidget , s e l f ) . i n i t ( parent )

13

14 s e l f . e r r o r s = 0

15

16 header = QLabel ( ” Se t t i ng o f matrix A” , parent=s e l f )

17 font = header . f ont ( )

18 font . s e tPo in tS i z e (15)

19 header . setFont ( f ont )

20

21 i n f o = In fo I con ( ”Elements o f matrix A are \n”
22 ” expected to be r e a l va lue s \n”
23 ” S i z e : n x n” )

24

25 s e l f . msg = ErrorWidget ( ”Wrong va lue s in matrix ! ” )

26 s e l f . msg . h ide ( )

27

28 s e l f . matrix = MatrixWidget ( s e l f )

29

30 s e l f . next btn = QPushButton ( ”Next” , s e l f )

31 s e l f . next btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowForward ) )

32

33 s e l f . prev btn = QPushButton ( ”Back” , s e l f )

34 s e l f . prev btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowBack ) )

35

36 header l ayout = QHBoxLayout ( )

37 header l ayout . addWidget ( i n f o )

38 header l ayout . addWidget ( header )

39 header l ayout . addWidget ( s e l f . msg)

40 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

41

42 bottom bar = QHBoxLayout ( )

43 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

44 bottom bar . addWidget ( s e l f . prev btn )

45 bottom bar . addWidget ( s e l f . next btn )

46

47 layout = QVBoxLayout ( )

48 layout . addLayout ( header l ayout )

49 layout . addWidget ( s e l f . matrix )

50 layout . addLayout ( bottom bar )

51

52 s e l f . setLayout ( layout )

53

54 s e l f . matrix . itemChanged . connect ( s e l f . v a l i d a t e i t em )

55

56 def va l i d a t e i t em ( s e l f , item ) :
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57

58 value = item . text ( )

59 try :

60 f loat ( va lue )

61 i f not item . va l i d :

62 item . va l i d = True

63 s e l f . e r r o r s −= 1

64

65 except ValueError :

66 i f item . va l i d :

67 item . va l i d = False

68 s e l f . e r r o r s += 1

69

70 f ina l ly :

71 s e l f . v a l i da t e f o rm ( )

72

73 def va l i da t e f o rm ( s e l f ) :

74

75 i f s e l f . e r r o r s == 0 :

76 s e l f . msg . h ide ( )

77 s e l f . next btn . setEnabled (True )

78 else :

79 s e l f . msg . show ( )

80 s e l f . next btn . setEnabled ( Fa l se )

Listing 37: Step 3 of data input for linear systems

1 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QLabel , QSpacerItem , QSizePol icy , \
2 QVBoxLayout , QPushButton , QApplication , QStyle

3

4 from ui . main . e r r o r import ErrorWidget

5 from ui . main . i n f o import In f o I con

6 from ui . main . modeling . matr ix widget import MatrixWidget

7

8

9 class Step3 (QWidget ) :

10

11 def i n i t ( s e l f , parent=None ) :

12 super (QWidget , s e l f ) . i n i t ( parent )

13

14 s e l f . e r r o r s = 0

15

16 header = QLabel ( ” Se t t i ng o f matrix B” , parent=s e l f )

17 font = header . f ont ( )

18 font . s e tPo in tS i z e (15)

19 header . setFont ( f ont )

20

21 i n f o = In fo I con ( ”Elements o f matrix B are \n”
22 ” expected to be r e a l va lue s \n”
23 ” S i z e : n x k” )

24

25 s e l f . msg = ErrorWidget ( ”Wrong va lue s in matrix ! ” )

26 s e l f . msg . h ide ( )
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27

28 s e l f . matrix = MatrixWidget ( s e l f )

29

30 s e l f . next btn = QPushButton ( ”Next” , s e l f )

31 s e l f . next btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowForward ) )

32

33 s e l f . prev btn = QPushButton ( ”Back” , s e l f )

34 s e l f . prev btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowBack ) )

35

36 header l ayout = QHBoxLayout ( )

37 header l ayout . addWidget ( i n f o )

38 header l ayout . addWidget ( header )

39 header l ayout . addWidget ( s e l f . msg)

40 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

41

42 bottom bar = QHBoxLayout ( )

43 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

44 bottom bar . addWidget ( s e l f . prev btn )

45 bottom bar . addWidget ( s e l f . next btn )

46

47 layout = QVBoxLayout ( )

48 layout . addLayout ( header l ayout )

49 layout . addWidget ( s e l f . matrix )

50 layout . addLayout ( bottom bar )

51

52 s e l f . setLayout ( layout )

53

54 s e l f . matrix . itemChanged . connect ( s e l f . v a l i d a t e i t em )

55

56 def va l i d a t e i t em ( s e l f , item ) :

57

58 value = item . text ( )

59 try :

60 f loat ( va lue )

61 i f not item . va l i d :

62 item . va l i d = True

63 s e l f . e r r o r s −= 1

64

65 except ValueError :

66 i f item . va l i d :

67 item . va l i d = False

68 s e l f . e r r o r s += 1

69

70 f ina l ly :

71 s e l f . v a l i da t e f o rm ( )

72

73 def va l i da t e f o rm ( s e l f ) :

74

75 i f s e l f . e r r o r s == 0 :

76 s e l f . msg . h ide ( )

77 s e l f . next btn . setEnabled (True )

78 else :

79 s e l f . msg . show ( )

80 s e l f . next btn . setEnabled ( Fa l se )
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Listing 38: Step 4 of data input for linear systems

1 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QVBoxLayout , QLabel , QSpacerItem , \
2 QSizePol icy , QPushButton , QApplication , QStyle

3

4 from ui . main . e r r o r import ErrorWidget

5 from ui . main . i n f o import In f o I con

6 from ui . main . modeling . matr ix widget import MatrixWidget

7

8

9 class Step4 (QWidget ) :

10

11 def i n i t ( s e l f , parent=None ) :

12 super (QWidget , s e l f ) . i n i t ( parent )

13

14 s e l f . e r r o r s = 0

15

16 header = QLabel ( ” Se t t i ng o f matrix F” , parent=s e l f )

17 font = header . f ont ( )

18 font . s e tPo in tS i z e (15)

19 header . setFont ( f ont )

20

21 i n f o = In fo I con ( ”Elements o f matrix F are \n”
22 ” expected to be r e a l va lue s \n”
23 ” S i z e : n x m” )

24

25 s e l f . msg = ErrorWidget ( ”Wrong va lue s in matrix ! ” )

26 s e l f . msg . h ide ( )

27

28 s e l f . matrix = MatrixWidget ( s e l f )

29

30 s e l f . next btn = QPushButton ( ”Next” , s e l f )

31 s e l f . next btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowForward ) )

32

33 s e l f . prev btn = QPushButton ( ”Back” , s e l f )

34 s e l f . prev btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowBack ) )

35

36 header l ayout = QHBoxLayout ( )

37 header l ayout . addWidget ( i n f o )

38 header l ayout . addWidget ( header )

39 header l ayout . addWidget ( s e l f . msg)

40 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

41

42 bottom bar = QHBoxLayout ( )

43 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

44 bottom bar . addWidget ( s e l f . prev btn )

45 bottom bar . addWidget ( s e l f . next btn )

46

47 layout = QVBoxLayout ( )

48 layout . addLayout ( header l ayout )

49 layout . addWidget ( s e l f . matrix )

50 layout . addLayout ( bottom bar )

51

52 s e l f . setLayout ( layout )

53
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54 s e l f . matrix . itemChanged . connect ( s e l f . v a l i d a t e i t em )

55

56 def va l i d a t e i t em ( s e l f , item ) :

57

58 value = item . text ( )

59 try :

60 f loat ( va lue )

61 i f not item . va l i d :

62 item . va l i d = True

63 s e l f . e r r o r s −= 1

64

65 except ValueError :

66 i f item . va l i d :

67 item . va l i d = False

68 s e l f . e r r o r s += 1

69

70 f ina l ly :

71 s e l f . v a l i da t e f o rm ( )

72

73 def va l i da t e f o rm ( s e l f ) :

74

75 i f s e l f . e r r o r s == 0 :

76 s e l f . msg . h ide ( )

77 s e l f . next btn . setEnabled (True )

78 else :

79 s e l f . msg . show ( )

80 s e l f . next btn . setEnabled ( Fa l se )

Listing 39: Step 5 of data input for linear systems

1 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QVBoxLayout , QLabel , QSpacerItem , \
2 QSizePol icy , QPushButton , QApplication , QStyle

3

4 from ui . main . e r r o r import ErrorWidget

5 from ui . main . i n f o import In f o I con

6 from ui . main . modeling . matr ix widget import MatrixWidget

7

8

9 class Step5 (QWidget ) :

10

11 def i n i t ( s e l f , parent=None ) :

12 super (QWidget , s e l f ) . i n i t ( parent )

13

14 s e l f . e r r o r s = 0

15

16 header = QLabel ( ” Se t t i ng o f vec to r func t i on u( t ) ” , parent=s e l f )

17 font = header . f ont ( )

18 font . s e tPo in tS i z e (15)

19 header . setFont ( f ont )

20

21 i n f o = In fo I con ( ”Elements o f vec to r u( t ) are expected to be func t i on s \n”
22 ” S i z e : k x 1\n”
23 ”Functions must be s e t in python and SymPy notat ion ” )
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24

25 s e l f . msg = ErrorWidget ( ”Wrong va lue s in matrix ! ” )

26 s e l f . msg . h ide ( )

27

28 s e l f . matrix = MatrixWidget ( s e l f )

29

30 s e l f . next btn = QPushButton ( ”Next” , s e l f )

31 s e l f . next btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowForward ) )

32

33 s e l f . prev btn = QPushButton ( ”Back” , s e l f )

34 s e l f . prev btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowBack ) )

35

36 header l ayout = QHBoxLayout ( )

37 header l ayout . addWidget ( i n f o )

38 header l ayout . addWidget ( header )

39 header l ayout . addWidget ( s e l f . msg)

40 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

41

42 bottom bar = QHBoxLayout ( )

43 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

44 bottom bar . addWidget ( s e l f . prev btn )

45 bottom bar . addWidget ( s e l f . next btn )

46

47 layout = QVBoxLayout ( )

48 layout . addLayout ( header l ayout )

49 layout . addWidget ( s e l f . matrix )

50 layout . addLayout ( bottom bar )

51

52 s e l f . setLayout ( layout )

Listing 40: Step 6 of data input for linear systems

1 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QVBoxLayout , QLabel , QSpacerItem , \
2 QSizePol icy , QPushButton , QApplication , QStyle

3

4 from ui . main . e r r o r import ErrorWidget

5 from ui . main . i n f o import In f o I con

6 from ui . main . modeling . matr ix widget import MatrixWidget

7

8

9 class Step6 (QWidget ) :

10

11 def i n i t ( s e l f , parent=None ) :

12 super (QWidget , s e l f ) . i n i t ( parent )

13

14 s e l f . e r r o r s = 0

15

16 header = QLabel ( ” Se t t i ng o f matrix H” , parent=s e l f )

17 font = header . f ont ( )

18 font . s e tPo in tS i z e (15)

19 header . setFont ( f ont )

20

21 i n f o = In fo I con ( ”Elements o f matrix H are \n”
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22 ” expected to be i n t va lue s \n”
23 ” S i z e : 1 x n” )

24

25 s e l f . msg = ErrorWidget ( ”Wrong va lue s in matrix ! ” )

26 s e l f . msg . h ide ( )

27

28 s e l f . matrix = MatrixWidget ( s e l f )

29

30 s e l f . next btn = QPushButton ( ”Next” , s e l f )

31 s e l f . next btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowForward ) )

32

33 s e l f . prev btn = QPushButton ( ”Back” , s e l f )

34 s e l f . prev btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowBack ) )

35

36 header l ayout = QHBoxLayout ( )

37 header l ayout . addWidget ( i n f o )

38 header l ayout . addWidget ( header )

39 header l ayout . addWidget ( s e l f . msg)

40 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

41

42 bottom bar = QHBoxLayout ( )

43 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

44 bottom bar . addWidget ( s e l f . prev btn )

45 bottom bar . addWidget ( s e l f . next btn )

46

47 layout = QVBoxLayout ( )

48 layout . addLayout ( header l ayout )

49 layout . addWidget ( s e l f . matrix )

50 layout . addLayout ( bottom bar )

51

52 s e l f . setLayout ( layout )

53

54 s e l f . matrix . itemChanged . connect ( s e l f . v a l i d a t e i t em )

55

56 def va l i d a t e i t em ( s e l f , item ) :

57

58 value = item . text ( )

59 try :

60 f loat ( va lue )

61 i f not item . va l i d :

62 item . va l i d = True

63 s e l f . e r r o r s −= 1

64

65 except ValueError :

66 i f item . va l i d :

67 item . va l i d = False

68 s e l f . e r r o r s += 1

69

70 f ina l ly :

71 s e l f . v a l i da t e f o rm ( )

72

73 def va l i da t e f o rm ( s e l f ) :

74

75 i f s e l f . e r r o r s == 0 :

76 s e l f . msg . h ide ( )
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77 s e l f . next btn . setEnabled (True )

78 else :

79 s e l f . msg . show ( )

80 s e l f . next btn . setEnabled ( Fa l se )

Listing 41: Step 7 of data input for linear systems

1 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QVBoxLayout , QLabel , QSpacerItem , \
2 QSizePol icy , QPushButton , QApplication , QStyle

3

4 from ui . main . e r r o r import ErrorWidget

5 from ui . main . i n f o import In f o I con

6 from ui . main . modeling . matr ix widget import MatrixWidget

7

8

9 class Step7 (QWidget ) :

10

11 def i n i t ( s e l f , parent=None ) :

12 super (QWidget , s e l f ) . i n i t ( parent )

13

14 s e l f . e r r o r s = 0

15

16 header = QLabel ( ” Se t t i ng o f column x0” , parent=s e l f )

17 font = header . f ont ( )

18 font . s e tPo in tS i z e (15)

19 header . setFont ( f ont )

20

21 i n f o = In fo I con ( ”Elements o f column x0 are \n”
22 ” expected to be r e a l va lue s \n”
23 ” S i z e : n x 1” )

24

25 s e l f . msg = ErrorWidget ( ”Wrong va lue s in matrix ! ” )

26 s e l f . msg . h ide ( )

27

28 s e l f . matrix = MatrixWidget ( s e l f )

29

30 s e l f . next btn = QPushButton ( ”Next” , s e l f )

31 s e l f . next btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowForward ) )

32

33 s e l f . prev btn = QPushButton ( ”Back” , s e l f )

34 s e l f . prev btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowBack ) )

35

36 header l ayout = QHBoxLayout ( )

37 header l ayout . addWidget ( i n f o )

38 header l ayout . addWidget ( header )

39 header l ayout . addWidget ( s e l f . msg)

40 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

41

42 bottom bar = QHBoxLayout ( )

43 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

44 bottom bar . addWidget ( s e l f . prev btn )

45 bottom bar . addWidget ( s e l f . next btn )

46
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47 layout = QVBoxLayout ( )

48 layout . addLayout ( header l ayout )

49 layout . addWidget ( s e l f . matrix )

50 layout . addLayout ( bottom bar )

51

52 s e l f . setLayout ( layout )

53

54 s e l f . matrix . itemChanged . connect ( s e l f . v a l i d a t e i t em )

55

56 def va l i d a t e i t em ( s e l f , item ) :

57

58 value = item . text ( )

59 try :

60 f loat ( va lue )

61 i f not item . va l i d :

62 item . va l i d = True

63 s e l f . e r r o r s −= 1

64

65 except ValueError :

66 i f item . va l i d :

67 item . va l i d = False

68 s e l f . e r r o r s += 1

69

70 f ina l ly :

71 s e l f . v a l i da t e f o rm ( )

72

73 def va l i da t e f o rm ( s e l f ) :

74

75 i f s e l f . e r r o r s == 0 :

76 s e l f . msg . h ide ( )

77 s e l f . next btn . setEnabled (True )

78 else :

79 s e l f . msg . show ( )

80 s e l f . next btn . setEnabled ( Fa l se )

Listing 42: Step 8 of data input for linear systems

1 import sys

2

3 from PyQt5 . QtWidgets import QWidget , QHBoxLayout , QLabel , QLineEdit , QGridLayout , \
4 QVBoxLayout , QSizePol icy , QSpacerItem , QPushButton , QApplication , QStyle

5

6 from ui . main . e r r o r import ErrorWidget

7 from ui . main . i n f o import In f o I con

8

9

10 class Step8 (QWidget ) :

11

12 def i n i t ( s e l f , parent=None ) :

13 super (QWidget , s e l f ) . i n i t ( parent )

14

15 s e l f . t0 = sys . f l o a t i n f o .min

16 s e l f . dt = 0
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17 s e l f . t1 = sys . f l o a t i n f o .max

18 s e l f . s = 0

19

20 s e l f . t 0 i s v a l i d = False

21 s e l f . d t i s v a l i d = False

22 s e l f . t 1 i s v a l i d = False

23 s e l f . s i s v a l i d = True

24

25 s e l f . i npu t s t a ck = s e l f . parent ( )

26

27 i n f o t 0 = In fo I con ( ” Star t po int o f i n t e g r a t i o n i n t e r v a l \n”
28 ”Must be in [ 0 , t1 ) range ” )

29 i n f o d t = In fo I con ( ” In t e g r a t i on step \n”
30 ”Must be s e t in (0 , 1) i n t e r v a l ” )

31 i n f o t 1 = In fo I con ( ” Fina l po int o f i n t e g r a t i o n i n t e r v a l \n”
32 ”Must be more then t0 ” )

33 i n f o s = In fo I con ( ”This i s random genera tor seed \n”
34 ” I f You do not want to use s p e c i f i c \n”
35 ” seed j u s t l e ave t h i s f i e l d empty” )

36

37 l a b e l t 0 = QLabel ( ” t0 ” )

38 l a b e l d t = QLabel ( ”dt” )

39 l a b e l t 1 = QLabel ( ” t1 ” )

40 l a b e l s = QLabel ( ” seed ” )

41

42 s e l f . l i n e e d i t t 0 = QLineEdit ( )

43 s e l f . l i n e e d i t d t = QLineEdit ( )

44 s e l f . l i n e e d i t t 1 = QLineEdit ( )

45 s e l f . l i n e e d i t s = QLineEdit ( )

46

47 s e l f . msg t0 = ErrorWidget ( ”Wrong value ! ” )

48 s e l f . msg t0 . h ide ( )

49

50 s e l f . msg dt = ErrorWidget ( ”Wrong value ! ” )

51 s e l f . msg dt . h ide ( )

52

53 s e l f . msg t1 = ErrorWidget ( ”Wrong value ! ” )

54 s e l f . msg t1 . h ide ( )

55

56 s e l f . msg s = ErrorWidget ( ”Wrong value ! ” )

57 s e l f . msg s . h ide ( )

58

59 header = QLabel ( ”Accuracy s e t t i n g s ” , parent=s e l f )

60 font = header . f ont ( )

61 font . s e tPo in tS i z e (15)

62 header . setFont ( f ont )

63

64 s e l f . prev btn = QPushButton ( ”Back” , s e l f )

65 s e l f . prev btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowBack ) )

66

67 s e l f . run btn = QPushButton ( ”Perform modeling” , s e l f )

68 s e l f . run btn . s e t I c on ( QApplication . s t y l e ( ) . s tandardIcon ( QStyle . SP ArrowForward ) )

69 s e l f . run btn . setEnabled ( Fa l se )

70

71 header l ayout = QHBoxLayout ( )
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72 header l ayout . addWidget ( header )

73 header l ayout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

74

75 bottom bar = QHBoxLayout ( )

76 bottom bar . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy .Minimum) )

77 bottom bar . addWidget ( s e l f . prev btn )

78 bottom bar . addWidget ( s e l f . run btn )

79

80 g r i d l a you t = QGridLayout ( )

81

82 g r i d l a you t . addWidget ( s e l f . msg t0 , 0 , 2)

83

84 g r i d l a you t . addWidget ( i n f o t 0 , 1 , 0)

85 g r i d l a you t . addWidget ( l a b e l t 0 , 1 , 1)

86 g r i d l a you t . addWidget ( s e l f . l i n e e d i t t 0 , 1 , 2)

87

88 g r i d l a you t . addWidget ( s e l f . msg dt , 0 , 5)

89

90 g r i d l a you t . addWidget ( i n f o d t , 1 , 3)

91 g r i d l a you t . addWidget ( l ab e l d t , 1 , 4)

92 g r i d l a you t . addWidget ( s e l f . l i n e e d i t d t , 1 , 5)

93

94 g r i d l a you t . addWidget ( s e l f . msg t1 , 0 , 8)

95

96 g r i d l a you t . addWidget ( i n f o t 1 , 1 , 6)

97 g r i d l a you t . addWidget ( l a b e l t 1 , 1 , 7)

98 g r i d l a you t . addWidget ( s e l f . l i n e e d i t t 1 , 1 , 8)

99

100 g r i d l a you t . addWidget ( s e l f . msg s , 2 , 2)

101

102 g r i d l a you t . addWidget ( i n f o s , 3 , 0)

103 g r i d l a you t . addWidget ( l a b e l s , 3 , 1)

104 g r i d l a you t . addWidget ( s e l f . l i n e e d i t s , 3 , 2)

105

106 column layout = QVBoxLayout ( )

107 column layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding )

)

108 column layout . addLayout ( header l ayout )

109 column layout . addItem (QSpacerItem (0 , 25 , QSizePol icy .Minimum , QSizePol icy .Minimum) )

110 column layout . addLayout ( g r i d l a you t )

111 column layout . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding )

)

112

113 c on t r o l l a y ou t = QHBoxLayout ( )

114 c on t r o l l a y ou t . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding

) )

115 c on t r o l l a y ou t . addLayout ( column layout )

116 c on t r o l l a y ou t . addItem (QSpacerItem (0 , 0 , QSizePol icy . Expanding , QSizePol icy . Expanding

) )

117

118 layout = QVBoxLayout ( )

119 layout . addLayout ( c on t r o l l a y ou t )

120 layout . addLayout ( bottom bar )

121

122 s e l f . setLayout ( layout )
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123

124 s e l f . l i n e e d i t t 0 . textChanged . connect ( s e l f . v a l i d a t e t 0 )

125 s e l f . l i n e e d i t t 0 . textChanged . connect ( s e l f . v a l i d a t e t 1 )

126 s e l f . l i n e e d i t t 0 . textChanged . connect ( s e l f . v a l i d a t e d t )

127 s e l f . l i n e e d i t d t . textChanged . connect ( s e l f . v a l i d a t e d t )

128 s e l f . l i n e e d i t t 1 . textChanged . connect ( s e l f . v a l i d a t e t 0 )

129 s e l f . l i n e e d i t t 1 . textChanged . connect ( s e l f . v a l i d a t e t 1 )

130 s e l f . l i n e e d i t t 1 . textChanged . connect ( s e l f . v a l i d a t e d t )

131 s e l f . l i n e e d i t s . textChanged . connect ( s e l f . v a l i d a t e s )

132

133 def count c ( s e l f , f l a g : bool ) :

134 i f f l a g :

135 s e l f . i n f o c . show ( )

136 s e l f . l a b e l c . show ( )

137 else :

138 s e l f . i n f o c . h ide ( )

139 s e l f . l a b e l c . h ide ( )

140

141 s e l f . msg c . h ide ( )

142

143 def va l i da t e f o rm ( s e l f ) :

144 i f s e l f . t 0 i s v a l i d \
145 and s e l f . d t i s v a l i d \
146 and s e l f . t 1 i s v a l i d \
147 and s e l f . s i s v a l i d :

148 s e l f . run btn . setEnabled (True )

149 else :

150 s e l f . run btn . setEnabled ( Fa l se )

151

152 def v a l i d a t e t 0 ( s e l f ) :

153 try :

154 typed va lue = f loat ( s e l f . l i n e e d i t t 0 . t ex t ( ) )

155 i f typed va lue >= s e l f . t1 :

156 raise ValueError ( )

157

158 s e l f . t 0 i s v a l i d = True

159 s e l f . t0 = typed va lue

160 s e l f . msg t0 . h ide ( )

161

162 except ValueError :

163 s e l f . t 0 i s v a l i d = False

164 s e l f . msg t0 . show ( )

165

166 def va l i d a t e d t ( s e l f ) :

167 try :

168 typed va lue = f loat ( s e l f . l i n e e d i t d t . t ex t ( ) )

169 i f typed va lue <= 0 \
170 or ( s e l f . t1 − s e l f . t0 ) / typed va lue < 1 \
171 or typed va lue >= 1 :

172 raise ValueError ( )

173

174 s e l f . d t i s v a l i d = True

175 s e l f . dt = typed va lue

176 s e l f . msg dt . h ide ( )

177 s e l f . v a l i da t e f o rm ( )
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178

179 except ValueError :

180 s e l f . d t i s v a l i d = False

181 s e l f . msg dt . show ( )

182

183 def v a l i d a t e t 1 ( s e l f ) :

184 try :

185 typed va lue = f loat ( s e l f . l i n e e d i t t 1 . t ex t ( ) )

186 i f typed va lue <= s e l f . t0 :

187 raise ValueError ( )

188

189 s e l f . t 1 i s v a l i d = True

190 s e l f . t1 = typed va lue

191 s e l f . msg t1 . h ide ( )

192

193 except ValueError :

194 s e l f . t 1 i s v a l i d = False

195 s e l f . msg t1 . show ( )

196

197 def v a l i d a t e s ( s e l f ) :

198 try :

199 i f s e l f . l i n e e d i t s . t ex t ( ) == ”” :

200 s e l f . s i s v a l i d = True

201 s e l f . s = 0

202 else :

203 typed va lue = int ( s e l f . l i n e e d i t s . t ex t ( ) )

204 i f typed va lue <= 0 :

205 raise ValueError ( )

206 s e l f . s = typed va lue

207

208 s e l f . s i s v a l i d = True

209 s e l f . msg s . h ide ( )

210

211 except ValueError :

212 s e l f . s i s v a l i d = False

213 s e l f . msg s . show ( )

214

215 f ina l ly :

216 s e l f . v a l i da t e f o rm ( )

6.2 Source Codes for Nonlinear Systems of Itô SDEs

6.2.1 Source Codes for Calculation of the Fourier–Legendre Coeffi-

cients

Listing 43: Symbolic function of the Legendre polinomial

1 from sympy import Rational , f a c t o r i a l , d i f f

2
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3

4 def polynomial (n : int ) :

5 ”””

6 Returns the Legendre polynomial in symbol ic format

7 Parameters

8 ==========

9 n : i n t

10 degree o f the Legendre polynomial

11 Returns

12 =======

13 sympy . Expr

14 ”””

15 from sympy . abc import x

16 return Rat iona l (1 , 2) ∗∗ n / f a c t o r i a l (n ) ∗ d i f f ( ( x ∗∗ 2 − 1) ∗∗ n , x , n)

Listing 44: Symbolic function of the Fourier–Legendre coefficient calculation

1 from sympy import S , i n t e g r a t e

2

3 from mathematics . sde . non l in ea r . l egendre po lynomia l import polynomial

4

5

6 def g e t c ( i n d i c e s : tuple , we ights : tuple ) :

7 ”””

8 Ca l cu l a t e s the Fourier−Legendre c o e f f i c i e n t depending on ind i c e s and we igh t s

9 Parameters

10 ==========

11 i n d i c e s : t u p l e

12 i n d i c e s o f the Fourier−Legendre c o e f f i c i e n t

13 weigh t s : t u p l e

14 weigh t s o f the Fourier−Legendre c o e f f i c i e n t

15 Returns

16 =======

17 sympy . Rat iona l

18 ”””

19 from sympy . abc import x , y

20 # mu l t i p l i c i t y o f i t e r a t e d i n t e g r a l which i s the Fourier−Legendre c o e f f i c i e n t

21 n = len ( i n d i c e s )

22 w = l i s t ( reversed ( weights ) )

23 c = S .One

24

25 for i in reversed (range (1 , n ) ) :

26 c = i n t e g r a t e ( polynomial ( i n d i c e s [ i ] ) ∗ ( x + 1) ∗∗ w[ i ] ∗ c , (x , −1, y ) ) . subs (y , x )

27 c = in t e g r a t e ( polynomial ( i n d i c e s [ 0 ] ) ∗ ( x + 1) ∗∗ w[ 0 ] ∗ c , (x , −1, 1) )

28

29 i f sum(w) % 2 == 0 :

30 return c

31 else :

32 return −c

Listing 45: Symbolic function of the Fourier–Legendre coefficient

1 import l o gg ing
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2

3 from sympy import sympify , Function

4

5 import t o o l s . database as db

6 from mathematics . sde . non l in ea r . c import g e t c

7

8

9 class C( Function ) :

10 ”””

11 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

12 ”””

13 pre loaded = dict ( )

14

15 def new ( c l s , i n d i c e s : tuple , we ights : tuple , t o f l o a t=True , ∗∗kwargs ) :

16 ”””

17 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed ind i c e s and we igh t s

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 i f not len ( i n d i c e s ) == len ( weights ) :

30 return super (C, c l s ) . new ( c l s , i nd i c e s , weights , ∗∗kwargs )

31

32 index = f ” { ’ : ’ . j o i n ( [ s t r ( i ) f o r i in i n d i c e s ] ) } { ’ : ’ . j o i n ( [ s t r ( i ) f o r i in weights ] ) }
”

33 try :

34 return c l s . va lue ( index , t o f l o a t )

35

36 except KeyError :

37 respond = c l s . download one ( index )

38 i f len ( respond ) != 0 :

39 c l s . p re loaded [ respond [ 0 ] [ 0 ] ] = respond [ 0 ] [ 1 ]

40 return c l s . va lue ( index , t o f l o a t )

41 else :

42 new c = c l s . c a l c u l a t e ( index , i nd i c e s , weights )

43 c l s . up load one ( new c )

44 c l s . p re loaded [ new c [ 0 ] ] = new c [ 1 ]

45 return c l s . va lue ( index , t o f l o a t )

46

47 @classmethod

48 def c a l c u l a t e ( c l s , index , i nd i c e s , weights ) :

49 new c = ge t c ( i nd i c e s , weights )

50 return index , ( new c , sympify ( new c ) . e v a l f ( ) )

51

52 @classmethod

53 def upload one ( c l s , c ) :

54 l ogg ing . i n f o ( f ”C: ADDING NEW C {c [ 0 ] } = {c [ 1 ] [ 0 ] } ” )
55 db . execute ( f ”INSERT INTO ‘C‘ ( ‘ index ‘ , ‘ value ‘ , ‘ va lu e f ‘ ) VALUES ( ’{ c [ 0 ] } ’ , ’{ c
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[ 1 ] [ 0 ] } ’ , {c [ 1 ] [ 1 ] } ) ” )
56

57 @classmethod

58 def unpack ( c l s , rows ) :

59 return [ ( rows [ i ] [ 0 ] , ( rows [ i ] [ 1 ] , rows [ i ] [ 2 ] ) ) for i in range ( len ( rows ) ) ]

60

61 @classmethod

62 def va lue ( c l s , index , t o f l o a t ) :

63 c = c l s . p re loaded [ index ]

64 i f t o f l o a t :

65 return c [ 1 ]

66 else :

67 return sympify ( c [ 0 ] )

68

69 @classmethod

70 def download one ( c l s , index ) :

71 l ogg ing . i n f o ( f ”C: MISSING PRELOADED VERSION OF C { index }” )
72 respond = db . execute (

73 f ”SELECT ‘ index ‘ , ‘ value ‘ , ‘ va lu e f ‘ FROM ‘C‘ ”

74 f ”WHERE REGEXP( ‘ index ‘ , ’ˆ{ index }$ ’ ) ”

75 )

76 return c l s . unpack ( respond )

77

78 @classmethod

79 def pre load ( c l s , ∗ args ) :

80 ”””

81 Updates d i c t i ona ry o f the pre loaded Fourier−Legendre c o e f f i c i e n t s

82 Note : we igh t s are not accepted , such c o e f f i c i e n t s are loaded

83 with a l l a v a i l a b l e we igh t s

84 Parameters

85 ==========

86 args

87 Ind i ce s f o r the Fourier−Legendre c o e f f i c i e n t s

88 to download them from database

89 ”””

90 l ogg ing . i n f o ( f ”C: PRELOADING COEFFICIENTS { args }” )
91

92 query = [ ]

93 for q in range ( len ( args ) ) :

94 numbers = [ int ( char ) for char in str ( args [ q ] + 1) ]

95 pattern = [ ]

96

97 for i in range (1 , len ( numbers ) ) :

98 pattern . append ( ” [0−9] ” ∗ i )

99

100 for i in range ( len ( numbers ) ) :

101 p = [ ]

102 for j in range ( len ( numbers ) ) :

103 i f j < i :

104 p . append ( str ( numbers [ j ] ) )

105 e l i f i == j :

106 p . append ( f ”[0−{numbers [ j ] − 1} ] ” )
107 e l i f j > i :

108 p . append ( ” [0−9] ” )

109 pattern . append ( ”” . j o i n (p) )
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110

111 regex = f ” ˆ { ’ : ’ . j o i n ( [ ’ | ’ . j o i n ( pattern ) f o r in range (q + 2) ] ) } .∗ $”
112 query . append (

113 f ”SELECT ‘ index ‘ , ‘ value ‘ , ‘ va lu e f ‘ FROM ‘C‘ ”

114 f ”WHERE REGEXP( ‘ index ‘ , ’{ regex } ’ ) ”
115 )

116

117 r e s u l t = db . execute ( ”\nUNION\n” . j o i n ( query ) )

118 c l s . p re loaded . update ( c l s . unpack ( r e s u l t ) )

119

120 def do i t ( s e l f , ∗∗ h in t s ) :

121 ”””

122 Tries to expand or c a l c u l a t e func t i on

123 Returns

124 =======

125 C

126 ”””

127 return C(∗ s e l f . args , ∗∗ h in t s )

Listing 46: Calculation of the Fourier–Legendre coefficients C000
j3j2j1

1 from math import s q r t

2

3 from sympy import sympify , Number , Function

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C000 ( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 4

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C000

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j3 , j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and
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33 isinstance ( j3 , Number) and

34 isinstance ( dt , Number) ) :

35 return super (C000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

36

37 return s q r t (

38 ( j 1 ∗ 2 + 1) ∗
39 ( j 2 ∗ 2 + 1) ∗
40 ( j 3 ∗ 2 + 1) ) ∗ \
41 dt ∗∗ 1 .5 ∗ \
42 C( ( j3 , j2 , j 1 ) , (0 , 0 , 0) ) / 8

43

44 def do i t ( s e l f , ∗∗ h in t s ) :

45 ”””

46 Tries to expand or c a l c u l a t e func t i on

47 Returns

48 =======

49 C000

50 ”””

51 return C000 (∗ s e l f . args , ∗∗ h in t s )

Listing 47: Calculation of the Fourier–Legendre coefficients C10
j2j1

1 from math import s q r t

2

3 from sympy import sympify , Function , Number

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C10( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 3

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C10

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and
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32 isinstance ( j2 , Number) and

33 isinstance ( dt , Number) ) :

34 return super (C10 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

35

36 return s q r t (

37 ( j 1 ∗ 2 + 1) ∗
38 ( j 2 ∗ 2 + 1) ) ∗ \
39 dt ∗∗ 2 ∗ \
40 C( ( j2 , j 1 ) , (1 , 0) ) / 8

41

42 def do i t ( s e l f , ∗∗ h in t s ) :

43 ”””

44 Tries to expand or c a l c u l a t e func t i on

45 Returns

46 =======

47 C10

48 ”””

49 return C10(∗ s e l f . args , ∗∗ h in t s )

Listing 48: Calculation of the Fourier–Legendre coefficients C01
j2j1

1 from math import s q r t

2

3 from sympy import sympify , Function , Number

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C01( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 3

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C01

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and
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33 isinstance ( dt , Number) ) :

34 return super (C01 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

35

36 return s q r t (

37 ( j 1 ∗ 2 + 1) ∗
38 ( j 2 ∗ 2 + 1) ) ∗ \
39 dt ∗∗ 2 ∗ \
40 C( ( j2 , j 1 ) , (0 , 1) ) / 8

41

42 def do i t ( s e l f , ∗∗ h in t s ) :

43 ”””

44 Tries to expand or c a l c u l a t e func t i on

45 Returns

46 =======

47 C01

48 ”””

49 return C01(∗ s e l f . args , ∗∗ h in t s )

Listing 49: Calculation of the Fourier–Legendre coefficients C0000
j4j3j2j1

1 from math import s q r t

2

3 from sympy import sympify , Number , Function

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C0000 ( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 5

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C0000

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j4 , j3 , j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and

33 isinstance ( j3 , Number) and
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34 isinstance ( j4 , Number) and

35 isinstance ( dt , Number) ) :

36 return super (C0000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

37

38 return s q r t (

39 ( j 1 ∗ 2 + 1) ∗
40 ( j 2 ∗ 2 + 1) ∗
41 ( j 3 ∗ 2 + 1) ∗
42 ( j 4 ∗ 2 + 1) ) ∗ \
43 dt ∗∗ 2 ∗ \
44 C( ( j4 , j3 , j2 , j 1 ) , (0 , 0 , 0 , 0) ) / 16

45

46 def do i t ( s e l f , ∗∗ h in t s ) :

47 ”””

48 Tries to expand or c a l c u l a t e func t i on

49 Returns

50 =======

51 C0000

52 ”””

53 return C0000 (∗ s e l f . args , ∗∗ h in t s )

Listing 50: Calculation of the Fourier–Legendre coefficients C100
j3j2j1

1 from math import s q r t

2

3 from sympy import sympify , Function , Number

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C100 ( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 4

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C100

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j3 , j2 , j1 , dt = sympify ( args )

30
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31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and

33 isinstance ( j3 , Number) and

34 isinstance ( dt , Number) ) :

35 return super (C100 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

36

37 return s q r t (

38 ( j 1 ∗ 2 + 1) ∗
39 ( j 2 ∗ 2 + 1) ∗
40 ( j 3 ∗ 2 + 1) ) ∗ \
41 dt ∗∗ 2 .5 ∗ \
42 C( ( j3 , j2 , j 1 ) , (1 , 0 , 0) ) / 16

43

44 def do i t ( s e l f , ∗∗ h in t s ) :

45 ”””

46 Tries to expand or c a l c u l a t e func t i on

47 Returns

48 =======

49 C100

50 ”””

51 return C100 (∗ s e l f . args , ∗∗ h in t s )

Listing 51: Calculation of the Fourier–Legendre coefficients C010
j3j2j1

1 from math import s q r t

2

3 from sympy import sympify , Function , Number

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C010 ( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 4

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C010

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j3 , j2 , j1 , dt = sympify ( args )
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30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and

33 isinstance ( j3 , Number) and

34 isinstance ( dt , Number) ) :

35 return super (C010 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

36

37 return s q r t (

38 ( j 1 ∗ 2 + 1) ∗
39 ( j 2 ∗ 2 + 1) ∗
40 ( j 3 ∗ 2 + 1) ) ∗ \
41 dt ∗∗ 2 .5 ∗ \
42 C( ( j3 , j2 , j 1 ) , (0 , 1 , 0) ) / 16

43

44 def do i t ( s e l f , ∗∗ h in t s ) :

45 ”””

46 Tries to expand or c a l c u l a t e func t i on

47 Returns

48 =======

49 C010

50 ”””

51 return C010 (∗ s e l f . args , ∗∗ h in t s )

Listing 52: Calculation of the Fourier–Legendre coefficients C001
j3j2j1

1 from math import s q r t

2

3 from sympy import sympify , Function , Number

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C001 ( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 4

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C001

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””
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29 j3 , j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and

33 isinstance ( j3 , Number) and

34 isinstance ( dt , Number) ) :

35 return super (C001 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

36

37 return s q r t (

38 ( j 1 ∗ 2 + 1) ∗
39 ( j 2 ∗ 2 + 1) ∗
40 ( j 3 ∗ 2 + 1) ) ∗ \
41 dt ∗∗ 2 .5 ∗ \
42 C( ( j3 , j2 , j 1 ) , (0 , 0 , 1) ) / 16

43

44 def do i t ( s e l f , ∗∗ h in t s ) :

45 ”””

46 Tries to expand or c a l c u l a t e func t i on

47 Returns

48 =======

49 C001

50 ”””

51 return C001 (∗ s e l f . args , ∗∗ h in t s )

Listing 53: Calculation of the Fourier–Legendre coefficients C00000
j5j4j3j2j1

1 from math import s q r t

2

3 from sympy import sympify , Number , Function

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C00000 ( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 6

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C00000

27 c a l c u l a t e d va lue or symbol ic expres s ion
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28 ”””

29 j5 , j4 , j3 , j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and

33 isinstance ( j3 , Number) and

34 isinstance ( j4 , Number) and

35 isinstance ( j5 , Number) and

36 isinstance ( dt , Number) ) :

37 return super (C00000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

38

39 return s q r t (

40 ( j 1 ∗ 2 + 1) ∗
41 ( j 2 ∗ 2 + 1) ∗
42 ( j 3 ∗ 2 + 1) ∗
43 ( j 4 ∗ 2 + 1) ∗
44 ( j 5 ∗ 2 + 1) ) ∗ \
45 dt ∗∗ 2 .5 ∗ \
46 C( ( j5 , j4 , j3 , j2 , j 1 ) , (0 , 0 , 0 , 0 , 0) ) / 32

47

48 def do i t ( s e l f , ∗∗ h in t s ) :

49 ”””

50 Tries to expand or c a l c u l a t e func t i on

51 Returns

52 =======

53 C00000

54 ”””

55 return C00000 (∗ s e l f . args , ∗∗ h in t s )

Listing 54: Calculation of the Fourier–Legendre coefficients C20
j2j1

1 from math import s q r t

2

3 from sympy import sympify , Function , Number

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C20( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 3

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e
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23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C20

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and

33 isinstance ( dt , Number) ) :

34 return super (C20 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

35

36 return s q r t (

37 ( j 1 ∗ 2 + 1) ∗
38 ( j 2 ∗ 2 + 1) ) ∗ \
39 dt ∗∗ 3 ∗ \
40 C( ( j2 , j 1 ) , (2 , 0) ) / 16

41

42 def do i t ( s e l f , ∗∗ h in t s ) :

43 ”””

44 Tries to expand or c a l c u l a t e func t i on

45 Returns

46 =======

47 C20

48 ”””

49 return C20(∗ s e l f . args , ∗∗ h in t s )

Listing 55: Calculation of the Fourier–Legendre coefficients C11
j2j1

1 from math import s q r t

2

3 from sympy import sympify , Function , Number

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C11( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 3

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s
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24 Returns

25 =======

26 symbol ic . Rat iona l or C11

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and

33 isinstance ( dt , Number) ) :

34 return super (C11 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

35

36 return s q r t (

37 ( j 1 ∗ 2 + 1) ∗
38 ( j 2 ∗ 2 + 1) ) ∗ \
39 dt ∗∗ 3 ∗ \
40 C( ( j2 , j 1 ) , (1 , 1) ) / 16

41

42 def do i t ( s e l f , ∗∗ h in t s ) :

43 ”””

44 Tries to expand or c a l c u l a t e func t i on

45 Returns

46 =======

47 C11

48 ”””

49 return C11(∗ s e l f . args , ∗∗ h in t s )

Listing 56: Calculation of the Fourier–Legendre coefficients C02
j2j1

1 from math import s q r t

2

3 from sympy import sympify , Function , Number

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C02( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 3

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns
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25 =======

26 symbol ic . Rat iona l or C02

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and

33 isinstance ( dt , Number) ) :

34 return super (C02 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

35

36 return s q r t (

37 ( j 1 ∗ 2 + 1) ∗
38 ( j 2 ∗ 2 + 1) ) ∗ \
39 dt ∗∗ 3 ∗ \
40 C( ( j2 , j 1 ) , (0 , 2) ) / 16

41

42 def do i t ( s e l f , ∗∗ h in t s ) :

43 ”””

44 Tries to expand or c a l c u l a t e func t i on

45 Returns

46 =======

47 C02

48 ”””

49 return C02(∗ s e l f . args , ∗∗ h in t s )

Listing 57: Calculation of the Fourier–Legendre coefficients C1000
j4j3j2j1

1 from math import s q r t

2

3 from sympy import sympify , Number , Function

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C1000 ( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 5

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns

25 =======

207

1995



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

26 symbol ic . Rat iona l or C1000

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j4 , j3 , j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and

33 isinstance ( j3 , Number) and

34 isinstance ( j4 , Number) and

35 isinstance ( dt , Number) ) :

36 return super (C1000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

37

38 return s q r t (

39 ( j 1 ∗ 2 + 1) ∗
40 ( j 2 ∗ 2 + 1) ∗
41 ( j 3 ∗ 2 + 1) ∗
42 ( j 4 ∗ 2 + 1) ) ∗ \
43 dt ∗∗ 3 ∗ \
44 C( ( j4 , j3 , j2 , j 1 ) , (1 , 0 , 0 , 0) ) / 32

45

46 def do i t ( s e l f , ∗∗ h in t s ) :

47 ”””

48 Tries to expand or c a l c u l a t e func t i on

49 Returns

50 =======

51 C1000

52 ”””

53 return C1000 (∗ s e l f . args , ∗∗ h in t s )

Listing 58: Calculation of the Fourier–Legendre coefficients C0100
j4j3j2j1

1 from math import s q r t

2

3 from sympy import sympify , Function , Number

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C0100 ( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 5

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e
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23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C0100

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j4 , j3 , j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and

33 isinstance ( j3 , Number) and

34 isinstance ( j4 , Number) and

35 isinstance ( dt , Number) ) :

36 return super (C0100 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

37

38 return s q r t (

39 ( j 1 ∗ 2 + 1) ∗
40 ( j 2 ∗ 2 + 1) ∗
41 ( j 3 ∗ 2 + 1) ∗
42 ( j 4 ∗ 2 + 1) ) ∗ \
43 dt ∗∗ 3 ∗ \
44 C( ( j4 , j3 , j2 , j 1 ) , (0 , 1 , 0 , 0) ) / 32

45

46 def do i t ( s e l f , ∗∗ h in t s ) :

47 ”””

48 Tries to expand or c a l c u l a t e func t i on

49 Returns

50 =======

51 C0100

52 ”””

53 return C0100 (∗ s e l f . args , ∗∗ h in t s )

Listing 59: Calculation of the Fourier–Legendre coefficients C0010
j4j3j2j1

1 from math import s q r t

2

3 from sympy import sympify , Function , Number

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C0010 ( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 5

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========
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20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C0010

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j4 , j3 , j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and

33 isinstance ( j3 , Number) and

34 isinstance ( j4 , Number) and

35 isinstance ( dt , Number) ) :

36 return super (C0010 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

37

38 return s q r t (

39 ( j 1 ∗ 2 + 1) ∗
40 ( j 2 ∗ 2 + 1) ∗
41 ( j 3 ∗ 2 + 1) ∗
42 ( j 4 ∗ 2 + 1) ) ∗ \
43 dt ∗∗ 3 ∗ \
44 C( ( j4 , j3 , j2 , j 1 ) , (0 , 0 , 1 , 0) ) / 32

45

46 def do i t ( s e l f , ∗∗ h in t s ) :

47 ”””

48 Tries to expand or c a l c u l a t e func t i on

49 Returns

50 =======

51 C0010

52 ”””

53 return C0010 (∗ s e l f . args , ∗∗ h in t s )

Listing 60: Calculation of the Fourier–Legendre coefficients C0001
j4j3j2j1

1 from math import s q r t

2

3 from sympy import sympify , Function , Number

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C0001 ( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 5

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed
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17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C0001

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j4 , j3 , j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and

33 isinstance ( j3 , Number) and

34 isinstance ( j4 , Number) and

35 isinstance ( dt , Number) ) :

36 return super (C0001 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

37

38 return s q r t (

39 ( j 1 ∗ 2 + 1) ∗
40 ( j 2 ∗ 2 + 1) ∗
41 ( j 3 ∗ 2 + 1) ∗
42 ( j 4 ∗ 2 + 1) ) ∗ \
43 dt ∗∗ 3 ∗ \
44 C( ( j4 , j3 , j2 , j 1 ) , (0 , 0 , 0 , 1) ) / 32

45

46 def do i t ( s e l f , ∗∗ h in t s ) :

47 ”””

48 Tries to expand or c a l c u l a t e func t i on

49 Returns

50 =======

51 C0001

52 ”””

53 return C0001 (∗ s e l f . args , ∗∗ h in t s )

Listing 61: Calculation of the Fourier–Legendre coefficients C000000
j6j5j4j3j2j1

1 from math import s q r t

2

3 from sympy import sympify , Number , Function

4

5 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

6

7

8 class C000000 ( Function ) :

9 ”””

10 Gives the Fourier−Legendre c o e f f i c i e n t with reques t ed i nd i c e s and we igh t s

11 ”””

12 nargs = 7

13
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14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates the Fourier−Legendre c o e f f i c i e n t o b j e c t wi th needed

17 i n d i c e s and we igh t s and c a l c u l a t e s i t

18 Parameters

19 ==========

20 i n d i c e s : t u p l e

21 reques t ed i nd i c e s

22 weigh t s : t u p l e

23 reques t ed we igh t s

24 Returns

25 =======

26 symbol ic . Rat iona l or C000000

27 c a l c u l a t e d va lue or symbol ic expres s ion

28 ”””

29 j6 , j5 , j4 , j3 , j2 , j1 , dt = sympify ( args )

30

31 i f not ( isinstance ( j1 , Number) and

32 isinstance ( j2 , Number) and

33 isinstance ( j3 , Number) and

34 isinstance ( j4 , Number) and

35 isinstance ( j5 , Number) and

36 isinstance ( dt , Number) ) :

37 return super (C000000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

38

39 return s q r t (

40 ( j 1 ∗ 2 + 1) ∗
41 ( j 2 ∗ 2 + 1) ∗
42 ( j 3 ∗ 2 + 1) ∗
43 ( j 4 ∗ 2 + 1) ∗
44 ( j 5 ∗ 2 + 1) ∗
45 ( j 6 ∗ 2 + 1) ) ∗ \
46 dt ∗∗ 3 ∗ \
47 C( ( j6 , j5 , j4 , j3 , j2 , j 1 ) , (0 , 0 , 0 , 0 , 0 , 0) ) / 64

48

49 def do i t ( s e l f , ∗∗ h in t s ) :

50 ”””

51 Tries to expand or c a l c u l a t e func t i on

52 Returns

53 =======

54 C000000

55 ”””

56 return C000000 (∗ s e l f . args , ∗∗ h in t s )

Listing 62: Program entry for generation of new Fourier–Legendre coefficients

1 #!/ usr / bin /env python

2 import l o gg ing

3 import os

4 from datet ime import datet ime

5 from mul t i p ro c e s s i ng import cpu count , Pool

6 from ppr int import ppr int

7
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8 from c on f i g import csv , n ew c po r t i o n s i z e

9 from mathematics . sde . non l in ea r . new c import thread c , s p l i t t a s k

10

11

12 def main ( ) :

13 l ogg ing . bas i cCon f i g (

14 l e v e l=logg ing . INFO,

15 format=”%(asct ime ) s − %(levelname ) s − %(message ) s ” ,

16 datefmt=”%H:%M:%S”

17 )

18 l ogg e r = logg ing . getLogger ( name )

19

20 f i l ename = os . path . j o i n ( csv , f ” c {datet ime . now( ) . s t r f t im e ( ’%d−%m−%Y %H−%M−%S ’ ) } . csv ” )
21 l ogg ing . i n f o ( f ”Writing to f i l e { f i l ename }” )
22

23 ta sk s = [

24 ( ( ( 5 7 , 58) , (57 , 58) , (57 , 58) ) , (0 , 0 , 0) ) ,

25 # (((0 , 56) , (0 , 56) , (0 , 56) ) , (0 , 0 , 0) ) ,

26 #

27 # (((0 , 15) , (0 , 15) ) , (0 , 1) ) ,

28 # (((0 , 15) , (0 , 15) ) , (1 , 0) ) ,

29 # (((0 , 15) , (0 , 15) , (0 , 15) ) , (0 , 0 , 0 , 0) ) ,

30 #

31 # (((0 , 6) , (0 , 6) , (0 , 6) ) , (0 , 0 , 1) ) ,

32 # (((0 , 6) , (0 , 6) , (0 , 6) ) , (0 , 1 , 0) ) ,

33 # (((0 , 6) , (0 , 6) , (0 , 6) ) , (1 , 0 , 0) ) ,

34 # (((0 , 6) , (0 , 6) , (0 , 6) , (0 , 6) , (0 , 6) ) , (0 , 0 , 0 , 0 , 0) ) ,

35 #

36 # (((0 , 2) , (0 , 2) ) , (0 , 2) ) ,

37 # (((0 , 2) , (0 , 2) ) , (1 , 1) ) ,

38 # (((0 , 2) , (0 , 2) ) , (2 , 0) ) ,

39 # (((0 , 2) , (0 , 2) , (0 , 2) , (0 , 2) ) , (0 , 0 , 0 , 1) ) ,

40 # (((0 , 2) , (0 , 2) , (0 , 2) , (0 , 2) ) , (0 , 0 , 1 , 0) ) ,

41 # (((0 , 2) , (0 , 2) , (0 , 2) , (0 , 2) ) , (0 , 1 , 0 , 0) ) ,

42 # (((0 , 2) , (0 , 2) , (0 , 2) , (0 , 2) ) , (1 , 0 , 0 , 0) ) ,

43 # (((0 , 2) , (0 , 2) , (0 , 2) , (0 , 2) , (0 , 2) ) , (0 , 0 , 0 , 0 , 0) ) ,

44 # (((0 , 2) , (0 , 2) , (0 , 2) , (0 , 2) , (0 , 2) , (0 , 2) ) , (0 , 0 , 0 , 0 , 0 , 0) ) ,

45 ]

46

47 with Pool ( cpu count ( ) ) as p :

48

49 for t in ta sk s :

50

51 l ogg e r . i n f o ( f ”Running task { t }” )
52

53 for chunk in chunks ( s p l i t t a s k ( t ) , n ew c po r t i o n s i z e ) :

54 c = p .map( thread c , chunk )

55 c . append ( ”” )

56

57 with open( f i l ename , ”a” ) as f :

58 f . wr i t e ( ”\n” . j o i n ( c ) )

59 f . c l o s e ( )

60

61 l ogg e r . i n f o ( f ”The por t i on o f C has been wr i t t en {chunk [0]}−{ chunk [−1]}” )
62
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63 l ogg e r . i n f o ( ”Generation has been done” )

64

65

66 def chunks ( l s t , n ) :

67 for i in range (0 , len ( l s t ) , n ) :

68 y i e l d l s t [ i : i + n ]

69

70

71 i f name == ” main ” :

72 main ( )

Listing 63: Module for the Fourier–Legendre coefficients generation

1 from mathematics . sde . non l in ea r . c import g e t c

2

3

4 def s p l i t t a s k ( ta sk s ) :

5 c = len ( ta sk s [ 1 ] )

6

7 i f c == 2 :

8 return s p l i t 2 ( ta sk s )

9

10 i f c == 3 :

11 return s p l i t 3 ( ta sk s )

12

13 i f c == 4 :

14 return s p l i t 4 ( ta sk s )

15

16 i f c == 5 :

17 return s p l i t 5 ( ta sk s )

18

19 i f c == 6 :

20 return s p l i t 6 ( ta sk s )

21

22

23 def s p l i t 2 ( ranges ) :

24 return [ ( ( i , j ) , ranges [ 1 ] )

25 for j in range ( ranges [ 0 ] [ 1 ] [ 1 ] )

26 for i in range ( ranges [ 0 ] [ 0 ] [ 1 ] )

27 i f i >= ranges [ 0 ] [ 1 ] [ 0 ]

28 or j >= ranges [ 0 ] [ 0 ] [ 1 ] ]

29

30

31 def s p l i t 3 ( ranges ) :

32 return [ ( ( i , j , k ) , ranges [ 1 ] )

33 for k in range ( ranges [ 0 ] [ 2 ] [ 1 ] )

34 for j in range ( ranges [ 0 ] [ 1 ] [ 1 ] )

35 for i in range ( ranges [ 0 ] [ 0 ] [ 1 ] )

36 i f k >= ranges [ 0 ] [ 2 ] [ 0 ]

37 or j >= ranges [ 0 ] [ 1 ] [ 0 ]

38 or i >= ranges [ 0 ] [ 0 ] [ 0 ] ]

39

40
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41 def s p l i t 4 ( ranges ) :

42 return [ ( ( i , j , k , l ) , ranges [ 1 ] )

43 for j in range (∗ ranges [ 0 ] [ 3 ] )

44 for i in range (∗ ranges [ 0 ] [ 2 ] )

45 for k in range (∗ ranges [ 0 ] [ 1 ] )

46 for l in range (∗ ranges [ 0 ] [ 0 ] )

47 i f l >= ranges [ 0 ] [ 3 ] [ 0 ]

48 or k >= ranges [ 0 ] [ 2 ] [ 0 ]

49 or j >= ranges [ 0 ] [ 1 ] [ 0 ]

50 or i >= ranges [ 0 ] [ 0 ] [ 0 ] ]

51

52

53 def s p l i t 5 ( ranges ) :

54 return [ ( ( i , j , k , l , m) , ranges [ 1 ] )

55 for j in range (∗ ranges [ 0 ] [ 4 ] )

56 for i in range (∗ ranges [ 0 ] [ 3 ] )

57 for k in range (∗ ranges [ 0 ] [ 2 ] )

58 for l in range (∗ ranges [ 0 ] [ 1 ] )

59 for m in range (∗ ranges [ 0 ] [ 0 ] )

60 i f m >= ranges [ 0 ] [ 4 ] [ 0 ]

61 i f l >= ranges [ 0 ] [ 3 ] [ 0 ]

62 or k >= ranges [ 0 ] [ 2 ] [ 0 ]

63 or j >= ranges [ 0 ] [ 1 ] [ 0 ]

64 or i >= ranges [ 0 ] [ 0 ] [ 0 ] ]

65

66

67 def s p l i t 6 ( ranges ) :

68 return [ ( ( i , j , k , l , m, n) , ranges [ 1 ] )

69 for j in range (∗ ranges [ 0 ] [ 5 ] )

70 for i in range (∗ ranges [ 0 ] [ 4 ] )

71 for k in range (∗ ranges [ 0 ] [ 3 ] )

72 for l in range (∗ ranges [ 0 ] [ 2 ] )

73 for m in range (∗ ranges [ 0 ] [ 1 ] )

74 for n in range (∗ ranges [ 0 ] [ 0 ] )

75 i f n >= ranges [ 0 ] [ 5 ] [ 0 ]

76 i f m >= ranges [ 0 ] [ 4 ] [ 0 ]

77 i f l >= ranges [ 0 ] [ 3 ] [ 0 ]

78 or k >= ranges [ 0 ] [ 2 ] [ 0 ]

79 or j >= ranges [ 0 ] [ 1 ] [ 0 ]

80 or i >= ranges [ 0 ] [ 0 ] [ 0 ] ]

81

82

83 def thread c ( ranges ) :

84 c = len ( ranges [ 1 ] )

85

86 i f c == 2 :

87 return gen 2 (∗ ranges [ 0 ] , ranges [ 1 ] )

88

89 i f c == 3 :

90 return gen 3 (∗ ranges [ 0 ] , ranges [ 1 ] )

91

92 i f c == 4 :

93 return gen 4 (∗ ranges [ 0 ] , ranges [ 1 ] )

94

95 i f c == 5 :
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96 return gen 5 (∗ ranges [ 0 ] , ranges [ 1 ] )

97

98 i f c == 6 :

99 return gen 6 (∗ ranges [ 0 ] , ranges [ 1 ] )

100

101

102 def gen 2 ( i , j , w) :

103 return f ”\”{ i } :{ j } {w[ 0 ] } : {w[ 1 ] } \ ” ; \ ” { g e t c ( ( i , j ) , w) }\””
104

105

106 def gen 3 ( i , j , k , w) :

107 return f ”\”{ i } :{ j } :{ k} {w[ 0 ] } : {w[ 1 ] } : {w[ 2 ] } \ ” ; \ ” { g e t c ( ( i , j , k ) , w) }\””
108

109

110 def gen 4 ( i , j , k , l , w) :

111 return f ”\”{ i } :{ j } :{ k } :{ l } {w[ 0 ] } : {w[ 1 ] } : {w[ 2 ] } : {w[ 3 ] } \ ” ; \ ” { g e t c ( ( i , j , k , l ) , w) }\””
112

113

114 def gen 5 ( i , j , k , l , m, w) :

115 return f ”\”{ i } :{ j } :{ k } :{ l } :{m} {w[ 0 ] } : {w[ 1 ] } : {w[ 2 ] } : {w[ 3 ] } : {w[ 4 ] } \ ” ; \ ” { g e t c ( ( i , j , k ,

l , m) , w) }\””
116

117

118 def gen 6 ( i , j , k , l , m, n , w) :

119 return f ”\”{ i } :{ j } :{ k } :{ l } :{m} {w[ 0 ] } : {w[ 1 ] } : {w[ 2 ] } : {w[ 3 ] } : {w[ 4 ] } : {w[ 5 ] } \ ” ; \ ” { g e t c ( ( i ,

j , k , l , m, n) , w) }\””

6.2.2 Source Codes for Supplementary Differential Operators and

Functions

Listing 64: Implementation of the differential operator L

1 from sympy import Add , sympify , Number , d i f f

2

3 from mathematics . sde . non l in ea r . symbol ic . operator import Operator

4

5

6 class L( Operator ) :

7 nargs = 4

8

9 def new ( c l s , ∗ args , ∗∗kwargs ) :

10 ”””

11 Creates new L ob j e c t with g iven args

12 Parameters

13 ==========

14 args

15 bunch o f necessary arguments

16 Returns

17 =======

18 sympy . Expr
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19 formula to s imp l i f y and s u b s t i t u t e

20 ”””

21 a , b , f , dxs = sympify ( args )

22

23 i f not ( ( isinstance ( f , Number) or f . has (∗ dxs ) ) and

24 not f . has ( Operator ) and a . i s Mat r i x ) :

25 return super (L , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

26

27 n = b . shape [ 0 ]

28 m = b . shape [ 1 ]

29 from sympy . abc import t

30

31 return Add(

32 d i f f ( f , t ) ,

33 ∗ [ a [ i , 0 ] ∗ d i f f ( f , dxs [ i ] ) for i in range (n) ] ,

34 ∗ [ 0 . 5 ∗ b [ i , j ] ∗ b [ k , j ] ∗ d i f f ( f , dxs [ i ] , dxs [ k ] )

35 for j in range (m)

36 for i in range (n)

37 for k in range (n) ]

38 )

39

40 def do i t ( s e l f , ∗∗ h in t s ) :

41 ”””

42 Tries to expand or c a l c u l a t e func t i on

43 Returns

44 =======

45 L

46 ”””

47 return L(∗ s e l f . args , ∗∗ h in t s )

Listing 65: Implementation of the differential operator G
(i)
0

1 from sympy import Add , sympify , Number , d i f f

2

3 from mathematics . sde . non l in ea r . symbol ic . operator import Operator

4

5

6 class G(Operator ) :

7 nargs = 3

8

9 d i c t = dict ( )

10

11 def new ( c l s , ∗ args , ∗∗kwargs ) :

12 ”””

13 Creates new G ob j e c t wi th g iven args

14 Parameters

15 ==========

16 args

17 bunch o f necessary arguments

18 Returns

19 =======

20 sympy . Expr

21 formula to s imp l i f y and s u b s t i t u t e
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22 ”””

23 c , f , dxs = sympify ( args )

24

25 i f not ( ( isinstance ( f , Number) or f . has (∗ dxs ) ) and

26 not f . has ( Operator ) ) :

27 return super (G, c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

28

29 return Add( ∗ [ c [ i , 0 ] ∗ d i f f ( f , dxs [ i ] )

30 for i in range ( len ( dxs ) ) ] )

31

32 def do i t ( s e l f , ∗∗ h in t s ) :

33 ”””

34 Tries to expand or c a l c u l a t e func t i on

35 Returns

36 =======

37 G

38 ”””

39 return G(∗ s e l f . args , ∗∗ h in t s )

Listing 66: Implementation of the function ā(x, t)

1 from sympy import sympify , Matrix , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . g import G

4 from mathematics . sde . non l in ea r . symbol ic . operator import Operator

5

6

7 class Aj ( Operator ) :

8 nargs = 4

9

10 def new ( c l s , ∗ args , ∗∗kwargs ) :

11 ”””

12 Creates new Aj o b j e c t wi th g iven args

13 Parameters

14 ==========

15 args

16 bunch o f necessary arguments

17 Returns

18 =======

19 sympy . Expr

20 formula to s imp l i f y and s u b s t i t u t e

21 ”””

22 i , a , b , dxs = sympify ( args )

23 n = b . shape [ 0 ]

24 m = b . shape [ 1 ]

25

26 return Matrix ( [ a [ i , 0 ] −
27 (Add ( ∗ [ 0 . 5 ∗ G(b [ : , j ] , b [ i , j ] , dxs )

28 for j in range (m) ] ) )

29 for i in range (n) ] )

Listing 67: Implementation of the differential operator L̄

1 from sympy import sympify , Number , d i f f , Add
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2

3 from mathematics . sde . non l in ea r . symbol ic . operator import Operator

4

5

6 class Lj ( Operator ) :

7 nargs = 3

8

9 def new ( c l s , ∗ args , ∗∗kwargs ) :

10 ”””

11 Creates new Lj o b j e c t with g iven args

12 Parameters

13 ==========

14 args

15 bunch o f necessary arguments

16 Returns

17 =======

18 sympy . Expr

19 formula to s imp l i f y and s u b s t i t u t e

20 ”””

21 a , f , dxs = sympify ( args )

22

23 i f not ( isinstance ( f , Number) or ( f . has (∗ dxs ) ) and

24 not f . has ( Operator ) ) :

25 return super ( Lj , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

26

27 n = a . shape [ 0 ]

28 from sympy . abc import t

29 return Add( d i f f ( f , t ) , ∗ [ a [ i , 0 ] ∗ d i f f ( f , dxs [ i ] )

30 for i in range (n) ] )

31

32 def do i t ( s e l f , ∗∗ h in t s ) :

33 ”””

34 Tries to expand or c a l c u l a t e func t i on

35 Returns

36 =======

37 Lj

38 ”””

39 return Lj (∗ s e l f . args , ∗∗ h in t s )

Listing 68: Implementation of the indicator function 1{i1=i2}

1 from sympy import sympify , Number , Function

2

3

4 class Ind ( Function ) :

5 ”””

6 Ind i ca to r func t i on

7 ”””

8 nargs = 2

9

10 def new ( c l s , ∗ args , ∗∗kwargs ) :

11 ”””

12 Creates new Ind o b j e c t with g iven args
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13 Parameters

14 ==========

15 args

16 bunch o f necessary arguments

17 Returns

18 =======

19 sympy . Expr

20 formula to s imp l i f y and s u b s t i t u t e

21 ”””

22 i1 , i 2 = sympify ( args )

23

24 i f not ( isinstance ( i1 , Number) and

25 isinstance ( i2 , Number) ) :

26 return super ( Ind , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

27

28 i f i 1 == i2 :

29 return 1

30 else :

31 return 0

32

33 def do i t ( s e l f , ∗∗ h in t s ) :

34 ”””

35 Tries to expand or c a l c u l a t e func t i on

36 Returns

37 =======

38 Ind

39 ”””

40 return Ind (∗ s e l f . args , ∗∗ h in t s )

6.2.3 Source Codes for Iterated Itô Stochastic Integrals Approxi-

mations Subprograms

Listing 69: Approximation of Itô stochastic integral I
(i1)
(0)τp+1,τp

1 from math import s q r t

2

3 from sympy import Function , sympify , Number

4

5

6 class I0 ( Function ) :

7 ”””

8 I t o s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 3

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new I0 o b j e c t with g iven args

15 Parameters

16 ==========
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17 i 1 : i n t

18 i n t e g r a l index

19 dt : f l o a t

20 d e l t a time

21 k s i : numpy . ndarray

22 matrix o f Gaussian random va r i a b l e s

23 Returns

24 =======

25 sympy . Expr

26 formula to s imp l i f y and s u b s t i t u t e

27 ”””

28 i1 , dt , k s i = sympify ( args )

29

30 i f not isinstance ( i1 , Number) :

31 return super ( I0 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

32

33 return k s i [ 0 , i 1 ] ∗ s q r t ( dt )

34

35 def do i t ( s e l f , ∗∗ h in t s ) :

36 ”””

37 Tries to expand or c a l c u l a t e func t i on

38 Returns

39 =======

40 I0

41 ”””

42 return I0 (∗ s e l f . args , ∗∗ h in t s )

Listing 70: Approximation of iterated Itô stochastic integral I
(i1i2)
(00)τp+1,τp

1 from math import s q r t

2

3 from sympy import sympify , Number , Function , Add

4

5 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

6

7

8 class I00 ( Function ) :

9 ”””

10 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

11 ”””

12 nargs = 5

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates new I00 o b j e c t with g iven args

17 Parameters

18 ==========

19 i 1 : i n t

20 i n t e g r a l index

21 i 2 : i n t

22 i n t e g r a l index

23 q : i n t

24 amount o f terms in approximation o f
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25 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

26 dt : f l o a t

27 d e l t a time

28 k s i : numpy . ndarray

29 matrix o f Gaussian random va r i a b l e s

30 Returns

31 =======

32 sympy . Expr

33 formula to s imp l i f y and s u b s t i t u t e

34 ”””

35 i1 , i2 , q , dt , k s i = sympify ( args )

36

37 i f not ( isinstance ( i1 , Number) and

38 isinstance ( i2 , Number) and

39 isinstance (q , Number) ) :

40 return super ( I00 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

41

42 return \
43 ( k s i [ 0 , i 1 ] ∗ k s i [ 0 , i 2 ] +

44 Add( ∗ [
45 ( k s i [ j 1 − 1 , i 1 ] ∗ k s i [ j1 , i 2 ] −
46 k s i [ j1 , i 1 ] ∗ k s i [ j 1 − 1 , i 2 ] ) /

47 sq r t ( j 1 ∗∗ 2 ∗ 4 − 1)

48 for j 1 in range (1 , q + 1) ] ) −
49 Ind ( i1 , i 2 ) ) ∗ dt / 2

50

51 def do i t ( s e l f , ∗∗ h in t s ) :

52 ”””

53 Tries to expand or c a l c u l a t e func t i on

54 Returns

55 =======

56 I00

57 ”””

58 return I00 (∗ s e l f . args , ∗∗ h in t s )

Listing 71: Approximation of Itô stochastic integral I
(i1)
(1)τp+1,τp

1 from math import s q r t

2

3 from sympy import Function , sympify , Number

4

5

6 class I1 ( Function ) :

7 ”””

8 I t o s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 3

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new I1 o b j e c t with g iven args

15 Parameters

16 ==========
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17 i 1 : i n t

18 i n t e g r a l index

19 dt : f l o a t

20 d e l t a time

21 k s i : numpy . ndarray

22 matrix o f Gaussian random va r i a b l e s

23 Returns

24 =======

25 sympy . Expr

26 formula to s imp l i f y and s u b s t i t u t e

27 ”””

28 i1 , dt , k s i = sympify ( args )

29

30 i f not isinstance ( i1 , Number) :

31 return super ( I1 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

32

33 return −( k s i [ 0 , i 1 ] + k s i [ 1 , i 1 ] / sq r t (3 ) ) ∗ dt ∗∗ 1 .5 / 2

34

35 def do i t ( s e l f , ∗∗ h in t s ) :

36 ”””

37 Tries to expand or c a l c u l a t e func t i on

38 Returns

39 =======

40 I1

41 ”””

42 return I1 (∗ s e l f . args , ∗∗ h in t s )

Listing 72: Approximation of iterated Itô stochastic integral I
(i1i2i3)
(000)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c000 import C000

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I000 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 6

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I000 o b j e c t with g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 i 3 : i n t

23 i n t e g r a l index

24 q : i n t
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25 amount o f terms in approximation o f

26 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

27 dt : f l o a t

28 d e l t a time

29 k s i : numpy . ndarray

30 matrix o f Gaussian random va r i a b l e s

31 Returns

32 =======

33 sympy . Expr

34 formula to s imp l i f y and s u b s t i t u t e

35 ”””

36 i1 , i2 , i3 , q , dt , k s i = sympify ( args )

37

38 i f not ( isinstance ( i1 , Number) and

39 isinstance ( i2 , Number) and

40 isinstance ( i3 , Number) and

41 isinstance (q , Number) ) :

42 return super ( I000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

43

44 return Add( ∗ [
45 C000 ( j3 , j2 , j1 , dt ) ∗
46 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] −
47 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ k s i [ j3 , i 3 ] −
48 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ k s i [ j2 , i 2 ] −
49 Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) ∗ k s i [ j1 , i 1 ] )

50 for j 3 in range ( q + 1)

51 for j 2 in range ( q + 1)

52 for j 1 in range ( q + 1) ] )

53

54 def do i t ( s e l f , ∗∗ h in t s ) :

55 ”””

56 Tries to expand or c a l c u l a t e func t i on

57 Returns

58 =======

59 I000

60 ”””

61 return I000 (∗ s e l f . args , ∗∗ h in t s )

Listing 73: Approximation of iterated Itô stochastic integral I
(i1i2)
(10)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c10 import C10

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I10 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 5

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :
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14 ”””

15 Creates new I10 o b j e c t with g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 q : i n t

23 amount o f terms in approximation o f

24 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

25 dt : f l o a t

26 d e l t a time

27 k s i : numpy . ndarray

28 matrix o f Gaussian random va r i a b l e s

29 Returns

30 =======

31 sympy . Expr

32 formula to s imp l i f y and s u b s t i t u t e

33 ”””

34 i1 , i2 , q , dt , k s i = sympify ( args )

35

36 i f not ( isinstance ( i1 , Number) and

37 isinstance ( i2 , Number) and

38 isinstance (q , Number) ) :

39 return super ( I10 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

40

41 return Add( ∗ [
42 C10( j2 , j1 , dt ) ∗
43 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] −
44 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) )

45 for j 2 in range ( q + 1)

46 for j 1 in range ( q + 1) ] )

47

48 def do i t ( s e l f , ∗∗ h in t s ) :

49 ”””

50 Tries to expand or c a l c u l a t e func t i on

51 Returns

52 =======

53 I10

54 ”””

55 return I10 (∗ s e l f . args , ∗∗ h in t s )

Listing 74: Approximation of iterated Itô stochastic integral I
(i1i2)
(01)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c01 import C01

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I01 ( Function ) :

8 ”””
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9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 5

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I01 o b j e c t with g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 q : i n t

23 amount o f terms in approximation o f

24 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

25 dt : f l o a t

26 d e l t a time

27 k s i : numpy . ndarray

28 matrix o f Gaussian random va r i a b l e s

29 Returns

30 =======

31 sympy . Expr

32 formula to s imp l i f y and s u b s t i t u t e

33 ”””

34 i1 , i2 , q , dt , k s i = sympify ( args )

35

36 i f not ( isinstance ( i1 , Number) and

37 isinstance ( i2 , Number) and

38 isinstance (q , Number) ) :

39 return super ( I01 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

40

41 return Add( ∗ [
42 C01( j2 , j1 , dt ) ∗
43 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] −
44 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) )

45 for j 2 in range ( q + 1)

46 for j 1 in range ( q + 1) ] )

47

48 def do i t ( s e l f , ∗∗ h in t s ) :

49 ”””

50 Tries to expand or c a l c u l a t e func t i on

51 Returns

52 =======

53 I01

54 ”””

55 return I01 (∗ s e l f . args , ∗∗ h in t s )

Listing 75: Approximation of iterated Itô stochastic integral I
(i1i2i3i4)
(0000)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c0000 import C0000
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4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I0000 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 7

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I0000 o b j e c t wi th g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 i 3 : i n t

23 i n t e g r a l index

24 i 4 : i n t

25 i n t e g r a l index

26 q : i n t

27 amount o f terms in approximation o f

28 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

29 dt : f l o a t

30 d e l t a time

31 k s i : numpy . ndarray

32 matrix o f Gaussian random va r i a b l e s

33 Returns

34 =======

35 sympy . Expr

36 formula to s imp l i f y and s u b s t i t u t e

37 ”””

38 i1 , i2 , i3 , i4 , q , dt , k s i = sympify ( args )

39

40 i f not ( isinstance ( i1 , Number) and

41 isinstance ( i2 , Number) and

42 isinstance ( i3 , Number) and

43 isinstance ( i4 , Number) and

44 isinstance (q , Number) ) :

45 return super ( I0000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

46

47 return Add( ∗ [
48 C0000 ( j4 , j3 , j2 , j1 , dt ) ∗
49 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
50 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
51 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] −
52 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] −
53 Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j4 , i 4 ] −
54 Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j3 , i 3 ] −
55 Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] +

56 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) +

57 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) +

58 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) )
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59 for j 4 in range ( q + 1)

60 for j 3 in range ( q + 1)

61 for j 2 in range ( q + 1)

62 for j 1 in range ( q + 1) ] )

63

64 def do i t ( s e l f , ∗∗ h in t s ) :

65 ”””

66 Tries to expand or c a l c u l a t e func t i on

67 Returns

68 =======

69 I0000

70 ”””

71 return I0000 (∗ s e l f . args , ∗∗ h in t s )

Listing 76: Approximation of Itô stochastic integral I
(i1)
(2)τp+1,τp

1 from math import s q r t

2

3 from sympy import sympify , Number , Function

4

5

6 class I2 ( Function ) :

7 ”””

8 I t o s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 3

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new I2 o b j e c t with g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 dt : f l o a t

20 d e l t a time

21 k s i : numpy . ndarray

22 matrix o f Gaussian random va r i a b l e s

23 Returns

24 =======

25 sympy . Expr

26 formula to s imp l i f y and s u b s t i t u t e

27 ”””

28 i1 , dt , k s i = sympify ( args )

29

30 i f not isinstance ( i1 , Number) :

31 return super ( I2 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

32

33 return ( k s i [ 0 , i 1 ] + k s i [ 1 , i 1 ] ∗ s q r t (3 ) / 2 +

34 k s i [ 2 , i 1 ] / sq r t (5 ) / 2) ∗ dt ∗∗ 2 .5 / 3

35

36 def do i t ( s e l f , ∗∗ h in t s ) :

37 ”””
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38 Tries to expand or c a l c u l a t e func t i on

39 Returns

40 =======

41 I2

42 ”””

43 return I2 (∗ s e l f . args , ∗∗ h in t s )

Listing 77: Approximation of iterated Itô stochastic integral I
(i1i2i3)
(100)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c100 import C100

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I100 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 6

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I100 o b j e c t with g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 i 3 : i n t

23 i n t e g r a l index

24 q : i n t

25 amount o f terms in approximation o f

26 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

27 dt : f l o a t

28 d e l t a time

29 k s i : numpy . ndarray

30 matrix o f Gaussian random va r i a b l e s

31 Returns

32 =======

33 sympy . Expr

34 formula to s imp l i f y and s u b s t i t u t e

35 ”””

36 i1 , i2 , i3 , q , dt , k s i = sympify ( args )

37

38 i f not ( isinstance ( i1 , Number) and

39 isinstance ( i2 , Number) and

40 isinstance ( i3 , Number) and

41 isinstance (q , Number) ) :

42 return super ( I100 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

43

44 return Add( ∗ [
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45 C100 ( j3 , j2 , j1 , dt ) ∗
46 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] −
47 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ k s i [ j3 , i 3 ] −
48 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ k s i [ j2 , i 2 ] −
49 Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) ∗ k s i [ j1 , i 1 ] )

50 for j 3 in range ( q + 1)

51 for j 2 in range ( q + 1)

52 for j 1 in range ( q + 1) ] )

53

54 def do i t ( s e l f , ∗∗ h in t s ) :

55 ”””

56 Tries to expand or c a l c u l a t e func t i on

57 Returns

58 =======

59 I100

60 ”””

61 return I100 (∗ s e l f . args , ∗∗ h in t s )

Listing 78: Approximation of iterated Itô stochastic integral I
(i1i2i3)
(010)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c010 import C010

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I010 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 6

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I010 o b j e c t with g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 i 3 : i n t

23 i n t e g r a l index

24 q : i n t

25 amount o f terms in approximation o f

26 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

27 dt : f l o a t

28 d e l t a time

29 k s i : numpy . ndarray

30 matrix o f Gaussian random va r i a b l e s

31 Returns

32 =======

33 sympy . Expr
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34 formula to s imp l i f y and s u b s t i t u t e

35 ”””

36 i1 , i2 , i3 , q , dt , k s i = sympify ( args )

37

38 i f not ( isinstance ( i1 , Number) and

39 isinstance ( i2 , Number) and

40 isinstance ( i3 , Number) and

41 isinstance (q , Number) ) :

42 return super ( I010 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

43

44 return Add( ∗ [
45 C010 ( j3 , j2 , j1 , dt ) ∗
46 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] −
47 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ k s i [ j3 , i 3 ] −
48 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ k s i [ j2 , i 2 ] −
49 Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) ∗ k s i [ j1 , i 1 ] )

50 for j 3 in range ( q + 1)

51 for j 2 in range ( q + 1)

52 for j 1 in range ( q + 1) ] )

53

54 def do i t ( s e l f , ∗∗ h in t s ) :

55 ”””

56 Tries to expand or c a l c u l a t e func t i on

57 Returns

58 =======

59 I010

60 ”””

61 return I010 (∗ s e l f . args , ∗∗ h in t s )

Listing 79: Approximation of iterated Itô stochastic integral I
(i1i2i3)
(001)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c001 import C001

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I001 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 6

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I001 o b j e c t with g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 i 3 : i n t
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23 i n t e g r a l index

24 q : i n t

25 amount o f terms in approximation o f

26 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

27 dt : f l o a t

28 d e l t a time

29 k s i : numpy . ndarray

30 matrix o f Gaussian random va r i a b l e s

31 Returns

32 =======

33 sympy . Expr

34 formula to s imp l i f y and s u b s t i t u t e

35 ”””

36 i1 , i2 , i3 , q , dt , k s i = sympify ( args )

37

38 i f not ( isinstance ( i1 , Number) and

39 isinstance ( i2 , Number) and

40 isinstance ( i3 , Number) and

41 isinstance (q , Number) ) :

42 return super ( I001 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

43

44 return Add( ∗ [
45 C001 ( j3 , j2 , j1 , dt ) ∗
46 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] −
47 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ k s i [ j3 , i 3 ] −
48 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ k s i [ j2 , i 2 ] −
49 Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) ∗ k s i [ j1 , i 1 ] )

50 for j 3 in range ( q + 1)

51 for j 2 in range ( q + 1)

52 for j 1 in range ( q + 1) ] )

53

54 def do i t ( s e l f , ∗∗ h in t s ) :

55 ”””

56 Tries to expand or c a l c u l a t e func t i on

57 Returns

58 =======

59 I001

60 ”””

61 return I001 (∗ s e l f . args , ∗∗ h in t s )

Listing 80: Approximation of iterated Itô stochastic integral I
(i1i2i3i4i5)
(00000)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c00000 import C00000

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I00000 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 8
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12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I00000 o b j e c t wi th g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 i 3 : i n t

23 i n t e g r a l index

24 i 4 : i n t

25 i n t e g r a l index

26 i 5 : i n t

27 i n t e g r a l index

28 q : i n t

29 amount o f terms in approximation o f

30 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

31 dt : f l o a t

32 d e l t a time

33 k s i : numpy . ndarray

34 matrix o f Gaussian random va r i a b l e s

35 Returns

36 =======

37 sympy . Expr

38 formula to s imp l i f y and s u b s t i t u t e

39 ”””

40 i1 , i2 , i3 , i4 , i5 , q , dt , k s i = sympify ( args )

41

42 i f not ( isinstance ( i1 , Number) and

43 isinstance ( i2 , Number) and

44 isinstance ( i3 , Number) and

45 isinstance ( i4 , Number) and

46 isinstance ( i5 , Number) and

47 isinstance (q , Number) and

48 isinstance ( dt , Number) ) :

49 return super ( I00000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

50

51 return Add( ∗ [
52 C00000 ( j5 , j4 , j3 , j2 , j1 , dt ) ∗
53 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] −
54 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] −
55 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] −
56 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j5 , i 5 ] −
57 Ind ( i1 , i 5 ) ∗ Ind ( j1 , j 5 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
58 Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] −
59 Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j5 , i 5 ] −
60 Ind ( i2 , i 5 ) ∗ Ind ( j2 , j 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
61 Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j5 , i 5 ] −
62 Ind ( i3 , i 5 ) ∗ Ind ( j3 , j 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] −
63 Ind ( i4 , i 5 ) ∗ Ind ( j4 , j 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] +

64 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) ∗ k s i [ j5 , i 5 ] +

65 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i3 , i 5 ) ∗ Ind ( j3 , j 5 ) ∗ k s i [ j4 , i 4 ] +

66 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i4 , i 5 ) ∗ Ind ( j4 , j 5 ) ∗ k s i [ j3 , i 3 ] +
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67 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) ∗ k s i [ j5 , i 5 ] +

68 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i2 , i 5 ) ∗ Ind ( j2 , j 5 ) ∗ k s i [ j4 , i 4 ] +

69 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i4 , i 5 ) ∗ Ind ( j4 , j 5 ) ∗ k s i [ j2 , i 2 ] +

70 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) ∗ k s i [ j5 , i 5 ] +

71 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i2 , i 5 ) ∗ Ind ( j2 , j 5 ) ∗ k s i [ j3 , i 3 ] +

72 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i3 , i 5 ) ∗ Ind ( j3 , j 5 ) ∗ k s i [ j2 , i 2 ] +

73 Ind ( i1 , i 5 ) ∗ Ind ( j1 , j 5 ) ∗ Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) ∗ k s i [ j4 , i 4 ] +

74 Ind ( i1 , i 5 ) ∗ Ind ( j1 , j 5 ) ∗ Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) ∗ k s i [ j3 , i 3 ] +

75 Ind ( i1 , i 5 ) ∗ Ind ( j1 , j 5 ) ∗ Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) ∗ k s i [ j2 , i 2 ] +

76 Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) ∗ Ind ( i4 , i 5 ) ∗ Ind ( j4 , j 5 ) ∗ k s i [ j1 , i 1 ] +

77 Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) ∗ Ind ( i3 , i 5 ) ∗ Ind ( j3 , j 5 ) ∗ k s i [ j1 , i 1 ] +

78 Ind ( i2 , i 5 ) ∗ Ind ( j2 , j 5 ) ∗ Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) ∗ k s i [ j1 , i 1 ] )

79 for j 5 in range ( q + 1)

80 for j 4 in range ( q + 1)

81 for j 3 in range ( q + 1)

82 for j 2 in range ( q + 1)

83 for j 1 in range ( q + 1) ] )

84

85 def do i t ( s e l f , ∗∗ h in t s ) :

86 ”””

87 Tries to expand or c a l c u l a t e func t i on

88 Returns

89 =======

90 I00000

91 ”””

92 return I00000 (∗ s e l f . args , ∗∗ h in t s )

Listing 81: Approximation of iterated Itô stochastic integral I
(i1i2)
(20)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c20 import C20

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I20 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 5

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I20 o b j e c t with g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 q : i n t

23 amount o f terms in approximation o f

24 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l
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25 dt : f l o a t

26 d e l t a time

27 k s i : numpy . ndarray

28 matrix o f Gaussian random va r i a b l e s

29 Returns

30 =======

31 sympy . Expr

32 formula to s imp l i f y and s u b s t i t u t e

33 ”””

34 i1 , i2 , q , dt , k s i = sympify ( args )

35

36 i f not ( isinstance ( i1 , Number) and

37 isinstance ( i2 , Number) ) :

38 return super ( I20 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

39

40 return Add( ∗ [
41 C20( j2 , j1 , dt ) ∗
42 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] − Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) )

43 for j 2 in range ( q + 1)

44 for j 1 in range ( q + 1) ] )

45

46 def do i t ( s e l f , ∗∗ h in t s ) :

47 ”””

48 Tries to expand or c a l c u l a t e func t i on

49 Returns

50 =======

51 I20

52 ”””

53 return I20 (∗ s e l f . args , ∗∗ h in t s )

Listing 82: Approximation of iterated Itô stochastic integral I
(i1i2)
(02)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c02 import C02

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I02 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 5

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I02 o b j e c t with g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index
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22 q : i n t

23 amount o f terms in approximation o f

24 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

25 dt : f l o a t

26 d e l t a time

27 k s i : numpy . ndarray

28 matrix o f Gaussian random va r i a b l e s

29 Returns

30 =======

31 sympy . Expr

32 formula to s imp l i f y and s u b s t i t u t e

33 ”””

34 i1 , i2 , q , dt , k s i = sympify ( args )

35

36 i f not ( isinstance ( i1 , Number) and

37 isinstance ( i2 , Number) ) :

38 return super ( I02 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

39

40 return Add( ∗ [
41 C02( j2 , j1 , dt ) ∗
42 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] − Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) )

43 for j 2 in range ( q + 1)

44 for j 1 in range ( q + 1) ] )

45

46 def do i t ( s e l f , ∗∗ h in t s ) :

47 ”””

48 Tries to expand or c a l c u l a t e func t i on

49 Returns

50 =======

51 I02

52 ”””

53 return I02 (∗ s e l f . args , ∗∗ h in t s )

Listing 83: Approximation of iterated Itô stochastic integral I
(i1i2)
(11)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c11 import C11

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I11 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 5

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I11 o b j e c t with g iven args

16 Parameters

17 ==========

18 i 1 : i n t
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19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 q : i n t

23 amount o f terms in approximation o f

24 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

25 dt : f l o a t

26 d e l t a time

27 k s i : numpy . ndarray

28 matrix o f Gaussian random va r i a b l e s

29 Returns

30 =======

31 sympy . Expr

32 formula to s imp l i f y and s u b s t i t u t e

33 ”””

34 i1 , i2 , q , dt , k s i = sympify ( args )

35

36 i f not ( isinstance ( i1 , Number) and

37 isinstance ( i2 , Number) ) :

38 return super ( I11 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

39

40 return Add( ∗ [
41 C11( j2 , j1 , dt ) ∗
42 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] − Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) )

43 for j 2 in range ( q + 1)

44 for j 1 in range ( q + 1) ] )

45

46 def do i t ( s e l f , ∗∗ h in t s ) :

47 ”””

48 Tries to expand or c a l c u l a t e func t i on

49 Returns

50 =======

51 I11

52 ”””

53 return I11 (∗ s e l f . args , ∗∗ h in t s )

Listing 84: Approximation of iterated Itô stochastic integral I
(i1i2i3i4)
(1000)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c1000 import C1000

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I1000 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 7

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I1000 o b j e c t wi th g iven args
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16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 i 3 : i n t

23 i n t e g r a l index

24 i 4 : i n t

25 i n t e g r a l index

26 q : i n t

27 amount o f terms in approximation o f

28 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

29 dt : f l o a t

30 d e l t a time

31 k s i : numpy . ndarray

32 matrix o f Gaussian random va r i a b l e s

33 Returns

34 =======

35 sympy . Expr

36 formula to s imp l i f y and s u b s t i t u t e

37 ”””

38 i1 , i2 , i3 , i4 , q , dt , k s i = sympify ( args )

39

40 i f not ( isinstance ( i1 , Number) and

41 isinstance ( i2 , Number) and

42 isinstance ( i3 , Number) and

43 isinstance ( i4 , Number) and

44 isinstance (q , Number) ) :

45 return super ( I1000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

46

47 return Add( ∗ [
48 C1000 ( j4 , j3 , j2 , j1 , dt ) ∗
49 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
50 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
51 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] −
52 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] −
53 Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j4 , i 4 ] −
54 Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j3 , i 3 ] −
55 Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] +

56 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) +

57 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) +

58 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) )

59 for j 4 in range ( q + 1)

60 for j 3 in range ( q + 1)

61 for j 2 in range ( q + 1)

62 for j 1 in range ( q + 1) ] )

63

64 def do i t ( s e l f , ∗∗ h in t s ) :

65 ”””

66 Tries to expand or c a l c u l a t e func t i on

67 Returns

68 =======

69 I1000

70 ”””
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71 return I1000 (∗ s e l f . args , ∗∗ h in t s )

Listing 85: Approximation of iterated Itô stochastic integral I
(i1i2i3i4)
(0100)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c0100 import C0100

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I0100 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 7

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I0100 o b j e c t wi th g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 i 3 : i n t

23 i n t e g r a l index

24 i 4 : i n t

25 i n t e g r a l index

26 q : i n t

27 amount o f terms in approximation o f

28 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

29 dt : f l o a t

30 d e l t a time

31 k s i : numpy . ndarray

32 matrix o f Gaussian random va r i a b l e s

33 Returns

34 =======

35 sympy . Expr

36 formula to s imp l i f y and s u b s t i t u t e

37 ”””

38 i1 , i2 , i3 , i4 , q , dt , k s i = sympify ( args )

39

40 i f not ( isinstance ( i1 , Number) and

41 isinstance ( i2 , Number) and

42 isinstance ( i3 , Number) and

43 isinstance ( i4 , Number) and

44 isinstance (q , Number) ) :

45 return super ( I0100 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

46

47 return Add( ∗ [
48 C0100 ( j4 , j3 , j2 , j1 , dt ) ∗
49 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
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50 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
51 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] −
52 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] −
53 Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j4 , i 4 ] −
54 Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j3 , i 3 ] −
55 Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] +

56 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) +

57 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) +

58 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) )

59 for j 4 in range ( q + 1)

60 for j 3 in range ( q + 1)

61 for j 2 in range ( q + 1)

62 for j 1 in range ( q + 1) ] )

63

64 def do i t ( s e l f , ∗∗ h in t s ) :

65 ”””

66 Tries to expand or c a l c u l a t e func t i on

67 Returns

68 =======

69 I0100

70 ”””

71 return I0100 (∗ s e l f . args , ∗∗ h in t s )

Listing 86: Approximation of iterated Itô stochastic integral I
(i1i2i3i4)
(0010)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c0010 import C0010

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I0010 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 7

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I0010 o b j e c t wi th g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 i 3 : i n t

23 i n t e g r a l index

24 i 3 : i n t

25 i n t e g r a l index

26 q : i n t

27 amount o f terms in approximation o f

28 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l
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29 dt : f l o a t

30 d e l t a time

31 k s i : numpy . ndarray

32 matrix o f Gaussian random va r i a b l e s

33 Returns

34 =======

35 sympy . Expr

36 formula to s imp l i f y and s u b s t i t u t e

37 ”””

38 i1 , i2 , i3 , i4 , q , dt , k s i = sympify ( args )

39

40 i f not ( isinstance ( i1 , Number) and

41 isinstance ( i2 , Number) and

42 isinstance ( i3 , Number) and

43 isinstance ( i4 , Number) and

44 isinstance (q , Number) ) :

45 return super ( I0010 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

46

47 return Add( ∗ [
48 C0010 ( j4 , j3 , j2 , j1 , dt ) ∗
49 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
50 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
51 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] −
52 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] −
53 Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j4 , i 4 ] −
54 Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j3 , i 3 ] −
55 Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] +

56 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) +

57 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) +

58 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) )

59 for j 4 in range ( q + 1)

60 for j 3 in range ( q + 1)

61 for j 2 in range ( q + 1)

62 for j 1 in range ( q + 1) ] )

63

64 def do i t ( s e l f , ∗∗ h in t s ) :

65 ”””

66 Tries to expand or c a l c u l a t e func t i on

67 Returns

68 =======

69 I0010

70 ”””

71 return I0010 (∗ s e l f . args , ∗∗ h in t s )

Listing 87: Approximation of iterated Itô stochastic integral I
(i1i2i3i4)
(0001)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c0001 import C0001

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I0001 ( Function ) :
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8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 7

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I0001 o b j e c t wi th g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 i 3 : i n t

23 i n t e g r a l index

24 i 4 : i n t

25 i n t e g r a l index

26 q : i n t

27 amount o f terms in approximation o f

28 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

29 dt : f l o a t

30 d e l t a time

31 k s i : numpy . ndarray

32 matrix o f Gaussian random va r i a b l e s

33 Returns

34 =======

35 sympy . Expr

36 formula to s imp l i f y and s u b s t i t u t e

37 ”””

38 i1 , i2 , i3 , i4 , q , dt , k s i = sympify ( args )

39

40 i f not ( isinstance ( i1 , Number) and

41 isinstance ( i2 , Number) and

42 isinstance ( i3 , Number) and

43 isinstance ( i4 , Number) and

44 isinstance (q , Number) ) :

45 return super ( I0001 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

46

47 return Add( ∗ [
48 C0001 ( j4 , j3 , j2 , j1 , dt ) ∗
49 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
50 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
51 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] −
52 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] −
53 Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j4 , i 4 ] −
54 Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j3 , i 3 ] −
55 Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] +

56 Ind ( i1 , i 2 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i3 , i 4 ) ∗ Ind ( j3 , j 4 ) +

57 Ind ( i1 , i 3 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i2 , i 4 ) ∗ Ind ( j2 , j 4 ) +

58 Ind ( i1 , i 4 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i2 , i 3 ) ∗ Ind ( j2 , j 3 ) )

59 for j 4 in range ( q + 1)

60 for j 3 in range ( q + 1)

61 for j 2 in range ( q + 1)

62 for j 1 in range ( q + 1) ] )
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63

64 def do i t ( s e l f , ∗∗ h in t s ) :

65 ”””

66 Tries to expand or c a l c u l a t e func t i on

67 Returns

68 =======

69 I0001

70 ”””

71 return I0001 (∗ s e l f . args , ∗∗ h in t s )

Listing 88: Approximation of iterated Itô stochastic integral I
(i1i2i3i4i5i6)
(000000)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c000000 import C000000

4 from mathematics . sde . non l in ea r . symbol ic . ind import Ind

5

6

7 class I000000 ( Function ) :

8 ”””

9 I t e r a t e d I t o s t o c h a s t i c i n t e g r a l

10 ”””

11 nargs = 9

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new I000000 o b j e c t wi th g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 i 3 : i n t

23 i n t e g r a l index

24 i 4 : i n t

25 i n t e g r a l index

26 i 5 : i n t

27 i n t e g r a l index

28 i 6 : i n t

29 i n t e g r a l index

30 q : i n t

31 amount o f terms in approximation o f

32 i t e r a t e d I t o s t o c h a s t i c i n t e g r a l

33 dt : f l o a t

34 d e l t a time

35 k s i : numpy . ndarray

36 matrix o f Gaussian random va r i a b l e s

37 Returns

38 =======

39 sympy . Expr

40 formula to s imp l i f y and s u b s t i t u t e

41 ”””
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42 i1 , i2 , i3 , i4 , i5 , i6 , q , dt , k s i = sympify ( args )

43

44 i f not ( isinstance ( i1 , Number) and

45 isinstance ( i2 , Number) and

46 isinstance ( i3 , Number) and

47 isinstance ( i4 , Number) and

48 isinstance ( i5 , Number) and

49 isinstance ( i6 , Number) and

50 isinstance (q , Number) and

51 isinstance ( dt , Number) ) :

52 return super ( I000000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

53

54 return Add( ∗ [
55 C000000 ( j6 , j5 , j4 , j3 , j2 , j1 , dt ) ∗
56 ( k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗
57 k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] ∗ k s i [ j6 , i 6 ] −
58 Ind ( j1 , j 6 ) ∗ Ind ( i1 , i 6 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] −
59 Ind ( j2 , j 6 ) ∗ Ind ( i2 , i 6 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] −
60 Ind ( j3 , j 6 ) ∗ Ind ( i3 , i 6 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] −
61 Ind ( j4 , j 6 ) ∗ Ind ( i4 , i 6 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j5 , i 5 ] −
62 Ind ( j5 , j 6 ) ∗ Ind ( i5 , i 6 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
63 Ind ( j1 , j 2 ) ∗ Ind ( i1 , i 2 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] ∗ k s i [ j6 , i 6 ] −
64 Ind ( j1 , j 3 ) ∗ Ind ( i1 , i 3 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] ∗ k s i [ j6 , i 6 ] −
65 Ind ( j1 , j 4 ) ∗ Ind ( i1 , i 4 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j5 , i 5 ] ∗ k s i [ j6 , i 6 ] −
66 Ind ( j1 , j 5 ) ∗ Ind ( i1 , i 5 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j6 , i 6 ] −
67 Ind ( j2 , j 3 ) ∗ Ind ( i2 , i 3 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] ∗ k s i [ j6 , i 6 ] −
68 Ind ( j2 , j 4 ) ∗ Ind ( i2 , i 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j5 , i 5 ] ∗ k s i [ j6 , i 6 ] −
69 Ind ( j2 , j 5 ) ∗ Ind ( i2 , i 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j6 , i 6 ] −
70 Ind ( j3 , j 4 ) ∗ Ind ( i3 , i 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j5 , i 5 ] ∗ k s i [ j6 , i 6 ] −
71 Ind ( j3 , j 5 ) ∗ Ind ( i3 , i 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j6 , i 6 ] −
72 Ind ( j4 , j 5 ) ∗ Ind ( i4 , i 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j6 , i 6 ] +

73 Ind ( j1 , j 2 ) ∗ Ind ( i1 , i 2 ) ∗ Ind ( j3 , j 4 ) ∗ Ind ( i3 , i 4 ) ∗ k s i [ j5 , i 5 ] ∗ k s i [ j6 , i 6 ] +

74 Ind ( j1 , j 2 ) ∗ Ind ( i1 , i 2 ) ∗ Ind ( j3 , j 5 ) ∗ Ind ( i3 , i 5 ) ∗ k s i [ j4 , i 4 ] ∗ k s i [ j6 , i 6 ] +

75 Ind ( j1 , j 2 ) ∗ Ind ( i1 , i 2 ) ∗ Ind ( j4 , j 5 ) ∗ Ind ( i4 , i 5 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j6 , i 6 ] +

76 Ind ( j1 , j 3 ) ∗ Ind ( i1 , i 3 ) ∗ Ind ( j2 , j 4 ) ∗ Ind ( i2 , i 4 ) ∗ k s i [ j5 , i 5 ] ∗ k s i [ j6 , i 6 ] +

77 Ind ( j1 , j 3 ) ∗ Ind ( i1 , i 3 ) ∗ Ind ( j2 , j 5 ) ∗ Ind ( i2 , i 5 ) ∗ k s i [ j4 , i 4 ] ∗ k s i [ j6 , i 6 ] +

78 Ind ( j1 , j 3 ) ∗ Ind ( i1 , i 3 ) ∗ Ind ( j4 , j 5 ) ∗ Ind ( i4 , i 5 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j6 , i 6 ] +

79 Ind ( j1 , j 4 ) ∗ Ind ( i1 , i 4 ) ∗ Ind ( j2 , j 3 ) ∗ Ind ( i2 , i 3 ) ∗ k s i [ j5 , i 5 ] ∗ k s i [ j6 , i 6 ] +

80 Ind ( j1 , j 4 ) ∗ Ind ( i1 , i 4 ) ∗ Ind ( j2 , j 5 ) ∗ Ind ( i2 , i 5 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j6 , i 6 ] +

81 Ind ( j1 , j 4 ) ∗ Ind ( i1 , i 4 ) ∗ Ind ( j3 , j 5 ) ∗ Ind ( i3 , i 5 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j6 , i 6 ] +

82 Ind ( j1 , j 5 ) ∗ Ind ( i1 , i 5 ) ∗ Ind ( j2 , j 3 ) ∗ Ind ( i2 , i 3 ) ∗ k s i [ j4 , i 4 ] ∗ k s i [ j6 , i 6 ] +

83 Ind ( j1 , j 5 ) ∗ Ind ( i1 , i 5 ) ∗ Ind ( j2 , j 4 ) ∗ Ind ( i2 , i 4 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j6 , i 6 ] +

84 Ind ( j1 , j 5 ) ∗ Ind ( i1 , i 5 ) ∗ Ind ( j3 , j 4 ) ∗ Ind ( i3 , i 4 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j6 , i 6 ] +

85 Ind ( j2 , j 3 ) ∗ Ind ( i2 , i 3 ) ∗ Ind ( j4 , j 5 ) ∗ Ind ( i4 , i 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j6 , i 6 ] +

86 Ind ( j2 , j 4 ) ∗ Ind ( i2 , i 4 ) ∗ Ind ( j3 , j 5 ) ∗ Ind ( i3 , i 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j6 , i 6 ] +

87 Ind ( j2 , j 5 ) ∗ Ind ( i2 , i 5 ) ∗ Ind ( j3 , j 4 ) ∗ Ind ( i3 , i 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j6 , i 6 ] +

88 Ind ( j6 , j 1 ) ∗ Ind ( i6 , i 1 ) ∗ Ind ( j3 , j 4 ) ∗ Ind ( i3 , i 4 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j5 , i 5 ] +

89 Ind ( j6 , j 1 ) ∗ Ind ( i6 , i 1 ) ∗ Ind ( j3 , j 5 ) ∗ Ind ( i3 , i 5 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] +

90 Ind ( j6 , j 1 ) ∗ Ind ( i6 , i 1 ) ∗ Ind ( j2 , j 5 ) ∗ Ind ( i2 , i 5 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] +

91 Ind ( j6 , j 1 ) ∗ Ind ( i6 , i 1 ) ∗ Ind ( j2 , j 4 ) ∗ Ind ( i2 , i 4 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j5 , i 5 ] +

92 Ind ( j6 , j 1 ) ∗ Ind ( i6 , i 1 ) ∗ Ind ( j4 , j 5 ) ∗ Ind ( i4 , i 5 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] +

93 Ind ( j6 , j 1 ) ∗ Ind ( i6 , i 1 ) ∗ Ind ( j2 , j 3 ) ∗ Ind ( i2 , i 3 ) ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] +

94 Ind ( j6 , j 2 ) ∗ Ind ( i6 , i 2 ) ∗ Ind ( j3 , j 5 ) ∗ Ind ( i3 , i 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j4 , i 4 ] +

95 Ind ( j6 , j 2 ) ∗ Ind ( i6 , i 2 ) ∗ Ind ( j4 , j 5 ) ∗ Ind ( i4 , i 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j3 , i 3 ] +

96 Ind ( j6 , j 2 ) ∗ Ind ( i6 , i 2 ) ∗ Ind ( j3 , j 4 ) ∗ Ind ( i3 , i 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j5 , i 5 ] +
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97 Ind ( j6 , j 2 ) ∗ Ind ( i6 , i 2 ) ∗ Ind ( j1 , j 5 ) ∗ Ind ( i1 , i 5 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] +

98 Ind ( j6 , j 2 ) ∗ Ind ( i6 , i 2 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i1 , i 4 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j5 , i 5 ] +

99 Ind ( j6 , j 2 ) ∗ Ind ( i6 , i 2 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i1 , i 3 ) ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] +

100 Ind ( j6 , j 3 ) ∗ Ind ( i6 , i 3 ) ∗ Ind ( j2 , j 5 ) ∗ Ind ( i2 , i 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j4 , i 4 ] +

101 Ind ( j6 , j 3 ) ∗ Ind ( i6 , i 3 ) ∗ Ind ( j4 , j 5 ) ∗ Ind ( i4 , i 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] +

102 Ind ( j6 , j 3 ) ∗ Ind ( i6 , i 3 ) ∗ Ind ( j2 , j 4 ) ∗ Ind ( i2 , i 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j5 , i 5 ] +

103 Ind ( j6 , j 3 ) ∗ Ind ( i6 , i 3 ) ∗ Ind ( j1 , j 5 ) ∗ Ind ( i1 , i 5 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] +

104 Ind ( j6 , j 3 ) ∗ Ind ( i6 , i 3 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i1 , i 4 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j5 , i 5 ] +

105 Ind ( j6 , j 3 ) ∗ Ind ( i6 , i 3 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i1 , i 2 ) ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] +

106 Ind ( j6 , j 4 ) ∗ Ind ( i6 , i 4 ) ∗ Ind ( j3 , j 5 ) ∗ Ind ( i3 , i 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] +

107 Ind ( j6 , j 4 ) ∗ Ind ( i6 , i 4 ) ∗ Ind ( j2 , j 5 ) ∗ Ind ( i2 , i 5 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j3 , i 3 ] +

108 Ind ( j6 , j 4 ) ∗ Ind ( i6 , i 4 ) ∗ Ind ( j2 , j 3 ) ∗ Ind ( i2 , i 3 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j5 , i 5 ] +

109 Ind ( j6 , j 4 ) ∗ Ind ( i6 , i 4 ) ∗ Ind ( j1 , j 5 ) ∗ Ind ( i1 , i 5 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] +

110 Ind ( j6 , j 4 ) ∗ Ind ( i6 , i 4 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i1 , i 3 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j5 , i 5 ] +

111 Ind ( j6 , j 4 ) ∗ Ind ( i6 , i 4 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i1 , i 2 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j5 , i 5 ] +

112 Ind ( j6 , j 5 ) ∗ Ind ( i6 , i 5 ) ∗ Ind ( j3 , j 4 ) ∗ Ind ( i3 , i 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] +

113 Ind ( j6 , j 5 ) ∗ Ind ( i6 , i 5 ) ∗ Ind ( j2 , j 4 ) ∗ Ind ( i2 , i 4 ) ∗ k s i [ j1 , i 1 ] ∗ k s i [ j3 , i 3 ] +

114 Ind ( j6 , j 5 ) ∗ Ind ( i6 , i 5 ) ∗ Ind ( j2 , j 3 ) ∗ Ind ( i2 , i 3 ) ∗ k s i [ j1 , i 4 ] ∗ k s i [ j1 , i 4 ] +

115 Ind ( j6 , j 5 ) ∗ Ind ( i6 , i 5 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i1 , i 4 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] +

116 Ind ( j6 , j 5 ) ∗ Ind ( i6 , i 5 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i1 , i 3 ) ∗ k s i [ j2 , i 2 ] ∗ k s i [ j4 , i 4 ] +

117 Ind ( j6 , j 5 ) ∗ Ind ( i6 , i 5 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i1 , i 2 ) ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] −
118 Ind ( j6 , j 1 ) ∗ Ind ( i6 , i 1 ) ∗ Ind ( j2 , j 5 ) ∗ Ind ( i2 , i 5 ) ∗ Ind ( j3 , j 4 ) ∗ Ind ( i3 , i 4 ) −
119 Ind ( j6 , j 1 ) ∗ Ind ( i6 , i 1 ) ∗ Ind ( j2 , j 4 ) ∗ Ind ( i2 , i 4 ) ∗ Ind ( j3 , j 5 ) ∗ Ind ( i3 , i 5 ) −
120 Ind ( j6 , j 1 ) ∗ Ind ( i6 , i 1 ) ∗ Ind ( j2 , j 3 ) ∗ Ind ( i2 , i 3 ) ∗ Ind ( j4 , j 5 ) ∗ Ind ( i4 , i 5 ) −
121 Ind ( j6 , j 2 ) ∗ Ind ( i6 , i 2 ) ∗ Ind ( j1 , j 5 ) ∗ Ind ( i1 , i 5 ) ∗ Ind ( j3 , j 4 ) ∗ Ind ( i3 , i 4 ) −
122 Ind ( j6 , j 2 ) ∗ Ind ( i6 , i 2 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i1 , i 4 ) ∗ Ind ( j3 , j 5 ) ∗ Ind ( i3 , i 5 ) −
123 Ind ( j6 , j 2 ) ∗ Ind ( i6 , i 2 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i1 , i 3 ) ∗ Ind ( j4 , j 5 ) ∗ Ind ( i4 , i 5 ) −
124 Ind ( j6 , j 3 ) ∗ Ind ( i6 , i 3 ) ∗ Ind ( j1 , j 5 ) ∗ Ind ( i1 , i 5 ) ∗ Ind ( j2 , j 4 ) ∗ Ind ( i2 , i 4 ) −
125 Ind ( j6 , j 3 ) ∗ Ind ( i6 , i 3 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i1 , i 4 ) ∗ Ind ( j2 , j 5 ) ∗ Ind ( i2 , i 5 ) −
126 Ind ( j3 , j 6 ) ∗ Ind ( i3 , i 6 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i1 , i 2 ) ∗ Ind ( j4 , j 5 ) ∗ Ind ( i4 , i 5 ) −
127 Ind ( j6 , j 4 ) ∗ Ind ( i6 , i 4 ) ∗ Ind ( j1 , j 5 ) ∗ Ind ( i1 , i 5 ) ∗ Ind ( j2 , j 3 ) ∗ Ind ( i2 , i 3 ) −
128 Ind ( j6 , j 4 ) ∗ Ind ( i6 , i 4 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i1 , i 3 ) ∗ Ind ( j2 , j 5 ) ∗ Ind ( i2 , i 5 ) −
129 Ind ( j6 , j 4 ) ∗ Ind ( i6 , i 4 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i1 , i 2 ) ∗ Ind ( j3 , j 5 ) ∗ Ind ( i3 , i 5 ) −
130 Ind ( j6 , j 5 ) ∗ Ind ( i6 , i 5 ) ∗ Ind ( j1 , j 4 ) ∗ Ind ( i1 , i 4 ) ∗ Ind ( j2 , j 3 ) ∗ Ind ( i2 , i 3 ) −
131 Ind ( j6 , j 5 ) ∗ Ind ( i6 , i 5 ) ∗ Ind ( j1 , j 2 ) ∗ Ind ( i1 , i 2 ) ∗ Ind ( j3 , j 4 ) ∗ Ind ( i3 , i 4 ) −
132 Ind ( j6 , j 5 ) ∗ Ind ( i6 , i 5 ) ∗ Ind ( j1 , j 3 ) ∗ Ind ( i1 , i 3 ) ∗ Ind ( j2 , j 4 ) ∗ Ind ( i2 , i 4 ) )

133 for j 6 in range ( q + 1)

134 for j 5 in range ( q + 1)

135 for j 4 in range ( q + 1)

136 for j 3 in range ( q + 1)

137 for j 2 in range ( q + 1)

138 for j 1 in range ( q + 1) ] )

139

140 def do i t ( s e l f , ∗∗ h in t s ) :

141 ”””

142 Tries to expand or c a l c u l a t e func t i on

143 Returns

144 =======

145 I000000

146 ”””

147 return I000000 (∗ s e l f . args , ∗∗ h in t s )
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6.2.4 Source Codes for Iterated Stratonovich Stochastic Integrals

Approximations Subprograms

Listing 89: Approximation of Stratonovich stochastic integral I
∗(i1)
(0)τp+1,τp

1 from math import s q r t

2

3 from sympy import Function , sympify , Number

4

5

6 class J0 ( Function ) :

7 ”””

8 Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 3

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J0 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 dt : f l o a t

20 d e l t a time

21 k s i : numpy . ndarray

22 matrix o f Gaussian random va r i a b l e s

23 Returns

24 =======

25 sympy . Expr

26 formula to s imp l i f y and s u b s t i t u t e

27 ”””

28 i1 , dt , k s i = sympify ( args )

29

30 i f not isinstance ( i1 , Number) :

31 return super ( J0 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

32

33 return k s i [ 0 , i 1 ] ∗ s q r t ( dt )

34

35 def do i t ( s e l f , ∗∗ h in t s ) :

36 ”””

37 Tries to expand or c a l c u l a t e func t i on

38 Returns

39 =======

40 J0

41 ”””

42 return J0 (∗ s e l f . args , ∗∗ h in t s )

Listing 90: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2)
(00)τp+1,τp

1 from math import s q r t
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2

3 from sympy import sympify , Number , Function , Add

4

5

6 class J00 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 5

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J00 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 q : i n t

22 amount o f terms in approximation o f

23 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

24 dt : f l o a t

25 d e l t a time

26 k s i : numpy . ndarray

27 matrix o f Gaussian random va r i a b l e s

28 Returns

29 =======

30 sympy . Expr

31 formula to s imp l i f y and s u b s t i t u t e

32 ”””

33 i1 , i2 , q , dt , k s i = sympify ( args )

34

35 i f not ( isinstance ( i1 , Number) and

36 isinstance ( i2 , Number) and

37 isinstance (q , Number) ) :

38 return super ( J00 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

39

40 return \
41 ( k s i [ 0 , i 1 ] ∗ k s i [ 0 , i 2 ] +

42 Add( ∗ [
43 ( k s i [ j 1 − 1 , i 1 ] ∗ k s i [ j1 , i 2 ] −
44 k s i [ j1 , i 1 ] ∗ k s i [ j 1 − 1 , i 2 ] ) /

45 sq r t ( j 1 ∗∗ 2 ∗ 4 − 1)

46 for j 1 in range (1 , q + 1) ] ) ) ∗ dt / 2

47

48 def do i t ( s e l f , ∗∗ h in t s ) :

49 ”””

50 Tries to expand or c a l c u l a t e func t i on

51 Returns

52 =======

53 J00

54 ”””

55 return J00 (∗ s e l f . args , ∗∗ h in t s )
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Listing 91: Approximation of Stratonovich stochastic integral I
∗(i1)
(1)T,t

1 from math import s q r t

2

3 from sympy import Function , sympify , Number

4

5

6 class J1 ( Function ) :

7 ”””

8 Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 3

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J1 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 dt : f l o a t

20 d e l t a time

21 k s i : numpy . ndarray

22 matrix o f Gaussian random va r i a b l e s

23 Returns

24 =======

25 sympy . Expr

26 formula to s imp l i f y and s u b s t i t u t e

27 ”””

28 i1 , dt , k s i = sympify ( args )

29

30 i f not isinstance ( i1 , Number) :

31 return super ( J1 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

32

33 return −( k s i [ 0 , i 1 ] + k s i [ 1 , i 1 ] / sq r t (3 ) ) ∗ dt ∗∗ 1 .5 / 2

34

35 def do i t ( s e l f , ∗∗ h in t s ) :

36 ”””

37 Tries to expand or c a l c u l a t e func t i on

38 Returns

39 =======

40 J1

41 ”””

42 return J1 (∗ s e l f . args , ∗∗ h in t s )

Listing 92: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2i3)
(000)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c000 import C000

4

5

6 class J000 ( Function ) :

7 ”””
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8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 6

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J000 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 i 3 : i n t

22 i n t e g r a l index

23 q : i n t

24 amount o f terms in approximation o f

25 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

26 dt : f l o a t

27 d e l t a time

28 k s i : numpy . ndarray

29 matrix o f Gaussian random va r i a b l e s

30 Returns

31 =======

32 sympy . Expr

33 formula to s imp l i f y and s u b s t i t u t e

34 ”””

35 i1 , i2 , i3 , q , dt , k s i = sympify ( args )

36

37 i f not ( isinstance ( i1 , Number) and

38 isinstance ( i2 , Number) and

39 isinstance ( i3 , Number) and

40 isinstance (q , Number) ) :

41 return super ( J000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

42

43 return Add( ∗ [
44 C000 ( j3 , j2 , j1 , dt ) ∗
45 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ]

46 for j 3 in range ( q + 1)

47 for j 2 in range ( q + 1)

48 for j 1 in range ( q + 1) ] )

49

50 def do i t ( s e l f , ∗∗ h in t s ) :

51 ”””

52 Tries to expand or c a l c u l a t e func t i on

53 Returns

54 =======

55 J000

56 ”””

57 return J000 (∗ s e l f . args , ∗∗ h in t s )

Listing 93: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2)
(10)τp+1,τp

1 from sympy import Function , sympify , Number , Add
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2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c10 import C10

4

5

6 class J10 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 5

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J10 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 q : i n t

22 amount o f terms in approximation o f

23 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

24 dt : f l o a t

25 d e l t a time

26 k s i : numpy . ndarray

27 matrix o f Gaussian random va r i a b l e s

28 Returns

29 =======

30 sympy . Expr

31 formula to s imp l i f y and s u b s t i t u t e

32 ”””

33 i1 , i2 , q , dt , k s i = sympify ( args )

34

35 i f not ( isinstance ( i1 , Number) and

36 isinstance ( i2 , Number) and

37 isinstance (q , Number) ) :

38 return super ( J10 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

39

40 return Add( ∗ [
41 C10( j2 , j1 , dt ) ∗
42 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ]

43 for j 2 in range ( q + 1)

44 for j 1 in range ( q + 1) ] )

45

46 def do i t ( s e l f , ∗∗ h in t s ) :

47 ”””

48 Tries to expand or c a l c u l a t e func t i on

49 Returns

50 =======

51 J10

52 ”””

53 return J10 (∗ s e l f . args , ∗∗ h in t s )
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Listing 94: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2)
(01)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c01 import C01

4

5

6 class J01 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10

11 nargs = 5

12

13 def new ( c l s , ∗ args , ∗∗kwargs ) :

14 ”””

15 Creates new J01 o b j e c t wi th g iven args

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 q : i n t

23 amount o f terms in approximation o f

24 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

25 dt : f l o a t

26 d e l t a time

27 k s i : numpy . ndarray

28 matrix o f Gaussian random va r i a b l e s

29 Returns

30 =======

31 sympy . Expr

32 formula to s imp l i f y and s u b s t i t u t e

33 ”””

34 i1 , i2 , q , dt , k s i = sympify ( args )

35

36 i f not ( isinstance ( i1 , Number) and

37 isinstance ( i2 , Number) and

38 isinstance (q , Number) ) :

39 return super ( J01 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

40

41 return Add( ∗ [
42 C01( j2 , j1 , dt ) ∗
43 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ]

44 for j 2 in range ( q + 1)

45 for j 1 in range ( q + 1) ] )

46

47 def do i t ( s e l f , ∗∗ h in t s ) :

48 ”””

49 Tries to expand or c a l c u l a t e func t i on

50 Returns

51 =======

52 J01

53 ”””
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54 return J01 (∗ s e l f . args , ∗∗ h in t s )

Listing 95: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2i3i4)
(0000)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c0000 import C0000

4

5

6 class J0000 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 7

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J0000 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 i 3 : i n t

22 i n t e g r a l index

23 i 4 : i n t

24 i n t e g r a l index

25 q : i n t

26 amount o f terms in approximation o f

27 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

28 dt : f l o a t

29 d e l t a time

30 k s i : numpy . ndarray

31 matrix o f Gaussian random va r i a b l e s

32 Returns

33 =======

34 sympy . Expr

35 formula to s imp l i f y and s u b s t i t u t e

36 ”””

37 i1 , i2 , i3 , i4 , q , dt , k s i = sympify ( args )

38

39 i f not ( isinstance ( i1 , Number) and

40 isinstance ( i2 , Number) and

41 isinstance ( i3 , Number) and

42 isinstance ( i4 , Number) and

43 isinstance (q , Number) ) :

44 return super ( J0000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

45

46 return Add( ∗ [
47 C0000 ( j4 , j3 , j2 , j1 , dt ) ∗
48 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ]

49 for j 4 in range ( q + 1)
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50 for j 3 in range ( q + 1)

51 for j 2 in range ( q + 1)

52 for j 1 in range ( q + 1) ] )

53

54 def do i t ( s e l f , ∗∗ h in t s ) :

55 ”””

56 Tries to expand or c a l c u l a t e func t i on

57 Returns

58 =======

59 J0000

60 ”””

61 return J0000 (∗ s e l f . args , ∗∗ h in t s )

Listing 96: Approximation of Stratonovich stochastic integral I
∗(i1)
(2)τp+1,τp

1 from math import s q r t

2

3 from sympy import sympify , Number , Function

4

5

6 class J2 ( Function ) :

7 ”””

8 Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 3

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J2 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 dt : f l o a t

20 d e l t a time

21 k s i : numpy . ndarray

22 matrix o f Gaussian random va r i a b l e s

23 Returns

24 =======

25 sympy . Expr

26 formula to s imp l i f y and s u b s t i t u t e

27 ”””

28 i1 , dt , k s i = sympify ( args )

29

30 i f not isinstance ( i1 , Number) :

31 return super ( J2 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

32

33 return ( k s i [ 0 , i 1 ] + k s i [ 1 , i 1 ] ∗ s q r t (3 ) / 2 +

34 k s i [ 2 , i 1 ] / sq r t (5 ) / 2) ∗ dt ∗∗ 2 .5 / 3

35

36 def do i t ( s e l f , ∗∗ h in t s ) :

37 ”””

38 Tries to expand or c a l c u l a t e func t i on
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39 Returns

40 =======

41 J2

42 ”””

43 return J2 (∗ s e l f . args , ∗∗ h in t s )

Listing 97: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2i3)
(100)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c100 import C100

4

5

6 class J100 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 6

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J100 o b j e c t wi th g iven args

15

16 Parameters

17 ==========

18 i 1 : i n t

19 i n t e g r a l index

20 i 2 : i n t

21 i n t e g r a l index

22 i 3 : i n t

23 i n t e g r a l index

24 q : i n t

25 amount o f terms in approximation o f

26 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

27 dt : f l o a t

28 d e l t a time

29 k s i : numpy . ndarray

30 matrix o f Gaussian random va r i a b l e s

31 Returns

32 =======

33 sympy . Expr

34 formula to s imp l i f y and s u b s t i t u t e

35 ”””

36 i1 , i2 , i3 , q , dt , k s i = sympify ( args )

37

38 i f not ( isinstance ( i1 , Number) and

39 isinstance ( i2 , Number) and

40 isinstance ( i3 , Number) and

41 isinstance (q , Number) ) :

42 return super ( J100 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

43

44 return Add( ∗ [
45 C100 ( j3 , j2 , j1 , dt ) ∗
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46 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ]

47 for j 3 in range ( q + 1)

48 for j 2 in range ( q + 1)

49 for j 1 in range ( q + 1) ] )

50

51 def do i t ( s e l f , ∗∗ h in t s ) :

52 ”””

53 Tries to expand or c a l c u l a t e func t i on

54 Returns

55 =======

56 J100

57 ”””

58 return J100 (∗ s e l f . args , ∗∗ h in t s )

Listing 98: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2i3)
(010)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c010 import C010

4

5

6 class J010 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 6

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J010 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 i 3 : i n t

22 i n t e g r a l index

23 q : i n t

24 amount o f terms in approximation o f

25 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

26 dt : f l o a t

27 d e l t a time

28 k s i : numpy . ndarray

29 matrix o f Gaussian random va r i a b l e s

30 Returns

31 =======

32 sympy . Expr

33 formula to s imp l i f y and s u b s t i t u t e

34 ”””

35 i1 , i2 , i3 , q , dt , k s i = sympify ( args )

36

37 i f not ( isinstance ( i1 , Number) and
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38 isinstance ( i2 , Number) and

39 isinstance ( i3 , Number) and

40 isinstance (q , Number) ) :

41 return super ( J010 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

42

43 return Add( ∗ [
44 C010 ( j3 , j2 , j1 , dt ) ∗
45 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ]

46 for j 3 in range ( q + 1)

47 for j 2 in range ( q + 1)

48 for j 1 in range ( q + 1) ] )

49

50 def do i t ( s e l f , ∗∗ h in t s ) :

51 ”””

52 Tries to expand or c a l c u l a t e func t i on

53 Returns

54 =======

55 J010

56 ”””

57 return J010 (∗ s e l f . args , ∗∗ h in t s )

Listing 99: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2i3)
(001)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c001 import C001

4

5

6 class J001 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 6

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J001 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 i 3 : i n t

22 i n t e g r a l index

23 q : i n t

24 amount o f terms in approximation o f

25 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

26 dt : f l o a t

27 d e l t a time

28 k s i : numpy . ndarray

29 matrix o f Gaussian random va r i a b l e s

30 Returns
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31 =======

32 sympy . Expr

33 formula to s imp l i f y and s u b s t i t u t e

34 ”””

35 i1 , i2 , i3 , q , dt , k s i = sympify ( args )

36

37 i f not ( isinstance ( i1 , Number) and

38 isinstance ( i2 , Number) and

39 isinstance ( i3 , Number) and

40 isinstance (q , Number) ) :

41 return super ( J001 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

42

43 return Add( ∗ [
44 C001 ( j3 , j2 , j1 , dt ) ∗
45 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ]

46 for j 3 in range ( q + 1)

47 for j 2 in range ( q + 1)

48 for j 1 in range ( q + 1) ] )

49

50 def do i t ( s e l f , ∗∗ h in t s ) :

51 ”””

52 Tries to expand or c a l c u l a t e func t i on

53 Returns

54 =======

55 J001

56 ”””

57 return J001 (∗ s e l f . args , ∗∗ h in t s )

Listing 100: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2i3i4i5)
(00000)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c00000 import C00000

4

5

6 class J00000 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 8

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J00000 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 i 3 : i n t

22 i n t e g r a l index

23 i 4 : i n t
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24 i n t e g r a l index

25 i 5 : i n t

26 i n t e g r a l index

27 q : i n t

28 amount o f terms in approximation o f

29 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

30 dt : f l o a t

31 d e l t a time

32 k s i : numpy . ndarray

33 matrix o f Gaussian random va r i a b l e s

34 Returns

35 =======

36 sympy . Expr

37 formula to s imp l i f y and s u b s t i t u t e

38 ”””

39 i1 , i2 , i3 , i4 , i5 , q , dt , k s i = sympify ( args )

40

41 i f not ( isinstance ( i1 , Number) and

42 isinstance ( i2 , Number) and

43 isinstance ( i3 , Number) and

44 isinstance ( i4 , Number) and

45 isinstance ( i5 , Number) and

46 isinstance (q , Number) and

47 isinstance ( dt , Number) ) :

48 return super ( J00000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

49

50 return Add( ∗ [
51 C00000 ( j5 , j4 , j3 , j2 , j1 , dt ) ∗
52 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ]

53 for j 5 in range ( q + 1)

54 for j 4 in range ( q + 1)

55 for j 3 in range ( q + 1)

56 for j 2 in range ( q + 1)

57 for j 1 in range ( q + 1) ] )

58

59 def do i t ( s e l f , ∗∗ h in t s ) :

60 ”””

61 Tries to expand or c a l c u l a t e func t i on

62 Returns

63 =======

64 J00000

65 ”””

66 return J00000 (∗ s e l f . args , ∗∗ h in t s )

Listing 101: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2)
(20)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c20 import C20

4

5

6 class J20 ( Function ) :

7 ”””
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8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 5

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J20 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 q : i n t

22 amount o f terms in approximation o f

23 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

24 dt : f l o a t

25 d e l t a time

26 k s i : numpy . ndarray

27 matrix o f Gaussian random va r i a b l e s

28 Returns

29 =======

30 sympy . Expr

31 formula to s imp l i f y and s u b s t i t u t e

32 ”””

33 i1 , i2 , q , dt , k s i = sympify ( args )

34

35 i f not ( isinstance ( i1 , Number) and

36 isinstance ( i2 , Number) ) :

37 return super ( J20 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

38

39 return Add( ∗ [
40 C20( j2 , j1 , dt ) ∗
41 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ]

42 for j 2 in range ( q + 1)

43 for j 1 in range ( q + 1) ] )

44

45 def do i t ( s e l f , ∗∗ h in t s ) :

46 ”””

47 Tries to expand or c a l c u l a t e func t i on

48 Returns

49 =======

50 J20

51 ”””

52 return J20 (∗ s e l f . args , ∗∗ h in t s )

Listing 102: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2)
(02)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c02 import C02

4

5
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6 class J02 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 5

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J02 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 q : i n t

22 amount o f terms in approximation o f

23 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

24 dt : f l o a t

25 d e l t a time

26 k s i : numpy . ndarray

27 matrix o f Gaussian random va r i a b l e s

28 Returns

29 =======

30 sympy . Expr

31 formula to s imp l i f y and s u b s t i t u t e

32 ”””

33 i1 , i2 , q , dt , k s i = sympify ( args )

34

35 i f not ( isinstance ( i1 , Number) and

36 isinstance ( i2 , Number) ) :

37 return super ( J02 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

38

39 return Add( ∗ [
40 C02( j2 , j1 , dt ) ∗
41 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ]

42 for j 2 in range ( q + 1)

43 for j 1 in range ( q + 1) ] )

44

45 def do i t ( s e l f , ∗∗ h in t s ) :

46 ”””

47 Tries to expand or c a l c u l a t e func t i on

48 Returns

49 =======

50 J02

51 ”””

52 return J02 (∗ s e l f . args , ∗∗ h in t s )

Listing 103: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2)
(11)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c11 import C11
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4

5

6 class J11 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 5

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J11 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 q : i n t

22 amount o f terms in approximation o f

23 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

24 dt : f l o a t

25 d e l t a time

26 k s i : numpy . ndarray

27 matrix o f Gaussian random va r i a b l e s

28 Returns

29 =======

30 sympy . Expr

31 formula to s imp l i f y and s u b s t i t u t e

32 ”””

33 i1 , i2 , q , dt , k s i = sympify ( args )

34

35 i f not ( isinstance ( i1 , Number) and

36 isinstance ( i2 , Number) ) :

37 return super ( J11 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

38

39 return Add( ∗ [
40 C11( j2 , j1 , dt ) ∗
41 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ]

42 for j 2 in range ( q + 1)

43 for j 1 in range ( q + 1) ] )

44

45 def do i t ( s e l f , ∗∗ h in t s ) :

46 ”””

47 Tries to expand or c a l c u l a t e func t i on

48 Returns

49 =======

50 J11

51 ”””

52 return J11 (∗ s e l f . args , ∗∗ h in t s )

Listing 104: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2i3i4)
(1000)τp+1,τp

1 from sympy import Function , Number , sympify , Add
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2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c1000 import C1000

4

5

6 class J1000 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 7

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J1000 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 i 3 : i n t

22 i n t e g r a l index

23 i 4 : i n t

24 i n t e g r a l index

25 q : i n t

26 amount o f terms in approximation o f

27 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

28 dt : f l o a t

29 d e l t a time

30 k s i : numpy . ndarray

31 matrix o f Gaussian random va r i a b l e s

32 Returns

33 =======

34 sympy . Expr

35 formula to s imp l i f y and s u b s t i t u t e

36 ”””

37 i1 , i2 , i3 , i4 , q , dt , k s i = sympify ( args )

38

39 i f not ( isinstance ( i1 , Number) and

40 isinstance ( i2 , Number) and

41 isinstance ( i3 , Number) and

42 isinstance ( i4 , Number) and

43 isinstance (q , Number) ) :

44 return super ( J1000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

45

46 return Add( ∗ [
47 C1000 ( j4 , j3 , j2 , j1 , dt ) ∗
48 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ]

49 for j 4 in range ( q + 1)

50 for j 3 in range ( q + 1)

51 for j 2 in range ( q + 1)

52 for j 1 in range ( q + 1) ] )

53

54 def do i t ( s e l f , ∗∗ h in t s ) :

55 ”””

56 Tries to expand or c a l c u l a t e func t i on
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57 Returns

58 =======

59 J1000

60 ”””

61 return J1000 (∗ s e l f . args , ∗∗ h in t s )

Listing 105: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2i3i4)
(0100)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c0100 import C0100

4

5

6 class J0100 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 7

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J0100 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 i 3 : i n t

22 i n t e g r a l index

23 i 4 : i n t

24 i n t e g r a l index

25 q : i n t

26 amount o f terms in approximation o f

27 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

28 dt : f l o a t

29 d e l t a time

30 k s i : numpy . ndarray

31 matrix o f Gaussian random va r i a b l e s

32 Returns

33 =======

34 sympy . Expr

35 formula to s imp l i f y and s u b s t i t u t e

36 ”””

37 i1 , i2 , i3 , i4 , q , dt , k s i = sympify ( args )

38

39 i f not ( isinstance ( i1 , Number) and

40 isinstance ( i2 , Number) and

41 isinstance ( i3 , Number) and

42 isinstance ( i4 , Number) and

43 isinstance (q , Number) ) :

44 return super ( J0100 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

45
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46 return Add( ∗ [
47 C0100 ( j4 , j3 , j2 , j1 , dt ) ∗
48 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ]

49 for j 4 in range ( q + 1)

50 for j 3 in range ( q + 1)

51 for j 2 in range ( q + 1)

52 for j 1 in range ( q + 1) ] )

53

54 def do i t ( s e l f , ∗∗ h in t s ) :

55 ”””

56 Tries to expand or c a l c u l a t e func t i on

57 Returns

58 =======

59 J0100

60 ”””

61 return J0100 (∗ s e l f . args , ∗∗ h in t s )

Listing 106: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2i3i4)
(0010)τp+1,τp

1 from sympy import Function , sympify , Number , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c0010 import C0010

4

5

6 class J0010 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 7

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J0010 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 i 3 : i n t

22 i n t e g r a l index

23 i 3 : i n t

24 i n t e g r a l index

25 q : i n t

26 amount o f terms in approximation o f

27 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

28 dt : f l o a t

29 d e l t a time

30 k s i : numpy . ndarray

31 matrix o f Gaussian random va r i a b l e s

32 Returns

33 =======

34 sympy . Expr
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35 formula to s imp l i f y and s u b s t i t u t e

36 ”””

37 i1 , i2 , i3 , i4 , q , dt , k s i = sympify ( args )

38

39 i f not ( isinstance ( i1 , Number) and

40 isinstance ( i2 , Number) and

41 isinstance ( i3 , Number) and

42 isinstance ( i4 , Number) and

43 isinstance (q , Number) ) :

44 return super ( J0010 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

45

46 return Add( ∗ [
47 C0010 ( j4 , j3 , j2 , j1 , dt ) ∗
48 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ]

49 for j 4 in range ( q + 1)

50 for j 3 in range ( q + 1)

51 for j 2 in range ( q + 1)

52 for j 1 in range ( q + 1) ] )

53

54 def do i t ( s e l f , ∗∗ h in t s ) :

55 ”””

56 Tries to expand or c a l c u l a t e func t i on

57 Returns

58 =======

59 J0010

60 ”””

61 return J0010 (∗ s e l f . args , ∗∗ h in t s )

Listing 107: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2i3i4)
(0001)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c0001 import C0001

4

5

6 class J0001 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 7

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new J0001 o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 i 3 : i n t

22 i n t e g r a l index

23 i 4 : i n t
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24 i n t e g r a l index

25 q : i n t

26 amount o f terms in approximation o f

27 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

28 dt : f l o a t

29 d e l t a time

30 k s i : numpy . ndarray

31 matrix o f Gaussian random va r i a b l e s

32 Returns

33 =======

34 sympy . Expr

35 formula to s imp l i f y and s u b s t i t u t e

36 ”””

37 i1 , i2 , i3 , i4 , q , dt , k s i = sympify ( args )

38

39 i f not ( isinstance ( i1 , Number) and

40 isinstance ( i2 , Number) and

41 isinstance ( i3 , Number) and

42 isinstance ( i4 , Number) and

43 isinstance (q , Number) ) :

44 return super ( J0001 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

45

46 return Add( ∗ [
47 C0001 ( j4 , j3 , j2 , j1 , dt ) ∗
48 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗ k s i [ j4 , i 4 ]

49 for j 4 in range ( q + 1)

50 for j 3 in range ( q + 1)

51 for j 2 in range ( q + 1)

52 for j 1 in range ( q + 1) ] )

53

54 def do i t ( s e l f , ∗∗ h in t s ) :

55 ”””

56 Tries to expand or c a l c u l a t e func t i on

57 Returns

58 =======

59 J0001

60 ”””

61 return J0001 (∗ s e l f . args , ∗∗ h in t s )

Listing 108: Approximation of iterated Stratonovich stochastic integral I
∗(i1i2i3i4i5i6)
(000000)τp+1,τp

1 from sympy import Function , Number , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c000000 import C000000

4

5

6 class J000000 ( Function ) :

7 ”””

8 I t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

9 ”””

10 nargs = 9

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :
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13 ”””

14 Creates new J000000 o b j e c t with g iven args

15 Parameters

16 ==========

17 i 1 : i n t

18 i n t e g r a l index

19 i 2 : i n t

20 i n t e g r a l index

21 i 3 : i n t

22 i n t e g r a l index

23 i 4 : i n t

24 i n t e g r a l index

25 i 5 : i n t

26 i n t e g r a l index

27 i 6 : i n t

28 i n t e g r a l index

29 q : i n t

30 amount o f terms in approximation o f

31 i t e r a t e d Stra tonov ich s t o c h a s t i c i n t e g r a l

32 dt : f l o a t

33 d e l t a time

34 k s i : numpy . ndarray

35 matrix o f Gaussian random va r i a b l e s

36 Returns

37 =======

38 sympy . Expr

39 formula to s imp l i f y and s u b s t i t u t e

40 ”””

41 i1 , i2 , i3 , i4 , i5 , i6 , q , dt , k s i = sympify ( args )

42

43 i f not ( isinstance ( i1 , Number) and

44 isinstance ( i2 , Number) and

45 isinstance ( i3 , Number) and

46 isinstance ( i4 , Number) and

47 isinstance ( i5 , Number) and

48 isinstance ( i6 , Number) and

49 isinstance (q , Number) and

50 isinstance ( dt , Number) ) :

51 return super ( J000000 , c l s ) . new ( c l s , ∗ args , ∗∗kwargs )

52

53 return Add( ∗ [
54 C000000 ( j6 , j5 , j4 , j3 , j2 , j1 , dt ) ∗
55 k s i [ j1 , i 1 ] ∗ k s i [ j2 , i 2 ] ∗ k s i [ j3 , i 3 ] ∗
56 k s i [ j4 , i 4 ] ∗ k s i [ j5 , i 5 ] ∗ k s i [ j6 , i 6 ]

57 for j 6 in range ( q + 1)

58 for j 5 in range ( q + 1)

59 for j 4 in range ( q + 1)

60 for j 3 in range ( q + 1)

61 for j 2 in range ( q + 1)

62 for j 1 in range ( q + 1) ] )

63

64 def do i t ( s e l f , ∗∗ h in t s ) :

65 ”””

66 Tries to expand or c a l c u l a t e func t i on

67 Returns
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68 =======

69 J000000

70 ”””

71 return J000000 (∗ s e l f . args , ∗∗ h in t s )

6.2.5 Source Codes for Calculation of the Numbers q, q1,. . ., q15

Listing 109: Calculation of the numbers q, q1,. . ., q15

1 from mathematics . sde . non l in ea r . symbol ic . c o e f f i c i e n t s . c import C

2

3

4 def s o l v e q ( i ) :

5 ”””

6 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

7 Parameters

8 ==========

9 i : i n t

10 amount o f members

11 Returns

12 =======

13 va lue s : f l o a t

14 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

15 ”””

16 return 1 / 4 − 1 / 2 ∗ sum( [

17 1 / (4 ∗ j ∗∗ 2 − 1)

18 for j in range (1 , i + 1)

19 ] )

20

21

22 def s o l v e q1 ( i ) :

23 ”””

24 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

25 Parameters

26 ==========

27 i : i n t

28 amount o f members

29 Returns

30 =======

31 va lue s : f l o a t

32 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

33 ”””

34 return 1 / 6 − 1 / 64 ∗ sum( [

35 (2 ∗ j 1 + 1) ∗
36 (2 ∗ j 2 + 1) ∗
37 (2 ∗ j 3 + 1) ∗
38 C( ( j1 , j2 , j 3 ) , (0 , 0 , 0) ) ∗∗ 2

39 for j 1 in range ( i + 1)

40 for j 2 in range ( i + 1)

41 for j 3 in range ( i + 1)

42 ] )
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43

44

45 def s o l v e q2 ( i ) :

46 ”””

47 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

48 Parameters

49 ==========

50 i : i n t

51 amount o f members

52 Returns

53 =======

54 va lue s : f l o a t

55 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

56 ”””

57 return 1 / 4 − 1 / 64 ∗ sum( [

58 (2 ∗ j 1 + 1) ∗
59 (2 ∗ j 2 + 1) ∗
60 (C( ( j1 , j 2 ) , (0 , 1) ) ∗∗ 2)

61 for j 1 in range ( i + 1)

62 for j 2 in range ( i + 1)

63 ] )

64

65

66 def s o l v e q 2 op t i o n a l ( i ) :

67 ”””

68 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

69 Parameters

70 ==========

71 i : i n t

72 amount o f members

73 Returns

74 =======

75 va lue s : f l o a t

76 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

77 ”””

78 return 1 / 12 − 1 / 64 ∗ sum( [

79 (2 ∗ j 1 + 1) ∗
80 (2 ∗ j 2 + 1) ∗
81 (C( ( j1 , j 2 ) , (1 , 0) ) ∗∗ 2)

82 for j 1 in range ( i + 1)

83 for j 2 in range ( i + 1)

84 ] )

85

86

87 def s o l v e q3 ( i ) :

88 ”””

89 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

90 Parameters

91 ==========

92 i : i n t

93 amount o f members

94 Returns

95 =======

96 va lue s : f l o a t

97 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q
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98 ”””

99 return 1 / 24 − 1 / 256 ∗ sum( [

100 (2 ∗ j 1 + 1) ∗
101 (2 ∗ j 2 + 1) ∗
102 (2 ∗ j 3 + 1) ∗
103 (2 ∗ j 4 + 1) ∗
104 (C( ( j1 , j2 , j3 , j 4 ) , (0 , 0 , 0 , 0) ) ∗∗ 2)

105 for j 1 in range ( i + 1)

106 for j 2 in range ( i + 1)

107 for j 3 in range ( i + 1)

108 for j 4 in range ( i + 1)

109 ] )

110

111

112 def s o l v e q4 ( i ) :

113 ”””

114 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

115 Parameters

116 ==========

117 i : i n t

118 amount o f members

119 Returns

120 =======

121 va lue s : f l o a t

122 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

123 ”””

124 return 1 / 120 − 1 / (32 ∗∗ 2) ∗ sum( [

125 (2 ∗ j 1 + 1) ∗
126 (2 ∗ j 2 + 1) ∗
127 (2 ∗ j 3 + 1) ∗
128 (2 ∗ j 4 + 1) ∗
129 (2 ∗ j 5 + 1) ∗
130 (C( ( j1 , j2 , j3 , j4 , j 5 ) , (0 , 0 , 0 , 0 , 0) ) ∗∗ 2)

131 for j 1 in range ( i + 1)

132 for j 2 in range ( i + 1)

133 for j 3 in range ( i + 1)

134 for j 4 in range ( i + 1)

135 for j 5 in range ( i + 1)

136 ] )

137

138

139 def s o l v e q5 ( i ) :

140 ”””

141 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

142 Parameters

143 ==========

144 i : i n t

145 amount o f members

146 Returns

147 =======

148 va lue s : f l o a t

149 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

150 ”””

151 return 1 / 60 − 1 / 256 ∗ sum( [

152 (2 ∗ j 1 + 1) ∗

270

2058



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

153 (2 ∗ j 2 + 1) ∗
154 (C( ( j1 , j 2 ) , (2 , 0) ) ∗∗ 2)

155 for j 1 in range ( i + 1)

156 for j 2 in range ( i + 1)

157 ] )

158

159

160 def s o l v e q6 ( i ) :

161 ”””

162 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

163 Parameters

164 ==========

165 i : i n t

166 amount o f members

167 Returns

168 =======

169 va lue s : f l o a t

170 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

171 ”””

172 return 1 / 18 − 1 / 256 ∗ sum( [

173 (2 ∗ j 1 + 1) ∗
174 (2 ∗ j 2 + 1) ∗
175 (C( ( j1 , j 2 ) , (1 , 1) ) ∗∗ 2)

176 for j 1 in range ( i + 1)

177 for j 2 in range ( i + 1)

178 ] )

179

180

181 def s o l v e q7 ( i ) :

182 ”””

183 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

184 Parameters

185 ==========

186 i : i n t

187 amount o f members

188 Returns

189 =======

190 va lue s : f l o a t

191 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

192 ”””

193 return 1 / 6 − 1 / 256 ∗ sum( [

194 (2 ∗ j 1 + 1) ∗
195 (2 ∗ j 2 + 1) ∗
196 (C( ( j1 , j 2 ) , (0 , 2) ) ∗∗ 2)

197 for j 1 in range ( i + 1)

198 for j 2 in range ( i + 1)

199 ] )

200

201

202 def s o l v e q8 ( i ) :

203 ”””

204 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

205 Parameters

206 ==========

207 i : i n t
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208 amount o f members

209 Returns

210 =======

211 va lue s : f l o a t

212 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

213 ”””

214 return 1 / 10 − 1 / 256 ∗ sum( [

215 (2 ∗ j 1 + 1) ∗
216 (2 ∗ j 2 + 1) ∗
217 (2 ∗ j 3 + 1) ∗
218 (C( ( j1 , j2 , j 3 ) , (0 , 0 , 1) ) ∗∗ 2)

219 for j 1 in range ( i + 1)

220 for j 2 in range ( i + 1)

221 for j 3 in range ( i + 1)

222 ] )

223

224

225 def s o l v e q9 ( i ) :

226 ”””

227 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

228 Parameters

229 ==========

230 i : i n t

231 amount o f members

232 Returns

233 =======

234 va lue s : f l o a t

235 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

236 ”””

237 return 1 / 20 − 1 / 256 ∗ sum( [

238 (2 ∗ j 1 + 1) ∗
239 (2 ∗ j 2 + 1) ∗
240 (2 ∗ j 3 + 1) ∗
241 (C( ( j1 , j2 , j 3 ) , (0 , 1 , 0) ) ∗∗ 2)

242 for j 1 in range ( i + 1)

243 for j 2 in range ( i + 1)

244 for j 3 in range ( i + 1)

245 ] )

246

247

248 def s o l v e q10 ( i ) :

249 ”””

250 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

251 Parameters

252 ==========

253 i : i n t

254 amount o f members

255 Returns

256 =======

257 va lue s : f l o a t

258 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

259 ”””

260 return 1 / 60 − 1 / 256 ∗ sum( [

261 (2 ∗ j 1 + 1) ∗
262 (2 ∗ j 2 + 1) ∗
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263 (2 ∗ j 3 + 1) ∗
264 (C( ( j1 , j2 , j 3 ) , (1 , 0 , 0) ) ∗∗ 2)

265 for j 1 in range ( i + 1)

266 for j 2 in range ( i + 1)

267 for j 3 in range ( i + 1)

268 ] )

269

270

271 def s o l v e q11 ( i ) :

272 ”””

273 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

274 Parameters

275 ==========

276 i : i n t

277 amount o f members

278 Returns

279 =======

280 va lue s : f l o a t

281 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

282 ”””

283 return 1 / 36 − 1 / (32 ∗∗ 2) ∗ sum( [

284 (2 ∗ j 1 + 1) ∗
285 (2 ∗ j 2 + 1) ∗
286 (2 ∗ j 3 + 1) ∗
287 (2 ∗ j 4 + 1) ∗
288 (C( ( j1 , j2 , j3 , j 4 ) , (0 , 0 , 0 , 1) ) ∗∗ 2)

289 for j 1 in range ( i + 1)

290 for j 2 in range ( i + 1)

291 for j 3 in range ( i + 1)

292 for j 4 in range ( i + 1)

293 ] )

294

295

296 def s o l v e q12 ( i ) :

297 ”””

298 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

299 Parameters

300 ==========

301 i : i n t

302 amount o f members

303 Returns

304 =======

305 va lue s : f l o a t

306 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

307 ”””

308 return 1 / 60 − 1 / (32 ∗∗ 2) ∗ sum( [

309 (2 ∗ j 1 + 1) ∗
310 (2 ∗ j 2 + 1) ∗
311 (2 ∗ j 3 + 1) ∗
312 (2 ∗ j 4 + 1) ∗
313 (C( ( j1 , j2 , j3 , j 4 ) , (0 , 0 , 1 , 0) ) ∗∗ 2)

314 for j 1 in range ( i + 1)

315 for j 2 in range ( i + 1)

316 for j 3 in range ( i + 1)

317 for j 4 in range ( i + 1)
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318 ] )

319

320

321 def s o l v e q13 ( i ) :

322 ”””

323 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

324 Parameters

325 ==========

326 i : i n t

327 amount o f members

328 Returns

329 =======

330 va lue s : f l o a t

331 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

332 ”””

333 return 1 / 120 − 1 / (32 ∗∗ 2) ∗ sum( [

334 (2 ∗ j 1 + 1) ∗
335 (2 ∗ j 2 + 1) ∗
336 (2 ∗ j 3 + 1) ∗
337 (2 ∗ j 4 + 1) ∗
338 (C( ( j1 , j2 , j3 , j 4 ) , (0 , 1 , 0 , 0) ) ∗∗ 2)

339 for j 1 in range ( i + 1)

340 for j 2 in range ( i + 1)

341 for j 3 in range ( i + 1)

342 for j 4 in range ( i + 1)

343 ] )

344

345

346 def s o l v e q14 ( i ) :

347 ”””

348 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

349 Parameters

350 ==========

351 i : i n t

352 amount o f members

353 Returns

354 =======

355 va lue s : f l o a t

356 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

357 ”””

358 return 1 / 360 − 1 / (32 ∗∗ 2) ∗ sum( [

359 (2 ∗ j 1 + 1) ∗
360 (2 ∗ j 2 + 1) ∗
361 (2 ∗ j 3 + 1) ∗
362 (2 ∗ j 4 + 1) ∗
363 (C( ( j1 , j2 , j3 , j 4 ) , (1 , 0 , 0 , 0) ) ∗∗ 2)

364 for j 1 in range ( i + 1)

365 for j 2 in range ( i + 1)

366 for j 3 in range ( i + 1)

367 for j 4 in range ( i + 1)

368 ] )

369

370

371 def s o l v e q15 ( i ) :

372 ”””

274

2062



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

373 Ca l cu l a t e s va lue f o r i t e r a t i o n o f loop

374 Parameters

375 ==========

376 i : i n t

377 amount o f members

378 Returns

379 =======

380 va lue s : f l o a t

381 va lue f o r i t e r a t i o n o f loop tha t c a l c u l a t e s amount o f q

382 ”””

383 return 1 / 720 − 1 / (64 ∗∗ 2) ∗ sum( [

384 (2 ∗ j 1 + 1) ∗
385 (2 ∗ j 2 + 1) ∗
386 (2 ∗ j 3 + 1) ∗
387 (2 ∗ j 4 + 1) ∗
388 (2 ∗ j 5 + 1) ∗
389 (2 ∗ j 6 + 1) ∗
390 (C( ( j1 , j2 , j3 , j4 , j5 , j 6 ) , (0 , 0 , 0 , 0 , 0 , 0) ) ∗∗ 2)

391 for j 1 in range ( i + 1)

392 for j 2 in range ( i + 1)

393 for j 3 in range ( i + 1)

394 for j 4 in range ( i + 1)

395 for j 5 in range ( i + 1)

396 for j 6 in range ( i + 1)

397 ] )

398

399

400 s o l v e r s = [

401 so lve q , so lve q1 , so lve q2 , so lve q3 , so lve q8 ,

402 so lve q9 , so lve q10 , so lve q4 , so lve q7 , so lve q6 ,

403 so lve q5 , so lve q11 , so lve q12 , so lve q13 ,

404 so lve q14 , so lve q15 ,

405 ]

406

407 d t deg r e e s = [

408 [ 1 ] ,

409 [ 2 , 1 ] ,

410 [ 3 , 2 , 1 , 1 ] ,

411 [ 4 , 3 , 2 , 2 , 1 , 1 , 1 , 1 ] ,

412 [ 5 , 4 , 3 , 3 , 2 , 2 , 2 , 2 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 ] ,

413 ]

414

415 q ranges = [

416 1 , 2 , 4 , 8 , 16

417 ]

418

419

420 def loop ( dt : f loat , k : f loat , degree : int , s o l v e r ) :

421 ”””

422 Loop tha t chooses amount o f q t ha t prov ides necessary accuracy

423 Parameters

424 ==========

425 dt : f l o a t

426 d e l t a time

427 k : f l o a t
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428 user chosen c o e f f i c i e n t o f accuracy

429 degree : i n t

430 degree o f dt depending on q

431 s o l v e r : func t i on

432 f unc t i on tha t

433 Returns

434 =======

435 i : i n t

436 amount o f q

437 ”””

438 i = 0

439 while True :

440 i f s o l v e r ( i ) <= k ∗ dt ∗∗ degree :

441 break

442 i += 1

443 return i

444

445

446 def ge t q ( dt : f loat , k : f loat , r : f loat ) :

447 ”””

448 I t e r a t e s s o l v e r s and ge t q va lue s necessary to

449 ach ieve g iven accuracy

450 Parameters

451 ==========

452 dt : f l o a t

453 i n t e g r a t i on s t ep

454 k : f l o a t

455 user chosen c o e f f i c i e n t o f accuracy

456 r : f l o a t

457 s t rong numerical scheme order

458 Returns

459 =======

460 q s r e s u l t : t u p l e

461 q va lue s

462 ”””

463 q s r e s u l t = [ ]

464

465 degree = int ( r ∗ 2)

466 range id = degree − 2

467

468 for q id in range ( q ranges [ r ange id ] ) :

469 q s r e s u l t . append ( loop ( dt , k , d t deg r e e s [ r ange id ] [ q id ] , s o l v e r s [ q id ] ) )

470

471 return tuple ( q s r e s u l t )

6.2.6 Source Codes for Strong Taylor–Itô Numerical Schemes with

Convergence Orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 for Itô SDEs

Listing 110: Euler scheme modeling subprogram

1 import l o gg ing
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2 from time import time

3

4 import numpy as np

5 from sympy import lambdify , Matrix , symbols , MatrixSymbol , Symbol

6

7 from mathematics . sde . non l in ea r . symbol ic . schemes . e u l e r import Euler

8

9

10 def eu l e r ( y0 : np . array , a : Matrix , b : Matrix , t imes : tuple ) :

11 ”””

12 Performs modeling o f Euler scheme

13 Parameters

14 ==========

15 y0 : numpy . ndarray

16 i n i t i a l cond i t i ons

17 a : numpy . ndarray

18 vec to r func t i on a

19 b : numpy . ndarray

20 matrix func t i on b

21 t imes : t u p l e

22 i n t e g r a t i on l im i t s and s t ep

23 Returns

24 =======

25 y : numpy . ndarray

26 vec to r o f s o l u t i on

27 t : l i s t

28 l i s t o f time moments

29 ”””

30 s t a r t t ime = time ( )

31

32 l ogg e r = logg ing . getLogger ( name )

33

34 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Euler s t a r t ” )

35

36 # Ranges

37 n = b . shape [ 0 ]

38 m = b . shape [ 1 ]

39 t1 = times [ 0 ]

40 dt = times [ 1 ]

41 t2 = times [ 2 ]

42

43 # Defining con tex t

44 args = symbols ( f ”x1 :{n + 1}” )
45 t i c k s = int ( ( t2 − t1 ) / dt )

46

47 # Symbols

48 sym i , sym t = Symbol ( ” i ” ) , Symbol ( ” t ” )

49 sym ksi = MatrixSymbol ( ” k s i ” , 1 , m)

50 sym y = Euler ( sym i , Matrix ( args ) , a , b , dt , sym ksi )

51

52 args extended = l i s t ( )

53 args extended . extend ( args )

54 args extended . extend ( [ sym t , sym ksi ] )

55

56 # Compilation o f formulas
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57 y compi led = l i s t ( )

58 for t r in range (n) :

59 y compi led . append ( lambdify ( args extended , sym y . subs ( sym i , t r ) , ”numpy” ) )

60

61 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Euler subs are f i n i s h e d ” )

62

63 # Sub s t i t u t i o n va lue s

64 t = [ t1 + i ∗ dt for i in range ( t i c k s ) ]

65 y = np . z e r o s ( ( n , t i c k s ) )

66 y [ : , 0 ] = y0 [ : , 0 ]

67

68 # Dynamic s u b s t i t u t i o n s with i n t e g r a t i on

69 for p in range ( t i c k s − 1) :

70 va lue s = [∗ y [ : , p ] , t [ p ] , np . random . randn (1 , m) ]

71 for t r in range (n) :

72 y [ tr , p + 1 ] = y compi led [ t r ] ( ∗ va lue s )

73

74 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Euler c a l c u l a t i o n s are f i n i s h e d ” )

75

76 return y , t

Listing 111: Euler scheme

1 from sympy import Function , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . i t o . i 0 import I0

4

5

6 class Euler ( Function ) :

7 ”””

8 Euler scheme

9 ”””

10 nargs = 6

11

12 def new ( c l s , ∗ args , ∗∗kwargs ) :

13 ”””

14 Creates new Euler o b j e c t wi th g iven args

15 Parameters

16 ==========

17 i : i n t

18 component o f s t o c h a s t i c process

19 yp : numpy . ndarray

20 i n i t i a l cond i t i ons

21 a : numpy . ndarray

22 a l g e b ra i c , g iven in the v a r i a b l e s x and t

23 b : numpy . ndarray

24 a l g e b ra i c , g iven in the v a r i a b l e s x and t

25 dt : f l o a t

26 i n t e g r a t i on s t ep

27 k s i : numpy . ndarray

28 matrix o f Gaussian random va r i a b l e s

29 Returns

30 =======
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31 sympy . Expr

32 formula to s imp l i f y and s u b s t i t u t e

33 ”””

34 i , yp , a , b , dt , k s i = sympify ( args )

35 n , m = b . shape [ 0 ] , b . shape [ 1 ]

36

37 return Add(

38

39 yp [ i , 0 ] , a [ i , 0 ] ∗ dt ,

40

41 ∗ [ b [ i , i 1 ] ∗ I0 ( i1 , dt , k s i )

42 for i 1 in range (m) ]

43

44 )

45

46 def do i t ( s e l f , ∗∗ h in t s ) :

47 ”””

48 Tries to expand or c a l c u l a t e func t i on

49 Returns

50 =======

51 sympy . Expr

52 ”””

53 return Euler (∗ s e l f . args , ∗∗ h in t s )

Listing 112: Milstein scheme modeling subprogram

1 import l o gg ing

2 from time import time

3

4 import numpy as np

5 from sympy import symbols , MatrixSymbol , Matrix , lambdify

6

7 from mathematics . sde . non l in ea r . q import ge t q

8 from mathematics . sde . non l in ea r . symbol ic . schemes . m i l s t e i n import Mi l s t e i n

9

10

11 def mi l s t e i n ( y0 : np . array , a : Matrix , b : Matrix , k : f loat , t imes : tuple ) :

12 ”””

13 Performs modeling o f Mi l s t e in scheme

14 Parameters

15 ==========

16 y0 : numpy . ndarray

17 i n i t i a l cond i t i ons

18 a : numpy . ndarray

19 vec to r func t i on a

20 b : numpy . ndarray

21 matrix func t i on b

22 q : t u p l e

23 amount o f independent random va r i a b l e s

24 t imes : t u p l e

25 i n t e g r a t i on l im i t s and s t ep

26 Returns

27 =======
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28 y : numpy . ndarray

29 vec to r o f s o l u t i on

30 t : l i s t

31 l i s t o f time moments

32 ”””

33 s t a r t t ime = time ( )

34

35 l ogg e r = logg ing . getLogger ( name )

36

37 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] M i l s t e i n s t a r t ” )

38

39 # Ranges

40 n = b . shape [ 0 ]

41 m = b . shape [ 1 ]

42 t1 = times [ 0 ]

43 dt = times [ 1 ]

44 t2 = times [ 2 ]

45

46 # Defining con tex t

47 args = symbols ( f ”x1 :{n + 1}” )
48 t i c k s = int ( ( t2 − t1 ) / dt )

49 q = get q ( dt , k , 1)

50 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using C = {k}” )
51 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using dt = {dt}” )
52 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using q = {q}” )
53

54 # Symbols

55 sym i , sym t = symbols ( ” i t ” )

56 sym ksi = MatrixSymbol ( ” k s i ” , q [ 0 ] + 2 , m)

57 sym y = Mi l s t e i n ( sym i , Matrix ( args ) , a , b , dt , sym ksi , args , q )

58

59 args extended = l i s t ( )

60 args extended . extend ( args )

61 args extended . extend ( [ sym t , sym ksi ] )

62

63 # Compilation o f formulas

64 y compi led = l i s t ( )

65 for t r in range (n) :

66 y compi led . append ( lambdify ( args extended , sym y . subs ( sym i , t r ) , ”numpy” ) )

67

68 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] M i l s t e i n subs are f i n i s h e d ” )

69

70 # Sub s t i t u t i o n va lue s

71 t = [ t1 + i ∗ dt for i in range ( t i c k s ) ]

72 y = np . z e r o s ( ( n , t i c k s ) )

73 y [ : , 0 ] = y0 [ : , 0 ]

74

75 # Dynamic s u b s t i t u t i o n s with i n t e g r a t i on

76 for p in range ( t i c k s − 1) :

77 va lue s = [∗ y [ : , p ] , t [ p ] , np . random . randn (q [ 0 ] + 2 , m) ]

78 for t r in range (n) :

79 y [ tr , p + 1 ] = y compi led [ t r ] ( ∗ va lue s )

80

81 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] M i l s t e i n c a l c u l a t i o n s are f i n i s h e d ”

)
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82

83 return y , t

Listing 113: Milstein scheme

1 from sympy import Function , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . g import G

4 from mathematics . sde . non l in ea r . symbol ic . i t o . i 0 import I0

5 from mathematics . sde . non l in ea r . symbol ic . i t o . i 00 import I00

6

7

8 class Mi l s t e i n ( Function ) :

9 ”””

10 Mi l s t e in scheme

11 ”””

12 nargs = 8

13

14 def new ( c l s , ∗ args , ∗∗kwargs ) :

15 ”””

16 Creates new Mi l s t e in o b j e c t wi th g iven args

17 Parameters

18 ==========

19 i : i n t

20 component o f s t o c h a s t i c process

21 yp : numpy . ndarray

22 i n i t i a l cond i t i ons

23 a : numpy . ndarray

24 a l g e b ra i c , g iven in the v a r i a b l e s x and t

25 b : numpy . ndarray

26 a l g e b ra i c , g iven in the v a r i a b l e s x and t

27 dt : f l o a t

28 i n t e g r a t i on s t ep

29 k s i : numpy . ndarray

30 matrix o f Gaussian random va r i a b l e s

31 q : t u p l e

32 amounts o f q f o r i n t e g r a l s approximations

33 Returns

34 =======

35 sympy . Expr

36 formula to s imp l i f y and s u b s t i t u t e

37 ”””

38 i , yp , a , b , dt , ks i , dxs , q = sympify ( args )

39 n , m = b . shape [ 0 ] , b . shape [ 1 ]

40

41 return Add(

42

43 yp [ i , 0 ] , a [ i , 0 ] ∗ dt ,

44

45 ∗ [ b [ i , i 1 ] ∗ I0 ( i1 , dt , k s i )

46 for i 1 in range (m) ] ,

47

48 ∗ [G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) ∗
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49 I00 ( i1 , i2 , q [ 0 ] , dt , k s i )

50 for i 2 in range (m)

51 for i 1 in range (m) ]

52

53 )

54

55 def do i t ( s e l f , ∗∗ h in t s ) :

56 ”””

57 Tries to expand or c a l c u l a t e func t i on

58 Returns

59 =======

60 sympy . Expr

61 ”””

62 return Mi l s t e i n (∗ s e l f . args , ∗∗ h in t s )

Listing 114: Strong Taylor–Itô scheme with convergence order 1.5 modeling subpro-

gram

1 import l o gg ing

2 from time import time

3

4 import numpy as np

5 from sympy import Matrix , symbols , MatrixSymbol , lambdify

6

7 from mathematics . sde . non l in ea r . q import ge t q

8 from mathematics . sde . non l in ea r . symbol ic . schemes . s t r o n g t a y l o r i t o 1 p 5 import

StrongTaylorIto1p5

9

10

11 def s t r o n g t a y l o r i t o 1 p 5 ( y0 : np . array , a : Matrix , b : Matrix , k : f loat , t imes : tuple ) :

12 ”””

13 Performs modeling o f Strong Taylor−I t o scheme with convergence order 1.5

14 Parameters

15 ==========

16 y0 : numpy . ndarray

17 i n i t i a l cond i t i ons

18 a : numpy . ndarray

19 vec to r func t i on a

20 b : numpy . ndarray

21 matrix func t i on b

22 k : f l o a t

23 pr e c i s i on constant

24 t imes : t u p l e

25 i n t e g r a t i on l im i t s and s t ep

26 Returns

27 =======

28 y : numpy . ndarray

29 vec to r o f s o l u t i on

30 t : l i s t

31 l i s t o f time moments

32 ”””

33 s t a r t t ime = time ( )

34

35 l ogg e r = logg ing . getLogger ( name )
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36

37 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−I t o 1 .5 s t a r t ” )

38

39 # Ranges

40 n = b . shape [ 0 ]

41 m = b . shape [ 1 ]

42 t1 = times [ 0 ]

43 dt = times [ 1 ]

44 t2 = times [ 2 ]

45

46 # Defining con tex t

47 args = symbols ( f ”x1 :{n + 1}” )
48 t i c k s = int ( ( t2 − t1 ) / dt )

49 q = get q ( dt , k , 1 . 5 )

50 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using C = {k}” )
51 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using dt = {dt}” )
52 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using q = {q}” )
53

54 # Symbols

55 sym i , sym t = symbols ( ” i t ” )

56 sym ksi = MatrixSymbol ( ” k s i ” , q [ 0 ] + 2 , m)

57 sym y = StrongTaylorIto1p5 ( sym i , Matrix ( args ) , a , b , dt , sym ksi , args , q )

58

59 args extended = l i s t ( )

60 args extended . extend ( args )

61 args extended . extend ( [ sym t , sym ksi ] )

62

63 # Compilation o f formulas

64 y compi led = l i s t ( )

65 for t r in range (n) :

66 y compi led . append ( lambdify ( args extended , sym y . subs ( sym i , t r ) , ”numpy” ) )

67

68 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−I t o 1 .5 subs are

f i n i s h e d ” )

69

70 # Sub s t i t u t i o n va lue s

71 t = [ t1 + i ∗ dt for i in range ( t i c k s ) ]

72 y = np . z e r o s ( ( n , t i c k s ) )

73 y [ : , 0 ] = y0 [ : , 0 ]

74

75 # Dynamic s u b s t i t u t i o n s with i n t e g r a t i on

76 for p in range ( t i c k s − 1) :

77 va lue s = [∗ y [ : , p ] , t [ p ] , np . random . randn (q [ 0 ] + 2 , m) ]

78 for t r in range (n) :

79 y [ tr , p + 1 ] = y compi led [ t r ] ( ∗ va lue s )

80

81 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−I t o 1 .5 c a l c u l a t i o n s

are f i n i s h e d ” )

82

83 return y , t

Listing 115: Strong Taylor–Itô scheme with convergence order 1.5

1 from sympy import Function , sympify , Add

283

2071



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

2

3 from mathematics . sde . non l in ea r . symbol ic . g import G

4 from mathematics . sde . non l in ea r . symbol ic . i t o . i 0 import I0

5 from mathematics . sde . non l in ea r . symbol ic . i t o . i 00 import I00

6 from mathematics . sde . non l in ea r . symbol ic . i t o . i 000 import I000

7 from mathematics . sde . non l in ea r . symbol ic . i t o . i 1 import I1

8 from mathematics . sde . non l in ea r . symbol ic . l import L

9

10

11 class StrongTaylorIto1p5 ( Function ) :

12 ”””

13 Strong Taylor−I t o scheme with convergence order 1.5

14 ”””

15 nargs = 8

16

17 def new ( c l s , ∗ args , ∗∗kwargs ) :

18 ”””

19 Creates new StrongTaylorI to1p5 o b j e c t with g iven args

20 Parameters

21 ==========

22 i : i n t

23 component o f s t o c h a s t i c process

24 yp : numpy . ndarray

25 i n i t i a l cond i t i ons

26 a : numpy . ndarray

27 a l g e b ra i c , g iven in the v a r i a b l e s x and t

28 b : numpy . ndarray

29 a l g e b ra i c , g iven in the v a r i a b l e s x and t

30 dt : f l o a t

31 i n t e g r a t i on s t ep

32 k s i : numpy . ndarray

33 matrix o f Gaussian random va r i a b l e s

34 q : t u p l e

35 amounts o f q f o r s t o c h a s t i c i n t e g r a l s approximations

36 Returns

37 =======

38 sympy . Expr

39 formula to s imp l i f y and s u b s t i t u t e

40 ”””

41 i , yp , a , b , dt , ks i , dxs , q = sympify ( args )

42 n , m = b . shape [ 0 ] , b . shape [ 1 ]

43

44 return Add(

45

46 yp [ i , 0 ] , a [ i , 0 ] ∗ dt ,

47

48 ∗ [ b [ i , i 1 ] ∗ I0 ( i1 , dt , k s i )

49 for i 1 in range (m) ] ,

50

51 ∗ [G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) ∗
52 I00 ( i1 , i2 , q [ 0 ] , dt , k s i )

53 for i 2 in range (m)

54 for i 1 in range (m) ] ,

55

56 ∗ [G(b [ : , i 1 ] , a [ i , 0 ] , dxs ) ∗
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57 ( dt ∗ I0 ( i1 , dt , k s i ) + I1 ( i1 , dt , k s i ) ) −
58 L(a , b , b [ i , i 1 ] , dxs ) ∗
59 I1 ( i1 , dt , k s i )

60 for i 1 in range (m) ] ,

61

62 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) ∗
63 I000 ( i1 , i2 , i3 , q [ 1 ] , dt , k s i )

64 for i 3 in range (m)

65 for i 2 in range (m)

66 for i 1 in range (m) ] ,

67

68 dt ∗∗ 2 / 2 ∗ L(a , b , a [ i , 0 ] , dxs )

69

70 )

71

72 def do i t ( s e l f , ∗∗ h in t s ) :

73 ”””

74 Tries to expand or c a l c u l a t e func t i on

75 Returns

76 =======

77 sympy . Expr

78 ”””

79 return StrongTaylorIto1p5 (∗ s e l f . args , ∗∗ h in t s )

Listing 116: Strong Taylor–Itô scheme with convergence order 2.0 modeling subpro-

gram

1 import l o gg ing

2 from time import time

3

4 import numpy as np

5 from sympy import symbols , Matrix , MatrixSymbol , lambdify

6

7 from mathematics . sde . non l in ea r . q import ge t q

8 from mathematics . sde . non l in ea r . symbol ic . schemes . s t r o n g t a y l o r i t o 2 p 0 import

StrongTaylorIto2p0

9

10

11 def s t r o n g t a y l o r i t o 2 p 0 ( y0 : np . array , a : Matrix , b : Matrix , k : f loat , t imes : tuple ) :

12 ”””

13 Performs modeling o f Strong Taylor−I t o scheme with convergence order 2.0

14 Parameters

15 ==========

16 y0 : numpy . ndarray

17 i n i t i a l cond i t i ons

18 a : numpy . ndarray

19 vec to r func t i on a

20 b : numpy . ndarray

21 matrix func t i on b

22 k : f l o a t

23 pr e c i s i on constant

24 t imes : t u p l e

25 i n t e g r a t i on l im i t s and s t ep
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26 Returns

27 =======

28 y : numpy . ndarray

29 vec to r o f s o l u t i on

30 t : l i s t

31 l i s t o f time moments

32 ”””

33 s t a r t t ime = time ( )

34

35 l ogg e r = logg ing . getLogger ( name )

36

37 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−I t o 2 .0 s t a r t ” )

38

39 # Ranges

40 n = b . shape [ 0 ]

41 m = b . shape [ 1 ]

42 t1 = times [ 0 ]

43 dt = times [ 1 ]

44 t2 = times [ 2 ]

45

46 # Defining con tex t

47 args = symbols ( f ”x1 :{n + 1}” )
48 t i c k s = int ( ( t2 − t1 ) / dt )

49 q = get q ( dt , k , 2)

50 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using C = {k}” )
51 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using dt = {dt}” )
52 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using q = {q}” )
53

54 # Symbols

55 sym i , sym t = symbols ( ” i t ” )

56 sym ksi = MatrixSymbol ( ” k s i ” , q [ 0 ] + 2 , m)

57 sym y = StrongTaylorIto2p0 ( sym i , Matrix ( args ) , a , b , dt , sym ksi , args , q )

58

59 args extended = l i s t ( )

60 args extended . extend ( args )

61 args extended . extend ( [ sym t , sym ksi ] )

62

63 # Compilation o f formulas

64 y compi led = l i s t ( )

65 for t r in range (n) :

66 y compi led . append ( lambdify ( args extended , sym y . subs ( sym i , t r ) , ”numpy” ) )

67

68 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−I t o 2 .0 subs are

f i n i s h e d ” )

69

70 # Sub s t i t u t i o n va lue s

71 t = [ t1 + i ∗ dt for i in range ( t i c k s ) ]

72 y = np . z e r o s ( ( n , t i c k s ) )

73 y [ : , 0 ] = y0 [ : , 0 ]

74

75 # Dynamic s u b s t i t u t i o n s with i n t e g r a t i on

76 for p in range ( t i c k s − 1) :

77 va lue s = [∗ y [ : , p ] , t [ p ] , np . random . randn (q [ 0 ] + 2 , m) ]

78 for t r in range (n) :

79 y [ tr , p + 1 ] = y compi led [ t r ] ( ∗ va lue s )
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80

81 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−I t o 2 .0 c a l c u l a t i o n s

are f i n i s h e d ” )

82

83 return y , t

Listing 117: Strong Taylor–Itô scheme with convergence order 2.0

1 from sympy import Function , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . g import G

4 from mathematics . sde . non l in ea r . symbol ic . i t o . i 0 import I0

5 from mathematics . sde . non l in ea r . symbol ic . i t o . i 00 import I00

6 from mathematics . sde . non l in ea r . symbol ic . i t o . i 000 import I000

7 from mathematics . sde . non l in ea r . symbol ic . i t o . i0000 import I0000

8 from mathematics . sde . non l in ea r . symbol ic . i t o . i 01 import I01

9 from mathematics . sde . non l in ea r . symbol ic . i t o . i 1 import I1

10 from mathematics . sde . non l in ea r . symbol ic . i t o . i 10 import I10

11 from mathematics . sde . non l in ea r . symbol ic . l import L

12

13

14 class StrongTaylorIto2p0 ( Function ) :

15 ”””

16 Strong Taylor−I t o scheme with convergence order 2.0

17 ”””

18 nargs = 8

19

20 def new ( c l s , ∗ args , ∗∗kwargs ) :

21 ”””

22 Creates new StrongTaylorI to2p0 o b j e c t with g iven args

23 Parameters

24 ==========

25 i : i n t

26 component o f s t o c h a s t i c process

27 yp : numpy . ndarray

28 i n i t i a l cond i t i ons

29 a : numpy . ndarray

30 a l g e b ra i c , g iven in the v a r i a b l e s x and t

31 b : numpy . ndarray

32 a l g e b ra i c , g iven in the v a r i a b l e s x and t

33 dt : f l o a t

34 i n t e g r a t i on s t ep

35 k s i : numpy . ndarray

36 matrix o f Gaussian random va r i a b l e s

37 q : t u p l e

38 amounts o f q f o r s t o c h a s t i c i n t e g r a l s approximations

39 Returns

40 =======

41 sympy . Expr

42 formula to s imp l i f y and s u b s t i t u t e

43 ”””

44 i , yp , a , b , dt , ks i , dxs , q = sympify ( args )

45 n , m = b . shape [ 0 ] , b . shape [ 1 ]
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46

47 return Add(

48

49 yp [ i , 0 ] , a [ i , 0 ] ∗ dt ,

50

51 ∗ [ b [ i , i 1 ] ∗ I0 ( i1 , dt , k s i )

52 for i 1 in range (m) ] ,

53

54 ∗ [G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) ∗
55 I00 ( i1 , i2 , q [ 0 ] , dt , k s i )

56 for i 2 in range (m)

57 for i 1 in range (m) ] ,

58

59 ∗ [G(b [ : , i 1 ] , a [ i , 0 ] , dxs ) ∗
60 ( dt ∗ I0 ( i1 , dt , k s i ) + I1 ( i1 , dt , k s i ) ) −
61 L(a , b , b [ i , i 1 ] , dxs ) ∗
62 I1 ( i1 , dt , k s i )

63 for i 1 in range (m) ] ,

64

65 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) ∗
66 I000 ( i1 , i2 , i3 , q [ 1 ] , dt , k s i )

67 for i 3 in range (m)

68 for i 2 in range (m)

69 for i 1 in range (m) ] ,

70

71 dt ∗∗ 2 / 2 ∗ L(a , b , a [ i , 0 ] , dxs ) ,

72

73 ∗ [G(b [ : , i 1 ] , L(a , b , b [ i , i 2 ] , dxs ) , dxs ) ∗
74 ( I10 ( i1 , i2 , q [ 2 ] , dt , k s i ) − I01 ( i1 , i2 , q [ 2 ] , dt , k s i ) ) −
75 L(a , b , G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) , dxs ) ∗ I10 ( i1 , i2 , q [ 2 ] , dt , k s i ) +

76 G(b [ : , i 1 ] , G(b [ : , i 2 ] , a [ i , 0 ] , dxs ) , dxs ) ∗
77 ( I01 ( i1 , i2 , q [ 2 ] , dt , k s i ) + dt ∗ I00 ( i1 , i2 , q [ 0 ] , dt , k s i ) )

78 for i 2 in range (m)

79 for i 1 in range (m) ] ,

80

81 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) ∗
82 I0000 ( i1 , i2 , i3 , i4 , q [ 3 ] , dt , k s i )

83 for i 4 in range (m)

84 for i 3 in range (m)

85 for i 2 in range (m)

86 for i 1 in range (m) ]

87

88 )

89

90 def do i t ( s e l f , ∗∗ h in t s ) :

91 ”””

92 Tries to expand or c a l c u l a t e func t i on

93 Returns

94 =======

95 sympy . Expr

96 ”””

97 return StrongTaylorIto2p0 (∗ s e l f . args , ∗∗ h in t s )
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Listing 118: Strong Taylor–Itô scheme with convergence order 2.5 modeling subpro-

gram

1 import l o gg ing

2 from time import time

3

4 import numpy as np

5 from sympy import symbols , Matrix , MatrixSymbol , lambdify

6

7 from mathematics . sde . non l in ea r . q import ge t q

8 from mathematics . sde . non l in ea r . symbol ic . schemes . s t r o n g t a y l o r i t o 2 p 5 import

StrongTaylorIto2p5

9

10

11 def s t r o n g t a y l o r i t o 2 p 5 ( y0 : np . array , a : Matrix , b : Matrix , k : f loat , t imes : tuple ) :

12 ”””

13 Performs modeling o f Strong Taylor−I t o scheme with convergence order 2.5

14 Parameters

15 ==========

16 y0 : numpy . ndarray

17 i n i t i a l cond i t i ons

18 a : numpy . ndarray

19 vec to r func t i on a

20 b : numpy . ndarray

21 matrix func t i on b

22 k : f l o a t

23 pr e c i s i on constant

24 t imes : t u p l e

25 i n t e g r a t i on l im i t s and s t ep

26 Returns

27 =======

28 y : numpy . ndarray

29 vec to r o f s o l u t i on

30 t : l i s t

31 l i s t o f time moments

32 ”””

33 s t a r t t ime = time ( )

34

35 l ogg e r = logg ing . getLogger ( name )

36

37 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−I t o 2 .5 s t a r t ” )

38

39 # Ranges

40 n = b . shape [ 0 ]

41 m = b . shape [ 1 ]

42 t1 = times [ 0 ]

43 dt = times [ 1 ]

44 t2 = times [ 2 ]

45

46 # Defining con tex t

47 args = symbols ( f ”x1 :{n + 1}” )
48 t i c k s = int ( ( t2 − t1 ) / dt )

49 q = get q ( dt , k , 2 . 5 )

50 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using C = {k}” )
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51 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using dt = {dt}” )
52 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using q = {q}” )
53

54 # Symbols

55 sym i , sym t = symbols ( ” i t ” )

56 sym ksi = MatrixSymbol ( ” k s i ” , q [ 0 ] + 3 , m)

57 sym y = StrongTaylorIto2p5 ( sym i , Matrix ( args ) , a , b , dt , sym ksi , args , q )

58

59 args extended = l i s t ( )

60 args extended . extend ( args )

61 args extended . extend ( [ sym t , sym ksi ] )

62

63 # Compilation o f formulas

64 y compi led = l i s t ( )

65 for t r in range (n) :

66 y compi led . append ( lambdify ( args extended , sym y . subs ( sym i , t r ) , ”numpy” ) )

67

68 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−I t o 2 .5 subs are

f i n i s h e d ” )

69

70 # Sub s t i t u t i o n va lue s

71 t = [ t1 + i ∗ dt for i in range ( t i c k s ) ]

72 y = np . z e r o s ( ( n , t i c k s ) )

73 y [ : , 0 ] = y0 [ : , 0 ]

74

75 # Dynamic s u b s t i t u t i o n s with i n t e g r a t i on

76 for p in range ( t i c k s − 1) :

77 va lue s = [∗ y [ : , p ] , t [ p ] , np . random . randn (q [ 0 ] + 3 , m) ]

78 for t r in range (n) :

79 y [ tr , p + 1 ] = y compi led [ t r ] ( ∗ va lue s )

80

81 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−I t o 2 .5 c a l c u l a t i o n s

are f i n i s h e d ” )

82

83 return y , t

Listing 119: Strong Taylor–Itô scheme with convergence order 2.5

1 from sympy import Function , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . g import G

4 from mathematics . sde . non l in ea r . symbol ic . i t o . i 0 import I0

5 from mathematics . sde . non l in ea r . symbol ic . i t o . i 00 import I00

6 from mathematics . sde . non l in ea r . symbol ic . i t o . i 000 import I000

7 from mathematics . sde . non l in ea r . symbol ic . i t o . i0000 import I0000

8 from mathematics . sde . non l in ea r . symbol ic . i t o . i00000 import I00000

9 from mathematics . sde . non l in ea r . symbol ic . i t o . i 001 import I001

10 from mathematics . sde . non l in ea r . symbol ic . i t o . i 01 import I01

11 from mathematics . sde . non l in ea r . symbol ic . i t o . i 010 import I010

12 from mathematics . sde . non l in ea r . symbol ic . i t o . i 1 import I1

13 from mathematics . sde . non l in ea r . symbol ic . i t o . i 10 import I10

14 from mathematics . sde . non l in ea r . symbol ic . i t o . i 100 import I100

15 from mathematics . sde . non l in ea r . symbol ic . i t o . i 2 import I2
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16 from mathematics . sde . non l in ea r . symbol ic . l import L

17

18

19 class StrongTaylorIto2p5 ( Function ) :

20 ”””

21 Strong Taylor−I t o scheme with convergence order 2.5

22 ”””

23 nargs = 8

24

25 def new ( c l s , ∗ args , ∗∗kwargs ) :

26 ”””

27 Creates new StrongTaylorI to2p5 o b j e c t with g iven args

28 Parameters

29 ==========

30 i : i n t

31 component o f s t o c h a s t i c process

32 yp : numpy . ndarray

33 i n i t i a l cond i t i ons

34 a : numpy . ndarray

35 a l g e b ra i c , g iven in the v a r i a b l e s x and t

36 b : numpy . ndarray

37 a l g e b ra i c , g iven in the v a r i a b l e s x and t

38 dt : f l o a t

39 i n t e g r a t i on s t ep

40 k s i : numpy . ndarray

41 matrix o f Gaussian random va r i a b l e s

42 q : t u p l e

43 amounts o f q f o r s t o c h a s t i c i n t e g r a l s approximations

44 Returns

45 =======

46 sympy . Expr

47 formula to s imp l i f y and s u b s t i t u t e

48 ”””

49 i , yp , a , b , dt , ks i , dxs , q = sympify ( args )

50 n , m = b . shape [ 0 ] , b . shape [ 1 ]

51

52 return Add(

53

54 yp [ i , 0 ] , a [ i , 0 ] ∗ dt ,

55

56 ∗ [ b [ i , i 1 ] ∗ I0 ( i1 , dt , k s i )

57 for i 1 in range (m) ] ,

58

59 ∗ [G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) ∗
60 I00 ( i1 , i2 , q [ 0 ] , dt , k s i )

61 for i 2 in range (m)

62 for i 1 in range (m) ] ,

63

64 ∗ [G(b [ : , i 1 ] , a [ i , 0 ] , dxs ) ∗
65 ( dt ∗ I0 ( i1 , dt , k s i ) + I1 ( i1 , dt , k s i ) ) −
66 L(a , b , b [ i , i 1 ] , dxs ) ∗
67 I1 ( i1 , dt , k s i )

68 for i 1 in range (m) ] ,

69

70 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) ∗
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71 I000 ( i1 , i2 , i3 , q [ 1 ] , dt , k s i )

72 for i 3 in range (m)

73 for i 2 in range (m)

74 for i 1 in range (m) ] ,

75

76 dt ∗∗ 2 / 2 ∗ L(a , b , a [ i , 0 ] , dxs ) ,

77 ∗ [G(b [ : , i 1 ] , L(a , b , b [ i , i 2 ] , dxs ) , dxs ) ∗
78 ( I10 ( i1 , i2 , q [ 2 ] , dt , k s i ) − I01 ( i1 , i2 , q [ 2 ] , dt , k s i ) ) −
79 L(a , b , G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) , dxs ) ∗ I10 ( i1 , i2 , q [ 2 ] , dt , k s i ) +

80 G(b [ : , i 1 ] , G(b [ : , i 2 ] , a [ i , 0 ] , dxs ) , dxs ) ∗
81 ( I01 ( i1 , i2 , q [ 2 ] , dt , k s i ) + dt ∗ I00 ( i1 , i2 , q [ 0 ] , dt , k s i ) )

82 for i 2 in range (m)

83 for i 1 in range (m) ] ,

84

85 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) ∗
86 I0000 ( i1 , i2 , i3 , i4 , q [ 3 ] , dt , k s i )

87 for i 4 in range (m)

88 for i 3 in range (m)

89 for i 2 in range (m)

90 for i 1 in range (m) ] ,

91

92 ∗ [G(b [ : , i 1 ] , L(a , b , a [ i , 0 ] , dxs ) , dxs ) ∗
93 ( I2 ( i1 , dt , k s i ) / 2 + dt ∗ I1 ( i1 , dt , k s i ) + dt ∗∗ 2 / 2 ∗ I0 ( i1 , dt , k s i ) ) +

94 L(a , b , L(a , b , b [ i , i 1 ] , dxs ) , dxs ) ∗ I2 ( i1 , dt , k s i ) / 2 −
95 L(a , b , G(b [ : , i 1 ] , a [ i , 0 ] , dxs ) , dxs ) ∗ ( I2 ( i1 , dt , k s i ) + dt ∗ I1 ( i1 , dt , k s i ) )

96 for i 1 in range (m) ] ,

97

98 ∗ [G(b [ : , i 1 ] , L(a , b , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) , dxs ) ∗
99 ( I100 ( i1 , i2 , i3 , q [ 6 ] , dt , k s i ) − I010 ( i1 , i2 , i3 , q [ 5 ] , dt , k s i ) ) +

100 G(b [ : , i 1 ] , G(b [ : , i 2 ] , L( a , b , b [ i , i 3 ] , dxs ) , dxs ) , dxs ) ∗
101 ( I010 ( i1 , i2 , i3 , q [ 5 ] , dt , k s i ) − I001 ( i1 , i2 , i3 , q [ 4 ] , dt , k s i ) ) +

102 G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , a [ i , 0 ] , dxs ) , dxs ) , dxs ) ∗
103 ( dt ∗ I000 ( i1 , i2 , i3 , q [ 1 ] , dt , k s i ) + I001 ( i1 , i2 , i3 , q [ 4 ] , dt , k s i ) ) −
104 L(a , b , G(b [ : , i 1 ] , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) , dxs ) ∗
105 I100 ( i1 , i2 , i3 , q [ 6 ] , dt , k s i )

106 for i 3 in range (m)

107 for i 2 in range (m)

108 for i 1 in range (m) ] ,

109

110 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , G(

111 b [ : , i 4 ] , b [ i , i 5 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
112 I00000 ( i1 , i2 , i3 , i4 , i5 , q [ 7 ] , dt , k s i )

113 for i 5 in range (m)

114 for i 4 in range (m)

115 for i 3 in range (m)

116 for i 2 in range (m)

117 for i 1 in range (m) ] ,

118

119 dt ∗∗ 3 / 6 ∗ L(a , b , L(a , b , a [ i , 0 ] , dxs ) , dxs )

120

121 )

122

123 def do i t ( s e l f , ∗∗ h in t s ) :

124 ”””

125 Tries to expand or c a l c u l a t e func t i on
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126 Returns

127 =======

128 sympy . Expr

129 ”””

130 return StrongTaylorIto2p5 (∗ s e l f . args , ∗∗ h in t s )

Listing 120: Strong Taylor–Itô scheme with convergence order 3.0 modeling subpro-

gram

1 import l o gg ing

2 from time import time

3

4 import numpy as np

5 from sympy import Matrix , symbols , MatrixSymbol , lambdify

6

7 from mathematics . sde . non l in ea r . q import ge t q

8 from mathematics . sde . non l in ea r . symbol ic . schemes . s t r o n g t a y l o r i t o 3 p 0 import

StrongTaylorIto3p0

9

10

11 def s t r o n g t a y l o r i t o 3 p 0 ( y0 : np . array , a : Matrix , b : Matrix , k : f loat , t imes : tuple ) :

12 ”””

13 Performs modeling o f Strong Taylor−I t o scheme with convergence order 3.0

14 Parameters

15 ==========

16 y0 : numpy . ndarray

17 i n i t i a l cond i t i ons

18 a : numpy . ndarray

19 vec to r func t i on a

20 b : numpy . ndarray

21 matrix func t i on b

22 k : f l o a t

23 pr e c i s i on constant

24 t imes : t u p l e

25 i n t e g r a t i on l im i t s and s t ep

26 Returns

27 =======

28 y : numpy . ndarray

29 vec to r o f s o l u t i on

30 t : l i s t

31 l i s t o f time moments

32 ”””

33 s t a r t t ime = time ( )

34

35 l ogg e r = logg ing . getLogger ( name )

36

37 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−I t o 3 .0 s t a r t ” )

38

39 # Ranges

40 n = b . shape [ 0 ]

41 m = b . shape [ 1 ]

42 t1 = times [ 0 ]

43 dt = times [ 1 ]
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44 t2 = times [ 2 ]

45

46 # Defining con tex t

47 args = symbols ( f ”x1 :{n + 1}” )
48 t i c k s = int ( ( t2 − t1 ) / dt )

49 q = get q ( dt , k , 3)

50 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using C = {k}” )
51 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using dt = {dt}” )
52 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using q = {q}” )
53

54 # Symbols

55 sym i , sym t = symbols ( ” i t ” )

56 sym ksi = MatrixSymbol ( ” k s i ” , q [ 0 ] + 3 , m)

57 sym y = StrongTaylorIto3p0 ( sym i , Matrix ( args ) , a , b , dt , sym ksi , args , q )

58

59 args extended = l i s t ( )

60 args extended . extend ( args )

61 args extended . extend ( [ sym t , sym ksi ] )

62

63 # Compilation o f formulas

64 y compi led = l i s t ( )

65 for t r in range (n) :

66 y compi led . append ( lambdify ( args extended , sym y . subs ( sym i , t r ) , ”numpy” ) )

67

68 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−I t o 3 .0 subs are

f i n i s h e d ” )

69

70 # Sub s t i t u t i o n va lue s

71 t = [ t1 + i ∗ dt for i in range ( t i c k s ) ]

72 y = np . z e r o s ( ( n , t i c k s ) )

73 y [ : , 0 ] = y0 [ : , 0 ]

74

75 # Dynamic s u b s t i t u t i o n s with i n t e g r a t i on

76 for p in range ( t i c k s − 1) :

77 va lue s = [∗ y [ : , p ] , t [ p ] , np . random . randn (q [ 0 ] + 3 , m) ]

78 for t r in range (n) :

79 y [ tr , p + 1 ] = y compi led [ t r ] ( ∗ va lue s )

80

81 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−I t o 3 .0 c a l c u l a t i o n s

are f i n i s h e d ” )

82

83 return y , t

Listing 121: Strong Taylor–Itô scheme with convergence order 3.0

1 from sympy import Function , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . g import G

4 from mathematics . sde . non l in ea r . symbol ic . i t o . i 0 import I0

5 from mathematics . sde . non l in ea r . symbol ic . i t o . i 00 import I00

6 from mathematics . sde . non l in ea r . symbol ic . i t o . i 000 import I000

7 from mathematics . sde . non l in ea r . symbol ic . i t o . i0000 import I0000

8 from mathematics . sde . non l in ea r . symbol ic . i t o . i00000 import I00000
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9 from mathematics . sde . non l in ea r . symbol ic . i t o . i000000 import I000000

10 from mathematics . sde . non l in ea r . symbol ic . i t o . i0001 import I0001

11 from mathematics . sde . non l in ea r . symbol ic . i t o . i 001 import I001

12 from mathematics . sde . non l in ea r . symbol ic . i t o . i0010 import I0010

13 from mathematics . sde . non l in ea r . symbol ic . i t o . i 01 import I01

14 from mathematics . sde . non l in ea r . symbol ic . i t o . i 010 import I010

15 from mathematics . sde . non l in ea r . symbol ic . i t o . i0100 import I0100

16 from mathematics . sde . non l in ea r . symbol ic . i t o . i 02 import I02

17 from mathematics . sde . non l in ea r . symbol ic . i t o . i 1 import I1

18 from mathematics . sde . non l in ea r . symbol ic . i t o . i 10 import I10

19 from mathematics . sde . non l in ea r . symbol ic . i t o . i 100 import I100

20 from mathematics . sde . non l in ea r . symbol ic . i t o . i1000 import I1000

21 from mathematics . sde . non l in ea r . symbol ic . i t o . i 11 import I11

22 from mathematics . sde . non l in ea r . symbol ic . i t o . i 2 import I2

23 from mathematics . sde . non l in ea r . symbol ic . i t o . i 20 import I20

24 from mathematics . sde . non l in ea r . symbol ic . l import L

25

26

27 class StrongTaylorIto3p0 ( Function ) :

28 ”””

29 Strong Taylor−I t o scheme with convergence order 3.0

30 ”””

31 nargs = 8

32

33 def new ( c l s , ∗ args , ∗∗kwargs ) :

34 ”””

35 Creates new StrongTaylorI to3p0 o b j e c t with g iven args

36 Parameters

37 ==========

38 i : i n t

39 component o f s t o c h a s t i c process

40 yp : numpy . ndarray

41 i n i t i a l cond i t i ons

42 a : numpy . ndarray

43 a l g e b ra i c , g iven in the v a r i a b l e s x and t

44 b : numpy . ndarray

45 a l g e b ra i c , g iven in the v a r i a b l e s x and t

46 dt : f l o a t

47 i n t e g r a t i on s t ep

48 k s i : numpy . ndarray

49 matrix o f Gaussian random va r i a b l e s

50 q : t u p l e

51 amounts o f q f o r s t o c h a s t i c i n t e g r a l s approximations

52 Returns

53 =======

54 sympy . Expr

55 formula to s imp l i f y and s u b s t i t u t e

56 ”””

57 i , yp , a , b , dt , ks i , dxs , q = sympify ( args )

58 n , m = b . shape [ 0 ] , b . shape [ 1 ]

59

60 return Add(

61

62 yp [ i , 0 ] , a [ i , 0 ] ∗ dt ,

63
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64 ∗ [ b [ i , i 1 ] ∗ I0 ( i1 , dt , k s i )

65 for i 1 in range (m) ] ,

66

67 ∗ [G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) ∗
68 I00 ( i1 , i2 , q [ 0 ] , dt , k s i )

69 for i 2 in range (m)

70 for i 1 in range (m) ] ,

71

72 ∗ [G(b [ : , i 1 ] , a [ i , 0 ] , dxs ) ∗
73 ( dt ∗ I0 ( i1 , dt , k s i ) + I1 ( i1 , dt , k s i ) ) −
74 L(a , b , b [ i , i 1 ] , dxs ) ∗
75 I1 ( i1 , dt , k s i )

76 for i 1 in range (m) ] ,

77

78 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) ∗
79 I000 ( i1 , i2 , i3 , q [ 1 ] , dt , k s i )

80 for i 3 in range (m)

81 for i 2 in range (m)

82 for i 1 in range (m) ] ,

83

84 dt ∗∗ 2 / 2 ∗ L(a , b , a [ i , 0 ] , dxs ) ,

85

86 ∗ [G(b [ : , i 1 ] , L(a , b , b [ i , i 2 ] , dxs ) , dxs ) ∗
87 ( I10 ( i1 , i2 , q [ 2 ] , dt , k s i ) − I01 ( i1 , i2 , q [ 2 ] , dt , k s i ) ) −
88 L(a , b , G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) , dxs ) ∗ I10 ( i1 , i2 , q [ 2 ] , dt , k s i ) +

89 G(b [ : , i 1 ] , G(b [ : , i 2 ] , a [ i , 0 ] , dxs ) , dxs ) ∗
90 ( I01 ( i1 , i2 , q [ 2 ] , dt , k s i ) + dt ∗ I00 ( i1 , i2 , q [ 0 ] , dt , k s i ) )

91 for i 2 in range (m)

92 for i 1 in range (m) ] ,

93

94 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) ∗
95 I0000 ( i1 , i2 , i3 , i4 , q [ 3 ] , dt , k s i )

96 for i 4 in range (m)

97 for i 3 in range (m)

98 for i 2 in range (m)

99 for i 1 in range (m) ] ,

100

101 ∗ [G(b [ : , i 1 ] , L(a , b , a [ i , 0 ] , dxs ) , dxs ) ∗
102 ( I2 ( i1 , dt , k s i ) / 2 + dt ∗ I1 ( i1 , dt , k s i ) + dt ∗∗ 2 / 2 ∗ I0 ( i1 , dt , k s i ) ) +

103 L(a , b , L(a , b , b [ i , i 1 ] , dxs ) , dxs ) ∗ I2 ( i1 , dt , k s i ) / 2 −
104 L(a , b , G(b [ : , i 1 ] , a [ i , 0 ] , dxs ) , dxs ) ∗ ( I2 ( i1 , dt , k s i ) + dt ∗ I1 ( i1 , dt , k s i ) )

105 for i 1 in range (m) ] ,

106

107 ∗ [G(b [ : , i 1 ] , L(a , b , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) , dxs ) ∗
108 ( I100 ( i1 , i2 , i3 , q [ 6 ] , dt , k s i ) − I010 ( i1 , i2 , i3 , q [ 5 ] , dt , k s i ) ) +

109 G(b [ : , i 1 ] , G(b [ : , i 2 ] , L( a , b , b [ i , i 3 ] , dxs ) , dxs ) , dxs ) ∗
110 ( I010 ( i1 , i2 , i3 , q [ 5 ] , dt , k s i ) − I001 ( i1 , i2 , i3 , q [ 4 ] , dt , k s i ) ) +

111 G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , a [ i , 0 ] , dxs ) , dxs ) , dxs ) ∗
112 ( dt ∗ I000 ( i1 , i2 , i3 , q [ 1 ] , dt , k s i ) + I001 ( i1 , i2 , i3 , q [ 4 ] , dt , k s i ) ) −
113 L(a , b , G(b [ : , i 1 ] , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) , dxs ) ∗
114 I100 ( i1 , i2 , i3 , q [ 6 ] , dt , k s i )

115 for i 3 in range (m)

116 for i 2 in range (m)

117 for i 1 in range (m) ] ,

118
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119 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , G(

120 b [ : , i 4 ] , b [ i , i 5 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
121 I00000 ( i1 , i2 , i3 , i4 , i5 , q [ 7 ] , dt , k s i )

122 for i 5 in range (m)

123 for i 4 in range (m)

124 for i 3 in range (m)

125 for i 2 in range (m)

126 for i 1 in range (m) ] ,

127

128 dt ∗∗ 3 / 6 ∗ L(a , b , L(a , b , a [ i , 0 ] , dxs ) , dxs ) ,

129

130 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , L( a , b , a [ i , 0 ] , dxs ) , dxs ) , dxs ) ∗
131 ( I02 ( i1 , i2 , q [ 6 ] , dt , k s i ) / 2 + dt ∗ I01 ( i1 , i2 , q [ 2 ] , dt , k s i ) +

132 dt ∗∗ 2 / 2 ∗ I00 ( i1 , i2 , q [ 2 ] , dt , k s i ) ) +

133 L(a , b , L(a , b , G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) , dxs ) , dxs ) / 2 ∗
134 I20 ( i1 , i2 , q [ 1 0 ] , dt , k s i ) +

135 G(b [ : , i 1 ] , L(a , b , G(b [ : , i 2 ] , a [ i , 0 ] , dxs ) , dxs ) , dxs ) ∗
136 ( I11 ( i1 , i2 , q [ 9 ] , dt , k s i ) − I02 ( i1 , i2 , q [ 8 ] , dt , k s i ) +

137 dt ∗ ( I10 ( i1 , i2 , q [ 2 ] , dt , k s i ) − I01 ( i1 , i2 , q [ 2 ] , dt , k s i ) ) ) +

138 L(a , b , G(b [ : , i 1 ] , L( a , b , b [ i , i 2 ] , dxs ) , dxs ) , dxs ) ∗
139 ( I11 ( i1 , i2 , q [ 9 ] , dt , k s i ) − I20 ( i1 , i2 , q [ 1 0 ] , dt , k s i ) ) +

140 G(b [ : , i 1 ] , L(a , b , L(a , b , b [ i , i 2 ] , dxs ) , dxs ) , dxs ) ∗
141 ( I02 ( i1 , i2 , q [ 8 ] , dt , k s i ) / 2 + I20 ( i1 , i2 , q [ 1 0 ] , dt , k s i ) / 2 −
142 I11 ( i1 , i2 , q [ 9 ] , dt , k s i ) ) −
143 L(a , b , G(b [ : , i 1 ] , G(b [ : , i 2 ] , a [ i , 0 ] , dxs ) , dxs ) , dxs ) ∗
144 ( dt ∗ I10 ( i1 , i2 , q [ 2 ] , dt , k s i ) + I11 ( i1 , i2 , q [ 9 ] , dt , k s i ) )

145 for i 2 in range (m)

146 for i 1 in range (m) ] ,

147

148 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , G(b [ : , i 4 ] , a [ i , 0 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
149 ( dt ∗ I0000 ( i1 , i2 , i3 , i4 , q [ 3 ] , dt , k s i ) +

150 I0001 ( i1 , i2 , i3 , i4 , q [ 1 1 ] , dt , k s i ) ) +

151 G(b [ : , i 1 ] , G(b [ : , i 2 ] , L( a , b , G(b [ : , i 3 ] , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
152 ( I0100 ( i1 , i2 , i3 , i4 , q [ 1 3 ] , dt , k s i ) − I0010 ( i1 , i2 , i3 , i4 , q [ 1 2 ] , dt , k s i ) ) −
153 L(a , b , G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
154 I1000 ( i1 , i2 , i3 , i4 , q [ 1 4 ] , dt , k s i ) +

155 G(b [ : , i 1 ] , L(a , b , G(b [ : , i 2 ] , G(b [ : , i 3 ] , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
156 ( I1000 ( i1 , i2 , i3 , i4 , q [ 1 4 ] , dt , k s i ) − I0100 ( i1 , i2 , i3 , i4 , q [ 1 3 ] , dt , k s i ) ) +

157 G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , L( a , b , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
158 ( I0010 ( i1 , i2 , i3 , i4 , q [ 1 2 ] , dt , k s i ) − I0001 ( i1 , i2 , i3 , i4 , q [ 1 1 ] , dt , k s i ) )

159 for i 4 in range (m)

160 for i 3 in range (m)

161 for i 2 in range (m)

162 for i 1 in range (m) ] ,

163

164 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , G(b [ : , i 4 ] , G(

165 b [ : , i 5 ] , b [ i , i 6 ] , dxs ) , dxs ) , dxs ) , dxs ) , dxs ) ∗
166 I000000 ( i1 , i2 , i3 , i4 , i5 , i6 , q [ 1 5 ] , dt , k s i )

167 for i 6 in range (m)

168 for i 5 in range (m)

169 for i 4 in range (m)

170 for i 3 in range (m)

171 for i 2 in range (m)

172 for i 1 in range (m) ]

173
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174 )

175

176 def do i t ( s e l f , ∗∗ h in t s ) :

177 ”””

178 Tries to expand or c a l c u l a t e func t i on

179 Returns

180 =======

181 sympy . Expr

182 ”””

183 return StrongTaylorIto3p0 (∗ s e l f . args , ∗∗ h in t s )

6.2.7 Source Codes for Strong Taylor–Stratonovich Numerical

Schemes with Convergence Orders 1.0, 1.5, 2.0, 2.5, and 3.0

for Itô SDEs

Listing 122: Strong Taylor–Stratonovich scheme with convergence order 1.0 modeling

subprogram

1 import l o gg ing

2 from time import time

3

4 import numpy as np

5 from sympy import Matrix , symbols , MatrixSymbol , lambdify

6

7 from mathematics . sde . non l in ea r . q import ge t q

8 from mathematics . sde . non l in ea r . symbol ic . schemes . s t r ong t ay l o r s t r a t onov i c h 1p0 import

StrongTaylorStratonovich1p0

9

10

11 def s t r ong t ay l o r s t r a t onov i c h 1p0 ( y0 : np . array , a : Matrix , b : Matrix , k : f loat , t imes :

tuple ) :

12 ”””

13 Performs modeling o f Strong Taylor−Stra tonov ich scheme with convergence order 1.0

14 Parameters

15 ==========

16 y0 : numpy . ndarray

17 i n i t i a l cond i t i ons

18 a : numpy . ndarray

19 vec to r func t i on a

20 b : numpy . ndarray

21 matrix func t i on b

22 k : f l o a t

23 pr e c i s i on constant

24 t imes : t u p l e

25 i n t e g r a t i on l im i t s and s t ep

26 Returns

27 =======

28 y : numpy . ndarray

29 vec to r o f s o l u t i on
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30 t : l i s t

31 l i s t o f time moments

32 ”””

33 s t a r t t ime = time ( )

34

35 l ogg e r = logg ing . getLogger ( name )

36

37 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Taylor−Stratonov ich 1 .0 s t a r t ” )

38

39 # Ranges

40 n = b . shape [ 0 ]

41 m = b . shape [ 1 ]

42 t1 = times [ 0 ]

43 dt = times [ 1 ]

44 t2 = times [ 2 ]

45

46 # Defining con tex t

47 args = symbols ( f ”x1 :{n + 1}” )
48 t i c k s = int ( ( t2 − t1 ) / dt )

49 q = get q ( dt , k , 1)

50 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using C = {k}” )
51 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using dt = {dt}” )
52 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using q = {q}” )
53

54 # Symbols

55 sym i , sym t = symbols ( ” i t ” )

56 sym ksi = MatrixSymbol ( ” k s i ” , q [ 0 ] + 2 , m)

57 sym y = StrongTaylorStratonovich1p0 ( sym i , Matrix ( args ) , a , b , dt , sym ksi , args , q )

58

59 args extended = l i s t ( )

60 args extended . extend ( args )

61 args extended . extend ( [ sym t , sym ksi ] )

62

63 # Compilation o f formulas

64 y compi led = l i s t ( )

65 for t r in range (n) :

66 y compi led . append ( lambdify ( args extended , sym y . subs ( sym i , t r ) , ”numpy” ) )

67

68 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong ”

69 f ”Taylor−Stratonov ich 1 .0 subs are f i n i s h e d ” )

70

71 # Sub s t i t u t i o n va lue s

72 t = [ t1 + i ∗ dt for i in range ( t i c k s ) ]

73 y = np . z e r o s ( ( n , t i c k s ) )

74 y [ : , 0 ] = y0 [ : , 0 ]

75

76 # Dynamic s u b s t i t u t i o n s with i n t e g r a t i on

77 for p in range ( t i c k s − 1) :

78 va lue s = [∗ y [ : , p ] , t [ p ] , np . random . randn (q [ 0 ] + 2 , m) ]

79 for t r in range (n) :

80 y [ tr , p + 1 ] = y compi led [ t r ] ( ∗ va lue s )

81

82 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong ”

83 f ”Taylor−Stratonov ich 1 .0 c a l c u l a t i o n s are f i n i s h e d ” )

84
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85 return y , t

Listing 123: Strong Taylor–Stratonovich scheme with convergence order 1.0

1 from sympy import Function , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . a j import Aj

4 from mathematics . sde . non l in ea r . symbol ic . g import G

5 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j 0 import J0

6 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j00 import J00

7

8

9 class StrongTaylorStratonovich1p0 ( Function ) :

10 ”””

11 Strong Taylor−Stra tonov ich scheme with convergence order 1.0

12 ”””

13 nargs = 8

14

15 def new ( c l s , ∗ args , ∗∗kwargs ) :

16 ”””

17 Creates new StrongTaylorStratonovich1p0 o b j e c t with g iven args

18 Parameters

19 ==========

20 i : i n t

21 component o f s t o c h a s t i c process

22 yp : numpy . ndarray

23 i n i t i a l cond i t i ons

24 a : numpy . ndarray

25 a l g e b ra i c , g iven in the v a r i a b l e s x and t

26 b : numpy . ndarray

27 a l g e b ra i c , g iven in the v a r i a b l e s x and t

28 dt : f l o a t

29 i n t e g r a t i on s t ep

30 k s i : numpy . ndarray

31 matrix o f Gaussian random va r i a b l e s

32 q : t u p l e

33 amounts o f q f o r s t o c h a s t i c i n t e g r a l s approximations

34 Returns

35 =======

36 sympy . Expr

37 formula to s imp l i f y and s u b s t i t u t e

38 ”””

39 i , yp , a , b , dt , ks i , dxs , q = sympify ( args )

40 n , m = b . shape [ 0 ] , b . shape [ 1 ]

41

42 a j = Aj ( i , a , b , dxs )

43

44 return Add(

45

46 yp [ i , 0 ] , a j [ i , 0 ] ∗ dt ,

47

48 ∗ [ b [ i , i 1 ] ∗ J0 ( i1 , dt , k s i )

49 for i 1 in range (m) ] ,
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50

51 ∗ [G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) ∗
52 J00 ( i1 , i2 , q [ 0 ] , dt , k s i )

53 for i 2 in range (m)

54 for i 1 in range (m) ]

55

56 )

57

58 def do i t ( s e l f , ∗∗ h in t s ) :

59 ”””

60 Tries to expand or c a l c u l a t e func t i on

61 Returns

62 =======

63 sympy . Expr

64 ”””

65 return StrongTaylorStratonovich1p0 (∗ s e l f . args , ∗∗ h in t s )

Listing 124: Strong Taylor–Stratonovich scheme with convergence order 1.5 modeling

subprogram

1 import l o gg ing

2 from time import time

3

4 import numpy as np

5 from sympy import Matrix , MatrixSymbol , symbols , lambdify

6

7 from mathematics . sde . non l in ea r . q import ge t q

8 from mathematics . sde . non l in ea r . symbol ic . schemes . s t r ong t ay l o r s t r a t onov i c h 1p5 import

StrongTaylorStratonovich1p5

9

10

11 def s t r ong t ay l o r s t r a t onov i c h 1p5 ( y0 : np . array , a : Matrix , b : Matrix , k : f loat , t imes :

tuple ) :

12 ”””

13 Performs modeling o f Strong Taylor−Stra tonov ich scheme with convergence order 1.5

14 Parameters

15 ==========

16 y0 : numpy . ndarray

17 i n i t i a l cond i t i ons

18 a : numpy . ndarray

19 vec to r func t i on a

20 b : numpy . ndarray

21 matrix func t i on b

22 k : f l o a t

23 pr e c i s i on constant

24 t imes : t u p l e

25 i n t e g r a t i on l im i t s and s t ep

26 Returns

27 =======

28 y : numpy . ndarray

29 vec to r o f s o l u t i on

30 t : l i s t

31 l i s t o f time moments
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32 ”””

33 s t a r t t ime = time ( )

34

35 l ogg e r = logg ing . getLogger ( name )

36

37 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−Stratonov ich 1 .5

s t a r t ” )

38

39 # Ranges

40 n = b . shape [ 0 ]

41 m = b . shape [ 1 ]

42 t1 = times [ 0 ]

43 dt = times [ 1 ]

44 t2 = times [ 2 ]

45

46 # Defining con tex t

47 args = symbols ( f ”x1 :{n + 1}” )
48 t i c k s = int ( ( t2 − t1 ) / dt )

49 q = get q ( dt , k , 1 . 5 )

50 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using C = {k}” )
51 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using dt = {dt}” )
52 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using q = {q}” )
53

54 # Symbols

55 sym i , sym t = symbols ( ” i t ” )

56 sym ksi = MatrixSymbol ( ” k s i ” , q [ 0 ] + 2 , m)

57 sym y = StrongTaylorStratonovich1p5 ( sym i , Matrix ( args ) , a , b , dt , sym ksi , args , q )

58

59 args extended = l i s t ( )

60 args extended . extend ( args )

61 args extended . extend ( [ sym t , sym ksi ] )

62

63 # Compilation o f formulas

64 y compi led = l i s t ( )

65 for t r in range (n) :

66 y compi led . append ( lambdify ( args extended , sym y . subs ( sym i , t r ) , ”numpy” ) )

67

68 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong ”

69 f ”Taylor−Stratonov ich 1 .5 subs are f i n i s h e d ” )

70

71 # Sub s t i t u t i o n va lue s

72 t = [ t1 + i ∗ dt for i in range ( t i c k s ) ]

73 y = np . z e r o s ( ( n , t i c k s ) )

74 y [ : , 0 ] = y0 [ : , 0 ]

75

76 # Dynamic s u b s t i t u t i o n s with i n t e g r a t i on

77 for p in range ( t i c k s − 1) :

78 va lue s = [∗ y [ : , p ] , t [ p ] , np . random . randn (q [ 0 ] + 2 , m) ]

79 for t r in range (n) :

80 y [ tr , p + 1 ] = y compi led [ t r ] ( ∗ va lue s )

81

82 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong ”

83 f ”Taylor−Stratonov ich 1 .5 c a l c u l a t i o n s are f i n i s h e d ” )

84

85 return y , t
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Listing 125: Strong Taylor–Stratonovich scheme with convergence order 1.5

1 from sympy import Function , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . a j import Aj

4 from mathematics . sde . non l in ea r . symbol ic . g import G

5 from mathematics . sde . non l in ea r . symbol ic . l import L

6 from mathematics . sde . non l in ea r . symbol ic . l j import Lj

7 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j 0 import J0

8 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j00 import J00

9 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j000 import J000

10 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j 1 import J1

11

12

13 class StrongTaylorStratonovich1p5 ( Function ) :

14 ”””

15 Strong Taylor−Stra tonov ich scheme with convergence order 1.5

16 ”””

17 nargs = 8

18

19 def new ( c l s , ∗ args , ∗∗kwargs ) :

20 ”””

21 Creates new StrongTaylorStratonovich1p5 o b j e c t with g iven args

22 Parameters

23 ==========

24 i : i n t

25 component o f s t o c h a s t i c process

26 yp : numpy . ndarray

27 i n i t i a l cond i t i ons

28 a : numpy . ndarray

29 a l g e b ra i c , g iven in the v a r i a b l e s x and t

30 b : numpy . ndarray

31 a l g e b ra i c , g iven in the v a r i a b l e s x and t

32 dt : f l o a t

33 i n t e g r a t i on s t ep

34 k s i : numpy . ndarray

35 matrix o f Gaussian random va r i a b l e s

36 q : t u p l e

37 amounts o f q f o r s t o c h a s t i c i n t e g r a l s approximations

38 Returns

39 =======

40 sympy . Expr

41 formula to s imp l i f y and s u b s t i t u t e

42 ”””

43 i , yp , a , b , dt , ks i , dxs , q = sympify ( args )

44 n , m = b . shape [ 0 ] , b . shape [ 1 ]

45

46 a j = Aj ( i , a , b , dxs )

47

48 return Add(

49

50 yp [ i , 0 ] , a j [ i , 0 ] ∗ dt ,

51

52 ∗ [ b [ i , i 1 ] ∗ J0 ( i1 , dt , k s i )

53 for i 1 in range (m) ] ,
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54

55 ∗ [G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) ∗
56 J00 ( i1 , i2 , q [ 0 ] , dt , k s i )

57 for i 2 in range (m)

58 for i 1 in range (m) ] ,

59

60 ∗ [G(b [ : , i 1 ] , a j [ i , 0 ] , dxs ) ∗
61 ( dt ∗ J0 ( i1 , dt , k s i ) + J1 ( i1 , dt , k s i ) ) −
62 Lj ( a , b [ i , i 1 ] , dxs ) ∗
63 J1 ( i1 , dt , k s i )

64 for i 1 in range (m) ] ,

65

66 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) ∗
67 J000 ( i1 , i2 , i3 , q [ 1 ] , dt , k s i )

68 for i 3 in range (m)

69 for i 2 in range (m)

70 for i 1 in range (m) ] ,

71

72 dt ∗∗ 2 / 2 ∗ L(a , b , a [ i , 0 ] , dxs )

73

74 )

75

76 def do i t ( s e l f , ∗∗ h in t s ) :

77 ”””

78 Tries to expand or c a l c u l a t e func t i on

79 Returns

80 =======

81 sympy . Expr

82 ”””

83 return StrongTaylorStratonovich1p5 (∗ s e l f . args , ∗∗ h in t s )

Listing 126: Strong Taylor–Stratonovich scheme with convergence order 2.0 modeling

subprogram

1 import l o gg ing

2 from time import time

3

4 import numpy as np

5 from sympy import symbols , Matrix , MatrixSymbol , lambdify

6

7 from mathematics . sde . non l in ea r . q import ge t q

8 from mathematics . sde . non l in ea r . symbol ic . schemes . s t r ong t ay l o r s t r a t onov i c h 2p0 import

StrongTaylorStratonovich2p0

9

10

11 def s t r ong t ay l o r s t r a t onov i c h 2p0 ( y0 : np . array , a : Matrix , b : Matrix , k : f loat , t imes :

tuple ) :

12 ”””

13 Performs modeling o f Strong Taylor−Stra tonov ich scheme with convergence order 2.0

14 Parameters

15 ==========

16 y0 : numpy . ndarray

17 i n i t i a l cond i t i ons
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18 a : numpy . ndarray

19 vec to r func t i on a

20 b : numpy . ndarray

21 matrix func t i on b

22 k : f l o a t

23 pr e c i s i on constant

24 t imes : t u p l e

25 i n t e g r a t i on l im i t s and s t ep

26 Returns

27 =======

28 y : numpy . ndarray

29 vec to r o f s o l u t i on

30 t : l i s t

31 l i s t o f time moments

32 ”””

33 s t a r t t ime = time ( )

34

35 l ogg e r = logg ing . getLogger ( name )

36

37 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−Stratonov ich 2 .0

s t a r t ” )

38

39 # Ranges

40 n = b . shape [ 0 ]

41 m = b . shape [ 1 ]

42 t1 = times [ 0 ]

43 dt = times [ 1 ]

44 t2 = times [ 2 ]

45

46 # Defining con tex t

47 args = symbols ( f ”x1 :{n + 1}” )
48 t i c k s = int ( ( t2 − t1 ) / dt )

49 q = get q ( dt , k , 2)

50 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using C = {k}” )
51 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using dt = {dt}” )
52 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using q = {q}” )
53

54 # Symbols

55 sym i , sym t = symbols ( ” i t ” )

56 sym ksi = MatrixSymbol ( ” k s i ” , q [ 0 ] + 2 , m)

57 sym y = StrongTaylorStratonovich2p0 ( sym i , Matrix ( args ) , a , b , dt , sym ksi , args , q )

58

59 args extended = l i s t ( )

60 args extended . extend ( args )

61 args extended . extend ( [ sym t , sym ksi ] )

62

63 # Compilation o f formulas

64 y compi led = l i s t ( )

65 for t r in range (n) :

66 y compi led . append ( lambdify ( args extended , sym y . subs ( sym i , t r ) , ”numpy” ) )

67

68 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong ”

69 f ”Taylor−Stratonov ich 2 .0 subs are f i n i s h e d ” )

70

71 # Sub s t i t u t i o n va lue s
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72 t = [ t1 + i ∗ dt for i in range ( t i c k s ) ]

73 y = np . z e r o s ( ( n , t i c k s ) )

74 y [ : , 0 ] = y0 [ : , 0 ]

75

76 # Dynamic s u b s t i t u t i o n s with i n t e g r a t i on

77 for p in range ( t i c k s − 1) :

78 va lue s = [∗ y [ : , p ] , t [ p ] , np . random . randn (q [ 0 ] + 2 , m) ]

79 for t r in range (n) :

80 y [ tr , p + 1 ] = y compi led [ t r ] ( ∗ va lue s )

81

82 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong ”

83 f ”Taylor−Stratonov ich 2 .0 c a l c u l a t i o n s are f i n i s h e d ” )

84

85 return y , t

Listing 127: Strong Taylor–Stratonovich scheme with convergence order 2.0

1 from sympy import Function , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . a j import Aj

4 from mathematics . sde . non l in ea r . symbol ic . g import G

5 from mathematics . sde . non l in ea r . symbol ic . l j import Lj

6 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j 0 import J0

7 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j00 import J00

8 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j000 import J000

9 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j0000 import J0000

10 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j01 import J01

11 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j 1 import J1

12 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j10 import J10

13

14

15 class StrongTaylorStratonovich2p0 ( Function ) :

16 ”””

17 Strong Taylor−Stra tonov ich scheme with convergence order 2.0

18 ”””

19 nargs = 8

20

21 def new ( c l s , ∗ args , ∗∗kwargs ) :

22 ”””

23 Creates new StrongTaylorStratonovich2p0 o b j e c t with g iven args

24 Parameters

25 ==========

26 i : i n t

27 component o f s t o c h a s t i c process

28 yp : numpy . ndarray

29 i n i t i a l cond i t i ons

30 a : numpy . ndarray

31 a l g e b ra i c , g iven in the v a r i a b l e s x and t

32 b : numpy . ndarray

33 a l g e b ra i c , g iven in the v a r i a b l e s x and t

34 dt : f l o a t

35 i n t e g r a t i on s t ep

36 k s i : numpy . ndarray
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37 matrix o f Gaussian random va r i a b l e s

38 q : t u p l e

39 amounts o f q f o r s t o c h a s t i c i n t e g r a l s approximations

40 Returns

41 =======

42 sympy . Expr

43 formula to s imp l i f y and s u b s t i t u t e

44 ”””

45 i , yp , a , b , dt , ks i , dxs , q = sympify ( args )

46 n , m = b . shape [ 0 ] , b . shape [ 1 ]

47

48 a j = Aj ( i , a , b , dxs )

49

50 return Add(

51

52 yp [ i , 0 ] , a j [ i , 0 ] ∗ dt ,

53

54 ∗ [ b [ i , i 1 ] ∗ J0 ( i1 , dt , k s i )

55 for i 1 in range (m) ] ,

56

57 ∗ [G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) ∗
58 J00 ( i1 , i2 , q [ 0 ] , dt , k s i )

59 for i 2 in range (m)

60 for i 1 in range (m) ] ,

61

62 ∗ [G(b [ : , i 1 ] , a j [ i , 0 ] , dxs ) ∗
63 ( dt ∗ J0 ( i1 , dt , k s i ) + J1 ( i1 , dt , k s i ) ) −
64 Lj ( a , b [ i , i 1 ] , dxs ) ∗
65 J1 ( i1 , dt , k s i )

66 for i 1 in range (m) ] ,

67

68 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) ∗
69 J000 ( i1 , i2 , i3 , q [ 1 ] , dt , k s i )

70 for i 3 in range (m)

71 for i 2 in range (m)

72 for i 1 in range (m) ] ,

73

74 dt ∗∗ 2 / 2 ∗ Lj ( a , a j [ i , 0 ] , dxs ) ,

75

76 ∗ [G(b [ : , i 1 ] , Lj ( a , b [ i , i 2 ] , dxs ) , dxs ) ∗
77 ( J10 ( i1 , i2 , q [ 2 ] , dt , k s i ) − J01 ( i1 , i2 , q [ 2 ] , dt , k s i ) ) −
78 Lj ( a , G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) , dxs ) ∗ J10 ( i1 , i2 , q [ 2 ] , dt , k s i ) +

79 G(b [ : , i 1 ] , G(b [ : , i 2 ] , a j [ i , 0 ] , dxs ) , dxs ) ∗
80 ( J01 ( i1 , i2 , q [ 2 ] , dt , k s i ) + dt ∗ J00 ( i1 , i2 , q [ 0 ] , dt , k s i ) )

81 for i 2 in range (m)

82 for i 1 in range (m) ] ,

83

84 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) ∗
85 J0000 ( i1 , i2 , i3 , i4 , q [ 3 ] , dt , k s i )

86 for i 4 in range (m)

87 for i 3 in range (m)

88 for i 2 in range (m)

89 for i 1 in range (m) ]

90

91 )
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92

93 def do i t ( s e l f , ∗∗ h in t s ) :

94 ”””

95 Tries to expand or c a l c u l a t e func t i on

96 Returns

97 =======

98 sympy . Expr

99 ”””

100 return StrongTaylorStratonovich2p0 (∗ s e l f . args , ∗∗ h in t s )

Listing 128: Strong Taylor–Stratonovich scheme with convergence order 2.5 modeling

subprogram

1 import l o gg ing

2 from time import time

3

4 import numpy as np

5 from sympy import Matrix , symbols , MatrixSymbol , lambdify

6

7 from mathematics . sde . non l in ea r . q import ge t q

8 from mathematics . sde . non l in ea r . symbol ic . schemes . s t r ong t ay l o r s t r a t onov i c h 2p5 import

StrongTaylorStratonovich2p5

9

10

11 def s t r ong t ay l o r s t r a t onov i c h 2p5 ( y0 : np . array , a : Matrix , b : Matrix , k : f loat , t imes :

tuple ) :

12 ”””

13 Performs modeling o f Strong Taylor−Stra tonov ich scheme with convergence order 2.5

14 Parameters

15 ==========

16 y0 : numpy . ndarray

17 i n i t i a l cond i t i ons

18 a : numpy . ndarray

19 vec to r func t i on a

20 b : numpy . ndarray

21 matrix func t i on b

22 k : f l o a t

23 pr e c i s i on constant

24 t imes : t u p l e

25 i n t e g r a t i on l im i t s and s t ep

26 Returns

27 =======

28 y : numpy . ndarray

29 vec to r o f s o l u t i on

30 t : l i s t

31 l i s t o f time moments

32 ”””

33 s t a r t t ime = time ( )

34

35 l ogg e r = logg ing . getLogger ( name )

36

37 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−Stratonov ich 2 .5

s t a r t ” )
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38

39 # Ranges

40 n = b . shape [ 0 ]

41 m = b . shape [ 1 ]

42 t1 = times [ 0 ]

43 dt = times [ 1 ]

44 t2 = times [ 2 ]

45

46 # Defining con tex t

47 args = symbols ( f ”x1 :{n + 1}” )
48 t i c k s = int ( ( t2 − t1 ) / dt )

49 q = get q ( dt , k , 2 . 5 )

50 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using C = {k}” )
51 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using dt = {dt}” )
52 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using q = {q}” )
53

54 # Symbols

55 sym i , sym t = symbols ( ” i t ” )

56 sym ksi = MatrixSymbol ( ” k s i ” , q [ 0 ] + 3 , m)

57 sym y = StrongTaylorStratonovich2p5 ( sym i , Matrix ( args ) , a , b , dt , sym ksi , args , q )

58

59 args extended = l i s t ( )

60 args extended . extend ( args )

61 args extended . extend ( [ sym t , sym ksi ] )

62

63 # Compilation o f formulas

64 y compi led = l i s t ( )

65 for t r in range (n) :

66 y compi led . append ( lambdify ( args extended , sym y . subs ( sym i , t r ) , ”numpy” ) )

67

68 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong ”

69 f ”Taylor−Stratonov ich 2 .5 subs are f i n i s h e d ” )

70

71 # Sub s t i t u t i o n va lue s

72 t = [ t1 + i ∗ dt for i in range ( t i c k s ) ]

73 y = np . z e r o s ( ( n , t i c k s ) )

74 y [ : , 0 ] = y0 [ : , 0 ]

75

76 # Dynamic s u b s t i t u t i o n s with i n t e g r a t i on

77 for p in range ( t i c k s − 1) :

78 va lue s = [∗ y [ : , p ] , t [ p ] , np . random . randn (q [ 0 ] + 3 , m) ]

79 for t r in range (n) :

80 y [ tr , p + 1 ] = y compi led [ t r ] ( ∗ va lue s )

81

82 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong ”

83 f ”Taylor−Stratonov ich 2 .5 c a l c u l a t i o n s are f i n i s h e d ” )

84

85 return y , t

Listing 129: Strong Taylor–Stratonovich scheme with convergence order 2.5

1 from sympy import Function , sympify , Add

2
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3 from mathematics . sde . non l in ea r . symbol ic . a j import Aj

4 from mathematics . sde . non l in ea r . symbol ic . g import G

5 from mathematics . sde . non l in ea r . symbol ic . l import L

6 from mathematics . sde . non l in ea r . symbol ic . l j import Lj

7 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j 0 import J0

8 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j00 import J00

9 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j000 import J000

10 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j0000 import J0000

11 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j00000 import J00000

12 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j001 import J001

13 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j01 import J01

14 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j010 import J010

15 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j 1 import J1

16 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j10 import J10

17 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j100 import J100

18 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j 2 import J2

19

20

21 class StrongTaylorStratonovich2p5 ( Function ) :

22 ”””

23 Strong Taylor−Stra tonov ich scheme with convergence order 2.5

24 ”””

25 nargs = 8

26

27 def new ( c l s , ∗ args , ∗∗kwargs ) :

28 ”””

29 Creates new StrongTaylorStratonovich2p5 o b j e c t with g iven args

30 Parameters

31 ==========

32 i : i n t

33 component o f s t o c h a s t i c process

34 yp : numpy . ndarray

35 i n i t i a l cond i t i ons

36 a : numpy . ndarray

37 a l g e b ra i c , g iven in the v a r i a b l e s x and t

38 b : numpy . ndarray

39 a l g e b ra i c , g iven in the v a r i a b l e s x and t

40 dt : f l o a t

41 i n t e g r a t i on s t ep

42 k s i : numpy . ndarray

43 matrix o f Gaussian random va r i a b l e s

44 q : t u p l e

45 amounts o f q f o r s t o c h a s t i c i n t e g r a l s approximations

46 Returns

47 =======

48 sympy . Expr

49 formula to s imp l i f y and s u b s t i t u t e

50 ”””

51 i , yp , a , b , dt , ks i , dxs , q = sympify ( args )

52 n , m = b . shape [ 0 ] , b . shape [ 1 ]

53

54 a j = Aj ( i , a , b , dxs )

55

56 return Add(

57
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58 yp [ i , 0 ] , a j [ i , 0 ] ∗ dt ,

59

60 ∗ [ b [ i , i 1 ] ∗ J0 ( i1 , dt , k s i )

61 for i 1 in range (m) ] ,

62

63 ∗ [G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) ∗
64 J00 ( i1 , i2 , q [ 0 ] , dt , k s i )

65 for i 2 in range (m)

66 for i 1 in range (m) ] ,

67

68 ∗ [G(b [ : , i 1 ] , a j [ i , 0 ] , dxs ) ∗
69 ( dt ∗ J0 ( i1 , dt , k s i ) + J1 ( i1 , dt , k s i ) ) −
70 Lj ( a , b [ i , i 1 ] , dxs ) ∗
71 J1 ( i1 , dt , k s i )

72 for i 1 in range (m) ] ,

73

74 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) ∗
75 J000 ( i1 , i2 , i3 , q [ 1 ] , dt , k s i )

76 for i 3 in range (m)

77 for i 2 in range (m)

78 for i 1 in range (m) ] ,

79

80 dt ∗∗ 2 / 2 ∗ Lj ( a , a j [ i , 0 ] , dxs ) ,

81

82 ∗ [G(b [ : , i 1 ] , Lj ( a , b [ i , i 2 ] , dxs ) , dxs ) ∗
83 ( J10 ( i1 , i2 , q [ 2 ] , dt , k s i ) − J01 ( i1 , i2 , q [ 2 ] , dt , k s i ) ) −
84 Lj ( a , G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) , dxs ) ∗ J10 ( i1 , i2 , q [ 2 ] , dt , k s i ) +

85 G(b [ : , i 1 ] , G(b [ : , i 2 ] , a j [ i , 0 ] , dxs ) , dxs ) ∗
86 ( J01 ( i1 , i2 , q [ 2 ] , dt , k s i ) + dt ∗ J00 ( i1 , i2 , q [ 0 ] , dt , k s i ) )

87 for i 2 in range (m)

88 for i 1 in range (m) ] ,

89

90 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) ∗
91 J0000 ( i1 , i2 , i3 , i4 , q [ 3 ] , dt , k s i )

92 for i 4 in range (m)

93 for i 3 in range (m)

94 for i 2 in range (m)

95 for i 1 in range (m) ] ,

96

97 ∗ [G(b [ : , i 1 ] , Lj ( a , a j [ i , 0 ] , dxs ) , dxs ) ∗
98 ( J2 ( i1 , dt , k s i ) / 2 + dt ∗ J1 ( i1 , dt , k s i ) + dt ∗∗ 2 / 2 ∗ J0 ( i1 , dt , k s i ) ) +

99 Lj ( a , Lj ( a , b [ i , i 1 ] , dxs ) , dxs ) ∗ J2 ( i1 , dt , k s i ) / 2 −
100 Lj ( a , G(b [ : , i 1 ] , a j [ i , 0 ] , dxs ) , dxs ) ∗ ( J2 ( i1 , dt , k s i ) + dt ∗ J1 ( i1 , dt , k s i ) )

101 for i 1 in range (m) ] ,

102

103 ∗ [G(b [ : , i 1 ] , Lj ( a , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) , dxs ) ∗
104 ( J100 ( i1 , i2 , i3 , q [ 6 ] , dt , k s i ) − J010 ( i1 , i2 , i3 , q [ 5 ] , dt , k s i ) ) +

105 G(b [ : , i 1 ] , G(b [ : , i 2 ] , Lj ( a , b [ i , i 3 ] , dxs ) , dxs ) , dxs ) ∗
106 ( J010 ( i1 , i2 , i3 , q [ 5 ] , dt , k s i ) − J001 ( i1 , i2 , i3 , q [ 4 ] , dt , k s i ) ) +

107 G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , a j [ i , 0 ] , dxs ) , dxs ) , dxs ) ∗
108 ( dt ∗ J000 ( i1 , i2 , i3 , q [ 1 ] , dt , k s i ) + J001 ( i1 , i2 , i3 , q [ 4 ] , dt , k s i ) ) −
109 Lj ( a , G(b [ : , i 1 ] , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) , dxs ) ∗
110 J100 ( i1 , i2 , i3 , q [ 6 ] , dt , k s i )

111 for i 3 in range (m)

112 for i 2 in range (m)

311

2099



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

113 for i 1 in range (m) ] ,

114

115 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , G(

116 b [ : , i 4 ] , b [ i , i 5 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
117 J00000 ( i1 , i2 , i3 , i4 , i5 , q [ 7 ] , dt , k s i )

118 for i 5 in range (m)

119 for i 4 in range (m)

120 for i 3 in range (m)

121 for i 2 in range (m)

122 for i 1 in range (m) ] ,

123

124 dt ∗∗ 3 / 6 ∗ L(a , b , L(a , b , a [ i , 0 ] , dxs ) , dxs )

125

126 )

127

128 def do i t ( s e l f , ∗∗ h in t s ) :

129 ”””

130 Tries to expand or c a l c u l a t e func t i on

131 Returns

132 =======

133 sympy . Expr

134 ”””

135 return StrongTaylorStratonovich2p5 (∗ s e l f . args , ∗∗ h in t s )

Listing 130: Strong Taylor–Stratonovich scheme with convergence order 3.0 modeling

subprogram

1 import l o gg ing

2 from time import time

3

4 import numpy as np

5 from sympy import Matrix , symbols , MatrixSymbol , lambdify

6

7 from mathematics . sde . non l in ea r . q import ge t q

8 from mathematics . sde . non l in ea r . symbol ic . schemes . s t r ong t ay l o r s t r a t onov i c h 3p0 import

StrongTaylorStratonovich3p0

9

10

11 def s t r ong t ay l o r s t r a t onov i c h 3p0 ( y0 : np . array , a : Matrix , b : Matrix , k : f loat , t imes :

tuple ) :

12 ”””

13 Performs modeling o f Strong Taylor−Stra tonov ich scheme with convergence order 3.0

14 Parameters

15 ==========

16 y0 : numpy . ndarray

17 i n i t i a l cond i t i ons

18 a : numpy . ndarray

19 vec to r func t i on a

20 b : numpy . ndarray

21 matrix func t i on b

22 k : f l o a t

23 pr e c i s i on constant

24 t imes : t u p l e
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25 i n t e g r a t i on l im i t s and s t ep

26 Returns

27 =======

28 y : numpy . ndarray

29 vec to r o f s o l u t i on

30 t : l i s t

31 l i s t o f time moments

32 ”””

33 s t a r t t ime = time ( )

34

35 l ogg e r = logg ing . getLogger ( name )

36

37 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong Taylor−Stratonov ich 3 .0

s t a r t ” )

38

39 # Ranges

40 n = b . shape [ 0 ]

41 m = b . shape [ 1 ]

42 t1 = times [ 0 ]

43 dt = times [ 1 ]

44 t2 = times [ 2 ]

45

46 # Defining con tex t

47 args = symbols ( f ”x1 :{n + 1}” )
48 t i c k s = int ( ( t2 − t1 ) / dt )

49 q = get q ( dt , k , 3)

50 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using C = {k}” )
51 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using dt = {dt}” )
52 l o gg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Using q = {q}” )
53

54 # Symbols

55 sym i , sym t = symbols ( ” i t ” )

56 sym ksi = MatrixSymbol ( ” k s i ” , q [ 0 ] + 3 , m)

57 sym y = StrongTaylorStratonovich3p0 ( sym i , Matrix ( args ) , a , b , dt , sym ksi , args , q )

58

59 args extended = l i s t ( )

60 args extended . extend ( args )

61 args extended . extend ( [ sym t , sym ksi ] )

62

63 # Compilation o f formulas

64 y compi led = l i s t ( )

65 for t r in range (n) :

66 y compi led . append ( lambdify ( args extended , sym y . subs ( sym i , t r ) , ”numpy” ) )

67

68 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong ”

69 f ”Taylor−Stratonov ich 3 .0 subs are f i n i s h e d ” )

70

71 # Sub s t i t u t i o n va lue s

72 t = [ t1 + i ∗ dt for i in range ( t i c k s ) ]

73 y = np . z e r o s ( ( n , t i c k s ) )

74 y [ : , 0 ] = y0 [ : , 0 ]

75

76 # Dynamic s u b s t i t u t i o n s with i n t e g r a t i on

77 for p in range ( t i c k s − 1) :

78 va lue s = [∗ y [ : , p ] , t [ p ] , np . random . randn (q [ 0 ] + 3 , m) ]
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79 for t r in range (n) :

80 y [ tr , p + 1 ] = y compi led [ t r ] ( ∗ va lue s )

81

82 l ogg e r . i n f o ( f ” [ { ( time ( ) − s t a r t t ime ) : . 3 f } seconds ] Strong ”

83 f ”Taylor−Stratonov ich 3 .0 c a l c u l a t i o n s are f i n i s h e d ” )

84

85 return y , t

Listing 131: Strong Taylor–Stratonovich scheme with convergence order 3.0

1 from sympy import Function , sympify , Add

2

3 from mathematics . sde . non l in ea r . symbol ic . a j import Aj

4 from mathematics . sde . non l in ea r . symbol ic . g import G

5 from mathematics . sde . non l in ea r . symbol ic . l j import Lj

6 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j 0 import J0

7 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j00 import J00

8 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j000 import J000

9 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j0000 import J0000

10 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j00000 import J00000

11 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j000000 import J000000

12 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j0001 import J0001

13 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j001 import J001

14 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j0010 import J0010

15 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j01 import J01

16 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j010 import J010

17 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j0100 import J0100

18 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j02 import J02

19 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j 1 import J1

20 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j10 import J10

21 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j100 import J100

22 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j1000 import J1000

23 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j11 import J11

24 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j 2 import J2

25 from mathematics . sde . non l in ea r . symbol ic . s t r a tonov i ch . j20 import J20

26

27

28 class StrongTaylorStratonovich3p0 ( Function ) :

29 ”””

30 Strong Taylor−Stra tonov ich scheme with convergence order 3.0

31 ”””

32 nargs = 8

33

34 def new ( c l s , ∗ args , ∗∗kwargs ) :

35 ”””

36 Creates new StrongTaylorStratonovich3p0 o b j e c t with g iven args

37 Parameters

38 ==========

39 i : i n t

40 component o f s t o c h a s t i c process

41 yp : numpy . ndarray

42 i n i t i a l cond i t i ons

43 a : numpy . ndarray
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44 a l g e b ra i c , g iven in the v a r i a b l e s x and t

45 b : numpy . ndarray

46 a l g e b ra i c , g iven in the v a r i a b l e s x and t

47 dt : f l o a t

48 i n t e g r a t i on s t ep

49 k s i : numpy . ndarray

50 matrix o f Gaussian random va r i a b l e s

51 q : t u p l e

52 amounts o f q f o r s t o c h a s t i c i n t e g r a l s approximations

53 Returns

54 =======

55 sympy . Expr

56 formula to s imp l i f y and s u b s t i t u t e

57 ”””

58 i , yp , a , b , dt , ks i , dxs , q = sympify ( args )

59 n , m = b . shape [ 0 ] , b . shape [ 1 ]

60

61 a j = Aj ( i , a , b , dxs )

62

63 return Add(

64

65 yp [ i , 0 ] , a j [ i , 0 ] ∗ dt ,

66

67 ∗ [ b [ i , i 1 ] ∗ J0 ( i1 , dt , k s i )

68 for i 1 in range (m) ] ,

69

70 ∗ [G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) ∗
71 J00 ( i1 , i2 , q [ 0 ] , dt , k s i )

72 for i 2 in range (m)

73 for i 1 in range (m) ] ,

74

75 ∗ [G(b [ : , i 1 ] , a j [ i , 0 ] , dxs ) ∗
76 ( dt ∗ J0 ( i1 , dt , k s i ) + J1 ( i1 , dt , k s i ) ) −
77 Lj ( a , b [ i , i 1 ] , dxs ) ∗
78 J1 ( i1 , dt , k s i )

79 for i 1 in range (m) ] ,

80

81 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) ∗
82 J000 ( i1 , i2 , i3 , q [ 1 ] , dt , k s i )

83 for i 3 in range (m)

84 for i 2 in range (m)

85 for i 1 in range (m) ] ,

86

87 dt ∗∗ 2 / 2 ∗ Lj ( a , a j [ i , 0 ] , dxs ) ,

88

89 ∗ [G(b [ : , i 1 ] , Lj ( a , b [ i , i 2 ] , dxs ) , dxs ) ∗
90 ( J10 ( i1 , i2 , q [ 2 ] , dt , k s i ) − J01 ( i1 , i2 , q [ 2 ] , dt , k s i ) ) −
91 Lj ( a , G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) , dxs ) ∗ J10 ( i1 , i2 , q [ 2 ] , dt , k s i ) +

92 G(b [ : , i 1 ] , G(b [ : , i 2 ] , a j [ i , 0 ] , dxs ) , dxs ) ∗
93 ( J01 ( i1 , i2 , q [ 2 ] , dt , k s i ) + dt ∗ J00 ( i1 , i2 , q [ 0 ] , dt , k s i ) )

94 for i 2 in range (m)

95 for i 1 in range (m) ] ,

96

97 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) ∗
98 J0000 ( i1 , i2 , i3 , i4 , q [ 3 ] , dt , k s i )

315

2103



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

99 for i 4 in range (m)

100 for i 3 in range (m)

101 for i 2 in range (m)

102 for i 1 in range (m) ] ,

103

104 ∗ [G(b [ : , i 1 ] , Lj ( a , a j [ i , 0 ] , dxs ) , dxs ) ∗
105 ( J2 ( i1 , dt , k s i ) / 2 + dt ∗ J1 ( i1 , dt , k s i ) + dt ∗∗ 2 / 2 ∗ J0 ( i1 , dt , k s i ) ) +

106 Lj ( a , Lj ( a , b [ i , i 1 ] , dxs ) , dxs ) ∗ J2 ( i1 , dt , k s i ) / 2 −
107 Lj ( a , G(b [ : , i 1 ] , a j [ i , 0 ] , dxs ) , dxs ) ∗ ( J2 ( i1 , dt , k s i ) + dt ∗ J1 ( i1 , dt , k s i ) )

108 for i 1 in range (m) ] ,

109

110 ∗ [G(b [ : , i 1 ] , Lj ( a , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) , dxs ) ∗
111 ( J100 ( i1 , i2 , i3 , q [ 6 ] , dt , k s i ) − J010 ( i1 , i2 , i3 , q [ 5 ] , dt , k s i ) ) +

112 G(b [ : , i 1 ] , G(b [ : , i 2 ] , Lj ( a , b [ i , i 3 ] , dxs ) , dxs ) , dxs ) ∗
113 ( J010 ( i1 , i2 , i3 , q [ 5 ] , dt , k s i ) − J001 ( i1 , i2 , i3 , q [ 4 ] , dt , k s i ) ) +

114 G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , a j [ i , 0 ] , dxs ) , dxs ) , dxs ) ∗
115 ( dt ∗ J000 ( i1 , i2 , i3 , q [ 1 ] , dt , k s i ) + J001 ( i1 , i2 , i3 , q [ 4 ] , dt , k s i ) ) −
116 Lj ( a , G(b [ : , i 1 ] , G(b [ : , i 2 ] , b [ i , i 3 ] , dxs ) , dxs ) , dxs ) ∗
117 J100 ( i1 , i2 , i3 , q [ 6 ] , dt , k s i )

118 for i 3 in range (m)

119 for i 2 in range (m)

120 for i 1 in range (m) ] ,

121

122 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , G(

123 b [ : , i 4 ] , b [ i , i 5 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
124 J00000 ( i1 , i2 , i3 , i4 , i5 , q [ 7 ] , dt , k s i )

125 for i 5 in range (m)

126 for i 4 in range (m)

127 for i 3 in range (m)

128 for i 2 in range (m)

129 for i 1 in range (m) ] ,

130

131 dt ∗∗ 3 / 6 ∗ Lj ( a , Lj ( a , a j [ i , 0 ] , dxs ) , dxs ) ,

132

133 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , Lj ( a , a j [ i , 0 ] , dxs ) , dxs ) , dxs ) ∗
134 ( J02 ( i1 , i2 , q [ 6 ] , dt , k s i ) / 2 + dt ∗ J01 ( i1 , i2 , q [ 2 ] , dt , k s i ) +

135 dt ∗∗ 2 / 2 ∗ J00 ( i1 , i2 , q [ 2 ] , dt , k s i ) ) +

136 Lj ( a , Lj ( a , G(b [ : , i 1 ] , b [ i , i 2 ] , dxs ) , dxs ) , dxs ) / 2 ∗
137 J20 ( i1 , i2 , q [ 1 0 ] , dt , k s i ) +

138 G(b [ : , i 1 ] , Lj ( a , G(b [ : , i 2 ] , a j [ i , 0 ] , dxs ) , dxs ) , dxs ) ∗
139 ( J11 ( i1 , i2 , q [ 9 ] , dt , k s i ) − J02 ( i1 , i2 , q [ 8 ] , dt , k s i ) +

140 dt ∗ ( J10 ( i1 , i2 , q [ 2 ] , dt , k s i ) − J01 ( i1 , i2 , q [ 2 ] , dt , k s i ) ) ) +

141 Lj ( a , G(b [ : , i 1 ] , Lj ( a , b [ i , i 2 ] , dxs ) , dxs ) , dxs ) ∗
142 ( J11 ( i1 , i2 , q [ 9 ] , dt , k s i ) − J20 ( i1 , i2 , q [ 1 0 ] , dt , k s i ) ) +

143 G(b [ : , i 1 ] , Lj ( a , Lj ( a , b [ i , i 2 ] , dxs ) , dxs ) , dxs ) ∗
144 ( J02 ( i1 , i2 , q [ 8 ] , dt , k s i ) / 2 + J20 ( i1 , i2 , q [ 1 0 ] , dt , k s i ) / 2 −
145 J11 ( i1 , i2 , q [ 9 ] , dt , k s i ) ) −
146 Lj ( a , G(b [ : , i 1 ] , G(b [ : , i 2 ] , a j [ i , 0 ] , dxs ) , dxs ) , dxs ) ∗
147 ( dt ∗ J10 ( i1 , i2 , q [ 2 ] , dt , k s i ) + J11 ( i1 , i2 , q [ 9 ] , dt , k s i ) )

148 for i 2 in range (m)

149 for i 1 in range (m) ] ,

150

151 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , G(

152 b [ : , i 4 ] , a j [ i , 0 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
153 ( dt ∗ J0000 ( i1 , i2 , i3 , i4 , q [ 3 ] , dt , k s i ) +
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154 J0001 ( i1 , i2 , i3 , i4 , q [ 1 1 ] , dt , k s i ) ) +

155 G(b [ : , i 1 ] , G(b [ : , i 2 ] , Lj ( a , G(b [ : , i 3 ] , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
156 ( J0100 ( i1 , i2 , i3 , i4 , q [ 1 3 ] , dt , k s i ) − J0010 ( i1 , i2 , i3 , i4 , q [ 1 2 ] , dt , k s i ) ) −
157 Lj ( a , G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
158 J1000 ( i1 , i2 , i3 , i4 , q [ 1 4 ] , dt , k s i ) +

159 G(b [ : , i 1 ] , Lj ( a , G(b [ : , i 2 ] , G(b [ : , i 3 ] , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
160 ( J1000 ( i1 , i2 , i3 , i4 , q [ 1 4 ] , dt , k s i ) − J0100 ( i1 , i2 , i3 , i4 , q [ 1 3 ] , dt , k s i ) ) +

161 G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , Lj ( a , b [ i , i 4 ] , dxs ) , dxs ) , dxs ) , dxs ) ∗
162 ( J0010 ( i1 , i2 , i3 , i4 , q [ 1 2 ] , dt , k s i ) − J0001 ( i1 , i2 , i3 , i4 , q [ 1 1 ] , dt , k s i ) )

163 for i 4 in range (m)

164 for i 3 in range (m)

165 for i 2 in range (m)

166 for i 1 in range (m) ] ,

167

168 ∗ [G(b [ : , i 1 ] , G(b [ : , i 2 ] , G(b [ : , i 3 ] , G(b [ : , i 4 ] , G(

169 b [ : , i 5 ] , b [ i , i 6 ] , dxs ) , dxs ) , dxs ) , dxs ) , dxs ) ∗
170 J000000 ( i1 , i2 , i3 , i4 , i5 , i6 , q [ 1 5 ] , dt , k s i )

171 for i 6 in range (m)

172 for i 5 in range (m)

173 for i 4 in range (m)

174 for i 3 in range (m)

175 for i 2 in range (m)

176 for i 1 in range (m) ]

177

178 )

179

180 def do i t ( s e l f , ∗∗ h in t s ) :

181 ”””

182 Tries to expand or c a l c u l a t e func t i on

183 Returns

184 =======

185 sympy . Expr

186 ”””

187 return StrongTaylorStratonovich3p0 (∗ s e l f . args , ∗∗ h in t s )

6.3 Source Codes for Linear Stationary Systems of Itô SDEs

Listing 132: Implementation of supplementary functions

1 import numpy as np

2

3

4 class NotASquareMatrix ( Exception ) :

5 pass

6

7

8 def ve c t o ey e ( vec to r ) :

9 ”””

10 Converts vec to r to eye matrix

11 Parameters

12 ==========
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13 vec to r : i t e r a b l e

14 Returns

15 =======

16 numpy . ndarray

17 ”””

18 n = len ( vec to r )

19 matrix = np . z e r o s ( ( n , n) )

20

21 for i in range ( len ( matrix ) ) :

22 matrix [ i ] [ i ] = vec to r [ i ]

23

24 return matrix

25

26

27 def diagona l to co lumn ( matrix ) :

28 ”””

29 Converts d iagona l matrix to column vec tor

30 Parameters

31 ==========

32 matrix : numpy . ndarray

33 Returns

34 =======

35 column : numpy . ndarray

36 ”””

37 he ight = np . shape ( matrix ) [ 0 ]

38 i f he ight != np . shape ( matrix ) [ 1 ] :

39 raise NotASquareMatrix ( )

40

41 column = np . z e r o s ( ( height , 1) )

42 for i in range ( he ight ) :

43 column [ i ] [ 0 ] = matrix [ i ] [ i ]

44

45 return column

Listing 133: Implementation of Algorithm 11.2 [62]

1 import numpy as np

2 import s c ipy . l i n a l g as s c i

3

4

5 def dindet (n : int , k : int , m a : np . ndarray , m b : np . ndarray , dt : f loat ) :

6 ”””

7 Algorithm 11.2 [ 6 1 ]

8 Parameters

9 ==========

10 n : i n t

11 k : i n t

12 m a : numpy . array

13 m b : numpy . array

14 dt : f l o a t

15 Returns

16 =======

17 m ad : numpy . array
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18 m bd : numpy . array

19 ”””

20 m okn = np . z e r o s ( ( k , n ) )

21 m okk = np . z e r o s ( ( k , k ) )

22 m idt = np . eye (n + k) ∗ dt

23 m aa = np . vstack ( ( np . hstack ( (m a , m b) ) ,

24 np . hstack ( (m okn , m okk ) ) ) )

25 m ex aah = s c i . expm(m aa . dot ( m idt ) )

26 m ad = m ex aah [ : n , : n ]

27 m bd = m ex aah [ : n , n : ( n + k) ]

28 return m ad , m bd

Listing 134: Implementation of Algorithm 11.6 [62]

1 import numpy as np

2

3 from mathematics . sde . l i n e a r . d indet import dindet

4 from mathematics . sde . l i n e a r . matrix import ve c t o ey e

5

6

7 def s toch (n : int , m a : np . ndarray , m f : np . ndarray , dt : f loat ) :

8 ”””

9 Root func t ion fo r s e t o f a l gor i thms implemented below

10 Parameters

11 ==========

12 n : i n t

13 m a : numpy . ndarray

14 m f : numpy . ndarray

15 dt : f l o a t

16 Returns

17 =======

18 numpy . ndarray

19 ”””

20 v l2 , m s , m d1 = a lgor i thm 11 2 (n , m a , m f , dt )

21 mat l = vec t o ey e (np . s q r t ( v l 2 ) )

22 return m s . dot ( mat l )

23

24

25 def a lgo r i thm 11 2 (n : int , m a : np . ndarray , m f : np . ndarray , dt : f loat ) :

26 ”””

27 Parameters

28 ==========

29 n : i n t

30 m a : numpy . ndarray

31 m f : numpy . ndarray

32 dt : f l o a t

33 Returns

34 =======

35 e i g enva l u e s : numpy . ndarray

36 e i g enve c t o r s : numpy . ndarray

37 m d1 : numpy . ndarray

38 ”””

39 m ac = a lgo r i thm 11 5 (n , m a)
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40 m g = m f . dot (np . t ranspose (m f ) )

41 m gv = a lgor i thm 11 3 (n , m g)

42 m dd , m dv = dindet ( int (n ∗ (n + 1) / 2) , 1 , m ac , m gv , dt )

43 m d1 = a lgor i thm 11 4 (n , m dv)

44 e igenva lue s , e i g env e c t o r s = np . l i n a l g . e i g (m d1)

45 return e igenva lue s , e i g envec to r s , m d1

46

47

48 def a lgo r i thm 11 3 (n : int , m g : np . ndarray ) :

49 ”””

50 Algorithm 11.3 [ 6 1 ]

51 Parameters

52 −−−−−−−−−−
53 n : i n t

54 m g : numpy . ndarray

55 Returns

56 −−−−−−−
57 m vec : numpy . ndarray

58 column vec tor

59 ”””

60 i 2 = 0

61 v s i z e = 0

62 for i in range (n) :

63 n2 = n − i

64 for j in range ( n2 ) :

65 i f v s i z e < j + i 2 :

66 v s i z e = j + i2

67 i 2 = i2 + n − i

68

69 m vec = np . ndarray ( ( v s i z e + 1 , 1) )

70

71 i 2 = 0

72 for i in range (n) :

73 n2 = n − i

74 for j in range ( n2 ) :

75 m vec [ j + i 2 ] [ 0 ] = m g [ j ] [ j + i ]

76 i 2 = i2 + n − i

77

78 return m vec

79

80

81 def a lgo r i thm 11 4 (n : int , m dv : np . ndarray ) :

82 ”””

83 Algorithm 11.4 [ 6 1 ]

84 Parameters

85 −−−−−−−−−−
86 n : i n t

87 m dv : numpy . ndarray

88 Returns

89 −−−−−−−
90 m d1 : numpy . ndarray

91 ”””

92 i 2 = 0

93 s i z e = 0

94 for i in range (n) :
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95 n2 = n − i

96 for j in range ( n2 ) :

97 i f s i z e < j + i :

98 s i z e = j + i

99 i 2 = i2 + n − i

100

101 m d1 = np . ndarray ( ( s i z e + 1 , s i z e + 1) )

102

103 i 2 = 0

104 for i in range (n) :

105 n2 = n − i

106 for j in range ( n2 ) :

107 m d1 [ j ] [ j + i ] = m dv [ j + i 2 ] [ 0 ]

108 m d1 [ j + i ] [ j ] = m dv [ j + i 2 ] [ 0 ]

109 i 2 = i2 + n − i

110

111 return m d1

112

113

114 def a lgo r i thm 11 5 (n : int , m a : np . ndarray ) :

115 ”””

116 Algorithm 11.5 [ 6 1 ]

117 Parameters

118 −−−−−−−−−−
119 n : i n t

120 m a : numpy . ndarray

121 Returns

122 −−−−−−−
123 m ac : numpy . ndarray

124 ”””

125 r = 0

126 v s i z e = 0

127 h s i z e = 0

128

129 for i in range (n) :

130 n2 = n − i

131 for j in range ( n2 ) :

132 o = 0

133 for k in range (n) :

134 n3 = n − k

135 for m in range ( n3 ) :

136 i f v s i z e < m + o :

137 v s i z e = m + o

138 i f h s i z e < r :

139 h s i z e = r

140 o = o + n − k

141 r = r + 1

142

143 m ones = np . z e r o s ( ( n , n) )

144 m ac = np . ndarray ( ( v s i z e + 1 , h s i z e + 1) )

145

146 r = 0

147 for i in range (n) :

148 n2 = n − i

149 for j in range ( n2 ) :
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150 i 2 = j + i

151 m ones [ j ] [ i 2 ] = 1

152 m ones [ i 2 ] [ j ] = 1

153 m one a = m ones . dot (np . t ranspose (m a) ) + m a . dot (m ones )

154 o = 0

155 for k in range (n) :

156 n3 = n − k

157 for m in range ( n3 ) :

158 m ac [m + o ] [ r ] = m one a [m] [m + k ]

159 o = o + n − k

160 m ones = np . z e r o s ( ( n , n) )

161 r = r + 1

162

163 return m ac

Listing 135: Implementation of the vector function u(t)

1 import numpy as np

2 from sympy import lambdify , sympify

3

4

5 class Abst rac tD i s to r t i on :

6 def t ( s e l f , t : f loat ) :

7 raise NotImplementedError ( ”Method t i s not implemented” )

8

9

10 class Symbolic ( Abs t rac tD i s to r t i on ) :

11

12 def i n i t ( s e l f , fn : str ) :

13 from sympy . abc import t

14 s e l f . u = lambdify ( t , sympify ( fn ) , ”numpy” )

15

16 def t ( s e l f , t ) :

17 return s e l f . u ( t )

18

19

20 class ComplexDistort ion ( Abs t rac tD i s to r t i on ) :

21 ”””

22 Vector func t i on u( t )

23 ”””

24

25 def i n i t ( s e l f , n : int , mat u : np . ndarray ) :

26 s e l f . mat u = mat u

27 s e l f . mat ut = np . ndarray ( shape=(n , 1) , dtype=f loat )

28

29 def t ( s e l f , t : f loat ) :

30 ”””

31 Provides vec to r func t i on u( t ) at moment t

32

33 Parameters

34 −−−−−−−−−−
35 t : f l o a t

36 moment o f time
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37 Returns

38 −−−−−−−
39 numpy . ndarray

40 column u( t )

41 ”””

42 for i in range ( s e l f . mat u . shape [ 0 ] ) :

43 s e l f . mat ut [ i ] [ 0 ] = s e l f . mat u [ i ] [ 0 ] . t ( t )

44 return s e l f . mat ut

Listing 136: Modeling of linear system of Itô SDEs

1 import numpy as np

2 from numpy import t ranspose

3

4 from mathematics . sde . l i n e a r . matrix import diagona l to co lumn

5

6

7 class I n t e g r a l :

8 ”””

9 Provides numerical i n t e g r a t i on

10 ”””

11

12 def i n i t ( s e l f , n : int ) :

13 s e l f . n , s e l f . t0 , s e l f . tk , s e l f . dt , s e l f . t = \
14 n , 0 , 0 , 0 , 0

15 s e l f . m a , s e l f . m ad , s e l f . m bd , s e l f . m h , s e l f . m fd , s e l f . d i s t o r t i o n = \
16 None , None , None , None , None , None

17 s e l f . m x0 , s e l f .m mx0 , s e l f . m dx0 , s e l f . m xt , s e l f .m mx, s e l f . m dx = \
18 None , None , None , np . ndarray ( ( n , 0) ) , np . ndarray ( ( n , 0) ) , np . ndarray ( ( n , 0) )

19 s e l f . v yt , s e l f . v my , s e l f . v dy , s e l f . v t = \
20 [ ] , [ ] , [ ] , [ ]

21 s e l f . v ry = [ ]

22

23 def i n t e g r a t e ( s e l f ) :

24 ”””

25 Performs numerical i n t e g r a t i on

26 ”””

27 h i g h e r l im i t = s e l f . t + int ( ( s e l f . tk − s e l f . t0 ) / s e l f . dt + 1)

28 l ow e r l im i t = s e l f . t

29

30 s e l f . m xt = np . hstack ( ( s e l f . m xt , np . ndarray ( ( s e l f . n , h i g h e r l im i t − l ow e r l im i t ) ) ) )

31 s e l f .m mx = np . hstack ( ( s e l f .m mx, np . ndarray ( ( s e l f . n , h i g h e r l im i t − l ow e r l im i t ) ) ) )

32 s e l f . m dx = np . hstack ( ( s e l f . m dx , np . ndarray ( ( s e l f . n , h i g h e r l im i t − l ow e r l im i t ) ) ) )

33

34 for s e l f . t in range ( l owe r l im i t , h i g h e r l im i t ) :

35 t = s e l f . t0 + s e l f . t ∗ s e l f . dt

36 f t = np . random . randn ( s e l f . n , 1)

37 mat ut = s e l f . d i s t o r t i o n . t ( t )

38

39 # so l u t i on o f sde

40 xt = s e l f . m ad . dot ( s e l f . m x0 ) + s e l f . m bd . dot ( mat ut ) + s e l f . m fd . dot ( f t )

41 # ex i t process o f s t o c h a s t i c system

42 s e l f . m xt [ : , s e l f . t ] = xt [ : , 0 ]
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43 s e l f . v yt . append ( s e l f . m h . dot ( xt ) [ 0 ] [ 0 ] )

44

45 # expec ta t i on o f s o l u t i on o f sde

46 mx = s e l f . m ad . dot ( s e l f .m mx0) + s e l f . m bd . dot ( mat ut )

47 # expec ta t i on o f e x i t process

48 s e l f .m mx [ : , s e l f . t ] = mx [ : , 0 ]

49 s e l f . v my . append ( s e l f . m h . dot (mx) [ 0 ] [ 0 ] )

50

51 # di spe r s i on o f s o l u t i on o f sde

52 dx = s e l f . m ad . dot ( s e l f . m dx0 ) . dot (np . t ranspose ( s e l f . m ad) ) + s e l f . m fd . dot (np .

t ranspose ( s e l f . m fd ) )

53 # di spe r s i on o f e x i t process

54 s e l f . m dx [ : , s e l f . t ] = d iagona l to co lumn (dx ) [ : , 0 ]

55 s e l f . v dy . append ( s e l f . m h . dot (dx ) . dot ( t ranspose ( s e l f . m h) ) [ 0 ] [ 0 ] )

56

57 s e l f . v t . append ( t )

58

59 s e l f . m x0 , s e l f .m mx0 , s e l f . m dx0 = xt , mx, dx

6.4 Source Codes for Utilities and Initialization

Listing 137: Initialization module

1 from c on f i g import database

2 from i n i t . database import i n i t db

3 from t o o l s . database import connect , d i s connec t

4

5

6 def i n i t i a l i z a t i o n ( ) :

7 ”””

8 I n i t i a l i z e s var ious components o f a pp l i c a t i on

9 ”””

10 connect ( database )

11 i n i t db ( )

12 d i s connec t ( )

Listing 138: Module for database initialization

1 import csv

2 import l o gg ing

3 import os

4

5 import sympy as sp

6

7 import c on f i g as c

8 from t o o l s import f s y s

9 from t o o l s . database import execute

10 from t o o l s . f s y s import g e t f i l e s

11

12 l ogg e r = logg ing . getLogger ( name )
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13

14

15 def i n i t db ( ) :

16 ”””

17 I n i t i a l i z e s database with necessary t a b l e d r i v e r s

18 ”””

19

20 i f not f s y s . i s l o c k e d ( ” . db . l o ck ” ) :

21 l o gg e r . i n f o ( ” I n i t i a l i z i n g database . . . ” )

22 c r e a t e f i l e s t a b l e ( )

23 c r e a t e c t a b l e ( )

24 f s y s . l o ck ( ” . db . l o ck ” )

25 else :

26 l o gg e r . i n f o ( ”Updating database . . . ” )

27 u pd a t e c o e f f i c i e n t s ( )

28

29

30 def c r e a t e f i l e s t a b l e ( ) :

31 ”””

32 I n i t i a l i z e s the Fourier−Legendre c o e f f i c i e n t s t a b l e

33 ”””

34 execute ( ”DROP TABLE IF EXISTS ‘ f i l e s ‘ ” )

35 execute (

36 ”CREATE TABLE ‘ f i l e s ‘ ( ”

37 ” ‘ id ‘ i n t e g e r PRIMARY KEY AUTOINCREMENT, ”

38 ” ‘name ‘ t ex t unique ”

39 ” ) ”

40 )

41

42

43 def c r e a t e c t a b l e ( ) :

44 ”””

45 I n i t i a l i z e s the Fourier−Legendre c o e f f i c i e n t s t a b l e

46 ”””

47 execute ( ”DROP TABLE IF EXISTS ‘C‘ ” )

48 execute (

49 ”CREATE TABLE ‘C‘ ( ”

50 ” ‘ id ‘ i n t e g e r PRIMARY KEY AUTOINCREMENT, ”

51 ” ‘ index ‘ t ex t unique , ”

52 ” ‘ value ‘ text , ”

53 ” ‘ va lue f ‘ double ”

54 ” ) ”

55 )

56

57 u pd a t e c o e f f i c i e n t s ( )

58

59

60 def upd a t e c o e f f i c i e n t s ( ) :

61 ”””

62 Updates the Fourier−Legendre c o e f f i c i e n t s t a b l e

63 ”””

64 f i l e s = g e t f i l e s ( c . csv , r ’ c . ∗ \ . csv ’ )

65 l o a d e d f i l e s = [ record [ 0 ] for r ecord in execute ( ”SELECT ‘name ‘ FROM ‘ f i l e s ‘ ” ) ]

66 d i f f e r e n c e = [ f for f in f i l e s i f f not in l o a d e d f i l e s ]

67
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68 rows = [ ]

69 for f i l e in d i f f e r e n c e :

70

71 with open( os . path . j o i n ( f i l e ) ) as f :

72 reader = csv . r eader ( f , d e l im i t e r=’ ; ’ , quotechar=’ ” ’ )

73 for row in r eader :

74 i f len ( rows ) > c . r e a d b u f f e r s i z e :

75 execute ( f ”INSERT INTO ‘C‘ ( ‘ index ‘ , ‘ value ‘ , ‘ va lu e f ‘ ) VALUES { ’ , ’ . j o i n ( rows ) }
” )

76 rows . c l e a r ( )

77

78 rows . append ( f ” ( ’{ row [ 0 ] } ’ , ’{ row [ 1 ] } ’ , { f l o a t ( sp . sympify ( row [ 1 ] ) . e v a l f ( ) ) }) ” )
79

80 execute ( f ”INSERT INTO ‘ f i l e s ‘ ( ‘ name ‘ ) VALUES ( ’{ f i l e } ’ ) ” )
81

82 i f len ( rows ) > 0 :

83 execute ( f ”INSERT INTO ‘C‘ ( ‘ index ‘ , ‘ value ‘ , ‘ va lu e f ‘ ) VALUES { ’ , ’ . j o i n ( rows ) }” )

Listing 139: Database module

1 import l o gg ing

2 import re

3 import s q l i t e 3

4

5 l ogg e r = logg ing . getLogger ( name )

6

7 connect ion : s q l i t e 3 . Connection

8 cur so r : s q l i t e 3 . Cursor

9

10

11 def i s c onne c t ed ( ) :

12 ”””

13 Checks i f a pp l i c a t i on i s connected to database

14 Returns

15 =======

16 True or False

17 ”””

18 global connect ion

19 i f connect ion i s None :

20 return False

21 else :

22 return True

23

24

25 def connect (db : str ) :

26 ”””

27 Connects app l i c a t i on to database

28 Parameters

29 ==========

30 db : s t r

31 path to database f i l e

32 ”””

33 try :
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34 global connect ion

35 global cur so r

36

37 connect ion = s q l i t e 3 . connect (db)

38 connect ion . c r e a t e f u n c t i o n ( ”REGEXP” , 2 , regex )

39

40 cur so r = connect ion . cu r so r ( )

41 l o gg e r . i n f o ( f ”SQLite Database i s s u c c e s s f u l l y connected ” )

42

43 query = ” s e l e c t s q l i t e v e r s i o n ( ) ; ”

44 cur so r . execute ( query )

45 record = cur so r . f e t c h a l l ( )

46 l o gg e r . i n f o ( f ”SQLite Database Vers ion i s : { r ecord [ 0 ] [ 0 ] } ” )
47

48 query = ”PRAGMA fo r e i g n k e y s = ON; ”

49 cur so r . execute ( query )

50

51 except s q l i t e 3 . Error as e r r o r :

52 l o gg e r . e r r o r ( f ”Error whi l e connect ing to s q l i t e : { e r r o r }” )
53

54

55 def d i s connec t ( ) :

56 ”””

57 Disconnects a pp l i c a t i on from database

58 ”””

59 try :

60 global connect ion

61 global cur so r

62

63 connect ion . c l o s e ( )

64 l o gg e r . i n f o ( ”The SQLite connect ion i s c l o s ed ” )

65

66 except s q l i t e 3 . Error as e r r o r :

67 l o gg e r . e r r o r ( f ”Error whi l e connect ing to s q l i t e : { e r r o r }” )
68

69

70 def execute ( query : str ) :

71 ”””

72 Sends query to database and r e c e i v e s data

73 Parameters

74 ==========

75 query : s t r

76 query to database

77 Returns

78 =======

79 l i s t o f t u p l e s ( rows )

80 ”””

81 try :

82 global connect ion

83 global cur so r

84

85 cur so r . execute ( query )

86 r e co rd s = cur so r . f e t c h a l l ( )

87 connect ion . commit ( )

88 return r e co rd s

327

2115



Mikhail D. Kuznetsov and Dmitriy F. Kuznetsov

89

90 except s q l i t e 3 . Error as e r r o r :

91 l o gg e r . e r r o r ( f ”Error whi l e connect ing to s q l i t e : { e r r o r }” )
92

93

94 def regex ( value , pattern ) :

95 ”””

96 Regular expres s ion fo r search in database

97 Parameters

98 ==========

99 va lue

100 column to app ly

101 pa t t e rn

102 r e gu l a r expres s ion

103 Returns

104 =======

105 Search r e s u l t s

106 ”””

107 c pa t t e rn = re . compile ( r ”\b” + pattern . lower ( ) + r ”\b” )
108 return c pa t t e rn . s earch ( va lue ) i s not None

Listing 140: File system utilities

1 import os

2 import re

3

4 import c on f i g as c

5

6

7 def g e t f i l e s ( path , pattern ) :

8 ”””

9 Gives l i s t o f f i l e s conta in ing the Fourier−Legendre c o e f f i c i e n t s

10 Returns

11 =======

12 l i s t

13 l i s t o f a v a i l a b l e f i l e s

14 ”””

15 return [ os . path . j o i n ( path , f )

16 for f in os . l i s t d i r ( path ) i f re . match ( pattern , f ) ]

17

18

19 def i s l o c k e d ( f i l ename : str ) :

20 ”””

21 Checks i f l o c k i s s e t

22 Parameters

23 ==========

24 f i l ename : s t r

25 name of l o c k f i l e

26 Returns

27 =======

28 True o f False

29 ”””

30 i f os . path . i s f i l e ( os . path . j o i n ( c . r e source s , f i l ename ) ) :
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31 return True

32 else :

33 return False

34

35

36 def l o ck ( f i l ename ) :

37 ”””

38 Performs l o c k i n g

39 Parameters

40 ==========

41 f i l ename : s t r

42 name of l o c k f i l e

43 ”””

44 f = open( os . path . j o i n ( c . r e source s , f i l ename ) , ”w” )

45 f . c l o s e ( )

46

47

48 def unlock ( f i l ename ) :

49 ”””

50 Performs un lock ing

51 Parameters

52 ==========

53 f i l ename : s t r

54 name of l o c k f i l e

55 ”””

56 os . remove ( os . path . j o i n ( c . r e source s , f i l ename ) )

7 Future Work

Considering the future work, it is important to say that symbolic algebra gives a
wide field for optimizations of modeling process. Symbolic operations is actually
operations with strings. Such operations has relatively high complexity and
slows down modeling process significantly. One of possible ways to improve
modeling performance is to parallelize computations. Since strong numerical
schemes for Itô SDEs have massive amount of terms this idea appears justified.

The strong numerical schemes for Itô SDEs seem to be easily optimizable,
on the other hand, superpositions of the differential operators (4), (5), and (23)
are not. They are called recursively during calculation process which is more
difficult to parallelize than strong numerical schemes for Itô SDEs. Differential
operators obviously include differentiating which is high cost and optimization
of them is a dedicated issue.

In the future, it is possible to improve the SDE-MATH software package in
a number of other directions. In particular, high-order strong numerical meth-
ods of the Runge-Kutta type [2], [7], [43], [62] (including multistep numerical
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methods [2], [7], [43], [62]) for Itô SDEs can be implemented. In addition, soft-
ware for solving the filtering problem and the problem of stochastic optimal
control can also be developed. These improvements will lead to changes of the
graphical user interface due to new features.
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